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1.0 INTRODUCTION

Increasi ng public and private interest in government regulation of various sectors of the

economy and in areas of public act ivRies has resulted in greater attention bei ng paid to the

effects of such regulat ion. Government agencies are now largel y expected to j ustify proposed

regulations and po licies with studi es of the anti ci pated benefits and costs , monetary and other-

wi se , of suc h proposals.

As a federa l agency, the United States Coast Guard must likewise just ify regulatory proposals.

Regulation in the area of pleasure boati ng is a particularl y sensi tive issue . Not only is there

likel y to be public opposition to the regulation of recreational activiti es , but the economic

impact on the boat manufacturing industry also must be carefull y coriskiered .

Because of this sensitivity, the Coast Guard must weigh its decisions carefull y, perhaps more

carefully than those of other agencies which have to deal wi th onl y a few large manufacturers .

The Coast Guard requi res , therefore , a re lativel y sophisticated methodology for assess ing

the effectiveness of its regulatory proposals. j -

Wy le Laboratories has been given the task of developing for the Coast Guard a general regula-

tory effectiveness methodology. (Regulation in thi s instance means not only mandatory requi re-

ments of boaters or manufacturers , but also education programs, changes in enforcement

policies , etc. The word “regulation ” will be used in this brood sense in thi s report.) Thi s

methodology must include techniques both for estimati ng the benefi ts and costs that would

result from a contemp lated regulation and for assessing or tracking the benefits and costs

resulting from a regulation after it has been implemented.

Although costi ng methods can be quite complicated , they are relati vely well—defined as

compared with methods for benefit determi nation. This k due in large measure to differences

in the types of data available. Manufacturers usually have detailed knowledge of their

costs and can make good engineering judgments of what costs would be involved in the

modifi cation of an existing product or the manufa cturing of a new one . Also , after a modified

or new product is in the marketp lace , there is good data on the actual costs incurred . 
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Probably the greatest difficulty in cost analysis is in projecti ng soles , materi al and labor

costs , and factors re lated to the value of money, suc h as interest rates . These aspects are

re lated to social changes and, t hus , are re lated to similar problems in making benefit

predictions .

The anal ysis of benefits , however , involves additional problems . Full data on the number of

acc idents , the number of victi m recoveries and a host of more specific fa ctors are not avai l-

able. Some of this data could not be obtai ned even if a perfect accident reporting system

were possible. For instance , there would be no way of determining the exact number of

situations in which an accident would occur were it not for the effects of a regulation . At

first, one might attempt to merel y compare the number of accidents or fatalities occurring

before the promulgation of a regu lation with the number after the regulation went into effect .

However , suc h an anal ysis does not take into account the unknown change in boating activity,

inc luding accidents and fatalities , that would have occurred if the regulation had not been

adopted . ‘M~ile there is no means of absolutel y determining exact ly what such changes would

hove been , it should nevertheless be possible to develop techniques for evaluati ng regulatory

benefits incorporati ng methods for esti mati ng suc h changes .

As investigation of some of the methods heretofore used in regulatory effectiveness studies

progressed, it became clear that it would be necessary to devise some new benefit determi-

nation methods which would be especi oIl y applicable to the sort of accident data available

to the Coast Guard . Thus , a substantial port of Wyle ’ s effort in this task was devoted to

developing new met hods for predicting and assessing (tracking) benefits . These methods are

descri bed in Sections 3.0 and 4.0 of this report.

In addi tion to having appropri ate mathematical techniques for use in determining benefits , it

is also necessary that available data be properl y eva luated and structured so as to be amenable

to mathematical and other anal yses . This procedure is often referred to as modeling , a lt houg h

it actually s the development of a data base and not a true mathemati cal modeling effort .

The Accident Recovery Model (Reference 1), developed dur ing the scme period that the work on

this task was being performed , is a good examp le of such a data bose . As a result of the experience

2
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gained in developing ARM and other models , as we ll as work in thi s task , it has been possible

to deve lop a set of guidelines for data base model development usi ng Coast Guard accident

data . These guidelines are presented in the next section.

It should be recognized that the methods presented in this report are prelimi nary in nature .

Ongoing research will result in the refinement of these methods or the rep lacement of them

by better ones . Furthermore , t he reader should be aware that the methods are not necessari ly

presented in this report in the some order in which they might be applied . The reader is

referr ed to Section 5.1 for a descri ption of a possible procedure .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 
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2.0 DATA EVALUATION AND STRUCTURING (MODELING)

2. 1 Introduction

In order for the Coast Guard to determhie how e ffective a contemp lated regulation might be

or a promulgated regulation has been, it s necessary for it to have information on how many

accidents and victims the regulation might affect . In order to obtai n thi s information, it is

necessary that a structured analysis of accidents be performed . Such data anal yses may be

c lassified into two categori es :

• analyses performed to determine the effectiveness of a specifi c regulation , and

• an’~yses performed on a genera l class of accidents or occident recovery for use

in evaluating any regulation desi gned to affect the class .

An examp le of the flrst type of anal ysis is that performed by Operations Research Inc . in the

analysi s ~ bridge—to— bri dge radio telephones (Reference 2). In that anal ysis , a structured

series of questions ca lled a Casualty Anal yses Gauge (CAG) was used to evaluate occident

reports to dete rmine if the use of bridge—to—brid ge radio telep hones possibl y could have

prevented the accident , or if they were used and should hov e prevented the accident , but

didn’t. A samp le of collision accident reports was chosen and each accident was anal yzed

using the CAG. The results were then summarized by two criteria: 1) radio telep hone used

or not used, and 2) radio telep hone potentially cou ld or could not have prevented the accident.

Statistico l methods were then applied to the data in an attempt to determine if the regulation

requiring bri dge—to— bri dge radio te lephones was benefi ciol in reducing accident occurrences .

The Accident Recovery Model, ARM (Reference 1), is an examp le of the second type of accide nt

analysis. A samp le of all types of recreational boating accidents was chosen and anal yzed usi ng

a structured seri es of trees arid coding definitions desi gned to eva luate the post—accident actions

of accident victi ms and the conditions they encountered . The results of the anal ysis were then

adlusted to ref lect the stati sti cs for all reported recreational boati ng acc idents as found in

CG—357 . This type of analysi s not only can be used in eva luati ng the effectiveness of

regu lations , but it can also be used to determine if a problem area exists wh ich might benefit 
- 

-

from regulation
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Before discussi ng any particular data anal ysis in depth, it seems appropriate to give some

genera l guide lines for developing such an anal ysi s so that the evaluation of accident report s

and t he structuri ng of the data will be effi cientl y performed. We begin the discussion of

this topic in the followi ng section.

2.2 Initial Steps in Developing a Data Bose Model

The suggested procedure described in the following paragraphs is the result of experience

gained in the development of a number of data base models. It is expected that further

experience wi ll lead to refinements and/or changes in this suggested guide line .

As a first step, at least one and preferably two analysts should read a vari ety of accident
reports coveri ng the subject to be analyzed. The reports read should include all types from

si mple BARs to MIO reports to in—depth report s , includi ng some wit h supplementary materials

suc h as newspaper reports . Thi s will give the anal ysts a better feeling for the nature of the

subject (e.g., co llisions) and for the types of information available to him. Natural ly, it is
best if at least one of the analysts has had previous experience in ana lyzing and in investi gating
boating acci dents .

After the anal ysts become familiar with the accident type(s) and the ki nds of data avai lable ,
they should identi fy the factors they believe to be important . For examp le , in the case of

vict im recovery, the condition of the boat , PFD wear , and swimmi ng abflHy wou ld be a few

of the important foctors . A structured data anal ysis form can then be constructed which

includes these factors. The structured form may be a series of relevant questions , an event

tree , or both . Experience seems to indi cate that event trees are very useful at thi s stag e .
They help organize and di rect the analysts ’ thoughts and help assure consi stent eva luations

(codings) of accident reports . If carefull y deve loped, they also help in codi ng incomplete

data in the many instances when full y detai led reports are unavai lable.

Once the anal ysts are satisfied wi th the structured data an~~ysis form they have developed ,
t hey should use the form to evaluate a number of occident reports. Two analysts should be

involved in this step, and at least 30 reports of various types (BAR to in-depth) should be

examined. At thi s stage , the coders will likel y encounter many problems . Important factors

5
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may be found to have been left out of the data anal ysis form , dec isions on what actually

occurre d in the accident will have to be made, the problem of missi ng data wi ll have to be

attacked and fuzzy definitions and questions wi ll have to be made more precise . The

analysts should interact closel y at t his stage , maki ng modifications in thei r accident anal ysi s
- 

- 
tec hniques as the eva luation of the samp led occident reports progresses .

It is almost a certai nty that the anal ysts wil l encounter at least a few accidents which can be

evaluated without too much diff iculty, but for which the evaluation does not seem to adequatel y

descri be the ci rcumstances of the accident — the evoluation doesn ’t “fee l” right. This is most

likel y to occur w hen the circumstances involved are comp lex . If this happens in only one or

two cases , there probably is nothing wrong , at least nothing serious, provided it isn ’t dis—

covered that on important factor has been left out of the structured anal ysis form .

However , if this problem occurs often , the anal ysts should discuss it thoroughly and attempt

to make adjustments to their evaluation methods to reduce the problem . Discussion with a

t hird party can be valuable in this circumstance.

After the anal ysts have comp leted this prelimi nary accident samp le evaluation , they should

e xamine the results , inc luding the changes that hove taken place in the structured analysis

form . If they fee l that they now have developed their evaluation method suffi ci entl y to

evaluate a large sample, they are ready to proceed to the next step. If they are still un-

satisfied wi th thei r evoluotion method, or if thei r preliminary accident analysi s resu lted in

majo r changes in thei r evaluation criteria , then they should probably go through a second

pre liminary accident samp le evaluation, using revised methods.

Once sat isfied with their occident report evaluation method , the ana lysts are then ready to

adopt a format for their major accident evaluation effort . This should be in the form of a

data base . That is , data should be coded in such a manner that any needed item of data is

retri evable. Thus , unlike ARM3 (Reference 1) in which , for examp le , it is only possi ble to

retrieve information on the swimmi ng abilities of vi ctims who hav e no flotation aids , the format

should allow retri eval of all information , in this instance , on the swimmi ng ability of all

vic tims, or at least all those for whom swimmi ng ability could possi bly have influenced recovery .

Data for each accident or accident victim (whichever is appropri ate) should be coded separatel y;

6
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rat her than coding summary data (totals , averages, etc. ) in place of the individual data . In
th;s way, the data can be later monipulated in whatever manner desi red and the data base can
be expanded by coding additional accidents and/or victi ms .

The implementation of the data base approach will mak e the use of a sing le event tree impos—
sible , or vi rtua lly so. Such a tree would have to be very large ond redundant , havi ng many
branches with identi cal nodes , or it would not provide the flexibility needed in order for all
of the data to be coded , e.g., tI’e examp le of swimmi ng ability cited above . It may be
possible , however , to use a series of small trees , eac h coveri ng a si ngle aspect of the accident
or recovery . Vv’hichever method is used , a series of small trees or a series of individual
questions , the anal ysts should check to be sure that the data is coded in such a manner that
each piece of data is individually retrievable. Defi nitions and questions should then be very
carefu lly and completel y expressed in wr itten form . Because data results may be si gnificantl y
di fferent for serious acci dents as opposed to non—serious ones , the data coded for each acci-
dent or victim should include whether or not the accident involved a fatality , serious injury ,
or significant property damage , as we ll as weather and water conditions .

In selection a samp le of occident reports , the anal ysts may very likel y wis h to strati fy the

samp le accordi ng to some parameters rather than to select a comp letel y random samp le. For
examp le , if the data will be used to investi gate a pre— vs. post—regu latory activity, then the
analysts wi ll wont to select reports of accidents from parti cular years . They may also wish
to stratif y the selection by suc h factors as accident type, boat type, etc. Whatever strati fi-
cation criteria are se lected , the analysts must decide on t he number or proportion of reports
to be selected in each category . ‘Within these constraints , the report se lection should be
random.

Two , or preferably three , individuals should be used to evaluate and code the samp led acci-

dent reports . At least one of the origina l anal ysts should remai n involved , eit her as one of the

evaluators and coders , or at least as a reference source w hen questions arise. When such

questions do arise , the clari fications should be provided to all coders . At least two individuals

should independentl y eva luate and code every accident . The coding should be done directly

onto computer coding s heets to elimi nate transcri ption errors. A “hard ” copy should be mode

of every evaluated report , and a file should be kept of all such reports with a reference

7-
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numbering system so that the computer coded data can be matched to the report . This will

facilitate the rechecking of analyses if suc h should be necessary and will allow for the collection

of additional data on each occident , when needed .

-- - After the accident reports hove been evaluated and coded by at least two individuals working

independently, the results should be compared. Disagreements should be worked out in con—

sultations among the coders involved, and if any uncertainties remai n, they should be discussed

in a meeti ng of all coders , including the analyst who has acted as a reference source . Thi s

analyst should also hove randomly checked accident evaluations to insure that the reports are

being properl y eva luated . Any disagreements which cannot be worked out should be coded

“unknown .”

Two final caveats with regard to coding: There may be a strong desire tc. use the coding “not

applicable ” in some circumstances . This desire should be stro ngly restra ined . Any use of

“not opplicoble ” should be restricted to very specific circumstances. It is better to code all

= data, using “unknown ” if necessary , so that in the future an anal yst can decide for himself

if any data is not applicable. The second caveat regards the coding of corrections and final

decisions w hen disagreements occur . One and onl y one copy of the coding sheets should be

promi nent ly labeled as the “Corrected Copy. ” Thi s should help reduce the likelihood of some

corrections or changes not being included because of more than one copy being used for

agreed—on corrections.

2.3 Wei ghting the Samp le Data

In order to adjust the frequencies in a data base of sampled accident reports to re flect Coast

Guard statistics for all reported accidents , i t  is necessary to use weighti ng factors . A lso ,

even randomly c hosen or carefull y strati fied samp les will show some variation in relative

frequencies w hen compared with the actual population from which the sample is drown .

This variation can be reduced by carefu l choice of weighting factors . It should be emp hasized

that wei ghti ng factors are used only to adjust the accident samp le to reflect certain known ,

we ll-defined accident population stati stics , suc h as numbers of fatalities . They are not used

to adjust For ill—defined , or unknown , but esti mated or desired accident population characteristi cs .

8
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One fi rst must decide on the parameters on which wei ghti ng should be based . Thi s will depend

on which are felt to be most important . Fatalities almost certainl y wi ll be included. Accident

type , boat type and boat length ore also likel y to be consi dered important . Whichever poro—

• meters are chosen, it wi ll be necessary to hove matrices of frequencies for all combinations

of parameter va lues , each parameter corresponding to one dimension of the matrix. One of

these matri ces will be of population frequencies , the other of samp le frequencies . A matri x

of weights can then be obtai ned by dividing eac h population frequency by the corresponding

sample frequency . Mathemati cally,

P..
Vv~1 

=~~!J , S~. � 0,

where W~ is the wei ght in the i,j — position of the weight matri x W, and P~ and S~ ore the

frequencies in the i ,j — positions of the population and samp le frequency matrices , P and S ,
respective ly.

In certai n instances , the matri x S of samp le frequencies will contain a zero entry while the

corresponding entry in the matri x of population frequencies P is non—zero . This normall y

wi ll occur only when the population frequency entry is smal l, so that the likelihood of a

samp led accident being chosen with the given characteri stics is small. In such a case ony

value for the weight could be entered r~ Was that wei ght would never be used . It is

suggested that , as one c heck on the wei ghting program, a very large negative number be

entered . Then if the weight is incorrectl y used, suc h use will be obvious from the negative

adj usted frequencies obtai ned.

If an entry of S is zero whi e the corresponding entry P.. of P is non-zero, the above

weighting procedure will not include the frequency in arriving at adjusted frequency

totals , and such totals will therefore be smaller than the actual frequency tota ls. If thi s

is undesi rable , the following alternatives are suggested:

- - 9
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• If the category with no sample data is considered important , the Coast Guard
data bank can be searched for the relevant accidents in order to obtain the
case numbers of the accidents . The accident reports can then be located

- 
- and added to the samp le. This wi ll result in a revised matrix S of sample

frequencies and a corresponding revised wei ght matrix W .

• To mere ly make a final adjustment of frequencies to bring the weighted samp le
frequenc ies up to the population frequenci es , each computed weighted
frequency can be multi plied by:

~ 
Pij

a = __________

E w.. S..
ii ii Ii

S.. � 0
iJ

That is , by the ratio of t he total population Frequency to the adjusted samp le
frequency (adjusted by using weights deri ved from non—zero values of S..) .
In effect , this treats subcategories for which there are no samp le reports as
being an “average ” of all sampled accidents .

• A procedure similar to the preceeding can be performed wi th the adjustments
bei ng made withi n only some categor ies (e.g., fi res) rather than overall.
In effect , this treats a subcategory (e.g., fires on sailboats) for which there
are no samp le reports as being an “average ” of oil samp led accidents in the
category (fires) containing that parti cular subcategory .

The latter two procedures may both introduce considerable error if the accident subcategories
invo lved have relativel y large frequencies (P..) in the occident population or diffe r significantl y
from “averag e ” samp led accidents .

10
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The actual computation of the wei ghts could be performed on the computer. If the Coast

Guard dat a base of all reported and coded accidents is avai lable in memory, the mat rix P of

occident population frequencies can be constructed by making tabulations of the number of

population accidents corresponding to parti cular parameter values. Otherwi se , the matrix P

must be obtained from another source , probably CG—357 , and entered into computer memory .

A computer program is then used to tabulate the number of samp le accidents corresponding to

particu lar ocrometer values , thus constructi ng the matrix 5 , and finally the matrix W of wei ghts

s computed .

In the case of models in which vi cti ms are individually accounted for , the wei ghting wi ll

normally apply to vict ims rather than to acc idents . No tabulation is kept on the total number

of victims involved in reported acci dents; only injured victims and fatalities are tabulated.

The population frequenci es must therefore be esti mated from the sample vi cti m frequencies.

An overall esti mate or a category-by—category estimate can be obtained using the numbers of

peop le on board . Thus ,

isamp le victi m frequency~ / populationesti mated population vi ctim frequency = I •sample boat frequency / \ boat frequency

The number of survivors or non—injured victims can then be estimated by subtracting from this

number the number of fatalities or injured vktims , respect ively, adjusti ng where necessary for

vict ims in the water who were not on a boat .

The computer program should contai n a subroutine to apply the weights as part of a sorting
routine in the following manner. In sorting, when an accident (or victim) meets the sort
criter ia, the appropriate wei ght is selected from W and the tabulation totals are incremented
by this weight , rather than by “one .” Thus, in effect , each sample accident (or vi ctim) in
the i,j — category is counted as W.. population acc idents (victims) in that category .

Because it is important to be able to update the data base and to account for changes in the
occident population, the above described method of applying t he weights is appropri ate. The
alternative would be to replace each accident (victim) entry in the dat a base with its appro—

11
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pri ate weight and thus be able to tabulate weights directly. However, this wou ld make data

updating more difficult as well as requiring more storage space for the extra digits needed in

each data entry . For the most efficient updating of data, a computer routine for recomputing

the matrices P, S and W should be available.

2. 4 Model Integration — Developing an Overall Data Base Model

One of the requirements of a complete program of regulatory effectiveness analysi s is a data

base model coveri ng all important accident types as welt as post—accident victi m recovery .

Data analyses of the type previous ly discussed should be performed in at least each of the

fol lowing areas :

• acc ident recovery (the Accident Recovery Model currentl y under development),

• coll isions , inc luding groundings , and two— boat, fixed object and floating

object collisions,

• capsizi ngs, swampings , and si nkirgs ,

• fi res and exp losions ,

• falls overboard and within boat , and

• struck by boat or propeller .

Although separate data base models may be developed in each of these areas , they should be
developed so as to be compatible , so that they can be integrated into a si ngle datc base
covering all major aspects of boat accident and victim recovery . The requirements for
compati bility and comp leteness include at least the following:

• coding all basi c sample data including boat type, length, horsepower , etc .

• using standardized cod ng in all work so that , for instance , the same code
is used for houseboats in alt models

• using the same samp le for coding recovery as is used for codi ng accident
cause , and

12
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• deve loping computer software (programs) with sufficient genera lity so as to

be app licable to all areas; or , as an intermediat e requirement , thoroughly

documenti ng individual programs so a program can be eventuall y developed

which includes all features of the individual programs .

The advantage of having o unified data base is that information across accident types can be

generated . For instance , a spec ial model could be constructed coveri ng all areas of accident

cause and victim recovery in outboard boats . If , say, a powering regulation for outboards s

contemp lated, one would be able to exami ne all accident causes which might be related

to powering .

Once model integration has been accomplished, there should be on effort to extend its

usefulness in pre—regulalion benefit prediction and post—regulation benefi t assessment (track ing).

Implementation of methods in these areas requi re the development of a supplementary data base

as wel l as additional , supplementary programs . Descri ptions of these are deferred to

Sections 3.0 and 4.0.

13



3.0 BENEFIT PREDICTION

3. 1 Introduction

There should be some indication that the promulgation of a contemplated regulation wilt result

in the savi ng of lives , a reduction in injuries and/or a reduction in property damage. This

sect ion describes some techniques usefu l in predicting such benefits . It also includes a dis-

cussion of some of the problems involved in attempting such prediction. One certai nty has

emerged during researc h into benefit prediction and assessment techniques: unforeseen

difficulties can appear in the most unexpected places w hen carefull y analyzing an actua l

problem. Although these difficulties sometimes seem to occur almost by chance , they never-

theless result in a fuller understandi ng of the processes involved . For this reason, it is

imperative that research in the areas of benefit prediction and assessment techni ques not be

performed in a vacuum , but rather that such research involve continui ng application to real

data, both to help validate the techniques developed and to broaden understandi ng of the

complexi ties involved. When real data is not currently avai lable, carefu lly deve loped

syntheti c data should be used to test the techniques .

Earl y in the research into regulatory effectiveness methodology, it was decided that benefit

prediction could usually be separated into the followi ng three phases:

• estimation of the effect that a regulation will have on the specific accident

or recovery causative factor (s) it is designed to influence , as we ll as its

effect , positive or negative , on other factors ,

• esti mation of the benefit which would accrue if the full effect on the

influenced factor(s) were available immediatel y, and

• project ion of the future benefit accrui ng from the regulation taking into

account its implementation rate and projected boating trends .

The first phase would appear to requi re a separate study for each regulation or set of regu-

lations under consideration. For examp le , to estimate the effect of an education program

designed to increase PFD wear , it might be necessary to run tests usi ng the educational

material to determine its influence on boaters ’ behavior. Such experi mentation along with

other data such as that from ARM, would result in an esti mat ion of the proportion of peo p le

who would be influenced to wear PFDs .
14
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Once the effect of a regulation on the involved fc.:tor(s ) has been estimated , it should be
possible to use the data base model to estimate what the resultant benefit would be if the full
effect of the regulation could be felt immediatel y. For instance , in the case of education to
increase PFD wear , ARM would provide an estimate of the number of lives saved were it

possible to immedi ately increase PFD wear by the amount determined in the fi rst phase .

The thi rd phase of benefit prediction involves forecasti ng what the future benefit will be. In
effect , this involves these steps:

• generating a curve which predi cts the change in the affected fa ctor (s) over
time,

• forecasti ng what changes in boati ng accident patterns would occur were the

regulation not promulgated, and

• combining the foregoi ng wi th the benefit figure(s) deri ved in phase two .

In the followi ng pages , eac h of these three phases of benefit prediction is discussed in more
detail.

3.2 Esti mation of the Effect of a Regulation
on Acc ident or Recovery Causative Factors

Evidence of the possible need for a regulation is usuall y first discovered by the Coast Guard .
Sources of evidence include analyses of data obtai ned from accident reports compikd by the
Coast Guard fro m its own investi gations and from investi gations performed by state and local
authoriti es . Other sources include the American Boat and Yacht Council (ABYC), ot her boater

and consumer organizations , and the boating industry , includi ng manufacturer defect reports .

Once the Coast Guard Office of Booti ng Safety has identified the possibility of a safet y
problem, it requests the Coast Guard Office of Research and Development to further investigate
the Situation. The first step i s a  cause identification phase . Statistical anal yses of data base
models such as described in Section 2.0 may be quite usefu l in both this stage and in the
original problem identification stage. At least , such anal yses should help norrow the area of
investigation. However , researc h methods tailored to the parti cular problem will also be
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performed . These will likel y inc lude further anal ysis of accident reports , in—depth accident

investi gations , and possi bly surveys and experi ments invo lvi ng boaters and/or boater equi pment

designs .

The research results in the development of alternative safety enhancement program concepts .

These program concepts are studied by the Office of Boating Safety w hich determines those for

which advanced development research is desirable. Advanced development involves further

researc h into the precise form of a program and into its expected benefi ts and costs . It is in

this phase and the previous cause identification phase that esti mates are made of the effect

that a regulation or program will have an accident or recovery causative facators .

These estimates wit I be made by using expert judgment in conjunction with statistical data

ana lys es , equipment performance tests , equi pment design investi gations , experiments , surveys ,

and prototype programs . For examp le , the effects that a possible modification of PFD approval

standards would hove on PFD wear could be estimated through anal yses of studies of current

PFD wear and the atti tudes of boaters to probable new PFD desi gns . The estimated effects

(e.g., a 20~’- wear rate increase ) can then be used in making benefit esti mates as described

in the following sections .

3.3 “Full Effect” Benefit Esti mation

In Section 3.2 we discussed the fi rst phase of benefit prediction , concern ing the determination

of what effects a contemp lated regulation would have on accident or recovery causative factors .

In this section we discuss the problem of converti ng these effects (e.g., increased PFD wear)

into initial benefit estimates .

At first glonce this might seem to be a straight—forward , re lativel y simp le process . Usi ng the

new facto r est imates , say increase in PFD wear , one uses the data base model to calculate the

change in accident frequencies or victim fatalities . Regrettabl y, the process is not so si mp le.

Both mathematical problems and problems with insufficient data exist . Initial research

indicated that these problems were sufficientl y complex to deserve a si gni ficant portion of the

task effort . Becau se of the complexities involved, a semi —c hronological approach will be
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talen in discussi ng the research , so that the reader wilt have an opportunity to see how

problems and complexi ti es developed . Furthe rmore , in order to illustrate the methods and

problems with reasonably simp le examp les , syntheti c (simulated) data will often be used.

Although the methods presented were developed in conlunction with , and have been applied

to , rea l data (see Reference 1) the use of rea l data in examples would often unnecessaril y

complicate them and/or obscure the princi ples bei ng discussed.

3.3.1 Benefit Estimation Based Only on Reported Victi ms

In its most si mplisti c form , the calculation of benefits involves merel y the mathemati cal

transfer of a certai n number of reported accidents or victi ms * fro m a “less desi rable ” state

to a “more desirable ” state . in the case of acci dent recovery, the Accident Recovery Model

includes data on estimated annual numbers of reported victims and survi vo rs who ore in

different states; that is , who have different survi val factors associated with them. To describe

the method, it is helpful to symbolize the quantities included . Let S 0 be a “less desirable ”

state , for examp le non—use of a PFD by a vict im in the water. Let S be a “more desfrable ”

stat e , for examp le use of a PFD by a victim in the water. Suppose these states are disjoi nt;

that is , no victi m can be in both of them . Fi nally, let p
~ 

and p~ be the probabilities of

survival of victi ms in states S0 and S , respect ively. These probabiliti es may be calcu-

lated as:

P0 = and P1 = 
~~~

-
, (3-I)

w here a and c are the average annual number of reported occident survivors in states S~ 
and

S ~~~, and b and d are the total average annual number of reported vi cti ms in states S 0 and S i ,

respect ively. Note that a <band  c <d .  :

* A victim is defined as any person involved in an accident , whether or not the perso n survives .
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It is helpful to diagram those quanti ties as follows:

S O S i
a c

~~ = P o  ~~= p 1 .

To soy S o is less desirable than S means p~ < p I•  Thus, for examp le, a regulation desi gned

to increase PFD use, that is , to cause more victims to be in state S and fewer to be in

state S o , shou ld result in more victims surviving . The most simplist ic approach to benefi t

ca lculation involves mathematicall y “transferring ” victims from state S 0 to state 
~ i

Suppose research of the type described in Section 3.2 indicates that a fraction, r, of victi ms

in state S 0 con be transferred to S 1 . For examp le, perhaps an educational program could

result in 30% (r = 0.30) of the population who would not otherwise use PFDs in an accident

situation to use PFDs . The transferred victims would have a higher probability of recovery ,

~~~ 
than they otherwise would have . The benefit resulti ng from the regulation, once it

became effective at the predi cted level , could then be calculated . The benefit B
~ 

in

average number of lives saved yearly can be calculated from:

• Bo = rb (p 1 P o )  . (3—2)

This formula is based on the assumptions:

• Alt victims in state S~ have an equal probability of being transferred to

state S 1

• The recove ry probability of a victim is determined solel y by the state he is in.

The derivation of thi s formula may be found in Appendi x A.

As an example , suppose the average annual number of reported victims in the water weari ng

PFDs is 2313 and of these victims 2267 survive , yie lding 98% probability of recove ry , white

4 136 victi ms in the water do not use PFDs and of these 3598 survive , making their probability

of recovery 87°4 . Thi s may be diagramed as:

18
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S o S I

a 359~ c 2267
= ___ = O. R7 = 

~o 0.98 =

If research of the type descri bed in Section 3.1 indi cates that o contemplated regulation would

eventua lly resu lt in PFD wear for 30°’~’ of the vi ctims who otherwise would not wear them , t hen

the eventual benefit could be calculated as:

= 0.30 (4136) (0 .98 - 0.87) 136 additional lives saved per year.

Note that we assume there is no change in occident or victi m recovery patterns except for the

transfer effect of the regulation .

This met hod can also be used to predict the number of lives saved as the result of a standard

desi gned to reduce the number of accidents by reduci ng the occurrence of a causative factor.

Suppose that 151 collisions invol ving 1252 vi ctims of whom nine die occur mainl y as the result

of steering malfunctions, if t is estimated that a new standard will halve the number of

steeri ng malfunctions , then the benefit in lives saved once the standard became full y effective

would be:

B0 = 0.5 (1252) (1 .00 - 0. 9928) 4
= 4 . 5

where 1.00 is the probability 0f survi val when there is no accident and 1252—9 
= 0.9928 is

the survival probability of a collision victi m in an occident involving a steeri ng malfunction.

Of course, this result could be obtai ned more si mply as B 0 . (9) = 4 . 5 .

3.3.2 Benefit Estimation Taking Into Account Unreported Victi ms

A problem with the above method of benefit prediction almost immediatel y presented itself.

The Coast Guard has no record of most non—fatal accidents and accident victi ms because most

suc h accidents are never reported . Thus , there are many accidents and victi ms not accounted

for in the statistics or the data base models , and the survival probabilities are higher than

indicated because these victims are survivors . (Virtuall y all fatalities are reported.)
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Two means of dealing with this problem were considered. The total number of victims ,

reported and unreported , in eac h state could be estimated and these numbers could be used

to ca lculate survival probabilities ond benefits . The other means considered involved

deve loping error bounds on the cal culated benefit. It was felt that this later approach would

be more useful and would require less data estimation or the need for additional data collection

through surveys , etc .

In order to develop error bounds on the calculated benefi t B 0 , it was first necessary to express

the actual benefit B as a function of additional variables , defined as follows :

• Let x be the total overage annual number of unreported accident vi cti ms in

states S 0 and S~ , wit h a and fi the fractions of these victi ms in state S 0

and in state S 
~~
, respective ly.

• As an immedi ate consequence of this definition we have that ax is the

number of unreported vi cti ms in state S 0 , fi x is the number of unreported

vict ims in state S i and a +$ = 1.

In order to make use of these variables , we make the assumption :

• All unreported accident victi ms are survivors .

This assumption is consistent wi th current esti mates of the reporti ng rates for fatalities which

indicate that virtuall y all fatalities are reported . With this assumption , the total numbers of

victi ms (reported and unreported) in states S
~ 

and S 1 can be expressed as b a x  and d f ix ,

respectivel y, while the corresponding numbers of survivors are given by a ax and c ± fix.

• Us ng these quantities to express the survival probabilities p
~ 

and p’~ For all victims in

states S 0 and S i ,  we hove:

a + a x  , 
_ _ _ _ _

• ~~~ b ~~ 
and p~ 

= d + 
(3—3)

This may be di agramed as:

S 0 S I
a ’~~ x , c +~~ x —

b + a x  
— P0 d +~~ x 

— Pt
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The ful l effect benefit B expressed as the overage annual number of lives saved is given by:

• B = B(x , a ) r(b + a x) (p’i — p~ 
) (3—4)

w here , as before , r is the fraction of victi ms “transferred ” by the regulation from state S
~

to stc,te S 1

3.3 .2. 1 Testi ng for Positive and Minimum Benefits — One is interested , of course ,

in regulations whi ch will cause boats or accident vi ctims to be in more desirable states . That

is , one desires positive benefits (lives saved) . Mathemati call y, this means that p’0 < p’~,

since we ore considering S 0 as the state transferred fro m and S~ 
as the state transferred to.

Thus, we hove as a condition for positive benefits:

• p’o < p’i * (3 5)

or equiva lentl y,

• (a + ax ) ( d + $ x ) < ( b + a x ) (c + f i x ) , $ 1 a  (3—6)

Formulas 3—3 and 3—4 can be used to calculate benefits di rectly if the quantities x and a

con be estimated . If onl y range estimates of a or x can be mode , then the error bounds

discussed later can be used.

* Since the actual requi reme nt for positive benefits is p~ < p’~,, it is theoretical ly possible

to have p’~ < ~~~ 
w hile concurrentl y havi ng po > p i . However , this circumstance is highly

unlikel y and, in view of the dearth of data on unreported accidents and victi ms, the

consideration of a regulation affecting conditions in which p’~ < p’~ but po > p~ 
is - 

-

even more unlikely. Clearl y, any suc h regulation would require the most careful study.
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Before any significant amount of work is performed to attai n estimates of a or x , however ,

some attempt should be made to determi ne if inequalities 3—5 are satisfied . Check ing the

inequality P0 < p i (or equivalentl y, ad < bc) is easy provided the data base model contains

the appropriate data . To check the inequality p~ < p’~ at least rough variable estimates

are needed. Table 1 contains alternate forms of inequaliti es 3—5 and 3—6 which may be

easier to check . Note that as the two inequalities under condition A in the table are

equivalent , if one is true then both are true, and if one is false then both are false ,

so it is only necessary to check one of them.

As the inequaliti es under condition A do not involve the vari able x , it should be a relatively
— 

stra ightforward process to determi ne if this condition is met . Co nditions B and C are somewhat

more difficult to check as the variable x is also present.

To ease the problem of having to estimate both x and a , two methods ore suggested. The

first involves estimating one of these voriables and usi ng the estimate in computi ng the right

side of inequality 3—9, 3-10 or 3—11 , whichever is appropriate. The value obtained will be

an upper or lower bound on the value of the remaini ng variable , if positive benefits are to

resu lt . One then must only decide if the remaini ng variable has a value below or above thi s

bound , and , thus, if the inequality s satisfied and condition B or C is met. The same

procedure can be used in testi ng condition A by rewriting inequality 3— 8 as:

a < 
b — a  (3—12)

— b + d — a - c

The second method i nvolves graphicall y testing i nequality 3— 11 by graphing the curve:

a = 
(b- a)+ (d-c) ((b

c-ad) .1 + (b-a)) , 
(3-13)

(where a +$  = 1 )

with a as the ordinate variable and x as the abscissa vari able. One can then examine the

graph to determine if any reasonable combination of x and a would fall above the curve

implying inequality 3—11 might be false and , thus , that the regulation mi ght result in negative

benefits .
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TABLE 1. TESTING FOR POSITIVE BENEFITS

If condition A , condition B, or condition C is met , then p’0 < p’~ and positive benefits will

result from a regu lation transferri ng accident victi ms from state S~ to state Sj

A. Both Pc < pi and either of the following inequalities is true:

1. ._E < 4 , or equiva lentl y
(3—7 )

fataliti es in state S 1 < 
unreported victi ms in state S o < a < 1

fatalities in state S~ — unreported vi ctims in state S 0

2. (a) (b +d — a — c) < (b — a) ,or equivalentl y
(3—8)

percent of unreported victi ms in state S~ < percent of fatalities in state S
~

B. One of the following is true:

1. The two equivalent inequalities 3—7 and 3—8 are true and

X > (b—o) $ - (d - c)a , (b-a)$ - (d-c)a�0 (3—9)

2. The two equivalent i nequalities 3—7 and 3—8 are false and the followi ng

inequality is true:

bc — adx < (d - c)a - (b - a)fi 
(3-10)

C. The following inequality is true:

a < b + d - a - c  ((bc
_ ad)! + b-a ) (3-11)

23 

— -—- - --— _ - —-~~~~
-—-_- -- ---~-- -- - _ -- —“ - __

~i — — —_ -~~~~~~~~_ — — --_— -_ _ --—-- - - -------- .-- _- —



!‘~~~~~~~~~~
—

~~~~~~~

• As an illustration, let us return to the earlier examp le on PFD wear . Recal l that 
~ü was

token as the state of non-PFD wear and S 1 as the state of PFD wear. Representing the

quantities schematicall y, we have:

So Si

I a 3598 c 2267

L ~ 

= 4136 = 0.87 = P0 = 2313 = 0.98 =

Note that the inequality Pa < p~ 
is satisfied.

The first step required in order to take into account unreported accident victi ms (all assumed

to be survivors) is to check that transferring both reported and unreported victims from S0 to

S will produce positive benefits; that is , to check that ~‘0 < p’~ 
. To do thi s, we first check

condition A. Suppose a rough estimate of the fraction of unreported vi ctims who wear PFDs

i s $ = 0.15. Then a = 0.85, and we can test i nequality (3—7):

d - c 
— 

2313 - 2267 
= 306 7$ — 

0.15

b - a  4 136-3598 _ 632 9ci 0.85 
—

We find that inequality 3—7 is satisfied and, t hus , condition A is met , meaning that p’0 < P’J

For a second illustration , suppose that instead of the esti mate of a as 0.85, we estimate that

a = 0.95. Testing condition A with this value , we might use inequality 3—8:

( c i ) ( b + d - a - c )  = (0.95)(4136+2313-3598 - 2267) = 554.8

b - a  = 4136 - 3598 = 538 .

Inequality 3—8 is not satisfied , so condition A is not met and we must proceed to check ei ther

condition B or condition C. Let us check condition B. Suppose we are unsure as to what value

we should take for x . We can fi rst calculate the value of the right side of inequality 3—10 ,

noting that $ = 1 - a = 0.05 :

bc — ad (4 136) (2267) - (3598) (2313) 
— : -

(d - c) a - (b - a)$ 
- 

~2313 - 2267) (0.95) - (413~ - 3598) (0 .05) 
- 62,746 .
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A decision must now be made: Is inequality 3—10 true? That is , is x less than or greater

than 62 ,746 ? If x < 62 ,746 , then p’O < p’i and positive benefits (lives saved) will result

from a regulation resulti ng in increased PFD wear . If x > 62 ,746 , then p’0 > ~~~ 
and no

benefit or a negative benefit (lives losfl would result from such a regulation .

Should it be determi ned that p’0 > p’~ then any regulation having as its only effect the transfer

of victi ms from state S~ to S
~ 

should be counterpraduc~tive * . if it is found that p~ < p’i
then such a regulation might be beneficial and furt ,~~r study is warranted . Even if it is

determi ned that P’o < P’~ • it may be that the benefit derivable fro m a regulation is too small

to justify the regulation ’s promulgation . Cert&nly, it is preferable to obtain a rough esti mate

of what the benefit may be before expendi ng a large sum in further research . The benefit may

be calculated from:

o B =

or the equivalent formula:

o B =  d~~ px (
~~~

- °
~~ 

[(b - a ) $ - ( d - c )a]  x )  (3-14)

Of course, the same problem of estimating x and a remai ns . (Recal l that $ 1 - a , so

an esti mate of ~ yie lds on esti mate of $ .) Ag&n , it is possible to ease this esti mation

problem . One means of doing so is to esti mate one of the variables , a or x , and decide on

the mini mum benefit B acceptable. These values con then be substituted into the appropriate

inequality in Tab le 2 and a determi nation can be mode as to whether the remai ning variable

s likel y to have a value which will satisf y that inequality so that at least the minimum benefi t

B can be attained.m

As an example , consider a construction standard which would require the addition of hand—holds

to boats so that a victi m in the water holdi ng onto a boat would be l ess likel y to lose his grip.

Suppose there is an annual average of 2021 accident victi ms who enter the water but hold onto

their boats, 1714 of whom manage to remai n with their boats and 307 of whom lose their gri p.

* However, there are intricacies we have not yet di scussed. Be certai n to read Section 3.3.3.
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TABLE 2. DETERMINING IF A MINIMUM BENEFIT CAN BE ACHIEVED

To test for a minimum benefi t B , use either of the quantities W or Z in the appropriate

inequality . If this inequality is satisfied, the minimum benefit is (theoretically) achievable ,

- - 

otherwise it is not .

Given an estimated a value , calculate :

w = $3  + r ( ( d - c ) c i - ( b - a )~8) . (3-15)

If W > 0, check the inequality -

x < ~~ [r(bc - ad) - B d]  (3—16)

If W< 0, check the i nequality

x > 
~~~~~ 

[r(bc - ad) - 3 d]  (3—17)

If W 0, check the inequality

Bm < (bc — ad) (3—18)

Given an estimated x value, calculate :

Z = r (b + d _ a _ c ) _ B
m . (3—19)

If Z > 0, check in inequality

a < ~~~~~~ [
r(bc - ad + bx — ax) — B (d + x)] (3—20)

If Z < 0, check the i nequality

a > — - . ~ [r(bc
_ a d + b x _ a x )_ B

m
(d+ x)] (3—21)

If Z = 0, check the i nequality

r(bc _ a d ) _ B
m
d ..

~~
x < (3—22)

— r(d — c)
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Suppose further that the survival probability of victi ms who do not lose their grip is 0.98,

while the survival probability of those who lose their gri p is only 0.43. Calculating the

number of survivors in each case and presenting the quantiti es schematical l y, we have:

So S1

a 132 c _ 1680 _

We estim ate that 800/,, of the unreported vi c ti ms are in states S , i .e., $ = 0.80. Hence,

a is estimated to be 0.20. It is esti mated that r = 0.30 , that is, that hand—holds would enable

30% of those vi cti ms who currentl y lose their gri p to retain it. A minimum benefit B of ten

lives saved is desired .

Using equation 3— 15 in Table 2 , we ca lculate:

W = (0.80) (10) + 0.30 ((1714 - 1680) (0.20) - (307 - 132) (0.80))

= -32.0

As W < O w e  check :

x > 
~ 

[r (bc - ad) - B d ]

, 
~~~ 

[0.30 ((307) (1680) — (132 ) (1714)) — 10 (1714)]

x > -2179

Obviously, any admissi ble value of x satifi es this inequality, so it appears that the standard

would meet the minimum benefit requirement of savi ng at least ten lives .

An alternative method involves constructi ng a table of benefit values for several a , x -

combinations. The table might display a values along the top row , x values down the left

column and B values in the body. The table could then be examined to see if reasonable

values for a ond x would yie ld acceptably high benefit values .
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A third method would be to construct level curves * for selected benefi t values and then , as

with the table , determine if reasonable values for a and x would yie ld acceptabl y high

benefits. Equation 3—74 or either of the following equivalent equations could be use d to

construct the curves:

— 
r( b c - a d + b x — ax) - B(d+x) 

—

x ( r ( b + d - o - c J - B )

— 
r(bc - ad) — 3d 

(3—24)

— 
r [ ( b + d - a — c ) a — ( b — a ) ] + (1 - a ) B

As an examp le of this method, consider the hand—hold example just presented . Retaini ng the

same data on known victi ms we have , as before:

So S 1

~ a _ 132 0 4  c _ 1680 0 9 8b 307 d 1714

If we also retain our estimate of r 0.30, then equation 3—23 (or 3—24) enables us to construct

level curves for various benefit values. Figure 3—1 illustrates several such curves . Note that

admissible a and x values fall in the ranges 0 < a < 1 , 0 ~ x. Thus, we see that If there are ,

say, at feast 1000 unreported victims , then a benefit of about 50 flves saved is not unreasonable.

This is of course based on an estimate of r = 0.30. Curves could be similarl y drawn usi ng

different values of r.

In general , in using the level curve method , if a judgment is reached that acceptabl y high

benefits would likel y resu lt from the contemp lated regulation, a more careful analysis can

be performed . In this anal ysis, more careful estimates of ci , x and r could be made, and

benefits could then be calculated usi ng equation 3—14. This is discussed in the followi ng ooges.

* A level curve is a graph of all (ci , x) points which yield the same value of B. That is ,

for eac h fixed value of B, equation 3—23 (Or 3—24 ) gives a di fferent level curve .
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FIGURE 3—1 . LEVEL CURVES IN AN EXAMPLE BENEFIT ESTIMATiON PROBLEM
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3.3.2.2 Error Bounds on Benefit Estimates — In many cases it may not be possible to

estimate a single value for x or for a or for either of these variables . In such a case , by

esti mati ng a range of va lues that the variables might take it is possible to obtai n error bounds

on t he expected benefit B; that is , to obtai n a corresponding range of benefit values . In

-
. . instances where estimates cannot be made with any degree of confidence, limiting processes

can be used to arrive at error bounds .

Let us recall equation 3— 14 which expresses the expected benefi t of a regulation (in average

annual lives saved) as a function of x and a

B = B(a , x) = 
d ~ $x 

(bc - ad + [
~ 

- a)fl- (d - c)a] x) (3-14)

where $ = 1 - a .

Thi s formula may be used to calculate benefit values for any values of x and a , 0< x,

O < a < l.

Table 3 contai ns all of the inequalities and other information , inc luding limiti ng values ,

which should be needed in the calculation of error bounds . We present some exomp les .

In a prior example involvi ng PFD wear , the followi ng data was used.

Reported Vktims, Pre—Regulation

S
~ 

(non—wear) S 1 (wear)

a 3598 c 2267
~~~~ 4l36 0.87 l~ 

.
~~= 23 13 = O . 98 = p 1

Using an esti mated value of a 0.85 , it was found that p’~ < p’~ 
so positive benefits would

resul t from transferri ng victi ms from S 0 to S 1 , that is . from increasing PFD wear . Suppose

it is estimated that a contemplated regu lation would achieve an r value of 0.20; that is ,

20% of the PFD non—wearers could be made into PFD wearers . To calculate the anti cipated

benefit B from such a regulation , it is necessary to know the number x of unreported accident

vi ctims in these states. Suppose , however , that we are unable to esti mate thi s number . We

can use Table 3 to obtai n error bounds on B.
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As no estimate for x is given , we use the values x l = 0, x 2 = ~ as given in port 8.2. of the

table. Comparing a with b d 
we have:

b + d  4 136+23 13 = 0.64 < 0.85 = a

So part A.2.b . of the table applies and we have:

B(0.85 ,~~ )< B(a ,x)< B(O.85,0)

Using part B.2.b. of the table for B(O.85,~~) we have:

B(0 .85,~~) = 

~ 
[(4136 - 3598) (0. 15) - (2313-2267)  (0 .85)] = 55

Also , usi ng part B.2.o. of the table ,

B(O .85,O) = (0.20) (4736) (0. 98 - 0.87) 91

Thus, we obtain as error bounds:

5 5 < 8 < 9 1

So we can expect to save between 55 and 91 lives annuall y by promulgating the contemp lated

regulation.

As a second example , let us use the same data as in the fi rst example , but replace our

est imate of a = 0.85 with a lower bound a for a , say a = 0.60 . Note that 0.60

sat isfies condition A in Table 1 for positive benefits , but it is possible that some values of

a > 0.60 might yield negative benefi ts . We use Table 3 to determi ne what the benefit

range is.

As we hove no upper bound a 2 for ci we take a 2 = ~~. Now b d 
= 0.64 , so

1 b +d I a 2 and part A .3.c.  of Table 3 applies . Note that in thi s case only an

upper bound x~ for x is needed , and as we have no estimate of x2 we use x2 =

- 
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TABLE 3. BENEFIT ERROR BOUNDS RESULTING FROM UNREPORTED VICTIMS

L e t O < a 1 < a  < a 2 < 1,0 <  x~ < x <  X 2 .  Then,

A. These basi c inequalities may be used .

1. B(a2 , x) < B(a , x) < B(ci i ,  x) (3 25)

2(a) . If a I b +d then B(a , x i)  I B(a , x) < B(a , x2) (3—26)

2(b). If a b + d then B(a X 2)  I B(a , x) 
~ 

B(a , x~) (3—27)

3(a) . If a 2 I b + d  , then B(a2 , x i)  < B(a , x) < B(a1, x2 ) (3—28)

3(b). If b + d , then B(a 2i x2 ) I B(ci , x) < B( ci 
~~, 

x i)  (3—29)

3(c). If al I b +d I a2 ,  then B(ci2 , X 2 )  I B(ci , x) I B(a 1~ X 2)  . (3— 30)

Note that the value x 1 is not used at all in 3(c); all that s needed is an upper bound x 2 on x.

B. If one or more bounds on a or x cannot be obtoi ned , use the following in the

appropriate inequality above .

1(a) . a 1 = 0

1(b) . a 2 = 1

2(a) . x j  = 0. B(ci , 0) B0 = rb (p 1 - P 0 )  = (bc — ad) (3—3 1)

2(b) . x 2 = . B( ci,co ) = lim B(a , x2 )
xr~~

[(b - a )$  — ( d - c ~~a], a <  1 (3—32)

B(1,~~ ) = —
~~~~~~ , if c < d

(3—33)
= r(b — a), f c d  .
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TABLE 3. BENEFIT ERROR BOUNDS RESULTING FROM UNREPORTED VICTIMS (concluded)

C. Irrespective of the erro r bounds derived above, the following always will hold.

1. If p~ < p’~ 
for al l (ci , x ) values under consideration , then 0< B (a , x) (3—34 )

2. B ( c z , x ) I r( b -o )  (3-35)

D. Suppose the x unreported victims are distributed between states S~, and 
~ i in the same

ratio as the reported survivors .

If P0 I P1 , then B0 I B I B0 (3— 36 )

and

if P0 a P1  , then B 0 I B < B 0 ,  (3 37)

where B0 = rb(p 1 - Pc )  = .
~~ (bc - ad)is the benefi t and ~o , pi =

are the state S~, and S i survival probabiliti es , al l calculated by taking onl y reported

victims into account .

L
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Thus we have :

B(1,~~ ) 
~ 

B(a ,x) I B(0.60,x)

Now using part B.2. of the table , as c < d,

B(1,~~) = — ao

A lso , B(0 .60,o) = 

~ 
[ 4136 - 3598) (0.40) - (2313 - 2267) (0.60) ] = 94

Thus , 
~~I 

B <  94 .

Obviousl y, these error bounds are too large. In order to obtai n tighter bounds, we may reso rt
to Table 1. From condition B of Table 1, we see that in order to have positive benefits when

a = 1, we must have:

(4 136) (2267) - (3598) (2313) — 22 91X < 2313 — 2267 6

Unless we have good reaso n to believe that there are fewer than 22,916 unreported victi ms
or we can place a more realisti c upper bound on a , we must conc lude that the contemplated
regulation might result in a negative benefit — lives lost instead of saved .

As a final examp le, let us use i-he same numbers for reported victims and agai n take r = 0.20,
but let us assume that the unreported victi ms act like the known survivors; that is , that the

unreported v ictims are distri buted between 5 o and S 1 in the same ratio as the known survivors .
Then, from part D of Table 3,

I B I _L B 0 .

Now, B0 = rb (p 1 - p 0 )  (0 .20) (4136 ) (0 .98 -  0.87) = 91

and —L B0 = (o. 8) (91) = 93 .

Thus, we estimate that the contemp lated regulation could result in saving fro m 91 to 93 lives
per year , provided unreported victi ms act like known survivors .
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As a postscri pt to this section we give a brief descri ption of the chronology of the development

of the techniques for dealing with the problem of unreported accidents. It has been well known

to researc hers in the area of recreational boati ng safety that while vi rtuall y all boating

accidents involving fataliti es are reported to the Coast Guard, most other boati ng accidents

are not reported. Furthermore , much more detailed reports ore made on fatal accidents than

on non—fatal acci dents . Thus , while t he Coast Guard has some data on accident causes and

recovery circumstances in fatal acci dents it has much less of this data for non-fatal accidents.

It was realized that by consideri ng on ly data from reported accidents in ana lyses of accident

cause and victi m recovery that distortions in results might occur . In particular , it was c lear

that in many, if not most , cases the recovery probabiliti es of accident victi ms in particular

circumstances wou ld be underesti mated * . What would be the effect of such underesti mation?

The case of esti mati ng benefits by transferring vi cti ms from a state S~ to a state S 1 was

considered . In addition to the assumption that all fatalities are reported, a second assumption

was initial ly mode — that unreported vi cti ms have the same recovery circumstances as reported

survivors. Under these assumptions, it was discovered that in most cases the difference p’-~ 
— p’o

in recovery probabilities in the two states S 1 and S~, would be less than that calculated by

consi dering onl y data for reported victims * . It thus appeared that usi ng probabilities
derived onl y from data for reported victims would result in overesti mation of benefits .

Further analysis , however , showed that the opposite was true . Under these assumptions , for

Pc < p 1 the inequality (3- 36) B 0 < B I B0 was true , where B 0 was the benefit

ca lculated by using only data for reported victims . So benefits would actuall y be under-

esti mated .

Later , equations such as 3—14 and inequalit ies such as 3—26 were developed giving benefits

and e rror bounds under assumptions that non—reported vi cti ms were distributed between states

in any pre—se lected manner . Finally, met hods , suc h as those involving Tables 1 and 2 were

developed to help in determining if rea listi c choi ces for the variables a and x would likel y -
~~~

result in positive benefits. _

* The derivation of this result may be found in Appendix A.
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3.3.3 Multi—State Benefit Analysis

Up to this point we have only discussed benefit estimation problems involving transferri ng

victi ms from a si ngle state S 0 to another state S~ . However , as the examp le below illustrates ,

cons idering transfer between only two states is too restrictive and often can lead to erroneous

results . Although the data in the example is synthetic , it wil l illustrate precisel y the type of

problem that occurred when the Accident Recovery Model (Reference I ) was analyzed.

The use of syntheti c data enables us to present a simp le examp le w hich clearly demonstrates

the important principles involved . *

Suppose an educationa l program to increose PFD use is bei ng consi dered . Duri ng on initial

analysis of the Accident Recovery Model data base for PFD use , a startling discovery is made .

- 
- The calculated recovery probability of accident victi ms in the water ~ ho do not use a PFD is

found to be greater than the calculated recovery probability of victims in the water who do use

o PFD. (This is the sort of unexpected difficulty reffered to in i-he first paragraph of Section 3. 1 .)

Can it reall y be that PFD use is detri mental to survival , or is there another factor at work ?

Fortunately, it is the later explanation which applies . Not only is there an interaction between

PFD use and survival , but there is also an interaction with other factors affecting both PFD use

and survival. That is , survival probabilities and PFD use probabilities are conditional on other

factors , so that , for instance , two vi ct ims in the state “PFD Used ” need not have the same

survuvo l probability . This is most easi ly seen with a numeri cal examp le.

Consider i-he following table of (synthetic) data whkh separates PFD use and non—use into two

categori es , adults and children. Each entry in the table is of the form:

survivors .
_______ = survival probabilityvi cti ms

Adults Chi ldren

PFD Not Used = 0.98 = 0.67

PFD Used = 0.99 = 0.83

* Reference 2 contai ns a more complex examp le using real data .
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Note that PFD use is advantageous both for adults and for children; in both cases survival

probabilities are greater wi th PFD use than without PFD use . However , w hen vi cti ms are not

separated by age , the probability of survival for a victim not usi ng a PFD is calculated as:

— 
980~~200 1180 

—— 

1000 + 300 
— 0.91

while the survival probability for a victim usi ng a PFD is calculated as:

— 
99÷250~~~~349 _
100+300 — — 0.87 .

The survival probability for PFD non—use is greater than for PFD use !

As will be seen later , this apparent anomal y is due to the distri bution of PFD use among adults

and children . it i sa  result of the fact that in the examp le adults have a greater survi val

probability than do children , but adults use PFDs much less frequentl y than do chi ldren.

In this examp le and in the general dis cussion which follows it one must remai n cognizant of

the cause of the problem. It is not a result of sample data bei ng unrepresentative . Rather ,

it s a resu lt of the actual circumstances in which accidents occur. The survival probability

of a vi cti m normally depends on many interrelated factors , and thus consideri ng survival as

o function of onl y a broad category , suc h as PFD wear , is actua lly an unrea listi c si mplificat ion

of more comp lex circumstances . Such unjustifi ed si mplification can lead to erroneous and even

ridiculous results .

Several questions arise: What is the relat ionship between the overall survival probability in

a state and the survival probabilities in sub—states where other factors are taken into-account ?

How should benefits be calculated? When must other factors be taken into account and when

can they be safety ignored?

While research into all aspects of the problem is far from comp lete , it is possible to give at

least part ial answers to these questions . In order to express these answers in a precise manner ,

it is necessary to introduce some additional notation.
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Let 
~~ 

and S 1 be two mutuall y exclus ive * states and let T~ , T 2 ,  ... , T n be a collection

of mutuall y exclusive states. Let S 0 T~ , 1 1 i < n, denote that sub—state of S 0 and T~ which

is determined by the defining conditions for both S 0 and T i . That is , considering 
~~ 

and T~
as sets of victims , S 0 T~ is the set intersection S 0 n T~ , so that a victi m is in state S 0 1;
if and only if he is in both state S~ and in state T~ . Let S 1 T~ be defined similarl y. For

instance, if S~ and S denote PFD non—use and use , respect ively, and T 1 and 12 denote

adults and children, respect ively, then S~ I-~ denotes adults not using PFDs, S i T 2 denotes

children using PFDs, etc.

A lso , for each i, 1<i < n , let b. and denote the number of survivors, numbero f
victims and survival probability, respectivel y, in state S 0 1.,, and let c., d . and denote

the number of survivors, victi ms and survival probability, respective ly, in state S ,  T
~ ** . Let

• a, b and p0 denote the number of survivors, number of victims and survi val probability,

respective ly, in state S~, , and let c , d and p 1 
denote the number of survivors , number of

victims and survival probability in state S 1 . Let q 0 . (or q 1 .) denote the probability that a

victi m in state S~ (or S~ ) is also in state I.

These definitions immedi ately lead to the following results :

n
o a a  4- a  + ... +a = a .1 2 n •1 = i

b = b 1 +b 2
÷ ... +b n 

= b .

(3—38)

0 C C  +c + ... + c = c.1 2 n i = 1

n
o d = d 1 +d + ... +~~ = d.

2 n = 1

_ _ _ _ _

* By this we mean that a victim cannot be in more than one of the mutually exclusive states .
Expressed in set—theoreti c notation, S 0 fl S 1 = ~ø and T; fl T~ = ~ø for �j, 0< i,j < n.

** Although we use the notations po ,  P1, etc. , reserved ear lier for statisti cs based on reported :~~
accidents and victi ms, in this section all quantiti es may be considered as referri ng either to
statistics based on reported victims or to statistics based on alt victims; the results derived hold - - - ,

in either case . 
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o pci 
= , 1 1 i I n

(3-39)
— 

° 
= 

‘ 
1 1 1

a
o p 0 =

~~
(3-40)

o cp 1

b .
o q .  = -.~ . , 1 1 1 n

d. 
(3-41)

• 

~~ q 1~

o q
01

4 -q 2 + ... + q = q 0. = 1

n (3-42)
o q

11
+ q

12
+ ... + q~ ,, 

.~~~~~ ~~ 
= 1

i = 1

Since these definitions and results are a lot to absorb at one time , it wi lt help to relate them
to the above examp le involvi ng PFD use in adults and children. We rewrite and expand the

table in that examp le , includi ng our new notation.

T 1 T 2

(Adults) (Children) (All Victi ms)

a a
1 980 2 200 a 1180

S0 (PFD not used) 
~

- 1000 ~~ 
=

0.98 0.67 = 0.91

c 1 9 9  c 250 c 3 4 9
S i (PFD used) 

~
— -j.

~ ~~~~~~~~ ~~~~~~~

0.99 0.83 = 0.87

p
11 

= p
12 

= p 1
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Most of the quantities are presented in the table. The values for qoi , q I i  are not . They are:

q
01 = 

1000 
— 1000 0771000 + 300 — —

— 300 
— 300 .. 2— 1000 + 300 
— -ç~~ 

— 0. 3

• 100 100
= 

100 + 300 = 0.25

300 300q 12 
= _ _ _ _ _ _  = = 0.75

Now, the fi rst of the questions we posed concerning the relationshi p between ~fate and
sub—state survival probabiliti es is answered by the followi ng result.

o P0 = ~ (b 1 P01 + b 2 P02 ~ 
... + b n Pon ) = 

~ i~~~1 
b; PO i

n (3 43)
= po iqo l  + P02~~02 + • .  ÷ Pon q on = po; q oi

and

o p~ 
= ~ (d ,p 11 + d 2 p 1 2  + ... ± d n p i n )  

~ i~~~1 
d i p t ~

n (3—44 )
= p t i q n  + P 12 P 1 2  + ... + P1n~~1n  = P i i q i i

What these equations state is that the overall recovery probabilities in states S 0 and S 1 are

weighted sums of the recovery probabilities in the individual states S
~ 

T i and S I~ , the
weights being proportional to the number of vi cti ms in S ,~ Ii and S 1  I~

To illustrate the equations , we use the data in our examp le.

P0 P01 qo l + P02 ~02 = (0 .98) (0.77) ± (0.67) (0.23) = 0.91

P1 Pi1~~ 1i + P12~~12 (0.99) (0 .25) (0.83) (0.75) = 0.87

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The results stated in equations 3—43 and 3—44 are exactl y what we would expect~ The diffi-

cult ies are caused by corresponding wei ghts for states S o and S not being the same; that is ,

qoj ~ q I i  As a result , certa in recovery probabilities Poi get weighted more heavily in the

calculation of P0 than do the corresponding recovery probabilities Ph in the calculation of

, and converse ly. Thi s is how apparent anomalies can occur , such as having the overal l

• recovery probability for victims usi ng PFDs less than for victims not using PFDs .

We wi ll not attempt to give a completel y general answer to the second posed question on how

to ca lculate benefits , but will consider instead a special case , namely one in which a
contemplated regulation is designed to transfer accident vi cti ms from state S~ to state S

but will not transfe r victi ms between any 1—states . That is, we only wi lt consi der how

benefits ore to be calculated when victims are transferred from state S~ T~ to S 1 T ; , 1 1 i < n.

In such a case benefits may be cal culated separatel y for each transfer , from S 0 1; to S 1 T~
and the results summed to arrive at the overall expected benefi t B. In particular , if r ;
1 < i  < n , is the transfer rote (fraction) of victi ms transferred from S~ T~ to 

~ i 1; , then the

overall expected benefit is given by:

0 8 = (r~ b1) (P : I  - P01) + (r2 b2) (P12 - P02 ) + ... + (r n b n) (Pin - Pen)
n (3—45)

= 
.~~~ 

(ri b ;) (ph — POi )
i = 1

To illustrate with our examp le , suppose a contemplated educational program is designed to

cause 30°/a of those adults who would not otherwi se use a PFD in an occident to use one , and

to cause 50% of the children who would not otherwise use a PFD to use one . Then r 0.30

and r2 0.50 and the benefit of this program would be:

B = (r1 b 1) ( p 1 7 — p o i )  + (r2 b 2 )(p 12 — p02)

= (0.30) (1000) (0 .99 - 0.98) + (0.50) (300) (0.83 — 0.67)

= 27 lives saved

L 

We flOW turn to our thi rd quest ion concerni ng when other factors must be taken into account

and w hen they may be safel y ignored . White further research may yield addit ional criteri a, h-

• the following two criteri a furni sh goo d guidelines to when states may be combi ned .

- 

- 
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(a) If the recovery probabilities in states S 0 T~ and S 0 T 1 are equal , the recovery

probabilities in states S Ii and S - ~ I~ 
are equal and the transfer rates are

the same , then states I~ and T 3 may be combi ned.

(b) If the fraction of vi cti ms in state Ii who are in state S 0 is the same as the

fraction of victi ms in state T~ who are in S 0 , and the transfer rates are the

same , then states I~ and Ij may be combi ned.

The mathematical equivalent of criterion (a) is:

o Pn; P03 Phi  = Ph I  and rl = r3 (3— 46)

Criterion (b) may ~ expressed mathematically in the Following three equivalent forms :

q oj  qo 3
o — — and r = r (3— 47)

q i T  q ij

b~ 
— 

b1 and r~ 
= r; (3—48)

b~ +d~ b
3 

+d~

b
~ 

b
3o -i-- = ~ — and r~ = r. (3—49 )

UI 
~~~

Note that criterion (a) cannot be replaced with the more general condition 
~~ i i  — P0~ 

=

— and r; = r1 . We illustrate this w ith an examp le. Let r~ = r1 0.1 , and consider

the data a~ = 100, b 1 = 200, c i 20, d~ = 30, aj  = 90, b 3 = 120, c 1 = 110 and d 3 = 120.

20 tOO 110 90
Now pq - Pof = - = 0.17 and P13 - P03 = - -

~
-
~~~ 

= 0.17 , so the more

general condition is sati sfied. Using 3—45 to calculate benefits , we have B (0.1) (200) (0.17)

(0.1) (120) (0.17) = 5.44 . But if we combine states and calculate benefits we obtai n

B=(0 .1)  (320)
(~~~~~~~ 

- ___ =8.73.

To illustrate criterion (b), we again consider a PFD example , but one includi ng bot h age

and sex . Suppose accident victi ms are divided by age , sex and PFD use as indicated in

the following table.
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T 1 T 2 13
Male Female Male Female

Adults Adults Chi ldren Children

S 0 (PFD non—use) = 0.98 .
~~~~ 

= .~~~ 0.69 -
~~~~~~~ 

= 0.63

S - ~ (PFD use) = 0.99 = 1.00 = 0.79 = 0.90

Suppose r i  0.20, r2 0.40, r3 0.60, and r 4 0.60

We wil l illustrate that , because the second criterion applies (approxi mately) to states T 3 and

• 14 , they may be combined into the single state “children .”

Fi rst , let us calculate benefits usi ng all four states T - ~ , T 2 , 13 , T 4

B = (O.2O) (850) (0 .9 9_ O .9 8) + (O .40) (15O) (1 .00-O.97)~~~(0.60) (167) (0.79 0.69)

+ (0.60) (100) (0.90 - 0.63)

= 30 lives save d

Now, we show that criterion (b) is met . A thougP~ it s only necessary to check one of equations

3—47 , 3—48 , and 3—49 , we wi ll check all three to illustrate the various values:

b 3 167
= = 0. 132

d 3 200
q ) 3  = -~~ = = 0.476

qo4 = = T~~7 = 0.0789

d 4 120
q- i 4 = -

~~
- = 

~~~~~~~~ 
= 0.286

Test ng 3—47 ,

P0 3  — 0. 132 
= 0 277— 0.476

and = 
0.0789 

= 0.276 .
qi ~ 

0.286
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Since these values are approximately equal , the criterion is approxi mately satisfied and
T 3 and T 4 may be combi ned.

Similarly, we could check equation 3—48 , finding:

b 3 — 
167 — 0 4 5 5

b3 +d 3 
— 

167 + 200 
—

b 4 100
and b 4 + d 4 

= 
100 + 120 

= 0.455

Finall y, to check equation 3—49, we would examine:

b 3 — T67 — 0 835d 3 200

~ b 4 100 _anu -j-- — — 0.833
ILV

again obtai ning approximate equality.

Combining states 13 and T 4 we obtai n the state T~ (children) and the following data table.

T 1 12 13
(Male Adults) (Female Adults) (Children)

S
~ 

(PFD non—use) = 0.98 = 0.97 = 0.67

S 1 (PFD use) = 0.99 = 1.00 = 0.83

Calculati ng benefits using this table , wit h r i  0.20, r 2  = 0.40, and r~~ 0.60 , we have :

B = (0.20) (850) (0.99 - 0.98) -
~ (0 .40) (150) (1.00 - 0.97) + (0.60) (267) (0.83 - 0.67)

29 lives saved

The one life difference betwee n this calculation and the previous one is due to rounding erro r

and the fact that the criterion was only approximately met .

The condition in criteria (a) and (b) that the transfer rates ri and r1 be equal may be able to

be relaxed in certai n cases if a combined transfer rate r con be determi ned which has the

same effect .
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Of course , all of the above only parti all y answers the question of what factors need to be

taken into account in multi —state benefit esti mation . Realisticall y, all possi ble facto rs

probably could not be checked against criteri a (a) and (b). Furthermore , criterion (a) or (b)

would very seldo m, if ever , be more than approximate ly met . Finall y, for some factors the

states S 1 T~ , wou ld contai n no vi cti ms while the state S~ l~ 
would contai n victims , making

it necessary to assi gn a recovery probability P h i  on a judgmental basis. In order to c hoose the

factors (states T
~

) w hich would be most important to use in calculati ng benefits , some sort of

test is necessary . One possibility is to use a Chi—Square test on all those factors whi ch it is

be lieved would be most likel y to vio late both cri teri a (a) and (b). Those factors (states)

which test as havi ng the most significant differences with respect to the equation terms in

both criteri a (a) and (b) would be the ones to use in benefit esti mation .

Once the initial choi ce of the states T~ , 1 Ii In, is mode, it is advi sable to use the some

criteri a to determi ne if it is necessary to further divide any of the states I~ . Of course ,

this could become a vi rtuall y endless process . Realisti c decisions must be made and careful

judgment used to decide w hen suffi cient anal ysi s has taken place . Careful assessment of the
va lues of the recovery probabilities POi  and Ph i  are important . Certai nly, if negative benefits
ore ca lculated in any transfe r (a result of P 0 k >  p1k) , the affected state T k should be carefull y
examined, for it may be that transfer in that state (i.e., from S o ~k to S i T k) is actually
detrimental or it may be that the state T k requires further subdivision . (We should mention at
this point that the benefit esti mation formulas included in earlier sections can be used in

calcu lating negative as well as positive benefits.) If Ik contains relativel y few vi cti ms it may

be best to iust omit it rather than attempt a subdivision which likel y would lead to problems

of insufficient data .

Once a final determi nation of the states I~ . 1 1 In, is mode , benefits can be calculated for

each transfe r from S 0 1; to S
~ T~ . If the calculations have been mode on the basis of data for

reported vi ct ms, the methods of Section 3.3.2 may be used to take unreported victims into

account in each S o T~ to S i T~ transfer. Finall y, as in our PFD use examp les , the separate

benefits from each transfe r are summed to obtain the overall benefit. if error bounds are used

to account for unreported victi ms , the lower bounds and upper bounds should be summed
• separatel y to obtain the overall bounds .

1 

•
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In case the reader has missed the full signi ficance of the problem discussed in this section , we

point out some of its important aspects : Survival probabilities cannot be blindly used in
performing benefit calculations . These prob’ibi l ties are not always what they seem to be,
because their values are affected by factot s other than ones directl y under study. Thus , it

is possible for the overall survival probobflity in state S 0 to be greater than in state S 
~~~
, and

yet for S i to actuall y be a more desirable state . Such was the case with the PFD use examp les
of this section . The reverse is also theoreticall y possible. It may be that the overall survival

probability in state S is greater than in state S 0 and yet S 1 is a less desirable state than is

S 0 . Again, it is not necessari ly true that if Ph i  > ~oi for all i , 1 1i In , then p 1>  P0

In order to properly calculate benefits , it is necessary to carefull y se lect states T~ in order to

subdivide states S
~ 

and S into sub—states of the form S~ T~ and S Ii and to compute benefits

for transfers between these sub—states . If thi s subdivision is not performed in a carefu l,

unbiased manner, an entire range of incorrect benefit estimates could result. The analyst

must guard against playing the game of “What states T~ should I choose in order to achieve a

reasonable (i.e., desired) answer?” While it is perfectl y permissa ble and even desirable to

judge the reasonableness of the result of a benefit calculation , suc h judgment should be a

check . If this check indicates that the results ore unreasonable , then further analysi s of the

problem can be performed . Hopefully, Further research will result in better understandi ng of

this problem and in additional means of dealing with it.

In closi ng this section, we mention the problem of cal culati ng benefits for two or more

regulations which may have interacti ng effects . Leve l flotation regulations and PFD educa-

tion programs wou ld be an examp le. One possible means of performing suc h benefit estima-

tions would be to perform the calculations sequentiall y. For instance , the results of level
a flotation regulations could first be estimated and new victi m data generated based on these

estimates . Then, the e ffects of PFD educational programs could be calculated using the new

victim data generated from the fi rst benefit esti mation. Sequential estimation in the revers e

order could also be performed. Hopefully, the results would agree .
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Even if only one regulation is being considered , the ana lyst must be careful to consider
possible side effects of the regulation. For e~<ample , regulation to increase PFD use or
avai lability might possibly resu lt in reduci ng the number of victi ms remaini ng with their
boats . Such side effects could result in unexpected negative benefi ts . Thus , it is important

• that all aspects of a regulation be considered .

3.4 Forecasti ng Benefit Growth

In the fi rst phase of benefit predict ion , the effects of a regulation on the factors associated
with accident occurrence and/or victi m survi val ore estimated. The second phase of benefit
prediction uses the information developed in the first phase to make an estimate of what benefit
(accidents prevented , lives saved , etc .) would result from the regulation if its full effect
could be immediatel y felt . The third phase of benefit prediction adjusts the “fu ll effect ”
estimation found in Phase 2 for time effects .

Phases 1 and 2 were discussed in Sections 3.2 and 3.3. Thi s section is devoted to a discussion
of Phase 3. In many respects , this is the most diffi cult area in benefi t estimation and assess-

ment. No truly good methods of tong—range quantitative forecasti ng have yet been developed .
Even intermedi ate range forecasts are often inaccurate . We need only look at the disagreements
in expert economi c opinion and at the number of instances in which such opinion has been
proven wro ng to rea lize that we should not expect many benefi t forecasts to be very accurate .

In most cases , the forecasting problem in benefit prediction can be separated into two related

components . The fir-st component adjusts for the implementation rate of the regulation. The
second component adjusts for changing boating patterns affecting accident causation .

Each of these components is a function of time and of factors , suc h as social and economi c
conditions, whic h themselves vary with ti me . Consequentl y, for any regulation we can express
both the implementation rate component and the boati ng pattern component as a function of the
si ngle var iable time .

If a new regulation requi res a boating standard to be met , then the implementation rate will
be a function of the sales of new boats and the reti rement rate for old boats which are of the
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type subject to the regulation . Data on sales and retirement can be gathered in advance and

included in a supplementary, forecasti ng data base .

If a new regulation is actuall y an educational program, then the imp lementation rate will be
• based on research speci fic to that program . This research must determi ne the rate at whi ch

the programs’ message reaches and significantly influences boaters .

The boating pattern componerut is much more difficult to determine. Perhaps some accidents

such as falls overboard are directly proportional to the number of hours of boater exposure,

but accidents such as two—boat collisions are probably not . Thus, the boating pattern compo-

nent may be very difficult to obtai n for some types of accidents . In such cases , a great deal

of expert ~udgment wi ll be requi red.

Some very preliminary research has been performed into appl ying forecasting techniques to

CG—357 stati stics . The results were far from encouraging . Further research into the applica—

tion of forecasti ng (time seri es anal ysis) techni ques is definitely needed . Among the

techniques whi ch should be investigated are the following :

• Linear (double) moving average

• Linear (double) exponential smoothi ng

• Ti me series decomposition

• Adaptive filteri ng

• Si mple and multi ple regression

• Census II

• Foran

• Econometri c models

a • Auto Regressive Moving Average (ARMA) processes includi ng the BoA Jenkins

method

• Filters

The interested reader is referred to Refe rence 3 for a general discussion of many of these

tec hniques .
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Forecasti ng methods wil l also be requi red in the costing aspect of regulatory effectiveness
researc h . Changes in boat purchasi ng patterns as well as changes in material and labor costs
wi ll requi re forecasting .

- 
- Once fo recasti ng methods have been chosen , the necessary software should be made available

for use wit h the data base model . Additionally, a supp lementary data base contai ning data
necessary for forecasti ng (such as economi c data , boat sales , weat her data , etc.) should be
deve loped and integrated into the mai n dota base .

The final result should be a model which can tak e the results of research on the expected
inf luence o regulation will have on accident or fatality causative factors , and determi ne
the future benefit of such a regulation as well as the costs . j

S

L

_ _ _ _  
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4.0 BENEFIT ASSESSMENT

4 .1 Introduction

Benefit assessment or tracking is the process of determining what benefits have accrued as the

result of the promulgation of a regulation . Wyle ’s researc h into benefit assessment techniques

concentrated on two general approaches:

• comparisons of pre—regulation accident data with post—regulation dato, and

• comparisons based on post— regulation accident data alone .

These approaches are discussed in Sections 4. 1 and 4.2.

Si nce there is no way of absolutely determi ning what would have happened if a regulation had

not been promulgated , there is no way of absolutel y proving that results obtai ned through

benefit assessment methods are correct . For this reason , it is highly desirable to have available

a number of different benefit assessment techniques based on different assumptions so that results

can be obtai ned by different means. The closer the agreement between results obtai ned by

different techniques, the more likel y that the results are reliable.

• Assessi ng benefits in lives saved or fatalities prevented is in itself a di fficult task . The task

of assessing benefits in terms of reductions in accidents, property damage and injuri es is

much more difficult as only a fraction of the non—fatal accidents is reported, although the

reporting rate is increasing . One of the reasons for the increase is that increasing ly many

insurance companies are sending Coast Guard Booting Accident Report forms along with

i nsurance clai m forms to boating accident victi ms . At this time , it appears doubtfu l if

suff icientl y accurate estimates of the total number of non—fatal accidents and associated injuri es

and property damage can be made to enable the detection of benefits derived Fro m any but the

most effective regulations . Thus, benefit assessment analyses wil l probably be restricted to

fata l accident data , at least in the near future .
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4 .2 Benefit Assessment Techniques Emp loying Pre— and Post—Regulation Data

Benefit assessment techni ques which employ pre—regulation as well as post—regulation accident

data may emp loy one or both of the following approaches:

• Using the pre—regulation occident data with , perhaps , pre— and post—regu lation

data on soci al, economi c , weat her , etc., patterns to project what the current

acc ident pattern would have been had regulations not occurred . The benefit

is then calculated as the difference between thi s projected loss and the

actua l loss .

• Analyzi ng the pre— and post—regulation data for trends or changes, riot reodi ly
• exp lanoble except as a result of the regulation

Regression anal ysi s is often used to assess trends or to express one vari able , say number of
fata lities , as a function of another , say number of accidents . While regression analysi s can

be a powerful fool, it can also easi ly be mi sused . If it is used, correlation coefficients

certai nly should be calculated and stati stical tests of the significance of the coeffi cients

should be performed . However , even if such tests indicate signi ficance, w henever possible

the dat a should also be graphed so that the analyst con actuall y see the vari ation on the data.

Appendix B contains an examp le of a regression anal ysi s usi ng real data w hich illustrates how

easi ly regression results can be mi si nterpreted .

There are a number of quanti tative forecasti ng tec hniques in addition to simp le regression .

The reader is referred to Reference 3 for a discussion of many of them. One of the areas of

further research in both benefit predi ction and assessment should be an in—depth investi gation

of the various forecasti ng techniques available so that a determi nation can be made as to

whic h is most appropriate for application to boating acc ident data .

• We now turn to a discussion of particular benefit assessment methods . The diagram below will

be useful in both this and the following section. The diagram separates accidents (or fatalities ,

etc.) into classes on the basis of i nformation obtained from the anal ysi s of accident reports.
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Suppose we are interested in assessi ng the benefit of a regulation promulgated in the past .
Some vessel s or boaters will be in compliance with the regulation, while others will not be.

Furthermore, some acc idents or fatalities should have been prevented as a result of compliance

with the regulatian . Others theoreticall y should have been prevented, but for some unknown

reason were not prevented. Other accidents would have been theoretically preventable if

non—complying boats had been in compliance. Finally, some acc idents would not be preventable

4 by comp liance; that is , these accident occurrences are independent of compliance . The

following Benefit Assessment Diagram separates accidents on the basis just described.

Theoreti call y
• Preventable Non—Preventable
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BENEFIT ASSESSMENT DIAGRAM
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The variables represent numbers of accidents or potential accident si tuations (situations which
would become accidents were it not for compliance with the provisions of the regulation) which

occur duri ng some speci fied period — one year , two years , etc. x represents the number of

potenti al accident si tuations which , because of comp liance with the regulation , did not become
accidents . The value of x is unk nown; no one reports non—accidents . The variable y is the

number of accidents involvi ng comp lying boats which should have been prevented by comp liance ,
but which for some unknown reason were not prevented . z is the number of accidents which

should have been prevented by comp liance , but which involved non—complying boats . Finall y,
u arid v are the numbers of accidents involving complying and non—comp lying boats whi ch hod

accidents that would not have been affected by compliance; they would have occurre d whether

or not a boat complied with the regulation.

The determi nation of which category each accident is assi gned to is mode on the basis of a

carefu l, structured analysi s of the accident reports . This anal ysi s should preferably be per—
• formed in such a manner that the analysts do not know if the involved boat(s ) was in comp li-

ance unti l after a determi nation is made as to which classification, theoreticall y preventable

or non—preventa ble , the accident belongs. The non—preventable accidents categories are

not necessari ly meant to inc lude all types of non—preventable accidents , but rather on ly
• accidents w hich are rel ated to at least some of the same facto rs as are the preventable

accidents . For example , if a regulation is designed to affect only some collisions i nvolvi ng

outboard boots less than sixteen feet (4.9 m) in length , then it may be preferroble to include

only co llisions involvi ng this type of boat in the analysis. The determi nation of which

accidents to include and which to exclude will depend on a careful assessment of the assump-

tions mode in the benefit calculation and on the particular regulation bei ng assessed.

Note that data is available on all of the variables except x. However , as discussed ear lier ,
many non—fatal accidents are not reported so , at least in most instances , the variables will

have to be restricted to fatal accidents.

We now descri be one benefit estimation techni que w hich makes use of the Benefit Assessment

Diagram . Another technique making use of this diagram s described in Section 4.3.
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Application of the Benefit Assess ment Diagram: The Pre—Post Techni que 
-

•

The Pre— Post Technique is based on the assumption that , for the class of non—preventable

acc idents selected:

• changes over time in the number of theoretically preventable accident

situations are proportional to changes in the number of non—preventable

4 acci dent si tuations.

In other words , we wish to evaluate temporal changes in theoreti call y preventable accidents

by measuring changes in non-preventable accidents .

The degree to which this assumption will be satisfied depends upon how carefull y the class of

non—preventable accidents is chosen and upon samp le selection procedures .

The assumption can be applied to three classes of boats (or boaters):

(I) af I sampled boats , both co mplying and non—complying,

(ii) only sampled complying boats

(iii) only sampled non—complying boats .

To describe the assumption in the form of equations , consider two benefi t assessment diagrams ,

one for a pre—regulation accident period and one For a post—regulation accident period.

Denote these d!ngroms by 0’ (pre—regulation) and D (post—regulation) . Let x ’ , y’ , z’ , u’ , v’

be the variables of D’ and x , y, z, u, v be the variables of D.

Let k , k’ and k” be the following quoti ents :

‘~‘ k — x + y +z
a x ’ + y’ + z’

F 
_______• (ii) 1< ’ = ~~~~~i f x ’ + y’ r 0

• (lli) k” = - .
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For each of the three boat classes listed above , the assumption states:

• (i) k = _ _ _

• (ii) k’ = - ~4

• (iii) k’ = -

Note that these assumptions (equations ) are not equivalent . It is possible to hove some true

- 

_ and some false . Also we should expect in most cases to hove k” < k < k’ because the number
of complying boats will normally increase relative to t he number of non—complying boats
after the regulation is promulgated.

Equati ng terms in the above equations and solvi ng for the unknown vari ables x and x ’ yields:

o (1) x - kx ’ (
~ 
:~) (y’ +z ’) - (y + z) (4-1)

o (ii) x — k’ x ’ (-
~~

) y’ — y (4—2)

o (iii) -~ 
= .  . (4-3)

The third set of equations contai ns no unknown variables , but it may be used as a sort of test
to help justif y or refute the fi rst two equations , and thus partially justif y or refute the assumption
at the beginning of this section upon which the Pre—Post Techni que is based . This may be done

usi ng a Chi—Square test on the contingency fable:

z V Z +V

v’ z’ + v’

Z + Z ’ V + v ’ z +Z ’ -1 -v+v ’

A very large value of X 2 tends to indicate that the assumption is poorly satisfied , w hile a
very small X 2 value tends to indicate that the assumption is probably c lose to correct .

• We may also compare the answers obtained usi ng equations 4—1 and 4—2. If ~he answers are
• close , we have some justification in believing them to be valid. Answers c~btai ned by t he

-H ~~~-
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method of Section 4.3 should also be compared to answers obtai ned usi ng equations 4— 1 and

4—2 . The closer the agreement , the more likely the answers are correct .

Now , x’ is the unknown number of accidents prevented in the pre—regulation period due to

independent compliance with (what will become) the provisions of the regulation. The unknown

terms kx ’ and k’ x’ cannot be eliminated mathematically from equations 4— 1 and 4—2 . There

are, however, three possible means of dealing with them:

(a) We mig ht assume that the exposure change factor for actuall y preventable

acc ident situations involvi ng independently complying boats is also k. Under

this assumption , the value of x — kx ’ would be the number of accidents

prevented due to the regulation itself and not due to independent compliance.

We point out , however, that there very likel y may be no good justi f ication

for making this assumption . (The same holds for k’ x ’ .)

(b) The Benefit Assessment Diagram method described in Section 4.3 might be used

to obtain a value for x ’ .

(c) We could eliminate from consideration all independentl y comp lying boots in the

pre—regulation period , in effect arbitrari ly setti ng x ’ = y’ = u’ = 0. Benefi t

calcu lations resulting from thie procedure would be based on the assumption that

the proportion of boats in theoretically preventable accident si tuations would be

the same for all boats after the regulation as it was for non—comp lying boats

before the regulation . Mathematically,

x + y +z _ z ’
u +v v ’

It should be noted that as kx ’ > 0 and k’ x’ > 0 , the total benefit x due to compliance ,

either independentl y or as a result of the regulation , wil l be at least as large as the calculated

values x — kx ’ and x — k’ x ’ .

We now turn to an examp le. A certain regulation was promulgated in 1971. The following

table contai ns fatality data far two three—year periods , one ending two years prior to the year

of promulgation , the other beginning two years after the year of promulgation. (Portions of

this data are synthetic.)
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- Fatality Totals

Theoretically Preventable Non— Preventable

_______________ 

Complying Non-Complying Complying Non-Complying

1973 - 1975 y = 91 z = 170 u = 449 v = 193

1967 — 1969 y’ = 159 z’ = 262 u’ 266 v’ = 289

First , let us perform a conti ngency table test on equation 4—3 , -~ = -

1 170 193 363

262 289 551

432 482 914

• For this table , X 2 = 0.021 , a very smal l value , which encourages us to believe that the answers

obtai ned usi ng equations 4—1 and 4—2 will be close to correct .

Substi tuti ng the data into equation 4— 1 , we obtain:

x - kx ’ = (
~ ~

) (159 + 262) - (91 + 170) = 226 .

Substituti ng the data into equation 4—2 , we obtain:

x - k’ x’ = (
~

) (159) - 91 = 177 .

If we wish to make the assumption under (a), this tells us that about 200 lives were saved due

to the regulation in the period 1973 — 1975. Even without thi s assumption it appears that at

least 200 lives were saved duri ng 1973 — 1975 as a result of independent or required comp liance

with the regulation.

S One should not be disappointed that the results obtained from equations 4— I and 4-2 do not

a agree more closely. U probably will be very difficult to obtain results from different

calculations w hich do closel y agree .

We will return to thi s examp le in the next section.
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4 .3 Benefi t Assessment Techniques Employing Single Period Data

In Section 4.2 we derived equations for calculating benefit values based on an assumption
concerning the relationship between pre— and post—regu lation periods and preventable and
non—preventab le accidents . In this section we again use the Benefit Assessment Diagram to
assess regulatory benefits . We wi ll call the method employed the Compliance Technique. It
is based on the following assumption:

• The fact of boat compliance or non—comp liance does not affect the relative

chance of a boot being in a theoreti cally preventable acci dent si tuation

versus a non—preventable accident situation .

Thi s assumption may be restated as:

• In any period, the odds of a boot (or boater) being in a theoretically preventable

accident situation versus a non—preventable accident si tuation are the same for

co mplying boats as for non—comp lying boats .

This assumption is much more likely to be satisfied in instances of equipment compliance rat her

than of boater action compliance. If boater deci sion—making is re lated to compliance , then it

is likel y that compliance is not independent of the presence of a potential accident situation,

thus negating the assumption . This would occur , for instance , in the case of PFD use, where

the use of PFDs would be related to boater characteristi cs and the environment in which a

boater is located (see Section 3.3.3) .

The assumption may be expressed as the equation:

•~~~~~~~~~x = ~~

or equivalently,

o = (~~) z _ y  (4—4)
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As before , x is the total benefit due to compliance , w hether the compliance is independent
(voluntary) or is involuntary (directl y due to legal requirements imposed by the regulation).
The assumption should not be taken to mean that comply ing boats are assumed to be in imminent
danger of having a theoreticall y preventab le accident , but rather that they will be found

operating in the same general conditions as non-comp lying boots .

As with the Pre—Post Technique , careful judgment has to be used in the choice of the non—

preventable accident class and in the sample selection process . Also as before , duri ng the

occ ident anal ysis process , the determi nation of whether on accident is or is not theoretically

preventable must be made independentl y of a knowledge 0f whether or not a boat is in compliance.

We illustrate thi s technique by applying it to the examp le of Section 4.2.

For the three—year , post—regu lation period 1973— 1975,

We may also apply the technique to the pre—regulation data:

x ’ = ( —i-- ) z - y

= (
~~~ ) (262) - 159

= 8 2 .

a This value of x ’ may be substituted into the Section 4.2 results:

x - kx ’ 226 and x — k’ x ’ = 177

Note that k = 
u~ ~~~~~~~ 

= = 1.16 and k’ = 4 = = 1 .69 -

F
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~ - -S—~~~~~~~~~~ - -



Making the substitutions we obtain:

x = 226 +kx ’ = 226 +(I.16) (82) = 321

and x = 177 + k’ x’ = 177 + (1 .69) (82) = 316

Note that all of our results agree quite close ly: Compliance, voluntary or involuntary,

resulted in saving about 315 lives in the three year period 1973—1975.

A Chi—Square test can also be applied to the post—regulation accident data to determine if

there is a significant difference in accident patterns of complying and non—complying boats .

The test is applied to the contingency table

y u y + u
Z V Z + v

y + z  u -f- v y + z ± u + v

Using this test and the post—regulation data of our example , we obtain the table

91 449 540
170 193 363

261 642 903

and a highly signiffcantX value of 93.5.

We should not expect to achieve this significant a result in most cases .
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5.0 USERS GUIDE, CONCLUSIONS AND RECOMMENDATIONS

5. 1 Users Guide

To help the individual who wi shes to make use of the techni ques deve loped in this report , the
following user ’ s guide is presented with steps outlined in the order in which they would most
likely be followed. The guide covers only steps re lated to benefit prediction and assessment .
Costi ng methods are not included .

It should be emphasized that the procedures and techniques presented in this report and outline

below are preliminary in nature . They will be refined and/or replaced with better methods

whi ch will be developed in Phase U of this research program .

• User ’s Guide

I. Pre—Regulation

A . Develop data base model followi ng guidelines of Section 2.0 (in order
presented)

B. Predict benefits

1. Determine the causative factors (states and sub—states) to be affected

by the regulation (Sections 3.1, 3.2 , 3.3.3)

2 Estimate the effects of the regulation on the accident or reco very

causative factors; i.e., determi ne transfe r rates between states and

sub—states (Section 3.2)

3. Make ini tial “ful l effect ” benefit calculations usi ng reported victi m

data (Section 3.3.1)

, 
4. Recompute “ful l effect ” benefits taki ng into account unreported acc idents

and victi ms (Section 3.3.2)

a a. Check that taking unreported victims into account does not result

in negative benefits (Table 1) or benefits below an acceptable

mi nimum (Table 2) (Section 3.3.2. 1)

b. Esti mate number of and distri bution of unreported victims and

calcu late benefits; or calculate error bounds (ranges) of benefits

based on range estimates of unreported victi ms (Table 3)

(Section 3.3.2.2)
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5. Combine benefits calculated for individual sub—state transfers

(Section 3.3.3)

6. Forecast benefit growth taking time factor into account (Section 3.4)

• II. Post—Regulation

A. Determine the benefit assessment techniques to be used (Section 4.0)
B. Update data base model including data requi red in the benefit assessment

tec hniques chosen (Sections 2.0, 4 .2)

C. Compute benefit assessments (Sections 4.2 , 4.3)

D. Compare benefit assessments obtained by different methods (Sections 4.2, 4. 3)
• 

E. Compare assessed benefits wi th predicted ones

5.2 Conclusions and Recommendations

This report includes the results of initial research into the development of a methodology which

the Coast Guard con use both for assessi ng (tracking) the results of its past actions and for

predicting the results of proposed actions . As explained in the introduction , the initial
• researc h concentrated on benefit prediction and assessment . Future research will have to also

inc lude the development of methods for the prediction and tracking of costs .

The benefi t esti mation methodologies presented in this report should not be considered as

sufficient for all estimation problems . For instance , t hey do not inc lude any means for fore-

casting changes n boating and accident patterns , including , say , the effects of imp lementation

rates of new construction standards . Research to determi ne appropriate forecasti ng tec hniques

to be used in both benefit and cost prediction should be pursued. Certainly the problems

associated with multi—state benefit esti mation require further study so that reasonable guide-

lines in the use of the multi —state technique can be developed .

- The reader should be aware that the benefit assessment techniques developed in this research do - -

not directl y evaluate the part pla.yed by boater decision—making vis—a—vi the existence of a .- ‘
•~ 

-

regulation . It is important tc consider the effect of boater decision—making in any case in

which it is possible for such decision to negate the intent of a regulation. Boater decision—

making can confound attempts at benefit assessment employing the usual techni ques . The ORI
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study (Reference 2) of bridge—to— bridge radiote lephone is probabl y an examp le. Shi p operators
may onl y have used bridge—to— bri dge radiote lephones when they thought they would be of
benefi t . In terms of our Benefit Assessment Diagram thi s caused unaccounted for transfers from

complying to non—comp lying status w hich made be nefi t assessment more difficult. Some ini tial

researc h into specif i c aspects of thi s problem has been performed as part of the PFD task

(Reference 2), w here PFD use was separated into a base use rate plus an envi ronmental response
use rate . Additional research should be performed with the intent of developing more genera l

benefi t assessment techni ques which can account for boater decision—making .

The methods developed in this project for assessing the benefits of past regulations are actuall y
rather primitive . Further work to develop more sophisticated techni ques is desirable.

In the area of costs it should be noted that while DOT has developed some costing methods in
the area of automobile safet y programs (Reference 4), many of these methods ore not applicable

to the small boot industry due to the differences in size and numbers of automobile and boat

manufacturers . General methods should be developed for determi ning the cost effects of Coast

Guard boating safety program on the boating industry (manufacturers , distributors , dea lers ,
marinas , services ) and on the boati ng public.

As boating activity patterns , accident patterns , cost patterns and Coast Guard regulatory
act ions are highly interrelated it is desirable to hove future research consider all of these

aspects and their interrelationshi ps. Also , the Coast Guard is keenl y aware that ill—considered

regulations could hove highly adverse effects on boaters and the boating industry . Consequentl y, 
—

further study should include research into the alternatives available and bounds on Coast Guard

act ivities , taki ng into account its desire to promote safe boating without causi ng unnecessary ,

adverse effects . Such research will necessaril y include a study of the relationshi ps between

possible Coast Guard activi ties and the patterns enumerated above . In effect , it is suggested - 

-

that a systems approach be taken in future regulatory effectiveness methodology research .
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APPENDIX A , DERIVATIONS OF BENEFIT PREDICTION RESULTS

In this appendi x we derive the mathematical results presented in Section 3.0.

Suppose we have two disjoi nt states S0 and S i with b average annual victi ms in S
~ 

and d

average annual victi ms in S . Suppose a of the victi ms in state S~ are survivors while c

of the victi ms in state S are survi vors . Furthermore , let x, a and $ be defined as follows:

• . x is the average annual number of unreported occident victi ms in states 
~~ 

and

S
~~ 

with a and $ being the fractions of these vi ctims in S~ and S i ,  respective ly.

Note that ax is the number of unreported vi ctims in state S 0 , $x  is the number of unreported
• - v cti ms in state S , and ci + 8 = 1.

Finally, suppose that it is estimated that when full y implemented a contemp lated regulation

wil l have the effect of transferri ng a fraction r of the victims in state S 0 to state S i  -

The si tuation for reported victi ms in states S o and S i may be illustrated schematicall y as

follows :

S o S 1
a C

~~~~Po ~~~~ P1

where p
~ 

and p~ 
are the recovery probabilities of victims in states S~ and S , respective ly.

Simple algebrai c manipulations result in the following schematic for reported vi ctims once the

regulation has been fully implemented:

Reported Victims ; Full Implementat ion of Regulation

~~~~~~~~~~~~
= P o L ~~~~~~4 d ~~

1
~ 

= p1~

A-i

~

- ~~~~~• ~~~~
--—•- 

~~~~~~~~~~ -h—- 
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This diagram indicates that (rb) victi ms are transferred to state S 1 leaving (1 — r)b victims at

state 5 o . We assume:

• All victi ms at S 0 have an equal probability of bei ng transferred to S 1

• The recovery probabi flty of a victi m is determined solel y by his state ’s defining

criteria, i.e., there are no confounding interactions .

These assumptions guarantee that the probability of recovery at state S
~ 

remains po after the

transfer and that the transferred victi ms will have a new probability of recovery of p 1 , so that

the recovery probability at S - ~ also remains unchanged .

With these assumpflons it should be clear that (1 — r)a survi vors remai n at 5 o and that the

number of survivors at S i includes the original c survivors plus an additional p i rb survivors .

In this si mple model of benefit estimation we also assume that there are no changes in victi m

numbers other than that caused by the transfer .

Calculati ng for reported victims only, the benefit B0 resulting from the regulation is the number

of survivors saved after ful l implementation of the regulation less the number of pre—regulation

survivors . Thus,

B 0 (a(1 _ r) + c + p t r b ) _ ( a + c )

= a - a r + c + p 1 r b - a - c

= p1rb - ar

= r(p i b - a )

= r(p j b - p o b)

= rb ( p 1 — p o )  ,

and we have proven equation 3—2 ,

a B 0 rb ( p 1 — p 0 ) .

A-2
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To include unreported accident vi cti ms in our calculations , we make t he assumption:

• A l? unreported vict ims ore survivors .

With this assumption we con schematize the situation for all occident victims in S 0 and S 1

as foflows:

A ll Victims; Without Regulation

S O

c + $ x _
b+ ax  

— P0 d + $ x  P1

All Vict ims; Regulation Fully Irnplemented

S o S i

(a +ax ) (1 — r) c + $ x + p’i r ~~~+ ax )  
= ,

(E + cx x) (1 - r) P0 
~~~+px + r ( b + a x 3  P1

I 
- 

The above expressions are obtained by merel y making the appropriate substitutions (a + a x for -

a , etc.) in the corresponding express ions for reported victims.

Assuming a rate of transfer r , the benefit B of the regulation for all victi ms can be

derived from 3-2 by making t he same substitutions . Thus , we obtai n equation 3—4 ,

o B B(x , c i )  = r(b + ci x) (p’i - p~~)

The remai ning results in Section 3.3 can be deri ved using a reexpressed form of this formula

for B. Here are the steps in the derivation .

B = r(b -4- ci x) (p’i - p’o )

= r (b+ax )
(~~~~~~ 

- 
a + a x )

A-3

_ _ _ _ _ _ _ _ _  - -  - •  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



d + $ X (bc + b$x + c c ix + c i $ x _ a d _ a $ x _ d a x _ c i $ x 2 )

= 
d 

r (bc - ad +f b$ - a$ - dci + ca]  x )

-

• 

= 
d +$x  (bc -ad + [  (b-a)f l  - (d -c )c i ]  x )

This yeilds equation 3— 14,

o B = (bc - ad+ [  (b-o)$ - ( d - c )a l x ) .

Eliminati ng $ by substituti ng (1 — ci ) we obtai n another useful form,

a B = 
d + ( J - c i )x (bc - ad+ [  b - a - ( b + d — a - c ) a l  x ) .  (A-i)

In manipulating inequalities it is necessary to consi der whether factors are positive or negative .
For reference , we now list some basi c inequalities which are true , either because of the
definitions of the quanti ties involved, or because of the assumptions which have been made .

0 < a < b ,b > 0

0 < c < d  d > 0

0 < r < i

0 < a <  1

x > O

We shall make use of these inequalities without specific reference .

r -‘
Io obtai n the results in Table 1, we must find equivalent forms of the inequality p’~ < p’~ .
Because B = r(b + a x) (P’l — p

~ 
)
~ p~ < p’~ is equivalent to B> 0 . Using equations 3—14

and A— I , this yields the equivalent inequalities :

bc — ad + I (b — a) $ - (d — c)ci 1 x > 0 (A—2)

j A—4 
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and bc — ad + f b - a - ( b + d — a - c ) a )  x > 0  (A-3)

Now , the tests in part A of Table 1 are based on the assumption that P0 < p -
~ , 

or equivalentl y

that ad < bc. Thus, usi ng this assumption, we have :

- :  bc - ad >0 ,

and consequent ly, inequalities A—2 and A—3 will certainly be satisfied i f :

(b - a)$ - (d - c) ci > 0 (A-4)

or, equivalently,

— b — a - ( b + d — a — c ) a > 0 .  (A—5)

Inequalities 3—7 is obviously equivalent to A—4 , while 3—8 is clearl y equivalent to A—5. Thus ,

if inequality 3—7 or 3—8 is sati sfi ed, the condition p
~ < p’~ wil l be met .

If the two equivalent inequaliti es 3—7 and 3—8 are true (but po > p-
~ , 

so condition A is not

met), then:

(b-o)$ - (d-c)ci > 0 .

if ths inequality is strict , then we may divide inequality A—2 by (b — a) $ — (d — c)a and —

obtain:

- 
- ad- bc

X > ( b— a) f l  - (d - c)ci

which is inequality (3—9) .

Supp ose , on the other hand, that inequalities 3—7 and 3—8 are not true . Then, (b — a)$ —
(d — c)a < 0 and solvi ng inequality A.-2 for x we obtain:

A-5 
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ad- bc
( b- o ) $ - ( d - c )c i

bc — ador x < (d-c)c i - (b - a)$

which is inequality 3—10.

Finally, to obtai n inequality 3—il , we solve inequality A—3 for ci

bc - a d + [ b - a - ( b + d - a - c )a l  x > 0

I b — a — ( b + d — a — c ) a )  x > ad — bc

b - a - ( b + d - a - c ) c i  > (ad _ bc) !

- ( b - o + d - c )c i  > (ad~~bc)~!. - b + a

( b - a + d - c )c i  (bc _ ad) ! + b - a

ci < (b -a) + ( d - c )  ((bc~~ ad) ! + (b~~ a)). •

As all of the inequalities in the above derivation are equivalent , 3—li is equivalent to A— 3 ,

and thus ~~ < p’i whenever 3— 11 holds . Note that the derivation of 3— 11 places no require—

ments on inequalities 3—7 or 3—8 .

Equation 3—13 is the equation of the boundary curve of the region satisfying inequality 3— l i .

It may be derived from the equation B = 0, using the same derivation as that For inequality 3— 11 ,

but with the inequality symbols replaced by equality ( )  symbols.

Derivations of the expressions in Table 2 are simflor to those for Table 1. It is desired that the

benefit B be greater than or equal to a minimum B ;  that is , Bm < B . Using equations 3—14 and

A—i , we hove that 8m < B is equivalent to both:

Bm < (bc - ad -4- [ ( b— a) $  - ( d - c )a ]  9 (A-6)

and Bm ~ d + ( 1- c i)~~ 
(bc - ad +1 b - a —  (b +d - a - c) cz J x) (A-7)

We use inequality A—6 to derive the first expressions in Table 2.

A-6
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Solvi ng A—6 for an expression givi ng a bound on x , we obtain:

B (d + $x) < r(bc — ad) + r t  (b — a)$ — (d — c)c i )

Bm d + $ B X  < r(bc — ad) ~ r I (b - a)$ - (d - c)ci ] x

$ B
m

X ~~r I (d - c)cz - (b— a)$] x < r(bc — ad) — B d

($B + r r  (d- c)ci - (b- a)$} )x < r(bc - ad) - S d

Now, if as in 3— 15 we let :

W = $B~~~ r [  ( d- c )a  - ( b - a )$ ]

then, the last inequality becomes :

Wx < r(bc - ad) — B d

This expression is equivalent to A—6 and hence is equivalent to B <  B. Furthermore , if

W > 0 thi s expression s clearl y equivalent to 3—1 6 while if W < 0 it is equivalent to 3—17.
Finall y, if W = 0, we have:

0 < r(bc — ad) - Bmd

or B ~ ~ (bc - ad)

which is inequality 3—18.

We have thus completed the derivation of the first half of Table 2. To derive the second half
of thi s table , we use inequality A—7 , solving it so as to obtain a bound on ci :

B 
~ d + ( l — c i )x (bc — od+ [  b — a — ( b + d — o — c ) c i ]  x)

B d + B  x - B  x c i  < r(bc - od)+ rx ( b - a ) - r x ( b + d - o - c ) a
m m m —

rx ( b + d - a - c )a - B  x a  < r(bc - od + bx - a x ) - B  d - B  x
m — m m

x l  r(b +d — a — c )  — B ] a  < r(bc - ad +bx - ax) — Bm(d +9

• A-7 
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Now , if as in 3— 19 we let:

Z = r ( b + d - a - c ) - B m

then the lost inequality becomes:

xZ a < r(bc — ad + bx — ax) — B ( d  + x)

or Zci < ! i r(bc - ad +bx — ax) — B ( d  + x) ]

This expression is equivalent to A—7 and hence is equivalent to B < B. It is now clear that

inequality 3—20 is equivalent to B < B when Z> 0, w hile inequality 3—2 1 is equivalent to

• B < B when Z < 0. In case Z = 0, we have :
m—

O < ! ~ 
r(bc — ad + bx - ax) -

~ 
B ( d  +

0 <  r(bc — ad) + r ( b — a ) x - 8  d — B  x
— m m

¶ B x — r ~b — a ) x  < r ( b c _ a d ) _ Bmd

( B — r(b — a)) x < r(bc — ad) — B d  (A—8)

Now, as Z =  0,

O = r ( b + d - a - c ) Bm

so B r(b — a) + r(d — c)

and B — r ( b - a )  = r ( d — c ) .

Thus , equation A— 8 is equivalent to:

r(d - c)x < r(bc - ad) - S d

r(bc — ad) — B dmand x <
— r ( d — c )

~ hlch shows inequality 3—22 is equivalent to Bm < B in the case where Z 0. 
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We turn now to equations 3—2 3 and 3—24 . Equation 3—23 may be derived followi ng exactl y

the same steps as were followed for inequality 3—20 with equality symbols replaci ng the

inequality symbols, B replaci ng B , and the condi tion Z> 0 ignored.

Similarl y, equation 3-24 con be derived in the some manner as inequality 3—16 w ith equality

symbols rep lacing the inequality symbols, B replaci ng B , (1 — a )  replaci ng $, and the

condition W > 0 Ignored .

Io obtai n the inequalities in Table 3, part A , is is first necessary to demonstrate the mono-

toni city of B, first as a function of ci and then as a function of x.

-
• 

Equation A— i expresses B in the form suitable for differenti ation with respect to a - Using

this equation, we obtain:

B(a ,x) 
~~~ )x (bc - ad +[ b - a -  ( b + d  - a - c)alx )]

= 
r [(d + ( 1 _ c i ) x ) ( b + d — a — c ) (—x)

( d + ( 1 - c i) x )2 
t- (bc - ad + t  b - o - ( b + d - a C)a~ x ) (-x)

= 
—rx b d+d 2 _ o d _ cd + bx + dx ax — CX

(d+ ti — a ’ ~2
~ 1X 1 _ a x ( b + d~~ a — c ) bc 4 - ad

bx +ax + ci x(b # - d - a -  c)

= 
—rx ( bd ÷ d 2 — c d +dx — cx — bc l

(d + (1 — a )x ) 2

= 
—rx t b(d _ c) + d ( d_ c ) + x(d C) l

(d + (1 — ci )x ) 2

= 
(-rx) (d - c) (b + d + x)

(d + f l — a ) x ) 2

< 0 for all odmissabie values.

Thus, for any (fixed) value of x , x >  0, B is a decreasi ng * function of a

* We adopt the usual convention of defining decreasi ng to mean stri ct ly decreasi ng or constant .

A-9
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We now use equation 3—14 to differentiate B with respect to x. To simplify the expressions ,
let K = (b — a)$ — (d — c)ci . Equation 3—14 then becomes :

B = B(ci ,x) = 
d 

r (bc - ad + 1(x)

Differentiating with respect to x we obtain:

-~ -- B(ct ,x) = ~~~ ~~~~~~ (bc _ ad + Kx)]

= 
r [ ( d +$x ) K - $ ( bc - ad + Kx)J

(d+f l92

= 
r Id K + $ K x - $ b c + $ a d - $ K x l

(d+$x ) 2

= 
r t d K - $ b c + f i a d ]

(d+$x ) 2

r is positive for all permissable values of x and a , we see that B is a monotonk
( d +$x ) 2

Function of x and that the sign of (dK — $bc + $ad) will determi ne whether B is increasing *

or decreasing . We therefore simplify this expression:

dK -f l bc + $ a d  = d l  (b — a)$ - (d-c) c iJ - $bc +$ad

$ b d- $ o d - a d 2 + c i c d - $ bc + $ad

fl b d -$ b c + a c d - c i d2

= $ b ( d - c ) + a d ( c - d )

= ( $ b -c t d ) (d- c ) .

As d — c > 0, we see that:
- i

B is an increasing function of x if and only if fib — a d>  0

and Bis a decreosi ng function of x ifand only if $ b —  a d < O .

* Again , we adopt the usual convention , defining increasi ng to mean stri ct ly increasing

or constant . •

- A- b
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Finally, note that b$ - a d > O i s  equivalent to:

> and to ci 
~- b~~Ld

while f i b —  c i d < O i s  equivalent to:

$ d 
_ _— <~~ and to a 

~ - b ±d  -

Thus , for any (fixed) value of a

if 0 <  ci < 
~~~ 

Bis anincreas i ng funct ion of x ,

and if a > ~~ , B is a decreasing function of x

lo derive the results of Tab le 3 we use the facts that for any x >  0, B is a monotoni c decreasing

function of a; for any a < , B is an increasi ng function of x; and for any a 
~ b d

B is a decreasing Function of x.

• Let 0 < ci < a < ~ 2 < 1 , 0 < x 1 < x < x~ . Results 3—25 , 3—26 and 3—27 are

mere ly restatements of the above monotoni city conditions .

To prove 3—28 , suppose a 2 < . Then :

B(ci 2, x i)  < B(a , x i)

B(a , x i)  < B(a , x) < B(a , x 2)

and B(a , x2 ) < B( ci ~
, x2 )

so B(a 2’ x i) < B(a , x~) < B(ci , x) < B(a , x2) ~~ . 
B(ci 1~ 

)(
~ )

lo prove 3—29 , suppose ci > . Then:

B(a2 , x2 ) < B(a , x2)

B(a , X 2) < B(a , x ) < B(a , x l )

and B(ci , x i)  < B(a 1~ 
x l)

• so B(a2 , x 2 ) < B(ci , x2 ) < B(a , x) < B(a , x i)  < B(a ~, x i)

A — l i



To prove 3—30, suppose ~ b d ~ ~ 2 Then:

B(a2, x2) < B(a2, 4
B(a2 , x) < B(ci , x) < B( ci1, x)

and B(ci i, x) < B(a 
~~
, X~~~)

so B(ci2 , x2) < B(a2, x) < B(a , x) < B(ai, x) < B(a1, X2 ) .

Turning to parts B.1 . and B.2(a) of Table 3, note that by definition, 0 < a < 1 and -:

x >  0. Furthermore, ft is clear from equation 3—14 that B is conti nuous for all (a , x),

O < a < 1, 0 < x. Thus, the choices a1 = 0, a 2 = 1 and/or x = 0 are all appropriate

when tighter bounds are unavailable .

The material in part B.2(b) is not actuall y needed, in the sense that we could always choose

as a value for x2 the number of boaters in the United States , or even the population of the

United States . The limiting process does, however, yield simplified expressions and can yield

quite tight bounds in some cases , as one of the examples fllustrates . We therefore incJude D

as an additional means of developing error bounds.

We define the notation B( ct ,i~~) as:

• B(a ,co ) Jim B(a , x ), 0 < a < 1

Equations 3—14 can be used to evaluate this limit. We consider the fol lowi ng cases .

If a < 1, then fi > 0 and:

B(a ,~~) lim d +~~ x 2  
(bc a d + t  ( b — a ) $ — ( d — c ) a l X 2 )

= lim r(bc — ad) 
+ Jim r( (b — a)fi — (d — c)a] x~

d ÷ f i 2  d + f i x 2

= O+r [  (b—a) f i - ( d — c ) c i ) Jim d 
1

~~~~~~~~X 2~~~~~~

• = - ~~— [ ( b - a ) $ (d - c ) a 1

A— 12
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If a = 1, then fi O and:

B(1 ,~~ ) J im ~ (bc — od — ( d — c ) x 2 ) .

Now if a and c < d, then d — c >  0 and: —

B(l ,~~~) = —~~~

If a = 1 and c = d, then:

B(1 ,~~ ) = lim (bd — ad — (0)x2)
X r C

= r(b — a) .

This comp letes the derivation of the results of port B.2 .b. However , as a point of interest , we

also demonstrate that the expression:

B(a ,oo) = [ (b - a)$ - (d - c)cr }

• can be used to derive B(1 ,~~ ), provided B(l ,~~ ) is taken to mean:

B(1 ,x )  = Ibm $(a ,x )
a—. r

Calculati ng thi s limit , we have: H

B(1~~~) = lim 
* 

I (b — a)$ — (d — c)ci ]
a-. 1~

= r (b -a ) — lfm ( d _ c ) ( 1 ci ) .
I _ a

ff c <  d, then d — c >  0, and as 0< ci < 1, B(1,~~~) = —
~~~~~

f f c d, then:

= r ( b - a ) - U r n  (0) (
~ ,~~ 

)
= r (b - a)

.-‘. --.~i~~~,tr at iOn is now complete .

A- 13
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Part C of Table 3 is derived as follows . The benefit -B is given by equation 3—4:

B B( a , x) = r(b + ci x) (p’i — 

~~ 
)

If p’i> p’~ , this benefit is clear ly non—negative which is the result in C. 1.

The result in C.2. can be obtai ned intuitively or mathematically. Intuitively, the largest

• I 
number of lives that could possibly be saved under our assumptions is the number of victi ms

who are transferred to state S who would perish if they remai ned at S~ . This number is

r (b-a) .

Mathematical ly, the largest benefit will occur whe n p’~ 
= 1. The benefit in this case is:

B r(b + c*x) ( i — p ~~)

/ 
_ _ _ _r(b + cix ) ç~i — 

b + ax
= r(b + c i x - a - a x )

= r(b-a) .

Agai n, we obtai n result 3— 35 in part C.2.

To obtai n the result in part D of Table 3, a mathematical expression equivalent to the assump-

tion that the x unreported victims are distributed between states S o and 
~ i in the same ratio

as the reported survivors is needed. For ci < 1, the expression:

a _ a

may be used . Solvi ng this expression for ci we have :

a _ a
1 - a  -

~~~

c ic = a — c a

a~~ c

A-14 
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‘ I
We will use part A.2. of Table 3 to obtai n the bounds . Consequently, it is necessary to

bcompare ci with

If P0 P1 ,then:

a c
bi d ’

aand — < - - .c — d

So,

c + c b + dand a — <
- - c — d

b + dSi milarly, if PD > P1 , a > —~---

Usina the bounds 0 < x < ~ , we have:

if p0 < P1 , then B(a ,0) < B(a ,x) < B(a ,~~ )

if p~ ~ 
, then B(a ,ao) < B(ci ,x) < B(a ,0)

Now 8(a ,O) . To obtain the bound at infinity, first consider the case where a < 1.

Using equation 3— 32,

B(a ,x )  = I (b-a)$ - (d - c)a]

= r [ b _ a i _ ( d _ c j . ~J

= r [ ( b_ a ) _ ( d _ c ) ~~]

= .1 (bc - o c - a d -~-oc )

~!Hbc _ ad)

— rbd (bc ad’\
• c \bd bdJ

A-iS
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d / c  a
= — (rb)~~~_ g

: 

~~~

h

1

B O

~~~~~~~~~

1 _ P 0 )

For the case a = ‘I, all unreported victims are at state S 0 . As the unreported victims are

distributed in the same manner as the reported survivors , thi s means that there are survivors

at S 0 and there are no survivors at 
~ i ;  that is, a> 0 and c 0. Consequently, po > 0 and

= 0. This means p
~ > Pt and therefore B0 rb(p i — P0 ) < 0. We may therefore adopt

1 1the convention — Bo = 
~~ B0 = — 

~~~~ , 
for a = 1.

• Continuing with the case a 1, note that as d> 0, c <  d. Hence , using equation 3—33 in

Table 3, B(ci ,co) = B(i ,~c) = —
~~~~~ . Thus , in the case ci = 1, we may write:

B(a ,z) = _L B0

This equation was proven above for a < 1, so we now have that for any a — value (0< ci < 1)

• obtained under our assumption ,

B(a ,oc) = —~- B0 -

Combini ng our results , we obtain inequalities 3-36 and 3—37 :

if po ~. P1 , then B0 < B < S o

and f po > p i ,  then __L B 0 < B < B 0 .

The only results stated in the postscri pt to Section 3.3.2.2 which have not already been proven

are the intui tivel y obvious resu t that includi ng unreported vi cti ms (al l survi vors) in the calcu—

lation of recovery probabiliti es will cause the probabilities to ircrease , and the less intuitive

resu lt that in most cases the di fference in such probabilities will decrease .

a a -1-
The First of these results is equivalent to the inequality ~ < 

~
— - 1  , where a and b ore as

before and y is some number of unreported vi ctims , all survivors . This can be proven as follows.

A-16
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From the defi nitions , a < b ; therefore , as y>  0, cy < by

so ab+ a y < a b + b y ,

a ( b— y ) < b(a + y)

and final ly,

b — b + y~

While the second result is not true in all ci rcumstances , it is true under fairl y general con— -

ditions . We will prove it for the case when all survival probabilities are at least one—half .

The result may be expressed mathematicall y in the notation we have been using as:

f P0 > and , then p’t — p’~ ~. P i — P0

Now when

= E , the na ..~~~ a n d $ _ 4 _ - ,

and the inequality p’~ 
— P~ < p 1 — P0 may be expressed as:

cx axc +— a + —_—
a + c 

- 
a + c c 

- 
a (A-9)

d +—
~~~~~

— b +~~~~~
.. — d b

a + c  a + c

We will prove thi s inequality. 
—

For convenience , J et m = —~~
--- . The above inequality then becomes: 

-

c + m c  Q +ma c 0

d~~mc 
- 

b+ mo ~~~~~~~~~
I)

As all of the denominators involved are positive, we may “multi ply them out” and simplify, -

obtai ning the equivalent inequality:

abd2 - a 2 d 2 — mo 2 cd - b 2 cd +b 2 c 2 + mabc 2 >0

A-17
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Factori ng, we obtain another equivalent inequality:

(bc-ad) [ bc + ad + mac - b d ) > 0 , (A-b )

but as p i>  po

~~- >  ~~~ , and be — ad > 0

If be — ad = 0, then inequality A— b is trivially satisfied and our desired conclusion, A—9,

is true .

If be — ad> 0, then inequality A—10 is equivalent to bc + ad + mac - bd> 0.

Thus, we have that for bc — ad> 0, inequality A—9 is equivalent to:

bc + ad + mac - bd> 0 . (A—i l)

Assuming po = ~.> ~~~~~, so that 2a> b, and using bc> ad we obtain:

bc + ad + mac — bd > bc +ad — bd

> ad + ad - bd
= (2a — b) d

> 0

Thus, A— li is true and hence inequality A—9 is also true. This completes the proof.

Although the condition > -
~~ is a sufficient condition for the result just proven to hold, it is

not a necessary condition. Indeed, as we saw in the proof, bc + ad + mac — bd > 0 is a

necessary and sufficient condition provided ~~< ~~
. . This condition need not always hold as -

the example below i lJu~trates .

Suppose that the number of reported survi vors at sta te S 0 is 10 while the total number of

reported victi ms at S 0 is 100. Suppose that the corresponding numbers at state S 1 ore 10 and

50. The probabilities of recovery at these nodes are :

A—i S



10 10p0 -1~~~ = 0.1 pi =~~~~~= O.2 .

If the re are an additional 200 unreported, recovered victi ms who are not taken into account but
who should be distributed between these nodes in the same ratio as the reported survi vors , then
the revised recovery probabilities ore:

p
~ 

= 0.55 p’i = = 0.733 .

In this case , the recovery probabi lity at state S~ has increased more than at state S o , so:

P’ 1 P
~ 

> P1 Po -

In Section 3.3.3 , equations 3—38 through 3—42 are immedi ate consequences of the stated
defi nitions . Equations 3—43 are also easi ly derivable:

PD 
~~~~~~~~~~~~~ 

~~ b; b ; Poi

n nb~and 
~~ -g

~ 
PcI = PO i qoi

i i  i i

Equations 3—44 are derived in exoctl y the same manner.

Each term (ri b ;) (ph — po~)of  equation 3—45 is merel y an instance of equation 3—2 for
calcu lating the benefit B~ result ing from a transfer between states S 0 T ; and S 1 T ; . Because
S 0 and S 1 ore mutually exclus ive and the states T~ , ~~~~~~~~ 

T n are mutuall~’ exc lusive , no
victim can be in more than one of the states S~, 1 , S 0 T 2 ,  ... , S 0 T n~ S i 1 i , S i T 2 ,  . . .,  

—

S 1 T~~. As a result , the benefits B; may be summed to obtai n the overall benefit B. Thus,
we have equation 3—45:

n n
B = 

i~~~l 
B; = 

i~~~1 
(ri b;) (P1 i — po i) .

& - -
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To validate criteria (a) and (b) it is necessary to prove that under either condition:

/c i +c j a~~+ a J \
(r; b~

) (Phi — P01) + 
~j b 1) (p1j — Poj ) = r(b ; +b j ) 

~d ; + d 1 
— 

b1 + b 1 ) (A—12)

- 
w here r is the common value r = r; tj

c i +c i
+ d 1 

is the survival probability of the combi ned states S 1 T~ and S 1 T j (i .e., the state

S irt (T iuT ;)), and

b b is the survival probability of the combined states S 0 T ; and S o T~ (i .e., the state
i ,  I

S 0 n(T 1
t J T

3
) ) .

Substituting for PO i  P T ;  P01 , and Pij  , we obtain an equation equivalent to A—12:

f c ; a~ \ /Cj  a~\ /c~ + Cj  a~ + aj \
(ri b i)

~~T — ~._) + (rj b j ) (~~— - E-_) r(b ;+b J )
~~d. +d~~~b + b )  

(A—13)

We will use equation A— 13 in validating the criter ia.

First , suppose that criterion (a) is met . Then equations 3—46 hold; that is ,

POi = P o J , P i i  = P1j  and r; r1 r .

Substituting for the probabilities , we have:

a; a~ c ; c 1
— = 

~~~— and — — .

Therefore , 
b 1

01 and c~ = 

~~~

A-20
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- 
- Consequentl y, d 1

r
~~

i +b ,)(d
1

+d
J

b
~~

±b r(b i +b 1)Cdi
~~~~~~~~~~~

b.
~~~~~~~)

/~ L (d~ +d 1) ~~ (b; + b 3 )
— r(b . +b’) ’ ‘ __________— 

‘ i 
~ d~~ +d 1 b~~ +b

3

= r(b i +b 3 ) ~ - ~J)

= rb
i (

~~~~~~~
-

~~~~~+ ) + r b
j (

~~~~~~~
-

~~~~~~~~
)

= (ri b ;)(~1 - + (rj b j )(~.! -

and equation A— 13 is true . Thus , if criterion (a) is met , the states T~ and T~ may be combined .

Turni ng to criterion (b), the statement of this criterion is the same as equation 3—48 . We show

all three equations, 3—47 , 3—48 and 3—49 are equivalent .

Now , it is easy to see that the following equations are all equivalent :

b 1 
= 

b 3 (3 8)
b 1 +d~ b 5 +d 1

b~ (b
1 

+d
1
) = b 1 (b~ +d ;)

b~ b
1 

+b ; d
1 

b 1 b
1 

+b
1 

d ;

b; d1 
= b1 d;

b
~ 

b
1

= (3-49)
I J

d 1

L
A—2 1
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qoi qo ;
— =- — -~. (3-47)
qli q i1

Thus, we see that equations 3—47, 3-48, and 3—49 are equivalent.

Now, to prove the validity of criterion (b), suppose it is met; that is , suppose equations

3—47, 3-4~, and 3—49 are satisfi ed. Let r r~ rj - .

As 3—49 is true,

b~ d 1 
= b

1 
d

~

so b 1 d~ +b 1 d 1 = b~ d ; +b 1 d ;

b~ 
(d~ +d

1
) = (b

~ 
-~- b 1) d ;

and thus,

b
~ 

b
~~

+ b.
= 

d~ +d
3 

(A—14)

We now prove equation A— 13:

(r; b
~

) (c
i 

- + (r1 b 1) (
~-

~Z. / c 1 b ; f c 1 b j
d 1 ~~~ + r ~~ d 1

— 
= r [ c ; (~!) — a; ÷ c~ (!) — ~ (using 3—49)

A-22 -

.

-
~~~~~~~

--•— -—-
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~-~~ -~~~~~~~ —-—-



- ~~~~~~~ 
-r - - -

- —- ~

— 

—• — --••-— ~~~~~ ..-~-—— ~~~~

r
= r [  ~~ (c~ ~~c~ ) - (°~ ~cj )J -

r b 1 — b 1 1 -

= r L  d 1 +d 1 
(ci — c i ) — (a; + a 3 )j  

(using A—1 4)

- 

- (c ;  ± c 1 a; ,-
~~~~~

. 
-

• = r (b~ +b 1) t
~ d ; +d 1 

- 

b 1 +b 1

Thus, cr iterion (b) is vclid. —

I

1
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APPENDIX B. A LINEAR REGRESSION EXAMPLE

In this appendix we present an examp le of a simp le linear regression problem which illustrates

the care which must be taken in the use of regression .

Table B—b presents boating accident statistics taken from CG—357 for the years 1965 through
1973. We determi ne a regression Une for the variable y = annual fataliti es , against the
variable x = annual vessels involved in reported accidents .

Using standard regression equations (or, in this instance , a Texas Instruments SR—51A calcu-
lator), we determine the equation of this regression line to be:

• y a x + b  0.142x + 680 . (B-i)

The standard deviations in x and y are :

= 605.7 and 5 y = 147.4

The coefficient of correlation of x and y is given by:

os x
r — 0 . 5 8 2 .

The unwary might proceed to use this regression line without further thought. However , we

can test the signifi cance of the corre lation coeffi cient using the f—statisti c:

• rln — 2
t = , w ith n—2 degrees of freedom ,

-
-

where n is the number of pairs of data points .*

We calculate:

t = 1.894 .

* See Reference 5 .

- -

• B—i
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- - TABLE B—i. RECREATIONAL BOATING ACCIDENT STATISTICS

Vessels Involved
Year Reported in Reported Accidents Reported Fataliti es

1973 6738 1754

1972 5044 1437

1971 4915 1582

1970 4762 1418

1969 5239 1350

1968 5427 1342

1967 5274 1312

1966 5567 1318 •

1965 4778 1360

(From U.S. Coast Guard CG—357 statistical summaries.)

8—2
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As we would expect a positive relationshi p between fatalities and vessels involved in accidents ,
we test the null hypothesis r 0 against the one—sided alternative r < 0. A t—test indicates

siginficance at just above the 5% level , so we should feel fairl y safe in assumi ng there is a
positive corre lation, right ? Wrong . Look at Figure B—i in which the data points are plotted .
If the 1973 data point is removed , an entire ly different regression line is obtained . The
equation of this line , based on 7 965 through 1972 data is:

y —0. 170x + 2263 . (B—2)

The corresponding standard deviations and correlation coeffi cient are :

= 298.7 , s >, 89.4 and r = —0.569

We now see the value of plotti ng the data points . The 1973 point is so at ypicol that it
excessive ly influences the slope of the regression line .

• This example should illustrate the importance of plotting data points w henever possible and of
usi ng tests to determine if the assumptions underlying the regress ion are saflsfied. The reader
is referred to References 6 and 7 for additional material on regression.
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