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ABSTRACT

The effect of the position of the X-ray unresolved - K c~2 li n e

doublets , diffracted from powder specimens , on the precis ion of the
calculated lattice constant has been determined using a least-squares
analysis. An analytical procedure to synthesize CuKa doublet X-ray dif-
fraction peaks with X-ray characteristic l ines (half widths ranging from
0.1° to 0.4° 28) has been applied in correcting the weighted wavelength
of the doublet peak position . A seri es of correction curves was estab-
lished from which the true 28 peak position of the weighted K~ wavelen gth
could be detLrmined from the measured 28 peak position .

Data taken from silicon powder and an yttrium aluminum garnet (YAG)
powder standard to calculate the lattice constants indicate :

a. A loss in precision of approximately one part in 25,000 in
dete mi’~ing the lattice constant is obtained when calculated using dou-
blet 20 peak positions applied in the conventional manner (?~ weigh ted =

1.54178 A , at peak , fo r copper) .

b. An increase in precision is obtained by using low as well as
hi gh 20 angle diffraction peaks for calculating the lattice constant.

The effect of the measured characteristic line width , simulated by
modifying the slit system , on the calculated lattice constant was deter-
mined in the case of the YAG powder specimen .

Suggestions to increase the precision of the lattice constants de-
termined from X-ray diffraction powder samples are presented.
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INTRODUCTION

The determination of the lattice constant a0 of a unit cell , using
the positions of characteristic X-ray lines diffracted from a powder sam-
ple , has been treated by many investigators . Cal culations of the lattice
constant made by extrapolating d values aga ins t various funct ions of the
Bragg angle 0 have been made using a least-squares analysis . A summary
of the systematic error functions associated with an X-ray diffractometer
has been presented by Vassamillet and King (1), who found that the bes t
precision to be expected using a commercial diffractometer is approxi-
mately 1:20,000.

A comprehensive procedure tha t has been developed by Muel ler , Hea ton
and Miller (2) (MUM method) involves varying the systematic error func-
tions and computing the change in d for each systematic error function,
or combination of functions , until the error in the computed latti ce
constant has been reduced to an acceptable level.

In a study (3) of the systematic errors involved in the computation
of a0 for yttrium aluminum garnet powder Y 3A15012 (YAG) , it was foun d
that the precision of the computed lattice constant was a function of

• the following.

• (1) The slope of the least-squares straight line of the a1 values ,
where a

~ is the lattice constant computed for each diffraction line , ver-sus cotO 1. A slope value of 0 indicated that the systematic errors had
been adequately corrected for and yielded the mos t prec ise a0 values .

(2) A statistical error term , i.e., standard error , absolute aver-
age deviation , vms deviation of functions of a1 and s inO~ from their
computed functions or other error terms . A comparison of these error
functions ultimately yield the same lattice constant. Whereas a differ-
ence was seen between error functions, the ir relative values were useful
in establishing the same most precise a0 values .

(3) The number and selection of the diffraction peaks . Using all
35 diffraction peaks (unresolved K~~ - Ka2 doublets and high -angle re-

solved peaks) yielded the highest error. Restricting the analysis to
the 12 highest 20 angle peaks resulted in a reduct ion of 8% in error.
Taking the 20 highest 20 angle peaks increased the precision , reduc ing
the error 28%. The fourth case gave the highest precision (42% reduc-
tion in error term), and occurred when 23 high- and low -2e angle peaks
were chosen , eliminating those doublet peaks in mid-20 range , alon g wi th
the diffracted peak s of low intensity.

r

1 - VASSAMILLET, 1. F. and KING. H. W. Precision X.Ray Diffractometr v Using Powder Specimens in Advancc~ inX-Ray Analysis , W . M. Mueller et al., ed., V. 6. Plenum Press, New York , 196 3. p. 14 2-157.
2. MUELLER, M. H., HEATON. L, and MILLER, K. 1. Determination of Lattice Parameter s with the Aid of a

Computer . A d a  Cryst. , v. 13. 1960, P. 828-8 29.
3. GAZZARA , C. P. The b.ffect of Systematic Errors on the Measurement of Lattice Constants. Army Materials

and Mechanics Research Center , AMMRC TR 70-29. September 1970.
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Recen tly , in an attempt to relate the peak height to the integrated
• intensity of X-ray diffracted Ka doublets by convoluting the characteris-

tic peaks , it was found that the weighted K~ wavelength approximation was
inaccurate except at very low Bragg angles (4). it therefore seemed ap-
propriate to determine what the effect of this doublet peak position
error would be in computing the lattice constant of a material whose lat-
tice constant was known and to afford a means for correcting for the dou-
blet position .

PROCEDURE

A doublet peak position correction curve could be generated for CuKa
radiation from the curve shown in Figure 1 (4) ,  relating the value of the
positional parameter X 1 of the analytical expressions describing the Ka1
and K 1~ l ine s to a , the function def ined as the Kai - K

a2 peak separation

in terms of the wave length dispers ion . Note that it is only in the lin-
ear portion of the curve , that the wei ghted Ka peak position approxima-
tion is valid (i.e., X 1 = a/3).

0. 4
‘ a t

— — — Gaussian and Cauc ~
- Correction

0. 3 —
Gaussian Cu rr tc t j on

0 2 _

I
Figure 1, Plot of posi-
tional parameter X 1
versus CuK a1 - CuK a2 0 1  —

diffracted peak separa-
t ion a, assuming Gaus-
sian and Gaussian plus
Cauchy distribution.

—• 
—

— — — — 5 .0 7 .0— — 
-~ 

1.0 2.0 3 0  4 0

4. GAZ 7.ARA. (‘. P. Peak ileigh t Approximation for X- Rai Diffracted Integrated Inte,,sIr r in Adv ncc~ in X-Ray
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The solid curve in Figure 1 was generated assuming a Gaussian dis-
tribution of the Kai and K~ diffraction peaks as a function of 0. The

dashed curve was computed by fitting a computed characteristic K~ 1 
peak

to an experimental CuKai (531) Si diffraction peak , where the upper half

was assuned to be Gaussian and the lower half to have a Cauchy distribu-
t ion (Gaussian and Cauchy) .

It can be shown that the equation relating the change in wavelength
to a or X 1 a is: = Xau~~/4.72 tanO

where 
~h, is the characteristic peak width at half peak height . Values

of 
~h , cart be ob ta ined  from Figure 2 from the measured peak w i d t h  at h a l f

hei ght of the unresolved Ka peak doublet wT1 . A series of curves was

generated , see Figure 3, relating the 20 do~blet peak position to the
t correct ion tern whereby

20 = 20 + t.
corrected measured

/ N55 Figure 2. versus WTt / curves calculated for

o.i / various levels of 20 from 20° to 55° assum ing
Gaussian and Cauchy peak distributions.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

0. 10 0. 15 ft ?D 0 25 030  0. 35 0. 4 0 0 ~45

28 degrees
-~

Figure 3 is also made up of solid lines relating to Gaussian dif-
fraction peaks while the dashed curves were calculated assumir .g a Gaus-
sian and Cauchy characteristic diffraction l ine .

To determine the effect such a t correction would have on the lat-
tice constant precision , CuK~ diffraction peak positions of silicon pow-
der were measured. A CuKa powder pattern of silicon powder with a
particle size of less than 30 microns was taken with a 0.05° receiving
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CuK ~ Peak Position , 28°

s l i t .  A scanning speed of 0 .10 ° ( 2 0 ) / m m  and a 1° (20) beam s l i t  was
used on a G .E. XRD-5 X-ray diffractometer. For the first three diffrac-
tion peaks an Wh value of approximately 0 . 13° 28 was determined from
Figure 2 and app fied in deriving the t correction in Figure 3. A leas~-
squares extrapolation procedure utilizing a systematic error term , cote ,
and a weighting factor , tanO , was emp loy ed.

The pl ane of the Si powder, characterized as a thin specimen (less
than 0.002” thick), was adjusted with respect to the distance perpendic-
ular to the plane of the specimen . The purpose for this operation was
to minimize the slope (slope = ~a~/~lcotO~), and thereby increase the pre-
cision of the a0 measurement . Values of ai are shown plotted versus e
in Figure 4 for three specimen settings . For position A , which repre-
sents the ideal alignment for an infinitely thick specimen , the extrap-
olated value of a0 at 0 = 90° is too hi gh. The plotted values and
computed curves applying the t correction are shown below the uncorrected
curves. The spec imen was moved inward 0.005” to position B , and the ef-
fects of the least-squares computation are shown in Figure 4. Next , the
calculated slope values for positions A and B were plotted versus a0 (see
Figure 5) and , following a known procedure (3), the correct a0 value was
determined for slope = 0. Using this value of a0, position C was found
by varying the specimen position until the (111) CuKa peak was maximized
at the proper 20 value for slope = 0. Plo tti ng val ues of a1 for position
C are shown in Figure 4 and the respective calculated values of a0 are
shown in Figure 5. The computed results of this procedure are summarized
in Table 1.

Since a prior study of lattice constant measurements was performed
with YAG powder , it was next deemed appropriate to ascertain the effects
of the t correc tion on a YAG powder , where :

4 
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Table 1 . SILICON LATTICE CONSTAHT VALUES MEASURED FROM
T H IN SPECIMEN AS A ruNcTioN OF SPEC I M E N DISPL AC EMEN T
(Powder Size Less Than 30 •.M , 0.05 Receiving Slit ,

1 Beam Slit , UJO 1Mm Scan Speed )

Number of Weiqhted
Specimen Diffracted RMS
Position Peaks t Corre~.tion a, , A Slo pe Deviation

A (al i gned 12 None 5.4323 -fl .0038 0.00130
for thick 12 Gauss ian 5.4325 -0.0044 .00120
spec im e n )  12 Gauss i a n 5 .d 325 -0.0045 .00 124

& Ca uchy
9 High Ang le  - 5 .4322 -0.0035 .00083

B (specimen 12 5.4311 ) 0.0043 0.00083
di sp laced 12 5 .4312 .0036 .00070
0.005 12 5.4312 .0036 .00073
inwards ) 9 Hi gh Angle 5.4310 .0043 .00028

C (specimen 12 5.4315 0.0008 0.00072
in optimum 12 5.4317 .0002 .00049
al ignment) 12 5.4317 .0002 .00051

9 High Anq 1~ 5. 4316 .0007 .00034

a. many more diffraction peaks are available (12 Si -
~ 35 YAG) ;

b. an accurate value of the lattice constant was available for
the YAG powder;

c. the effect of and the la t t ice  constan t could be foun d by
varying the receiving slid width , from 0.05 0 2 0 to 0 . l0~ 20 to 0 . 20 ° 2 0 ;

d. the case of using only the high angle diffraction peaks could
be examined; and

e. unresolved K a doublets beyond the 28 correction range could be
eliminated (this cas e denoted as m ) .  For a O .05~ receiving slit , peak
~h 2 = 52 was eliminated ; for a 0.10 ° slit , peak s Eh 2 = 52 , 54, 56 were
removed; and for a 0.20 ° sl i t  peak s Eh 2 

= 52 to 88 were taken out of
the least-squares analysis.  The results of the analysis of the thin
YAG powder specimen are summarized in Table 2.

RESULTS

The effect of the error in assigning a CuK~ wavelength of 1.54178
to the unresolved characteristic line double t peak position , on the ca l-
culated lattice constant of either silicon or YAG always lowers the true
value of a0 by approximately one part in 25,000 (see Figure 5) .  It can
also be seen from Table 1 and Fi gure 4 that the t correction is practi-
cally  the same whether the K

a1 and K~ 2 lines are considered to be Gaus-
sian or Gaussian and Cauchy. It is also evident that with a t correction ,
the error terms decrease and the slope decreases when the systematic er-
ror function is properly treated. Table 1 and Fi gure 5 show the effect
on the analysis resulting from eliminating the first three CuKa siliconpowder di ffrac tion peaks and using the remaining nine higher angle peaks .

S
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Position A Optimu m align ment of t r ick
spec imen

/ Positior. B - Sample displaced in~sard i
—~ / O.~~5 ’ tram Position A

/ 0 Position C - Sample  a l i gned r i ax i r im n ,
diffraction pea k Z f~2 . 3 t~r a0
determined fr om Figure 5, for slc pe - 0

H 5.42—
1.’ 0 CuK 0 Diffraction Peak Doublet s Lr ,corr ech - c

0 CuK 0 Diffraction Peak Doubl et s Corrected
A /,‘ for Peak Posi’.ion t ro F- fo ur l-  3

lGauss ianl
0 CiiK~ Diffraction Pea k Doublets Corrected

for Peak Position from Figure 3
IGaussian and Cauchy )

Figure 4. Values of lattice constant a 1 calculated from diffracted peak position of family
of planes {hkl} , versus Bragg angle 0 for a thin silicon powder specimen.

A
0 Vi itO Cu K

~ 
Doubl et Corr ecti on

0 ~3il roiit Ci~e~ Doublet Corre cf i o n ~
~ \irii- ~i h  Angle Resolved CuK 05.432 — 

2 
) i f f r ac tmn  Peaks I

Figure 5. Lattice con-
stant a~ versus slope
term for t hin silicon
powder specimen show-
ing effect of t correc-
t ion and the use of

5.431 — ~ ~,B high angle diffraction
pea ks only.

I I I I I
-0.~~4 -0.~B -0 .~J? -0 .~~I El.I~ l Q.~32 01133 01134 O Ct35

Slope . ~ a~/Acot 9j,
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The dat a points in Figure 5 are appr oxi matel y th e same as th ose obtained
using all the diffraction peaks , without the t correction , in agreement
with earlier work (3).

From Fi gure 1, notice the effect of improperly treating the system-
ati . error in extrapolating to a0. In this case an error of one part in
5000 in a0 is possible , indicative of the importance of considering the
slope term , unless a procedure such as the ~4-IM method is employed.

The lattice constants computed from the experimental data obtained
from the YAG powder may be seen in ‘l’able 2 and in the plot of Fi gure 6.
The value of the lattice constant at slope = 0 was determined from an
earlier MHM analysis to be 12.0107 ~ (3).

In the case of YAG , it can be seen that the most precise values of
a0 are obtained with a 0.05° receiving slit , progressing from using the
uncorrected Km doublet peaks , to emp loying the t correction , to usin g
the hi gh angle peaks alone. These results represent the onl y conditions
where the high angle data gave the best results , in conflict with ear-
h e r  work (3) . The lowest la t t ice  constant values are obtained with  the
intermediate size receiving slit (0.10 °) when only the hi gh angl e peaks
are u t i l i z e d . For both cas es , however , the change in l a t t i c e  constant
with slope moves along the same lire shown in Figure 6. For the 0.10°
receiving slit , when eight additional mid-20 angle diffraction peaks are
removed from the analysis , the change in lattice constant with slope de-
parts from the curve . For the 0.20° receiving slit , the slope values
increase , indicating a further change in the magni tude of the systematic

Ta b le 2 . YAG LATTICE C0N ~ T A N T  VALUES MEASUPED
AS A FUN CTION or RECEIVING SLIT SIZE

(Powder Size Less Than 30 .M , 10 Beam Slit ,
_____________ 

0.10°/Mm Scan Speed)

Receiv- Number
ing of Wei ghted
Slit Diffracted
(2 °) Peaks t Correct ion a , A Slo pe Deviati on

0.05 35 None 12 110(8 0.0063 0.00347
34 ( m ) No ne 12 .0069 .0060 .00330
35 Gaussian 12.0071 .0056 .00320

- 
• 34(m) Gauss ian 12.0072 .0053 .00305

23 High - 12.0075 . o~47 .00195
• Anq ie

0.10 35 12.0052 0.0081 0.00380
32(m) 12 .0054 .0076 .00357
35 12.0055 .0075 .00401
32(m) 12 .0057 .0070 .00371
21 H igh 12. 0050 .0085 .00233

A ng l e
• 0.20 35 12.0064 0.0126 0 fl 11 4 l7

26(m) 12.0068 .0113 .00277
• 35 12 .0066 .0123 . 11(1428

26(m) 12.0070 .0108 .00280
15 H i gh 12.0068 .0113 .00187

Angle

7
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errors, with a displacement of the points from the curve . The error
terms shown in Table 2 indicate no unusual behavior between cases except
that in treating the 0.20° receiving slit case , the sensitivity of remov-
ing the mid-range diffraction peaks seems to be more severe . This is
expected when one considers that the doublet correction t has not been
taken into account , since these corrections occur beyond the angular
range considered in Figure 3.

CONCLUSIONS

1. A correction for the 20 X-ray d i f f rac ted peak position of CuK~unresolved doublets results  in an increase in lattice constants , calcu-
lated from d least-squares ex t rapo la t ion  procedure , of one part  in 25 ,000
.or silicon and YAG powder.

2. The same peak position of the unresolved K0 doublet results froc
assuming either a Gaussian or a Gaussian plus Cauchy distribut ion of the
CUKm 1 and CUK0 X-ray diffraction lines .

0 i~ i t11 CuK Doublet Correction
12.010 —

0 Without CuK 0 Doublet Correction

~ H~~h A r a l e  l~ e~ Cu ~ 0 -

12 .tX3~ — 
~~~ Diffra ction Pe3e ~

-

• ‘-.-. 0. 08 ~ec~ imng Slit -

~~12~C7 - ~~~~~~~~~~ 0.20° c~~i~~i — . . ~) i t

H
12 036 —

~ 0.10~ ~ecei ~ ifl~ Sl i t

12 .0 3 5 -

• 
_ _  1 _

0 (X)? C . CXw O Ct3e O Wl S 0 .0 111 101 14
S lope

Figure 6. Latt ice constant ao versus slope term for thin YAG p ~c 1 !  spec men
showing the effect of t correct ion and the use of h i gh angle d i ft- act peaks on (~

3. In the absence of an extensive procedure such as that  of ~U{~1 (2)
an extrapolat ion procedt re u t i l i z i n g  a plot of a0 versus slope can be
applied to min imize  the e f f ec t  of sys temat ic  errors and increase the
precision in a0 .
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4. The most precise values of a0 are usually obtained when hi gh-
and low-20 angle diffraction peaks are employed in a least-squares analy-
sis . This is particularly true when few diffraction peaks are available ,
i.e ., silicon powder with CuK0. High precision can also be achieved when
many diffraction peaks are available , i .e., YAG case , utilizing only the

-
~~ high 20 an gle d i f f r a c t i o n  peaks .
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