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INT RODU CT I ON

The o l er at  ion of a f i r e  c o nt r o l  sy sL ’ rn e n t a i l s  several  i .a~;k s. Tb’
a j o r i  system m i:; t acqu i r ’ a tari’e t , lock  ‘o i  and m a i n t a i n  t rack , accurat,o i y

ec t  irnat e  the I r ~ :;ent t~arge L sta te , and i rov Hie gun c> r~l’ rs h c;ed upon the

~r e d i c t e 1  f u t u r e  p o s it i o n  of  the tar,.~et. The target state may consist (1 any
nveo ieut sut of variaLl e~; u~;eu to (leseribe the dynamics of the target motion.

Fy~~ic a 1 Iy ,  these are t h e  tar~~:t p o s i t i o n , v e l o c i t y , and a cc el e r a t i o n , ar wel l
a:: aux i  I lary variable:; wt:icl, describe t u e  s!orliastic behavior of the motion .
Accur acy  ifl est i rn a ti on  of ’  t a rg et  st a te  . ; a r i ’ ’essary ~ond it ion for p re ii eting
I t s  f~ t ire Ousi Lion . Untortunat .ely , it .  i:; ~~~t a s u f f i c i e n t  c on i i t i o n  , e
tAo t ar c  t can undergo unexpected maneuvers dun n,’ the ti nte— t’—f ’li.rht of’ the
pr  > ,icr  t le res alt jag j a ml ss . The nor 10 of this r° ~ort ~~ s to t’~~ r u~~ on t Of ~
t r - L icc: . ‘. ~~ct  s t a te  ‘nt m a t  ion.

t ’ud ern state’ Cs t 1 mat ion tAo orv ; m v  jlc~ a p ow erfu l tool fr . r s; ti m~it i  ng .1 r g et
s ta te  from sensor data of’ r~’ot. po~ 1tion and rate information , if available.
The power of t h i s  theory , somet imes  referred to as Kalman f i l t e r i n g ,  ‘lerives
from tt e  fact that the est i m a t i o n  t r ocedure is i t e ra t ive  so that on iy the
present  sensor measurement: ;  and the 1r ’ v ious  “optimal ’ ta ! g,et . s tate
are needed to comput e  the ‘ op t im a l ” e s t ima te  of the present target  s tate .  This
f e a t u re  of the theory o bv i a t e s  tue flee t to s to re  a large n u m t e r  of’ .la’.a points .
Furtherr .tore , the  solution for the “op t i mal ” est imate is re l ated linear l y to
t l ,e  o L u e r v a t i o n s and the p r e v i o u s  op t ima l est im a te  w h i c h  is an a d d i t i o n a l
s imp l i~~i i ng  feature  of’ the theory .

This report describe:: several. a lm u n  Ii ite r le::i gns , fr c’ whim a caaui—
date for poss ible  imp iementrt ti on in a f i  m e , ‘ont , r u l  system i s  chose’; . In  ;‘:l oc t  jog
the f’inal filter des ign , two c r i t e r ia  are app lied. One is t A u t  t~. r: 1mL’-r o1’
s ta te  variables be relatively smal l so a:; to reduce th e  c rrT - ; L a ’.i n a .  t y ~~ t~ r

the state est imates . The second i s  th a t  the r e l a t i ve  acmu ri-y of t.e sUit e
est imates  be hi gh.

The lack at. present  of a complete model for m an e uv e r i n ,  t ’  ,-tLs a.; wej . l
as insufficient data on sensor perform an ce  charac ter i  ~t i cs ~‘ so ra l ly  es
a limit on the accuracy of iii ter des). gri and hence , i t s  ~ en ’0 r ;t nce . ( ‘or ; - st e  r
requirements impose an additional constraint in that an accara ’.e targe t. ~odc~
w h i c h  may req ui re  for i ts descri p t ion  a large number of  s ta t e  van -m Ien , may
resul t in a relat ively long time to solut i on for the ‘c ti r : . ’,c :: of’ fe st a t e
variables. Finally ,  the statistics governing rea.~ a~ rcraft mn tioil ma ! ro t , iS

fac t , be Gaussian as required by the theory to achieve glota . stJ m a l i t .y .

Although proposals for using F:almnn l’i f r:; in  , - ; I t t e
1960’s, trie filter des ign  1-resent u he r” is u n i q u e  for two reasons . Carra r’ -1
to desi gns proposed here tofo re , the f i l t e r  described here  i s  of mi iiirnai s c m t h e —
matical  complexi ty . Second ly , f l i  gh t  dat a  on hi gh p e r f o r m ~ e’ a i r c ra f t ,  made
recently available , is u t i l i z e d  to op t i m i z e  the  f i l t e r  t en  go t h roug h ro i ’ l
identi ficatiori,

A b r ie f  i € : ; c r i p t i  on of’ the avai Lab i c f’l ight path data  upon whi cli the’ t e l  ,‘ri
it; based as well as the underlying assumpt i ons leadir .1’ to a particular dcsl~’r
philosophy are discussed in the following aect ion.

7



It - I . ;  :e;: lim~ c j  L t u t t .  I,~ ,,’ t a d -n  is t :iin i I t a r  w ith Fci l mnn ti  1t ’ r ir ;g t t i ’ r r y ,
I’ , r ’ the r’om I, r ’s o r t v , t j e r , , ,. , a t i r i ’ ’ t ’  s l i m m o ry of  tto Krilman ‘ ‘ i u a t i r n ; ;  i :
pr v i l ’ ’ l  i r a  A p p e n d i i  A , to,’ -Llaer w i Lii Lb’ i r I ’ - r t y i n ~’ ass ’i rn r , t . i orc : of ‘ fe  ¶ r ; f ’r~r- ,
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SE(;Tl hN 1

F TI lE PROBI J F -

l u r i n g th e  summe r - ‘ i~ ’(14 , the Frank ford A r’:enal ‘ ‘al -al ; I iti es test

~‘~t C ’) t S U ’  t o t  St t ic vs I ‘ t t ~~~ Ofl3  ( e r ~ t en  at ( ‘ii in a Lake , ~~II i forn i a. In • he
test:; t a c t i c a l  ainc~ - if ’t wore f~ own to s i m u l ate  comba t  cond i  t i or ~S . Acce 1’;ro —
meter : ;  t a m ed n h e - j r - I  t h e  ru r e r a f t  re ’. r~~m - I e t  a i r c r a f t  aro”~’~~er ’it ions  for ) f~

at i t s  wh i I ’  a cr  m u n i  t a c t  II I l ’ ’ -  U ercules  radar  recorde I a~ r~’ raft pos i t i ’ s  ~
‘ c ’ ’ :

rn c’ ::imu l - i ’, e l  a t , t a rk  m1 :: s~~~:i: ; were f lown f r  w I ;  ch or ly  c o l i c  d e r i v e d  U~ r~’r ’r  

i t t  a i n ! o r ’ r ’ i t l o t  w~ :; - or - t e l .  At Lu’’ comn ple ti -ru ~f LI .- :e ¶eS~ 5 , i t  v m s

r - - ‘t i ::’-; t h a t , L i -  ~A ( ”f Pi ta may i r evi le t h i  l a : ; is  I r a  ft l t . i ’r  1’ n o .  ‘ n ’ -  ,c.
, Ic - i c r .  , ‘ m a l a w o u l l  be rv ’cur - a’ ’’,’ and s i m p l i c i t y .

I n  t m - s i c n i i n t ’  a ~~i i t r m t ,  :0 f i l t e r’ , one must d o c i l e  ~; - n  •1 (‘rc ,”

in w t ; i ’ u  to f i l t e r  t ic ” t l a t : u .  h ’_’ tri st  i i  k m  I - i  ‘:e d - - ; t o ., ‘ u’ — ‘— ‘ ‘  - t a t u — ’; t a r  ar.;
nj - n m-c i cal coord i nate;. j t o - r i  cat ce c-r il na t ,.-s prov i i ’  a n a t ura l set ; s w t i  ct

Op e ra t e ~-5 ’ :  t i l t - c  b - S m  100 t h e  sen Sor Iif ~ is alrt’ai ,i i; :;l ii ’ -r i- 2a1 1’ n ’s:. W ’-  ‘ ,‘Or ’
one is ace-; with L i i i ’  p r o b l e m  of u d i ’  i u i a t e l y  model i ng the t a rge t  o c t  i n :  in r:i a

se t .  si’ r ’ r : : t n i c t i o r a : ;  ‘0  the model of t a rge t  lyrs i rn i c : :  a r ise  Crom the  ~ rt l n ar ;
t :.’-or : ‘w h i c h  s t a t . -:; tli~st t m i . - p lan t  i - s t a t ;  ens  ( - ~ name cu yen t- the  ‘-q t a t i  5: ;

descr i  sinc the target mot i on ) mus t  be l in e a r  di f f e ren t i a l  eo- •ati-an. ~n fl. ’ - sUit e
van al L e u . ~~~~ f t be p r u b l en .  involve : ;  n on — l i n e a r  dynami C:; , the n : the l’~ ‘ii ts ar ‘,t eor ’;
is st i l l  appli  “ab l e , pro ’i i t o i l  t h a t  s u i t a b l e  l i nean i  z a t i  or ; is p o s s i ble .

‘I’he - Ii f f i  cu ty  1,1 m i t  I ‘ a I ‘i r o b  ‘ l i t  - ~
— t u r, ’c- t. - I v ; ; .  t i n  i c - s it: :;~ n ’ ;  r cal coo r

1:: i l l  u s tr a t . e u  by t u e  t o l i e w i n g  c - x a m j - l m .-~ - u - t oo . ;  t h a t  x~ i t ;  f f1 ’ !  s t a t e  v ’ ; r l a r , . i
t o t ’  t i  ‘- r a r e t o  the t a n g ’ ; . , t i e s  i gori t . m - t  by It in  : ;p t er i ’al ro rd in ; , t c: . I f  uric
rn- oe m ‘,r ;C accu - t e r a t i  c r ;  in x 1 to: C u sj  : 0 - :  I bo Ll a rui n -5 : nit -I a d ‘. ‘ - r r i r  i n t i e
c o r r p u n e - t : t  x a n t  x 1 r c : :j  e ct i  v m - , I ’ ~ , then a f~ - ;; r :;t a t .e ri: t e l tool’, I i r e

x i = X

= x
3 

4

x i x - ~ + 1:11

= 0

w i L l ; a = w nj t e  n o i se . C’ r::; i ie r , for t i e  :; m ? ’ -  of ’ s i m p l i c i t y , the d e t e r m i n i s t i c
1- ort ion of the rr~ deJ. , obtai  ;; “ml uy ta t. f i r m  a = = 0. l’l ;~ r es t ;  I t , in t ’  cx ; ’r ’  a .
car; t: , ert  be easi ~:‘ s o l v e - I  fu n x to y i c i - ;  a ‘~r l  de gd -c j u t  yn - t n t - - i l  i n
h oweve r , unde r almost all cir ’urrm t as t c e : :  , toe range H is  an i n f i n i t e  : ; i r t ’ - :
t ime , S’ n i c tly  speak~ r u e ’, t .I;eS , one woul d r e q u i r e  an ; n f ; n j t i’ S e t . of :t a t e

v a r i a b l e s  to accura te ly  u o : : ’ - r i b e  the d e t e r m i n i s t i c  p o r t i o n  ‘ - ‘ the arc’’ “~~‘ i’- ic
in  H . ~~~ may , no v’’rt,t o less , pr oceed to I trip 1 em ent  such a iso- : c i  w:.:’. ’ r
assump t i o n  that  the  : ; t . n t - . ’  i - : ! , imat.’: W i  11 h e rea::m ri ;il u ’’ ‘ttiv ’wa’.’

C)



Ify fl i t ‘ - r i n g  i i i  th e r.-cl ,anguiar act , , t h i s  p r o b l em  in ;  eb ’iiateci . ; tw ’ ’v en ,
i i f f 1  eu l  t y  ‘tn t i ’ : ;  whet; i ; ’ -  t i t . ’ r r j - t . ~ t . ‘ l~~: - r i l e  ti .’ :;‘t: :’u r l y ti l inear tn ’ci ’ l
Ij it ’ ’ :j, l i i  f , f ; m ’  I . t . t . ’  v a r i r t t - I . - s )  it ;  t h i .’: - .- I , .  ‘ftc r ; , tj r - c l ’  o f ’ .hi r; ‘ I t  f f i ’ - i .  ~:, I::

t a r t th ~~t., the sen sor  - t a U t  i t ;  i n  sp lie ci cal fo rm whcr’;rr; the state var abler
mu r ’o : ; ’ ’w i t t  t e : : c n i t ~~- t  n . - c t . ru i gu l ;tr coun t i r u m t ,e :: . Conver:: i on of  the sensor- data
I ri ’s ‘ i t . ’  i’ m - u ’ tan gu [t i n  ~et it ; a no n— lin t-tim Lransormation wni i - b  results in equa—
t . j Ul15 w lj i  ci ;  cur e n o n — I i n” :mn r a t h e r  than I inican in the state var i ables as requ 1 re d

Lv ftc La ’- n y .  ‘ I i ;  u s , ;u’swcver , i t ;  a m i n o r  d rawback for two reasons . The f i r s t
l~ t: ;t . :;ui tnj t ,  A c  11111 , to y- ; zat  ion of the  e i i a t .i e ns  d e s c r i b i ng  the  sensor model is

, ; s i u l e  i-at wiLl; the ali ght penal ty that t h e  coefficients of’ the state var iables
become time dependent . Th e second reason is that more is generally known about
sensor e r ro r  c h a r a c t e r ist , i c s  than  about  a ir c r a f t  dynamics . One t he r e fo r e , ha:’
more i rm I’er rn a t i ian a v a i lab l e  to cons t ruc t  a model r ep re sen t a t i ve  of a real sensor
than i n f o r m a t i o n  about  a i r c r a f t  dyn anics  to c o n s t r u c t  a s i ng l e  model w h i c h  ade—
q uat e t y  m i” sc r ib e s  t he  sp e c t r u m  of ’ real a i r c r a f t  maneuvers . For th i s  reason ,
emphasis in th i s  re~ ort  w ;  11 be p laced on the  p lan t mo del  . The sensor noise
w i l l  he m o d e l e r  nit ; a w h i t e  r t u i S c  sequenr c’ , alth ough f i l t e r  p er formance  against
s. - r ; :o r e r ror s  desc r ibed  by a f i r s t  order Markov procesa w i l l  also be i n v e s t ig at e d .

Arr o thor 1 nj ;r t , r i r ;  I . ‘on; :; i de ra t  i n  in  “to to:; i n ag a an i t able  c o o r d i n a t e  fram e i
;,k , ’ dcn r n i p f , i o n o f ’  th1c :; Lot -h a: ;  t i c  l,el ;av i i ’  of L i e  a ir ’  rn f t .  rio cc lert it  i Or~ . I f’
th~ ’ target. :tc , ’e I or n i t i  i; i t ;  e h ia r a c ter i  ; - t l ’ ;  b y  st a t i o n a r y  : ,am ; :; : : i an  st a t i s t im s  , a
de’ba t eru i -  a; j o i  i t t , at tl ;i:: t i m e , th en ~au :::; i r i s  st at ionar  i ty  is none l i ke ly  to be
man i t e : ;t  in  the i n e r t ia l  f rame ( r e c t n ;n g ; 1  a ; ’ f’ narne ) than in a ro ta t ing  n o n — i n e r t i a l
j u a n f’rame , For th e  reason:’- meri t I t i n s- I t i ;  ie , i n e r t i a l  ( f ix ed  to the e a r th ;)
co o r l  j t t f l t.Cs are chosen ; for model log t , t ; m f’i 1 t .er.

A f ter  c’I ;uc ,~~in j ’ a su i t a b l e  c o o r d i n a t e  :;y: ;t ern , one mus t  adequate ly  moae l l a t h
the - l y r a m i c  and the s tocha :;t ic  aspects of target  mot ion . Two classes of tar~’et
models are i n v est ig a t e d . In ott ’ ’ c lass , the t arget a c c e l e r a t ion is mode l ec  as
a f i r s t  order  ~‘Iarkov process;  in the  o t h e r  c lass , the  a c c e l e r a t i o n  is modeled
as a se ” ni d ocder  Markov rrocc ::s . ascii  on t h e i r  pe r formance aga ins t  the FACt.
data , a necornnien dation i s  made a:; to the f i l t e r  des ign  tha t  shoul d be i n o u r p o r —
ate-I in t o  an a i r  defen: :o l’ire cont ro l  :;y:: t.em .

A l l  te~~to of f i  I t en  ‘-r f u r m a z t c e  are -lott e by e x e rc i  s ini g the f i  l t er  aga In s t .
t .n.t J”tb~1 data. ‘ii; 5 ul a t nu , ‘wt L ch p rov ide : :  t a rge t  p o s i t i o n  , v .’loc i Lv ari d acce a ; —
at;  or; in ca r t esi  ;ir~ c o n y - I  j n ;ttcj :: is  nt vai  I a~ l e in  1/ 10 sec inc rements . Thus , the
sarnpl ing rate ;:;cu t h ;r o u gh o u t  th e r epor t  i s  LU data p o i n t : :  i c r  second . F u n ~ h e ” —
more , of’ the ~‘() f l igh t .  u mth; ~ for  which j o n ;  t i e r ;  • v e l o c i ty  art-I acre ;ir - u t i m - r ;  -t at _ a
Wa :; ob t a i ro ’ ’I  , 1,1 a t e  u : ’ . ’ni l i ;’ . A cia: ; : ; ;  f t  ‘aL l i s ;  o f ’  tb  i ’ -  us e-able  I’ . i g h t  r a l _ h a
is jia vi ted in Tab!’’ 1 . I’ m ‘r more ‘ft t a i l s  ‘‘once r o t  ng F .‘,(‘I’ • the reader is  r e f e r r ed
U - Li ;. ’  n j  o rb , ‘‘ l i r e  I’ r a n k  lord Arsena l  ‘tuprml - ; I. i t  i en ‘lea t ’’ ( i - i t )  Ju ly  1911.

i - u i
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‘l’AJiLE 1

FLIGHT DATA SUMMARY

I to, , , - Path Ordinanc e

1 1450 Dive Toss 3 Bombs

30° Dive Toss Dummy Run

1, 5° Div e Toss Du~~ v Run

145° Dive 3 Bombs

5 30° Dive Thirnn~ Pun

6 30° Dive Dummy Run

1 300 Di ve Dummy Pun

8 145° Dive Dummy Run

9 Pop—up /dive  uxtun ,v Run

10 Pop-up/dive Du~~~ Run

11 Pop-up/dive Dummy Pun

12 Laydowri Durrm” Pun

1].

-
- 

-



SF.CTION 2

SUMMAR Y & CONCLUSIONS

Several filter designs were investigated for possible inrnlementation in
an air defense weapon system. The performance of’ each design was determined by
the toal R?’~3 error in the estimates of target position , veloc i ty , and accelera-
tion. Each denign was “optimized ” in the sense th at t he free parameters of the
d e s i g n  were ad ,~usted so as to yield the most accurate state estimates (lowest
p~en errors). The targets for which these filters were designed were not t-t i rr u-
late-,l but real . That is , da ta in the form of pos i t ion , velocity, and accelera-
t ion  time histories of real aircraft flying simulated combat missions was used
to aid in the selection of the filter design parameters . This  data , called
FACT (Frank ford Arsenal Capabi l i t i e s  T e s t ),  provided inputs  in to  the f i l t e r
via the weapon system sensor model.

In addi tion to real a ircraf t  data , wh i ch permitted the “opt imiza t ion ” of
f i lter performance , a simplification of the usual nine state filter design wan
sought in order to minimize the computational burden of the fire control computer .
This simplification was successfully ach ieved by decoupling the nine state
filters with little degradation in filter performance. Fach three state filter
incorp orates a target state model in which the target accelera t ion is r ’ot feled
as a f i r s t  order Markov process. Although decoupled f i l t e r s  involv ing, more
state variables were designed , i t  was found that they did not o f fe r  improv ed
performance against the  FACT data.

A decoupled four state f i l te r  in wh ich the target acc eler at i on was modeled
as a second order Markov process was also designed. This design was pur posely
constructed in such a wa,v as to produce an acceleration correlation function
tha t  i s  represented as an exponent ia l ly  decaying  s i n u s o i d .  Al though  the target
m’,dcl incorporated into this four state filter appeared to be more realistic ,
the performance of the fi lter nevertheless d i d  not prove to be superior  to the
three  state design .

In most s imulat ions  i nvolving f i l t e r  performance , the f i r e  control sensor
was modeled to provide psosition information only with a standard deviation in
the range error of lOm and a standard deviation in the azimuth and elevation
errors of let . Nevertheless , the performance of rate aided f i l t e r s  as well as
filters using more accurate sensor inputs was also investigated .

The conclusions reached in this report are summarized as follows :

i) The three filters which require no matrix invension for the solu-
tion for the state estimates in rectangular coordinates offer  a
simple filter design and adequate target state estimates (i.e. —

position , veloci ty , and acce le ra t ion) .

i i )  The three state filters are characterized by a 2 second settling
t ime against targets undergoing constant 1-e p maneuvers.

iii) For a sensor providing pos i t ion  data only and characterized by a IOn
standard deviation in range and a l~ standard deviat ion in both azimuth

12



and elevation measurements , the average RM~
’ posit ion measurement

errors over all the fli ght passes contained in FACT is ll.3m .
The three state f i l ters  reduce the R f~~ posi t ion error by 37~ to
an average value of ‘T. lm.

iv) The three state filters do not perform as well as a single nine
state filter . This is to be expected . Nevertheless , the degrada-
tion in performance is min ima l . Over the ensemble of flight paths
considered (12 in number), the - l e c r ’- a : : ’ i n  the R Mf’ error of the state
est imates  for the nine  state fi l t e r  over the three state f i l t e r  in:
as follows :

a) 2. 1 % decrease in position H!~~ error

b) 10.9% decrease in veloci ty l4M~ error

c )  l6. h4~ decrease in acce ler a t ion  R f~t~ error

The 10.9~’ and 16. 14% f i gures are of little practical significance when tlue actual
RP~3 values are compared. For the velocity RMS , the n i n e  s tate  f i l t e r  y i e ld s  a
value of l3 .lm/sec vs .  114.T m/sec for the three state f i l ter s  and for the accel-
eration RMS, the fi gure are , respectively , 15.3m/sec2 and l8.3m/sec2.

v) The three state steady state filters (fixed gain ~
‘ilters) Derfornn

almost as well as the non—steady state three stat e filters. The
dif ference in per formance is n e g l ig i b l e .  The storage requ i remen t s
and computational complexi ty  are both m i n i m a l .

v i )  If the accuracy of a pos i t ion  only sensor i s  doubled , that  is , the
standard deviat i ons of the  range , asimuti ;  and elevation errors  are
reduc ed from IOn , lgS, lu~ to 5m and l/ 2~ l/ 2 ~ respec t ively, then the
pos i t i on  s tate  est imates  improv e  by a fac tor  of 1.9 to I whereas the
veloci ty and accelera t ion e s t i mat e s  improve by fac tors  of 3 to 2
and 6 to 5 respect ive ly .

vii) Addition of rate measurements (the accuracy of position mear-unerients
remains f i x e d  at o values of I O n , lVi, and ii.) characterized by
standard dev iat ions in range rat e , azimuth  and e l ev at ion rater of
5 rn/sec and l /2~ / sec , i /2g~/sec results in the following irry-rovements
in the state estimates . The position estimates improve in accuracy
by a factor of 2 . 3  to 1 , whereas the velocity and acceleration
estimates improve by factors of >t to  I and 9 to ~, respec t ive ly.

v i i i )  In view of v i )  and v i i ) ,  it apr-ears that addition of rate measure—
ments ( of  the relative qual i ty given in item vii) improves the
accuracy of the state estimates to a greater extent than does the
doubling of the accuracy of position only sensorr-. The position;-
rate sensor improves filter performance over the improved position
only sensor by a factor of’ 6 to 5 In  pos i t ion , 2 . 7  to 1 in  velocity ,
and 3 to 2 in acceleration.
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i x )  I n  i tems i ) through vii ) , the sensor noise was modeled as t e i rig
uncorr elat ed in  t ime . If ’  the sensor mod el , as i t .  appear s i n  the
f i l t e r  equation ; : ; , remains unch an g ed  h u t thr ’  n ;r ’ns ( r data whi rn~~i is
in l ute l into t h e  f i l t e r  is time correlate ] w i t h  a correlation time
constan t of . I - t o  • , then  the  st , n t .e ent i m u . ’:: i rnr - r yr si ~‘fli fi cant Iv

i fical li , it ’’ i-if’ position ‘‘ rr rn lru p t v  5 ~ wh e reas t i ; ’
v , ’  I urn i ty and acc’f’ 1 erati on J~?~

’ errors ec r,’ u t : ; c  lv  );2~ and 1’ ~
respectively.

A b r ie f  incurs ion into the area of p r ocess  i d e n t i f i c a tio n  was made for
the rurpose of getting some handle on the approximate values of the filter design
par ameters . ‘rhe most s i g n i f i c a n t  resu l t  of t h i s  b r i e f  study , however , was tha t
the target accelerat ion coul d not be s t a t i s t i c a l l y  characterized as being a
s t a t iona ry  process.  Whether  or not i t  in  Caussiani  r emain s  in doubt a l though no
f i rm conclusion in t h i s  regard could be made w i t h  the da ta  that was avai lable.
Furthe rmore , the s t a t i s t i ca l  behavior of the  acce lera t ion  process appeared to
be strongly dependent upon the target attack mode . This information , i t  was
recognized , could be useful in the design of adaptive filters . A thorough
st udy of the ava i lable fl i ght data using au to regress ive  models will undouhtedly
provide  some very useful  in format i on w h i c h  is needed for the  purnose of ohtain—
ing good statistical models of target motion . Such models would provide rot
o nly  o means of f u r t h e r  enhanc ing  the  qual i ty of target , s ta te  estirrates, h i t
would also I rovide a means of bet ter  p r e d i c t in g  the fu ture  p o s i t i o n  of the
target , wh ich  is u l t ima te ly  what is desired . The only reauirerrent is that
p l en ty  of da ta , representative of the threat posed to air defense systems , be
available for fu r the r  analysis.
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SECTION 3

PROROTYPE FILTER DESIGN - NINE STATE FILTER

MODEL OF THE PLANT

The filter described in this section has nine state variables , three for
each of the components of target position , velocity and acceleration . Al though
this filter is not proposed for use in an actual air defense system , i t  is
described here for two reasons . First , it provides a logical framework from
wh ich a class of lower order filters can be constructed. Second , the proposed
filter design will be tested against this nine state filter. One will then be
able to judge the degradation in filter performance when certain simplify ing
approximations are made.

The target position variables are labeled in1 Figure 1. ‘do model each
component of the target ac celeration as

~~~~ I~~~~~ PO~~TION

SENSOR 
_____

~~~~~~~~~~~~~~~~~~~~~ 
‘
~
‘

Figure 1.  Sensor Var iables in Inertial Coordinate Set

a f i r s t  order Markov proce ss. Thus , i f  xj , = x is the state variable for the
x component of target position , we model the target motion along X as

( 3 — 1 )  c~ = x2

( 3—2) x2 =

( 3—3 )  x 3 = —a 1x3 + b
~
u
~

where u represents white noise. The quantity a1 i s  related to the correla t ion
time fo~ the acceleration process and b

~ i s  the in tens i t y  of the white  no i se .
It is best to obtain a numerical value for a1 experimental ly in  such a way as
to optimize the f i l ter  performance. A suitable value of a1 can , however , be
obtai ned from theoretical considerations

The equations describing the target motion in the remaining two component s
are identical in form to the above model for motion alon g X . Thus , there are
nine state variables and nine linear differential  equations descr ibing the tar-
get motion.  The state equations are
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(~~_I~) ~ 
=

(
~~— 5 )  X2 = X 3

( ~_ (~ ) i-3 = —a 1 
~~~~ 

+

=

( 3— 8) X
5 

= X
6

( 3—9 ) X6 —a~x6 + b U

( 
~—lO) =

( 3—1 1) = X
9

(3—12 ) = _ a
3x~ 

+ b u

where x~ and x
7 

are the y and z components of target n o s i t i o n  respectively.
Beca use there is rio e~ ’~’rred d i r e c t io n  n the  hor izon ta l  plane , a 1 a , ‘j r - I
b
~ 

= h .  There is no a—priori reason , however , for assuming that a3 = a1 .

These equations can be written more concisely i n ma t r i x  form as

(3—13) x = F x + G u

where , by inspection

x1
__ 

0 1 0 • 0 0 0
x2 - 

0 Q ~ 
. 0 0 0

• 0 0 - s i,
. . . . 0 0 0

O 0 0 • 0 1 0
- 0 0 0 . • 0 0 1

0 0 0 0

o o o
O 0 0
h x O 0
O 0 0

~i=  0 0 0 , u = Li3
O 0 0
O 0

Because sensor data comes In discrete form , the discret ized form of the Kalman
f i l t e r equation wi l l  be implemented.  Once discretized , t he p lan t eq uations take
the form
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( :—i ~~) 
~z’i+1 = +

where (Appendix B)

r .~(3-1- ) = • ( A )  = 0 0
— 0 0 $

~

1 A ~~
‘ + (

.•~u~t l A — 1)
a 1, a-

‘ - -~~°)  !~ 
(
~ = x , y ,  s)  = 0 1 ~ (i  — e~~~- t )

- a - A
U U e

ar ~

( 3- iT) 
~~ 

~ ( i )  G d  ~

Here , A is the time interval between mea’.uremests.

‘ru e ~ is a time averaged white rioiie :;‘ ~eace  o bt a i r i e  I f’i’or~ t ir ’ o - : r t i r i o~~~a
whi te  noise process.  That Is ,

f ( n + i ) A
(3—18) w~ u~ ( i )  d~ (~~ 

= l,2 ,~~)
nA

The er ror  convar iance  m a t r i x  for t lic l -r : oe~ s - i e r : r r i b o - i  ~j J I- -i 4 1  ijn ( . _ i t )
is  1’0un I by evaluat ing E ( w nj w~~) where E 1 :  l l’~ ~xj -eot:it ion ‘:r o~, - : ’ . ~

‘- . .~o.’rifl~
01, to be s t a t i s t i c a l l y  independent , t t ~c er r r c.~var i an c e  m a t r i x  1e~’ir x ~~J
by Q I . :

0 0
1

( 3—1 9 )  Q = 0 E ( w ’ ) 0

0 O~ F ( ,~~ )

Fr om (3—18),

° I ‘I
= ~ u~ ( t )  u

~ 
( t )  i t  -~~~
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= 

~2 
j0~

1 
E [u 1 ( t )  u 1 ( r ) ]  - I t  dT

t t 1
= — f ( ~ C t — i  ) i t i i  = —

A 2 Jo J o  A

v : . :°- ~ i;e jritu ’gratlon is L -Jer the t ine  in 1 ’r -- .’a A .

Thu s ,

I
~—~o) Q = — I

where  I i s  a ~ x 3 iden t i ty  L a t r i x .

The au tocor rela t ion  funct ion  for  t h is  ou r s  has a very sinpl ’ f’ 4rm . If
B 1 ( r )  w i th  i ~ x , y ,  2 is the  au t oc o r r el a t  Ion f u n c t i on  for the  target acc’eler—
ation along the u.t h  coordinate , them ( A p p e n d i x  C )

b2
( 3-21 ) R 1 ( ‘ )  = ~~~— e~~~ k

2a i

Th us , a 1 is related inverse ly  to the  c or r ’~~! - 1t ion t ime as rtut ’d ea r l i e r .
~ i r thermore , by s e t t i ng  i = 0 , 1’i~ ( i )  b~-e ’ omea thr’ var i ance of the  acce l er at ion
al -ng the t t h  d i r e c t i on . That is ,

2
2( ‘ - ) o  = —.—-

• 2at

TI -i :;, i t ’ -~me has some knowledge of the  a i r c r a f t  HM~ accele rat i or as well as the
correlat ion time l’ur the acce lera t ion  process , ~r;° can d e t e r m i n e  the  i n t e n s i t y
b 1 of the white noise process from the above equation .

So i ’ar , no j u s t i f i c a t i o n  has been g i v e n  for the par ’t i cu i ar  target  ::ta’.e
r I d  assumed here .  The t r u e  target acceler ation may indeed be a seconi l or
h i g h e r  j r - Icr  Markov process.  Unfo r tuna te ly , the  va r i e t~y ot ’ target models is
t oo  numerous to make a thorough  evaluat ion  of eac h model p r a c t i c a l . N e v er t h e l e s s ,
reasonable a l t e r n a t ive s  to the  acce le ra t ion  process j l e : - c r i b e  I here are cor ;si iere I
in subsequent  sections of’ t h i s  report w i t h  t ,he conc lus ion  t h at  model ing  accel ’r ’ t-
t ion rand r n r i e u s  as a f i r s t  order Markov p rocess  is indeed  adequate.

MODEL OF THE OBSEJ3VATIONU

It. is assumed that the sensor provides measurements of B, e , and ~ as
d e f i n e d  in ; Figure 1. Fur thermore , the measurement s are assumed to be ~ t a t  i s—
t i~-a11y independent  qu a n t i t i es  whose noise components  have zero mean and known
valur-:; of star tar - I d e v i a t ion .  The observa t ions  are taken to be the  t h r ee
component s rj(’ posi tion measurements in cartesian coordi nates with addative white
n i , i s e  . ‘rhus
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(
~~~

— ‘~~~ ) “si = + ‘~i

( - — -
~

) = x~ +

L— 5) z 3 = x.r +

The covariance matrix R of the observation noise is non—d iagonal due to the
~~;~ lir.g f t he  noise  terms along x , y ,  and z throug h the measurements B , 0 , and
~~. ~r ;- i e e  I , R is s tate  dependent because of the dependence of the  observation
errc-rs v1, “2’ an-i v 3 upon the target s ta te .

in :roj trix o r-rn , the observation equations are w r i t t e n  as

(3— 6) = lix + Dv

w~s’ re , by i r l ; ;J - e c t i o n ,

1 0 0 0 0 0 0 0 0

11= 0 0 0 1 0 0 0 0 0  , D = I , v =  v 2

0 0 0 0 0 0 1 0 0

w it h  I a 3 x 3 ident i ty  m a t r i x .

By d e f i n i t i o n ,

2
a v i, E(v

1v 2
) E(v 1’z 3

)

(3—27) R = E {v vT J = E (v 1v 2 ) o~~9
2 E (v v3 )

E ( v 1v 3 ) L ( i 2 i
3

) ,

(~i von the /a x ’ iar.oes ol’ the  e r rors  in H , 0 , arid ~ , ‘ swie I y o~~, i~~, arid

one oUt a in ;; ; , in a straight forward manurer , the e Ierse’r;ts of 1 ~.p J  ici ; - iy  .

Appen d ix I) ,

(~ — :8) H11 = O y1’ = ~~ [u 0
1? cos d

e cc :
2
; + , 2 1co::~~ts s i n  + ~~~~~~ ~~~~

+ o~ sin
28 cos2~

2 . 2 ~
‘ 2 .~~‘.3—~9) B12 = B21 = 1~(v 1v 2 ) = B sin  ~ cos ; [u ~ con 1~ — o , si n 0 ]

+ u R s i n O slnip cos~

(1-~ 0) R1~3 = H31 E (v 1v3) = (o j~ - R u 0  )Co s O : l i f l U  cos~’

( 3 — ~~i )  B23 = B32 = E (v 2v 3 ) = - F1
6

u 0
2

)cosO si n O  s in e
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2 2 2 2 2 2 2 2 2 2 2 2( 3—3 2)  H 22 = ~~~ = B sin 0 cos ~ + O~ a . cos ; cos 0 + a
~ 

cr; s 0 sir, v )

+ sin ” O sin 2
~~

~
_
~~~ ) l~~ . = (1~~~~~ = R~ u 1~ n in T h  + r~ :os o

in  ~mj i t s r ies t ing  the  Kalmari filter , one may use ei ther cu r ren t  stat ’  e ::ti—
mates  to determine B, 0, and ~ for use in the 1 matrix or rad sensor values.
i0’-:ausc these  two a l t e r n a t i v e s  g iv e  v i r tu a l l y  the  same numerical  values f r  t he
m a t r i x  elements for  Fl , the  simpler al t e rna t ive  of us ing sensor values for  B ,
6 ,  and ~c wil l  be used to comput e 1.

It will  be shown in Section iI~ that , for  the proposed f i l t e r  desi gn , th e
elements of 1 can be replaced by numerical constants with little loss in f i l t er
perform ance. Indeed , unless t h i s  is done , the  gains never reach steady s tate
values. By using steady state gains , one can investigate the performanc e of as
exceedingly simp ly steady state filter design.

20



I-~EC T I UN 14

INITI A LI ZATION OF THE FII4 TEB

Ii ,  a ;] .  l’i i ’ cr r~ :nii a t i ’~r is , a staniard pr ’oc’-’iur~’ :~~‘ ribe r i n this s~~’t ion
wj.i l’~ ;.e t-~ initia] ize the state v e c t o r  x ‘i: ; w i l l  uts the :tate e:t :rrHt icr;

/ v a r i a m s e m a t r i x  P .

r e  lure F r  i n i t i a l iz i n g  x is :; ‘ r a i gi;ttorw ar ’ i  . I” pos i t r;r ,
A 5 5:’r S t  5 are m a j ~: , W I L e  ( 0  f t c  Ia:: ’. near - i  r’u:rn ’ ( , f  is u, cO a s t .te i r .3  t I a i val ~e

1’ ‘. i ; ’g u ’  ‘. p ~- s i t  ion and the  f i r s t  and t’uu rt 4; sieas-ii’erTs ‘~~t - a;’~’ , .:e I t o ~‘ r,p
‘he  v e lu c i t y  components .  That is , i f  z 1 ( 0 )  and z~ ( 3 A )  r ep r e s ent  t : :  Itl , 0
~ e~~t of measured pos i t ion  at t imes t = 0 a n- I  t = - I A , where t, is th e ‘,iye letween

f s c r ’ .’:i ions , then the j t h  component of I n i t I a l  velo”ity stat e’ is

z 1( 3 A )  — z~~( 0 )
( ‘~u — l)  xj(O) =

A

j = 2 , 5 or 8 depending on whethe r i is  x , y ,  or z .  The se of fou r
l -o ex” - at i - v r x s is ra the r  a rb i t ra ry .

rrhe i n i t i a l  accelerat ion es t ima t e is -,et to 7-er- ~ . I o n  it ion rica : ;reaerLts
are riot used to est imat e target acce l e rat i on  s ince  t h i : -  proc e Lire y i e~ I .
ceedinigly no i sy  r esu l ts .  Indeed , i t  is n u t  i rn j -  -s s ib i”  to be i n  err )r by
several rilirAd r e1 percen t u sing raw senir :- r ;‘‘‘a:;u;,- y”;erit : to ‘u; t i:’;a’ e a :~-lerat i
It i s  tt :urefure , best ti initialize the acca] €‘ration to ±tn expecte I ‘-Lu ” ,
r L~u~el y ze ro .

The elemen ts of the , ;L a t e  covar i ’ trt - ’e matrix , ~~~~~~, - i ; f i nr L i  by ~~~~~ —

(~~~ — x )
~ 

] , where ~~ ii: the initial state c:;1 ]ma t,e , or : e’i, ;i  y curn :-ut :: I.

II i sue the  i n i t i a l  pu s it ion e st i m a t e  is ‘i r OW s e nso r  p u s  1 t 1 )S : ; A ’~a n i  x ’ernorr t  , W- -

(
~

•-
~~ ) 1 11 = E [ ( ~~1( 0 )  - x 1 (0))

2
J = E ( z .  - x 1

)’ = F.(’
~’i) 

= R 1,

( L ._
~~~ ) i li~ 

= E { ( x 4 ( O )  - x~ (0f l 2 J = - xb )
2 = E( ’J g) ) = R 22

(~~
-

~~ ) 1 77 = E [ ( x 7 ( 0 )  - x
7(0fl

2] = F~~z , - x7 ) 2 
= E ( v ~~) = R 33

(• 14
~~5)  P 114 = = H 1,,

( ; ~_ 4 )  i 17 = P7 = H 13

• ( n —i ) l I r (  = F’714 H , 1

21



wL ’ : r” t h e  ‘:~~ er n e nt  n ci I -ar ’ g iven in the p rev ious  sect i ‘in; . The remain;
ei’-m enit : of ~~~, , with the  except ion of the element s relat i ng to the  target
acce~ er-it ion , are computed in Appendix F w i t h  the  fo l lowing  r e su l t s :

(4-8 )  = 
~
‘21 =~~~~ R 11

(4...9) ~ ~~~ R15 51 V . 12

(4— 10 )  P 18 P
81 = R 13

(4-11) P41 = P 14 =

( 4 — 1 2) = P 54

(4-13) p~,8 = P 84 = R
23

(4- 14 )  P 72 = = 3A

(4- 15 ) P 75 = P
57 =

-1~~) P
78 

p
87 1L R 33

‘fL ’ e l . yr r; ’ sts ci’ 11 are evaluated at the  end of the  t i m e  i n t e r v a l  3~u ( i . e .  —

~I ’~ °r th e  t our 1. h senL:;’ur pe lt ion  measurement  ) • The ye  ice I ty var i ar :e a ri-I
v e l o c ity  rr’ oss  ten : : ar e

R11( 3 A  ) + R 11
(0)

(4—1 7) 1 22 = ___________________

( 3~ )
2

R (3 1U + R (0)
(4—1 8)  P = 

22 22

( 3 ) 2

R 
3

( 3 A ) +  R (0)
(4-H) P = 

~

(3 A )
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R (3;\ ) + R (0)
(“4—2 0) P 1’ -, 

12 12
25 52 2(3  A )

R ( 3 t )  + B (0)
(4 -2 1) ~ = 

13 13
28 82 

( 3 A ) Z

B (3 A )  + R (0)
(4 - 2 2 ) ~ = = 23 23

~H (3 A, )

-
~~

‘ -
~~ 1r- .;tting tot al ignorance  of target ac ’ce1ero~ ~un , t ire var i a ;.:c of

• -r’ ~ - s F -s t  of the  i n i t ial  accelerat i - u n  “ . ; t m m a t e  ii :  :;e ’, eu - ia ’i t-~ ( i-~~~)
( w  = - -n - ‘:5 ) • Thu s

~~~~~~~~~~~~~ F’33 
= 

~~66 
~~99 

= (3 g ) 2

t~s ‘~ he F’nlaining elements of set equal  to :,er - ~ .

It  is not ob v i o u s tha t  this elaborate procedure F c r  m i t  Li]. iz ir ~g t he
h A I r - s o , F i l t e r  is reaLi,y necessary . r t  may be argued that sui’ojc-te re . - , lt :  w i H
L ’- b t u i r ; e - l  by i n i t ia l i z i n g  the f i lt e r  w ; I , h  s,r:ie c o n s ta nt  p r e — i o ’ e rn i r , e i  value:.
1- , X J e  r i ’ur ;ce ear ly  in the pi -o~ 1-an , however , has shown tha t  SoS.C est i rn u~ es For
in.l tia]. ~n-zition ;s can lead to long n e t t  I big times and iri-leeu , a bu s  u n ,  He of
in ,t ial s~~n d it i  ‘r ; , can leaJ to instability in t ue  KaJ ir , ar ,  e~ sf i~~ss r e s u l t i n g
in -I ivez’;ence of the  element s of’ P.  The ab ove procedure e ] . i n i n at e s  f L ”  guess—
wor ’rc osso. ’iu i e I  w i th  i n i t i a l i z a t ion ;  of the Yoor,as Filt er and is t}i’’ “~~~i

’ 
~re used

i r ~ o h  • ; ,f : ; . - ’ .1 i s - n t  cump r 1 er simulations.
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1~U1I0PT IMA L FILTEII HF]. I 
(
~,tI PH 11ff r) 1 - ! I Y

The filter described in the I r e c e s d in g  ; ‘s -: t  r o n  ha: n in e  : ;t a te  - i a r i ; t l n  es.

~~ lernen;tat ion of’ the F i l t e r  ‘ .- p r a ’. ions t l i ” r . ’I ’ ,r ’~ requ i r i  m a t r i x  i r v ~ -r s i  r~ at
ca- zr  ::‘.eI ~F the i t e ra t ion  process .  If  ur iC  can ci ~rzi rrat ” the nc-ed o J- err ’-u r ~
r-’;nt r i x inversion at each i t e ra t ion  s tep ,  then ~r;e w i l l  hav e :‘e: iu ’- e sig r~it ’ i :ar ~’ i y
‘he exe’ -u ’ ion time f-c r t he  solut ion to the stat e e s t i m a t e : — . ‘If n e c e s s ity ,  1. w-
ever , one nu::t pay the pena l ty  of degr a - i ing  he ac- ira ‘y of t h e  r i t a ’ e es ’, L’ a ’ es
s i n ce  re :uet’ior; of the  complexi ty  of the  t’i t t e r  d i s cu s u e- !  he: ’ - ” -d’ u” ~ ‘: r , ’ - r’ i I  l y
results i l l  s-on e loss c i ’ u n ; I ’ -u~ ,at i on , e i t h e r  about the p 1 t r t  or the  ot - - ’ - : - :a ’ I •n
rn - del s or b o t h .  Nc ,’e rtheless , if the -legraulation in N lter perF’;rman “: 1~~
smal l , i ’ irnpliFi- :ation in the filter design may be justifL’d .

A u- no -lu- rab l e simplil ’ i ~ u t 1 - ~ n renal’ s w l i ” r ,  - n e  :- r : ;i -J er- : ti: fol1ow.r~c
les u~’r ; rn- s - l i fi cation : Inst e~~l of’ using -i sj ro,~ 1” n I ri ” - fa ’ e L i i ’  er in w h i  ~‘i t I e
three cur ’ esian c ~:~r-;1 i nates are -:uup~ e-1 v I a  trre p b  ec’ nc-asure :’:e: ,t .;  B , ‘i , ~

‘

l~-si~’ri hr~-e separat e and independent filters , uric f r ’  each cuirt’-’s,as eosr -i ; no ’ e
In s~~:n a is- s ign , irii ’urmat i on ; ab— - i t  the ‘s-~up. ing is lost , but  f l ;~ I ’u c r e a ; - -  i s
c-srnpi ’-xity is s i g n i f i c an t . i’hu~~, the n~ n~’ ’,:’ ate filter is replaced by ttix-ee
‘~5-iC I “nslen;t • t ree state fiP err . The t L C C i  ;~ perF u-rn m a t r i x  i nv e r s L -r ,  in
ru-p].ac’ed iV  r,’iersion; oF a sinrgle nun bc’r . Hencel’-jrt h , ‘-he f i l~ er s  des ‘rile ’ I
w i i l  -‘ill have th i s  s i mp l i f y i n g  fea ture . i h e  only e x c ep t i o n  i s  the l i r ; s r s s i
in; F~~u ’f i ~~ 21 ir ;  w h i ch  the  perf ~rr ar se of’ the  nine  s t a t e  and ‘She t h r ee  , : f ’ , ’ e
F i l t e r s  is ‘ - ) r npar cscl .
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] .‘IIE , FIVE ‘ 1/, fi . F] L’I’ER

~‘l:,I i-IL ui- ‘Liv

i-icr a fi lter in whjuh the a:re~ erat ui 1 -r - •eeSs  s r . ’.~ , ‘ e n  a s

t u e  n -ur i’ t w  ‘e m :  a fe ’ ~mn1irr i bti C ‘ err and a ;;tu”hastic t e rn r - . Tue ‘a ‘:,a is

~cr t 1~~s ,~,f ti . o ’ ’ e l e r a t l n ~s :zr i e I e :  a. a f i r s t  ~r 1e’: ~-~ar ’Y ,~~: r roc s. :1,-us ,
eac h of tu e  f u r e e  ‘artesial; - uJr ~Ii :,u ’ ”:, v” ave ti e fy I , w,n, nn He~

t: ,e target :- , •

( ‘ — I )  ~, = x

(‘ — ,. ) i. = x 3 
+ x

= — -ix ÷ ~~

=

( ‘  - ) ,
~, = 0

‘ - u ’  x is  • r ,  - a ‘a,-et p . ; i t l - . ; r :  u l u r ,c n ’ -of t i r e  ‘. hr’ a~- -c ar ’ e s i ar ,  axes. 2 n u s
a - l e L  a ssumes ~,r , a ’. the  r a t e  of change I ’ the determinss’ ic p o rt  i . r. of ti’ -’

-i- -ce e ra ’- ;  1 3  ;‘ uni t

m a t r i x  : m n , ,

( a - ’ )  
~~~~~~~~~~~

, L~’ i r : .  p’- c ’ ~~~

0 1 0 0 0

0 0 1, I 0

0 0 --i 0 0

0 0 0 (1 1

0 0 0 0 0

0

0

.1

0

0

‘ 5



H i sc r e t i z i n g  the plant equation lead s to

( l - - T )  X~~+1 = FnX n + Gn(im n

where (Appendix E ) ,

1 ~ 
~ 

— (i. — e Outi
)] 

J_ t 2 
“ -

~~ 1
0 1 (1 — e 8~~) A ~ A C

(b _ t a ) F = t (t i ) =
0 0 e~~~’ 0 0

0 0 0

0 0 0 0

+
~~~~ 

(1 - e s)

~ (aA - (1 - e~~~~) )
f A  a2

( a - 9 )  1 ( T ) G d 1 b
0 

(1 — e aA)

0

0

and

( n + l ) A
(6-10) w~ = — 

~
1n~ 

w (t) dt

The correlation function for the stochast ic portion of’ the acce le ra t ion  in;
the sam e as for the n ine  st -a te filter . Thus,

b2
( t — 1 1 ) R(’r ) = ~~~~ e a I ~~’ l

From the  equat ions  for t he state variables x~ and x5,

(L—i ’) x5 =

( L — 1 3 )  x 1~ = + ~ t



At t = 0 , X 14 = ~ and x 5 = u .  These are set equal to zero ts r

MODEL OF ‘11111 1

r, abc i -~u rs minor modifications in 1-I , t he  observ;~t j ar ; model is as des’: r i  bed
i n; See ’. i . : : ,  3 . Unless othe rwi se stat ed , the sensor is r,ericefjr’tF c h a r a c ter i ze !
by a range variance of lOOm 2 and angular error var iances q~~ ? , ~~ 2 each of ~~~
:t vii i f - c  .u~sswn in I~ect i o n  114 , howeve r , that t i r e  elements sf R so:, be r ”j . ;  ii”-]

-s . ns t out elements w i t h  no deg rada t i on  i i i  f i l t e r  j m ’r i ’ omm a u - s e .

-
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SECTION 7

MODIFIED FIVE STATE FILTER - THE FOUR STATE FILTER

An obvious modification of the five state filter results when Equation
( a — b )  is replaced by x14 = 0. That is , the deterministic portion of the ac-c1 -
eration is modeled as being constant . This results in a reduction in the u ,jr h~~r
of state variables from five to four. The four state target model is then

( 7—1 )  
~i 

=

(7-s ) ~ 2 x 3~~~~x 14

X
3 

= —&X
3 

+ ~ (~i

(~~_ 1 4 )  x14 = 0

The F and G matrices are modified in an obvious way , with  correspo nd ing
modifications in F~ and G~ . Their explicit form will , the re fore , not be givers
here .
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~;E CTION 8

REJULT S

The fourth and f’ifth order filters for the y component of target :n~ ti r~
were cptirni zed for flight passes 1 and 9 (Tables 2 and 3). Optimization i-’- - - —
ceeded in the following way : From Equation (6—il), R(0) = ~~ where o 1 is the
‘,‘ntr i a:,se of target acceleration (in this case , along the y coordinate). Then ,

b2
( : ) ~~~ -~~~~~~

b’.’er. n’ and a , one can th en solve for th e par ameter b2. For a giver; ‘,‘aJ .se of
a, it was de termined that , in general , an acc elerat ion va riance of L000
rers -u r,’,s in best filter performance. This value of ~2 is used throsr ,-~h o u ’ the

re I-~
r-’ . For each value of a , the RMS of t he  target  pu~;it ion , ( I : .  t h i s  uu , e the

y s s r n p s r ; e n t ) ,  ve loc i ty ,  and acceleration errors 
~~~~~
, c~~, r :,~ irs c n p - ; te u  over ’ the

entire run . The filter is said to be optimized when a value of a is chosen
which  resul ts  in the smallest RMS values for ~~~ c-i , ci,;. The ‘ia~ ue of ’  a whi sh

. pt irnizes filter performance is hencefor th  called ~che optimal value of a.

TABLE 2

COMPARISON BETWEEN TIlE FOURTH AND FIF2II ORDER AND
FILTERS ALONG THE y COORDIN ATE FOR PA1 H NO.  I

a RMS (y— ~~) RMS (~ ’—S- ) 
____

Orders Orders Orders sr’le~ s

14th 5th 14th 5th 14th 5th 1 4 t H  ‘-~~ Ii

. H ) 1 .001 9.3 8.9 l~~.I ,i 114.L ii.,,

.01 .01 5 .3 5. ~ a .i o .5 i.5

.05* 8. i 8.5 8.9

.o 8 .08 5.0 5.0 5 .5  8. c 8.~~ 0 .2

.1 .1 5.0 5.0 b .( 8. i . ’) a . , ’

.5 .5 5.14 5.14 10.2 10.2 iO .~ - 10.

1.2 1.2 5.5 5.5 10.8 10.9 12.14 12.5
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TABLE 3

COMPARISON BETWEEN THE FOURTH AND FIFTH ORDER AND
FI LTERS ALONG THE y COORDIN ATE FOR PASS NO. 9

a a RMS(y-~~) RMS (~~-1) RS (~~-~ )

Orders Orders Orders Orders

14th 5th 14th 5th 14th 5th 14th Yb

.001 .001 11.6 11.3 17.5 l7.( 13.5 13 .9

.01 .01 6.6 6.5 11.2 11.3 11.14 11.7

.07* .07* 5.8 5. 8 9 .9 10.1 ~o .6 10. 9

.12 .12 5.8 5.8 10.1 10.3 10.7 10.9

1.0 1.0 6.0 6,0 11.3 ii.14 12.5 12.3

1.2 1.2 5.5 5.5 10.8 10.9 12.5 12.5

As seen in Tables 2 and 3 , there is very little difference in performance
between the 14th and 5th order filters. Furthermore , the optimal valuer of a
(those with an asterisk) for both filters are the same . More ex tens ive  runs
for these filters were not made in view of the results obtained for the  t’i l t e r
proposed for use in air defense (see 2ec~ i o n  15) .  That is , the  14th  and 5th
order f i l t e r s, which involve more stat e variables  than the proposed f i l t e r ,
do not offer improve d performance.
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SECTIOf 9

PROCESS IDENTIFICATION

As menti-jr;e~i previously , a value for the par ameter “a” appeari ng in the
e~ -uatior ; for x3 ( Equations ( 6 — 3 ) ,  ( 7 — 3 ) )  can be obtained from t h e o r e t i c a l  car .—
, ii- ’r ations. In this report , two basic acceleration models far the et’sshartie
Jo rtion of the acceleration are Investigated — a first 0r -ier Markov madel and
a :ecor ; f ord er  Markov model . Cons ider  the  f i r s t  sr - - I c r  Markov model

= —~~ + bo.

In I is sr~’te 1’ . rm

Xr~~l 
= X fl — 

~~~~ 
+

where ~ is a small time increment and the u rbrsci- iptei in ’. iger- n means t h -f, t he
var i a b l e  to which  it is a f f ixed  is evaluated at the t i m e  r n , .  Observe hat-
i :~ nep ’:nLlent of u n .  Mul t i ply ing Equation ( 9 - u)  by x~ and taking the exiect’s l
‘b lue  of both s ides , one obtains -

( 9 _ 3 )  E ( X ~ X r~,f~, ) = (1 — A a)E (x ~~)

where  the  assumption that the mean of the white noise sequence un I S  zero was
used.  observe that the expect ation operator acts over an ensemble . ~ o’.i assume
that the process is stationary and e r g o t i c .  Then , the  ensemble s t a t ist i c s  are
the same as the statistics over time . Jpecifically ,

(~~~b)  E ( X nX n+k ) = ~ (it )

~
‘-ur all ri where ~ (k) is the correlation functi-,n . Thuo ,

(‘~)—5 ) 
-
~~ 

( t i )  = (1 — ~a) $ (0)

or

• I
( a_ a )  a = ‘

~ 
— - o

w~iere ~ (0) is normalized to u n i t y .

I l i e  pro- e lu re  for obtaining expressions f’or the a p p r o p r i a t e  variab.~s .~ n the
se son - I order Markuv model is similar to the one above. ‘I’Le StjiSe- asrssrnptierrs
a l -s rt  erg~s- i i C i t y  an(I the mean of the white noise sequenc e are made.

The model for  the second order Markov process is

( - — ‘ r )  X 3 
= 9-

= —u ’~x 3 — 28x 14 + ( cz — 2t3)w.
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(the r ’an;”ri for th i s p a rt icu la r  form of the model is given in Section 12).
D i scretize each equation to obtain

( ‘~— ° )  x~ (n + i )  = x 3(u) + Ax~ (n) +

( 0 — 10) x 14 (n  + i )  = x~4 (n) + ci2Ax3 ( n )  — 25Axl~(n) + ( c ~ —

Now solve for x3 and drop the subscri pt 3. That is , def ine  X n = x3 (n). Then ,

(9— il) X n+~ + 2 ( B A  — l ) x n+i + (1 + cz2t. 2 — 2
~3A )xn — Aw~ +~ + (A — A2c i) u~ 0

Mu lt i p l y ing through by x n and taking the expected value of both s ides ,
one o b t a u u s

(9-12) ~ ( 2~~) + 2( B t i  — 1) 0 ( A )  + ( 1 + a2!.2 — 28!.) = 0

A second equation involving ci and B can be obtained by mult i p ly i r~g Equation
(9-il) by X n l  then taking the expected value of the resulting expression . The
result is

(9-13) ~ (3~~) + 2(8!. - 1) o (2!.) + ( 1 + a 2!.2 
- 28!.) o (~~~

) = 0

Solution of Equations (9—12) and (9—13 )  for  ci and B gives

Pi + 2

( 0—114 )  ~ = 2!.

and

28!. + P2 - 1

( 9— 15) ~~
‘ =

where

—
( 9— 10 )  ~~ =

0(2!.) —

( ‘~— l 7 )  F = — 0 ( 2 ! ) — P10 ( A )

The correlation function 0(k) is computed from the definition

(9— 18) 0(k) = $ o ’ N xjxi+k

where N is the number of available data points.
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‘F ables 5 through 7 list the c omputed values of “a ” us ing Equation ( 9 — f )

f r p-a - -h - t  the 12 FACT f l i g h t  passes. W i t h  de f ined  by = cz~ — ~ ,

8 tic - ~-~~ h 10 l i st  the  computed values of and B w h i c h  parameter ize  t h e

s~’ - -on d order  Markov accelerat ion process.  Table 14 l ist s  the number of data
in t s  in  eac h f l i ght  pat h as well as the  number of data po ints  in c a sh  of the

t h r e e  segments for  each f l i g h t  path.  Each segment is c h a r a c t e r i z e d  by a
F rt I s r ~ ~ f ’ t h e  fli ght path.  Jegmet ~t 1 d ef i n e s  that portion of’ the f’~ ght
dsuriu~ w n i u c i r  t l n e  a i rcraf t  undergoes evas iv e  maneuvers p r io r  t -u weapon i ’- . -
2’s~ment 2 is characterized by that portion of the flight path iurir ,~ which the
pilot is constrained to follow a particular course in order to —ieIi’jer his
0r l i n a n c e  cr ~ target . It is taken to start 5 seconds before weapon ei’-’~nse.

is the remaining portion of the  f l i ght pa th .  l1e~ n acceleratior ‘ia, ion ;
f r  each if the  three po r t ions  as well as the  standard devia t ion of the ascel~sr-
at i -: rn along the ent i re  run are also provi-led in Tables 5, 0, and ~( .  Tho data
p o i n t s  are separa ted  by 1/10 second i n t e r v a l s .

TABLE 14

N1JMi3EB OF’ DATA POINTS FOB 1-~A C1l FLIGHT PA :’Ii Al;:,
FOR EACH SEGt~~NT OF A FLIGHT PATH

‘it 1s t Paz P 5 H

N unher Total Seg 1 - ‘~,~~ 2

1 3( ,  1142 51 17:

2 14 : 3  32’~ Si

3 903 ‘ ‘ -1

di; :‘ 1 51 100

C -
’ ~4 O ’ - 

- 3 2 - k  1 -

• - 314’; 70 - - - -I

7 375 220 ‘i 107

331 l’i’i ‘ -l

1) 14 ) 1 ‘
~~

- -
~~ 5’

573 ~~~ 
‘~1 7 - ’

11 57(, 3’  - -1 20

12 050 . 3 -  ‘I 0
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Isn f ’ rCTU t ior; about the V U~, C C l c S S  ‘C l ’  ‘ a ” and - .t and ~ is useful because these
val;’-’. j s’ -v i  Ic some clue as to  where to : t t ar t  ‘he search to obtain their

-~ - imai va l Ue s .  J ’\irther m - C r e , ‘he range (5’1’: Cr which these parameters vary from
fi ~~~~~i ’. a ’ h t .~ f l n g h t  pa ’ h ~ i’i’ .; . : - c C I I ’  I C ~- 1 i c a t i -  - C C  Of the  s e n s i t iv i t y  of a

‘ I C ” iCC • - ‘t ’ CCI - ‘ Cl ’ ’l .Cs  c htiC •~y’ -- in fi C gh~
_ - S h C I r C C - ’ ’  “ri st i~s 5 1  • By par’. i t loning “‘ach

N *0, ’ j’’ i~ h ; r4 t o  t,hree ;e~~C ’ C ! ’ C C t I )  , 1 , 1  5 ’ j~ 4 C C,U) • - x w n i r i ’ ’  t I l l ’  ; I - C C I C  i t i v i t y  Of Ci

CCC C ‘~i changes in ai rc i ’a f ’  rnst, 10CC w i t h i r - 1 ~i n ;irngi e f l i ght p a th .  This leads ,
1 ( 3  CC C t ’ ,r a ’, Way , to ~‘ -5 , I C C C 1  l e rCi t  S 005 Qi a - i u;i t  ive f i l t  ers where parameters SC i C h

‘j ,  “a ’ are II, I~~s U :;ted dur ing the  ‘~-tiro e to ‘ ‘ike in to  C i c C 2 - ’~ rCt changes  in a i r -t r a ”'.
:s, - i,t ;p ’Iver s .  F ina l ly , one can observe tn ’~ -lifferenc e between the theoret I’:
‘.‘ti~~,n ’: of m - - I e L  paramet ’~rs and t h e i r  opt imal values .  f’ pr’5r45’lrCced d~~ ’fe :’e r- :es
occ 4 r , t h i s  is an i n d i c a t i o n  t i C at  the C)Ct ;:iirnptlons of e rgod ic i ty  and t:tat i~ narity

‘ar~ ct acce le ra t ion  are not valisi . Compar ison of the optimal v a l s e s ’sf “a ”
r t t i e  4 , C ,  and 5th order f i l t e r s  of the  ~r’e ’ i i - u s  sect ion w i t h  the  the-sre t ical

v a ,u e ,; - 4 5 w: ‘ hat the tw- , sets agree favorably . However , t h i s  is not alway s
the  case , especially wt ;ef ;  one considers v a r i a t i - n s  of t he  parameters  over each
of the  t h ree  segments.  This variation wil l  be exhib i ted  when the three  stat~~,
f i r s t  or-icr Markov an-I t he  four s ta te , second order Marko i f i l t e r s  are compared
lot  the  next 4Ce2tion .



SECTION 10

l’! iE THREE AND FOUR i~TATE FIL’I’EHi.l

I NTT DUt ’ ‘C JT J C ;~

The r ’ e s o L t s s l  I J e s t i u C ,  8 indicat e that  there  is l i t t l e  d i f f e r e n c e between
he ‘ - t ’? - t ’CCS!iC;-: e - it’ four and five stat e filters where the t ;t ’,,r r i a s~,j c  p or t i o n  of’

* Ii” a ‘~-e1” !’1 . ~~~ is Cn,,, ’I ( - ” l ’ C d  as a f i  rCs t order Markov p r cC s ’ss.  J o  t i nlt - ses’tl’,ri

a G ’ T I C I I S  ‘ } , C ’ ’te 5 t ’(t l ’  filt.I’r ~S I ’ 5 ’V f 5 ’ l C~ J - ’ ’ C i  i ’UC wLi~~i, tho a cc e l er a t, C - - r , 15 m -ie le-1
a;’ a I’i r -st  or - - I c y -  t!a;’~~5-v pr ’-~cens s . In , t ~~t ion  1 , i’~ is “omp a,”’”i w i ’, Is Ci

4 - ’ ~C ’t t i  lt.’r for  wrdst h the acce le ra t ion  is m— j -jel e - l as a sec’~n I sr- - I ’ s t’taC’~~- ,- ’J

j ’~’ , - ’ ’ - ; ; - . It wi Le shown tha t ;

a. There is little dll’t’erenc e in performance between tC ,e three stat ’s
u ij t ” r :  an,i the fOCI1 ’ and f ive  s tate  f i l t e rs  cf ~J e st i on s  6 arId

b. The d i f f e r e n c e  SJC performance between the three st a t e filte ” ‘ m l  the
t - .,x ’ I ’ ti ’ e , t t e c- j fl’,j order Markov f i l t e r , is such that  the  use of  the ~

‘ o5 , C’ s t a te
t ’l I’ ’ vez’ t he  three  s t a t e  f i l t e r  is Cir lwarranted .

THE TJffI1-~E STA lE El LIES

bree s t a t e  f i lter  is ba se- i  on the  I - I  15w ! r~g ms l’s l 5)’ t he  t C C’ ~-’ 5 t
CC~ - t i  Cl  ‘C . - C C ~~ each of t he  three  c b r-i C n a ’

‘~~ü-~~) X 1 = X 2

( l ’ C _ ~~~)  X 2 = X
3

( l ( ’— 3 )  = —ax
3 

+ bu

where xj is ‘-he target  p o s i t ion  ai”r .g  -or ;” s f  the  three  or t U  ona ’s ax - - :. The
opt imal vaCsie of “a ” may be d i f f e r e n t  f u r ’  the  x and axes .  ‘1 3 C C  ar~~’t  state
e-~~ ations cor responding  t m ot i o n  a long x and y should he p a r t c -C ’t C : C ’ i z - s i  by
toe sam e numerical  value  of’ “a” for reasons discussed ‘in tJeet ion 3.

Di ; :  5 ’r - e t I ’hat  ion of ’  these  C-qo Ci C ions I - a  Is  t ,‘ tin ’— m at s  C X  ( ‘5  , ut . j t i f l

C 
( i - i — ~~) 

~~A+l 
= ~~1wn

wh e r e , by aoa. -~gy w i t h  t h e  nine state filter’ descr ibe -I in e’tion ‘
~~, see a l s ,

AppenClix B).
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I t, II. + l~ (e~~°~— 1)

= (~~~) = 0 ~ (1 - .-a t. )

0 0 I t

~~

‘ 
[i’

-
- 

~

. - ~ (, ,~~a ’

= 1 (i) j Jr = L, (e — 1) + A / a

- ~ (e~~~ 1)

w i t h

0

~ -
= 0

1

‘1’he ~uan’ity u
~n 

is a time average -I whitr’ noise sequence (Equation ~ _j U ) ,

and the error covariance matrix Q = E ( w 2 ) b2/
~~.

Before proceeding to a descri p t i o n  o f ’  the four st at ,e f i l t e r , it  is - C , ;e f ’ - n t

m~ ’- i va te  ~~~~~~~ les i gn of t h i s  f i l t e r  by e x am i n i n g  the way in w h i c h  t h e
‘sra ’- ; ~r, -la ta  is c- rr e  l a t e - I .



, k(J’I’ I ON ii

At~ i ’ - : ‘OH H EJ ~ATION OF’ ‘c lIV VA ’ ‘s ACCELEJ~~’I’ I 
‘ CL DATA

In 1, OIC f i lt e r s  ~t,- s c r i  iCe I th u s  far , the ac ’’:I ‘- ra t :o ’  -r r e  1 at i or, f in” ’. ion
las ‘ I C” f ’ : - rv : f  a decay ing exponent ial . Although intuition suggests this
t o m  to he ‘~~~ p r op r i a t e , an apprec ia t ion  for the  form of the  e-~rr ’: la t ion fo r ne —

1 on t ’ r real flight paths can be obtained from the FACT -lata.

F :gor e  2 t h r o u g h  1~ are plots of t i e  acceleration correlat ion f’nnctiori for
fli ght paths 1, 9, and 12 along each of the three co- : ’ l i ra t e s .  These  J- lc ’.s
w”re 5) tairC esi using the normalized correlation function

(li-I) ~
1 k) = 

N~~( 0 )  
[x 3 (n) - ~3(n)J [x 3(n + k) - ~ 3 (r .  + k ) J

. tr i c t l y  speaking , ‘Joe should compute  t i C e  c o r r e ’ s a t i -~ r fu~~n - tj o n  V T - S  an

‘-:n: er’s t I.e of f l i ght passes. ~J ince  12 hardly c-: r C i C t  i tu t e s  a!; “.- C ” - -i iat e n C ~~’C; It-

s i :”  t o  analyze ensemble s t a t i s t i c s, one -s - :” -,~ Equa t i on  (11—1 ) wit h tf1 i’ v i ’-w

t~~ut general t rends in t h e  shape of the curves should r - - s- i le a C S ’ s  i~T ’ - 1 h ’
form of the acceleration correlat ion f u n c t i o n .  ~ cwnioom t j -or ,  of F l i - - i r ’ - :  2 t l ’,5 ) J g 3 ~

in h a tes that , in general , the corre la t ion  func t ion  e x l i b i ’ - i -, ar ,  ‘orc i I l ’ t ’ -or’F ’
U ’eCa’J i s r .  This type of behavior is more p ronounced  f’s r Le x ‘ i r l  j  cs-or - -si. ra ’ t ’S

than t O e  Z coordinate.

In view of these cons ide ra t ions , a f o ’~ r state sec- or I ‘o r ’- r ’ ~ r t’~ask ‘v
I I  be constructed in such a way as to assor t’ the c-s n ’:” ~ - i t - - - ‘  f l U C C O t :  on i’ s

the ac-sele ra t ion  process t o  be an exponerl t i a lly  l Cun I ~e 1 s :.usoid. , iO l  a:
o pt i o n , it must be noted , does not exis t  1’or ‘h e  three  .‘~~,‘ e , f i ~ ’ , - : ‘ i - - r
Ma:’kov filter .
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4,0 8.0 120 160 200 280 360 440

1 2 .
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TIME (S EC I
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I ~~~ ‘ .1 1

~‘igure 1~~ Acce le ra t ion  c o r re l a t i o n  func t i ons  for ( ‘light pass 1
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5,0 100 150  200 750 300 3 5 0  4 0 0

I 2 TIME (SIC )

50  t O O  1 5 0  200 750 :so o 350 40.0

TIME (SIC)

Ib)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~

i
0 2~~ 0 7~ 0 ~~~ 0 0

TIME (SEC)
(C)
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4,0 8,0 12.0 16.0 20.0 24 .0 28.0 320

TIME (SFC )

0
~~~~~/T\<I ITT I

40  8.0 12,0 16.0 20.0 74 .0 28.0 320
IIMF (SIC)

(b)

1.2

4 0  80  12 .0 16.0 70.0 24,0 28,0 32,0

T IME (SEC)
(c)

Figure (4 . Acceleration correlation functions for f l i g ht pass 12
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LECT IOL 12

THE FOUR STATE FILTER

The four - t a t e  f i l t e r  is based or. a p lar C t. model i n  which the as se~ er’~t o Cr .

irs D ’: ’sr i b e d  by a second order Markov process. Specifically , the  s’.ate e”i:a-
tiOTCS are :

~~~~~~ ~1 = x 2

( I - , )  X
2 

= X
3

( s : _ 3 )  K
3 

= K 4 + bU

( i ~~
_ t 4 )  ~~ = -

-~
“x~ + 2~x~ + (o -

WI C C C ’ C

b =

2 2 2
i = +

~ i ’  I n this par t icular  form of the s t a t e  e q i at  ions , the - le s i i ’ u s, -mu t oc  - s r - c a t ion
t’ rr -s t is r , is ~btained (see Appendix c ) .

(~~~~
,- ‘ - ) R ( T )  = e~~~ cos s- ~ I

‘ l I n e ~2 appear ing  in tOt’ expression for L- in ; just R(0).

It~ state transition matrix F~ carl i ’  oUt C i l O ’ C ’l i - ,’ SO Ot ~~V toe :. C C~~~~S- - :  , - ‘ ‘ i ; ’,

par”~ ~I t l,’s ,:tat e equ at ion i C as Was done f u r ’ the p rev ious  11  - ~ C ‘5 .  - a’o ‘er
t h i s  ~r oce -ICsr’ e is algebraically labor -I ss , So the  s tate t sa::s  : t i -  is ; ‘ ~~~ six 15

I in the  fT. I,,- C W i : C g  alter’r,at i’ie COar rCC ‘ . St ar t  w i t h  t i . ’ ~- g-  se- ~: -‘it ’’

1,~ I~

> i = X

X
2

= xl,

X 14 = ‘ - 1X
3 

—

]Ifl rCa ’ r ix  form ,

(i�-~~) x = F x

where , by i~~Spe’:t1On

14(



0 1 0 0

0 0 1 0

F =  0 0 0 1

0 0 2

Tb’s sal-it ion t o Equat i sri ( 12—i ) is

F’- ~2 F3 -

( i s— 7 ) x(’ ) = e ~x(0) = (I  + F’t + -_-_ _ + — t -~ + . . . )x(0)

host ‘he 1 r ’m in parenthesis is just the desired state trarn i’,ition matrix ~ ( t ) .

(is-~~) ~ ( t )  = ( i  + i~t + 
2 ! 

+

in imp leCcer Ct in g th i s  equation , only the  f i r s t  f i v e  term s of the expression are
u s e l .  No t i ce  t h a t  what is actually needed is F0 = ~ ( A )  where ~ = 1/10 sec .

i r ce  i and ~ are generally small the series converges rapidly.

The non—homogeneous part of t he  d iscre te  plant model is the term Gn UC n~
where , as shown in Appendix B

~l -9) ~~ = ~( t )  G d t
0

and , by inspect ion of Equat ions  (12—1 ) t h rough  ( 12 — 14 ) ,

0

0
( 12 — 10)  ‘ =

b ( - i  — 2~~)
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121 13

n i t ’  tInC - ’se ‘iou IT- ~r ,:t a t e  y coor ’ -li r ; ;n t e  f i l t e r s  wer e  - pt ios ize ’ I  i’ r I’ ,I ,~C ; t,

‘ ,~oCeS I , ‘) , a,’;J U. . In au h i t i on , the  f i l ter : ;  were op ’ m l  sel 1T.-r east - i f  ‘ h s ’ ’e

“~~5, ’5 ,t S :f a pass (Sec t ion  9). The opt imal parameter -ta  ~u e i ;  S s- eac :T 5)’ the
t e rs  -is well as f i l t e r  performance measured by F,!’). ’ ‘.‘a:ues Cf  err s-s ’ s y ,

ty  ir .  :101 -n , ‘.‘e i - s i t y ,  and ac- ce l t ’s -a t ion e s t i m C i t ‘s -i: :-especti’ ie ;y a:’e t a b s —
in  l’abie i i .  Tables 1,? through 1’,’ e x h i b i t  l ’ilter  per 1’orr~unc ’: for ‘~‘it ~’Ui sis

- : - ; J ’ , - C t e r  values. The ~pt ima1 values of f i l t e r  par ameters togeth e r ’  w . ‘ o f i l o er
k e C ’i ’ :rman :e char ac te r i s t i c s  f-or these v a lu e s  in t en s :  -5)’ hi’).’ st u ’ “5
er ;-or o  ar -c -;cr:~ te: by an as te r i sk  irs eac h t ab l e .

F r o m  ‘ ,“ itS e 11, it is evident that  ‘ he r o  is sig r~n f i c a r . t  ‘‘ a: a’ :s-:s i n  0: ,
v i t l - .”:: o:’ the  -p- t imal p- ’ir~~neters not -Tsrni V -Q fl ’or , ,~ di f ’S ‘‘ r ’’ :t  1’ n ,.‘4~t pa:; , ‘~~:; , to

‘i l ,-o ‘cs - r ig  segme n t s  ~f a s ing le  f l i g h t  j -ass  . ,“ t C ’ i a ’ I s O S  5’ - 1 , t usosi CO .
I’~CI’ ~i : 1’s r ’01 C 1. segments suggest that  an ;.~ t~j- ’ i t ’  fU l ter  no’ ’ be -~ ‘~si~’’ , - ri ; ‘ : - ‘h
a way ‘,hal ,  t. r :e Si lt ’or’ l-arwsetes’ s are adj  -:,;C cr1 Z C assor lance w t C , CinU1 C~ ’- ’ ’ C  I C C

‘ i s  ;‘o- :-a: ’t n  ~~ eu’z e x’s .  Parameter v a r i a t i o n s  among - i i  t ’f ” r-sr;t 1 1 . : gist - PLC ’ n . C C~~ ,~~’T-~~ ’

t h a t  ‘h e r e  may be some d i ff i c u l t y  in  ( CICC O C o g  0. :0 m g  ie Ciar;tnf-t,er ~tw -

se’ ’ er’ : , ~ ar -i ~ , in the  ca. ;t- of t h e  four : ‘,‘i ’  e f ’ilt, ’:m’ ) I ’ S : -  ‘d :nlCh 0 -  p - s -ito

t in ’ s ’ l ’ i l t”r  I’ :r ’ a ll  f l i ght  passes.  i i oW ’- ’;’-r , the C l - ! C 14 j V 5)5( ‘os f i  t t r o r per form-
an c e  t -  C~ C. ’ iC ,~’’s5 ifl parameter ’  valuers  , as ‘ - x l  b i ‘ es ~rn ‘ aL~ “o 2 t I i i ’ -~ugI~ I’-’ • is
r a th e r :~l loi so 0 l , ’;t a ie-: ssi - S I C  up~~n a Sit ngC~ ’ !CT i ~ ’t-J5e ’. ’- - :  - ‘ a ‘;e ;: 1C OUJ .: n - s  be to:

-r i i ! ’ i ’i ‘ - , ‘, t. t. . sake.

.2~ Cnpar -i:~ or -5)’ t i ’s~ l-i-ti
’ 
~
‘‘

~2ues list~’ s r. ,‘s b~ c 2 -~~~~
‘ Se-: ’ . ,:s~~ 3 ‘of :,

is at” Vi :ter and the P.M:’ values lIst ed :n T ab le  11 of the ths’ee ‘ ,r,.I :‘ s. stat”
( s ’ scoo- ,i -~rder t~arko-~-) filters iri’1icate that, then’; is little dl f:’e:- ’c o-c’s in i c r—
S rrriance between trseoe filters. Furthermo;-e , a c n r , ; r o i ’ s ’  OX COO n ’ ,-t ’.~~~;C1 5 :’ ,Tt ’JJ.C
Ii, ~rsi :c ri t o - -  ‘hat kl,er’ are n e g i s g ib l e  - i i  t ’l”srences 111 S T - CO .5! L O ’  C T - C O W ”  01 t o e
t h r e e  ‘t rn d I’- in s t a t e  ( secor. i I  or - ic;’ Markov ) l i t t e r : ; . On ‘ n” b ’i : l  ; u -

C C : .~ as I 5 -J IC , U’ - t t ’I , t t t t  ively  SOt IL ’ 1 1~ tC,a~ t I :~ t Ti e’’ ’.S t ,e- I - ‘S ‘oS - I i ’

~-beap ’s s. way t o g . ( i n  t ’o ’m s of’ r: -umput . t ’ ; ’  5-5) 0 -  ‘wa r’ ;’) ‘4’ . t l C  L o i  -~. 
- 

-‘ ‘0’ n -  - - - y e  I 1’ i ‘is

in  ~ en !’ ~r’Cnao:’- - ‘‘er t h e  other f i l t e r  I” ; gu s .

I i
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TPJ~LE 12

1 ,IA’l’ ioN 01-’ ‘I’IIREE ‘ YI’A’l ’j - ’ Fl L’l’EP ( y i ; f l~J ‘NNEN T ~‘12~ F l - I  r in ’r ~‘A.l. 1

a IoN: (€
~,) ‘N. : (

~~~
) hi -f , :

.Or  5 . 0  1 .5 2.2

4 .9 8 . 8 .9

5)5* 1) 5. .~ 8 . -~

4 .9 8 .3  5.

.10 ~- .o 8.t

‘lAFNE 13

_ 5 f::Ai.’l-s ,  01” FOUFI :l I ATE FILt’EH (y -:-s -u ‘C N I - :N T ) ~‘j F T ’ :, :- l } :- : A, ’ : -  £

t Hf-f 2 ~~~~ lo” i: ( es, ) ilJ , ( f ~~,C )

.15 .1)25 , .8 ‘125r ‘5.0

- * .025 ‘ 4 8  “- . c’

5)1(5 ‘4 . ) 0 . 0

.2 .01 ii .) 
~.b

.025 ~ .8 - .. . ~

.05 C, , ’,) 0.3 -‘

. 2  .10 5 .0  . ‘

.2 .12 5.1 Ii. - ’

.2 .l~4 5.1 C, . J

.~~ .I~ 5.1

.2 .18 5.2

.~~ .L0 5.1 8.

.1 .ld 5 . 1  ‘~~.U

5 C



TABLE 13 (f o n t )

FINS (c i) RM0~ 
pj

~io ( ;~;)

.3 .114 5.1 9,2 9.7

.i6 5 .2  ~~~~ 
2 .9

.18 5 .2  1.2 1 .0

.10 5.2 .2 10..”

.12 5.2 9 . 3

.4 .1~4 5.2 9. 2

.16 5 .2  ‘~.6 1 . 5

.18 5.3 9 .6

.5 .10 5 .3 s .6 11.3

.5 .12 5.3 9.7

.114 5 .3 ‘o .8

.i6 5.3 9.2 11. 14

. 0 .10 5. ’. 10.1

5 .12 5. 5 l° .l 12 .~~~

.t - .114 5. 14 lu.2

. 4 .10 5 . 14 l u . 3

.18 5 .14 i O . 3  12. ’ -

‘i’M~LE Iln

OPTIMIZ AT ION OF THREE 2TATE FILTER (y  co~~’oNENT ) FOR FLIGHT PASS ~

a J~12 (~~~~~
) HMS (

~~~ .)  ~~~ ( i~j )

.005 7.14 12. 0 12.0

.01 6.6 11.2 11.14

.014 5.9 ‘).9 10.7
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‘I’Ab ,LE 
~ ( ,, r. t.. )

a F!-!, ’ (
~~~

) 
~~~~~ ( -.‘-~ :: ( 0 ; , )

- * 5. ) .5  1 -5~

.1 5.8 1~) .1

TAFILE 15

1101’ 1 !-!1:A’1 1N’ 01-’ 1” otJ}’ ,~’I’A’I’E }‘:I~I”-:F -~~~ 
- ;‘)sf~ UN::N’: ) :-~‘sp F’L UII T PA , ’ , ’

-4’ , 1~NU 
~~~~2_ 

Nil, ’ i N .

.005 .2 5.8 10.5 IL. ’)

- - 
. I t  5.8 10.3

.0 .0 5  . 1 0  5 .8 10.

.001 .10 5.8 10.3 LU .

.005 . ~f 5 .9  10. I t ,

- .10 ~.8 10. 1 ’ .

.10 ) .8 10. i-

.16 
~~~.5 ‘U . S so .  I

• U . 10 ~- .8 10. -. -

.1 .1’ ~-s3 iii . ’-

. 18  5 . ’) 1 s . ~

. 5  
~~

- .j 5 1 . ’’

. 0)5 . .0  5 .8  10 .s

• (J r  
~
‘ * . 05 5 . 0 - ‘  - I I .?

- .005 7.1’ il’ .’
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TABLE 16

OPTIMIZATIoN OF THRE E s’rATE FILTER (y coi~~or~~N T ) FOB FLIGHT PAI”,l 12

RMG ky) FIMS (ci ) FINS

.1 5.2 8.1 ‘- .1

.08 5 .2  7 .7  5 .7
5 . 0

. - - - I ” 5.0  0 .9

.01 ‘4 . 0 5.3 3.2

.005 . 5  14 .7 2 .8

.9015’ -. .I 1. 0 2.2

.0005 4 .0 3.6 2 .0

TABLE 17

OPTIMIZATION OF FOWl s’rATE FILTER (y COr~~0NENT ) FOR FLIGHT PA2S 12

B FINS- ~~~~~~ NM: ( ‘ ~~) Ni-f: (~~~~~)

C ’ .105 5 .0  2 .9 5 .8

.5 5.6 10.1 ) .0

.7 .05 5 .3  8.~
,

.7 .01 4 .8 ‘-~ 2 14.0

.7 .005 5. 8 3 . 3

.7 .001 a ,i 1,.l p .8

• 5’ .0005 5 .0 3.~i 2 .2

1.5 .0005 “ .1 14 . 0 
~.3

1.0 .0005 4 .0 ~ . 4 2.5

.2 . 0005 1 4 . 2  5 .j  2 . 14

.05 .0005 14 .1 14 .0 2 .14
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S-Ef ’l ’ I u ,~ 1-4

1!! 1 :11 ) ’, ’ : )  :-N 01-’ ThREE STATE F1LTI’~ FOR AL! , FL, i2 l ~ :‘ :-t - ., ’ : ’ i - :. -

b - S  no’ Ir’c i -il r:~’ II - ~n a f i na l  f I 1t”r ues l~~n , i t  1:; i r a ) . C’ . ‘- i’i” to ‘O-. ’r~~,at ”s
01.;’ p ’’nl ’ - rrriaI:- ;t’ -.5 the three and t’- ; ur’ state filters S ~r al.. 12 t ’1i,~a t r .a :s’es

0 oar, ‘s .reie- ’te ’I !•‘~w. To 0hi~, end , it is necesaa;’:~’ 0 -  seleot a : : i r ~~’, e
0 1 , C ’  o f’ “a ” :

‘ - r 0N ’~ three state f i l t e r  0 4 C 4 - 1  a , ;in ~’ie ict of jai:ics S ,r 
- 

an !
C’ f or  ‘ P s ’ a ’ ’ filter ‘ a be . 1  1 ’ r all 12 1’, i - ~i ’ . J C i : s ; 5 .  F’ort :,’ ’ o o ;’’- ,
r’ ~~- :,e r ‘ Sa r i ‘ - .‘C;4 - -5) ’’ the ‘ia u’ - of  O t C ’ S t i C ’o I’oV ’rCi€’t t S o ’ i - 0 1 ’ i <  Cj ’, 4( f4~~”,’ I ’ ‘5 4—

- r . ,  it 1. - 1’’ , i r’oi! r lo ’ ‘.- -  r’’ f - L ’ J . :e R W I t h  a -o~r~a ’,ar ’ r.o ’ C . ,  -5) ’ O 1 C ’ - r  .O~ ’. ’’

‘orip :’~~’ co - a - i l SCC ’)p Il Sy, 0-:t also b’;- ’~ -~,:’’ it -  wi Ll b i , ’ ’ ’ - O ’  i i i ’ ’ - ;’ 5.-n 1” . 1’- —
P, ’’:  a ’ 1- 1. - S a : 1  ‘oCt ly :;ta0 ’~ u ; 10; ; r I ’ ’ . C W : I

I r ,  ‘ h i  , j : ; ’ - t I OIC , lie - i~’w:~’t , cx’ 
‘‘a” -, 5 0 h~’ t h ree  s ‘.;i~ ‘1 1110 cr  I -a.- -, , ‘r

- - ; ‘s r’ ’i 1 4, ii C ~‘lCt pass e:: f or  each : -, - ,. S I i i ,  ‘ C ’,~~T- . A su ;C , s t ¶0 ’ 1; 1 5 04 ’! 1 , C~~~~

op oi1” i~;”s I’i Y  - n ;-e’ - ! ’-5) ’maflce . C -m~.q C ’ i S On  of t he  ‘.hre’’ ’u ,C ‘ - 11 - 5 ’- 5) a Vi ten::
Is  i s - , !e S i r ’  - 

~n:;tant 1 1r~ t h e  next  s ec t i on .

T a t i e s  18, 19 , a r C - I  SC e x h i b it . the J’’ r r’l ’- - r - s a r C o e  ‘5) t he  ‘ h r . e C ’  ‘‘,~~~~
‘. y

C 4 0 4 ’.’o f i l t e r  S-a;’ all f l i g h t  passes by U : 5 i Y , ~ the full s’ - i’,e - r ’~; “ s -  ont :~~, ‘i,; WC l~
as values of ’ 31 and 100 for j~ . (Rec al l C hat f o r  a S 1C , ~~i ’-  a C s , S is ’s 1 x I
rsatr-ix , i.e. , a scalar ).  The nwnber 31 was  - sb t a i o e - i  by a’,’e’ot ‘i r.,~ ; -a r t:Ce s-sns- .r
‘,“t C ’ .’ LItO t ( S  FI , e , ~ . ( l I ce  Appendix L - ) .  The c h o i c e  fo r  “a ” i s  .05 . 5 - 

i i ”  t hat ,
i.”srall , the filter sensit ivity to I is is i ll . 1-’ C. c’ th erC, , :” -’ , 1’ = 10;) sy ’ : ’s i r ,

L et t e r  f i l t e r  performance th ’irC 1 = 31. , ‘ab i e  21 sh iw,. 01:’ “I ’’ U, ’ :‘ l ’c5’ ~ ao -e  S C  S
“ a ” = .1 with  B = 100. This r’e:-: ’s ,t s  i n  a sl.~1N’- - v ’ - n ~i,J - i ’ & ’ : - ?L 1?101011 1:. ; ‘

~~~
‘ —

C ’ S~~CL flO ’5 . C : - , wev ’~r , experimentat ion wctf , v’s”io;s vol,,’:”s “C ‘ a So ’ ’  ~~ “ C’ 1’<1 3

in licat ’-  I O C C ’ I t  “a ” .1 re, :a lts I I C  3 C l 1 V ~~’ ’ C t C C t  : r11pr ’J’~”’: :”r . ’ 0 ‘ 111 /. is

C i  l~~er - - ; ‘.‘ r ’ the value of ‘‘u” = .05. Tr :i s  imj-x - -: - ’,’ ‘ f l i ’C ’ 5  i i , i ’ ii’ ‘, i : - ,r, e,’r, : - - 0 ’ s ‘s
S r  t. l ie  s l i gh t  degr~~1at i - .-n S C )  per l ’5 r ’ : . — e - ’ ’ -  of the  y Sl Y ’s’ 5 : ’ “ Sc ’’ ., - ‘I- ’”
‘ ‘i ’’ = .05 . .‘li~~~~~ , t i.e -;ai, - i ;  a I’ “a ” is - 

~-r: as .1 So;’ Lot N I ~- ‘,, eS y c
d i r . a t ; -  f i L ter s .  i’h’o pL’ r ’I- )C~nar4L’e ,f t O ’’ x c - - - s - .t i C C O C , ’? ~

‘. . t ’- ’  ,

Tai l’’ 22 .

A.l0 a . ‘I i w f l  O C i l l ’ ’’ iS t.a a—j r I 2 ’ .C ~~4 ’ a-  5: .‘ - - r ’ r ’ ’ 5-1 . i~~a., ,‘ e~ ,‘ -  -.1 ’ ‘‘a’’ :
‘

0 1.e t’ii ’ci’ to be the :;uoe as for the x ar, y Vi Y”rs - Cc r ’- . :- , L i

iab.es ‘ , .‘~~ and 25 j i_ - l Ij a t e  C J C I C t  the ‘. 5 ) - ) ’ ’  of .1 ~w ‘ ‘ ‘ 1 - r~~_ a s a ’ ’ “oS
C C t ise z f i l t e r .

‘l ao- L-— r f -nna rce of the t , l C r , ’~ s tat o- f i l t e r ’  i s  i l l u s t r ’  ‘5’’: “ ,:‘l - . 1, V I n
i’Ig(CI’eS SIt 01,r’-.- 0-IC Sc in which  the x c’ -m~ - n e C ,  c5) ‘ ItS , ’’ ’ ’ , ‘C’ J ‘. C  - 

, ‘I’ ’

-in C a- ’ - :’l l ’r ’Ctt £ 0 1 4  is p1otL~- -i against 0 1 0 ’ ’ , t , ~,”the r ~‘ !t  }~ i5) 4~ - ‘ ‘ ‘ “ I ’’ S ‘ 1~ ~
of t i4 ’’se ‘4u1 -w’, jt,j ‘:s. This  is  - 1 5 ) 5 ’ ’  t ax’ VI C , /, k C t  ~uiS 1

‘lie’ valu’- co t ’ “a ” whirh parameter i ,C ’ ’ s  ‘he ‘ l r ’ ; - ’ ’ ’st - . ‘ ‘ - ‘5) ‘-r Is -

, ‘ 5 ! C’ ’’ :~ ~~04 I I C C ’ ) . f r ’t C Oc are  t,he co r r esp ond ing  err-or  -ur’ ’,~ ’ : - 5)’ -art ‘ - C ’ 041 ’

;5-er’- t is F i g - u ’ e  5’’ in  w h i c h  oh ’ ’  t rue O I l  f ’i I t  e r - -I  IC c ’  I ’ ’  - , ‘ I l - I C  0’ 1:- ’ . 5 11’ ’
e or ~t r a r : 0e~j  . ‘ INca - . ;  t y j- iV y ‘-he 1 Ct~ l t . - - C C  ‘tt ~- ’~ ~ ti , iCe - C i l ’ ~~

;, -~ ;~~~‘~~~~~‘

‘t C , i ’.-r C estimates. 18 ’ -i”gre’~ to w li i - ’}, t i’s I 1L ’ -r’e - ! ac ’-’1 ’ -r ’~’ ; - a ]ot1:a l- ’ lad
‘. ‘ IC’  t, C’ e- acceleration is gen~ ra1ly C CI  t ’ L u e a r ’ ’ ’  I by t C C I -  jt ,t C C , :  t . y  5)’ ‘ N ’- W C .  C
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‘1’ABLE 18

PERFORMANCE OF 3 S-TATE , y COORDINATE FILTER FOR “a” = .05, 1 = S-TATE LEI’ENLEN’1

i- ’i i g t; 0  l’ass lli1I C i~ FINS R~S

1 14 .s 8.2 9.2

2 5 .0  8.6 7.14

3 14 . 9 8.8 9.1

14 14 .1 8.2 9.7

5 5.2 9.14 9 .8

6 14 .9 9.14 9.8

7 14. 8 8.9 9 .7

8 14 .5 9 .1 13.2

9 5.7 10.0 11. 15

10 5.5 ).f 10.3

11 5 . 7  10.0 10.1

12 5.7 9 .0  6. ’,

Average 5.0  ~ .I 9 .8

TABLE 1 )

i’ERFQRMANCE OF STATE , y c00RIJINA’rE FILTER FOR “a ” = .05, 1 = 31

Flight Pass RMS i~, NM, ;

1 14 .2 8. 14 9 . 14

2 5.1 9.3 8.3

3 5.0 9.2 iD. 2

14.2 8.14 9.9

5 5.14 9.9 10.5

6 14.9 9.5 10.2

515



‘I’ABLE 19 (~ - ~r S- )

El i g l i t  I -ass 1-~M!’ i~ , R,MS ~, ,

7 14 .8 ~.O 9 .9

3 ~ 5 9.1.

5.5  11.2’ 12.2

10 5. ’-’ lO. ’~ 11.2

5.( 10.8 11. 0

Ii 5. ’4 1U .2

Average 5.1 l . a I S .-

TABLE 20

I FI~ }-”iF’J’!ANSE 01” 3 S-TATE , y Sb JRDINA’i’E FILTEIL FOR “a” = .15, =

El  i g li ’. l a s s  FI MI ’ FIMS

I ‘1.)

2 1 , 7.14 .

14 .9 8.’ - ‘.3

14 “ .1 1.2 - .

C ,~9 .,

14 . 5  15.1

7 -, . , 8 ., - -

8 b a  1 ’ . , IC

9 ‘- 5)’- 19. 1 . -j

10 5. 1, 0~ 4 ‘

11 5 .7 o .R 5)’!.

15 N .’ - 8.0 5.5

A - ie r ;t ge 1 4 . 9  15 . 1



TABLE - ‘1

1-FIiFO RMANc!-; OF 3 SlATE , y COORD INA’ I ’E El ,‘Ji’R FOR “ a ” = .1 , 1 = 199

El ight . las:; 1{MS FIMS

1 14 .0 7.7 15 .0

i~,9 8.2 15.7

3 4 .9 8. u Cd b

14 14 .1 7 .9  9.2

5 5.2 9.1 9 .3

6 14 .7 8.5 8.9

7 14 .7 8 . 3  9 . ;

8 14 .14 9 .2

9 5.7 10.5 11.3

10 5 ,5 9.5 lO~ 3

11 5.7 10.0 10.3

12 5 . 7  8 .9  6 . ( ~

Average 5.0  8.9 9. 14

TABLE 22

1’F;RFORJ~ANCF I OF 3 S-TATE , x COORDINATE FiLTER FOR ‘ se ” = .1 , R = t O o

FLght  l’ass RMS ~ }~~~~,
‘ . 

~~1: ’ ~ - ‘

— -x _ _ _ _

1 2.8 ( .3 8 . o

2 3.2 a .8 0.5

3 3.2 ‘.5 15.2

3.0 6,5 0 , 5 ’

5 2.14 15 .2 9 .5

I) 3 . 3  s.8 15 .7



.‘A l:l,E ,‘2 ( - :  :,‘,

Fl ~;: ‘ I NM , ’ ‘. 
~

- NM, ’- £ - b ;I’~-
_ _ _ _ _ _ _ _  

V 7

‘1 3.0 ‘.5 1-) .)

-9 
~ , 3 s .2 L ’~ . J

9 9.3 8. -i —

10 
~.9 95)3 2 5 . 1

11 14 .0 1- 1.6

12 3.7 6.s 55) ,

Average 3 . 7  8.1 . 1

TABLE 93

-I’:NF’91514ANSE OF 3 S-TATE z COORDI NA TJ-I FILTER 1” -15 “ a ” = . ~- L  , = 15’)

1’ C ~‘ ) C ’. Pass RN5 i, RMS -C 7 
___  Z

I 14 . 11 5).- 1- , ’

2 5.~i 125)3

3 5.1 6. ’ - 8.

14 1 , 5)  1’’ -

5 L~.0 7 . 5  . -

15 5 . 1. 5) . - -

1 5 . 5

8 5. ’ L I . ’. I.,

1’ 5 . 0 ’  1-1.:. L> . I

10 5.5 17.~ ~~~~

11 5 . 1 4  is’ .s
12 ~.1 uS -

Average 5.1 10.3 11.1
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I ‘ERFQRM,Aj 4~ F~ OF ‘ T A l E , z COORJ)TNA’1’}: I” I J,TER FOR “a” = .05 , 1 = 100

Fli gr4 ’. l’asa RME FINS RMS- £~~

1 4.5 7.7 ‘p .8

2 o 5  9.5 11.7

3 ~ .1 7 . 0 7 . ’-’

‘4 14 .2 4 , .9 7 . 1.

5 14 .1 (.o 8.n

‘~~3 12.0

7 14 .14 8. 0 10.3

8 ~.8 9.5 ~o.i

S -i .J, .8 1 3 .4

10 14 .0 °.2 12.3

Il 14 .1 (
~~l~ 12.0

12 ~~~ 7 . 0 1 .1

Average 14 .~~ 8 . 5  10.0

TABLE 25

I’ERF 0RNAN c~; OF S-TATE , z COORDINA’j’E FILTER FOR “a ” = .1 , R = 100

F l igh t  [‘ass RMS RMS £~~ RN: ’

1 8.0 7 .9

14.2 8 . 8  10.9

1 4 . 7  8 . 2  7 . 0

14 14 • 14 7 .2  7 .7

14 .2 7.3 8.2

1. , l~.2 8.7

6o



‘I’AB LE 55 ( S- ,; t)

E~ i 4.9 5 l it;,:: FINS 1:M5 s~-~
_________ 

7 
— _______

1 - 4 .2  8 .7  10.1

8 14 .7 o . 14 10 ,15

3 . 7  - 0 .0 1 2 . 0 ’

10 3.7 8.s

II Oi .O 8.8

‘4 .1 7 . 5  “ -5 )

5 . 1’ 13.8 4 1’

CI ’ : Sri -/  ing  the a -i ce l cru t  I JO process ‘ci W ’- Li  a:: LCCO’ C: i;n l.- ’ - - u- -:’ ~~- C -~ V S

r,e”:Ie I t o  9bt a in  the ~~ ce 1erat iorC es t imate  Crom t he’ raw SCIC: ’ , : ’ 904t ’J ‘IC,

r , i  - :~t , :e , o w - , )

- r , ,- ,jrr ,mary , we achieved a r a t h e r  ~3 1 1 1 11’ Ci];’, er -1e~,1~~:. is ~“.:‘s~ “5) ~-‘

I :~‘ntssal and independent filters operat e tSr’ ‘ju .’i ,  ion s  1, j: C,a ’ C ~~ : ‘. 0 a - i s ’ or. ’
H - t’ 1~) i  a:, t he  parameter “a” hav i :Cg a value 01’ .1.

(1



-, 

-, 

- 
-/ 

TT’ 

‘

T~~~~~

- - -
’ - - -
\

~‘ 0(X) 3600 7200 P08(X) 4400 18000 21600 25200 28800 32400 360 00

-

~ 0.-

- ‘
C

~C i ’  -

\
\

.

- I I T I I I I I ~~~~~~~~‘ 000 3600 72 00 10800 44.00 P8000 20600 25200 28800 324 00 36O~ i

c’J

2-
-N.

o c’4~ -

W O  I ’ --

i~~~~~ 

(-
4~ -~~~~ ; -

‘ ‘, 

~~~~ 

I
-

/ ~ - ‘
0 ’

- , ,

0 -w ‘ - ‘ 
, 

- ‘~~1

o ‘ I  ,
o — -

- 

, 
‘ -

0 C ’
4, ,

i S , ‘T ~I‘000 3~00 7200 k~8D0 14400 IkOO ZEOO ~~200 2880032400 36000
TM(,1 • SEC)

F i gire 5. Filtered and tx- -I’) pssitioix , velicity, arid a s ce ie r a t l i x C
j~r~ l’i.Le~: alo ng x fax’ f l i ght p ass 1

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - - — - .- - - -~~~~ - - - - -- - - - - ___________



—
‘
~ . 4 . ,- 

‘I x .  ~.
“ 

/ 1

‘:

~~~~~ 

I 

C

‘ 000 ~.€ U0 - ‘C ’ C ~~j  0800 0 4 4 , 9 ( , ‘8 .0 216 00 25200 28800 32400 36000

‘ 

I

41~~~

,
~~ ~ , ‘- ‘ -‘ ¼

~ 1k
’
~ - 

‘ I -
~~ 1

‘— ‘: I l r , 
e,,, -I / - - 

- -
~
‘ I r~

’ ~ . ‘
~~ t i ,

0 0  ). -‘4a I

C J - - - i ‘ :~~~~~
- ‘  r— r -- i l k ,  1k ‘ ~J0 I n C  1 -~~~~ ‘ 216 .- k- - ‘ ‘1)0 28800 2 4 : ’ iC  3(,4 5~( )

~1
I IC’ ~‘

C ,,, . -
-z -

I - ‘s” - 
‘
I “ 

•
~~ 

- 
-

1 
r

- - VI’),4 J 4’) 1
9D ,,,
— -

• 
~~~~~,n’

’ ’ ’ 
T~ , ,,  ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

: ,Lo)



S~~TION 15

COt.~ ARIS0N OF THE THREE AND FOU R STATE FILTERS

In this  section , a finaJ. c xiper ison of the  three and four stat e f ilter s
is made . With the view that a decision based on 12 f l ight  passes is bet ter
than one based on three , the deter mination of the more desireable fil ter
design is mad e using all 12 available flight passes. Again , as in the case
of the three stat e filter , a choice is made for parameters  

~~ 
and B as well

as for  H.  Wi th  w~ — .1 and B .03 , Tables 26, 27, and 28 indicate that the
appropriat e choice for H is again 100. Comparing Tables 21 of Section 114 wi th
Table 28, we see that the perform ance of’ the  two f i l te rs  is ‘virtual ly identical .
Thu s , the choice of one fIlter over anpther reduces to a choice between a
simple filter design and a slightly more complex one . On the basis of’ these
arguments , as well as the results of the foregoing sections , we conclude that
the three state filter offers the best features for implementation In a fire
control  system .

TABLE 26

PERFORMANCE OF 14 STATE , y COORDINATE FILTER FOR
.1, B .03, 1 STATE DEPEND ENT

Flight Pass RMS RMS RMS

1 14.1 8.0 9.1

2 14.9  8.2 7.1

3 5.0 6.8 10.1

14 14. 1  8.1 9.6

5 5 .2  9.2 9.8

6 14.8  9.0 9.7

7 14.8 8.7 9.9

8 13.5 9.14 13.9

9 5.7 10.6 11.7

10 5.5 9.5 10.7

11 5 .6  10.0 11.0

12 5.7 8.6 6.5

Ave rage 5.0 9.0 9.9
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- : / \ h : , C ,

i ‘1-~!~~”~rc4Ah (; l NI” - ‘  ‘‘~‘A’1’~I , ,~ C~
)’j hLt j ‘IA’:’l - : ~‘; , - :~ - F’ P

0,0 .1, 1~ . -)~~, I

Fiigo ’C. Pass RM.~

I N , i 3. 1

2 5.., i.~

3 5.1 - .5 ) lO.~

14 .~~~ ~~~~~~

5 5.3 “ . 4 .  ‘

:,~~3 ~. L

.S ~,i. 8 114.0

8 . ‘ .

5) 5. -) 11.1

1~ . 14

11 5. ’ 10.1 11. ’~’

5.8 °.i L.

Averag e 5. ._i 4 .~, iJi.

TABLEI ~‘-d

PE~ FORMAUCE 14!~ 14 STATE , y :-~-~~ u i  N 1 , T r .  F ’ I  1.ThB F -  J~
= .1 , ~ .03 , 1=  100

F l i g h t  i r .  PIMS RM~’ ff-~~~~~

1 3.~ ‘1.5

2 14 .7 7.;’ 5.e
5.0  9. 1

4 4 . ’c’ 7 ( 4

f i 5



‘I’ABLE 28 ( Cont )

Fl ight  I ’ LLss I~, M ’  PIMS r . .

5 5 .2  8.8

I 4 . 14 8.1 8.8

7 - . 1 ~ 8.~ 10.2

8 14.9 11.0

9 5.9 b . C  11.5

10 5 .5 9.7

11 5.7 10.1 10.9

12 5.5 7 .7  5.~

Averag .I 5.0 8.9 9 .7
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Fi~’1’ I 145

5Th/WY SF At F, FTLTEF~

The ~~
‘. ca tt y ,- .tat .~- f il t e r  - , f f ’ ’ C ’ , ~ l . ’ I  . C C ; )  e. 1 f i  I ‘ ‘11’ -ic~ ,-‘ C ,  - -r ~ - - , I ’ I C ’ ’: C

~~C t C ’ . ‘Fh~ t ’i l ’, er I C ;  Imp1em~ nted by x ’o ’J ’ ’~-: i ri , ’ t N n ,. 
~t”.’’i,ts ‘,f tN’ ~~‘i . f l  mi _ i ’ r x

lx i t .  CC CC eady st ate -; Ct ~ C~~t - ~, . F’ - r t he t - r ’’ ‘e nt ‘it ’’ f’ i 1~- ‘ r , ! C ~~ 1~~Cj  x .  1 :‘-

C ~ree ‘ - C l ; ) -  : C ’ ’ 0 ; ~ ‘:otlu_z~fl i~ ’c ’ - r .  ItC St t ’ii~~’ , I t C t ’ ’_’ ‘/ ‘ I L 1 1 ’ 1  1C ’  i±~ ~~i ’ C C C C C . 0 ’ J  t~ ’f !“ J Z —

n C - I ”  t ho ’ f i lt ’,Cx ’ - ‘.-‘~~~~!‘ ~U1 ~l C . t i x ’ t C  - light )~~ L ’ N . F’ ,r ’ tiCC t I , i’’I ’ ’  I ’i i t’  1:1’ ’r —‘

‘‘a ’’ . 1  a;.LI B = IOU , 1 4 1 4 C C  ‘ ‘Ca dI, ’ r t a t f ’  # y t i r ~; are il , = .7 , ?14~ = .~~~~
‘

— , h,~ =

C ;t b L e ~ .111, ~0 , 31 I1.L A .,trat~ the  p e C ’ 1 C ’ l’_ i i - ,’I’. - - ~~~~. C ; ’- ’ s’ ’ -~~I~ : 1 4 - i ’ ’ ‘. , L t o r .
‘ t C - l e  3? i s  a composit c.f i’ab lei 2~) t h r a u g h  U Wn e ; ’c ‘ CC ~~ i~’t ‘‘rr ~~r.C I i .  CCC- ’ X

y * an 1 ire c- ~mLin ed C l )  ~‘j ve  t he t- - t a i  ~-ou t i on  , v e l (  L U ! , and i ’  1( 1 - ‘‘i’ - L ’ :‘~ r C
PS: - 

.‘ r r ’ ~r ’ -; r, ‘,h’’ : t ~it ~) -_3t m a t  e~ . Table ‘
~ 3 1 ‘, he at; a - - ,  - U Ta U Ic 3 -  U

‘. 11 ’ ’  C C - C — . ’ ‘)i iy : it - i t ’ - -  f i l t t, ’ o ’ . C i C I C )  ‘zri son of ‘ l a N C e  3 , ) w i t .) , t - w : . -  ~ 
-
~~

2 9  t C ’ 1 1 ~.’ C  3 ,t, ~~i C5 )x Tab le ;: 21 , 2. , axil 2 5) ,  irl’L:ite NC ’ , 9 h t - ,~ ‘ t - : , . t ’ .’ ’2
l t er p ’ ’r l ’I — C’Cix s almost as well as he nu i — i ’ t e a ly  :Itat e  l e i l , C C . H x ’ ”  - 

,

d i U : ’e x - t .’r ~~~ in  per formance  of’ the two fib’ er’u may L-~ at’~x -;  0u1,~~~I to  C :,~~‘ t~ ‘_ ix l ; I lent
~se ol t h~ time varying gair4u in thc  r ;on— ste a -Iy ;tltt,- t’i LU ’~”

TABLE 29

F’ERE’ORMANCE OF 3 STATE , x COORD: SA ’I’F “HAl - ’ , ‘TA’FI ’T LI’SL

Flight Pass . v- i - ’ -

_ _ _ _ _  x _ _ _  _ _ _

1 2 .8 7 . n 4 .7

C’ “ .‘.‘ 7 . 3  10.14)

3 ~~~~~ 
) . P

14 3 . 0  1 4 .~~

5 2 . 14 6. ” .5

9’ , 3 .5  1 ) . ’; 11., . 1

7 3.2 8..~ ~~~. 
. 5 ,

8 3.5 ~~.,
5) 3 .3

10 1 4 . 0  10. 14 l5 .~

11 ~4 . O  11.2’ 17.0

67



‘~tA,BLE 25) ( Sur i i,

Fli~ C t  Pass RM, ’ - 
,, 

hM,’ €‘~~ RMS C~~

12 3.7 7 .2  7 .0

Average 3 .3  8.7 12.7

“f ~j~J C. 3u

pE13 F’oRMANCE~ 141’ 3 STATE y H- h1 : A ~ I- ;‘I’LAJ ‘C ’ , ‘TATF F ’ILTEh

Fl ight  Pass R1’tS hM : ’~~~ ç, I~-14’.

1 14.0 8.5 10.2

2 14 .9 9 .3  9 . 14

3 14 . 9  9 .7 Ll. ’4

14 14 .1 8.) 11.3

5 5 .2  114 .2 11.9

6 U .(- 11.5 11.(

7 )4 , ( 9 .0  11.0

8 14 14 11 4. 0  15.0

5.7 11. 14 12 . 2

10 5 . 7  10.1 11.9

11 5.7 10.6 11.9

12’ 5.7 9 .7 8.5)

Average 14 .9 14.9 11.5

Figu re ‘T is  a plot -~f ~~~ K~ , 
anti K 4 4  for the three state , y c o~~-~ r e t , ’

t ’ i l t ’ ’x ’  wi ’h ‘‘a” = .05 . (Th i s  is the  p t i m tI  value of “a’’ t’-~ ~‘ Ul igh ’ ~as:; 1~ ‘Ur
wh i ‘N t , f C C C M  p - t s  were  made ) . The c-~r;-~ 1 WI C on tha ’ can be - Ir ’awn from t lane car.’’’;:
is S C C I  ficarit . N~~ne1y , ~~) C I t ~ . a l t  ~‘r  Cib ~ it ,  3 : : e ( ’Or ldC ;  , - j 4 C ’ j C~ ’ wh i c h  t h e  ~~C t i t l S

:;ettl , e l,u their :;t’iady state  values , the ’ pe r fo rmance  of the I we f i 1 t -~’t’a 1;; in
C C C  Ci er l c ’C  I - t i c - a l
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1 4 A I U L 31

I’F:HF ’ -) FMANCh UF ’ ‘3 t;TATE z (2’)oHi l SATE STEADY - ‘‘rATE F I 011-I)-

Fli ght  Pass RMS t - ~ kM1 ~~ PM;’ ~~

1 4 .0  8.0 8 . 5 , -

2 14 .2 8. 14 10 .9

3 14 .7 8.1 8. ’ -

U . . N 7.~

5 14.2 ‘-‘.1 -9. ,

6 4 .2 14.7 14 ‘ .14

7 14.2 8.6 -
- ) .  7

8 - + . (  9. 1 1 . ’

9 3 .7 8.9 12.7

10 3. 7 8. 14 11.6

11 14 .0 14 . -i 1. . 14

12 ‘ .0 . 1~

Average :4 .2 8. -i i ’ L l

‘I’A hi.F. -12

TOTAL RMS ERROR S FOP i :ITA l’EI , STEADY , ‘TA ’I’F. FI i , ’J’5)U ’-

Flight Pass RMS 
~~~~~~~~~~ 

; - M , ’ ‘ -ve l  ~~~
‘
~~‘

I ~~~.
“ 13 . 14 J~

2 ‘(.2 114.o

7 .5 ~~‘ .0 20.9

14 14.7 13. 14 Ii.)

5 “ .1. 1~-4 .1 1’,’ . 14



TABLE ~2’ ( C a n t )

Fl ight Pass PIMS L 1a S  1~’t~’ C V~~~, RMS £~~c~~

7.1 17.9 23.2

7 
- 

7 .0 114.9 19.2

8 7 .2  16.8

7 .6  17.2 23.5

10 -~.7 iO .8 22. 1

11 8.0 17.7 23 . 6

12 ‘ .2 , :~.i 13.0

Averag e ‘( . 3 l5.~ - 19.5)

‘1AJ~:,F, 33

T YFkL E!’~, F,lthoh. T 1 4 f~, ~ , - ‘FATI ’. FILTEI14J WITH 14 = 100

Fli ght ) - r n C l  RMS ~J : ~ ft”i 
~~~~ 

I”S , ’ 9 -~~C C

1 9 .7 12.8

2 ~ .2 13 .2 15.9

3 7.5 15 . .~ 1 9 . ”

1, ‘- . 7  114 .14 15.0

5 7.1 13.2 15.6

14 7 .1  15.7 21 .3

‘7 ‘.0 1’. .2 17.5

8 ‘7 .”  16.1 22 .2

9 7 .6  16. 14 21 .9

‘7 ,7 L~ - .l 21.6

11 8.0 11.0 22 . 14

‘(0



TA~ LE 33 (Cont )

Flight Pass PM,’ L pos RMS 
~vel )C~~~

12 8.0 13.2 10,8

Average ‘( .3  I14 .~ 13.

Figures 6 through 13 are typ ical t l r r , ’t ’ aCI rve ;; f’~~’ 14- - ‘ t ,  f’ilt ert. - Asexpected there is l i tt le  difference between the 14w , sets of’ ‘u r v e r .  W i t h  heexcep t ion  of occasional peaked values a f t e r  se t t l in g  has o rcur e14 , ~he r’ J r’esizeable errors occur early in tIme .
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TN-;;; t’u,~- , filter performanc ’ was jo - ig ’ ’ -~ t’e ,iat ive to a sensor which is
ch aracter ize 14  by a standard d e v i a t i o n  in r’t;;g,e of 19TCC and a t~ standard de’iia—
tion in both azimuth and elevation measllrener ;’.r- . In this section , the ir~’rease

~~ e s t i m a t i u r C  ;h ’curacy achieved when a h i g h e r  qua l i ty  sensor is em~~1oyed is
i n V e s t i g - i t e~l . Here , the ;;ensor is  asrurne-I  ~., hav e ;t ‘t’Lndar I -leviat ,i  or , i i.

range of r,m and a l/ 2~ st andard deviat ion in b - t }~ azirnut-h and elevation.
‘i’h:;;;, the inc rease in sensor accuracy i s  t.wo f.’- - 11.

The aensor model must now be modfl’ied 14 a~~c uauw ~ late tb’C change in
‘tc ’Curacy . This is accomplished by changing the ‘, a14- ~e of I f r ’ ,r’, 100 to 25.

Table 314 lists the t~ t al RMS po~ it ion , ve loc i ty ,  “:~ -~ a : - ~ e 1 4 e r at i ’~r~ est in ’~ —
t U n  error;; over all three coordinate axes , for all 12 11 1gb’. passe;. IN’-’
results indicate that an improvement in t ’r~: raw SCnSer -iata  loes not re3ult
in a corresponding improvement in filtered state est I s i te s .  ‘,- [l ;et’aa:. t h e  raw
sensor measurement s are increased in accuracy by a factor of’ two , ‘ be  averag e
improvement in the po;;Ition estimate is 1.9 to 1 , wiN Ic ‘he velocity an i
acceleration estimates improve by factors of 3 to 2 a ; l  6 to 5 r e s p e c t i v e l y .

In conclusion , doubl ing  the sensor accuracy does rt-,t -1-a -able the stat ”
es t imat ion  accuracy,  and the  relative improvement in :; ‘,at,e e;I,j r;)ttI:~r~ de—
c reases as one goes from velocity to acc’e1’-r :,iti~~n es’ imlites.

TABLE 3~

TOTAL RM~ ERRORS I”013 3 lI’I’ATL FILTER 41T11 C :-ii ’PNvi ’:L

Fli ght Pa. a Iil’L c 1~~,5 HA’t~ Vt’  I - “  ‘ C I C - ’

1 3.6 8.7 12.’

2 3.9 9.1 13.3

3 1 4 . 0  10.0 13 .1

14 3 . 0  9 . ’ - 13. 14

5 :3 . -) 8.9 13 ,’!

3.9 IO.14 13.1

I ~~
.(  1 , 3  114 .7

8 ~.9 L O . R 19.1

1-~



I 
~~~~~~ ‘.5, 1 H.’tl ‘ - ‘i ’: ’ I

- - .1 10.8 18.5

[0 14 .~~ IO.~ 1I~ .1

L I  ‘ . 1  1 1.1 18.7

12 ~- . 8y 15.2

3. -’ 9 .)  15.2



RATE A I I F I I F ’ L l , ’i’EH

A:: j  rule , 14 lie a— I )  r ’i..’y of’ state ‘o: -
‘ i ma ’. I on inc r’’ ’ C L o ’ : ,  - 5’ - ‘ C C  an in i c r -  - a , - ’’

i n  th e  CCUrnD4: t’  of i C d e p 4 O ~ ieri ’. S e I 4 C C : ,r  rn ’ -ii ;  I C ’ S; ’’  nt s . I’renerit 1 ‘‘y fi  rt- contr o l
c - flc~ ’ 1 C  as W I ’  Li as operat i ’ -: C ’i ~ :y : : ’. ’; C n : . : C - : h as GL~~1~I mak e ‘iat’ of rate -j a t  a
I’ r S t  i’. e at inrat i )n . iow~~’ie r , 14 r i ’ ’  , 2 ’ ’ h  a - - C ’ measurement s a,”’.’ r , - ‘ necessarily
a l l  I r C - l e p e n - .ient . ;CLIIgT; ~~ it , ‘; , t’ -r cx ‘us~ I ’’ , i s  anoa l  ly 1’;ri i~~i by pr’ . aessing
r- iiar return sig:ials. The manner of ~r’ . - :4 - ’ .; . : C o g  15 ala-a or; rmar ,e  to ’Ne ra-lar
u n i t .  The ir e ’ ’ ease in f’Ilt,eC ’ p ’’r : ’o- I -man ’’~ g . ’ J ’; C ,  C’at ’C i’.;O - , -~ 0 .: ‘ a
p o s it i -~~; and rate ser ;a : r is  i e t e r r n i r ;e - i  i n  t h i s  ~ec t i - , r ; . The :ensor mo - -Ct - i is
hypo the ti cal  Ue.: ause su l ’f i - ai en t  iata  is , at pr esent , 1- t a k i n g  i~~r the  c o C C a t r o c —
tioni of -in accarate sensor me e1. Tne a t -m o o r  is t h e r e f -  re rr, - id e- I a: h’-iv i n~.’
posit io- r ,  arid rate CrCea: ii ’ements which are un : or r el a t e  C w ; t h  ea’:h -Jt n~ r .

The p ;;;tion measurement s ire C I C S  ) r ; C ’OC t o  be of the a irs ” ; u a i i t ,,’ as ,r, ear
earl ier  sec t ion , ; . That in , the  standard devia~ ion :~f t Oe r ange error is Itta
W!;I Le the  angular errors have a st u, :lar I -2ev lat ion -nO L~~. b ang e  rat e e r r  C’

is as3-irne I to have zero mean and s ta n -l a : ’ -: - lC’T i Cit Ion  of 5 rn / s ea , whi le  an ,: . Ia r
rat e er r - e r a  arE ’ c har a : te r i z e d  by a s t an - i ar - i  d e v i a t ion  ‘if l/ ,~~, / se  s’~~th  :er —

me an

‘l’he tr u-I  i f i ca t  ion i r4  t i ’ ;  three at, ate t’i 114cr’ W i t i C  14 ~c’r;’ I I i t  I -50-ti, I C I ( ’ O : :  i r e —
me ri ts is minor ’ . The Ii m a t r i x  i ; i  ‘ 41” O” IC , C ’ r  C) i ’’I  Z = Ii’ ,’: + Dv is m o - l i f t ’ :  - D

1 0 0
( 1 8 — 1)  1 =

0 1 0

whereas v is rs- w a t .w ‘; eC:ur , ’ eolomn vector ,

v =

V ’)

As a C .C C : ; e j u t -’ r C - .;e , the  error -~ ,vu i ’ l a n C e  r C a ’ r - i x  R 0 -r the  obser - ’~a~ i - sn  n a - I e i  is a
2 x ~ ma trix w i t h  ( Appendix  D)

- ) ~~~ R~~[o~ co ‘ cus’— + 3 )

+ 0 ,‘ si  n ~ S i r I  f + a S i  f l ( . 4 - C O O ’ aH

0( f t _ ) = = i’ H (u Si f l U 5 i 1 C ~~~~ ~ ) I ~~~ COO U cos ~

~ ~ 2 2 ,~ . .2+ cJ ,~ cos U s n  a, — Go , ~ sinG ‘UO t i  S i r i  ~

1 .  2 2
— J~ ~ Cos si n ;  ‘O : ; , ’

8i



. 2 2 2 2 2 2 1. 2
( l ’ t— ’ - )  ,

~~~ 

= ( p  + 
~~~ ~~ 

sin 0 s ir ,  ; + o
~ 

r a n  U r an

2 2 2 2 2 2 2
+ 3 3  cos 0 si;~~a] + j 5 ; ’ , ij a os ,’

- “ 2 - 0 0 0 -

+ 
~~ 

( ‘ . ) [a ,
’ 

CCS O ~ n in a + -C
0 

s i n G con  a

2 2 ~ 2 2 2 , 2
+ 0 , sin U sin a] + H ;~ sea- U sos a

2 ,2 2 2 , 2  2 , 2 2 -+ 13 (~ + “~ ) [o~~ s i n  0 cos + g con ~ sI:: a

2 2  2 2 2 2 . 2 . 2+ 
~~, c on 0 cos + 13 sin G C u ,  a

- )  0 . 2
+ 2 13 13 (a u ,, sin e -~~~~; + - -  (3 ,  S l O b  c -~ ,~ €j s ly , ;

2 . 2
— - i~ a ass  0 c o -n a )  : 5 C C  C

far the x coer~1:nat e f ’i l t e r .  The els’::o -ni t s of t h e  H CCC )’,’ SL~ fo r  the y a
f i l t e r  are obtained by a I CCIP LI ,’ r ’.-p _ acsC ;e by — a in the ab ‘i e ’~x ;-r e: :-  - Ons.
Far  the  z c - ,; .;’dir’,ate f i l t e r , t l , ’: eles ;, t s  a-I ’ H are

(18-”- ) 2
11 

= P
2 

o,~
’ 2

~ +

2
(i . 9— ’() ls,~ = P ,1 = 13 1-; rj

~~ 
sin E~

(18—8) h.~ = ~~ :;in~ 0 + j~~ ~~~ ~ o~~~~) ;r
0

’1 o-~~;;~~ ’~ + ~~~~ ~
2 si n ’ ~j

+ I
’ 
j’~ + 

C 
1; ’ 

‘ ~ J~ co n ’ U + 2 2 P S I  C; ’l coa t

P’i’.her ‘ . r C a ) ,  ,se t,~p-’ : C t O ’ 0 - : ‘ - ~ . e C ~ Cr0 , ’ I: f: , t~ i ’ i C f : C J  above , ‘~‘: i -:N jr- c alter all ,
r ath er  -:‘-o — ’ l, I i ca ’ ed , 14 ’.- eI ’’ : -~ - t , ’ :; si ’ I will H’ re - l a - - e - i  by c - C , : ’ Ct n t  v a l ’ i ’ ’: ’- .
T h i , ~ J r ,e~A i : i r -e , ti - w- t : ’ - lerC ;oClat C - -o ’ e r ;  e:1; ’t i e a  , wur ’~~s g u i ’ r’ w ’-Ls lIAr i O U
t ~n only ” f i l t e r .  I’l,c va),  I l i t  y -~ f Lh  i ;: -

~ ; ; r iach 5::-; ’ he r at e  t i l d e  I Si j t ’;r  so,
nevertt~’-~ ca-s  c mfirmed ‘L’i ,C’4 - ‘ C C . ’ - : , ‘ 1 ng t i - :  y a-ouru I mat ” f i  itt -n ’ wi tt ‘ 0° s t a t - ’
depend’:r ’, P . t i e  ~esu1t a - - an  Si rrri ’; l t i l e  : 5 0  )i - ‘ I or; C h i ’ the re  is a o- -e I ir , I L I ”
-Ii Ifererice in v -r i ’ ~r ’ r n a n a - ’ L~.’’,w ~’e:, t h e  two I’ i l i ,e n- :; . The con.: -‘t,~ H ‘or a l l,

i e e e  l’i I 14cr :; IS cb- _ - : ; ’ : r ;  L i  be

1 0 0 0
(l8-~~) 1

L 0 25

112



‘rable,,; 35 arid 36 L L - i a t  rate ‘,he pe rl ’- mar;c”  of the rate ui-led and the
steady stat e rat e a i a e ’-i filters respectively. As seen t ram the se tubler ,
b a t h  f i l t e r a  per form qu i t e  well w i t h  m a r g i n a l  d i f f c r e r C - .t ’ a  in i:~ rf-erman-:e.

( o r C C J - a r j r l g  tli ’- re0 ’,~ Ls of these tab ! ‘-a wit ,11 the r -: ;:~ ito of Tables and
314 l u ’ t h e  “po s i t ion  . -n ly ” f i l t e r  arid ‘ he filter -operating with an iCnJ r-: -~’e-l
re r . a — - r , t he  1’u~ l ow i n g  c-~n :clus ions  can be -lr awn : On the average

i)  the add it i - -r ; - 5  r at e  i n f I, rrna~ ion L~ t h e  observa t ions , i . e . , P ,
with-ri ’ . changing the j- ,.’iI .ty of ‘~~e posi~~i-u~ m e a su r e m e n t s  r e su l t s  in an e.zer—
all increase in s ta te  es1 lout  I ~n accer’a-:~’ Dv a fa ct - .~r of 2 . 3  to 1 ir  p o s i t  ion , ,
ii to- 1 in velocity, and 9 1 4 -- 5 in ‘ic- .:”I’- ru ’ I a ; , .

TABLE 35

TDT~JA FI’12 ELBhFtF FOR 3 2TATE , RATE AID ED F i L T ERS

Fli ght Pass 1-2-12 c 1,~~ }-~MS ‘ vel i”!

1 3 .0  3.3 ( . 9

2 3 .2 3 .6

3 3.2 3.7 10.3

2.8 3 . 5  3.~.

5 3 .2  T-, .6

3.0 3 .7

7 ~ .O 3 . 3  9 .0

8 3.2 ~. l3 11.3

-~ 3 .2  ~ .8 11 .~~

10 3. ’,- “ .0 11.3

II 3.5 -~.2 11.5

12 3 . 7  14.j -3 . -’

Average 3 .2  3.1 -5 , - I

11 3



TABLE 314-

i’U’l’AL RMi3 ERRORS FOR 3 ,r
~~r T rr5 RATE A l Ib’ .U I ITEI2IY S’i ’A ’:’l ’ . FILT3’1R2

Fl i , ~hL :105 ; i 2~I, 
~~~~~~~ 

~~~~~~ - 0vel ~~ - a c :

1 3 .5  3 . 1  ‘( .7

2 ‘3.1  3.7 8.9

‘3 3. 1 3 .1 10.2

3 . 3  3 . 5  8.9

5 3.8 3.6 8.8

14 3 .a 3. 1 10.14

1 3.5 3.3 8.

8 3 . 5  ‘3.7 11.2

3 . ’) 11.3

10 14 .1 :, .~~ 11.2

Li - - .2 11.14

l. :, .i 14 .1 8. 0

Averag e 3.8 - .7 9 .8

2) ; -uL ,irg the ac cur acy -~ f a pe~-;it io n  only  f i l t e r  (by  ; -eoucin g  t h e  13 ,
‘1~~ - C  values by 1 / 2 ) ,  does net  increase  ;:ta’ . :  e s t im a t i o n .  p osSe  ; CCC a r Ia - I  an r.
a:: I’.,eo the ~~dit i o n  of rat e in fo rm a t  I ,. ‘!‘i: -:t’. is , the rat e aiie3 scorer
11 lea be- ’ 14 ’.-;’ state e st im a t e s  than the imp ; ’ - n ’e- I p a - o iL  i -~n ; only , :e;;o-or.  These
eat  L:a ’,es are m i-c accura te  by a fac to r  of a to  5 I r C  p n i t  1, -ri , 1.7  t o  i in
v e l o c i ’ y ,  and 3 t o  2 in  a cce l e ra t ion .

‘Fk;e i n l i  c ut  1ar ~:: are , then , t ha t i I ’ - I C ’ ’  vi she:; to  l r C : r - r u ’J’- the quur I ‘ 1-’
‘ ur g e r. n t ~,t 1 4 I ’  ‘a ’, C C C O ’, ’’: .  , ‘he e1’t ’ - , r t ,  is b e t ’ er ’ s~~-e iit i n  Lu: idin ,~ a i- it

ra ther  than an ;m p r - o v€- -l p o s i t i o n  on ly  : ;er , aox ’

- I — - i ,
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7~ R 1tELA’2ElI - : ~0i’,;E SE2IYOR

Whi t e  rI - A ,: ‘e is a mathematical ,  Si o t i - a r , . It l - : eo r , ’a, occur in rca~ it’i
bo ’- ’a.;se real event; - are , in i~ tct , time c-ar t ”  l at e - I  and do not t ake on ‘-‘i t i U è s
between plus and minus i n f i n i t y  over a r b i t r a r i l y  smal l  t ime in te rva ls .  ID --ic r-
t he less , the  o .,- roce p t ~ of wh i t e  noise is u s e fu l Lee a’;c~ , at l~~ttst  in : t s  -u n—
cr it i z e - J  l ’0 rrn , ~t is o f t e ;C  ;;:j t a La I ‘~~ i - r  x ima t I -ar - ‘- -o r e a l ity . ~‘;r t h e r r n - -r e ,
it is - - St em -sacs i’a ~ d r i v in g  f u n c t i o n  t o ’  n C ,  !-- ~~irlg, a s tochast i c  p r - , r a z s  w h i r r ,
is chara- -t erized by t,ime correlated events. Ax~ i j ; ; ’o pr  i - i ’, ’: na lel t ’or r usS  a
process , t here i tu-e , re~iu l  res some k r i a w ; ’~ ;ge -o f’ ‘h e  car’ r ’ei ’t ’ C O O  time.

In t h i s  s~ -;t ‘~ ,;: , w’-~ s imula te  t h e  : i a ; , n - ..-r ;;0i se for  ‘cit ‘h ~ f t o -  t h r a ’ ’  pa ’s i—
tLr, measurements as a f i r s t  order Ma :a’, - ‘a roc”ns ch’e’- t- - t. erir ’-;-I by a -: u - c t - I  a—
ti-c - n t ime of .1 sec . The f i l t e r  e-~’iut  i - ,n;: wi I , h - - a’c’ier , rem C~ ir .  crn:har ige I
That is , the  f i l t e r  s t i l l  “ t h I n k s ” that t I e  cen s— -r noise  is  lrC -a ,u’rel~~t ed .
Wh atever  too ’ t ’ i J ~ er pe r 5  a rmanc e in t h i s  :-u .’e , it should in ~ ;’- .~ve if one
incorporates  i n ’ s the  t ’il’.er equ at. i us: t h e  a~ - p r up r i a t e ;‘ar ;ro r  model for  w r , .  c l i
t he  sensor  errors are t ime  corre la ted .

The correlated so-liner’ err-ai-s o’e mo -Ic r u - I  as a f i r : : ’ ord~’r ~4a r k s~ j.”a-: ross

b-,’

x = — -‘ix + bu

wn ’ ’r r -  ~i i s  wli I tc nioi a ’’ . As ‘-c-i n in ,~e : ’, i-s ri 1, 0 , ~~~ ~u l r ; t I : .-I ,  ‘or~ b r ’ :  d i s c; ’ et

form is

X 11~ I (t)X ~
.1 + b : C  )~~ - I T

1, ‘a I’ ‘a

= —~~~:

so

-
~ = e~~ t

Thus ,
I - .—aA —- — n  —( .19— 1, ) X n+l e x 11 + — ‘: )hit~

1
wher ” — is the correlatio n time and b is ‘h e  i n t e n s i t y  -~ S the w h i t e  noisea
:;equ~-r. - ’ e .  The swn~ standard de iva t i ni v a l j ’ - ’ a  ar”  a s- - s e-i as were -;sed t h r o u g h ; —
u ’_ r n - - s t  of the r”p- u” - That i s , a lOm standard d e vi a t i o n  in range error and

~~~, - : t i r , - l r i r - l  deviati on in the azimuth and elevation ~‘r’ r ’ t :r . C .
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E ~uat j  C ,  ( 1 ) — I )  is soed to genera te  the re ,~ lence of ’ meassrement ~rr  - rs in ,
‘ C , . s1nil’f - n . The resu , s of’ the  s imult a t ion  for  all 12 f l i gh t  pass~~s u s i n g
th c  a w s tan  i-n ’ i  ‘ hree t at e f i l t e r s  is p r - ’v l d e J  in TasIc 37. ID e  r e s u l t s  are
remarkable to ’ I LJt ‘ ,~

- su rpr i s ing . F i l t ’ - r ’a i ‘s’ate r,’s t,I’rate :; are con sid er ab y
omproved w L f ’ : ,  - he sensor n- sl oe i s cc; ’rc 1 ‘ti , ’ I. The RMS • ‘rr  ,r n  j r  pos it . 1 ~r, -Ir~ r
on the  av~’r - ’tgt ’ , by ~~~‘% , t h e  vei c i t y  Rffl ’ e r ro r  -lecreasi ’ :-; by 1 4 % , ar, -I the
-ta -a c - ‘ - r i ’ .  I u, RMS ~- rr  r decrear”o: ny l9t~. i’hc reason I’ a y’ th j s ir n p r -  v,-’rr , r - r, t i S

h- i t ~ cor r e l  a e d  a’- ju ’~nce  is , in  a g r -  an sort  of way , a smoother fur ~a ’ i n n  - I ’
I ime h-tn an unc :rrelat’- -; t ime -seq uence w: 1 h rn” iaS t h a ’- i t i ;  easier  S r ~ 14 -

fj l t ” r  to “ l e ’ irn ” a -a - u’r ,alr-t t ed j r  -c - n : ’ ‘ b r ,  an in; );‘rc , ’ttr~ 1 ~~~

Fi g-n -” , ’ r 4 t i , i ’. b , a o l  i 1~c ‘- x h i b i t  ‘ y j  ic-i l b ’ ~~~1 t i ( r C , v e l oc i t y  and a-’ ” ,~ - : ’ —
at 1 sr i ~r .  S I lea a I wig t,}ie y coord lila ’ ‘- S r I L ight j a m  1 . It is “‘ii ;‘-n ’ fr- ,n,
F i g ur e  l o - - bai t . ther ’- - is a charac ’ “ r ’ i st  ;° 1’i~ ii - he w ’ -cei” ra ’,i ’~n r- , ; t im ab ”
‘.0, 14 pr .  L Ct L y  ac ‘ o - s a’,n f u r  a s i g n i f i c - I I C ’- j - -~r ’t 1, - ~ of i ’  t ,t’  I D~1, ’ ac -c o - ‘a - a—

ions err -o r .  ‘l’he correspond i ng cc’:’ r col a- a - t x ’ C  con ta ined  in Fig ir t -- , ’ 1 5 i —
15b ar;-I 15c .

TABLE 11

TD’i’fl, R M ’ ~HR0P~lI FOR 3 STATE FILTER2 ~‘2 L Ad! CORRELATED SEN. ‘011 NO ’L 11

F l i g h t  l a ss  R1~S C pos ~~~ 1-241’ ‘-arc

- 3 .0  7 . 5  11. 9

2 3.3 1 .0

3 3 . 3  8. 0

3 . 2  ~ . 14

5 3.2 1 .

3.5 ‘ .~~ 11.7

C’ 3.3  . ,~~I, l-, .l

8 3 . ’ 10.

9 -,.L - 9. 10.1

114 3.( ‘ -‘ .7

ii 10.2 18.5

12 3.5 5 .3  6.7

Averag e 3 . 5  5 . 3  6 . 7
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Since ~— 1 ( r )  = $ ( — i )

t
( B — 3 )  x ( t )  = s ( t )  x ( 0 )  + ~ (t— ~~

) G ( t )  ~ ( T )  i~
0

Tli i  ~qwtt .ion i~ c1i~~ retized by rcpLucirig t.. wi th u+1 )t. where A i ~ t h e
t i m e  between swnples and n = 0, 1, 2 Thus ,

X [ ( i ~ + 1) A 1  = •[(n + i)~~
] X (0) + ~ [ (n  + l ) A 1  J 4 ( — t )  Gw (i)dt

0

But , •(t1 + t2) = s(t 1) •(t 2 ) .  Hence ,

nA
x [ (n  + i)~~] = ~(~ ) [~~(riA) X (0) + ~(nA ) 1~( — T ) G w ( r ) d i

0

~
.. (n+i  )A

+ $(nA) ‘~(~~~) Gw (i)di]nA

f(n+1)A
= ~(~ ) x (nA) + ~(t ~) 

~‘(nA ) ~ ( — T ) (
~~j ( i ) d i

mA

( B—li ) X [ ( n  + i )~~] = i~( a )  X (r1~ ) + ~ ( A )  4~( nA — r ) Gu ( t ) d i
mA

Now replace w ( 1)  by ~~, where ~ is the time avera€ed white noi~ie. That is ,

(n+i)~
(B-5) ~ 

= .
~ 

w(t) d.t

Also , change variables of integration by letting —r-* nA—i . Then ,

fA
X [(n + l)A] = 0(A) X (mA ) + 0(A) ~I 0(-.t ) G~dt

Jo

A
0 ( A ) X ( r ~ ) + • C r )  G~dt

0

Changing notation so that X~ X(n), the discrete form of the plant model
is

(B—6) x~ ,.1 = 0 ( A )  X~ + 
f 

0(1) G~dt
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From X
~+i = FnXn + Gnwn, we identify

(B—7 ) F~ -* 0 ( A )

and

(B.-8) G~ J 0(r) ~Ir
0

From Equation (13—3 ), the solution to the homogeneous part of the state
equation is

(i~—9) x ( t )  = ~ ( t )  x ( 0 )

Thus, •(t) can be obtained explicitly from a solution to the homogeneous
state equation . Consider the plant model

= X2

=

X = —aX3 + bu

The homogeneous equations are obtained by setting b = 0. These are then
solved to give

x1( t )  = X~ ( O )  + X2 (0)  t + [~-t + ~- 2 (e~~
t 1) 1 (o )

X2(t) = X2
( O )  + ~ (l_ e~~t) x3 (0)

X3(t ) = e—at x3 (0)

By inspection ,

1 A ~-~~~+~~~ - (e~~A _l)
a a2

(13—10) 0(A) = 0 1 ~~ (l_e~~A )

o o e~~~

9b



APPENDIX C

ACCELERATION CORRELATION FUNCTIONS

The correlation function for each of the acceleration processes described
in this report is derived below.

Consider the simplest acceleration model where the acceleration is
described as a f i r s t  order Markov process ,

(c-i) k3 = —aX3 + bu

Assuming the [nit lal. condition to be zero , take the Lapace t ran s form of
both sid t~~ to obtain

( c—2 ) L X 3 (~) = —aX
3 
(S) + bu (S)

The transfer function H (S) is

- 
x3 (s)~~~~- 
U(S) 3+a

b2
(C—3 ) IH ( j w ) 1 2 = 

2 2
~ +~

If Sx3 is the power density spectrum of the acceleration and S~ the power
density spectrum of the white noise, then

(c—1~) ~x3 ~ = I~ 
( j w )~~

2 
~~ 

(u)

~inr ’~ the power density spectrum or white noise h; unity ,

(C-5 ) S~~ ~~ IH (iw)1 2 = 
w2+a2

The correlation functi on 
~x3 

(~ ) is the inverse Fourier transform of thepower density. Thus,

(c—6 ) 13
x3 

( t )  = ~! f S
3 
(w) e~

uT du

,-~~~~ 2
U 

elU)l dw
• 2it J_~ w2+a2

• e~~Ih I

The derivation of the correlation function for the acceleration, modeled
as a second order Marko~ process proceed s along similar lines.
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The process is described by

( C—7 ) X3 = X~ + bu

(c-fl ) k~ = —ci2X3 2t~X~ + (a—2~ ) bu

with a2 = +

The L~aplace transform of each equation gives

( C— 9) ~ X .~ (S) = X 4 (S)  4- bu (S)

(c—b ) S X4 (S) = —rt 2X3 (S) —2 13 X4 (S) + (i~~ —2B) bu (S)

From these , one obtains the transfer function

(c-n ) H (s) = 
X3 (s~ = — 

b (s+)~~
~ (s S2+285 + a2

= 
b (S+a)

— b (Si- a)
(S+8+Jw0~ (S+B—jw0)

Define,

- W~ ) ~
( 
~~ — —b2 ~~

+c~) • (S—a )
- “ ) ‘~~~~~ (s+~+jw~) (S+B—jw 0) (S—B—jw 0) (S—B+jw0)

Let

p = 8 —jw0

Then ,

(C 12) G’S~ = 
—b2 (S-s-a’(S—a)

/ (S+p*) (S+p) (3—p ) (s..p*)

(C—l3) R ( t )  = 
~~~~

- J~ C (1w) eiul dw

= ~~ [ o s e~~ d~)

= 
lb2 ( (S+a) (S—a ) eST dS
2i~ (5+p*) ( S+p ) (S— p ’) ( S—p)

where the contour of integration is shown in Figure C—i .
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Figure C—i . Contou r of Integration

This contour encloses poles at S = —p and S = ~.p*. From residue theory ,

( - r ) = -b 2 (R1 + B2)

where B1 is the residue of pole -.p~ and ~~ 
is the residue of pole —p. Thus,

— 
(S+a) (S—a ) eST

— (Sip) (3—p0) ~~~~~~ = _p *

1 _ *~~= - e P

— (S+c~) (S—a) eST
— 
(S+p*) (S_p*) (S— p) 

~ =

= 111*

Thus,

R( i ) = b
2 

~ 
+ R1*) = —2 b

2 Re (B 1)

Or,

b2
(C—l)4 ) R(t) = e~~~ cos (w0t)
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APPENDIX D

SENSOR COVAI3IANCE

The elements of the sensor covariance matrix I can be derived in a

straightforward manner in terms of variances of the range error aR
2 , azimuth

and elevation errors ~~
2 and a 2 as well as their derivatives ~ .2 ~.

2 
~.
2

These quantities are assumed to be known in advance. The geometry of Figure 1
of Sectio n 3 is used in the derivation . The sensor variables of interest are :

(0—1) 11 = R5 sine 5 cos~5

(0—2 ) Z2 R~ sinO5 sin~p5

(D—3) Z3 = B5 cosO3

(D— li) Z~ = B sinO 5 cosp5 + B8 cosO~ cos5 O~ — R~ sinO5 sin ‘P5

(D—5 ) Z5 = R5 sinO 5 sinp~ + B5 cos O 5 sin’P5 ~~ 
+ R~ sinO5 cosP~ ‘P~

(D—6 ) Z6 = ñ5 cosO~ — B5 sinO~ ~~

where the subscript s is used to indicate that the a8sociated quantity is the
sensed or measured value. Since the measured quantities are contaminated with
noise , they can be written as:

R5 = R + AR R . = R + AR

05 = e + A e

P5 =~~~+ A’P

where H, 0, ~~~, B, 0, ‘p are the noise—free sensor variables. The assumption on
the noise terms AR , A0 , AP , AR , A0 , A’p, is that they are stationary and inde-
pendent with zero mean values. That is, E (AR ) = 0, E (Ae) = 0, E (AP) = 0,
E (AR) = 0, E (Ae) = 0, E (AP) = 0; E (ARAO ) = E (AR) B (AO ) etc. from which it
follows that E (R5) = B , E (e s) = 0 , etc.

If X1, X2, X3 are the variables corresponding to the coordinates of target
position along X, Y , and Z respectively , and X~, X5, X~ are the corresponding
velocity terms, then the quantities entering in the sensor covariance matrix
are:

(D—T ) o~ = E (z 1— x1)2 
(1=1 , ... , 6)

and

(D — 8) °x 1 x1 
= B [ ( Z i — x1 ) (Zj — x1) J
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Thus , for example , is the R~1 term of Section 3 for i = 1, 2 , 3.

Consider the quantity O~ 1
2 . Using d e f i n i t i o n  (D—7),

= E (z1 — xJ2 = E (z1
2) —

= B {[ (i ~ + AR) sin (0 + A O )  cos ( p  + A ) 2}} — x1
2

+ 
~~~ ~j

2 sin2p sin2O + (B2 + oi~
2) ~~2 cos20 c~~s

2 P

+ (B2 + 0~~~ ) a~
2 a

’p
2 cos2O sin2p + sin20 cos2p

where we have used the result E (AR )2 = O R
2 , E (A0 )2 = a~~

2 , E (AP ) 2 = ~~~
2 and

made the small angle approximations sin A0 A0 , sinAp~A P , cosA0 1, cosAp 1.

Assuming that B
2 
~ 

OR
2
, the expression for o~~ , reduces to

(D 9) 
~x
2 

= 13
2 (0 2 sin20 

~

j

~

2
’P °e ~~

2 cos2O sin2P + ~~
2 cos26 cos2P]

2 .2 2+ sin 0 cos p.

The expression for a
~
2 
is obtained by simply replacing P by 90° - P in

Equation (D-9). Thus,

(D— io) 0x~ 
= R

2 [o 2 sin2O cos2’P + o~~
2 
~~
2 cos 2O cos2p + a~

2 cos2O sin2p]

2 . 2 2
+ a

~ 
sin 0 sin P.

Replacing 0 by 90° — 0 and P by 0° in Equation (0—9), we obtain 
~~~ 

Thus ,

(D 11) a~~ = 132 0o
2 sin20 + 013

2 cos20

The quantity ~~ x2 is obtained in a similar manner , although the algebra

is a bit more tedious.
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= E [(Z1 
— x1) (z 2 — x2)J = B (z1 z2 ) — x1 x2

= E{[(R+AR ) sin(0+A0) cos(P+AP) [(Ri-AR ) sin(0+AO ) sin(P+AP )J} — x1 x2

= — (R
2
+ci13

2
) o~

2 
cos

2
0 sin’P cosP + (R

2
+a13

2
) a~ sin~ 0 cosP sinP

- ‘) ,-. ,) ‘1

+ (R~ +cj ‘~) o~~ uO~ cos
’0 sin .~ cosP — o sin’0 sinP cosPR B

Again , assuming that 132 ‘ a 
2 

a reduces toB x1 x2

2 2 2 2 2 2 . 2 2 . 2
(D—l2) a = H cos ‘P sin P [o~, cos 0 — or-, sin 01 -- a~ s i n  0 C ) ~~ sin ~xl x2

where the additional assumption that O (j co~~
2 O 

-
~~ ~~2 0 r

2 cos’~0 was used .

The derivation o1 the quantities a and ~~ proceeds in exactly thex1x 3
same manner. The results are

(D43) 0x1x3 
= ( O R

2 
— B2 ae

2) sinO cosO

(0414) 0
x2x3 

= (0 13
2 

— 13
2 
0
e
2) cosO sinO

For the velocity term Zj~, ~~~~ is -computed as follows :

= E (z ~ 
— x~)

2 = E (z~
2) — x~~

- 2 2 2 2 . 2 . 2  2 2 2
(D~45) = ( J ~ + o

~ 
) [o~ sin 0 sin ‘P + cos 0 cos ‘P

+ a~~
2 
~~
2 cos2O sin2’P] + ~.

2 sin2O coS2’P

+ R2(02 + v .2 ) [ 2 cos2O sin2’P + ~~~ sin
2O cos2’P

+ ~e
2 ~~2 sin20 sin2’P] + 132 ~

.2 cos26 cos2p

+ }32 (~ 2 + ~~
• 2

) [~~
2 sin 20 cos 2~ + a 2 cos20 sin2P
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+ c~~
2 ~~2 cos2O cos2p) + B2 ~.

2 sin2O sin 2p

+ 2RR ~ 
~~~2 sin20 cos P + 0 a~ sinO cosO sin’P

2 .
— 00 P cos 0 cos P ) sin~

where again the assumptions B2 ~ 013
2 and ~~~ ~ 1 ~~

2 
~ 1 were used . To obtain

simply replac e P by 90° — P .  The re~u1t i~~,

-
~ 2 2 2 2 2 2(o—:t i ) 

~~ 
= ( 13 + i. ” )  [o ~~ sin 0 coL;~ P + 

~ 
COs 0 sin P

+ ~~
2 o cos20 cos2~~J + ~~~ sin2O sin 2

~ + 132(02 + ~.
2)

[~~
2 cos26 cos2’P + a~~

2 
~;in

2O sin 2 P + ~~~ a,~~ sin20 cos 2P}

+ ~2 ~~~ cos20 sin2p + R2(p 2 + a~
2) [~~2 sin2O sin2’P

+ ~ 
2 cos2O ~~~~~~ i- a 2 2 cos2 cos20) 4 132 a. sin2O c’~0 0 ~ P P

+ 21313 ~ 
~~2 sin20 sin.i’ + ~ a~~~ sin O cos’P — ~~~ cos2O sin~ ) cos P

The derivation for ~~~ results in

(D—17 ) = R
2

0ô
2 sin2O + 132(0

2 
+ oO ’) a~

2 
cos

2
O

2 .2 2 .2 2 2 2
+ 0~ 0 sin 0 + (13 + o~ ) sin 0

+ •2 cos
2
O + 213130 o~

2 
sinO cosO

Now compute the terms which couple the position—velocity measurements.
For a obtainxl x1~

— x1) (z n — x~ )} = E (z 1x~ ) — x1x~

(D—l8 ) 0 ~~ (~
2 sin 28 sin 2’p + ~ 

2 cos 2O cos2’Pxix 0
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+ a~
2 2 cos20 sin’P) — ~ 

2 132 sinG cosO sin2P

2 2  2 -
— H cos 0 sin’p cosp

whereas is obtained by replacing P by 90° — ‘p in the expression for

Thus ,x lxz4

2 . 2
(0—19) ci = HR (a sin B cos ~ + a cos o sin p

x2x5 ‘P 0

2 2  2 2 . 2 2  2
+ a cos 0 cos ‘p) — 0 a~~ H sinG cosB cos P

- 2 2  2
— P ci 13 cos 0 cosP sinP

The term is simply

(D—20) o
~3~6 

= ~ ~~2 sin2O

The remaining covariance terms are 0
~1~ 5’ 

0xlx6’ 2~h~ 
°x2x6’ a~ 3~~4 

and

a - However , they are not used in the report and will therefore not bex3 5
• derived here .

APPR0xIMAr loNs TO THE H MATRIX

Guccessive implementation of the I matrix using the above expressions at
each iteration time can be a time—consuming process. It is therefore desir-
able to approximate these expressions , ideally by some constant numerical
values. This is necessary , especially if one attempts to achieve a steady
state filter design .

The procedure for simplIfying the expressions will be simply the follow-
ing : Each expression will be averaged over the sensor variables. We begin

with a
~~
2. The only variables appearing in are 13, 0 and P. Average P

fr- rn 0 to 2~ and B from 0 to ii/2 and assume that o~
2 ~~2 ~ ~,

2 Then ,

f rr /2 f21T
1 I 1 2 2 2 2 2

(an) (~ /2) 1 1 d0d’P = 1/14 0
~ ~- 1/14 13 (°~ 

+
~~~‘p

J O  J O
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G i m  i l ar ly  , r~ r ,t r~ I 
~x 

2 ,

2ii

(an) (~ /2) 
f o~~ dG d ’P = i/ 14 0

13 + i / 14 B2 (a~
2
+o~

2
)

f-n/2 f 2ii
1 j

(2~~
) (L) 1 1 x H B

2 ~~O ~~0

The resulting expressions , which are functions of R , are n~w aver~~ e1
over B where the lim iti on R are 0 and 6XlO3m (a rather extreme upper limit) .

The quantit ies u~~~, o~~~, U P are taken to be lOOm2, ~~2 and i~
2 respectiveLy .

Thi s resul ts in the numeri cal values

(D—21) ~ 
2 

= ~ 
2 =

X
2

(D—22 ) 2 
= 56x3

In a similar manner , ose obtains , fo r  0
~ 

2 , 0
~ 

2 , and a~ 
2

14 5 6
2 2

(0—23) a = a = 12 .5x14 x
5

(D—214 ) a 
2 

=

where the limits on R , 0 and ~ are , r~o;J f ctive 1y, * ~~Y~ /:;e - , L r-tJ/sec , and
1 rad/sec with = 5 rn /sec  and i -  = o~- = . 5r j i / sec .
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APPENDIX B

INITIALIZATION OF POSITION—VELOCITY , VELOCITY-VELOCITY TERMS OF

The velocity variance as well as the position—velocity variance terms are
computed here f- i- initialization of the P matrix. The assumption used is that
the sensor provides position data only . Consider the 

~l2 (o )  terms which
cou ples the x —p o s i t i o r i  with the x—velocity. Since only position data is
available , the estimat e ol the initial x—c omponent of velocity , X2 ~A), is
using the notation o1 ~;ection 14,

z1 (~~) — z1 (o)( E — l )  X 2 ( A )  = —

A

where \ is the time between measurements Z1 (0) and Z1 (A). Thus,

(E-2) P12 (0) = E (x 1 (~~) -X 1 ( A ) )  
~~2 ( A )  - x2 ( A ) )

1
= — E (z 1 (~~) — x1 ( h ) )  [(7.~ 

(~~) — X1 (A) — (z1 (0) — x 1 ( o f ]

1 1
= — cl~ 

(t ~) = -

~~

- R~~ (0)

- the p it ion rn-a~~ r ement are asswaf- i t be uncor i- lat. ’l in t Inc .

~i n j  t a r ly , 
~l5 ( 0 )  which  couples the x — ~ u o r - i in a t e  of t~ax -~;et pos i t i on  w i t h  the

v— - u r np o n : n t  of ve loc i ty  is  computed by ~~~i t i r ig

(E-3)  ‘~~ 
(°) = 

~ ~~~ 
(~~) - x1 ( A ) )  (x 5 ( A )  - x 5 ( A ) )

= ~~- ~ (z 1 ( A )  — x1 (~~
) )  [( z 2 ( t )  — x 5 ( A ) ) — (z9 ( 0 )

- x5 
( 0) ) ]

1 2 _ 1
= 

~~~ 
0x 1x5 

— -

~~ ~l2

Gimilarly , the remaining terms may be written down by i n s p e c t ion . I n
summary ,

1
(E—14) P

12 (o) = 
~~

- 1311 (0)

( F;-5 ) 1 j5 (o) = ~
- 1312(0)

(B-6 ) 
~18 

(0) = 
~~

1014



(E—T ) L ?-( (0) = 
~
‘72 (0) = A 1313 (0)

(E—8) P75 (0) = 
~~~~ 

( 0 )  = ~~
- r~23 (0)

(~:—9) ~
‘78 (0) = P87 ( 0 )  = -L ~~~ (o)

( i ;-i~~) }‘ j 14 (o )  = 1 1 4 L  ( 0 )  = 
~~

- 

~~~~~ 
(o)

( F:— 11) i (o) = P ( 0 )  = .L 
~~~~~~ (0))14 A -

~~

(B—12) p148 (0) 1
~
’814 (0) = 

7~ ~23 
(0)

where A is the time interval between the first and last position measurements
prior to filtering .
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Al PENDIX F

20M1 UTEH J1i1~’I’WARE

This appendix provides the computer software and documentation for the
:inv state  Kalman f i l t e r  as descr ibe l in G~*.t i o n  3. The data presented in t h i s
report was generated by several com puter programs . The most general program
is presented iii this Appendix. It was constructed in a modular form to permit
exl~ -rinos t &~ ion with a variety of filtering arid sensing algor i thms . The user
nay , for  ox amp~ e , modify the program ’s form to obtain: a steady stat e filter;

~ 1’~ sit ion rat e ;;ens-: r ;  a correlated noise sensor or a filtering arrangement
c snp~~o*l ~i

’ th r e e  indepencient three state filters .

The om1 ut ~er language implenented on the CDC 6500 computer was I~ct end ed
Fortr;ts IV . All of t h e  Fortran statements used should be compatible with
similar systems. The only exception , whose form might vary for a different
c~~ p iier , is the non—standard ENTRY into a subroutine . The executable field
length necessary to “run” in program is 52000 octal words and the corresponding
system time is 2 2 5 . 5  system seconds .

The fsrmat for the documentation is:

F—i ) A narrative description of the subroutines used to simulate an-I
solve the estimation problem .

F—~’) An analyt ical  descr ip t ion  of the mai n progr~ n arid the subroutines
containing : flow chart s, routine summary , and an abridged variable list .

F—~~) A detaiio-d desc r-i pL i on of the subroutines and corresponding t ro ~~
- ; ;

necessary to obtain desired f i l ter i n g  and sensiru~ algorithms .

F—14) An index to subr’outiries inc lidiiu - alp liabeti-~ letter reference
appear ing  on flow chart  l iagrwnr ;  , memo ry requirements and oaI ling and returnirw
ar,~i jrner

F—5) A computer listing of the main program and corresponding subroutine;.

STATE VECTOh

Appear ; ;  in h -port Appears i n  Appendix

X ( i  ) p’ ;;itio ri in X—d i - ‘e t i o r i  p o s i t ion  ~n X — d i r e c t i :i
X (2) velocity i i i  X— d ir - ’tion pos i t i on  in  1— d i r e c t i o n

a ce ie rat ion  in X—direction position in G—d irecti on
X~~i ) position in 1— li rection velocity in X — I i r e c t i o r i
X ( 5 )  v e loc i t y  in  Y— d i r e c t i o n  v e l o c i t y  in 1—dirertion
X (b ) acce1erat~iun i n  1 — d i re c t i on  ve loci ty  in Z—direction

pus; ion  in  Z — i i  re ct ior i  a c c e l e r a t i on  in X — d i r e t ion
x(~~) v e l o c i t y  i i i  Z—d i rect ion a c c e le r a t i o n  in 1— u re -t io ni
X( i) accelerati on in Z—direction tr eleratiun in ~—direot Jo ;

1 0(
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~~
— - -

NOTE :

( 1 )  The notation in the main report and in this Appendix differ in the
le s c r i p t i o n  of the target s ta te  vec tor .

This iifference in ordering of the state variables affects the arrange-
ment of the elements in the P, B, K , F, C , Gil and XH matrices.

(2) All data u ;-eI and computed in the main program and corresponding
s 4broutines are expressed in the M—K—S units. Other units can be used , if
lesire l , by chang ing the appropriate numerical specification of the target
ut ate vector and sensor accuracy .

(3) The abbreviations used throughout the appendix are :

TA = target aircraft
TAFP = target aircraft flight path — refers to the state along the

f l igh t  path
M~ = mean sqiare
MSE = mean square error

(14) The ;;~ iutisri in the state estimator requires the inversion of a
3 x matrix . The s u b r cu t in e  used to accomplish this implements the  Adjuinct
Meth ul . This is a lirect method of inverting matrices . The indirect methods
tr ied , such as elimination , provel unsatisfactory because of a large build—up
of r u u n I —of f  err ii ; t he  algorithm . The Adjuinct algorithm bounds the limit
of round—off err -c . Fur further Ietails see description of Subroutine INVERT .

( 5 )  The Subroutines RANGE, filET, aol PHI t r an s fo rm data represented in a
X— 1—Z coordinate set to a R—O—~ set . This is similar to the coordinate set
ie;;crjbed in Section 3, except that 0 is replaced by 90° — ~ and ~ by 90° + ~ .
I t  is pu;;sible for the user u assign his ~wn coordinate system by replac ing
the three ;ubrL utines mentioned and the s p e c i f i e d  t r ans fo rma t ions  of sensed
position lata in subr -itine fENi iP.

(~~) The plotting routines used. t~ generati the graphs in the repor t are
not list ’-1. These routines were a packa~e of special purpose routines available
on Picatinny Arsenal ’s - umputer .;y;;teo . The user may incorporate his own
routines In E~ntry COMP . This subroutine st-~res most of the important variables
for the complete target aircraft f l i ght  iut h.
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N ARRATIVE DESCRIPTION

In order to begin the filtering procer s, the parameters of the filter must
b sp e c i f i e d  (Subroutine INITIAL). It is also necessary to initialize the state
variables as well as the correspond ’ng error covariance matrix (Subroutine
STAR T).  The simulated sensor (Subroutine SENSOR ) begins operation with the
“true” target aircraft state (Sutroutine ACTUAL or Subroutine OWN ) and adds
whi te or correlated noise (Subroutine CORLATE and Subroutine RAND) to the state
variables corresponding to position or position and velocity . The “true”
target aircraft state is generated in an X—Y—Z coordinate set (Entry DATA or
F:N ;Hi CUMP) and transformed to a B— 0—~ representation (Subroutines RANGE , THE’T,
aol Pill). Noise is addei t o the appropriat e state var iables in the R—0 —~ set ,
then transformed back to the X—Y—Z set . This output of the simulated sensor
is an input to the Kalman filter , which  provides  an est ima te  of the present
; ;t - t t e  of the  target ( Subrout ines  FILTER , MPRI), MTRA , and INVERT). The d i f f e r —

-~~~ es between the true and es t imated sta te as well as the tru e and sen sed
state are computed (Subroutine coLLEcT). This information is periodically
printed (Subroutine OUTPUT) and constantly stored in memory . The mean square
statistic is computed and printed based oh t he  d i f f e r e n c e s  calculated along
the entire target aircraft flight path (hubr-outine STAT1).
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i lto(;HA.N I- LoW [Nh ANALY S i~

Al I vati -i -tb les t ; p - -t rin g in h i s  S e t  I I  t i - - l i st _ --J w i t h i n  I hi-  ; ; u h i -  1 i t t -
i n  whi -h h -  t h e  i ’ t i ~~ei . The v t r it t b h r -  I i ; ; t  inc lud- ; in Ui:; ccl 1 0 1  -~~o t t i n ~
all pr  -~ r’c v- i -jai l -s cx p t t~hose u s - b  F r  temporary ;;I o r i i y .

Main l’rugrum X i ~h

~~~~~rt

l n t t i . 1 i 7 - C
AM Ncres ~ arv ) A

\ i) a t -~ /

t)a ta F i l t e r
L o p

~~~~~~~~ roLe \ Thu fu nct ion  of the ma in
/ Not ~~v Po~~i t l o n  \ program is to call the sub—ç~ F4c~~ ure..nt of TA J B routines necessary to obtain
\ 

(oy a r j a n cc  / the f i l ter  solution . The
task and organization

/ Fi l te r  N - i ~~~~\ this routine is illustrated
( t o s i t i o n  Da ta  -) ~ by the accompany ing flow

7 
- diagram .

/ Store
/ oat. for
\ ;t. t ist ~ca l & D Variables :
\ ~~ tpn~ t Usage

IPRINT = Specifies the

Pr i nt  - 

~~~~~~~~ 
F 

th whih e

II = Do loop parameter
,~, for filtering[ TAFt

~.ta Fi l te red

C p ~ t ’  P. Print
O f  . cpti o nal ) D

I- I t I l B

11’)



Gubrou.~ i l l ’ -  I N I T I A l ,  — A

This routine initizlizes
Entry au appropria te data and

assigns values to user
specified parameters. The
model to generite the TAPFUse
is choosen from two alter—imu 1 a ted 

~~~

__cnit1ai1zc
natives G&F on diagramSimulates TAFPTAFP
( l e f t ).  The matrices that

No appear in the Kalman filter
equations are also initializ-

Use ud .
Initialize

Actual Yes
Model that uses F Variables :TAFP Real Data for TAFP

L number of target
state variables

Set Seed
Number for 

~~ 
VLT = Deter min es which

Rando m Number model is used to generate
Generator the TAFI’ (set- comment cards

in computer l is t ings of
Subroutine INITIAL).

Initialize filter model
of TA , includes state SIC = estimated maximum
transition , exitation , ob- accel eration squaredof TA along
servation , randomness and either X , Y , or Z coordinate
gain matrices axis .

I AlEX , API , AHZ = al , a2 , a3

K 

Initial ize\
State Vector ’ FE1 (l ,l), ..., FII(9 ,9) =

Covariance 
- state transition matrixand Error)

11(1 ,1), •..,  H(3,9) =Matrix
state observation

G11 (l ,l), . ..,  611(9,3) =

state exitation matrix

Q(l ,l), ..., Q(3,3) =

state randomness covariance
matrix

ill



Subroutine SENSOR — B

tn t rv

The purpose of this routine is
to simulate the sensor, An input

(;ent~rate necessary to the simulation is
Rand om H the “true” TA stat e • This is

Numbers either generated from simulated
or a tual data as previousl y
described . To the “ true ” TA
position , expressed as R—O—O ,Use Yes Compute From 

, the appropriate noise terms
S imulated Simulation “ t rue ” C obtained from a random number

TAF 1~ TA State generator are added . Th e sensed
values of R- Q -Ø and their co-
variance are converted back into
the X-Y—Z set as required .

Yes Compute From
Actual Real Data “ t rue” F ’ Variables:

TAFP TA State
51CR = variance of sensor

in r ange — R
S1CTI I = varianc e of sensor

Add Noise in  t l a - t ;t  — 0
to  “ true ” l’osi t ion 5l ( ; t91  = varianc e of sensor in

Data in 11-0-0 Set -

I X l I ( l ) ,  Xl-t ( 2 ) ,  X t I (3 )  = independ-
ent standard normal random vari a bles

Convert Noisy
Position Data in RS = sensed range

11—0— 0 Set to X-Y—Z
Set T1ISN = sensed theta

I PHSN = sensed phi

Computer Covariance z(l), z( 2 ) ,  Z( 3 ) ccr~sed
)f Position Data in position TA in X-Y-Z set

X-Y-Z Set
______________________ R ( l ,l) ,  ..., R ( 3 , 3) = co—

I variance of sensor matrix in
X-Y—Z set.
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1brout. in’; I- I LTEI~ — C

This routine imp lements the
Entry K al man e q u a t i o n s  as described

in Section 3 , An input to
I th is routine is noisy position

Compute measurements. The output is
Error Covarianc e the est imate of TA state .

Matrix in the filtering process, the
P and K matrices are updated .

Compute Execu tion o f this r ou tine
Gain requires call statem ents to
Matrix MI RD and MTRA. It should

be noted that t h e se  routines
do not appear in the ac-

Compute I company ing diagram .
Estimated I

State Var iables:

r ~~~~~ 
k’(l ,l), • .• ,  1’(9,9)
state error covari -once matrix

I K(l ,l), •.., K(9 ,3) =

s t a t e  gain matrixRlocks make use of
K , L and M ~~I ( 1 ) ,  •.. ,  XIl(9)

_______________________ estimated state vector

11 -i



Subrout ine COLLECT - D

This routine computes and
stores the d i f f e r ence between
true and estimated state as
well as the true and sensed
state variables . As an option ,
the user may utilize the routine

_______ for statistical or special out—
( put purposes. Additional program
~~~~~tf~~) vari ables may be accessed by

I expand ing the argument lists
of the call  and Subroutine state-

Store Computed mcflts .
I Dif fe r ences  Betw een

True—Estimated ~ Var iables :
True—Sensed State

D X P ( l I ) , l ) X V ( I l ) ,  D X A ( L 1 ) ,  DYl~(I 1) ,
1 D Y V ( 1 1 ) ,  D Y A ( I I ) ,  D Z P ( I i ) ,  D Z V ( I 1 ) ,

Return D Z A ( I 1 )  = di f fe rences  between the
true and sensed position in the
X — Y - Z  set for the 11th i terat ion ,
respectivel y.

D X S ( 1 I ) , D Y S ( I I ) ,  D Z S ( I I )  =

dif ferences  between the tru e and
sensed position in the X—Y —Z set
for t h -  11th i te ra t ion , respective l y .

i~ i~h i

— — 

_ •
. _ . .

~
. . - •

. 

~- — .. - . — - .



Ent ry PLO~~ING -

The second segment computes
th e MS s t a t i s t i c  for the state
est imat ion error and th e sensor
error . I f  op t iona l  storag e

Entry of addi t iona l va r i a b les  was
u t i l i z e d  in the first segment ,
then any appropriate s t a t i s—

Compute t ic  cou ld he generated .
MSE of True—

Estimated & N * At this point a plott ing
True-Sensed routine could be imp lemented

State by the user to p lot select ively
stored variables .

Variables:
Optiona l

P lotting of * s lc( l ),  . .•,  SIG(9 )  = the MSE
Stored for true - estimated state in

Variables the X , Y , Z direction for the
entire TAFP , respective ly.

SI C ( 1O ) ,  S I G ( l l ) ,  SI c ( l2 )  =

Return tI i~ MSE for the tru e -

sensed state in t h e  X , Y , Z
direction for the entir e TAFP ,
respectivel y .

Subroutine OUTPUT — E

This routine provides an outpu t
for the printer . This includes

f printing the true state variables ,
~ Entry ) estimated state variables , and

‘— -n--’ errors in estimated state van-
I ables. The frequency of printing

Print is controlled by Lh c main program

Selected variable I E’RINT .
Information

Variables :

r ~~~~~ X~~l(l), ..., ~~U l (9) = difference
(~~ etu~~) 

between true and estimat ed state

LAB S , LABT , IABE , IABM = labl es
for output heading s



Subroutine A C TUAL— F

This is a special purpose rout ine
that gene rates the TM’I’ from real
da ta. The first segment inputs
the dummy header and titi - number
of data records . The initial
state of the TA is then inputed .
The technique imp lemen ted
in t h i s  rou t ine  is app l icable
only if the user has TAFP data

________ in tlit- form of initial state and

Fn try~ \ 
a comp lete acceleration time
history of the TA, if real data
is avail able to the user in some

I other form, then he may cons truct
Read From his own model within the framework
Magnetic of this rou t ine .

Tape Ini tial
TA Conditions Variables :

COM = dummy variable used to

Return advance unnecessary records on

_______ 
magnetic tape.

NUMBER = total number of data
records available for TAFP

NEND = number of da ta records
containing states of TA that
are to be filtered .

DT = actual time increment
between records containing data

1~~
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E
~~~
n t rD

I This second segment gen(-rates
thi- -r~~’P given the initial state

~ Compute and the acceleration time history .
True State This  is accomp lished as re feren ced
of TAFP in in Section 2, Th e 11th state is
X-Y—Z set generated in an R-Q-ø representa-

I t ion . The user may substitute
his ovn coordinate set by replacing

Convert Subrout ines  RANGE , T1~ET -and Pill

Set to R — set)
( State in X—Y-Z 0 with his o~~ routines .

Variabl es:

TA in an X-Y-Z set

set t o O  - set) 
RG(I), RG(2), RC (3) = TA state( Convert 
X ( l ) , .. ., X(9) = true state of

State in X—Y—7 P

represented in R - set.

_______________  
TH( 1) ,  TH(2), TH(3) = TA state

K~ 
Convert 

P H I ( 1) ,  P111(2), P111(3) = TA
represented in 0 - set .

State in X-Y-Z Q

set to 0 — set) 
D(l), •.., D(9) = true state vector
state represented in 0 - set

I of TA represented in an R—0—O set

&tu
~~~~
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in this routine the TAFP
is generated by implementing
a model similar to the plant
model used in constructing
the Kalman filter equations.
The difference between the
two models arises from the
choice of the parameters al ,
a2 , and a3. T h e  fi rst. segment
of the routine initializes
all appropriate data and

________ 
assigns valIl (-s to user

(~ntry~~ 

specified parameters .

~~~~~~ Mode-is other than those ap-
_____________ 

pearing in th e bod y of the

/ Set report may also he incorporated

/ Appropriate \ into this rou t ine .
\ Data to /~~

\ Zer o Variables :

_________________________ 
AX , AY , AZ = al , a2 , a3

Initiali ze Model SIC = maximum acceleration

To .~encrate Simulated 
squared of TA along either

TAFP , in cluding state X, \ , or Z a x is , respectivel y.
Vector , Transition ,

Exita t ion and Covarianc e lYE ’ time di f i e - r e ,ce- between
of Randomness Matr ics  ~t a t - s  gen er a ted  by mode l for

NE N I ) = number of data records
Return wh ich will he generated , con-

taining simulated state.

X( i) ,  ..., X(9) = true state
of TA in an X-V-Z set .

F (1,1), .. ., F(9 ,9) = state
transition matrix .

G ( l ,l ) ,  . ..,  G (9,3) state
exitation matrix

Q(l ,l ) ,  ..., Q(3,3) = state
randomness covariance- matrix
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En t ry C T-i } — C’

( ~ >

Compute True
State  of The second segment of th is

Simulated TA routine generates the 11th
in simula ted TA state. This

X-Y-Z Set state is computed in an
X-Y-Z set and then trans-

___________ 
formed to an R-~ -O set.

/ Convert~~~\/ State From \ 
~ 

Variables:

\ X-Y-Z SetTo R — Set W (l), W(2), W(3)  = Ul ,
U2 , U3.

/ Convert I), TIl , RC, and Pill are the

/ State From \ same variables as described
X~•Y-Z Set in F•

/ Convert

/ tatk- From
\ X-Y-/ ~ t
\~To_0 - Set

11)



~u k ‘- Atiu ~ RAIL — H

Th i s rout i~~ geucrates a sn~np1r- cf i-au i ,rn var iabi  -- .; f rom either a i i - - L a—
I . ~ which is ne rnally d is t eitu t ot with ~~~~ .~e--ro an~i var i ance ~ne - r  ~r -r~ a

j jui tt , i h in i r rmly 1J:jrib~ tc1 h t L .- c i  : . - t i~~~t ’r y~ t zero ‘ o r~ - It
hi - r n  ‘we L F’MDI~ m o d ’- l dev ~-~~ ; ’ - i  t i  Li t~-~ ri I n d u s - r i e ~ 1’-~r the  Fr ank hord

Ar ~‘ ‘ x r t  I

1ni~ ia i izat i - a i

N = 0 ( l r J eger )
X(1) = Five di git posit i-i c ~~hu ~e r , l x ! - u , er to be used u~

; a seeii ii ~m lei - (i-:eai )

Actual Usage:

= integer number (to) w h ich i~~’ -~- : r l r i ’ u th e  r~~mb ’- r  r f  I i~-nticat1y i r

pern 1e:~t r a r ~ I . m var I ables that art- ~~r o r u ~ ~
- I N ~ 0 px - -v ides un I herr . ru~t ci.

v an  a t ie s  , N 0 I r ~ ’; i -ac . .  normal r : -ju i c :  ar j i i

X ( i ) , . , X ( ~:;j ) ax - t x -ray  oh  ~ ‘‘.Y’ c a r  u irx i r1~ th e  specified ‘ype
of random variabi’-u (‘u ’’ ~ :; r -~- ::tricte: ~x ’h; by the irri- - uciw of X)
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Nubrout ine ZER O — I

i t t : :  - - l  h i . .- , : . - t . : a ;p ~- : i i i e J  rn-itr:x - r  a s p e c i f i e d  - ;ee tL -r .  i R e
- - r 1 - x t  - -r Lictix a~:; at . the ‘rn- I - h  t h i u  A !~~- - r i I i x  -~r this r o u t i x e  are cr- i I —
cx h t  u i : 1  - V

~.iubrout i r i -  - . :A H - I —

This routine initializes
the target state vector and
th e corresponding error

I covariance matrix . The
initialization scheme is

r— llnitial Sensing Loop described in Section 4,

Variables :
/ Provide
/ Noisy l’osition \ B I i  = 1
\ Data & Their / 12 = number of initial
\~~Covariances J measurements to be made

in order to init ialize the
estimated state and its

Store Measurement covariance .
Data and Covariance I = Do loop parameter of

ZV(l ,1), ..., ZV(3 ,12) =

______ 

Enough 
stores the rn~ asurcmen t s of

~~~~~~~~~~~~~~~ the initilization loop .

Samples iteration.

V( l , 1, 1), . . . ,  V ( 3 , 3, 12) =

________________________ stores the covariance of the
Computer In i t i a l  sensor for the I th itera t ion .

Est imate  of Stat e
and Covarlance Xhl (1), .,.,  X1l(9) estimated

I state vector o f  TA.

(~ett~~~~ 
l’(l ,l), ..., P(9 ,9) = state

~~ 
error covariance matrix .
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lai r-  ut  j~~e MJ RD — V.

Thi s -~~ i t. inc mu I + i p 1 ic: tw:. lr~ b .-nl y I-- hiried mat : i.e °.: . The ccm !at -n
i i  : t _  I t o n  t h i s  r u t i r - -  at t h e end -~h i  :; i h l ~ - r 1 i X  I:; ::elf—exp1 . ar at -r~/

: - i i l , r -  ~~ t ‘- i r e  N ’ :RA —

l’hin r - au t m e  1 : - ro l l - a . -i matrix. Ibie - r r i j - i t~ex  I i : : t i r u ’  -r thi:; raatlrLe
-
~ 1 ’ h ~- - - r : -  I of ’ ‘ hi -s j~~~j .- ’ - u t  ix i :; ccl h— ’-x 1 J. an i t ’ - -n y

~ubro u tix- - l l i ,Ti-~T — N

This is a special purpose routi ne !ise-I to invert a 3 x 3 matrix in the
m~ st efficient manor . It employs a -l i . . -tht od known as the Adjoint
ftt.~ :- i t h m . The inivence obtained is la r a l l  pr ii- - ti’-al purposes exact , because
the- algorithm employs a test on the If-’ ermir:att t of the matrix . This test
)mpares the v~1ue at the d e te rm i ; ant with a spec ified vii i ii- (in this ease

.01). If’ the -Ieter :rinant is Less t han tt i : ; -‘alue the -rompiete progr:lxn stops.
Thus , the passibility of’ round—ohi err- Yr - - 1 - i - t - ~ “rican singular ” matrir’e:; is
ci imi uat-~ d

l ’ i t t . r a l t . 1 ? i -  - l A t  I — N

l’his routine i m p u t e s  the  In c - ar : . q : - t r . .- Sit i :: tic I a g i v ar i  array
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, u h i  - ‘ I ’ i l l .’:; RAJ~di — U, lJ[1 ~’1 — 1’, l i i i  —

_ _ _ _ _ _  

QtitD (~~~r3

I _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _

Compute R , R , R Compute O~ o , e Compute ~x , 4> , ~
G iven TA State Given TA State Given TA State
Vector in X-Y-Z Vector in X-Y-Z Vector in X-Y-Z

Set Set Set

_ _  _ _  G
tur

~~~

These three  r o u t in e ; together carivei -~ t te ‘LA st at-a -i€- ct- -r from an X—Y— Z
coordinate set t - , an 2—0—4> coordinate set.

Van at l°s:

D(1) , . . . , D(9) = TA ..;tate vector i - i -p r e ;e u t e I  in an X— ?—Z set .

x(l), x(2), x(3) = H , I- , i~

R = range
0

~~o’r = range rat e

RDDOT = range acceleration

N = this in teger  counts t h e num ber ~f times the ar~~~i- U chani~c c
sign. lit e desired r- ih :- - .: - n t at i an I r U is a pa rri t ive aro’:r- ,
but f R  ATAN2 Fort ran a n a l  i an i c - i c -  f i  n c - h  f o r  — n  < I)

e is ran : I - j rr: x -i 0 — 0 e ~ *

P
x (i), x ( 2 ) ,  x ( 

~
) = a a , c

IIIETA theta
‘lU )l = ax tg-. lar r - ‘ - 01 • t I ‘:: a
TDL OT = ir x ~~I i i - t i - a ce] erit , an of theta

x(l), x(2), x ( 3 )  = 
~~~, ~~~, ~~

P1111 j)hi
Q

PDO’l = arigu 1 ar n - n i t  - of jil t

b ’DDUT :Ln~’ x  t a r  a r e e l + x a t  i - n t  of’ phi

12



dl’I’IONAL FILTERING AND 2ENSING ALGORITILMi-

Hi-  in - - l i i i  eat I or.:: of , n-I a li t i on. t0 Re- a ~r nj -  I c e  i ari ;;iter pragrwi  are
This p ’-rr:itc Rit e user to Simu l ate a variety of filtering and

5 .-r is ing ~tlgori ’ hms iii. i l i s I xt ~~ the basic f- r n of the j re’ii sisiy descr ibed
c-snpu er program .

Subrouti ne CORR

Entry~ ’ 
Th is rout ine generates

~~~~~ correlated noise that is
added to the true TA
positi on ; variables to

Generate provide the simulated
Correlated Noise sensor measurements
to be added to The input to this routine
the True TA is a v e c t o r - of s i z e  3

Position Measure— that is composed of
ments in independent normally
R-Q-O distribute-I ran dom

variables w i t h  zero mean
______ 

and variance one. The
output is a vector of

Return time correlated noise.

Since thi s is an opt ional rout ine , it m iSt be inserted into the complete
computer program . There are some mod ificati-irt;; to 2ntbr autirte SENSOR which are
required . The statements in SF112-jR corres)a ril in g to noise- terms being addel
to the true positi~ n are to be replac ed with

= x ( l )  + CUR (i)
THS = x(2) + coJ~ (2)
1 112 = x (3 )  + COR (3)

and a!: additional statement just before  t h i s  su b st i t u t io n  is to be

CALL CORH (coR , xN).

As seen above CUR is a three element Fir -ray . It  must be d imens ioned  in
storag e by

C0~’U4U N/C ORRL /C 0R( 3)

e e i r r e : : p i r l i rig t . or id -r: t ic al statement in Subroutine COHH



Variables:

:arrelation time (assumed the same for R , 0, 4> measurements).

i - i  = t ime i n ; . - r e n e r 1 t  between measurements (same as UT in other routines).

ALl = r ’ - .:i prc~cai 1’ correlation time .

S - ‘I I-: = var ianc e 1’ range mea ~rem ents .

var i ance of thet a measure-arerits.

S I li lt = -ia: j i o j~ -+ cjf phi measurements

COR (L) , COR(2), COR(i) = correlate-h nuise in B , 0 , 4> se t .



RaL&- Mea.’uir& mi nts

‘lh ~- addition of r a t e measurements 11 , 0, and 4> to a position only
sensor can he easi l y accom p lished . The necessary mod i fications involve
augmenting selected matrices and restructuring certain subroutines .
The changes are the following :

Matrices :

1) II - observation matrix
2) R - covar iance of sensor matrix
3) Z - sensor matrix
4) K - gain matrix

Wherever in the complete listings Z, ii , R and K app ear dimensioned in
storag e , they must be changed to Z(6), h l ( 6,9), R(6 ,6) and K(9 ,6).

Sub r iu t ines

IN I TIA L

th e call to Sub routin e ZERO that contains K and H must be changed to
tire proper dimension .

The new H mat rix is defined by H( i , i) = l~ I = 1, ..., 6 and H(i , j )
= 0, i ~ j.

lh+ (;all t o  Subroutine START as well as Subroutine START may be
eliminat ed since the object of START is to obtain an estimate of velocity
and its covariance . The initial estimate of TA state is composed of
the sensor measurements. The elements of the initial state estimation
covariance matrix consists of the variance of the sensor measurement
expressed in the X-Y-Z coordinate set. The i n i t i ’l  estimate of accelera-
t ion remains zero with error constraint-d by the physical  l imitation of
TA which is the Fortr an vari able SIC .

The K matrix is augmen ted so that K(4, 4) = K ( 5 ,5)  = K (6 ,6) = .5
which i~;xiorcs areas term s . This is a good approx imation that is quickly
corrected in succeeding iterations of the f i l t e r  equa t i ons .

FI LTER

In addition to the mod i fication in the dimension of the previousl y
stated variables , the variables }IT(9 , 6 ) ,  KT(6 , 9 ) ,  PHT (9 ,6),  II PHT (6 , 6 ),
R I’ (6 , 6) and R 1lI (6 , 6) ar c to he dimensioned in storage as shown here .
Also , within executable statements where these variables appear , the numer-
ical three ’s are to be replaced by numerical sixes.
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Th er e i~ a Cal l  to Subroutin e INVKRT . The routine which appears in
t i re  computer listings is a special  r outin e that only inverts a 3 x 3
m .rtriz. The user must pr nvide his own routine t in invert a 6 x 6 matrix.

SE NS( ‘H

In addition to the modification in the dimension of the previously
stated variables , the variable ~~I (6 ) is dimensioned in storage as shown
here. The rate sensor covariance t e rm s used in the report are as follows :

= 25.
SICTHD = SIRPILL) = .25 i- —06
SP1ITH — SIR 111 + SIGPII
Si,iltThL = SICT1ID f SLCPIII)

lire new sensed F~, 0 , ~ arc de fined by :

RUS 9( 2) + X N ( 4 )  * SQRT(SI(;RD)
Thhi )S = 9(5) -i XN (5) - -  SQRT (SICTIW)
f’hiDS = 9(8) +- XN (6) * SQRT (Sir :11W)

The a ddi t iona l sensor measurements in an X—Y—Z coordinate set arc :

Z ( 4)  = — RDS * COS (PU S)  * SIN (‘Ills) -I- RS * SIN (TH S) * SIN (PHS)

~ P 1lI )S
Z (5) = RDS * COS (TH~) ~ COS (Pits) — RS * SIN (PUS) * cos (THS)

I’HDt — RS * COS (PHI:) ~
- S1N (ThIS) T 1h DS

Z (6) = RD S * SIN (PUS) RS ~- COS (Ills) * PHDS

The R matrix now becomes a 6 x 6 matrix with the following additiona l
terms

RJ)S2 = RDS * RDS
THDS2 = THDS * THDS
P1l1)S2 = PILDS * PUDS
R (4 ,4) = (RDS2 + SIR R D ) * (SI GN ~- TC2 * PC2 + SIGPII * P52 * TS2 +

SIUTII S1CP1 I ~
- P S2 * T(2) + (SIGTU ~

- PS2 TC2 -f SICPH PC 2 * TS2 -f SIC,Th1
SICPII PC2 * TS2) + RS2 SIGPIID I’S2 TS2 + RS2 * (TII DS2 + SIGTH) *

(SICTH ~
- PC2 * TS2 + SICP1I PS2 + TC2 4 SICTH SIGPII ~% PS2 * TS2) +

RS2 * SIGTHD2 * PC2 * TC2 + 2. * RS * RDS * (THDS * SIGTH * PC2 * TS2
- PHD S * SIGP1-1 * P1-iC * PHS * THC 4 SICPII TI1DS * PS2 * THS) * PHC

R (5 ,5) = (RDS2 4- STGRD) * (SICTII PC2 * T32 4 SJCPII - - P52 TC2
SICTU * SICP1I * P52 * TS2) + SIGRD ~ l’C2 — rR2 I RS2 - - - (1111)52 +- SIt:l1h1))

* (SIGTI I * PS2 * TS2 + ;;IGPI I * TC2 * PC2 4 SIGN * SI UPH r C2  * TS2) ~
RS2 * SICPHD * PS2 * TC2 + RS2 * (T11Ds2 + SIGTHD) * (SICPII PC2 *TC2 +
SIGPH * PS2 * TS2 -1 SIGN ~ SIGPH ~ PS2 * TS2) 4 RS2 * SIGTIID * PC2 *
TS2 - 2. * RS * RSD * (TUDS * SICTH ~- I’C2 * TIIC + PILDS * SlGTh * PHC *
PUS * TUS - SIGPH * ThDS * PS2 * THC) TIIS
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R(6 ,6) = RS2 * PC2 -I- RS2 (PHDS2 + SIGPH) * SIGPH * PS2 + SICR *
P11952 PC2 + (RDS2 SICRD) * SICPH * PC2 + SIGRD * PS2 —2 . * RS * RDS
* PIIDS * SIGP1I * P1IC * PHS

R ( l ,4) = RS * RDS * (SIGTH PC2 * -rc2 -f SICPH * PS2 * TS2 + SICTH
* SI U PII ~ Ps2 TC2)  — PHDS * SIGN * R S2 ~

— PHC * PUS * TC2 + THDS *
SIcl’H * RS2 * PS2 ~ - I1IC * I’H S

R ( 2 ,5) = RS ~ RDS —
~ (SIGTH -

~ PC2 -Jh;2 -f SIRPU ‘rs2 * Pc2 +
sI(~rH * SIRPII I’S2 * Ts2) + PIIDS * SiGN ~ RS2 * PHC * PUS * TS2 +
‘rims ~- SIGP H RS2 * P52 -j’-- THS * NC

R( i ,6t = RS RDS -,: PC2

-fh -Iemi-nts R(!r ,I ) ,  R ( 5 ,2 ) ,  R ( 6 , t )  - i r - cqti iva l en t t o R ( l ,4 ) ,  R ( 2 ,5) ,
R (3,6) since R i s  a svn i t -t r i c  m a t r i x . ‘lire R (l ,5), R (l,6) ,  R ( 2 ,4 ) ,  R ( 2 , 6 ) ,
R ( 3 ,4) and R (3 ,) elements arc not given , hut may be easily derived
by th e user . Elements not described arc set to zero.

COLLE CT

In addition to the modifiration in the dimension of the previously
stated variables , the new variables DXS(300) DYSV(300), I)ZSV(300) must
he inserted , Al so , SlG (15) is to be dimensioned in storage as shown
here .

The differences be tween the true ve locity and the sensor measurement
of velocity is computed as:

DXSV ( I I )  = X(4 ) - Z ( 4 )

DYSV (II) = X(5) — Z ( 5 )

D Z S V  ( I I )  = X(6) - Z ( 6 )

Entry PL~ FINC

The mean squared veloci ty  error is computed and printed by the following :

CALL STAT 1 (DXSV , N , SI C ( 13 ) )
CALL STAT1 (DYSV , N , SIc(14))
CALL STA’ll (DZSV , N , SIG ( 15))
PRINT 3000 , ( S I G ( I ) ,  I = 10, 15)
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Uncoup led F ilter

The plant  model for the TA utilized by the Kalman f i l ter  is con-
st r u cted with  state variables repr esented in an X—Y — Z coordinate set.
riri - t r ip let of s ta te  variables (posit ion , vel ocity and acceleration)
for ~- ich coord i nat e a x i s  is assumed to he independent of t r ip les  with
respect to  other a x i s . ihowever , the X — Y — / ~ coordinate set is not corn—
pi t ih i e with t h e R — Q — ø  set of the sensor mea surements which are assumed
to be i iidt -pt ndent of cacti other . In order to make the sensor data corn—
pat ible with the  filter equations , thu independent R—~ —O measurements
art’ transformed to dependent X—Y— /. mcasw enncnts . The dependence is
refle cted in the non-zero off-diagonal elements of the R matrix . The
uncou p led three state filters can now he obtained from the nine sta te
filter by setting tile off diagona l elements of the R matrix equal to
zero.

Sim i lar  pr oblems are inheren t in the rate  aided sensor , except that
there are three addit iona l rate measurements. Again , the sensor vari-
ables are transformed into the X-Y- /  set . By setting the o f f  diagona l
elements in the resulting R matrix equal to zero, the user obtains the
decoup led three sta te f i l te rs .

Steady State Filter

Having uncoupled the nine st—ite filter by setting the o f f  diagonal
elements in the R matrix to zero , the user must now ri-p lace the remain-
ing diagonal elements with constant values . This eliminates the
dep enden ce of the filter equations on tire target state. These elements
in the R matrix arc assigned the following values .

Posi t ion onl y sensor model:

R ( i , i) = SIGR I = 1, 2, 3

Rate aided sensor model:

R (i , i) = SIGRD i = 4 , 5, 6

To obtain steady state results tire entire computer program XYZ must
be processed twice ; the f i r s t  t ime using constant values in the R matrix
(as stated) that generate steady state gain values (K matrix) . The
second t ime , using these stead y s ta t e  gains to compute the estimated
state along the entire TAFP. This substitution considerably reduces
total computer t ime and cos ts . This is accomp lished because the ent i re
f i l te r i n g  routine is rep la ced b y the f o l l owing  statements in the ma in
program.

CAl l Ml’Rl) (K , U , KU , L , 3 , L)
CALL MPREJ (PU , ~~1 , PU X , L , L , 1)
DO 100 1 = 1, L
DO 100 J = 1, L
I F ( I . E Q . - J )  CO TO 95
KII (I , J )  — K I h ( 1  ,J)
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GO TO 100
q 5 ClINT I NUE

CALL MPRD (K , Z , KZ , L , 3, 1)
CALl. MI~RD (K U , FlEX , KIIFI {X , L , L , 1)
90 110 1 = 1 , I

11 0 XH(l) = KIIFILX(I) + K Z ( I )

T h r e ~~i sta tements are positioned In the main program in place of Call
FILTER. The var  i - ri le desi gnation and dimension have to be modified to insure
a legal substitution in tire main program.

IMPLICIT REAL (K)
DIMEN S ION KU (9 ,9) , F I I X ( 9 ) ,  KZ(3), KEI F R X(9)
L = 9

Tire steady state rate aided filter is similar to the one necessary to ob-
tain tire position only steady slate f i l ter. The procedure described above
carries over to this case except that all numerical threes appearing in the
proceeding program statements are to be replaced with numerical sixes .

Comb ined Al gori thms

All possible combinations ot filter and sensor algorithms have not been
presented in this report. For example , thie user might wish to observe the
effect of correlated noise in a steady state rate filter. This may be accom-
plished with minimum alteration to the major components of the program because
of its modular design. However , t h e user mu si be very careful when imple-
menting changes , especiaLly in the alteration of the dimension or complete
removal of program variables.

l_ ~( )



INDEX 10 ROUTINES

This Index provides the following information for the main program and
the subr outines where app licable.

1) Alp habetic Indicators t h at appear in subroutine flow charts
2) Name of routine
3) Page number in this appendix where  routine description appears

~) Computer memory storage requirement represented In decimal words
5) Argument list — calling and returning

a. specific list — these routines were written for the listed
variables

b. general list - these routines were written for any suitabli-
variable s

1 1~ I
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