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Theoretical Exp lanation of Spectral Slopes in
Stratosp heric Turbulence Data and
Imp lications for Vert ical Trans port

I. NTBODE CTION

Stratospheric turbulence, like tropospheric CAT , takes the form of layers

which are broad in the horizontal direction (for example , 25 km) but thin in the
vertical direction (typically between 100 m to 1000 m depending on how measured

(Rosenberg and Dewan, 1 Anderson, 2 and Barat. The power spectra of the turbu-

lent velocity fluctuations within such layers have slopes (on log-log p lots) which
are roughly in the vicinity of -5/3 to wavelengths as long as 10, 000 ft . or pos sibly

as long as 40. 000 f t .  (See Fi gure 1.)  More specifically, these slopes fall in the

range of -1.5 to -1. 7 for horizontal and -1. 25 to -1 .4 for ver tical fluctuations
(HICA T data*). While one would expect slopes of -5/3 for spectra in the inertial
sub-range , one would not ordinarily expect to find them at wavelengths far  exceed-
ing the scale for isotropy. Isotropy is found up to 100 to 150 ft in the case of
stratospheric turbulence (HICA T data *). The purpose of this paper is to explain
the presence of this anomalous -5/3 range of spectra in data from stratosp he r ic

(Received for publication 30 September 1976)
*Beferences to HICA T data are found in Crooks . et al. ref. 45 . )

1. Rosenberg. N .W . , and Dewan , E. M. ( 1975) Stratospheric Turbulence and
Vertical Effective Diffusion Coefficients , AFCRL-TR-75-0519 .

2 . Anderson , A .D.  (1957) Free-Air turbulence , J .Meteoro l .  14:477-494 .

3 . Barat , J. ( 1975) etude expe’rlmentale de Ia s t ructure  du champ de tu rbulence
dans la moyenn e stratosphere , C. R .Acad .  Sc. Paris 280(Serial B) :69l -69 3 .
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Figure 1. Typical HICAT Turbulence Spectrum
Showing -5/3 Slope Beyond the Isotrop ic Range

turbulence. As mentioned in the abstract, this  is of use in the general ver t ica l

transport problem.
It is generally agr eed tha t CAT , and presumably most s t r a tospher ic  turbu-

lence, is generated via the Kelvin-Helrnholtz (K-I l )  ins tab i l i ty  mechanism

• (Rosenber g and Dewan , and Dutton4’ 
)
)• When the shear across a st r a t i f i ed  layer

• is suff icient  to cause the Richardson number to go below 0. 25 , an uns table  wave 
-

- 
-

presumably builds up and eventually breaks down in such a way as to generate a

layer of turbulence.  Excellent experimental  informat ion  and photographs will  be

_ _ _ _ _  

I
4 . Dutton , J .A .  (1971)  CAT aviation and atmospheric science , Rev. Geophys.

9 :6 13—6 57 .
5. Dutton , J .A .  (1973) Recent perspectives on turbulence in the free atmosphere ,

in N. K. Vinnichenko , N. Z . Pinus , S. IU. Sh meter , and 0. N . Shur ,
Turbulence in the Free Atmosphere.  Consultants Bureau , New Yo rk .
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found in the work of ‘1 horpe, Woods, Battan , and Ludlam. The classic

theoretical paper is that  of Rosenhead. 11

The K-U mechanism is respons ible for turbulence to be found below the sur-

face of t he  ocean , and it has been said that the resulting thin layers of turbulence
which  a r c  t h u s  generated in te rmi t ten t l y in space and t ime , are the pri mary ca use

• of w h a t  ver t ica l  t ranspor t  there is in the interior of the world ocean (Woods and

Wi1ey 1
~~). 1~ is i n t e r e s t i n g  to note that , in this  connect ion , some s t ra tospher ic

and other p h ysicists ha ve become aware  that there is a useful and close analogy

be tween the dynamics  of the ocean and the stratosp here; fo r examp le , see Thorpe , 13

Rosenberg and L)e van . 1 Woods and W iley, 12 and Stewart  and Bolgiano. 14

An anomalous - 5/ 3  slope ( t h a t  is , one found outside the inert ia l  range)  was not

seen for the f i r s t  t i m e  in the IIICAT spectral  data  by any means , but ra ther  it has

been repeatedl y seen in s t ra t if i ed  media.  For examp le , Pond et al ’~ repor ted the

r e su l t s  of an experiment  where  the theore t ica l  lower  l imit  of the iner t ia l  range

was k 0 . 1 cm~~ (k is the wavenumber)  whereas , in cont ras t , the i(~ 
-
~ spec t rum

provided a reasonable f i t  to k 0 . 005 cm 1! In another  case , Stewar t ~~ made the

H llo~v i n c  s t a tement  which  is perhaps the most  prec ise  description of the problem at

hand:  ‘ I t  is well known that  --5 ‘3 spectra appear ve ry  f requen t ly  when one observes

along a ho r i zon ta l  path in a s t r a t i f i ed  fluid.  These spect ra  are observed even when

it is qui te  apparent  tha t  the tu rbu lence  observed is ve ry  far f rom isotropic .

This  point needs more carefull  cons ide ra t ion  . . . .  than it has yet  received. ”

I -a -r e- , s. A. ( 1173b) Lx p e r i : n en t s  on s t ab i l i t y  and tu rbu lence  in a s t r a t i f i e d
shear  flow , J. Fluid 1\Iech. G l ( P a r t  4 ) : 73 1 - 7 5 1 .

7 , W eds , J. D. ( 1 9 6 9 )  On f li chardson 1 s number  as a c r i te r ion  for l a r ~ina r -
t ur b u l e n t - l a m i n a r  t r ans i t i on  in the ocean and a t r i o s p here , f ladio  Sci.
1 2 : 12 8 0 — 1 2 9 8 .

W oods , J. D. ( 1968)  W av e — i n d u c e d  shea r  i n s t a b i l i t y  in the  sumy l - : -  i l - t m -  d i n ’

J. F lu id .  T\ I ech.  32:7 11 —800.

1. Iia ’t an , 1 .J .  ( 1 17 3)  R a d a r  O b se r v a t i o n  ef the At 1 r -~ph er e , I f lj v - T - — d \  (If

Chicago Press .

10 . Lud l an s , I- . 11. ( 1117) ( h a r ar i e r i s t i c s  ef b i l l ies  cioud ,s and t i ~~- t ’  - c i t -

c lear  air  t u r b u l e n c e , Q u ar t . J. Rev.  Slet .  Soc. 93 : 4 1 1- 4  -

11. Ro senhead , 1... ( 1 131 )  The f o r m a t i n of v r 11 ce~ f r I ’t a s u r t ; -e of d : -

u i t v , l’ r c .  I ( \ .  b c .  1 3 4 : 1 7 0 — 1 1 2 .

12. \Veods , J. D. , and Wiley , H . I , .  ( 1 9 7 2 )  Bil1o~s t u r l i u l e n l - - and I- -a n  t r i e d —

s t - u c t u i - e , Deep Sea Resea rch  and Oceanic Ab~ t. 11:17- 1 2 1 .

1 . 15 . Thorpe , S. A .  ( I I 7 t a )  ( •5 ’l in the i :u le r a t l ’I ’ y ,  WeaR ~-r .

14 . Stew ar t , H. W . and 1 0 1  n a n  ‘ , U .  ( 1911 ’) Comments  in: Clear  air  u r b u l e n - :
and i ts  de t ec t ion , e d i t e d  1-v Y . I I .  Pm and A. Goldberg, P lenum I ’ i e .,-. ,
p. 515- 20.

15 . 1’ nd , ~~~ , St e w a  5 3 , H. V2 . , and h u r l i n g ,  H . W . (1 9 l ; t )  Tu rbu lence  ~~j l ’ ’ ’ r - . in
t he “ m d  l Iver wave ’ s , j.a \ f u t . ’~~ri. 2 0 : 5 1 1 — 321 .

1. St ‘\‘. ; ,r  t , H . W. ( I l l S ) Turbu lence  and w av e s  in a st r a t i f i e d  a tmosp h er e ,
R ad i i ’  Sri . 4 : 1  211 — 1 2 7 1 1 . 

- __________
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In another case, Pao 17 described this phenomenon in a stratified t urb u l e n t

flow as seen in a tow ing tank  as follows: “However, the tu rbulen ce is t e -  weak to

have a d i s t i nc t  f
_ J ~~ ine r t i a l  range. This ‘anomalous -

~~ - 1  subrange , I we believe,

is due to the presence of the in ternal  wave spectral  peak , l i f t i n g  up the spec t r a l

curve a s a  resul t .  . . . However , our results (Fi gure 3) ind ica te  t h a t  t h e  p i e - e r a - c

of the f~~ /.l f requency range does not w a r r a n t  the exis tence of an i n e r t i a l  su b ia n g e

in a stably s t ra t i f i ed  f luid. ” Figure 3 was a spec t rum w i t h  — 5 3  s l , pe a ‘lie log—

log plot s how i n g  the anomalous  -5/3 subrange.

Fina l ly ,  in this connection , Dutton ’ 8 wrote the  9111 ( 1 ”, u s : ( t i ( -  f • t a  - - - r -

tant  p roper t ies  of a tmospheric  turbulence is tha t  the - 5( 3  ine r t i a l  ~u 1 -0:1~~c ‘ 1 - I S

appear to ex ist , but for reasons unknown the —5 3 r e l a t ion  h , , l d s  it  s- ~urh

wave n u m b e rs  than would be expected from the  t h eor y . ’

From the previous  informat ion, it  is clear t h a t  t h e  a n rlm alo u s  —5 3 e f f ec t  in

s t r a t i f i e d  f luids is well  known and that  a theore t ica l  ex u l : ,n a t i n for  it would  lu , - t

value at th is  t ime . (One fu r t he r  ment ion of th i s  sublect  wil l  be l und  in
• , 19Elhson. )

In order  to gain some apprec ia t ion  of how fa r  the I I I CA T a p e e t r a  d i f f e r f rom

the  usual  predict ions  of the theory  for the iner t ia l  subrange , we now male  a com-

parison. In the case of shear generated turbulence  in the absence of l u v a i l c y , the

m a x i m u m  wave leng th  for isotropy is derived by compar ing  t h e  mean r a t e  1 s t r a in

to the rate of s t ra in  of the turbulence .  The l a t t e r  is , f rom a s i m i l i t u d e  a rg um e n t,

given by 1k’3 0(k)) 1 ~~ ~~~ where  6(k )  is the t h r e e — d i m e n s i o n a l  s ea ler  \ ‘ :nvc n c - - i cr

spec t rum of the velocit y f l uc tua t ions . L e t t i n g  ~ he t h e  scale of the r e - a s

i the  outer scale, S the mean s t r a in  r a t e  (S a i’ ) , e t h e  rat e- of d i s s ipa t ion , s the
‘ ‘ — 2 3 — 5 3 3 -tu rbulent  s t r a in  rate and using c’ l. a k , c ~ ( , and m a k i n g  s / S  10 ,

• Tennekes and Lumley 20 .~h owed ~1ia t  1 ~ h ay sh ould not e X t e n t  1 wi:  much f u r t h e r

than the value of k where

kI 350

This imp lies tha t  the m a x i m u m  ‘,‘.a ~ ’e1onu t I fo r  i - ~ot i p \  would  :11 t he ouch  g r e a t e r

than about 2 percent  of the , u t e r ’  1. s i p t n .

17, F l , 5 .  11 . ( 11 73) i~l e a s u r e n :e nt s  1 i n t e rna l  w a ve s  and t u i - 1 - t i I ’i~~- t ’ in
— ( l i m e s l - i 1 , n :l1 s t r a t i f i e d  s h e a r  f lo ws , Bo u n d — l a ’ ’’’ ~\ l I ’ t  I’ S ’ , ’  I . 1:177.

‘
I 
‘ 18. Dut ton , J. ~\ . ( 1170) E ffect .s  of t u r b u l e n c e  on ~ ‘ - ‘ ‘  - s c a t  t e a l  sv in , P t ,  ~~su’  ~ s

in Aeronautical ‘~cie n ( - e - , , 11 , edi ted  h - v  D• I \u ch ( ’m ann ci ~~~, l’ e - i -pan e  n
Press, Oxf ord.  —

i t ’ . Ell ison , T. H . ( l O S t ; )  .5 tmosp her ic  rurbulence - , Su r vey s  in \ l e h : n i e s
(p. 4 2 5) ,  edited by T. 13. Batchelor and H .  M. i ) n v i t - s , ( a i n h r id i p -
Univers i ty  Press.

20. Tennekes, 11. , and l ,um l ey , J. I • .  ( 1 172 )  A F i r s t  ( ,‘u r~~e in Tu rbu l ence, i \IIT

- P s-es ~ , (‘ am b r i d g e , Sin s  s : ,chs i se t t . s .
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\Vhen the drain of kinetic tu rbu len t  energy  due to work  clone aga ins t  the  s tab le

buoyancy forces is taken into account , Lumley 21 has sh , wn tha t  the  n e r t i a l  range

will not extend to lower wavenurnbers  than  k1 
( i n v e - , - s e  “ buoyancy  length” ) g i v en  b~’

kb
.’~~~~

—
~
i_

~ 
( 1)

where

g d~ (9)
l O d z

and where e is the average potent ia l  t e m p e r a t u r e , g the accelerat ion of g r a v i ty ,
and N 1 is the buoyancy f requency.

In the RICA T’ data  the measu red  th ickness  of tu rbu len t  lay er’s  r e n g i - I l  f rom

300 ft to 7 , 000 ft wi th  most  of them un d e r  3000 ft  or about  1 km .  T ak i n c  1 km

as the outer  length , the f i rs t  cri terion above imp lies that 20 in would II- the ’

approximate  m a x i m u m  wavelength for isotropy.  The bouvancy  length  c i - i t e r i u s : ,

according to Z imm e r m a n  and Loving 22 Monograp h I , ( [-S F c ive s  such v due s

as 13 in , 51 in , and 40 in.  As  alread y indicated , the da ta  showed t h a t  i s o t r o p y

in the H R S  T measu remen t s  extended to w : i v e l cn g t hs  b e t w e e n  31) in nd 43 In ,

Thus , by all c r i te r ia  the iner t ia l  r ange  should not extend much b ey on d  - h o t

in or so. But , as alread y ment ioned , the -5/ 3  spectrum (in the ap p i o x i n s a t e

sense)  extends to several  thousands  of feet  if not tens of t h o u s a n d s  of 9 ,  t in

w avelength . It is p r ec i se ly  t h i s  discr’ epancy w h i c h  we n v. set out t - e~~p 1a sn .

An impor t an t  , , h se i ’va t  ion , m a d e  by Gi f ford , 
23 is t h a t  (n e  sb u ld  ‘ - ‘ a l - I t t h a t

spatial  aliasing e f fec t s  is ill s ign i f ican t l y extend the  ~~ ) 1 l a n g e  of ‘ ‘ n v  c i i i :  I , -

smal ler  values in the o n e — d i m e n s i o n a l  s j i l ’r t r a  a-i 5 ‘ i : p a r l - i t i  t h e  t h r e e — d i n - c - n  —

s iorial spec t rum.  In the examp le s tu d ied isv  1; if l , i ’ l , he ~~ i, e l  Lit  I t -  — 5  3 - a t t n -

of the one—dimen siona l  s i , e r t r u i n  ex tended  0 a value e~f k a l -  u t  l ive ic :  -
~~ — - a

than the smal les t  — 5  3 r i u s p e ’  v a l ue  of k of t l i e  t h r e e — d i n i e n s i o n a l  ~-p ~-c t i c - - i  ‘I hi:

a t h r e e — d i m e n s i o n a l  sp e t - t  r u t - I  w i t h  i n e i t i a l  ra r i ij ’ ‘x t  , ‘ i s - t  i n -  I ’  - 50 ri-i e ‘ t i l i l  a l e - a r

, ,ut  tc , 230 in in the on e — d i s s i I ’n — i , s l a l  - 5 ) e - I - t  t i s s :  d u e  S o  ~p a t i a l  a l i a s i s ig  - i f S - i - ’  — . But

a.-i w e  have seen , we s- r i u s t  exp lain — 5  1 - a n L ’ e~ - -a ’ to wa - r i  - s l u t  I t —  of 10 , 000 a’
40 , 000 ft ( se ’  , bey ond at  I t - a - i t  3 k in) .  ‘1 I n s  ci -u ld  nh happen if S l i t -  n - 1 , - i .

d i . T . u i s i l e v , J.  I. . ( I l l - i t i )  The ~ p I - , - t r - u c  -f n , -ar i \ ’  i t t-  s -H a !  ‘ n s - l - u ] , - l a - [ -  in a — O ’ l ’ i \
s t r - : i t i f i e ’ l  f l u id , J. A t i i i . Sci. 2 1 : 1 1 — 1 1 12 .

22.  Z i m m e r m a n, 5. P. , and I - ‘ ‘v i n c , \ . ( 1 7  ~‘) The  N a t u r a l  ~ I at  -- d i ’ s ’ -  ~ f 1 7 4
CL-\ P M onograph  1 , F ina l  Rep ’  rI  , D( IT , (L A ! ’ . , DOT — 1 ST — 7  ‘ — 5 1 .

G i f f o r d , T-’, (1 951) The i n t I — r p l - e t l l t : l n of i t e - t c , ’r o 1 ’~~i r n i  — p e c t r a  an ! c -s -i- - a—
t i o ns , .1. S1~- I e , i - , , l . 1’ ’: 4 4 —  : 4 - .
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— 5  ‘3 range in the t h r ’ e e — i l i i s r e n s i o n a l  SI1I’,-t,’uIn ex t  - s i - I , - - I , - i t  lea~ t as í a ’  as the

‘‘ ou t e r  l eng th ’ o f t l i , -  1 km l ay e r  ( t : i e — ’ i , - s s . The l a t - t i t ’  40 , 000 ft r t , s i g ~- would he

compa t ib l e  w i t h  art , u t s - i ’  l , - n p t l :  ~, f th~ i t t - c t - — I  l a ~ c t - I - a ,  -t n - — s  ~~- ‘ - n in h h I C ~\ ’1 . In

t he f o i l o w i n d .  we t h e r e f o r e  set , i t t  i ,  I - v I l l a i n  —5 -I - t i c ’ - - a l l  ‘ 6 ’ -  w ay  Ii i  , C 1 l

l e t i g t  h .
- 

- An i m po r t a n t  e o i i — i ’  q ue n i - e  of ‘ I i ’ -  ,n , ’ - t , l ’ i t a  — 5  3 i n ’  i~ ‘ i t . ’ a can lead to

‘ - r - r c , neous - s t i i i e t , - ~ ( i f  w h e n  the  n i , - ’ I ,  - i  of ~ s - -  ir  ,nd ( ; i  ‘ t ’ 
‘ i~ t p l , - v c ’ t I . In

othe , ’  w , , r d s , a s  ~~~~ 
I has .s r i t t , - t i  i t ’ . . - h - u i - I  I t ,  - a s :  I :e, a s- a n t i - s i  f l ag

‘a those  who ie ’ i ’ iv e  t u r b u l e n t  e m - t - p v  l i s ~~i i ~~~i, t t  s - - ,
’ s - - rn p e e t i : i  - e:i .~u red

ir iS h - I ’ l a t i ve iv  s i - v — r e s p o n s e  i n s t r u i , -e ’ n !~ . .‘‘ . 1 b t i  a 1 k - - - - i t - I  l t - ’ - x p l r i s n e n t l - l

could  mi~ t : i k -  a - 3 3  range fc, r a t x - u , -  m t - r h ’ !  s e t  s i n e  an  t h e  l a t t e r  r i g h t  L e n in
*

~it  — s : i v e s -i u r -i , I ’ t - i - s  h i ghe r  t h a n  the  r € - s o l u t i , ,n  1, 1 h is  i n ~~t t  i - - - ’: ’

The  p lan of th i s  paper’ is b r i e f ly  as 9 , 1 1 , - i s . F i r — t  - ‘c  s t i l l  e t ’ a i r , l i i r ’ -  the  equa-

t ions  of m o t ion as -y e l l  as the  s p e c t r a l  - s ; s t : t i o n ~ 1 , - c  t i i r l - u l , - s - i t  i a t i i - n  a nd t e m p e r a -

t u r e  f lu c t u a t i o n s .  The p it s i r s  of ‘I ie .s e- equa t :  ii and t h e l  r i n d i v i d u a l  t t - r n s wi l l

be d i scussed, and a spect s- a l  theo i-v , i f  k — l i  t u r l a i b - t i e , ’  tr i l l  be l t - v e l ,  - t i e , !  which

p r e d i c t s  a — 5 / 3  range ex tend ing  f rom the  Kolmogorov i i i c  r i - s i - a l e  a . the i n t e g r a l
i i i -  o u t e r  sca le . ~\ s i mp l e ph ys i ca l  p ic tu re  wi l l  then  he g iv e -n  of the ‘‘dual  cas,-ade ’

r e st , ,  n a  ih le  for the phenomenon .

2. ‘l ’i . 4 h R  I i .  11,11 l!H)\ .~ ~
;: 

~ mu 1 , 1 - \ I  I. ~\1) -J J - % JJ ’ J JJ ~ Fi Jhh
i i  ~li u\~ t\  ~t’iJ ~iini-:u slit- : ~ii i iu i t

In t h i s  ~, -r t i , , n , ire sha l l  fol low the t r e a t m e n t  given by Lin et al .  25 W h i l e
n to i t s u i t e d  to  r , or  pu rposes  because  of i ts g e n e r a l i ty , the  l a t t e r  I s - i - a t s n e n t  is

- - ~~- t i s i a I l y  l n p  t he  sam e - lines as  t h a t  given in such s t a n d a r d  works  as i l i n z e , 26

an’ ! I , u m l e y  and P an o f s ly . ‘ T-hrs t , is-c cons ider  the  N a v i e  r - S t o k e ’ - equa t ion . We
n~~s l i n i e  cons tan t  v i s c o s i ty , i n c o m p r e s s i b i l i t y , and va l id i ty  of the Bouss inesq

•A t yp ica l  r e l a t i , n be tween  tu rbu len t  d i f f u s i v i t y ,  Ke~ 
and the  d i s s i pa t ion  ra te , i ,

i s K = (c , t i s t . )  1/3 k~ 4/ 3  where  N a buoyancy  f r e q u e n cy , and
- l ” ’ ~ 3~ 2

• k 1 a ( cu n s t . )  - N~~’ . (See Z imm e r m a n  and Loving.

24 . St e w a rt , IT .  \\ . , and Gran t , H. I • .  ( 1 9 62 )  D e t e r m i n a t i o n  of the r a t e  of dissi pa-
t h i n  c, f t u r b u l e n t  en e s p y  near the  sea s u r f a c e  in the  p r e s e n c e  of is i ve ~ ,
J. (h - op h ~~s. IT es.  5 7 : 3 1 7 7 — 3 1 8 0 .

2 5 . IAn , J .  T. , Panchev , S. , and Ce r m a k , J. ( l 9lf ’ a)  Tu rbu lence  spec t r a  in the
buny anc  s u h s - a n p e -  of t h e r m a l l y s t r a t i f i e d  shear  f lows , E~2j ect T h em i s ,
Ter h n i c a l  l i ep t . No . 1, College of Eng inee r ing ,  ( i l i r ado State  U n i v e r s i t y .

2 ; . lj i nz e , J.  ~~~. ( 1 1 51) Turbulence , M c G r a w - H i l l , Nt-sr York .

27 . 1, u r n l i -y , .1. I . , and Panofsky , T I .  A .  (19 14)  The S t r u c t u r e  of A t n i , j l i e rL
S t I s - l i i h ’n ( - , - , In t e r sc i ence  Publ i shers , \e’w York .
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approxi mation . Letting P be pressure , I.~ the viscosity, p 0 the mean density, p

the density fluctuation , and the ~th component of the velocit y we can wri te

/au. au. \ 
~ ~ /au . \

t 

P 0 ~~~~ 
Uj -~~ L) = -~~~~~~~ - + ~~~~~~~~ (,,,,

~~~L)  
(3)

au.
(4)

Next we must have the equation for the temperature field which, in turn , con-

trols the density. This is simply the convective di f fus ion equation for heat flow

~~~~ 
(~~~~ 

+ u~ = 
~ T ”

~~~

where C~ is the specif ic  heat capacity at constant pressure assumed cobstant , 
~ T

is the thermal  conductivi ty also assumed constant , and T is the t empera ture .

The equat ions for the two point correlations of the velocity and temperature

fluctuations are obtained in the usual  manner , using Reynold s decomposition

Ui = ~J~ +u t 
~~~~~=

p p + p
1 

,

where the overbar denotes time average. Defining I) 
~ ~~~~ ~

‘T = P T I~~oC p ) . us ing

e/T = -p 1/p ,  assuming s t a t ionar i ty  of mean flow , and per forming  the usual  man i pu-

lations as well as the tensor cont raction, we obtain

I II III —

-~-~- ( u j up + ({ol~~~~3 + + r3 ~~~~~~ 

(u i u~)) -
~~~~
‘

IV V VT (I,)

2 —i-
l -  _____ 

3 ( u .u . )
+ 
*~

-(uiu
~j
ui 

- u
~u~

u
~

) = -
~~~

- (u~~~+ ~j’ ”

~T) ó .3  + 2v 3r .3r
1

13

~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~~• .i._, -



~~~~~~~ - -— -~~~~~~~~~~~~~~ -- - -
~~~

---
~~

----

,1

I II III

(~~~i)  
+ (~~~u + ~~~~ + r -

~~
- (~~~6)

-it 3 3 dx~ 3 3r 1 3x 3
( 7)

IV V

+ -~ ---- ( t ) l J ’~~~’ - OO ’ u5 = 21/ ~ 2( l1~p)~
0r .  1 T ar ’ir .

3 1

where  pr imes  refer to disp laced points x ’ = x + r and r .  = x ’ - x 1, local h , , i i i i , -

genei ty  was assumed , the approximat ion ~~~~ - = r 3 . (dU 1 dx !
) was used , a n d

I l and T were assumed to be funct ions of onl y the vert ical  ct ,ordinate , x ,.  The

reader should consult the references for f u r t he r  de ta i l s .
We now physically identif y terms , and since they all involve t w o  point r i r s - c -  -

- - lations , it wi l l  be more convenient  to cons ider  the zero lag case .

= rate  of change pe r unit  mass of the kinet ic  energy f l uc tua t i ons  is i t h

respect to t ime .

II = ra te  of product ion of veloci ty  f luctuat ions  due t o  t he  v e r t i c a l  t r a n s p o r t

(u 3
) of h o r i z o n t a l  f luc tua t ions , u 1, in the presence of ve r t i ca l  mean

shear , dU 1, dx :1.

Ill - (as wil l  be discussed below- ) the e f fec t s  of the d i s t , , r t i , n and ro t a t i on  (If

tu rbulent  motion due to mean shear .

IV = nonlinear  convect ive ef fec ts  involving vor tex  s t r e t c h i n g  f smal le r  t- I , lo- -

by larger  eddies.

Both III and IV are divergences, and energy is neither created nor destroyed by

then s .

V - ra t e of work  done against s table buoyancy f o r c e s  w hich r e s u l t -  in the

increase of the potential energy of the tempe rature (or density) fluctuat ftn

field.

VI rate of turbulent  energy di ssipat ion in to heat by v i s c o s i t y .

In the case of Eq. 7 we have:

I = rate of change of mean square t empera tu re  f luc tua t ions  w i t h  respect to

t ime.

II = rate  of product ion  of t empera ture  fluc tua t ions  due to v e r t i c a l  t r a n s por t

(u 3 ) of t empera tu re  f luc tua t ions  (0) in the presence of ver t ical  s iean

gradie nt dT/ dx 3.

14 
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III = the distortion and rotation of temperature fluctuations due to mean shear

which is analogous to term III in the equation for kinetic energy above.

IV = nonlinear convect ive effects involving vortex stretching as in the kinetic

energy equation.

V = rate of temperature fluctuation dissipation by molecular diffusion effects.

The spectral equations are obtained in the usual manner by Fourier  t ransfor-

mation of the two point correlations . We next consider the three dimensional

scalar wave number spectra obtained by averaging over spherical shells in k space.

is Equat ions 6 and 7 ar e thus t ransformed in t o

I II III

34 (k , t) 
~+ (k t) ~~~~~~~~~ - 

(k 35
~J -

uw ‘ dx \, 1 3k ) dx -

si .~ v.
(8)

IV V VI

F(k , t) + “=- ~ ~~~ 
t) - 2~ k2 ç~(k , t )

T

and
I II III

3
~ TT(k~ t) + (k t) dT ( k 

3E T i  i -

~wT ‘ T~~ 
1 3k ) ‘ dx -

dx 3 ~~~~~~

IV V

t) - 21/
T k 2 

~ TT~~ ’ ~>

where x~ x 3 /2 , and where E 1 and ET I are the diagonal elements of the non-

averaged three -dimensional spectra.
The number ing of these spherically averaged spectral terms corresponds to

the previous numbering of the correlation terms.  We now give the physical  inter-

pretat ions.  For Eq. (8) we have :

“ I = the rate of change with respect to time of ~(k , t), the kinetic energy

spec t r al den si t y at k .

II = rate of “ turbulent  production ” at k. is the real part of the cross

spectrum between the st reamwise and vertical components of the velocity

fluctuat ion s.

15
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I I I  = transfe r in k-space of  kinet ic  energy due to the d is tor t  ion e f f ec t =  of

mean shear . It is from lower to higher  values of k in the anisot ropic

region . The reader may consul t  discussions in I l inze  and Luinley  and

Pariofsk y 27 for further information.

I V  = t r ans fe r  in k-space of kinetic energy due to the ine r t i a l  cas - t ’ d t -  f rom lo~
values of k where  product ion is impor tant  to hig h v a l u es  of k , wh e i - e -

• - molecular dissipation occurs .  It represents  the net input or output  (that is ,

the “bui ld-up ”) of energy at k and when F = 0 , the cascade is stead y in

k-space since F - 3F ( k ) / 3k .

5 
V = rate  of turbulent  buoyancy “ production , ” or , as in the p resen t  s t ab le

case , buo yant “ d i s s i pation. ” It refers  to kinet ic  energy  loss at k by

conversion into buoyant potential energy. 0 isT is the real par t  of the

c ross - spec t rum taken between f luctuat ions  of t e m p e r a t u r e  and v er t i c~~1

veloci ty.

VI = viscous dissipation rate at k considered neg li gible for all hut  t i t e  hi ghest

values of k near the Kolrnogorov microscale.

The terms for Eq. (9) are:

I = rate of change with respect to t i m e  of QTT~~~t), 
the t e m p e r a t u r e  f luctua-

tion spectral  dens ity at k .

II = rate of production of t empera ture  f luc tuat ions  at k . Compar i son  w i t h

term V of Eq. (8) shows that  mult ip lication of the  present  t e r m  by

(g/ T ) ’T ’ (where  T’ a dT/ dx *) gives t e rm V for potential energy.  In fact ,

if Eq. (9) i-s multi plied by this  “ conversion f ac to r , ” our t e m p e r a t u r e

fluctuation equation becomes the equation for the potential e-nei’ gy of  the

f luc tua t ions .

III t ransfer  in k-space , due to mean shea r .  IA n  et al 2
~ appear  to lie the

f i r s t  to have incorpora ted  this  t e rm in the equation for t e m p e r a t u r e

fluctuations .

IV = the iner t ia l  cascade t e rm for the t e m p e r a t u r e  f l uc tuat i ons .

V = molecular heat dissi pa tion rate at k which is assumed negligible for

small  k.

We now turn  to a more deta i led  physical desc r ip t ion  of the t erms  of these

equa tions in the context of K-Il turbulence.

I ;
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Ins ight  into the product ion t e rm .s  II and \‘ o f Eq. (6 )  in  the context ~f K—Il
10 “8 >“t u rbu l ence , is provided by the discussions of Ludlam and 1-tu. - in g er  ‘ - ‘h ,

derived the cr i t ica l  Richardson ’s numbers  on the ba si -, , i f  a s i mp le phy s i c a l  mi d, ’!

for the potential  and k ine t ic  en ei -g ’  bud get. In the f o l l ow i n g ,  ire tri l l  = e c- irh~- t he

product ion of tu rbulence  f rom mean shear II and the buoyancy  i 3 i s . -~ipa t ion  ( I i

negative buoyan t  “ product ion ”) , \‘, are app rox ima te ly  equal l u t  - !ip i ~~~i t e  in ~ipn

for  K e lv in—!I e l rnh o lt z  turbulence . Late r  on , th i s  c ruc ia l  , i l i - s e i ’v : i t  i - - t x  t r i l l  I t ’  u — e d

to explain the -5- 13 spec t rum .
The following argument  leads to R icha rdson  number , lT~ = 0 . 2 5  a-  a n e c e s s a r y

condition for turbulent  b r eakdown  to (recur  when the re  is a s hea r  ar c  -~~s a st ab le

layer (cf . also Mi le s 10). The a rgument  is based on the  fac t  t h a t  the  ava i l ab l e
kinetic energy f ron  the shear  flow- m u s t  exceed the  po ten t ia l  energy of l ’u , v ; i n r \

work (involved in the ver t ical  t r anspor t  of parcels  of f l u i d  aer ’ s~ the  layer  in the

mixing process) if turbulence  i to take p lace .
Consider  the idealized case of a ho r i zon ta l  layer  a cr o s s  is h i t i i  is a l i nea r ,

s table  t empera tu re  gradient  and a l inear  - shear  of the  ho r i zon ta l  ve loc i ty .  If

parcels of f luid of unit  mass at the  top and bot tom of the l a y e r ’  are i l i a l a t s c a l l v

in terchanged , one must  do w,i s ’k against  the buoyancy force , p ,~ O — - where  ~~I ’ is

the change of potential  t empe ra tu r e  across the layer and e i the average pot en-
t i a l  t empera ture .  * 

~~ = (dP’dx 3
)~~x3 where  is layer thickness . The irork

done to move one parcel across the layer is

~x 3 9

~~‘/
‘
~ 

~~~ ~ 
diilx~ = 

~ ,~~ 

(~~~3
)’ 

(10)

-‘ ~~~~~~~~~~~ we have assumed incompressibiIi~y, how-ever here  ire are cons ide r ing
t he m o l e  general case t rea ted  by f lu singer .2

28. Businger , J. A. (1969a)  Note  on the cr i t ical  R ichardson  number(s) , Qua r t .
J. Roy . Meteorol .  Soc. 93 :653- 134.

29 . Hus inger , J. A. ( 1969b) On the energy supp ly of clear a i r  tu rbu lence , in
Clear  Air  Turbulence and its Detect ion ,  edited by Y .  II . Pao and
A. Goldbur g,  P lenum Press ,

30 . M iles , J. W. ( 1963)  on  the s tab i l i ty  of heterogeneous shear  f l , , w  s , Par t  II ,
J. Fluid M ech,  16 :20 9-227 .
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The potential energy, (PE) , generated by an interchange of two parcels originally
located i n  opposite sides of the  layer i_ s t h e re fo re

PE — — ~~
—- -~~-~-- L.5x . , )’ . ( 1 1 )(-) rlx . -
0 .3

N e - v t  e, ri .-, i i l , ’ i ’  the k ine t ic  energy, (RE ) , avai lable fi - i i i ~ parcel  exchange  acl’ , ,ss

the  l t i \  ,-r , clue t i t he  shear ’ . l et t in g  1 1 he the mean  h t , r i z c ,n t t i l  v e l , ’ i - j t \  and

be l i e  l i r f c ’ I - t - s i e e  in ho r i zont a l  ve l , , ’ I t y  i e m , , s s  I lie I a \ t - s ’ , s te  f ind t I n -  fo i l ’ - i ’. i l i ) 5

avai lable  KE due t i  t h e  a ver ’ ,p inn  c ,ut , , f  the  p a m - e l  - , , s , t t n t s  a t t e s  s n t e s - i - I . i s i p e - :

~~ 
- ‘ ~r1)2 

- 2~r1 -

~ ~~~~~ l ) ]  

( 12)

Equat ing  i~ i-: PE ire get:

g ( - t — ~ t x T
R . - (g r ad i en t  H ic l i ard ors n u m b e r )  ~

-
~
— — --— 

I 
-, 0. 2 5 . ( 1 !)

1 
0 1 ‘1 / ‘x , r1 - i

We n, ii- relate t h i s  to Eq. (-3. I e t t ing x ’ = x t h e r e , we see that  t e r m  II is

propor t iona l  to [u
1
u

3 
dU 1 

,‘dx
3 irh i le  t e r m  \‘ is p ropor t iona l  to [u 3

(I p T~ . The
r a t i s  of these  t ors os  is:

O
I

l g
I T , , .  ( flux R i c h a r d s o n  t r u n s l i -  sd —~~~~~ 

- 
, (14)

T(u u. ) ( d t  ‘Ix , )
1 - 1  -l

Le t t ing  K be the  eddy  vi~ e o s i t y  and K the  cdi] ’: c o ndu r t i v i t v  defined byF, m - - h - -

-u u . a K dU ( I X . ,1 - 3  m 1 -)

I.

and

a dT ‘Ix., ( 15 )

w e  I l i t a i n

H .  I T -  when  K Kif i ox h

18
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In the case where intimate mixing can occur , RE PE implies R 1 = 1 as
shown by Businger29 with arguments similar to the above. This in turn imp lies
that turbulence will begin to decay when R

1 
= 1 due to a lack of net energy inpu t.

In the case of K-H turbulence, the value of B1 must be roughly in the range of

0 .25  to 1. 0 for the “ active life” that is , the energy “ fed” period of the turbulence
layer . It should be now clear that terms II and V of Eq. (6 ) physicall y relate to
RE and PE in the presence of the velocity shear and stable potential gradient.

Next we consider the corresponding terms II and V of the spectral  equation ,
Eq. (6) , and we see that they are the spectral form of the KE and PE at a given k .
Their rat io  is the spectral flux Richardson number .

Also , note that  the “ parcel interchange” picture of Businger is phys ically
related to the terms 0 u 3 and u 1u 3. These relate to the PE and RE of the turbu-
lence du e to u3, that is , vertical t ransport . Unlike Businger ’s case , incom-
pressibili ty is assumed in our treatment;  thus , potent ial  t empera tu re  is rep laced
by ordinary temperature.

Another point is that the production of turbulent  RE can also be regarded from
a point of view that does not involve parcel exchange but rather an energy input
from mean shear to turbulence by means of vortex s t r e t ch ing .  As Tennekes and
Lumley20 (P41) showed, a vertical shea r tends to “feed’ vortices by th is  process
if the lat ter  are ali gned at 45° from the horizontal,

3.2 Tht ’ P~t~nti~ h l’.nerg~ Pl-.i Pruthu’tiørr I eon —

As mentioned previously , Eqs. (7) and ( I )  for I e s i s p ~’ r a t ur e  f l uc tua t i ons  can be
regarded as the equations for potential energy. For -xaniple, - when Eq. (9)  is
mul t ip lied by ( p - l I T ’  it becomes the  ‘ l ’ 1 s p e c t r a l  equa t ion . ” There is hut  one
“product ion t e r m ,” namely II. It repre -~ - s s t =  t he  r a te  of inc rease of the squared
temperat ure fluctuations , I I ~~~ , in the pre setiel- of a mean ver t i ca l  t e sx ipe ra tu re
gradient though the ac t ion  of ver t i c a l  t r a n s p i - s - t  l v  i- e l , i c i t ~’ f l u c t u a t i o n s .  1- or
examp le , an increase of ~I takes place when a fluid parcel is t ranspor ted down t h e
gradient .

This mechanism of product ion is entirely a n ; i l , W s x - ~ t i  t h e  m o m e n t u m  case
discussed previously . Also  not ice that  the buoyancy  s ink  t e rm , \‘ of the RE spec-
t rum equat ion , Eq. (8) , corresponds to the  buoyancy oU s-e e t e r n s , II of t he  PE

• spec t rum equation , l - q .  ( 5 ’ ) .  This l a t t e r  point exp lains a c er t a i n  p e c u l i a r i ty

pointed out in d i s cus s ions  of the  -so called “buoy ancy  subr anp e ” ( st - c  for exa s ix p le-
21  - 31 ,32  , -Lumley,  and i3ol giano , ) name ly  that  wh e n e v e r  the  I’d -, pe c ’tr ti m is iss a b ’ to

31. Bogliano , H. ( 11) 59 )  Turbulent  spect ra  in s tably  s t r a t i f i e d  a t mo sp here ,
J. Oeoph ys. h - .  64:222 1.

32. Bolgiano, R. (l9ti2) Structure of tt ‘bulence in s t r a t i f i e s ]  s i ed ia , 3. G,- -p l i n .
Hes . 67:3015-3023.
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be steeper than - 3 3  by a predominant buoyancy dissi pation effect , the PE spec-
t r u m  is at the same time made less steep than -5/3 . These slope-s  bear a recip-
rocal re la t ion in general, and the above description enables one to see the
physical reason for this effect .

I. I\TF ;I1PItI-: I ~ I Io \  (II” 1111-; C ~s’C ~I)F, T FI1~Is

As we have seen, the nonlinear convective terms of the equat ions  of t i t u S  iot,

lead to the  divergence of triple correlation terms , IV , in Eqs. (6) and (7) .  These
give rise to F and FTT, the cascade terms in Eqs . (8) and ( 9 ) .  In an iner t ia l
range , these tern-is equal zero , imp lying a stead y flow down the scale cascade in
k-space . The -5/3 slope depends on a stead y, conservative f low (wi thout  s I i U I ’ c e s

in ks , “ b u i l d - u p s , ” or “decays ” along the way) .  We now rev iew the ph ys ics  of

the cascade processes in the PE and RE spectra .

I, I Inertial I K I- . I -a,..,’iide 
-

~- i n - e  the iner t ia l  cascade p lays a key role in th is  paper , it  tr i l l  he usefu l to
e x a min e  it c lose ly .  I - i r s t  we tr i l l  consider the famous t r e a t m e n t  by ax sag e r 31

which , to  date , seer s t , ,  be the  most i n f o r m a t i v e  one avai lable . \ t ’x t  ‘5 e hall
d iscuss  the  vor tex  s t r e t c h i n g  mechan i sm responsible for  it , and f i n a l l y the
I ie isenherg  concept t r i l l  be ment ioned since it gives an i n t e r e s t i n g  phy s ica l  p ic ture
and tri l l  he used la ter .

Onsage r 33 proceeded by d i rec t ly Fourier ’ t r a n s f o r m i n g  the N av i er - i~t okes

equations . The nonl inear  convective te rm depends upon th e  d i f f e r e n c e  of a a y e -

numbers , (
~ k ’ ± k) . Assuming  that  k , as well as d i f feren ce . s  of k , are of the

order of ( 1 I.) where  “ I .” i-s the s i z e  of the  largest eddies , lie found t h a t  k’ would
be at most  2 / L , where  k is regarded as the  d r iv i n g  mode and k ’ the m ode receiving
t h e  I - S I I - s - ).5 v . A pply ing  t h i s  reasoning to subsequent cascade s t t - p r e s u l t s  in a gee-
m e t r i c  p rogress ion . I - , , r  t h i  reason , the w a v e n u m b e r  doubles  at each s tep t
hence , ~ k between steps k. The am ount  of energy t r a n s f e r r e d  at each step is
therefore of the , - s - , l es ’  k~ (k). Let Q(k) s - e p r i - s ~ -nt the  f lux of E n e r g y  past wavenumber
k in k - 5pace. Then , in the cont inuous  l i m i t ,

Q(k) k~~(k)  
( 16)

33 . On-sager, I . . ( 1949)  S t a t i s t i c a l  hydrod y n a m i c s , N i t  ‘ - v’ ( ‘ i nt e n ts  6 :(Ser . 5 ,
Supp. 2 ) :279 -287 .
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where 7(k) is a charac ter i s t ic  t ime  for a step at wavenumber  k . On apparen t l~
dimens ional grounds , Onsager chose

7 = l/ ~~1 k 3
~~(k) . ( 17 )

Alternatively, Cor rsin 34 deduced this result physical ly  fr om

- 
kinetic energy per step ( 18)- energy t r ans f e r rate

He obtained a denominator by analogy wi th  ~i’~ii~ (a U~/ &x k ) :

( spectra l  veloci ty) 3 
- 

(k~~) 3 ‘ 2 
- ~~~~ ( 1 ’)

(spectral  length) - 
(1/k) 

- ° -

Hence

k~ 17( k) = QED. (20 )

I s i n g  this in Eq. (16)

Q(k) ~(k) 3
~

2 k~ ’2 . (21 )

A s s u m i n g  tha t  the cascade in k space is divergenceless and consei’vative ,

- --I- = 0 . (22 )

Set t ing:

Q(k) =~~ , (23)

- 

, 

ô( k) 2 - 3  k _ a / I  
. ( 24 )

This of course  agrees wi th  the usual result  obta ined  by a s imi l i tude  a r gum e n t .

The doubling at each step accelerates the cascade and the re fo re  causes t h e

amount  of energy at k to decrease w i t h  increas ing  k in a t ray  w h i c h  is analogous to

the ma nner that a convectivel y accelera ted stream of incompressible fluid will

become more narrow as it speeds up.

34. (‘orrs in , S. (1958) Local Isotropy in Turbulent  Shear Flow , N~\ ’ A  l3M 51-1( 11.
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Ph ysically, the  cascade come-s about P the  \- e ,r tex  s t r e t c h i n g  i - S  a a ~‘f ‘ I I I -

l a r ge r  eddies ~in the smal le r  ones . 31: i t  I t t- s c r i t i c a l l y , this  Ps s - c - o s - -~ ented by t i - s - i -  -

IV in I- q. (6 ) .  It can be shown , ho w E ’\ - em - , S l a t

-h~- (~
- u j u1)  = u iuj s ij

where

/ - i U .  - i t t  \
- 5 - - -~— ( —‘-

~~~~ —~—~ ‘ 
( 2 ; ’

ii 2 \ J X .  iX ~ /

But ( — u . u . s . . )  is t } i e  amc,un t  of ener g’i per u n i t  s t i a s . ~ and per u n i t  S t  ‘Ut’ g a i m t c - - l  I - \  a

d i s t u rbance  wi th  ve loc i ty  c o m p o n e n t s  u s -  - in s t r a i n  s - s i t e -  s - - t see T e m i m s e n e -  a t m ]
- 1 _i i_ I

Lumley p. 25 7) . If , fc,r - x t i s - p F- , t l t t t  i i - ’ s I ) i E - s i o n in t i m e  ‘ ‘ ] r r c ’ , - t i - - n  t s t i l

s t r e tch  in the  x c li rect i , ,n  ( I- igure  2) the ener gy e x r l r si t.s e i - a te -  Ps c -qu t ,  I

Q = s(u~, - u~ ) . ( 2 7 )

Since is increased and -, decr’easecl , tm~ i n c r e a s e s  a -P i le  si~ d e c s- -a . s , -~~. I I

(u~ — cs f )  s t a r t s  at z e r o  and becomes pos i t  ly e - . The  n - i  I - I  l e t  i s  t i  m n c s ’e a s e -  Ih I -

energies of eddies liv t h i s  deforn i a t ion . The c a s r a d l -  is t i m e - s - c  I -r e  \ - i s u a l m / I - c !  as

the t r a n s f e r  of energy 1w the i !i~~t o r t i o f l  e f f e c t s  of l a r ~ t - - ‘ I i l s e s up~in th t -  s n i a l l e  r

eddies . The i n t e r e s t e d  reader  should c o n s u l t  t he  e x c e l l e n t  di~~c - u — s i o m s  , , f  TennePs - --

and I~um l e y 20 for f u r t h e r  q u a n t i t a t i v e  i s i f o r n i a t i o n  a t , , - u t  t i s i  p s- i s - c  s= , TI me - v shots-

for  examp le t h a t  th i s  leads to a d e r i v a t  ( i n  ‘- 1  he —5 3 sI -p ’ . ~s m i e e  t~~

di ni en si ona 1 lv ,

.
~ _ _

- - s ,, + S

L )
t

S2? -s

I- ’i gu re 2. I l l u s t r a t i o n  of Vor t ex— . S t m - e t c l s i n g  3 P r l i m i s i i s s s s  of’ the  ‘I c r  -1 - s t l , - n i - e

- I - ,

f r i

.:.

~

. 
_ _  _ __ _
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Q(k) k~(k) (k) , ( 2 ; ; )

and , also di m e n s i o n a l l y

s( k) (k 3 ç~) 1 2 ( 2 5 ’ )

Equations (2 3 ) , (28) , arid (2 5 ’ )  t h u s  l e a d  d i r ec t ly  to

o(k )  ,.2 .3 k~~~~
3 

. [see l - q .  ( 2 3 ) 1

The computat iona l l y usefu l  concept  of I-Ieisenbex’g is t h a t  the I - l i ’ - t u v  t r u s t ’

across  k can be i e g m i m i P ’ i l  mis a t u r bu l en t  v i , e i ,~~i t \  t-S f t - ct (see I t i s i -w —

k 

F dk _ 2 5 ( k ) f  k 2 0 ( k )  clk (30 )

where  i ’(k ) i s  the  , - l t ’ - i - t i v e  tur ’bulcnt  v i s s ’ , , s i t v  de f ined  ( f r o m  d imens ions)

- ~~—- -  dk a ,, R(k ’t (31 ’)
.1 !k

-; ‘ a I m , - m - ~- , ,  1

\ a r - i , , s t s  ~U - t t I - I - c I I t  :- - t  i - s m  - - -l  h i s  approach have been advanced  and a e sha l l

l : , t  , - r  m m m , k E -  s ~~, -  - I  a v s v  — 11 5 mm I - 5 5 1 ’ due to Panchev.  Ta

1,2 I .-nI~ i . ’ r ,& l , I r . -  I I u , - t i i a t t , , r ,  I’I I

; ‘I h e  s c i ’ - e } i t , s 1 i ~~m of t ]5( ’ ) r ’ c v i , i i ~ m r w ’ m ’ t i a l  em ,~ e m t d e -  t t ’ I i r t ’~ t ’ siI  a sm al l  \‘es’~ j on

- - of t h e  ‘ ‘  t u r ’ I s u l e - m c ’ produc t  j on 5 -, — - - 
d u e  - m ,\ - e  i - a  - s h e a r - . In a s im i l a r  mn anne

the ‘ e s m i p e ’ s : i t i m s - , : t s c a l ] t ’  is  a s m a l l  y i ’ r ’ - s , , n  f l i e -  pr ’ du c t i o n  p s - i ces~ due I -  m e - m i s c

r~ -
‘ 

t e m p e r a t u r e  g r a i l  i t ’ s s t

As m , ]  m - , t - e  t he  ( - S i s e r i t E ’  t , ’ r s m l \ ’  in L i ; .  ( 7 )  is  t h e  - h v e s - g , - n e e  of a t r ’ i p le e i - s ’ r e- —

la t ion.  ( i n  id er i n g  I\ ’ as a ,‘ne poin t  c - i - s - r I ’  i S P - n , we fo l low t h e  t s cat  m e r i t  of

‘I enneke.s and l s s s s m l , ’v . Br i e f l y , l \ ’  east  t o -  m - e l s s ’ ( - ~ e s t t e ( t sc~ a ss m i n i a t u r t 7 e i l  S o r t :  of

I s .  Fan chev , S. ( 1 71) IT anc l o s ms  I - U f l ( ’t i ’ ’t i= m i m i _ i  I s c c ] - n l  ‘- ‘ - -c , I ’ e r p m i s c - - t s  I’ s-e-~~,
\~- s  \ - - rk .
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,1

I l l s )  ( ‘ - i - - ; i c - s - m c t u i e  v a s i a n c e  p r o d u c t i on  m i t ~ ’) . P12 )
-I -

\~, e  , - — ‘ i m c c m i h -  i~u 1 
I - - I ‘T - ‘x l and w h e r e  ~ m i s t - ]  I m , r e ’  m c ; i r t - ~~ s - m t t m i t i v e  v e l i - i - i t \  a nd

I c t i ~~t l . .

‘— 
~~~~~‘ ,‘ “~~ 

( 3 )

k~~ . 1 34 )

Tir e  s s i i n i m i t t c r i z e , 1  ( ‘T , lx . ) , t ha t  is , t he  g r a d i e n t  ‘f ‘ l i e  l a r m - r ’ - -  , ]y  m o - t m t u  i t s  ‘ S ’

- - s rnal lc  r esls l y ’’ is

(g r a d i e n t  ( i f  t e n t h ) = ~~ k~ O TT
(k )  :i ~,)

k 9~i’ k 1. l e t  Q~ h e  t h e  f lux pas t  k in t h e -  t e m p e r a t u r e  cmi s - m o l e . \~ c ‘ I a n  h a - , ’-

Q a )~~1 
~ k 2 0 (k 9 ) k 

~~~~ 
( k )  . I

c’i s sj t , m i n g  k 1 
a k ,,

(2~, = r k t 2 O TT
(k )  ~~ ~( k )  . ( : 1 7 1

This  der ’ i t -a t i on  s h i c i s t  s the i m p o r t a n t  po in t  t h a t  t i r e  s ca l e  r ’ O - c - -, s .~iu r e  c - a - sea l,-

is - P m , -  I i s - c - , - I ft to I I I -  a c t i o n  of the ve l , c’ i t y  f ie ld  n t u e  t - m m m ; i , - m m c f i m r ’ e  I i t ~l l . This

m i  0~ r ’ t a n t  po in t  tr i l l  i c  used  belotr

S K-I l  1 1 1 1 1 1 1 1 . 1  I ~\ I) ~l ’PlU )\l\ I~ I I  I \ \ (  I- I l.~ FlO\ Iii hi
— l’111118 I I III\ I FUMS

A . , 
-

The , - s t l v  is av to exp la in  tin a n o m a l o u s  — 5  3 — a c m - s  - sc am i . s I ,  a - , --m u siie l i m i t  c - i l l - I i u

‘ a s i t u a t i o n  w h i c h  is equiva len t  to  the  c , , n s t - m v m , t  t \ c  s t  ‘ ad~ c a s e - m c le . In Sit e  pr s-  ~ , - S m !

case m ’s ’ a r g u e t h a t  in K — l I  t u r b u l e n c e , 1 c m - t i c s  II m i s t i l  V in i : ; .  (8) c s . s e s s t i a l lv  ,- m a - c l

e ach  - - I l  I - s - - v c i ’  all t r : i v e l e s s g t t i ~ Fm - i sa  s i l t ( ’ 1’1i s , ’ . i t e -  to o u t e r  ~~~~~~ This  can ha’ t r u e

(ml\ -  i f  t i re  t a - i -  t e m - s s i s  m i r e  , ; i h i i - i x m c - i ’ - ’I \  eq u a l  and 1ip , 5 1 t l ’  and in a d d i t i l ,n  i t t l t • C  t h e

s an te  - I I - p I - i c I l - n i - e on k . ‘ I ’ -  gr i t-c - S t o -  l a t t e r , it i s  i t l - c , ’ - s a m - \  = I m , -st t 5 -~~’ t I l l -  S , - - -  —

p e rat u s ’e  f i e ld  is  de terns  m e d  l iv  h i t -  t e l , - , - i t v  f i e l d .  Th i s , l i - t i  s - y e s - , l i t - i  al s - c - m i i t v

I c ~’t ’n - k - m cI ’  ~~ I ,t t m P- y  and the  ti e ’ , - ’ -  - - a t v  a s s u s i t ç ’t i o n s  mc i c :  ( 1 ’ )  I i  - t i c  h i , - v s a  Id

24
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number and Peclet number sssust be high enough that molecular  e f fec t s  can be

ig nored , (2 ) ( 3 T ’P t )  = 0; and (3) L2 a 2T/ ax ~ LE }/o T :ax ~
) -c< I where LE is the

Euler ian  space integral  scale , LE ~~
u ’T L (Corrs in ’ ) where u l is the i’. a: .

velocity and T 1 the Lagrangian t ime scale. Strict l y speaking, the mean tempera-

ture  is changed in t ime in K-H turbulence.  However , we make the approximat ion ,

for an interval  of in te res t , that  we have s ta t ionar i ty.

Brieily, I.umley ’ s proof beg ins wi th

~ ~~

‘
. (-~-~-- - .~I_~

l) = 0 (38)at i \ a X 1 ax~~)

which is Eq. (5) wi th  “T = 0, T = T+ 9 ,
’
~~i a i:. - u .  and 0 at  = 0. Equation (38)

is in Eule r ian  f o r u m . Lumlev solved (38) under  his above s ta ted  assumptions to

a r r ive at

O(x , t ) = — (-sf ) (x ~ — 
~~~~ t ) )  PIP )

where  a(x , t)  is the position a~ t = 0 of t hat fluid par t ic le  which  w i l l  a r r ive  at x at

t ime t . In our problem , where  ire assume a ver t ica l  t empera tu re  g rad ien t  e i in-
s t an t  in space and t ime , we have ( (ar , - 0x 3 a T )

U(x , t)  = T’(z - z )  . (40 )

Ph ysical ly, E q. (40 )  is easy to unders t and .  The t empe ra tu r e  f l u c t u a t i o n  is

all due to the ver t i ca l  d isp lacement  of parcels f rom thei r  in i t ia l  pos i t ion  to new

positions where , by v i r t u e  of the gradient , t h e y  are at t e m p e r a t u r e s  d i f f e r e n t  f rom
the  mean (compare  Section 4. 2 above).

The c’c ’nc lusion of l .u m l e y ’s proof is that , f rom Eq. (39) we can infe r

(dx , t ) u . ( x , t )  - (_ ~E . T )  (x .
,

— (- 11)
4 .  

-

S i n c e  A - depends  only  on the  ve loc i ty  f i e ld , the  pr ’oof is - - i i i m ; m l c ’t c d .
- 

i _ t 
- - - 2 1ing t h e  fac t  t h a t  the  s’el’,t ’i t y  field c-, -,n t  ‘ i - I s  t i m E -  t e n t  p ( ’ r m l t t t  cc’ I ie ld Lumle\ -

went on f ,  show , by means of a s i m i l i t u d e  a r g u m e n t  t h a t

aT 1 - 3  — 7 / 3  -= — C 1 -,~
— — -  i - k (1 .1)

3i ;~ C ur r ’ s i n , ~. ( 19 63)  E s t i r m i a t e s  of the re la t ions I ‘ - t m v l ’ ’= t i  Eu ler’ ian  and I .agi ’m s s u i . i : i
sca les  in large Reynolds number ’  t u r h u h r - t i i -c , J . , - \ i  s c m .  i .  2 0 : 1 1 5 — 1 1 ” .
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w l m  crc- 
~~l is a constan t  i - f  o r de r  one. This r e s u l t  is ass app l icat ion of the

Ko v m t s n ey
37 f o rr n a l i sn m w h i c h  s m c ~~.s I I I , -  - spec t r a l  forms ar’e de termined  by the  local

ispectral  f lux.
It should be ssment ioned tha t  I , u r : i l t - v ’ s p r o o f  of Eq. ( - 12 )  s e — t I - m t  on one n: ,r ’e

a sunipt i on , m , a sm el y ‘‘ I c , ca l  t m ~t , t  m m t l s l \ ( c f . I u n t I e - i  ) :

( E / k ) ( 3 F / 0 k ) >~’ I . - I . -;)

Ph y s ica l l y, th is  a s s i m s i p t i o s i  : m , ; , t m ~ ‘ l c . - t ’ l . ’ - t i c , n - t ( - m ’  o~’ ‘ - m m , - r  a\ in ( ,r  - cm ’ the

e m i s e m i i l e -  i.s but a smal l  F m - a c m  loSt of ‘ I ’  t I c s  - s t i ’ im ut . I l i ,  a s s i t i m t ] I t i -  - t t  i s  , -~ - s t -  5 ~~~~~

w i t h  the conclus ion w h i c h  I llov . s F r ’  - ru a l - i  - -s .

In a s in ilai’ way , one e m , n  hm o a

- 

~~~2 
1/ 3  k

_ c , 3 i4 -1 )

whe re , hopeful ly,  
~~l

In I - :- , (II)  let us as sur sue  t h a t  m l  t l , ~- v a lue- i - I  k ,,l InS ‘ , ‘v - ì  t g n , - s - c

molecular d i s s ipa t i on;  tha t  , - x c c - p t for  the t s ci p - I -  - - - i - c t , - s -  ms , ‘ ‘ c m i  e a i l ’
i_ s s t e ady  and -ons es ’ s - a t ive ;  and tha t  o 0 . Is - i t i l l s  c - a s ’ - , us  m n c  1- a I — o Ok ) ,

di - -  - - -

3k ~~uw ~~~~~ 
- 

~ tvT 
1 3  k (‘ 11  - R i )

where  OF - 3k is  t he  ch m t sg , -  of t h roug h put  w - i t im  i - c - s  per t  S c -  k , and I -l i  Ps ti t’ —

R i c h ar d s o n  number . Reca l l i ng  Hi [(g f ) .  d T :d x 3 1 (d U 1 six ~3
) ‘ , -  see

11 . 2 5  ~ R i  ~ 1 (4 ;)

for  b K — I  I t u r b u l e n c e  in i-lea of the previous d i s c u s s i o n. This impl ies  I ( m a t  Pl c / ° k)

wi ll r e m a i n  s ma l l  excel- it  for large  \‘ m l v e l C - m s g I I t =  . In - -m i t e r  t ha t  (3 ‘k )  -
~~~ ~ Is , we

h :,vc  a-s a h o v e r  l im i t  (in IC , k r~

It is assumed t h a t  Hi = R f .

37. K , i vm c s  into , , I - .  S. ( I  !- 4 ; l )  Sp e -e t r ’um of l , , ( - a l i y  i so t ropic  tu rbu lence , J . A t - i - - s i ,
Sri . I .1:741 — 7 5 3 .

13 . I o m i t  h e y ,  J . 1,. ( 1 !r 7 a )  ~I heoret  ical  as s e r t s - - I  r e s ea  r ’ch on t u r h u l e n i - I -  in
s t r a t i f i e d  f lows , in ~~~~~~~i~mer’ i c~~~t t m t iu l en , - e  min d R a d i I ’  \\ ccv c  l ’ i - ’ - i - : c g c l t  t i - p a
, - - h i t ed by ~-\~ ~sl . V ag l or im , a nd V. I . T m i t m l r k y, 1~u h l r s l i i s m ~ h l - - m c - c - \ i t m k , i ,
I’ Ic , .s c’ s ‘-s

2 1;

-
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k~
7 13 (

~~~
)( I - H i )  ~ 1/3 (4  T)

is he cc

(t ~~) a diJ~ ‘dx’,3 . (48 )

The fol lowing e s t ima te s  wil l  be employed :

(I

~~

) U / I .  ( 4 i , )

where  L is the outer  length . A l - s o

3
F -i- - . (‘

~~ (5 0)

where  u is the cr-i-is value of the v e l o c i t y  f luc tua t i c ,ns  and C’~ is a constant  which
takes the  hu ovam scy  into account .

According to Woods and Wiley , 12 the i - m i t e  at which  tu rbu lence  I~i c  c ’nerg~-
to t - iscous d iss ipa t ion  is nm u c h  u s - s - m i t e s -  (up t , i  a f ac to r ’  of 10) t h a n  the  m - : m t  c at irh i ch
the turbulence does work aga ins t  g s - m i i - i t y  by changing the d e n s i ty  ( t e m : : p c ’ s - a t u r - e I
p rof i le , This  imp lies c 1 is near  u n i ty .

Def in ing  
~~2 as

u 
~~~ ~~l 

(5 1)

-
- and [- qs. (49) , (50) and (51) in (47) , ire obtain

~ ~ 
(1 — H i )  

—(k L) —~‘—- ~— m ~ - . ( a 2 )

5 

~

-

l e t t i ng ~ be the n i axinsun s  wavelength  for  i n e r ’t i a l i t y , t ha t  is , ke S 2~ Ac~ 
ire have

1 -) 1 I )  3 4= (2~~I ( ~~ ~~~~~ 
( 1 - R i ) ’  . ( .531

From f I n s  r’elat ion it follow ’s t h a t , as long a-s C 1 and C 2 are not zero ( t h a t  is ,
a s s u m i n g  t h e r e  Ps tu rbu lence  and thus u � 0) the re  a lways  e x i s t s  a value of Il i  h e - s - s
than u n i t y  sue - I t  t h a t  ~ I .,. Thus, the - 5 - 3  r ’ange can extend to time ou ter  l eng th
for R I  s o f t  1, - i c - n t  lv  close to un i ty .  The ef fec t  dt ’  i s h a d  by Li f f ’ ir d 2 - w i l l  m a c i k e  the
- 5 - i  s - a n g I -  e~~t ’ - s s t  to  about 5 in the o n e — d i m e n s i o n a l  s pectr ’un s .

27 
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In addition to all the above mentioned exp licit assun ptions, it was also
imp l i c i t l y  assumed that  the dynamic effects of the inertial cascade are not small
in the i r  effects in comparison to mean shea r effects, in other words we assume
tha t  the mean strain rate is not large compared to the edd y s t r a in  r a tes , In our
j ud gment , all the above assumptions are appx -opr ’iate for the approximate  de-5 cr i p-
tion of K - f l  turbulence . This weak in te rac t ion  assumption is j u s t i f i ed  on the basist hat , unlike boundary layer or wall turbulence , the rsu ean structur ’e i, too weak  S _ -
per manentl y “ feed” the turb ulence di rectl y. In actual fact , the layer is fed , to a
large degree , at the tu rbu len t - l aminar  in t e rf ace , l iv  layer spreading8 7(c . f . \~oods ‘

~~, IIIF. IM ~l, I ~~~ \I )F %tOflF:I, ~\I) liii ~\I)%I ~I I)I - , k-lI “~5 F ~PEIITIU ~l

t .  1 I a= .-ad. ’ %Ioth ’I

We now pu t the ‘~pectral equation-s into a form n ore amenable to  the i r  resolu-
tion and v isua l iza t ion. i- r r s f  we in tegra te  Eqs. (8) and ( 9 )  from 0 ti k and then
integrate them from 0 to ~ and - sub t r ac t  the fo rmer  f rom the l a t t e r .  L i s m c

— 

f 
2 v k 2 0 dk - - (KE dissi pat ion r a t e )  L 4 )

and

N f2  “T k 2
~~TT dk ( t e m p e r a t u r e  f l s c , - t o c , t i ’ t ( b ’ J3 1 - t b - s - h h i m I t m i ml s - m , ~ c -1 ( I I I

- 2 6  -— ( } I r n z e , p. 179) , we ,. ,b ta in

I II I I I  IV V VI

f ~~~ dk 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

%‘Il ( l i dk j . 1
- r  ( k  ~_~~-L) dk F”j  \ 1 - k ., 

~SP. AV .

28
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fe,r the NE pectrurms , and

I II III IV V

f 
~ ‘I ’ l  1k -- ( - N )  2 v ~ . f k 2 

0TT dk -f ‘TT dk - 

~~ 
f 0 m s T  dk

( 5 7)

- qj (I:
l~~~~ u i )  dk

o .sP. A V .

for ‘he 1’ P s pta ’tra l ei ua t ion , i ’-he r d a e have used

k

J F dk - 
J 

F (1k , I

) 
(

~
l
~~~~~

i) 
. . 

d k = _ f  (k l~~~~~

;
11) dk . ( 51 ’)

0 ~l’ \ \  ~ b ) \ \

R ef e r r i n g  back So the iden t i  lie- t i c -i ( I f  t o  r ia .s  fo r  l - i ( ~~. ( 3 )  and 1 - ) . t i t e  phy s ica l

meaning  of ::co . t  i - f t he  m c i ’ , i i - i -  i s  s t i - a i t r ( m t l o i - - . ’. m i - . A s t o r -  t h e  k — t i ’ m i s c — ! e t  t e i - i c m . s

IV and V I I  in Eq. (5 11) and IV and VT in I - :~~. ( 5 7) , ‘ ( m I ’ \  s e - I c - i  S i -  I t o -  , ! c - rg \  (PE  or

NE) i s - c , n s l c s i , - - I  out f rom the  m - : i n g I -  0 t o  Is ) s c t i -  t I n -  i a s ig t -  Is o t t  I I s i g i s e t - .

In s l i t -  (l I l t i scg ,  \ ‘e sha l l  c - - - m i s i c l ’ ’ r ’  11 ;. ( 5 7 )  a.s i m i i i m l c j  I , ~~- st  : O 1 ( Ip lt€ ’( l  i~~i

i g  T)P~~) 1 so t h a t  we can m ’ e g m i s - - i  it a c m - m i l l ’ . mis  t h e  ~~~ s I i I - I m ’ u :  - .  1- i l u a t l o s c =  ( 56 )

and ( 5 7 )  t I n t s - l i -  sc r ibe  t w , -  c - o e m - p —  i - a s t - o - I , ’ —, ‘ I c ; i t  a s - i -  , - , - i i s i l c ’ - l  s h i i ’ c ’ug ii l i m e -  I - ’-o cp i

for  s i g n)  common  S c - i - c c  V. I igu e- 3 1 2 1 \ I . 5  t ,  — c i m c c t  m a t i c  s h i a g r ’am  of t i m e i I u m , l  , - m , i - : m - ls-

; represented by l I ce -  t- equal  i - _ s i  . We I m ap  i i i , ’  t ime i - c ,  s c a s l , .s m , s  l i e - t a p -  a s ia  li p, - i t —  I -
— pi p e ’s , la rge  at the  l ar g e  scale (or sma l l  k) ( ‘nd , ( sy m b o l i z i n g  tPs- ;~~s-m a m o u n t  of

-‘ , c r i e r - p-v — t , , m ’ e s t  t h o r - c ) , m , m m , l  smal l  at th ~ h ig h Is o n - I . i - o s ’  t im e s s i , , s t  a i m S , It ’  r m a m - i - ~ a —

ing (If t he  p ip e - =  is due to the  m , i - c - e h - m ’ m i t i , i n  of the cascco is ’  d i sc - u - s a c - i l  r e - v s  - a sh .

l I n t , m it  t l i , -  h ig h k end we imagine t I n -  p i pe -s  as I i e c c i s i m i r t p  imic ’ m c ’ a a i : c L - I ’  ‘ - ‘ t i - u . s  So

symbol ize  t ime cbs si p at ion  f r o s m i  t u e  m i i , , l e c - u l a r  e f f e c t s , N arud r . ~I I i , -  c s  - i - i - -s of

l1e - i s s (~i down t h e -  p ipes ’’ is the cascade .

W c ,o ds and \V i le ’y 1 2 point  out the  c is s i p -n i  I i r m i m m t l v  l a r g e - i -  t han  N . This is e’ lc c ,  r
f rom the fact  t l c m , t  H i  is p re sumab l y h e - l w 0 . 25 m i t t h e  s t a r t  of the  Is ,  i t - u l e ’ : m i c .

~ 
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Drain from KE Cascade
T to PE Cascade

PE dk 

~~~ 

N

LOW k OU TE R I N N ER H I G H  k
LENGTH LENGTH

I-’i gure it . Dual Cas cade SI odel

Tire source, if sr-c ignore the ~ term , is the turbulent  production at the large
end of the NE cascade. We imagine the energy as en te r ing  throug h-i t ime wal l  of the
pipe. Time PE cas cade is fed by d ra ining from the NE cascade thr’ough time “ porous
p i pe wa l l s . -- This can be considered as a general izat ion based upon Lunm lev ’ s 2 ’

“ porous p ipe” concept.  Note that  between the “ fed” scale  ar-id d i s s ipa t ion  scale
t h e r e  is a conservat ive  region for both  pipes , and t ln .s  of course  r ep r ese n t s  the
inertial range .

The m i s t  i m p o r t a n t  point to note about the above pi c tu re  is th a t  it  su ggest s
the  physical  exp lanation of the anomalous -5/3 range. If we i r ms ag i m m c  t ha t , in the
NE cascade , the  input due to production and output  due i i i  “ buoyancy dr’ a i rm ” are
approx imate ly  equal to each other for all values of Is where  t imey  a re  i r m m p i r t a n t ,
then t ime ir net e f fec t s  t r i l l  app rox ima te ly  cormm pen. - s c c t e  ‘i’ cancel , and time “ s imape  if
the NE pipe , ” tha t  is , the  slope of the  tu rbu lence  - s p e c t r u m , nmus t a p p r o s ’ c i s m c m i t c  t ime
_ 5 !3  shape.  This  is because the “ flow ” would then c m lv depend on time c a s e - m u le

t e rm , l- , w h i c h  a cce l e r a t e s , as Onsager d e m o n s t r a t e d , in j u s t  such a rmmanner  mis
to gi ve- — 5 . 3  as sI pe .

In ’  above explanation leaves out a nurmibe r’ of th ing s . in the f i r ’ s t  p i t - c - , t i r e

direct  spec-I m l  t r’ans fer  due t i  mean shear ’  has boon - 5 5 t h  t e i t . ~ebore i r n p r u r ’ t a n t l v ,
i f  p roduc t ion  and buo~’anc t e rnm s  e x a c t ly  c m m s s i - e ’ i l e d , t h ~’ E lK spe c t rus im  would h av e -
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no source at all. In K-H turbulence, however , if we a s s u s m m e  Hi 1,~ 2 1  (or  i f l 5 , ~ -

bi l i ty  to occur , then we are gua ranteed tha t dur ing the i n i t ial p t m a - ~c 01 t I m e -  t o r I  it -

lence, production wil l  exceed “drainage” so t h a t  the re  ~‘;ilI be a ni - I , -e--Is ’ f I t ~, -

“KE pipe , ” and relation (43)  assures us that  “ l o c a l  i n em - t i a l i t ” w i l l  ex i t and

to a good approximation the -5/3 shape trill prevai l .  A~ for oc e a n  , h i , ’ o r

on the cascade , we have already assumed that the i n t e r m i - t i , - n  I~~- ! ’ -,’. i - , tc  r i t e - u S c

and turbulence vor t i c i ty  is “ weak” in K-I l  t u rbu lence , and , e v e - s  i n c l u d r r m i ,’ , t . ’-
t r ansfer” effec ts , it wil l  be shown below t h a t  we would s t i l l  -x ; i c i  ‘ — 5 / 3  1, - r
slope in the “anisotropic ” region.

Once Ri = 1 and the decay phase of the tu rbu lence  bep ’imt. ,, l I t , -  5 ,- a r - ’ e - ‘ I f  ‘ 5 . ’

turbulence will be the slowly decay ing large eddies (~ ) and , -in s- - , - l u a u  -d~ - m , m - n - I
temperature gradient within the layer will  have been dest t - civ,’,I by t h a -  r m m s x t s t p

process, we would expect a —5 / 3  slope on the basis t h a t  l a - m d  i s a - i - S  c a l i t \  a i c t l - I  i c - - I l
even more accurately than during the in i t ia l  phase . In th is  second d m a - . , -  ( - ‘ - t i m  Pd.
and FE cascade should have a -5/3  slope which  is in cont ras t  to t h e  i s t i l s u l ph a s e -
where the FE slope, in the anisotropic reg ion , wculd be s i gn i f i c a n t l v  h a l t - n e - i l  ( l b

not in fact reversed in si gn) due to the effects  of “ product ion ” w i t h o u t  a c~i 5 s c ! , c - m tI ’ -

ing drain.  ~“ On the other hand , at the very s t a r t  of the tu rbu le rmc e  i - o p - i s a , - , ccc

might expect a k’
~ dependence in the NE spect rum due to “ strong h m m t ’ - r - c , i -t i on ”

(cf .  Gisina 39 ).

I i, 2 I’he -tnom aIou~ —~~ 1

We now proceed in the spirit of Section 5 to derive the  NE spectrunm in time
2 1 - , . ‘ - -manner used by Lumley in his derivation of time buoyancy range equations .  \\e

start with Eq. (45) and integrate to obtain

2/3 
= 

2/3 
(i 

C (~~
i )2(l - Ri) -2/3 k 4 .)  (6 0)

where the constant  of integrat ion has been chosen to nmake  — when Is --

- - - (~ is the viscous diss ipat ion) .  Now the  cond i t ion  g iven by Eq. ( 4 3 )  assures  us
that the spect rum will be deternmined locall y by time spec t ra l  flux and that  the

- 
‘ “A log-log p lot of the tem~pera tur e  spec t rum derived from I I I C A T  showed

(Vinnichenko and Dutton~
0) a -5/ 3  power law on the average. Time imp li ca t ion  s f

the above reasoning is that most of the data were taken in t ime decay p ima se.
39. Gisina, F.A. (1966) The effect of mean veloci ty  and t h e mn m a l  g r ad i en t s  i - n  the

spectral  charac te r i s t i cs  of turbulence , Izv e s t .  A t m .  and Oceanic  Ph~ s.2:804-813 .
40 . Vinnichenoko, N. N., and Dutton , J. A. (12(d ) Emp iri cal sts si1ies of c i t mb a -

pher ic  structu re and spectra in the free atrm m osp here , R adio ~ci .  4 : l l l T - -
1126 . —
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spectrum will remain approximately isotrop ic since anisot rop ic inputs  c r  iu tpu t -

are a small fract ion of the “throu ghput ” ~~~. In other words , w e  have the c ondi t ion

where the cascade i-s “ locally inert ial  in wavenumber  space” (a phase a t t r i b u t e d  to

Corrsin by Lumley) . This allows the use of all the customar ’v foc i - i - i -s N r m m i l i a r  in

the inertial subrange, but wi th  “ variable e ’ as Lumley 21 ha -s put i t .

Thus we find that  ,

~ (k) = ~ k
5
~

3 ~~/3 
[i 

C ( U’ ) 2 ( 1 - Ri) -2/3  k 4 i t ]  
. ( I l l )

From this we immediately arrive at the conclusion t h a t :  ( 1)  for  high enough k ccc

have the o r d i n a ry  inert ial  range relationships , and (2)  under  the r e s t r i c t ion  of

Eqs. (43) , the -5/ 3  relation holds for all scales up to the outer  length which  is

also indicated by Eq. (4’i ) whenever crc are concerned wi th  K-H turbulence at a

stage where Hi is su f f i c ien t l y close to u n i t y .  It -should be mentioned in passing

that  Lumley 41 also explained an anor mma l ous  ~5 1:1 spectru m, in a d i f f e r e n t  context ,

by means of thIs  constant flux mechanism.
A nother approach to the anomolous -5/ 3  slope is the following. ‘1tm~J time we

use Eq. (56) to deriv e the _ 5 / 3  slope of the NE spectrum of K-H turbulence under

the assumptions of weak interaction between turbulence and mean profile , and

stationarity (of both mean and turbulent quantit ies) .  \“ e shall make use of the

Heisenberg concept ment ioned previously. In a d d i t i o n , we shall  nmake  use of

Tehen ’ s idea of using the Boussinesq ’ concept to r epresen t  t e rms  VI and VII

together  as a “d i s s ipa t ive  ef fec t ” (see Tchen 42 and I I inze 26 ). We sha l l  also t rea t

t e rm V in a -s imi la r  was- (cf Gisina 39 ).

Thus , for  te rm-s  VI and VII we have:

r - 
(k , ~~~11) ~ dk = - r~~~k) ( U ’ ) 2 (6 2)

where

r m
(k) - o’a f~

f ~.?.. dk a ’e K (k) ( 63 )

4 1 . l , u n s l e v , J. I , . ( 1967b) The iner t ia l  subrange in nonequi l ib r ium tur’bulence ,
in A t m o s p heric Turbulence and Rad io  Wave Propagat ion,  edited b y A.  I\I .
‘m’ag lom and V. I. Ta ta rsk y, Nauka , Moscow.

42.  Tchen , C. l\l. ( 1953) On the -spect rum-i of energy in t u r b u l e n t  shear flow ,
3. or R e s .  of NBS 50:5 1-22 .
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and fo r term V

~ f ~ ,
~
. dk = 

~~~ (- e-11(k)~~ ’ (2 4 )
T k 

“ T \  /

whe re

r u (k) = ~~~~~ 
7 

dk o”oK (k) - (65)

We can thus wr i t e  Eq. (5 6)  as

E 2(e- + oK(k) ) fk
2 6 d Is + aK (k )  ( 6 6 )

where

— ‘ 2  g -- —aa , , ‘ ,, ( I  ) - 
¶ I  ~‘1 . ( “ C )

To solve ( 6 6 ) , one u -se- s  the t e c h n i q u e  of ~\ p - i t i n i  and I u ar mcl

C h a n d re sek h ar 44 n a m e ly , t imat  oh  - ( ‘ - f i n i n g

r ( k) a f k 2 o ( k ) d k  , (6 81

or

1 d~’ 
- ‘0 

~r ~~~~~~ 
- ( 6 a (

; In the r e su l t i ng  d i f f e r en t i a l  equat ion , cc i s l e - h  r a n  i i -  , - l v e - - 1  bc d i m - , - , - t  q u a d r a t u r e ,
- - - the boundary condit ion is r ~/ 2 i  when k ~- , g i v i n g  for ,- ‘ - s i - s ’ t i s i t  ‘f i n t e g r a t i o n

CONST 
~~ 

(, as - )

3 
(70)

43 . A gost ini , L. , and Bass , J. ( 1950) Publ. Sci. et Tech. IVl ini steme A i r ’  237 .

44 . C h a n d r a s e k h a r , m’ . (1949)  ( In  l l ei , senberg’s e lementary  t h e o r y  c i f  t u rbu l ence ,
Proc, Roy . Soc, I ,ondon. 2 00A:20.
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Thus, as Gisina39 has shown in a different  context ,

-4/3

~ (k) = ( 8 ~~2/ 3  
+ av )

2
~~

3 
[1 + 

8~
3
k
4 ] k 513 

- (7 1)
a (3o’2 ) ( e  a,,’)

For values of k of interest, this gives a k
513 dependence. The nmo st impor-

tant part of this result to notice , other than the -5/3  slope, is the fact  that  the

“constant” no longer simply depends on ~ , as it would in a classical inertial  range .

Rather, it also contains ( a m)  which involves the production and bouyant d i ss ipa t ion

terms . As mentioned in the introduction , this could lead to an err’oneous deter-

mination of E if the investigator makes the mis t ake  of perceiving an anomolous ~5 / 3

range as an inert ial  range.

It should not be overlooked that Eqs. (61) and (71) are not consistent. Ormly

the -5/ 3 exponent is consis tent .  This lack of cons is tency  is excusable , pe r ’haps ,

on the grounds that  the  l lei senberg approach usua l l y doe-s give phy sica l l y incor rec t

results  outside of the wavenumber range of p r i m a r y  in teres t  (cf 1-iinze ’ s21’

discussion of the I-leisenberg result for the dissipation range). ~‘ Ir-i view of the

necessity for an inertial range between the anisot ropic  p roduc t ion  range and time

d iss ipat ion range, we -should choose the re la t ion  (6 1)  as being s i m o r e -  cor rec t  m u

large ~ since it includes the iner t ia l  range a-s a high wav enumber  l imi t  is-i con t ras t

to (71)  which does not. From-i (61) , the r emark  above abe,ut d e t e r r m c i n a t i i - n  of ~
still  holds.

7. ~I ’U:Tfl ‘e l ,  \ O \ I . I \ I  ~i ii ’ i - i i :~

In both FIICAT data  (C s’c a ’ l -m s et a14 ‘) and in t h e  I s ’  -m m , s s ’ I i e - r i c  da ta  i - b  R e i t er  and

I3urns 46 it has been noted that  ther e -  a re  “h u n m p s ” and “ dips ” , s o r n e t ( r m m -s

cal led ‘‘ gaps ’’ in the E lK spectra.  V a r i o u s  a t t empt s  imc , v e -  hca-n s c i c i  - i i i

explain these ( ( f  R e i t e r  and l3urn s 4” ) Orme sui h exp l a n a t i o n , P ;,o 4 ‘ , was

based on a n u m e r i c -al s i n m u l a t i o n  in cc i m ic -h it was  found t h a t , a i th h i p - t i  degrees

~‘The exp lanat ion  for the som im e ct  imat incor’r’ e ct  s m m , t  ic -c- f t ime 1 1 , - u  s - s m h c - i ’ t,’ f , , r n m a i i s n m
is t i-ra t  i t  r e f l e c t s  d i s t a n t  c c - m c v e n u m m m t ’ c - s -  i n t e r a c t i o n s , crhes’eas close  cr a c ’ e r u r m u b e s -
i n t e rac t ions  are in r e a l i t y  much sh ore  in s p o r t a r m t .

45 . ( rooks , W. M. , l i ob l i t , F. \ l . , and Prop het , I). T., et al (I ¶“~7) Project
IT ICA T : An In c- e .s t i g m u t  i _ i s- i , i f  h i g h A l t i t u d e  ( ‘lear  ,-\i  i ’ ‘I a m - l - u k - n c ’ e , Tech.
hlept . AFI i ’D l , _ T H _ 6 7 _ l 2 3 .AD824 865 , Ai ) l 12 4  ¶ 0 4 , ,51) 112~ 3 6 5 ’ ( 1 5 6 7 ) .
~1ee also A 1) 1( 4 ii 086 , A l  ) ( ( 47  42 7  ( 1 ¶ ‘6 8).

46 . R e i t e r , 1K . 11. a r d  Burns , A .  (1 1 6(1) The structure c-if ‘‘lear—ni r’ turbulence
der ived from “ToP( ’A’I ” a i r c r a f t  m e a s u r e - s - - , - n t a , ,1 . ,- \t m .  ~(‘s . 23:226-212.

47. l’ m e u  i , . Fl .  ( 1068) T u r b u l e n c e  ~‘e l o c i t v  and S’ ’a l tc r’ ~p’ ctr a in Stably St r a t  i f r e d
i l n b t s , l-l e - s s s L ’ .~c r c m m t i b i i - i h e s e c , r ’ s ’ i m  l . t u l i - i ’ c i b i i ’ i e . ~, 1) 1 — 8 2 — 0 6 8 0 , A D I S 7 7 — ’ d
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of stability , the nonlinearities would occur. Unfortunately in these sinmulati s-ns time

production tern-i  due to shear  wa omi t ted .

Another  possible exp lanation is the fol loWing.  In Eq. (56), let u ignor - .e

terms I, III, and VII, and in ’Eq. (57) omit I, III , and VI. We timen h u t u v e -

II IV V VI

= - f  Fdk -~~~~~~~ f 6 crT dk - 

~~~
‘ 
I O dk ( 7 2 )  

1

k 1
~ ~~- V

N - - - f  ‘TT~~ 
- T f  4wT dk . ( 7 - ; )

o k

$ The-se equations have been treated by I,ir et a1
25’ ~~ and h -~ ¶ m u k i m i p -  t ime l inmi t in p -

form of the genera1i~ ed edd y—viscos ity app i - u i x i n m a t i o n  (100 t o  P arm c’hev 3 ° they

arrived at the fol lowing nondinmens ionalized repx ’e.s en ta t  iorm

II IV V

/ 1\ f 3C 4\  (‘ 2
5’2 “‘2 1/ 2  4

4’( N ) ’ -

- 

r 1 x 4 ’ ( X )  4’T~j
N )  ( 7 4 )

i ~~
-
~~~~

- - ~

- 1 ~~~~~~~~~~~~~ 
(l I 2 ) - i ( C~ 2)

- , F~~ X 4’ (X)

II IV
-, (~~ 2~

\5/ 2 
~ 

1/2 
4’TT (X) 

‘ l Tl ~ 
2 2 

4’(X) 4’TT~~~ ( 7 5)

where Eq. (74) corresponds t~ u ( 7 2 ) , ar i ci ( 7 51  esponds t ( 7 $ ) .  T I m e -  r m u r m m b e r i n g

of tern- is  is re ta ined . A lsu , 4’ m i s o l  ci~ ‘i-’r ar’e the  nond imens iona l ized  spei ’tra , arid
N is time nond in i ens iona l i zed  w a v e r m u r m m h e r ’ . I ’  a p a r ’ a n m e t - s -  -h m a r ’ a c t e r i z ( s i p -  tur-

— bulence product ion due to mean shear ’ , I ’~ a p a r ’ s i m m m e t e r  c h m a r s u c i c - r i z i n g  t i m e
bouvanu -v d i s s ipa t i on  wh ich  depends on r ae -an  t emp e r a t u re  gr a d i e n t .  and I _

F a

p a r a m e t e r  c ’hara i ’t -r i z i n g  the produc ’tion of t enmper ’a ture  f lu u ’t u a t i o n s  cc h ic i m depends

t e m p e r a t u r e  gs ’achent .  i’ m u r u u m m i e - t e ’ r s  (~~ and (‘4, both of wh ich can r an p - c  f ro m 0 to I ,

repr esent  a ge - r m era l i za t ion  of Fi -h en ’ c-i i -on ’ (‘pt of strong and m~~- , ,k i n t t ’r a i - t i o r i  be t a - e s -mm S

t t r rhu lenc ’ e and r s m e a n  - c l c i ’ c u r  and t e r m m p e r a t u r e  g r a d i e r m t  r e s pe c t i v c - l v . “ 0” means

weak inte raction and ‘‘ 1’’ rimec ins st r ’orm g i m m l e - t ’ a c t i o n  in  t ime ense t h a t  the  c ’o r ’ t i c i t v

(‘ompare te rm IV of 1’:q (75) cc ith Eq. (37 ) .
43 . IA n , 3. T. , Panr ’hev , ~~. , - m i - I  ( ‘ er ’ r m m a k , J . L. ( 1 t i O l u b )  A nmodi f i e d  h\ i R u t h e - -- is

e l m  t u r ’im u l e s - a ’ e -  — ( u i - c - I s- cu in t i c , -  i s c ,t iv an cv  .suhrarige of s s t u I ’ i ~ — t i - m i t  i f led s i t e - m u m -
f low , R ad io  Sri. 4 : 1 , 3 3 3 — 1 3 3 7 .

- —i t m i
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squas’ed t e rm  (in time I le i senb crg  express ion  for  “ d i s s i p a t i c ~n”) is the  square nm ean

grad ient or shear in the “ creak” ~- mu ~ c , and time s q u a m ’ l -  v o r t i c i t v  or equ iva len t  form

fc ,r  t empera tu re  f luc tua t ions  in the s’ange 0 to k in the  “ s t r - m m g ” ro ss ’  (v -f H i n z e

pp. 264 , 2 65) .  F ina l l y, smote t h a t  in Eqs . (74 )  and ( 7 - 5 ) , l Ice-  s pei t r’al t r ’ a n s f e r  tc  rs:-

are those of ( m a  ager’ and Kovasnay .

I , in et al 2’~ solved these equation-s to’ -

numer ’icall y for a nur i ther  of cases. One

par t i cu la r  case is of special in teres t  io~ -

bc e i- c- , and it  is given in i - ’ip - .  4 cc-hich is

copied from the i r  l i p - ’. 6~ It show hi d  h 
—

the NE and ternpe i ’atuz ’es spectra .  This

examp le ha-s the fo l l cuwing  values for the
iO~-parameters : C 4 0. 3 , C9 - l , 

~
‘l - 0.01 ,

F 0. 001 , and 
~ T 0. 001. From these

param eter values , it can be -seen that 102 -

shear’ effects in this example a re less ‘
impor tan t  than bou\ ’ancy e f fec t s .  Ti-ic 0 10’ -

f igure disp lm uv s the — 5 ,’3 slope in time ElK

spect rum at both high and low end , but 100 -

a -2 .  75 in the  mid range  where bouyancy

diss ipa t ion  ef fec ts  b e c ommme dc ,rm m inant .  10~’ -

This brings out two impor tan t  points . -~ ‘3\
Fi r s t  it clearly i l lus t ra te- s  time anoma-

10 2
lor m s -5/3 range ef fec t .  In that  r’ange, 

-— a / 3 - 1 / 2the spectra l  trans fer ter m , X 4’
io~ 

I • I • I
is essent ial ly cons tant  in the nur mmer ica l  o-~ iO’~ ,Q-2 10” tO0 to ’
s imulat ion, and this is in accordance x

with our previous discussion. Second , 
0

this f igure  may provide an exp lanation Figure  4. Minus 5/ 3  Spect ru r i m Wi th
— for -some of the spectral  nonlineari t ies  ‘ Jog’ Due to Turbulence  Produc t io n

- - , (a f te r ’  Lin et al 19 OP a)
seen in the data. Nem doubt, by adjusting

the  parameters  so that product ion is

relatively dominant over bouyancv, one could cause the  i n t e rmed ia t e  range slope

to be f la t te r  (rather than steeper) than - 5 - 3 .  Note that  ‘ jogs ” also appear in some

HI(’A I’ data ,

It should be emp has ized  tha t  the ideal ized t r e a tmen t  that  crc have  given for

the spectra of K- l i  turbulence would predict  a -~~~ ~3 slope for all k be tween  the

inner  and outer  length  (a s suming  a = 0 , that is , a perf e ’ -t b a l a n c e  be tween  produc-

* This r e fe r s  now to v e l o c i t y  f luc ’tua t i on s ,

11,
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tion and b o u y a n cv)  “ However , in r e a l i t y , ne i ther  “ a ” ,‘ ill be zero nor w i l l  s t r eng ths
or p roduc t ion  and bouyant dissi pat ion in t e rac t ions  (b et m c een f l u ,  t c c s t u u m c s  and m e - c - n
q u a n t i t i e s)  match  per fec t l y- Hence,  spectra l  n o n l i n e a r i t ie s  should ha rd l y - c u c c i ,  as
a scrrpr ise .  Perhaps the more surpr i s ing  aspect  of the i n t a  is the c x t & - m c t  to ah i mim
it is linear in the majority of cases published. In any ‘- a se , i t is cxn - t l v  s u c h

non l inea r i t i e s  which  could lead the u n w a r y  to an erroneous value for ~ -

~~, i i  tu~i i~ :\ u~:t ~ t \ I )  (;~;\~lR ~I’Iu\ UI I. ~Rt.F: I - : iH ) IF : =

8,1  I,r trodu c ’ t j e ,,,

Section 8 examines two f u r t h e r  aspects of s t ra tospher ic  turbulence in s ’ c - 1 m i t i ~ - :
to the anomalous -5 3 spect rum.  The f i r s t  concerns  the p o s s i h - i l i t \  t bm at  tu r ’bulence
pe r s i s t s  for a relat ively long t ime a f t e r  the energ\ ’ input  imas s topped , timat is , m u f ’ i - r
Ri  = 1. It can then be argued that  in s i tu  mmmeasu r en c en t s  of s t r a t o s p h e r i c  tu r ’bu l en ce
are much  mos’e likely to be of decay ing turbulence  r a the r  t ( c m si t u r b u l e n c e  c i t I c
energy input. The second aspect to be d iscussed  concerns t h e  e - n c s - m u t i si of i n t ’ L / c

hor izon ta l  eddies by the mean shear dur ing  the  “ eneu -p -n  p roduc t ion ” p has e -  of the
Kelvin-I le lmho ltz  event. The poss ib i l i ty  wi l l  be discussed s ( m c ~’ such large  edd y
s t r u c t u r e s  could play the  role of an outer  length  dur ing  the  decay  a er i i , d . This
would provide an addit ional  rat ionale for the p m - e s e m ’ n r e  of -5 3 s b - p , - - u t  - i - t c - - i d c t ’ -

abl y large wavelengths.
If in fact  the - 5 - 3  spectra  are only observed well beyond th c-  i i s .e a l i e n  ( ( m e  -‘-

is energy input , then the above theory (based upon compensation between production
and bouyant dissi pa t ion )  would he rep laced by a t lmeor v based os-i t ime idea t imat  o~

- - - -
ducti on and bouyancy in the layer are negli gible.

In the discussions below , we shal l  as -sum -ic  tha t  r ad i a t i on  e t f , - c t s  can he
neg lected. This is reasonable sinc e, according tu i’c lcCla tchev et m l , ‘~~~‘ t h e - i - c

would be no more than l °K change per ’ day  f rom radia t ion  e f fec t s  in t h e  - t m ’ m i t ,-
sphere . A second assumption is t h a t  a tmosp heric billow c-v es mt .  r e s u l t  in f a i r i c

complete mixing  wi th in  the layer so that  dur ing decay, mean po t en t i a l  t e s m u j c c ’ r c u i i m c ’ e

gradient  and mean shear are negl igible  (Tur ne r °°), This assun cp t ic u n  is i c m c l i i - m ’ t c u m m t ,

not only for present purposes , but also for’ the purpose of exp laining c-er t i ca l
t r anspor t  in the s t ra tosphere by t u rbu lence  (-see i iesenberg  and l ) , - ’,c cu m c 1 ) . It would ,
the refore , be very usefu l to vmulmd m , t e this assurmmption by in  s i tu  c m i , - c u s c c r , - s m c c - n l s  ,

eNote that there is a k ’ dependen ce at la rge  values  of k beyond time- i nner  sct~1e -

49 . McCla tchey ,  II. , Kuhn , W .  H . , Bailey , P. , and L l l in gt cu n , H . ( 1 - 7 5 )  ~~!e -
Natura l  St ra tcusp here of 1 7 4  (‘IA P SIc in ograp h 1, Final 1-i ~- ; ‘ - - r  t , l ) m
ClA P , D O T — T S 7 — 7 5 — 5 1 , p T 4  -77 .

50 . Turner , J. - . (1 9 73)  Bouyancy E f f e c t - S  in  I-’ h i c c i I - ,~ ( m u s c h - r i d c m , ’  I r s m v c - n ’ s i t ’ ~ l ’ r , ’ — - .

-- ~~~~_ 
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h owever , one can in terpre t  the radar s tud y of 1-irocc’n ing and Watk ins , S - i l  cr ib c im is

m entioned below , as lending some support to our a s sumpt ion .

32 I)r , ’a~

From the  above we -see that an important  quest ion is Ilo cc long does - s t r ’ m u t o -

spher ic tu rbulence pe r s i s t ?” In the ini t ial  s tages , the turbulence  c i - n s i , s -  of mu

b r e a k i n g  K-Il  wave which takes less than S coin to t u rn  over (5 s m i m i  is about the ’
- ‘ - 12

period for a oouyancy o cr l lation cf Woods and \\ ilev ), In the  ocean , cc l i e - i - c

this  process occurs at low Reynolds number, one would e- , t i s : c a t i -  time t c c s ’ ( c cc lcnc -

durat ion as being on the order  of time turnover  time (\ V i u i ds  1 )~ Such is c t u i t  t h e -

case in the a tmosphere  due to high Reynolds number  them - c .  We would ih c -  r e - i  i - i c  I c

in te res ted  to know how long the turbulence pers is t s  beyon d the t im e  it is fed i -n

the mean shear through layer spreading etc. ( the  l a t t e r  l n - i m c p - ,  i r -e~ u : i m u i l \  n t I m e -

o rder  of 5 mm ) .
Fir-sI , let us consider  expe r imen ta l  observa t ions .  A pparen t ly , ‘( cc  - - m d c

available d i rec t  m e a s u r e nm e n t s  of tu rbu len t  pe r s i s t ence  in t ime  s t r a t o = i c h c e - s c  a s -c

t i - m i -se of time 1-FICAT p s’ og s ’ammm . The longest - -ba c- i ’vcut  io sc to  be found ¶ h u m - c  cc a

14 nmin and 14 sec. In contras t  to the  s t r a tosp hen’e , t imer ’e  are many - l a  -r u t  i u n - ~
of CAT in the t roposphere  a - imic im are of irmterest  ; i i ’ i i vj d ed cc c’ r c m u e m m m h c s ’ s -  u p - m t t I c

tur’nover t ime there  is about double t lma t  of the  s t i ’ m u t o s  p- h i s - r e .  T hese inc -  - l y e- I - - t i .

radar and radiosonde n m e a s u r ’ e i m i , ’ m mi ~~. Bo uc i m em’ ’2 has published a i- adam’ ~- 1 - ,  , - s ’ v m i  -

tion of t roposp her ic  ( ‘A’f cc -hici m occupies mu 500 n-mm t h ick  layer  and w i m i c h  se ’ s ’ -,O ’ , ’ , t

for 1 hr .  Perhaps the most use fcr l  radar’  a t i t d ’  in t h i s  connection is t h a t  c i f

Browning ar-id Watk ins Dt who , as m ent icu smed mu h ovc ’ , d e s c r i l - e - (  a ( v p i u - al  K — I l  t i l l ’  - ‘,c

- sequence as consis t ing of 20 m a in  u f  v i s i b l e  ( - i l l ic’, s t r u c t u r e  fo l io ’,’, s- i i v  a 1- - t m l - l c ’

l ayer  of tu rbu lence  pe r s i s t i ng  ( u i r  2 hi’. Ti mis  i - l - ~ e m - v a t ion is  c o n s i - i t e - s u t  c’, i t i s  t ( ~ u-

idea that  beyond ( i - i s -  in i t ial  20 coin t ime t u rbu lence  c- i i m m t b m c c e  f or ab c - i t t  2 imr ce - i t  ( c c - t i t

bouyancy da smmp ing (mean gradients  ins ide  ( I c e -  l ay e r  I i a v i n L /  beer: des t royed h- c  I’

mix i m m p - ) . At  the top ar-id bo t tom edp -e ’  of th e  l aye r , enoug im e n t r a i m mne - rm t  r i - n t  s i t u -  —

t u ~ - cccii’ w i t h  su f fi c i en t  i n t ens i ty  as to  i - m u m c~ i’ ( fo r 2 hr- ) an - - ( s c - r ’ c - m u i - l e  r ’ s - b h i ’ i ’ t  i i  - ss

‘ l u t e ’  ( i i  t h a -  i nhom ogene i t i e s  of i ndex  m’ e f i - m u c ’t i u m i thus  gen era ted .  If t h i s  m t  e r pm ’e ta t ion

is r i - r n ’  e ct , one can expect tha t  s i r m i t u - p h c - r i c  t u r b u l e n c e  occurs fo r’ hours  r a the r
— than c - c  isc ~ t u ’s ,

51. Y l rcu a - rming ,  F- l .A . , and \\ m u i i - m i t m a , ( . D. ( 1 ( 7 ( 1 )  ( u h i e s ’v t u t i o n . s c i i  i - b - c u r a i r  turbu-
lence by h i g h  pc-ce- c - i -  r - c u i i m u r - , \ m - t s c m e  2 2 7 : 2 6 0 — 2 2 3 .

52. Boucher’ , R . 3 .  ( 1 5 7 3 )  S l e s o s c m u l e  imi - ’ - - s  of a smal l  pa tch  of c lear  a i r  tur’ —
bulence , 1. ‘ - 1  A 1 p - c l .  Sl i t 1 . 12 : 3 1 - 1 — 1 1 2 1.

53 . V i n n i ch enkc , , N .  K. , P i m i t i s , N . Z. , “d i c c i - t e r , S. I~l. , and Sl c ic r , N . ( 1 5 - 7 / )
Tu rbulence  mi l l i e  I - ’ m - i ’ , ’A t m o s p h e r e~ (1 i n = c c l t  m i n t s  I l c c s ’ e , , cu  New S i i  I . .

38

_~~~~~~~. —



~~~~~~~~~-
-

~~~~
- -- - ---- —“- - -,.

The r ’ m u d i ’  s u n - I c  observ a t ions  r ’eported in V i i i i i i c l c e ’ s c d i  - - (  al~~
1 are cons i~~t s - c c t

w i t h  the i~ ea tha t  the  deu :~~~
- of a tnmo sp }mer ic  K — I F  t i c s 1  t i l e  t t u r s - 5  l i ou i ’~ . l b s - v  s n ’

t i c c u c  ‘he p-r’ o b m i b i h i t~ tha t  time t u r b u l e n t  - i t i c m u t i s - s c  c c c ;  - -  mn u s a -h a n g e d  at 12 t i  - 20 km
a l t i t u d e  is less than - i  50 p e m ’c erm l  ci ;, _’ i’  t he  I ’ ’  r i r - d  1. 5 t - 0 i c ,

1mm the tr’ i~~i c - t u t ’ - ;  ‘ - , p ei - ,si st ence  can ( i ,  - t i c  , ‘ t - m , i -  b - s - i  o the r  t i m , c i t c ’ u ’ t I ’ i3 Hr

s ’ x ; i c - p lc- , c- m m t i m m u m u l l c  i rmcm ’ , - a sed  m u - mean ,shean’ s due t i -  ‘ i c  - l , - i i - r c : m m t i  - - m , ’ f c ’c c ’ t =  o f
m ; ’ - y i l t U  fr ’ o~i s~~, In ‘ i c e - st c - u m i - iphe m’e i - n c -  can c s c ; a g m s t e -  ‘h , ’ n m i - c . s c ’ ; , i t I ’, ’ , m , - . e -  c- m i l d

‘ s - - I - - n p -  ‘u i ’ b i c l e n c ’ u - . The above m u -must  h e -  v i e - - e d  in t h i s  -

A c -m i s ’  r b - ,  ~i ca1 e- t i ’  - i f ’ d , ’ u ’ m i v  ( c C’ i a n  1 - , -  ob t a i ~c u - d cu s  t ’i ’ i l i - c c s . ( - u  —

p- mu m e  c r - - i - I c r :  1. 2 c u f  T s ’m i m m e k , - — n - I  Lu ’ cs ls ’c 2 t ’ ) .  l u - ’ us m s s m a g ine a i c c h ’ t c r i l  ( i X  i f

y u , l u c - c u ’  I , ‘~ 
- - s i t  u i m i i s c p -~ m t  r t u , s  ‘ L u - s - c  in t c r l  t i l en t  scot  l i - m i  . A s s v. n in g  mc, energy soUri

‘ i ; - u m - i u l en t  ‘ l , - r m , ’-~~, ( c ’ s m s c c e  I .  i s s y ’ - ’ ; , c i ’  mccc  - s s o m m : e  t I m e -  1 , - ccm y( ( scale  is

5’ 
~ ,

‘ c ; ’ - s i - i  c’qual ‘ -  I . \\ ‘s- - 1 , - m ’j v c  ‘ S i  ‘‘~m l i s ’ i - s ~~ii Sc fc-ir ‘( c c  decay of k i n e t i c  c- s c u m ’ s - u s ,
3 - m c ’  -— , as ; - -  l i uw s :

~i ( -
~~~~~~~) _

~~
:1 

-- i , 6 )

p - c t  C u p - m i ’ m a p - , ‘ c - u s c - I t i e  ‘ l u - c  m m ( l i c e- is

~~- ~~ , - 
~~~~~~~~ ( 7 T h

\ i_
i 1,i j I

-,‘,- l m e s - u -  u .  is t ( c i ’  i s c i u i ; u l  t u m - I m u l e n t  v e l u i i ’ i t y  and U
f 

is  t t c c -  f inal c’ , ’ l i i c ’i t v .
In ‘l , i  c rud’-  ri c e - d c - I  l e t  us s e t  1, 1000 m u m , the observed I h I ( ’A T  t u r b u len c e

Im u c-es ’ t h i , - S m r c , - - .,’ c ’ r e c s ~ u -ne ’ d  e a r l i e r ’ . I - o s ’  u , and u~ Ic- f  us use the value for - “ st r i - n ~
u m - b - u l , - n e - s ’  and s h c ~- v a l u e  for ’ “ creak” i u c c - h t c l e n c c - , re spc-c(  ivc ’lv , as found in

V i n n e s t u - 6 - ;  - c ’ te l , p. 190 s c m c m m m c - l v , u j = 2 . u m s and u~ = 0 , 2m u n m / s . In t h i s  c m u a s - ,
- :t h r  - cc h i c h  i-s u ’ u i n m s I -

~~ i - m i t  w i t h  the above cons idera t ions .  Obvioimsl\ ’ , As ‘ i u p - e ’ m m r i  —

p - m e t l ’  -n w h a t  crc u -h ,  ci sc for u
~ 

and tb - m e above c h o i c e  is perhaps r ’ - n s i - r v m m t i v e .

‘l ’b c i s ‘ u p - i , -  f u , r  n c r  i ’ ; i b u - n  dj s t u p - r c - e s  cv i t i u  t im e m ’esu l t s  of l / c c d p - l  u ’V
4 wimo ca l cu la t ed

dc’ ’- m’u v ( u s ’  ,‘ ,‘n I c c -  h i a s i s  i i i  c o m m s t m i m m t  i . In L 5 e s i s ’ s - m u i , I i o c’;cc’em ’ , i d e e ’  m ’ , ’ m m — m e s  ‘‘. i t I c
t i r ’n ’ ’ and s ( c i ,  p m - i - - l i - s m c t s h i ’  d u r a t i o n  u f  ( I u ’ u ’ c u \ ’ . On (h e  o ther -  hand , the t -a l u e  s - m c I —
i - u p - m u l e - i l  ‘c m  d u s m m t ~ i - i u ‘ h - ~~cs rk  c’ , ’ r ’ v  much  upcun t ime f ina l  tu rbu lence  t - e l u - c i ( ’- ;  s i m u s , a
t j t i e ’ a ’ ieu n a m ’j ’ , e ’ —, c ’ on, ’ c u ’ s c j n ~ c ( c u t  f s i c m c l  c ’ e l , , c ’i r v  should  be s- , m n — idered reasona (- l c .
Zi m s m n m c r s ’ i t , m m  and T ov i s s p-~~ u ’ m u l c u j l c u t e - d  u ’ v e r m u l  c’ cmii mes of i frc m n m t ime  1T I C ’AT s p c c ’ t r m u
‘ ‘ , b c b ’ h i  r z m s i p - e - b p - i - c -  262 to 24 u - n i —  ~~~~~~ (‘ u m m v , - i t i n g  t h e - i c  t o  i r m i t i a l  and f ina l
- - ‘ - I -  - p - i c - a  and c u g a i n  a s s u m i n g  I , - - I I ) 0 0 ; ; c , ce-c f ind  At  20 r a i n , and t h is is four
t r i m  i -  i - - n p - c m ’  ‘h m , n  t h e  f - u i - si  u i-er ’ ( c c c , - , Thus , even  by th is  u ’ u n — em ’c’ t u t i i ’ e  e a t i s c u t e ,
r t  is  i - , ’ : , , , - c , m u h - l e ’  t i  - s p - u p - -~~e t i -mat  i c c , i - ~t of t h e  l h l ( ’~-\T t u r b u l e n c e  da ta  is in t he  d c ’ c m i \
p-h t m l

-
- I . I I m u - l p - l u - c  - I . 1 .  ( 1 5 c r ’ )  I _ a r — g e  scale proc:es~~~- s c ’ u m i t i ’ i t r t i t i c c p -  i - o e m - p - v  ~~c clear c u r

t u  ( ~ 3 - -~ ‘ , in ( ‘ l e a n ’  A i r  3’cr r— hu l ence t i m i d  l I s  i ie t , ’c - t i u n , e’ c h i t c - i l  I 5 . 1 1 .  l ’ a u u
m , ~u i i  A .  ( u i -  I l - t i  n p - ,  I ’len ir r i m Press , N ,”cm ‘m c  - s i-c .

3 5’ 
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~~, 3 ~~~~~~~~ of ’ I_o rg. ’ h oriz on t a l 151db’ 5 b~ ii , ’ c , r , circe 1 a~~i ’ t t i , -

There is a possibility that , in the anisotropic shear’ turbulence which cc-c are

here considering, the turbulence cascade s tar t s  at a scale n-much larger- than the
“ outer scale” of turbulent layer thickness . If su cim were the case , it  would not tu e
possible to t reat  this s i tuat ion theoret ical ly wi th  the help of present  theories  of
turbulence.  On the other hand , if such an e f fec t  were aatua ll y present ’, it would

fu r the r  exp lain an anomolous -5/ 3  range to unexpectedl y large scale, . In the
follocc’ing, ce- em sima l l s ta te  the  case for this possibi l i ty .  We shall  as- sun-ic tha t  the
e f f e c t  would be seen onl y during the decay ing stage of the tu rbu lence .  Bu t , as the

above d iscuss ion  indicates , we would expect that  this  stage is s ign i f i can t ly  n-more
probable than the ini t ial  ‘ fed” s tage , in any i n s i ti r  ci b .servation . This implies
that  the anomalous -5/ 3 slope could be c c c m - r e  m i l t e s i  due to the absence u i f  h c m t b u

product ion and bouvant d i ss ipa t ion  tc ’ i ’ sns  s - m m t i , , - r  t h an  t h e i r  cc : u t c c a l  c ance l l a t i ’mn .
In -such cases , time measir red value i - f  n- would 1 , -u-on c e  r u ’ l i m i h - i ’ -  even in the
anonmalous range.

Tern -ms VII in-i Eq. ( 56 )  and VI in hr . s 57) d s ’ s c r i b ; e  t h , -  r o s t u t i m  n and d e f o r m a t i o n
effects of mean shear c m s t  t u r b u l en c e .  The l a S t s ’ s ’ i - - n , c  t - if c-oncpl’e ’s ia -t i  mm ¶ 1350

and s t r e t c ( c i m i p -  at 4 -‘2 v. 1c c - re  0 hs taken as di” ,cn t s ’ c m u s ; c  a r-id m o o  is ve r t i ca l , and a
pos i t ive  value for slccar  is as sunm ’mc i l .  Thi  e -l I i ’c ’ u - f  - h e m s ’  is d u sc u s - , - mi in a

n u n - m i m e r  of l m l m i r u -  eq P i m m i 1 i t - ’~
3, ‘1 i c ’ s - i - c ’ ’ ” , I c , c c m i e c  ‘

, S l i i f f a ’t ’8 , t u t i ~I Luralev
and PanoI. s kv . In the abc,ve discus i ’ sc , c c  ( c a v e -  r e f e r r e d  t -  - it a s  a I r a n - i t~c r of
energy in k— pace n p - c c - - to c: e:un s i - m e - m i s  • ,- \ ‘  1 5 5 ’ , l Ice ’  ‘ r ,, ’ :— I u ’r  is f t - i sa I- - ,- i - c -

h i p - I - m s  ; c r avenum m mb ers  and m i t  4 5  it is  fr ” r s : h i ghe r  t o  low u i ’  - ,c m u c u ’ s c c u ;  ‘i - c - c - — , lhu s smle- c

and Pan oHk c 2 ’  showed h m u f  I I : , -  sp he r i ca l ly  i c - - r a g e d  ‘ - 1 1 , - c t  i a t m - u s c - -Ic r ’ t - m  ci d er’
c v - ,  - r c u - ’d - i r s . I lowever , time p-c m - ct  r of t I m e -  s i t u a t i o n  c l ea r ly  indica tes  t I c t i t , I - m n ’
h u i r i z o n t ai  eddies,  the  t m ’ m u m u , f e r r - , to l a m p - c r s -

_A d iscussed im i Ph i ll i ps ’ t l ms ’ ~e s m s - i - t u t i , - s c  of l ; m i ’ i - ’ ’  ; i t ’ - i  s ’ h , s c i t c , i , d  ,,- d d i ’ ’ -, in -i t ime

h o r i z o n t a l  d i r ec t ion  is not on ly  t h e o r e t i c m u l l v  c’c-cp c- c ’ e d  lu i c t  ha~ bee n o h - s u m - c - c - I

e-x p u ’ s ’ i u : ; e t t m c l l v  in “ - c u l l  t u r b u l e n c e .  Panofs liy a s c i I  l ) e - i m u m m ’ (  ‘~~ i mu vs ’  s ’ ~m m I i s - i I  such

3-~ Ph i l l i ps , 0. 51. 1 1/ ’t ~1’) Shea r—f low T i i rhu le n cs - ,  A s mni na i  b -v. u - f  F luid  Dc - s m a n m i c s
I , d i t i  d b~ \~ P ‘,ear in I “c i \ m I )~“ e A rc — i i l i e - c  sea I

Palo - ‘ mi t , (‘ m u l i f o s - n i m u .
S m ; , ‘ I ’ - , ’ s r — ’ - s c c l , .5. A .  ( 15 156 ) The St i -u c t u m ’e  c f  l u n ’ h i m i e n ’~~~i , - m c t L u . ,  ( a u c m l r r i d g e

I n i v e r a  i t \  Press .
57 . hun — Icy,  3. I , .  ( l u _ I l ) u 1 m , - ~ -i ral c - n i - i - p - v  budget in s c u l l  i ; s ’ ( i t m , ’ c u  u -  ~~~ — .

Fluids 7 : 1 9 0 - I 9 i .
Sh . S l , , f f a t t , I I .  -5 , ( 1 1 - 7/ The  i n m e u - m - ” t  i - mm u , f  t u r h u l er m c e  c’ ( t i c  st i ’ m m n p -  w i n d  ~‘c - - ‘ - in

A t l r c m S I u ( c  i - s — c m -  ‘I cm r h u l e n c e  m m m c d  h I ; u d i - \\ c , c e -  I ’ i’ i l u m m p - ; u s i m si , c ’ d c ’ e ’ m /  l v  A . 51.
‘ m ; - c ; T o c u , : 5 s u ’ ~ 5” . T~~T mp -2~ r - T , c , ~~~~~m ic ~, . — , ST imcc T~~~~~~

~5 i . I ’ m u t i m m f s k v , l i . A . , anmd D e l and , h l . , l . ( 1 5 5 7 )  St r u c ’t cm r e  u - I ’ ‘ u r ’ ( ’u l , ’ :uce -  , u f  ‘ Ne i l l ,
\ e i i r m u , l - c c ,  c u s o l  i t s  m - u - i m , t ( i u r m  t m  h , - c t i ’ u c t r ,r i - , - m t  l t i ’ m ’ m - k h m u v c ’ n , Nat  i - n m m l  -

‘

I , a h u - m - c , t u u m ’ ~~, I p 9 — s c , i - t i p -  I sland , A l - f l I t  — ‘ I i l — 5 t i — 2 0 l , ,- \ D — l 4 6  8-l~~, —

1 . ( ;e m i u h ’ , - -i , I I ’ - ~~. ‘ - - I 5 2 2 - , - 2 2 2 9 .

-1 1)
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elongated eddies in t he  boundary  l aye r  “ i l l ;  co-~~p - c’ i - t  i - a l  c c - c l c s n c i u e  - . It i s  per l aps

f a i r  t i  - say  t i - mat  large p e r ’ s i s t c - s c t  I c i r i c c o m c t m u i  s - ihd ie s  s l c s m u l - I  Ic e - - found in c h i c -  t u r b u l e n m t

shear’ layers of ti -me s t r a tosp here (h aving been p - c - s i c - i - a t e - i l d u r i n m m  t i m e -  s t r ’ o s c p -  m s i t ,

a c t i on , car l~ t i m e  of ti -me t u r b u l e n c e) and ‘ ( c m l t a r  (ir is  r - c ’ a , o m m , s igm mif ican t  a m c m t c c c t

cif en m em - gy  usm a~ - be found at  scales exceed in g 1 c c ,  - c t i m ( c - k m o - — - , i ) r m r i n p -  t I c s ’  d ecay

ph ase , shear  and t empera tu re  gradient  a i l l  m e c u b — c r , am - id ‘ c - r n-i-i I c _ f  E ;s . ( 52 )

and ( 5 7 )  c e - i -o ld  be the onl y source u I ’ en em ’p - -u . The t cm auiua - m. en-ed cp - cc ’~ t u s c  i , , can

s on ~ e asmis s i r u m p - i s ’  analogue of ‘‘ 1- ” s-u n-m d - -  11’f ’ ’ d c -a c -ui -s ’ ‘ I cc - c c u - m u ’ c i s h c  c u r , -  s-se -s  in-i

such a -‘- ccv ( p - c i t  an approxi ni m i t u m ’ — 5 / 3  slope of l I c e -  o n e— d i m a e n , s i cun a l  ho rj , - m u c t , l

s r e - - c’t r m u  o cc cm i -  i , t t t  to scales exce e d in mu lmi vs ’ i ’  t b c i c k n e s a  dur ing I s -  m i c a ’ c u ’c In -

cc-or’ds , could ti -m e la c ’p - e  eddie. ’ p - u - s c , :  s - c i t p - - i  Ic ’- - t i -me s h m e am -  at t i c s ’  _ (  c r 5  of t he  t o  c ’I ms, c l c ’ t r i - c

act lat er’ , dus-ing decay, as ¶ I ce -  p - r i s c  s~ c’ni ec-i’e - -v s o u r - c  of t I c s -  ( m m c d  m i d  i - c c s ’ m u t c d  could

~ an m i f l i 5~ ~t i a m l u i ’ cascade c’e. ,ul t w i m i c l u  app m ’ ox i i c c m u t c ’ .~ t l cs  bce  c -I  i a l  c’a c m c ’ I s ’  - - I n f o r —

tunatelv , these q u s- s t i o n s  r m - iu s t  m ’ e r m m a i n  us m am - m c sc c  s - t ’ s-d m , t  p r c ’ s s - uc t  If t I m e  c - m u s c m  m’s  mc c m i -

a f f i i ’ n c m u t u c ’ c , i cc cc - ev e ’ s ’ , i t  would probably a l o  hel p i - s t ’  ‘ m - exp lairm ci ii’,’ ti - me ,sloI)e e- ut

tb - ic c s - i t  ic ~ u i ve loci ts  a cc-ct  ‘a am’ ,’ I ’ i c i ( t s - - u -  c m l  i t ,  u p - u ’  su m , l e ’  than the  imoriz c ,n ta l  c’s-li i c ’ l t ’ ,

ap € -cc t r a  in t i - i c  111(1 _ AT c l m c t a .

‘ I , ( f ) \ f  . 1 , 1  “ lU\

The } 1I(’A’l’ data c c u m i t a i m  ~p - u ’ i -t r a  irh ich  ha ve atm c u p - s i r ’  x i c c c m ! u ’ i n  -~ ~3 ~l s -pe  - m c c l

to ‘ m a ’ , ,- l s ’m m c , mth , s  - - m ’ u tc - rs  of rna gr m itu cie  I c u  I - p - s r  timan c ’xps ’c f s ’ml for an - i s m u t ’  m c i i  c , m s c p - , ’ .

In m - r ’ d e ’ r ’ i exp lairm t h is cve have c - u - - i l ’ s - I t c - c - m i t n m e n H  t m m -, -ied  i i i  p - c m  -c of l~~c l , s ~~~ ,

Cis imia 3 - 
, and I, in 2 )

, all of which lead to a - .5 3 si~~pe for K — I l  t o i l  - s , i c c m s - e- t mc i - c i s c ’ s

I s - m i p - t l u  ‘v p - u s c  [1i i s  cu -c e S u m  units ’ . A 1me v a~ c u - - I t  i-  - cc  in  S u m s ’ c e -  of ‘ i a - a r  1,- c - m i ’ s ’ c c ( a

‘,vas ‘‘local i r i e m - t i a l i t y .  ‘ ‘  
~i ncs ’ cu r r e rmt  t h u c ’ , m i ’ v  m e - l i e s  t , n sp- i ms ’ s ’ m c m u l  m \ ’ e - s ’ m i p - e - -, ml

c- cannot c’xp lain t ime larp -c  -c as’ u ’ l s - m c c - i ( c s  fc r — 5 / 3  t h a t  a ‘c - -his  , - m ’ v , - d . ‘1 o l- m ’ i d e - ’c-

5 gap, c c  l , c u ve  i nvoked th e  i - m i s u r u - I u S  of Gi f fo r d  wh i c h  cucc o u m mts  for  sucim e - I I u ’ u  t in - i ‘ I c c ’

one—dimens iona l  s i - me -I s-a i - n  the 1- t u s i s  of ~~p - m m t  i m m  I a l ias  im ip - .
In a d d i t i o m i , sonic r e m a r k s  - ‘ - - s- c i c c a m l s -  m ’ e ’ p - m m c - I s c m , - t I  u ’ p - , ’ c c s ’ r ’ a t i , m s u  b- ’

shears , o f I s-ge e i u i m m p - m i t e m (  I m - ’r ’ i y on t a l  , ‘ d c l i e ’ s ’,c imi c im m m m i p - h t , s iur ’ i mimm t ime ’  I - - m y  i l - i - ,

ar t  a ( ( c c  e c s i e m ’ p - ’s source fo r time t t c s - ( m u c l u - s c i - i ’ . i he ~p - c ’ r u c i c i ’ c - s m  cc a s  mi h v c u c c -  e-

an an i sot rop ic  cascade  , ‘ f f c u - t  n u i p - l t t  I m u - l p Ia  e x p l aI n  ‘‘-c ’ ‘ ‘ - c ’ l c  l o n m _’ c c a ’,’e ’ i , - m c p - t ( ,  — -  1

r e p -j u n-i .

‘b lu e-  imrac t i c a l  impac t  c mf ¶ h s ’ a ~ ’ c , i m u s i - I i - i ’ m i t i - - c i ’  I c i  ‘ S i -  d m c c m t c m ’ : c  c l , I r a - i ’

s c c e m u . s u r e d  aper t r ’ a  ce -as a l o  s i , m t e ’ s l . In t m d d i t c u u s c , 1’ - m m m c  he m - - - t m c l t m - - i ’  - (  ‘ ‘ - ‘

s , t  r ’ e , i u i ’ t  t c ~ ‘ c m u c s ’  t heory  to e x ; u i m u i r u  — 5  3 a l i p s - _ m u ’ l a s - p - c  c c c i v ’  l e n p - ’ I c~~.
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Notes Added in Proof

I — T’he Kelvin l-felrn holtz Ic-pc ’ of turbu lemu ’ c- di scussed  in th i s  pm pi r is i r r t r ’ i n s i  ‘c 11

a n o n — s t a t i o n a r y , rb e ’~’e-lop ing flu-s w i t h  mu c - k  i n t e r a c t i o n  I c e  t , m  i - c - n  t c  s c . e - m a ’ m m c i

the  n m e - c u m m  sh e - sr  (c ,s bu c , s  c l r ’ e ’ c n b c ’  bc-c-n po in ted  out  in tb - i c -  t e x t )  l i m e  t h i s  r eason  1

s t m ’ r i - t l  s p e a k i n g ,  not - or ’r ’c ’ - - t  Iii m i m s c u t  t ime - u u n t r - i ( i u t u m - i u  to the l ’ t i m:s - t t  c - s u e  r - p - v  - a s

m ade  b u y  th e- - k-m ay o f the l c i r g - m -  , - : I u l i e - s  A s  s m u e - r m t i o n e ’ d in t ir e ’ t e x t , cc l i e  mc H f
approac-hes  the v a l  p - c ’  I - t he re  wou ld  l i e - v i  r - t u : - l  Sc no m c i - b  i rmput  of e rm e n’ ’,zv t i m t I c ’

- c i s -  - tu b e - -  i f  i m i r p - e -  c - m I s t y  dc - c i v ’.~~- n - c -  i gnored , and , P i ca m m ~~e m m - I  h a s  shun  n b h i c t I J F lu id

m c c c -  I i , ~~ , I i  1 — 2 7 2 ( 1 9 5 8 ) ]  H f could not r e - c ,  bm the va lu e -  of u n i t y  hut  wou ld  mc con—

- ‘ t m - t i m ed l u v  t I m e -  r e l a t i o n

( 1-H f
) e- ’ ( J  I ” ) ,

f’h e e ’ r u e - r p - v  b u : , l c , r m c e  w i t h  d e u - c ,\ -  - - c u r - i  he descr ibed m~s fo l lows .  l e t  D be - ( e - f c m u e

as the r ’c , t c  of kinet ic ’  energy  input  to the i n e r t i a l  m i s -  ~i J e -  by the rh ’u - c-, v of t b u c  1 , r g e - s t

c - i I , I u c - u t  and I c - I  P be t u r b u l e n t  produc’t ion th r ough  mean  shear , II t h e  h i u c i c  c , s m t  d i s s i  -

- ‘ pation , F’ -~~~~-=- , i .  e’ the convers ion  fac tor  fronm t e m p e r a t u r e  f lu -  t u u c , t i m - m u
T F’

dissipation ti potential i - n e - r g ~’ - 1 5 5 r p m  l i o n , . - ‘
~~ 

the t e - m s m p u r - - t u u m ’ c-  fl ci u ’ t ua t ion i b r s s i  —

p a t i on  r m u t e ’  - m m c l  ~ the k i s c e - t  1 -  e ner gy  d i s s ip a t i o n  r a te .  55 e then l icuv e -

F 3 = h : c ,, and

[) + I’ 13 + e - .
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The second of these equations can be derived from Eq. 6 by re ta in ing tern mm

number I . It should also be mentioned that keeping this te rm would modi f y our

interpretation of F’ ig. 3 , p. 30 in the sense that  the large eddies v, ould be con-

sidered to be slowl y emptying reservoirs of energy w h i , m h  then cascades  down the

scale , i. e. down the more narrow parts of the pi pes.

As H f approaches unity, P approaches -FF 9, h e - n i ’e F approaches D. \5e

therefore  can have quas i-iner t ia l i ty  at large us avelengths when D is s i g n i f i can t .

Thus , when P and B are s ignif icant  in size , and us hen H f is near  u n i ty , then thc-

condition for a _ 5 / 3  sloped spectrum is ~e - f a k  < <  1) ‘k . E q. 61 for thc- spec t runm

should be v iewed in this light.
Note also that  we have assumed that R~ H 1. l i e -r e  aga in  D would  h av e  to he-

signif icant  in value , since o therwise , as Townsend (op. ‘c i t .  ) has shown

~~~~R . = ( l ~~~R ) ( R f
) 

~~~~ 

2

1 ~
‘ 

\ O w

From all these-  considera t ions  w e  now see tha t  the a s sumpt ion  of mu eak s h e - a r -

in te rac t ion  has a d ouble s ign i f i cance :  ( c , )  the dec ’m , v n - a t e - , I) , mus t  be a s s u r m m e d

s ign i f i can t ly  large in order to allow q u a s i - i n c ’r t i c u l i t v , and (b) a s t rong in tem’ ,-u - t i on

would  give a k 1 spect rum r c , t h e - r ’  than a k 1 ~~ sh u e - c t r u m  m ’s m u - m s  s h o w n  li ~ G i s ina ,

op. cit.
In l: q . 71 , when  a U we would have e = 0 if I) w e - r e -  equal  to zero . l ’bu i s a g a i r c

emphasizes  the net- cl for the condit ion ti -mat I) ~ 0 if thi- — 
— ,1 3 form -n a lism is to b i c  -

consis tent .  How ever , we  have not take n -i  into form mul c ons ide ra t ion  time input of

e ’ r a ’rgv  due to lcu ve - ’ i ’  spreading.  This could bc’ done ~~~~ 
m ’ f t  i - c , , i l v  by  inecorporat ing

t h m i t  input  in the te rm D above. On the other  hand there— e x i s t s  no theor y at p resenmt

that  gives the sp e- - c t ra l  d i s t r i b u t i o n  of this input  Sc.c e- to l m - y e - r  s p read ing,

2 - It should be emp has ized  tha t  the more sop h i s t i i - c t e ’ c l  model  of I m m , wh i e ch  was

described in the t e x t , makes  possible a n u m b - i c r  of non l inc ’c ,r -  spec -t r t i l  simap e s suh i ch

would make  a m e :csu remen t  of ~ , by r m n ’ c u m m s  of the spect rum , irm c’orr e-’c-t , 0mm the

othe r hand , w h e n  both the turbc r ler m t product ion and l u o m m y c i m u - -y d issi p a t i o n  ten ’rm m s

are very smal l , then such- i m e a s u ren m e n t s  of should be c - u ’u r r e s j m o r m d i n g lv accurc te - -

~~~~ seen from the a rgm iments given , such a s ta te  of c , f f m i r s  m ay  w e - l i  be t i m e -  r m m o r e

probabl e --  one for s t ra tosp her ic  m e - ’ a s u r e m m m e n t s ,  N e v e r t h e l e s s  tbie -  most  f e - c i s i h i e  mu t v

to u - hem - k  this is by mm m e a s u r e m e n t s  of the spect rum at s u f f i c i e m m t l v  hig im k such t imat

t h e -  w a v e len g t h s  ar - c ’  well  w i t h i n  the true ine r t i a l  range.
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3 - The text mentions the need to find experimental evidence for adiabat ic  lapse

rates in the stratosp here following turbulent breakdown,  Fig. 6. 33 on P. (4- 76

from Loving (1975), [The Natural Stratosphere of 1974, CLA P Monograp h I ,

Final Report, DOT , (‘lAP. , D O T - T S T - 7 5- 5 l ]  seems to provide a publ ished

exarmi ple of this.
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