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SPATIA L SAJ’IPLING CRITERIA FOR NEARFIELD MEASURENENTS
MAJ)E ON CYLINDRICAL SURFACES

PHEC IS

1. This report establishes the spatial sampling criteria for nearfield
measurements~ made on a cylindrical surface enclosing the sources~ t hat enable
the farfield of those sources to be calculated faithfully from the nearfield
data. Examp les are given of the criterial applied to both omnidirectional and
directional sources: their nearfield and calculated farfield.

/~ 
CONC LUSIONS 

-

2. ~~The sampling criteria for nearfield measurements mad e on a cylindrical
surface have been established in this report for both ax’al and circumferential
samp les.

3. ~~~In general the c ommon practice of using half wave lengt h samples ci rcum—
fe rential ly is shown to be adequat e for omnidirectional fields (narrow spatial
bandwidths ) but not adequate for the broad circumferential spatial bandwidth
fields encountered with directional sources. The appropriate sampling criteria
may be deduced from equations (8) and (9).

I
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3.

NOTATION

= ~~ (a,z,.~) Nearfield co—ordinate (see Fig. 2).

= ~ (p,y,~
1
) Farfield co—ord inate (see Fig. 2).

T(~~) The acoustic pressure (amplitude and phase) at the point ~~~~.

T(....) The Fourier transform of the acoustic pressure w.r.t. ~ or z.

) “ “ “ “ “ w.r.t. ~ and z.

aG , \ The Fourier tran sf orm of the normal derivativ e of the exact
G-reen ’s function .

F.T.
( ) w~,; w~ The circumf erential spatial wave numb er.

F.T.
z ~ ~ 

k~; k The axial spatial wave number.

ii (....) Hankel functions of the first kind of order v.

~t (....) sampled field .

TE (,...) sampling error field.

k = 2irf /0 the temporal wave number.

v an integer —~~~, .... —1 ,O,+1 , ....
& ( .. . . . )  The Dirac delta fun ction.

z samp ling spacing in z.

sample spacing in ~ .

a H (ka sin y)

flL~~~
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INTRODUCTION

4. It has been shown by several authors that the farfield of an ac oustic
source can be calculated from knowledge of the acoustic field on a specific sur-
face enclosing the source (see for example ref. 1 , 2, 3). This calculation
involves the evaluation of a surface integral of the pressure field of the coure
on the enclosing surface.

5. In the cac -. of a olanar surface of integration this surface integral
reduces to the form of a Fourier transform. Now the acoustic field on ~tru eor—
face of integration can only be determined practically at discrete points, and
the required spacing of these sampler sari be determined by applying the standard
sampling theory to the field and its Fourier transform. The result is fam il iar
that the sampler must be made at least at twice the highest spatial frequency
(assuming a spatially band limited field function with its highest spatial fre-
quency co~iponent less than the limit of propagating waves).

6. In this report the equivalent sampling process is applied to a cylindrical
surface of integration arid the corresponuing sampling criteria established. This
is achieved by making use of the fact that the surface integral relating the near
and farfields can be con sidL red as a convolution integral in terms of the c~riin—
drical polar co—ordinate, and hence use may be made of the convolution integral
for Fourier transforms which enables the sampling problem to be readily analysed
in terms of the Fourier transform of the cylindrical field. The mathematical
analysis describes both axial and circumferential sampling, but as the axial
problem is essentially the com e as for a plane su.rface of integration, the dis-
cussion ir restricted for brevity to the circumfercutial sampling criteria.

7. The theory applies equally to nearfield measurements of both rources
receivers.

8. Examples are given of the sampling criteria applied t both d irect ional
and. omnidirectional fields.

TI-~~ORY (see Appendix)

~~. The farfield of an acou:~tic source may be written in terms of itc  near-
field pressure (ampl’itude and phase) measured on a closed surface surrounding the
source as~ (referenc e 1 ,3)

T(X1 ) = T(~~ ) an dS (i)

uncre T ( X )  ic the comp lex  are ~rurc at the point  X , ~~ ii; n peint on tn: surfac e 5,
a ; c r )

is a p Lflt ext . n o r  t )  th surface S, r X — .~~ and ~c t i~c aernal
— 1 — — 1 ~~~~~ - an
ieriva t .cve of th c ::ac t Gr een ’s function for Diricuiet liouuoary c on d i t i o n s  r~ tac
narticular ~urfae e 

~~~, 
with rcrpcct to the outward normal.

10. Now ~n the co—cre m ates -of f~ 0pmrc 2 it can be shown (Appendix) tha~ f:r a
cyl indrical  surface S w i t h  Di r i colet  boundary :endmt ion s  tnc  fa r fie ld  p r e c c or e
i. a iven in t i e -  frm et ’ a convolution in ~ of t n e  nearficli pressure wit - . t n~
normal derivative of t h  YOo ’ I ~r cn ’s fwri ti . n, i.e.~

T( p ~~~~~ p( 
~ ) 

a~ (a, z,p ,y ~~~~~ d ~ d z 2 )
- 

I 
• 

— 
— r - 

— 
- r —

•

~

p

~

c

~

rj

~

rJ r~~~~ BLANK..r’~~T ?III ~~D
~~~~ - .  
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6.

Relation 2 may ‘be rewritten , making use of the convolution tnecrc-a f i
t r - a ra1 - o r rn c  (referenc e- 4) ,  in terms of the Fourier transforms of T~~~ ) and

w i t h  respect to ~ as ,

1 
- a~~(z ,w ) (i. u

T(p,y,~ ) = j j j T( z ,w~ ) r e dw~ dz
z

caere- is the Fourier mate of ~ and represent s the circumferential  spatial wave

number. N-ow by using the particular form of the Green’s function for a cylindri—
cal surface with Dirichlet boundary conditions this integral may be re~-:r:tten as
(roe A p p e n d i x ) .

4...

-
~ 

(~~k p )  * 
I

T(p,y,4 ~ = 
e 

2 :~i 
T(k

~,
w
~
) a~ (y) e~ 

‘
~ ~ ~~

2ir a p v=..

*
whE re T (k ,w~ ) ~. r the Fourier tranrform of the nearfield pressEire w i t h  r e r a : :t

to botn ~ and z~ k is the Fourier mate of z and represents the spatial wave

number in the z axis.

11 • The ~i-r rr in t reauced by sampling the nearfield pressure can n ow be foun d

by :-ohctmtct.irc; for T ~~~~~~~ by ihe wave number cpcctrum :f th~ romp led n-. a~~
id which then allows re la t ion  4 to  ‘be expanded into a term which giver the

rr~ -:t fi-elu and an error term , (see Appendix)

= T(p,y,~~ ) + TE(P,y,
~

1) (5)

who re -T . (p ,y ,~~~) is the correct  f i e l d  given by relat i on 4, and TE(p,y,
~~

) mc
. t-ro r term giVe fl by ,

TE
( P , y , 1

1
) = 

e~~ ~ 

~ f :~i ~ (k - 2ir p/_ , w~~ — 2,iq/~)

+ 
~~~~~~~ ~(k~#~ 

- 2~~/~
)} 

a~ (y) e
(i V 

~ )

(
~~

)
Thu s the farfield calculated from the sampled nearfi eld has been separated into
the correct field , and an error term which contains the true wave number spectrum
of the nearfield repeated about points 2iTp/.~ and 2irqJ~ in k

~ 
and respecti vely.

Now by a suitable choice of the samp le spacing s ~ and ~ these repeated spectra
may be removed from the ranges of and k

~ 
tha t contribute to the farfield thus

allowing the c orrect field to be calculated from the sam p led nearfield . This is

~~~~~~~ ~~~~ 

- discussed further in the next section.
- -~~ - -— --- -— - ‘- ---

~~~~ ~~~~~ 
-5 — - -- ~~~s~~~~~_ __ -‘ - ‘— -~~~~~~~
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DISCUSSION

12 . It is shown above that the farfield of a source c~~n be t escribe d by tn ~
inverse Fourier transform of , the product of the trancform of the n e a r f i e ld
pressure on the cylindrical surface with the transform of the normal derivativ e
of the exact Green ’s function for the surfac e . The norm al derivative of the
exact Green ’ s f unction for a cylindrical surface with Diric hlet boundary condi-
tions is show n in Fig. )a , b together with its Four ier transform with respect to

~ calculated from relation ( A4-) . The modu lus of the Fourier transformed der iva-
tiv e of’ t he Gr een ’ s function de cay s rapidl y beyond s ome val ue of w , as oan be

seen in Fig. 3b. The region of for which the modulus of th e transform is

effect ively non zero will depend on the accuracy re qu ired for the particula r
pr oblem and will also depend on the value of ka sin y. This is shown in Fig. 3c.
For most practical purposes values of the normali zed modulus ,

ac(w ~) 
ac~ o) > io~~

are cons iuered non zero and the corresponding region of can be seen from Fig 3c
to be well approximated by the relation

I~ I M k a s i n y + C

where M 1.1÷ and C = lo in the range , 10 < ka sin y < 50. In the limit of large
ka sin y the gradient of the line tends to I • Shoulo greater accuracy be roquired
then the ap proximate value of M ar~1 C can be determine d from Fig 3c. Now the
Fourier transform of the nearfield pressure on t}~ cylindrical surfac~ has been

• showr . due to the - ocr 1 n~ ,to be repeated about point s in spaced 2ir/~ apar t (see

Referenc e 5,Fig 4a and A ppendix). The region of this transforme d field that con—
tributes to the farfield is that part which is enclosed by th e effec t ive ly non
zero region of the modulus of the Fou rier transform ed derivativ e of the ~r~-en ’ s
function ,

an

Thus the sampling interval i~ must be small enough to ensure that the repeated
spectra do not overlap into this region. This may be cuinru . - c - ,

2ir
— + M k a s i n y + C  (7a )

ç6ina x

where w is the hig}~~st circumferential spatial wave number of the nearfield
~bmax

pressure . Rea r ra ng ing equation 7a gives the required angular sample spacing ~ as ,

~ < 21r/
/ (M ka s i n y + C + w

~~~~~
)

and the circumferential sample spaci ng as ,

sin 
(8~ 

_ _ _ _
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8.

- oneiler now two specia l  cases :—

brosu Circumferential Spatia l bandwidth

13. The nearfield pressure in this example is taken as ,

T(z ,~~) = ~~~~ (~ /2) exp (1 2ira (1 — cos

which is assumed fo r  the purpose of analysis  to be t y p i c a l  of the f ield of a
directional source. This funct ion  and its Fourier tra nsform are shown in

~-‘ic 5a ,b for ka sin y = 25. h .

i~~~. The maximum spot ia l  f requerc :y  in this example can be taken app roximately
as 50. Hence from rel at ion 7 the or  iiar sample sp acing is given as ~ < 0.06
radi— ir.s or in terms of the circumferential s amples i < A/(i+ sin y) .

1.:. The e f f e c t  of various sa-n~Jing intervals on the predic ted farf ield is
i h o m o  in  Fig oa ,b together w it s  th~ spectra of the nearf leld for  ka sin y 25.8.
It an be seen that A/ d+ samples wil l  indeed allow the fa r f i e ld  to be calculated
with an error term less tha n about 95 d.B below the pattern maximum ; somewhat
moi-e accurate than normal l y required~ However wi th nearfield samples every k/2
spac ing  the errer term in this  example  is only 25 dB below the pat tern ma ximum.
So a lt h o o~th ~ sam pling cri terion of A/2 spacing is in t h i s  case shown to be
inadeqaote a cr~ terion of A/6 spaci ng is certainl y su f f i c i en t .

Narrow c i r cumf e ren tial spatial bandwidth

r .  The n r n r f i e l c  pressure in this exampl e is taken as

T ( z ,~~) =

a Lc h  is an i tea] non— trectional circumferential field. The caxTmum c i r cu rn —
~‘- r e nt i i f  spatial wave number is obvious , max = 0. Hence from relat ion 7b

- - 
. 

- - irs. tak ing k~. sin y ?5.8 , N = 1 ~~ and C = l b  we have that the c i rcumferent ia l

•3s :r p~~ing c r i te r m o n  is x < A/ (2 sin y ) .

• 1 . The e f i ’ect of v a r i o u s  sampling intervals on the calculated farfie is
she- -n  in ~‘ i~ - 7a , b together- wi th  th- ~•e ar fL e l d  spect ra . It can be seen th a t  the
i t ’  i t i e l d  is f oi to f i] l y calculated wi th  .k/2 samples ; wi th  C .8& samples the error
is bo it  0.~ oh  and w i t h  I .oA sample s about 8 dB.

‘~ire m~n : ’er cnt la 1 and Axial  spatial sampl lag criteria

i P . i t  con be seen a b o v e  that the error term , r e l a tI o n  b , will be n ec ’ iclble
~ -e r o u c~:inc ine qua l ili r~~ are sat ~s~~iec , ~see Fig 1+ .  For ox i a i  samp les ,

> k + 
~zm.tx  ( 9)

Z ( 

~ /(k +

= , and f .  t o -  nit o~ r e - i  - n - I t  for y .  O f l i  K ~~i ta ‘i - h  ~t• 0 -

ii e l  s 1a t • a l .  ~o- - e  numL -r pr- sent. This le.o J~ to the  fami l i a r  A/ I  cs-ct -I  ir i~
O I l  t - . Si 05 when k s - t x  k .

~~~~~~~ ~~. -

— --
~~ ---—-------—‘ - -- - —-~~~~-—-—- -“- - -



C-

Fur c tra -utu ei- - -nt ial  sam p l i ng ,

< 2 i r J ,,/ ( ,~ ka sin y + C I/b

or 

+ (C + w~~~~~~/k& air . yJ
~ 

(8)

w5cre w is the 51;-’Se a t c ircurni ’ect -nri- iJ spat l ~~ve n u mb er  alit N = 1 •-+ art
~maX

C lb for  most grootica] co:J rr E qu a t i o n s  (8 ,- and (9 ) are show n e valuated
in ~!s  ha ,b .

- iT t’

I ~~. The ~-~~t -~lind cris i- Is f o r  n ’ - i -~’~~e] d n ei s~~r-~m- - nto nose on ~ cylin ~ icaJ
surface hav~- been estc bl ishe- i  in ti-u s re re rt  r c-r b o t h  axial to n-t circumferential
sampl es.

20 . tn - - : - ~ au1 the c oinm o dr’ l ct s~~e of using half wave length cant les circum-
fe r e n ti -~ l y i sho cn to be icqe-ite  for  omnidirect :-  inn f ielas  (narrow snot i&l

~st ~- t . - - i ths , s i t  not  - ~e~jua t- e- f o r  tb ’  b r- -
~~~~ nircumf~~r ent i - s  I spatia ’ bandwidth

± 1  dos encountered with d irectional s ources. The appropriate somrl inL :  r i r i t er i a
may be d ej u c e  i f rom e j u - i t  ions  (8) an

A t t

Fl . Ny thank s ore Jut to Mrs -ri ly r i  dr-~:n t  fo r  -‘a the computer  r r - : crams
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1 1 .

A I’ PENDIX 1: MATl-~ M-’TICAL cETA 1I,S

1 • The field at a point ~ exterior to a close-i surface d corr~ .: sirir’~ the

sources may be written for Dirichiet b oundary conditi ns on the surface S.

• . aG(r)
(L1 ) / T(~~ ) 8n 

~(r
where T~~~1 is the field at a point on S and is the normal d:-n iva t ive

of th ’j dc’een ’s funct ion fo r  Dirichiet boundary c- : d i~~iona on D.

2 . F~ r an i nf in i t e  cylindrical surf ace S we i~~~y - ‘- r it e -  (~~ce Fig 2 )

~~~~~ 
- Z C O S y)  

~~~ cos (u (
~~ 

- ~ e1~~ 
(e + l )/2~ 

‘2
a n H (ka sin y)

~i T a p

or f o r  : T 5 ~~~city

0~~~-~ 
+~~

_~~ 1T~ 3 (z,y) a (y) cos (L ’  (
~~ 

—

i~r ( p  — z sos 
~~

) 
~

i( v  (t’ + 1 ~/2)
where fi (z .y) —

~~~ 2~~
2 

ap 
and ~~ 

(si)  = 
H~ (ka sin y )

E~ u at ior  Al may - — be rewrit ten ,

T( p , y ,~~~ ) = I T (a , z ,~~) ~~ 
(a , z ,p ,y ,~ - ~l

) d ~ d ~

which has the form of’ a convolut ion in ~ and hence we- may Fourier tr nc ’urm

T (a,z,~~) and 
-~~~~ ~~~~~~~~~~~ 

— ~~~ with respect to ~ and use the cnnvc~ution

t it :or sn for Fourier transforms to give,

-
~ 

• • a~ (z,a ) ~T(p ,~:,- ) = -

~~~~~ 

I T (z,w~) ~~ e dc~ dz

Z

Now - ‘tn nov si’itc the I”o irier transform of 
~~ 

~it~ respect to ~ as ,

+0~ +~~ ,
‘

- 
4 )  ~~W ‘~‘ —i t -I —~~~~~~~~ e d~ ~~~(z,y) ~~~ a (y) cos (l~~i~~e 

~~~~~~~~~~~~~~~~~~ — -~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 
~~~~~~~~~~~~~~~~~ —-



12 . 

- - - - - -

= -,‘,t -j ch as the series is uniformly convergent can be written ,

+0S

i a~ (z ,~ ) e~~ 
~~~ 

d~ = p (z,y) ~~~~~ cx i, (v)
f  

005 (z4 ) e

Now
+..

• - i w~~~
,~ cos (z4) e ~

hence

f a G (z ,~ ) 
~~~~~ d~ = ~~(z ,y)ir (y) ~~~ w~ -v) +

This then is the Fourier transform with respect to ~ of which we may now
use in the evaluation of equation A3 .

Henc e ,
+OS +.. +0S • I

• ‘ -., 
iw~~

,

T (p , y ,~~~) = ‘ 
~~~~~

j T ( z ,w~ ) f 3 ( z ,y) ir ~~~ a~,(y) E 6(~i,~,— v ) + ~ (w ,~+v)~ 
e ~ dcti~ dz

— . — v=— ~

or

T ( p, y , ~~~) = I ~ (z ,y) T(z , v) dz a~~(y) ~~~~

This tro it cives the farfi eld. pressur e T(p, y ,~~~) in te rm s of the Fourier trans—

f ormed , in ~~, rj e- r f ie l/ l  p ressure T( z ,v) .

Samplin g of the Neafiald Pressure

3. Suppose tha t the nea rfield pres sur e T(z ,iti ) is not known as a continuous

function of z and i~ but is sampled at discr ete points , ~ apart then v~ may
write the s ampled nearfi eld as

— 

~(z,q~) J:~i~. 
~~T T(p ~ , q~ ) 8 ( z  - pz) a(~ - q~~)

and hence its Fourier transform as , (ref 5)

~~(z ,:~~) =  I.E~ET’ I~ IT pz) - - -
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Thus we may rewite equation A5 as

T(p,y ,~~) = 

~~~ 
j ~(z,w~) ~(z,y) dz a~(y) ~~~~

I,=—.. —~~~

which by expanding / 3( z ,y) and letting k 5 = k cos y may be written,

= 

2: 
(k~,w~) a~~(y) ~~~~ A6

and as (k ,w~, ) may be written

= 

~~~ 

T (k~ 
— £~~, ~~~ — k-a) A7

we have ,

• +0. +..

= 
e~~~ 

~I >~ 
~(k~ — ~~~~~ w — 

~~~~~ 
a~,(y)e

1
~~

2v ap~ z zV —os p=— o. q=~~..
• A8

or substituting for a
~ (y) and letting ka sin (y) be rewritten as (k 2 

- k
2
)
1/2

we have ,

~~~~~~ ~(k~ - ~~~ ~ - ~~a) e~~~~~~~~~)/2))~~~~

V~~~~~~ 
p.. s q —.s V a

Now this may be separated into the correct field T(p,y,~
1
) and the error t erm

• - / I• T~~p ,y,çt~ ) as ,

¶ (p ,y ,~~) = T(p,y,q~~) + T
E(p,y,~

1
) A9

where , the correct field is g iven by,

T(p,y ,~~) = ~~~~~ 
~~~ ~~~~~~~ 

a
~
(y) e(iv~

1
)

2ir ap 
- ‘  

-

and the error term is given by ,



~

H ~~~~~~~~ 

- _-

! ,
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TE(P,y,i
~~

) = 

2ir
2
ap~~i 

~~ ° 

~(k~ - — ~~2)

L/= p= 0. q=— os

(p / o)

+ ~T 
~~~~~~~ 

- 

~~~~~~~ 
eu”

(q~ o)
This error te rm will be negligible as long as the following inequalit ies are
obeyed ,

2ir
— > k + k A 1O
— 0 zmaxz

where k = and k is the highest axial spatial wave number present , andC zmax -

2ir
— > M k a s i n y + C + w  Allq~max

where is the highest circumferential spatial v~ ve number and M and C are
constants dep ending on the accuracy required , which for most practical purposes
take tj:e values M = 1 .~~+ and C = 1 6.

Asymptot ic  limits of the circumferential sampling Criteria

4. It is interesting to consider the circumferent ialsampling criteria f  or the
limit of large radius a. Let equations AlO and All be rewritten

- 
- 

— 2v
All

‘~zmaxk(l + k

— 2irax <  Al2

(M ka sin y +c)  (i + (ka + C ) )

k 
_ _ _ _

zmax ~max- = Now let = = t~ a constant , thenk ~M k a s i n y + C )

we have z <
(1 +

A

(i +~~
) sin~~ (M+ k ~~~~~~~~

__ __ _  _ _ _ _ _ _ _ _  A
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- Now for large a, ka in ~ will tend to z er o ath At tends to I (see reference b

— 
• equation 9.2.3, and equation A2) and the limit becomes

<

which f or the equitorial plan y = 90
0 is the same criterion as for  the axialfield.
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