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• supplement to

Report AM-76-2

“On Thermodynamics and the Pature .f the S~:cond Law :

I. Single Phase Continua”

by

A. E. Green~ and P. M. Naghdi~

Abstract. The contents of this report supplement those of a previous reDcrt ,
• namely Report No. AM-76-2, entitled “On thermodynamics ~nI the nat ro of th~

second law: I. Single phase contin ua .” in particular, the pro nt Cuopiomor~t
contains some additional development concerning the mathti~aticaJ st~~omor~t of
the second law and restrictions on the heat conduction vector ar~l int~ rr.sl
energy, as well as two examples which demonstrate some shortcomings of
:lausius-Duhem inequality. One of the exa.mples,when studied with ~ho use of
the Clausius-Duhem inequality, leads to results that imply the ros cult .- of
a perpetual motion of the second kind. In the second example, which is ~oi-
cerned with a rigid heat conductor in thermal equilibrium , th~ a s-Il-s.
inequality requires that if heat is added to the medium the resultiru~ spat±cly
homogeneous temperature of the conductor decreases. ~croo’z~r , the inequality
Ienies the possibility of propagation of heat in the conductor as a thermal
w-ive with finit~ speed. The inequalities proposed hor- Jo uct suffer from

~Jo’so shortcomings .
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• 1. Foreword

The contents of this ri-port supplement thcso of a previous report , ~-me ly

Report No. AM-76-2 (April 1976), entitled “On thermodynamics a rid the riatur -~ ~ f

the second law: I. Single phase continua .” In particular , the present

contains ( a )  some additional d C V C J u p t h e r~ t concerning the mathematical stat - mont

• of the second law and restrictions on the heat conduction vector and interrial

energy, (b)  two specific examples which demonstrate some shortcomings of

the Claus ius-Duhem inequality and (c) a derivation of j ump conditicr!s - ‘r css a

surface of discontinuity from the balance of entropy .

In order to make this Supplementary Report reasonably sel f - sor ~t e i r ieJ , in

the next two sections we collect the basic equations which result from ~he con-

servation laws and also provide some general background material from ~~2~ 3 of

the previous report (Green and Naghdi 1976). In the present §1+ , we discuss a

revised version of the previous development concerning the second law in a w ay

S which considerably enhances the thrust of the main id :as presented in ~~

Green and Naghdi (1976). Also , in the present §5, we recal th- :  pr~~oic- us restric-

tion on the heat conduction vector (see §5 of Green and Naghdi i97~) and then

introduce here a further restriction on the internal energy. ::ext , in ~6 we

discuss some aspects of the Clausius-Duhem inequality and by means of two

specific examples examine the cons equences of this inequality and c-~nt r~ st

these with the type of restrictions which result  fr om our present  t ern,cJ :on~m i c a i

i~~ve lpment s .  Both examples demonst ra t e  the shc-rtcouir.c s of ‘ n.-

tuhem inequality in certain d i ss i p a t i v e  media . In f~ ct , ne .f t h e  ex ’~~nl~- s

wI -n studied wi th  the re  cf  th e ‘ usi us-Thihem inequ al it . ; l ads  to rezu l s

that imp ly the p r s ib i~ ly -f a p ry tue~ mctln of t~~’ s e s o n d  - n i .  - i l

Tr ’ :v ic - i s~ y in Rep i t  No. i- , - - ‘(- -i v u sed th~ we r d “c~~lry
’ in r T ce f ‘ - r~t r ~ r v

S . ma i n iy in r der  I a v o i d  poss i le  cnnfusicr . wi th  t h~ y t r t r  in th r • .• : i. ”
• l i t- reture.  However , we u ~eii~ y e  t at  i is l ot  tc ~. . r t  ‘ the ri ( r e
• familiar termin-ol.’y f • n t r py .

1.
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restrictions which m . rge from the inequality pr oPo sed here deny such a p r p :~ ~~l

motion . We close this Supplement by providing a der ivat ion of jump condition

across a surface of discontinuity from the balance of entropy in §7. 5v d i i l e  the

• derivation of the usual jump conditions from the conservation law s is s t r a i ght-

• forward and is well understood , the one that can be deduced from tre~ bala nce of

ntropy requires special care and this is the main reason for providing the

details of the derivation in §7.
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2. General background .

Consider a finite body ~B wi th  mat er i ’ - i  points X and ident i fy  tI- na t r i a l

point X with its position X in a fixed reference confi guration . A mot io n  of the

body is defined by a suf f ic ien t ly  smooth vector function X which a s s igns p osi t io n

x = X ( X ,t )  to each mat-  oial point X at each instant  of time t .  In the present

configurat . on at time t , the body ~ occupies a r eg ion of space 1~ boun ded by a

closed surface ~~~~~~. Similarly , in the present configuration , an a rb i t rary

material  volume of LB occupies a portion of the region of space ~~, which w e

denote by ~‘(c ~
) bounded 1w a closed surface ~~~~~~

Let p =  p( X ,t )  be the mass densit y in the present confi guration ~-tid J-. si yr -iate

the velocity vector at  time t by v = x , wher e a superposed dot den ot es n~a t o ~-ia1

t5irne derivative. Further let b = b ( X ,t )  denote the body force per unit  m a r s

acting on (LB in the present configuration , t be the ~-xt ernal  surface forc e  per

uni t  area acting on the boundary ~~~~, and t =  t ( X ,t ; n be the internal sur f ec e

force p-er unit area act ing on ~~~~‘ wi th  n as i ts outward cht  normal;  the field t ,

called the str es s vector , assumes the  value t on ~R . In t~ rms of the above

notations and under suitable continuity assumptions , the usual conservation laws

for mass , momentum and moment of momentum yield the following local forms :

• p + p d i v v = O  ,

div T +  pb = pv , t = T n  ~2 .l)

TT = T

in (2.1) 2 ,3 
is the stress t -~ r o o r , 1T i t s  t r a n s p o s e  a nd iv

the divergence on rator  wi th  resp.. ct to t he  mm cc x ke-  p i r~~ t f i x - i .

i n. the int ~-r ‘r t  a-f c la r it y  md for l a ter  i u - f - r o - n c e , w now r p- !a-t in som e

I~ t a i l  f rom the pr ;-v i cus  r-  pert  ( ;re n - n t  Paghd i  l°Fd ) the ;ar ious  n ~~- - P.-ns

y - r t a i n i n c  to the ~‘~-rru~l ~- rsp - r t i s of tb sc-dy and the  quat for  - ; i  o -r ’ I  y

- —— —- “ —5-— -

—~~ ‘ 5- .—_—.—— _ ‘-5- 
- 

‘ _••�•• ,-5•-S ~~~~~~~~~~~~~~~~~~~~ - 5-- —- ‘-5 - ——- . .



of entropy and energy. Thus, we introduce first the absolute temperature at

‘ach material point by a scalar field e= e(x,t) >0. Along with the temperature,

we admit the existence of an external rate of supply of heat r=r(X ,t) per unit

mass , an external rate of surface supply of heat -h per unit area acting across

~~~~~~. Also , we assume the existence of an internal surface f lux of heat

-h=  -h(X ,t ; n) per unit area across each surface ~P; the field h , called the
—

heat flux and measured per unit area per unit time, assumes the value h on ~~~~~~.

We now define the ratio of the heat supply r to temperature as a = s(X,t) and

call this the external rate of supply of entropy per unit mass. Similarly we

define the ratios of h and h to temperature, respectively, as the external rate

of surface supply of entropy k per unit area of ~R and the internal surface

flux of entropy k = k (X ,t ; n )  per unit area of ~~‘. These def ini t ions  may be

conveniently summarized by

r = e s  , h~~~ ek , h = e k  . ( 2 . 2 )

In addition , throughout R we assume the existence of a scalar field ‘ =

per unit mass , called the ~pecific entropy, and an internal rate of production

of entropy ~=~ (x,t) per unit mass. The contribution of the latter to the

internal rate of production of heat is simply e~ per unit mass.

Although the external rates of volume supply and the external r at es of

- surface supplies of entropy and heat are related by (2.2)1,2
, we could r - ~ ard

ic and h as independent internal fluxes with no a priori conn ect in ~s r e l i t i u n

( 2 .2 )
3

. Then , instead of ( 2 . 2 ) , we woul d have k = h / 9 + \ w h e r e  X i s  an

independent flux subject to the cor~d i1 ln ~ = O  on àR so that  k = k  on ~~~~~ . For

a wide class of s imple mat -rIls which ~•re homogeneous in a r e fer -nec  ccnfi gura-

ion , it has been shown by Gr e g -r i  -and  Paghdi  (1972 ) ~~‘~t X = 0  ever ,yw~u ’r i i i

~~ follow s fr om the condition that \ 0  n ~~~. Hence .  wj~L 11tH : loss in

•rj- rallty, we adopt the form ( 2 .2 ) ~ ir ,  ~h -  pr s- nt  r ap -r .

- - ---- - -~~~~~~
- • -
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We n~~ pos tulate a l lsnce of • - nti opy for v -ry mat r i a l  volume cs: - t ry i i g

a part P in the presi-nt confi guration and ~r i t e

~~ 
p~~ dv = J p ( s + ~~)dv - J k d a  . (2.~~)p p

-• Py usual procedures, it can be shown from ( 2 . 3 )  that k is 1in~ ar in n , i . e . .

k = p . n  , (2.~~)

where p is called the entropy flux vector. Then , from (2.2)
3 

and (2.~~),

h = $ p •  n and we may define the heat flux vector q by

• ( 2 . 5 )

Under suitable continuity assumptions and with the use of (2.i~), ~~ H

equation resulting from (2.3) is~~

pi~~= p ( s + ~~ ) - di v p .

At this point we introduce the f i rs t  law of thermodynam ics . encwr . iSO i’

the balance of ener gy , which states that heat and mechanical t ’n ’rgy ‘-s .- -
lent and that together they are conserved for every material volume . Th is , wi t h

reference to the present configuration , the balance of energy may he si t - in

1~- the form

It is worth recalling her e that in the special case of a oas or an iii ’,- l z n i ,i
f luid and s t ’ t r t i i ie  only with the -ni r gy -qooticri atid apprc-priat-.’ c o n s a i H , r i v e
- quations , it can be demonstrated f -h at  two senior  fu r ot l n s  9, , ~- i ~u . a -~t-~
that art equation of the form (2.6) holds with s and k uiv~ r. (2. )~ -

with p9~~= -~~~ ,
. ~,, ~~, 

being the t r i p i - r o t -u r e gradient . Th is res~ Jt se r ;~~
i-a rt as the motivation for the balance -quntion (2.~.) which is -m rJlaii to
all sini~l phase continua .

4.

A mer pr imit ive  form of C i a n c e -  ‘- f - n - - r u~ - .uiv o~ ves on u-•t - - S r i :. . ’  x -~ a-I
t icn  of energy .  In order to deny the p o ss i b i l i t y  that the cond ireu ‘-Ia- ‘

mecha nical ‘~-nr-r~ y ran ce-riti-un ily I; cted :505: the ted :-; is. r i o ~~ed cyc!
defo rmation and tt’mperat’ ire , the h i  t sr -t i r a t e  of pr a r t  ion of reroy i s  - ::pr - so  - .1
as the time derivative of ‘t n h it ’ fl 1 ‘ r - ~ d m r  i t y € . See , hi His  c ’ . L  a ,
;r - ~ n ~r d  Naghdi ~1oT7in , p. I~2 ; 1~I2 , p .  •
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(
~ p v . v + p e ) dv

= $ (pr + pb . v) dv  + 
~~ 

(t . v - h)d a , (2.7)
P

where c=€ (X ,t) is the specific internal energy. With the help of (2.1) and

(2.6) and under appropriate continuity assumptions , the field equation resulting

from (2.7) is

- p(
~ 

- ei~) + T .  D-  p~9 - p~ g 0 , (2.~ )

where D is the rate of deformation tensor , p is defined by (2.~~), g=grad e

and grad is the gradient operator with respect to x keeping t f ixed.  Introducing

the specific Helmholtz free energy ~ = 4 1(X ,t )  by

= - el’i , (2 .9 )

the energy equation (2 .8 )  may be writ ten in the alternative form

- p ( ~~+~~e ) + T . D - p ~9 - p . g  0 . (2.10 )

;

L 

e.
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= hxte’rnal. bra t . :; apj J i d  to a ~-a a t ~ 01’ ti ’: ho ip la-ring tIi - t ime

interval  t1~~~t~~~t2

= 
2

[$ pr dv - $ h d a ] d t

= $ p(e - a ‘)dv + $ 2  $ (
~~~~~~~ 4 - p w ) d v  da , 

~~~~~p t1 ti
p

where

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
(s.-,)

= c ’ - B T ~
’ .

it should be clear that in situations where c ,~ do no t depe nd on the  se t of L

variables (3.1)
3~ th en £ € ‘, 

T =~~~ ’ , -~- =  / an d tde ’ xp-ni’aaoions (3.3)
3 

d L~1

(3 . Lf )  simplify considerabig .

We n~~ recall the main constitutive r esu l ts  for a n  elastic m a t - r h i  from

:3 of the previous report (Green and La:ghdi 1976 ) and also obtain tb : s pr c o -r i a ~ e

expressions for the external mechanica l  work and .-xt ’rnal heat suppl i ed a a

p art  ~. Thus, by the procedure indicated previously (Gr c-ea , and ‘do obli

we require (2.l)~ and (2.10) to be satisfied identically for all rr :c’ - ss aa- - nd

- 
- 

- this leads to the results

A A A

- a 

‘

~ 

= = 
~~~~~ ~) ‘ ~~ 

= I ’ = - , T ~i + 1T

p~ e = - p ~ g , (~~
.e)

A
-.-ih- ’no -

~ is the :l-htrlioltz free i i -  - r gy r - : :p ca :s t :  faancti5- a - - a d

~ ~~ (° .~~
)

is t i e  - a :ci~~—Gr ’ ’ -a n a- ’ :  a r :  of I ~
‘ . r:- ,: L ioh . s it i .  th e  h o e  (3.a - or - i  ~2 . 5 ’ .

12. ’ ) r e- i a - a ’ s to

or— ii ; q =  pe’~’\ .
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W ith the help of (3 .5), (3.~ ) and (3 .2 )  to (3 .~ ), we record below for an

- lact i c  material th’: expressions represent in g  ( i )  w ork  by t-c d~. and surface

forces on any part P and ( i i )  supply of energy a r i s i n g  from the  rate of supp ly

of heat and the surface f lux of heat to P, both over a f i n i t e  time interval

(t 1~~~t~~~t2
) :

W = J 2 [j ph . v dv + t • v da~~dt
tl P~~~

= $ p ( ~ v . v + c / ) dv~~
2 

- $ 2  $~ 
pB~~’dv dt

a’ = $ p(~ v . v + ~~ ’)dv 2 
+ $ 2  $ ~~~ dv dt (3 .9)

tl tl P

and

= $

t2~
$ pr dv - $ q .  n da ] dt = r~ p9~~~dv dt . (3 .10)

tl P ~P — 
~t1 p

Since e ’ and ~~~~
‘ are funct ions of 9 and C , it follows from ’ (3 .9) that the wor k done

on the body in any process --represented by any path in the oever.-dimeosi o~ al space

of temperature 9 and deformation measure C-- ‘na y be completely recovered by

reversing the path and return ing to the init ial  values of 9, 0 and v.  A similar

result holds for the heat supplied to the bod y. The external  wor k  supp lied to

H - any par t P of an elastic body is given by (3 .9) and we make use of this f a c t

in ~~~

In the n-~xt two sect ions we disc-ass He se c on d  law of thermc-dlT~emics , as

veil, as res t r ic t ions  on the :.eat conduc t ion  vec tor  and the  iri t~ rnel  en ergy .

lit-bough the contents of these two sect ions include some m o d i f i c a t i o n s  of and

a d d i t i o ns tc the corresponding srev icus  deve icpa€ ’nt s (~~ L4- ,5 cf  Green and h: Hdi

~~~~~ a good deal - :f th e present  ~~~ overlap with t h e  cc r re ;pc r , i ino  ra - e-s ious

developments in order to render this Supplement reasonably s If - c c nt v . i : -~ - J .

‘I-;
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~~. The second law 01 tlac-im.odynamics.

In the f i rs t  law it is assumed tha t  mechanical ‘:r.el’gy can be changed in to

heat energy and conversely, arid no restriction is placed on the t r a n s f o r m a t i on

of one into the other . It appears to be a fact of experience that whereas the

transformation of mechanical  energy into bea t, for example thro;a:ah friction ,

is not limited by any restr ict ions, the reverse process , namely the t rans fc r :u i-

t ion of heat into mechanical energy, is subject to def in i te  l imita t ions .  This

fac t has been incorporated into a number of d i f f e r - a - r a t  s t a t e m e n t s  w:.ich are then

usually called the second law of therinodynamier .  It  is of ten ascer ted th a t

the various statement s of the second law as’ s a-~j  :1 ala-nt ~ithoug:t pr oofs of

these are far from convincing and usually limit - :’d to special s ituations . P e r

example a form of second law attributed to Kelvin (1851) is
v
:

(A) It is impossible to construct an e-r.g i:i’a which would, extract  h a - a t

from a giv en 501am and t ransform it into mechanical  aa ’rgy, w ith c a -at  b r i r ~g len

abo ut soa e addi t iona l  c h a r g e s  in the bodies t ak i n g  ~~~~~~ A slight variant of

this statement whi ch involv es per iodi c cycles is due t o Planck a nd is known as

the Kelvin-Planck statement of the second law .

Another form of the second law is:

(B) It is impossible completely to r - v ~ i’s~ a process in wI le:: - : s  a - n ;  is

a -- transformed into 1-jeat ~~ f r i c t i o n .

There are other statements of similar character such as that due to

~~ r at b ~ odory . A comewha t d i f f e re nt  idea seems to se involved in the f arm 01’

second law a t t r ibu t ed  to (‘la-asius ~id5d):

(12 ) i - - I . c a nn o t  : 5 5  s j , . i t o - c n n  ; from a - H  of lcI; r t ’-aa ’-ra ’: r -  ‘ a

•_g1~ - f  I . 1 ’ :CO 
~~~~~~~~~~~~~~~

T Fie v r t r i u , S  ‘.‘ e r s i C o a  - H O  O C - L 0 l  law a t r ’ - r ’ - a : t i  i d  h - r  a s  - 0: - r ot :  1,’. ) ,

(B) mci (( ) . ‘I : - - : ’  or v- r I o r .  a t I e r - a l  r:.a n be found a a ‘ ; :  r:d~ rJ  i’~ i i  a .

-
‘ t a d  a t  (1’ 4 a - ) ,  lt - r : ’ n: :ky ( i -b - : ) ,  i 1 1 ; a r . i  ( I :~ - ) ar, :

- e S  i I:ar r or. W e ’r g e l ra :

1D.
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A ala Hma-n t~ such air (c )  does not nee ’ s a u l , - lOVe, /~~~ t he  ce-nac:r jt uf aachar:i’’al

w - s’k since i t could be :~ ap i 1:1 to rig i d, La--~ t a P act i no solids but roar ,’,’- locks

-o ritain “proofs” that (c) is ejuivalerit to (A) or (B).

Although the f i r s t  two of the above s t a ten -nt convey the  idea that surse

restrictions must be placed on tb’s I r:tc-rcahaaa ;oa : ility of en.:-rg.j’ doe to beat a r i d

;- aeclianioal work, they are not precise. Attempts to make this notion precise is,

the context of single phase continuum mechanics ha v e led to controversy, a l though

IL-are is a measure of agreement  about many of the results which er-ierge from the

restrictions . Most trouble seems to center on the ccacept of entropy, a- con

though none of the above s tatements  appear to in-.-olve entropy. In s- - ’a-cent years

it has become customary for some workers in continuum mechanics to postulate the

existence of a scalar function called entropy and. an entropy inequality called

the Clausius-Duhem inequality. With the help of this inequality restrictions

are placed on constitutive equations, and some of these restrictions do seem

to embody concepts contained in statements such as (A), (B) or (c). Lcwcv’:r ,

at the outset, it is not at all clear how the ideas contained in (A), (B) or

(C) have been translated into the Clausius-Duhem inequality. Some writers have

raised objections to this inequality for other reasons but it is not our a-’crp-cse

to discuss these objections here.

In the present section , we reconsider a mathematical interpretation of som e

- -~~ foiin of second law of thermodynamics for single phase continua and n i o p t  a s t a te -  I -

mont of this law which is s i m i ’ ’ar to that of th e stat ~ a:.~ at (B ) ah o - .’-a . First  we

oosc-rve tbat toe exp ression ( j~~~ 
~2 ’ 

when e v o i : a : ’  fa r  a g iven  process . any ic

either posi t ive or negot iv-a- de’penainat era whether He external worn is su~- nJ,ied to

or withdrawn ~~~~ ~ . ~~~~~~ ej , ~~~1aa~ ~~ ,5 - i r. 10 als o 1 , -I i ’ e~ - e a i t e~~ ~-y . - - i ~n. t~ ra’: aa

of both t .ber ,- w - ai  a n d  m ’ :cbaaaHa l  v - i - i ’b l - :s  b rat  r a t  . ‘v~ -ry  t erm ia (~ .2~~ n a ’

n ecessar ily be p o s i t i v e  ( . : - - r ~ e-r ra egr at iv ’ ) , aver, t :a- ’~~~. the ‘5-xt cn’nrl  work : O a 7 ‘a

(au : it ,ive (st ’ro or r, ‘go H v t ) .  bus , wi th r ’ -f’:rer se to a . I ~~ :-5 ipa lic e rio t -r i ‘1

L i .

---~=~~~~: L~~ ~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _  _ _ _  _ _ _ _



5-

we assume that in every admissible process a part c-f external work is aJways

converted into heat which cannot be withdrawn frosa 6~ as ioa’cbanical work :av -i is

therefore nonnegative. This means that the external work can be a-xpraoned as

t-he s~mi of two parts, one of which is nonnegative and the other , depending on

the process , could be positive , zero or negative. Ha-ace, we write

t h = U~~~~
’
~~~li~~ U~~~~~~~O

The above also implies that

and th is bounded below, the bound depending on the process.

- - In order to identify the two parts 
~~ and hi,~ , we note from (3 .5) , (3 .6) an d

(3.1+) that in the case of an elastic material w = O  in (3.2) and the expression

for the external work supplied to P reduces to (3 .9). We now regard an elastic

material as being nondissipative in the sense that no restriction is placed on the

external mechanical work (3.9) supplied to P and identify U~ with the right-hand

side of (3.2)
3 

after setting w=O. Keeping this in mind , we rewrite the last

inequality as

w 
~ $ (~~ pv . v+ 

~~
‘) 2 

- 
~t2 

$ p9~
’ dv dt

r t
1 

ti
p

and assume that (1+.i) holds for every thermo-mechanical process. The coshina-

tion of (3.2) and the assumption (1+.i) yields

t

$ J pw dv dt~~~O (1+.2)
t
1 P

for each part P of R and for all times t1,t2. f-m oe t1,t2 
are arbits- or:,- arid

pw has already been assumed to be continuous , it follows t h a t

[p w d v d O  (14,3)

for all arbitrary P. h ence ,

pw =-~~(-~
‘
~~~

‘e) + T .  0 ( ‘~~.b )

for all thermo— an e chon ic a l  process-’::. Al a a’ • fr -ria (
~ .3 )  u i  (-,  . a)  a hove ’

12. 
5
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$ p(€-c ’)dv ~ ~ $ ~$ ~~~~~~~~ dv cit (1+.5)
P t1 ti

p

so that the external heat supplied to a part P a - f  the body is bounded a l-u’ .’ ’ in

every process. Alternatively, some of the heat supplied to the body in avery

process is always nonpositive. This form of tb-a- law is related to the statement

(A) above. It should also be noted that the iuoc~uality ()-r .~~) is riot the siose so

the Clausius-Planck inequality. However , in tb-a- special case for which ‘~~,T are

independent of the set of variables (3.1)
3 

so t r ust 
~~~
- ‘~~~~~~ H = T~~, € = c ’, t hen

( 1+ . 1+ ) does reduce to the inequality known as the Clausius-Planck; see , Ira this

connect ion , Day (1972, p. 1+9).

The right-hand side of the inequality (1+.i) can be expressed in terms of -~~~
‘

defined by (3.1I~)3
. We consider a special case of this inequality appropriate for

a closed cycle of isothermal process in which 8 is constant and the velocity v

assumes the same value, respect ively, at the beginning and end of the process. Then~
t

~ [$ P b . v d v + J  t .vd a J d t~~~$ 
p~~’dv 2 (~.6)

P t1
A result similar to (1+.6) follows from ( 1+. i) for processes which take place at

constant values of T~’ and spat ially homogeneous 8 with the ve1 ocity v assuming

the same value , respectively, at the beginning and end of th e process , provided

~r
’ in (1+.6) is replaced by € ‘ .

We now turn to one other consequ ence of the inequality (1+.1+’) .  Suppose H(t)

is the total rate at which external heat is supplied to a part 
~ . Then , from

(3 .3 )  and (1 .33) we hav e

~(t) = H(t) ~~ (t)-e ’(t)+$ pe+1 ’dv , (~~~~~)

wh er e the expr ess ion for ~(t) is given ‘by (2.33) hut with t2 replaced with t arid where

e(t) = $ p~ dv , e ’(t) = $ pc ’ dv .
P P

~
‘It may be noted that a work: inequality of the type employed recently by ~:ag (adi
and Thapp (l975a) in the context of t~h ’ -  purely mechanical tha ’ ;r -y is , in gener a l ,
a separate statement from ~~~~~~ Th° f er :- : - - r  work ineq u a l i t y  was stat-s i in the
reference state and for processes which are sic-seal spatially horriogenec -os cycles
of deformation .
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When the temperature is spatially homogeneous so that 8=8 (t), it follows from

(1+.7) that in the time interval t1~~t~~t~ (Since ~~ e(t ) >o)

S

t2 . .  dt � s / ( t) sl (t ) , (1+ .9)

where 
1

5 ’ = j p~~dv . (1+.lo)
P

Moreover , in any closed cycle during the cb s -I interval [t
1,

t
2
] in which 5 ’

has the same value at t=t1 and t=t 2, ( 1+ .9 )  becomes

dt 
<~~~~~ (1+.n)

For all continua in which e does not depend explicitly on the set of variables

(3 .l)
3~ ~~~

=
~~~~

‘ and ~~~=~~~~
‘ by (1+.8). Then, (1+.ll) reduces to

$2 

~~ ~
t ~ 0 . (1+.l2)

The inequality (1+.12), derived here only for spatially homogeneous temperature

fields , is often called the Clausius inequality. It may be noted also that when

the material response is such that e =  e,’, then (1+.9) reduces to a statement of the

Clausius-Planck inequality for spatially homogeneous temperature fields.

114 .

-
~~~~~~~~~~~~~~~~ - - -~~~~~~~~~~~~ --

~~~~~~~ - ‘ -~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-~~~~~~ - ‘-~~ ----- ~~~ 
- ‘

~~~~~~
‘
~~~~~~~~~~~~~~

5-

‘

~ 

- — -~

I

— 
5. Restrictions on heat conduction vector -and internal energy .

So far we have discussed the second law of thermodynamics from t he point

of view of interchangeability of heat and mechanical work. This has not

‘ yielded any restriction on the form of the heat conduction vector , as can be

seen by the special example of an elastic solid in §3. Here we return to the

statement (c) in §1+ and consider only the heat flux respons e in equilibrium

cases for which heat flow is steady. By equilibrium we mean that

v = O  , F = O  , 8 =O f o r all t , (5.1)

where F and e, as well as all other r elevant functions, are independent of t

(but may depend on x). Then, it follows from (2.6) and (2.8) that

~

‘ 
. p

~e = - p . g , p (s+~~) = div p , (5.2)

or

pr = pse = div (p8) = div q . (5.3)

For the equilibrium cases under discussion , we adopt the classical heat cond,uc-

tion inequality

-q, .g~~~ O (5.14)

for all time-independent temperature fields . We recall that when q is parallel

to the temperature gradient g, (5.14) implies that heat flows in the’ direction

of decreas ing temperature. In order to relate (5.14) more generally to t~ae

statement (C) in §1+ we suppose that the external supply of heat is zero so

that the right-hand side of (5.3) ‘.‘anishe s also , i.e.,

_ii 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘— .-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ “ -- 5--~~~~~~~~~~~
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s = r = 0 , div q 0 . ( 5 .5 )

Further , let a part 
~~~ 

of the boundary ~~ be maintained at constant tempera-

Lure 81 
and a part of ~R be maintained at 

ca -n o t -ant  temp e ratu r e  e2, and that

no flow of heat take place across the rest of the boundary ~~~ - -

Summarizing these we have

0 = 81 
on 

~~l 
8 = 82 

on

( 5 .6 )
n = 0 on ~~~~~ 

- -

• By 
~~~~~ 

and (5.~~~~ 
we have

$ q .n d a + $  q •n d a = 0  . (5.7)

If we assume that heat flows into the body across 
~~l 

and out of the 1oiy

across 
~~2’ 

then

q~~nda~~~0 . (5.8)

Also , we need the result

q~~n d a = -~ 0q .nda =~~$
q .e d v  , (5 . 4 )

It

the truth of which con be verified with the help of ( 5 . 5 ) ,  (5. ,) ua ,a  (5.7).

f-ince (5.14) is :jSOiUOed to hold for all time—inu -;p- :aa-i- a t  ti -na er-’~a are ii ’ a s.

it follows from (5.14), ( 5 . 8 )  and (5.9; that

. : - )

.. aca slin g to (5. -) 00 1 (5.1;)), - ‘at  f l ow s  ~ro:a I L -  a ’ I, ’ ‘ h’: ~~~‘ : ‘ :

‘ pa - a - :  ‘ ‘ a r - i l l  l i i  h i  ly .  H - -  u i , - ’ ’r’ o r } o l I -h . ’ r e su l t  ( t . i ~~~’ --;o’ , l - - H a l  i i , -:

T ( .

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ . ,~~ .. ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _



if we replace (5.14) by

- $ q~ g dv ~ 0 (5.11)

for all time-independent temperature fields.

The condition (5.14) or (5.11), which hold ix; equilibrium cases , will be

utilized in the rest of the paper to impose restrictions on the constitutive

equation for the heat flux vector . For many materials of interest , the thermo-

mechanical response of the medium is characterized in terms of certain kine-

matic and thermal variables (such as F and e) and their gradients but not their

rates. In such cases , once the heat flux response function has been restricted

by either (5.14) or (5.11), the resulting conditions remain valid for all values

of kinematic and thermal variables and not just the time-independent ones. For

example, with reference to the elastic material discussed in §3, the constitu-

tive equation for the heat conduction vector has the form

q = ~(F,e,g) , (5.12)

and by ( 5 . 1 4)  the response function is restricted by

-~~ (F ,e ,g)  •g~~ 0 (5.13)

for all arbitrary time-independent values of its arguments . It follows that

the condition (5.13 ) must hold even if F,e,g are functions of both X and t.

Finally we suppose that the continuum is at rest with v= 0 for all time

and with the deformation gradient F everywhere constant for all time. The-n , D= 0

— 
everywhere and it follows from (2.l)

i 
that p is independent of t. in addition , we

restrict the temperature f ield  to be spatially homogeneous so that 8=8(t).

Keeping these in mind, from combination of’ (2.6) and (2.E~) we have

pr - div q = Pc . (s .i 1+ )

17.
I . ’



bince v= 0 everywhere no mechanica l  w a-r b  is su~’p± led to t he body. ‘~ 1aa -n , u s i n g

(~~.i14), the heat supplied to a part Pof the body during the  t ime i r a t ’ - r v - - i

tl~~
t~~t2 

15

t
2 r.

= r [$ Pr dv -$ q~ n da]dt = j pc dv~ 
2 (5.15)

t1 P t1

bow suppose that the body has been in a state of thermal equilibria--on during

some period up to the time t1 
with constant internal energy €

1 
and constant

temperature 81
. Then, recalling again the statement (C) in §14, we as sum e that

whenever heat is supplied to a part P according to (5.15), the temperatur e

e(t) throughout the part will be increased , i.e.,

t
> 0 whenever ~ > 0 . (5.16)

1

Assuming now that pe is continuous and remembering that p is positive and indepen-

dent of t and P is arbitrary, it follows from (5.15 ) and (5.16) that

- 8i > 0 whenever ~(t) 
- > 0 (5.17)

for all t > t1.

-I
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6. A comparison with the floarsius-Duhem i:ic-gusllty.

Il. this section , wa - eons id r the Clausius-li-sLum ir qunhity ’ara d also- by

raa- aans of two specific examples examine the cons--quences of this

in - :cua li ty  and contrast these with the type of restrictions which result from

the prosent thez-xnudynaxnical restrictions proposed in §~ 14,5. Both examples

demonstrate the shortcomings of the Clausius-liuhon. inequality in certain dis-

sipati’~e media. In fact, one of the examples when studied with the use of the

Clausius-Duhem inequality leads to results that imply the possiblity of a

perpet-ae l motion of the second kind, while the restrictions which emerge from

tha inequality proposed here deny such a perpetual motion.

Ha- recall that much of the development in continuum thermomechanics in

recent years has been based on the conservation equations for mass , momentum ,

na-merit of momentum and energy, where the field equation corresponding to (2.7)

is not an identity for all thermo-mechanical processes. Restrictions on

constitutive equations are then obtained with the help of the Clausius-Duhem

inequality, namely

~~$ p~~civ - $  ~~~d v ÷ $  ~~~~~da~~~0 , (6.1)

where the temperature 8 (>0) and entropy T~ appear for the first time. If we

identify 8 and ~ in (6.1) with the corresponding quantities defined in §2, then

a-nd -cr suitable continuity assumptions the inequality (6.1) yields

P8~ =- p ( +~~è)+T .D-p . g~~ 0 (6.2)

iHr all tboraaac-mcchsraioal processor .

The above inequality should be contrasted with the inequality (L,.14). For

:‘aaterials whose thermo-mechanical response is such t h a t  4r ,P are independent of

the s’;t- of variables (3.1)~~, the Helmholtz free energy and the entropy reduce

to~ -
~~~

= -
~~~
‘
, ~~~=~~~~

‘ ; and then , after recalling the expr- s-sic ra for w in (3.14), the

~Ie may be noted that the cases in which ‘~- =~~~~- ‘
, ~) = ~~~~‘ include a fa i r ly  large

class of materials of ir~t ’r- st.

19. a
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( ‘l a i rs iu s — Duhem in ;q ia- I i ty  becomes

p8~~~~~p w - p . g ~~~ 0 . (. , . -~)

if ~~~~~~ and h -nec- w , do not depend e-xp ticitl,; ur~ t1i- ~ temperature hr t ’d it ’nt  g

a-nd its history, th- -n it readil ,- follows from (6.3) that pw~~0 which is the sam e

-~ts our inequality ( 1 4 . 1 4) .  Further , if it were true that p . g~~0 (and hence q .

for all thermo-m€-c~annical processes , then (6 . 3)  again yields pw~~0. However, the

(‘-lausius—Duheaa li~a- ija - -~i i L ~ iLseif J~ aiie~. Ibis DL)~ ~iib ]lb~ far euuilibr ’ iun! pL’oc :a - aa:- E

w =0 by 
~~~~~~~~ 

and (6.3) then implies that p~ g~~o Apart from these observations ,

it is clear that provided p. g<0, the Clausius-Duhem inequality (6.3) could allow

pw to be negative for some materials undergoing particular admissible processes.

But a result of this kind does not, in turn, rule out the possibility of a response

in a dissipative material which permits a perpetual motion of the second kind.

Indeed , we construct below an example and demonstrate the existence of a thermo—

mechanical process which , when subjected to restrictions demanded by the fl]a-c a-asi-as-

Duhem inequality , gives rise to a cyclic motion for a dissipative material in

which heat is continually supplied to the whole ‘body and continually withdrawn

as work so that the efficiency of the process over each cycle is unity~ We

also discuss a second example of a different type and demonstrate still other

differences which emerge when the Clausius-~~hem inequality ( .3) is employed

instead of the inequality (14.14) of the present paper .

Jet us suppose that the set of variables ~~~~~~~~~~~~ are functions of the

s t  [8,p,g,L), where L is- the velocity gradient . Then, either by the  method of

I L - -  pr-;r~emt paper or by the use of the Clausius-Duhem in -quality , it can h he-wra

i t  - -t ‘~,T ,e are, in fact , independent of L,g and reduce to functions a-f p,9 a-ni;-;:

‘ a - , ,’ also coincido with a
~
’,T1 ’,c ’, respectively . Norec-va-’r , invarianca- under sup~r-

pa -a - i r Z-~i’1 body motions -Jercarads I-lin t the aa tr-;s--s t a-riser T and ta -a- b’~at Ca a~J act 1:-r: 
4 -

i i

b c ia - : - - r a - - d ir’ rca-- I i -ar, was- examin ’ d for a iiff’’r,:r t- pa r’pose rn’ :: aily ~- . n ‘ 

-

a t . l  ‘ H ’ : I  i a-fl), a - a r -  it was J--r .a-ras tr Y - i i,La:t ~ a-a -xchy - aa t icj t ’,- i r t -  - -,a:ci a -—
aa :b io WIta In t a- ar Ur ary Vram - w~ rh of tn ,-rru m , -:ata a rics wi lt , a ix  --a-orc; ; 

~~ 
i - t I  ion

‘I’ tia - - f- - i - a ~2 .1

H

- ‘  - - ~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _



vector qbe isotropic functions of p ,8,D,g. From t h i s  C i a - E s -  of visa-our mai~ ’s’i a1r ,

we choose a particular set of constitutive equations in th-~ ‘lir- acussion a-f i - a r

first example.

E~ amrle 1. Consider an incompressible ‘-‘is sac-c fluid cLau- aa - -a c a r i s a - a -  a , ’ the

following constit~tive equations:

$‘ = rij= c( 8- 8lo g e) , 1’\ ’ = ’ f l = c log e , e ’ = e = c e

T = - p T + T  , T = p ( 2 : -~~~~~~~~~~:‘ 
- 

) , ( - . )4)
a -~~~ -~ —c’ ~~~~ ‘~~

q = - ~~a-Z 8D~~

where ~~~~~~~~~~~~~~~ are constants brad p i~ an ari-itriry fsa--iti~ a-, i f  y, e ta-i, t .

Clausius-Duhem inequality (6.2) is satisfied ida-r .ticsily if

a-~~~ O , , . (6. 5 )

The con stant a is c-boson so that a >0. Cons ii:-r rica: t -ho raogc - aao ~. ~s a-on—

isothermal deformation specified ~s-y

x1 
= X

1 
exp~ i ( 1- c o s  ~t )~ , x~ = X

2 
exp~ —li(l - soc i t) )  , x~ =

(6.6)

8 = 90
±Ax -~ 2+ sin -

~ t) .

:ri (6.6), the coeff ic ients  A ,D are constants (cut rca-a r .eca- ssai - i~~-: y~ s-iti-;e ),

~ a s - a l  ~ er-a- a- cr itive constants end the  value of e 
- 

is tah~ a- tO a-a- large

50 las t 8 is nlwa-;;a- pOsif1 -~-c .  Tha-- Cii’r ’Epomairl g ‘~
- C Ci, l~ 1 -u- .; a- a - I

ani a a- a - of s- - : - c raa - -~~ I cn  ta-ca-cr et ti ra -- t 

‘ = - >a- -c. - - . -; )si:. ~~t = Ac , ( 2  + sin

(6. 7) 1
= l-i~ - Ze. - - H ‘ui;, 

~~~ 
, ‘ a- I) = It

~he :,stc =a . (- .- r c a  I : , - a- a-a - a - a - a  ~a-e c i a ’ :’ sa - t~~~; . ( 0 . 0 114 a c

4 a .~~~i ’ .. .n~- ,’,’ a: ’: - ’  s~-n L i f l u a --ss - -r~~;-~1i , - y s c- : -~~ Z e r a - - i ’ s w i t -  -- : 1 1 0  H , - : , ~~ a .

P1.

~ 

~~T ~~~~~~~~~~~

-
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- . I ’  ,‘- \  - -  - - - - - - - -,- ,-- - r a-s- -r , ~
-
~~
. -a- )  a -s  a - ; - ~~~: ’ u’i-~~\’ t1’.’-_ E r ’ -a-~..,:’ac I i -  ‘ - a . - ~r : a c::’: , a ,a 1a-a h a - ’ each

1- 1- c - a- i of tims 2rr/~ , as do all the functia-ris- in ( .7) a-a - i ( a -  .14). Lea th- hasty

i-co u-y a ca-plan 
~ 

it ,  l a - s  :‘ , - j H - ; ’ - a : c a -  C u t . i ’i;~~~ -tia -r , at  a-Is,: a. = C a - c ~,a-t ‘be

a, ta1 ca-ta- at a - : , . ::, - -xt~-x’ ataa -l h -at  s-cj~;a f i - .a, t a - ’-ac - : ‘-u-c-I-: a-4.- .1 ut  c u - a -  I- .

, h:a - , c-,- I t h  a-na - n i p  a-f (3.3), (3.14) and (6.~ ) to (6.7), a:’ have

it) - - pr -x; - ~

‘ 

q • a- if = :

‘ 

(~~~~~~~~
‘ _ b  . 

I

’ 

~~~~~~~~~~
‘ _ .

J~ ‘I

, , , 2 2  2 , - - - - -
~~~~~~~~~~~~~~ [a’ 2~~ s~ a - - ca-~ — - , 1 s u ~~t , ( ,

-

~~ )

‘ -a- - c - a -  - La- tb -a- asu - : —if ‘a-lu if-i a,a-J waa-u --a - v-a- b aa- a- c-au-, a - a , t a - :  ci-H~Ia. of ‘a - . :

a- - a u - - .

Ha- r,oa-: chua-a--a- a to a- at i s f ’ /  la - t a -  ia-ta-quality

~
- .

~~~~~

rio tu-it aba- - a’:pra-srio:. (6 .8) i fr  i ’~t~ is a la- a , , a: rcona -a- ’a Ii ,e fua- all t~~a, -:.

The total heat s-s h a - i  to t a t - - a-:hole a-c-dy in ~~~;.  - - tI:c~. ia,a. - a ’. ;~~~ It C) a. - 
£ I -  

—

ta-en givela  by

2
= a i \ t)Jt = ri -ia-~~~[ 14(~~A - - a, -- ~~] ç 6 . i I t )

‘C )

a- au - i-arias this Ira. .,.l a-s bca -a. is a - a . , I t t a - J .  ;-:c1- u- -, - a - . i~ ’ ia , . (i,.~~) a- a - i  ~~~
- 

a.a- (- .7 )  We 5 :5  t a , : t tb-a- total c;-:turat:J n,~ c tca -a. i .1 t ,~~a’ , - ,- ,u-’a C t  - a- ~~~~~~~~ a a--a -

‘--h ,o~~a- cu 57 ~~~ir1c, ta-,’ a - - a; - ti;’ ~a-Ia-rv :I I a-

T) ‘~1 a- a-

7 
—;s - - -~~- : a -  ~[ aif -~.~ ~~ ~~ -~ if . 9c. L)

u .s u - -  - t  a s  C -  - - a - a - i f  a - a 4  I : , . - i c a i t a  a-: a- ’ a - - a - , . , , ,  : : . . ~~: - .

I ; .  a- - la - a -  au - -  a - s ’ i f - a I~~a - a -;, i f a - a - -, a a - C a - a - : .  - - - ,, - —~~~ a. - - ‘ a -   

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_ _  - - -
~~~~~~~~~~~

- - - - - _ _  
_ _ _

~~sirsablc to prosaic h-::’: a- d’a-aIa.iticsa tar i,~ i,j,, c-a - - a- . ba - ac a - t  a - -  C - a C  - a  - - ‘ a

- ; i t a ,  a-ara.icifa,r :‘a-~ a - - a u - - a -  La- tf ,a- Lypa- u- :a-a-diac.a ‘,‘ ,a-,a:IJ- a- ’ - -~ Ia - a -a--. H - a -  1: H a , ; .a - -

.r c ix acomor-:osibie vIscous flu id , ‘.-:h±sL Is aa aa -r : : ’c-:a- iLed It’ t a - a -  a -a -’. . -  I c c ; . ; t i c --c-

u-c- a- ecu -a -a - ions -  (6.14). W~ a-a~a-, a : Ia-I , i  of this iir.s ~ic’-:s rif a- tc a- ~. . a - p .  a.,c~I

~.u-iOr, of ta-as sc-c-ca-ui klra - i LV a-hera-- a-re pa-rIca-lie a;,ctIca-: -n i t a-c-a: - :- - a - a r c  I a - a - i a - s

— i - — a- - , - -~ a ‘ a- —a-i ,. - - a - , - u-.. ~. - -- -n - -- -  -
‘~~~~ 

-
- 

- - . a - - ’ , - 
a- -‘• ‘- ‘-~~~ “ -‘~~- ‘ - , , . t__ 1 _ ~ -~-~~ - - -

~~~~
,
~‘~~ 

— ~- - - - ~ - — 
~~~~

. 
~
, ., / —~~ , , ‘ — . 

~~
,.,,, _.

a u-sly of external heat to the whole body a-s.d I a-u r a t e  a t  c-- a d a;:. c-;oc.~ (ta-in-cs the change

is. Hia-etic energy) is withdrawn from the whole body are both posi t ive  et each ir,stant

of tisae, and consequently the total heat ~ supplied to the whole body and the t Ot C i

‘a- ark -W withdrawn from the whole body during a period are both positive ; arid. (iv) no

heat is emitted from the whole body during the mot ion  so that the  ra t io  -U $= l .

In contrast to a-tie iaaaplioa-ticr. of the Ci a-a-a ia-s -h,,,’u-c ia-~-ja-:li’a-; a-au-Is’: :1

a-n tb-c a-Dove -a : s cu- sa-a - -n, suppe r-: we au-pt  t a -c  ia -a -au -aa -c~ ty  (H~~~) of a . a 0

a ~ C a “ a- ~r..a-,.,a-— is ~~c 0” CO ‘ u-u 0 CL-

in the exa-ra-soics. for a. :t t’sllca-:s fcc-ta : (6.8 ) ,  (6.9) and (6.i~) that

(6.12)

i.e., a-:srk is done on the bc-la:,- ash, is cca-tir.uaIlyw-Iabfar.a-:a- a-s la-a-a. . l I : -aarly ,

the use of the ineauali ty ( 1 4 H )  is. the a-cove ca-a-ri le ices nc-a l ea - a .  as a

s- orp atuac motion .

- . — Thc second example that  we wish to consider  is of SC;,.a-’va-d a-t  ii f:’a-rea-t

ca-ar-u-a-er and. is concerned with ha: a- co acala - s ta - :  a- sac a I i :- . :  H 5 r i c a - -~- ; ,L 5 u-  i s o —

a- a- u c l a -  ci ii sol id .  It is well -s, a- -,-;a a- t~.,a-t t i a e 5 c - a u - _ c a a -~ :a a - u - ; .  a-f a , a - 5. I a -u - .-sa- s—

a-I o ta does not allow heat  to ‘be p:’ opa - a - a -t -a - d  w i th  a f l a , I t - a -  a-u -ce a - a - :  - i.

at- a-a ny a u - a u -  to ::-o~~l- .: a- ia - a -a t  c ,a-cC u -t i -s-ac t ’a: c-:’a. h a  a-: ,Hc,a a c al -a - a - a .  p ru - a- :a-tc

a r ia -  a fi ; . i  to a c : , c - a- - p a - u -, a - -a- a ,‘,t I a - a ,  t a - a s  a- a -’. H,: is ;:: a - t a -  ia-  - - = ~~~
‘

:a-. ’a - -a - ta- a-al t h a t  e b- ca a- , a to the  lIst of I ;u -  a - ca - c - as;, a. c c i  a. Is.

ta - la a-u- of t In .‘la--, . , s - i :,: —
- ac I ; .  c a- i l la . ,  I s

23.
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place a’ a ’ u a ’ L e t i u r , a  c-fl Li :’: cu - a a - ’t i a - st i v - :  l a - - u - - a - s.- :‘ a- :: a baa ca- ‘ a  ,a- a-j u - ::. - ‘.- , It l b - a-

a- i a - i -  ‘ a a-h. a’ w a - ic c  ii: ‘H a ;  - a : i j u - - a l  a - a u - s t  - rOn.a-  a - t a :  - - a - H  t j a a -’ - a- ‘ - - a

a- a -at  not only could riot pr-opa -u- . te w ot i  a a’ i a i t e  ‘ - - - a - - ’ ta- a- ’: -al : a- I a -
-

wa-a- pc-va--cr ’s. sy a - a c  e l l iptic d i f f L -r -ru -Ia a-c c a - -.’ba: a- . a- a-a-u-a- - ‘ I:  a-

I is a- u- I a -  a - 5e  a i C u  u- L aj a -  I a a

ow - au - a - c a -  ta -a - i n a-qa- a l ity ( 1t . a.)

a - a - , :  a-,- - 2. ‘I a - a -- a ;  t a - ta - a - Ia - i; of h - at in a- IIx’.-s. a--.-tc -a- , 1 - ada -ouo I s a -a . c ’ C - cic  a--ia-id

- 
- solid rait y be characteriza-d l-y ta-c- ca-a .~ tItUtL’—’a- -:s ,c-tIa-a~c

- -  — , ~~~~~ - — -~ - —  a - . -~— u --, . — a-a-a- Oi , — C a-~ ~~~~~~~~~ ,

(6 .i~~)
a 

~~ = c 8 - a ~ ,

where c ,c ,~ are ca-ns a--n a-c and a/O. The Clausi-sc-Thoham inequality (6.2) is

then identically sat isf ied provided

‘ 

a > C  , (6.114)

and t a - a -  en a -r fy  or a- a’: l a - - a - a  coa-du ctisac -a -ca -a-a -I on a-- .-cu- a-

p r +  = ? ( c c-  ( -a-- .15)

a- wa --a -r e -~~~~ is a - l i :  La-asi;;,.’ a a-. op-a-ca t or. Ia. c-i a-cc of ( 1 . i14), a - i ; - a i : 1 -a - a - - . ; . L  - - I - a - a - a c -  -

- . L ion (6.15) Ia- a- -li ~1 - H - a -  a-a-- i ia--a- a’ n o t  - lie;-: a - a - a -  a-c- a -a - :;‘ L a -~ a- a-a -ed a -- ’ a- ‘- - a d
- 

Ha -ra -c-va - r , S ifla -OS as t ha t the  a - a - )  i-i is in tla --raa - ;ti - ci aa i i i~ :~i~~ ta-a-jar t c- the a- i ;;t

t , w i t h  a -

~~~~~~ 

t i - i  s = c a . I t t - - n , if ’ a - t  is C a - t a t , ~a - i - : u-~- p I i - -s. to a:’ -’a-a- ’y a a -’ r t

a -- f t a - a -  s o l i d  wa- - a t  t > t 1, it ia -Li sa -a -s from (5.i5) ‘a- a - (6.I~ ) H a - a

- 
ce- -y~ > c -B 1 

. ( -  . ~6)

baa - ‘ a- a-a- j a :  - I  ‘ a- a - a a- I - Ha- , i a . l ‘ -~~ : a - :  I-  - , 
- a’ - xa’ ~ - - - t 1 H. a t .  ‘ ‘ - ti :; a-f

I a-~ 
-,‘ - - ~a- -~ 

a -  1~ a ’ :  a u a-, a- ta-u- l b-a l t-a ’ t
1 

; ‘ w a  L y i r - i i s



~~~~~~~ .w—~ IIp
p,u I,

-~ (~ -~ 1 )exp (-ct/~
) > 0 ‘ - a -  

~~~~~~~~~~~~~~~~~~ 

> a . (
~ .17)

But ~~> O by (6.114) 1 and the last result impia -i .- --- :h:t if heat is a-era-tan-sally

supplied to the solid , then its tempera-ta-xe ria-creoses s ince 9<

We now turn to the theory of the pres’:act p ta-a -a-c , w’rcich also a- cia- its c-ca-a-a-ia-a :-

Live assumptions of the form (6.13). Recalling the d-a-finiticns f r  -
~~~
‘
,~~
‘ ‘ .

~~~~
‘

aliven in §2 , we write

= a~a , TV = c log e , = Ce . (6.lE)

The inequality (14.14) is satisfied without imposing any restriction c-ac ~ (or ~)

and it is easily seen from ( 5 . 14)  that again K~~O. For the pros-a-nt rro~a-ea-, with

the a-se of (6.13 ) the condition (5.17) states that

e(t) > e
~ 

whenever o9 - > c8~ 
(-H 19)

for t > t1. Using the same procedure as that which led to (6.17), we r,cw obtain

the result e>9i whenever (6.17) 
holds so that

o>~~ . (6.20)

This is in direct contradiction to the inequality (6.i14)~ 
demanded by the

Clausius-Duhem inequality. Again , suppose that heat is supplied to the solid

so that its temperature becomes e ( t ) =  e1
+ A ( t - t1

) . Then , from (5.17)  and (6.13)

we have

A > 0 whenever A [c ( t- t , ) - > C (6.21)

for all t~~t1. In view of (6.20), the result (6.21) can Cnly bc-id if c > 0 .

Furthermor e, since Os’ ~ and ~; ~ 0, wave propagation with 
a Via-its- va -ce spa ed to

possible and the waves are damped.

The above examples clearly demonstra-t--a- that the results o:t aia- :J w i t h  I a - c

2 5 .

~ 

. .
- —---.- - ._‘ -,‘ - —- ——~ -— —‘-‘-‘-- - --‘ _--—--.

~ -—.~~~~
‘.-__ - - ,_,__:_~

-_-__-- “—‘
~~ 

- .--,— -‘_ --- —,- 
~~~~~~~

—‘-— -- .- - ‘— — ‘-~aa , ., 
~~~~~~~



-
‘/

- tat e of the Claus ius-J ’Lahe m inc-quality can somet imes ha very d i f f - r a - a - t  Ira-a:. t a -ca - c

f oun d by the pro c -- a - ar - a- - a n d  i t - -u s of the pr esas-ia ’a p a-p -c . In the Fl a -a t - a - : : ’ ’

- 
the Clausiuz—Duhem incq: a-iity p- ’rrriits a perpetual sot-i on of Lii - .- ,‘ c - a -n d kind

in the sense usually stated in books on thermodynamics. In the a--:cond a-xa-n .p ie ,
- 

the Clausius—Duhem inequality demands an undesirable restriction on the a-era-a-l.a-se

- of a rigid heat conductor and thus denies ta-a- possibi1it~- of propagation of

heat as a wave with finite speed. Also , when the rigid conductor is sul a-lected

to a spatially homogeneous temperature field, the inequality require-s tha-t when

- heat is supplied to the conductor in a state of thermal equilibrium , the

temperature of the conductor must decrease.

I

“ a

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~



a- . Basic j ump concikiotas .

Fi rst wa- recall a- - re  a - i ; - . j ’ s .p  c o x a - J i L l  a . : which c : ; .  ‘ta- c- i r i c e d  f~ c-aa , t a -c

-:- c-ns~-r-a-ration l aw s  fcc maics , lin ear rca-v a-t c-s a r. I i - a - a is-a -aa -  a-f scoa :a-a-r - c-ta . “cr 5 i~l- a- - El

s ,r f -oca- of discontinuity 2 ( t )  ir ,  t a - .  tar- s -a ,: a- or f i c - r - a- i t a -  of t ; a -  body a - nd  1

the rccx-rsal velocity :f a - a - P I C a - I  point - V this ~~, x - f a - - a - a- he al-t a-ct  ~y - .  a - c a -n ,

- 55cc-sirag a-tact the s’xta-rr.cI body force is lu- c-cia- I Ca - the scarfac a- , a - l a -  j  c - a -

- :-cnditionswhich can be deriv- .-d fr ost :ac -a- cons- cc: tic-a- 1 n;-:s ac:i~:na - : c-ba--ca- c-,

— t :i =

In (7 .~~ , v is the unit normal to : chosen is. a sp e c i f i - ’d dir-ac-t ics.,

w = v - a-v -~7.2)

and we have used the nctation [If ~ = f
2 

- f,, V2 a-a-I f, I -airu- the  a a H ~a-s of V cm

eitner side of ~~
. Similarly, assuming that t-cth the body force  b a-ni the

- .:-xternai rate of supply of heat r are bounded on ~~ , t he  ,jump c a - a -h a-b ra at the

surface of discontinuity 2 which can be derived from the con servat i c ac of

a--r~-crgy (2.7) is

: -  - 

- 
L~~~~ 

p v . v + p € )w .~~~_~~~.~~~+ : r i ] = C . (~~~~~~)

The above we11-kn~~n jump conditions (7.1)12  and (7.3) a t a sa-arfa-ce cf

discontinuity are derived with tb -a- u se of a-Ice t r an s p o r t  t a - a - c r -  ac - . To elaborate ,

let ~ be any function pa-c-’ unit mass which a-ak ’s hi ffa-’x- --;c t ‘c-elses 
~ 

and 
~2 

era

either side of scme surface of d i s cont inui ty in ~~. T a ,e n  ( a - -a- a- ,~~~~
‘ . 5-It -a- i I a-ni

Toupin 1960, Eq.  ( 1 9 2 . 1 4) ) ,  

~~~~~~~~~~~~~~~~~~~~
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a-~~d; = j ~~ d v +  ~~~~ i:. -~~~:[o~ - ] J u  al:1 (7.14)

- i_ -c a - te a -  cotta -ic -a s u a-aol ft p ,~ ]] a -ta - cc L a - a’ i a s t r o d a , a -a a -J  iar- .-c ic -a-sly a-c (7 .1)

( ~~~~~ 
,~aad W n r ~ ’ a n:~~’t of t a - a -  a-cu-Va -ce of d i 5 0 0 a a t i: , lta-,r Ia- is d-:-a,ota-: a ( -

a-p a- c- i - a -a -a -al  c ’~~. ’\’ ,’ - c - C.

We rca -a-: s ta-ke a-cc cc-’ (7.t~ ) t o Jaatc -ia- the  ~~c-:.a-- .-c - a aJIticc fr~ a:. 

ja-tjon (~~.3). 
It Is cc’icve ;aiea L to c-a-a-c iJa - ,~ a- atpa -’cisl c - -i a . Pa -a -- ~ ha-

a-ta -a- form of’ a cyliaa-d-,-r but c -t a - a - a-chi c-h i~a- a-t i ll  : - r a  i t r- 1ry .  - a - a -  a-a
1 (i -~ 1 .2 ; - ) .  a-c-

a- set of ca-a-yea-ted -:c- ’ordia;ates c-nd let the a-Cja;o i~ca c x  = C ra-: a--sc -er ,: a-icc a t ’ -
~~ Pc -cc

UP diccorat iouity  A ’i t i ,  pos i t ion  va -ca -or  r =  a’ - , x . -: ,a- ) - Th-a -~~, y, ir a - a - a c - a

n-a - i gLaborh cud of 2 ra-ay be r epresented  cc

, i  2 ~ 1 2
X =  r~~ x ,x ,t ) + a - ’v ( x  ,x , t~- . (7 .5)

a-or our present purpose, a part ~ cl the body in the prosent con-

figuration may be defined by surfaces x3 ± ~ on each side of

2 and a surface f(x
1
,x
2
,t) = 0 which envelopes the part ~ of 2

Let ~~ refer to a part of ~P specified by the cylindrical surfaca-

f(x
1
,x
2
,t)=0 so that r

0
~~

= a -
~~ 

let 3~~~~ = ii~~- bi t~ a- ’ - lo ’ . wa-c-rc

~~~~~ a-nd o ’ refer to a-h-,; s ur f ac - - :  aca- = + 
~~ , sL:aa ;J f=r a--ia -a - c o:asa-a-a-aa;a-’a;t -

~~~ Ia .

~~~~~ Then , usia-p (7.14), :1ppiica-a-ioa, of (2.3) to tha - ~:pc-cini rca-a-a-a, - -~a- a-a-r

cor isici a-r: ;t i ac-n la-- ala’: to

.

‘ .
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‘ 
“ a- •

[ 
~~~~~~~ ( p 7 ,  - - p~~a - , ia--a~

’ - ,i a - ; -; . - -
— ‘, - - -

— ‘ 
‘-‘-

-~~ - a- ~

+ ( p 7 v .  ~~~ +
:Vj

J : . ’ 

a-~~~ , 
(~~~: -  

~~~~~~~~

* 

— .L~~~~~ ’. a- a - a - = 0 , ( ‘ 7 p )

a c - re is is a . a-lca-~ a - a - t  of rca-a-, of a-icc -F-~~ : . c - c - a- . do  a - -ha ‘a - a - a - 1  c - a - ; .  - a - a -

a--~.a - : ,a - c -cp c- - a - a - a - :  c- a- ~~~ a-c  -a-a- ’ c-a-It a-a-a- ’ c t a - ; a -~ P — a -  a - c - - a -  o~~-a- :: a - a a - c , a :  .~~P t a r -a- a - a -P ca - a -

a- a-a-cf-cc-a- : x = s znai . x~ = —Cr , a ’ c-cp- a - a a - ,~ve~ y.  -a- i thac a a - a a - e a- ’ a - ta - a :  2 ~a-s-.a-- -a- cs.; Ia-a -; a- ’ : —

ala -n , a-ac aesune that ~(p ;;/~ t, F: and ta-c ex ta -r aa - -a -  c- c-a-a-Ic a-f a-a-a-c -a-ac,- cc a -r e

P~ nIte a--st t a - -.t t a - a -  Ia-t a-a-a-cl ra-te of pr-ca -a-ca-ic-n c:’ ,:t’,t sCa-,a-

cc-a-o-1’.aa-d o r, 2. a-cc -a-c-a-a- tna-t p~ is Ia-t’a-~ a-t1a -ia - a-c-i t;ccO

= (7.7 )

c-c ia-crc a-s a- coun ca -al  c a - ta - a - ta - a - a .  a-P x ,x
2
,t a-a c 2. a a - - a - C E a- acac -  :aa-,~t a-ic e a -ca -~-mul~ to

the ac -a-a-Va-ca-s x~~~_ a -  a-s a - - 0  eeoc-ac-c I -
~~~, a-lea -ac Pa--ca : (7 .6)  in at las la-cia-  a- a - c

w e a-ota :Ia-

: L[~~~7 a-a-- ~~~~~~ a-i - 
~~~~:

a-a - = ( 7.~~~~)

fcc a u l  araa-at trary ., wa-a-a-c- a-a- Is a-~~f i a - c a -. by (7.2). --1::. i c - a - a - SOc- i

a I aatsa-c- :ac-ticnc Ca: 2 , a--cc- then a - a - t a - i a - a -  f c c-a ., (7 . 5 )  t a -ta -  ~~~~~ ca -a-ala -t ic -a-

H ~[p ~~~~~~~~
.
~~~~~ ± a ’ 7 =  c - I . (‘~~.s)

Ia- is t t a c a - s I c _  to a-a-:.,oa a’-c :- : - . a-l,-a- a - - a - a - c - a - a -  :‘. - ‘ a-n s:c -ac .a:a-lca- ~-f

( 7 .7 )  f~ r 
~ 

Ir a asa-.c-Ia -l a- ta - c - . , oa - - a .  ‘ I  1 , - . I, t  a r- a - , riaa - .  Ia, ‘a - h a -  t a - s .  - , a - a-a

-‘ c-Va-ce of ecaaI-Ia :aity it: P. Ia- I- indicated in §3 that :
~~9 

- a - .  g faa- ci t

1st - - Ia- (7 . )  : c a t a - h : s ’ ~a-- ’ :; a tas ~~~. i - ; t :a’.I:’ a- a- - - a - : -  a’ :1 - Ia-
a-- a- - a~~_ r a - 5 aa- c - a - - t a - t O .~i,,tIV a -:,l acc- .1ac, ’.,’ ,1c , a - - a c’ - t a, aa - :a - t - l t- t a - - a - - i 1 . 1-, ’ ::ia - --i.;,
I :-r a-- a-c it _ c- a- r ; a - a  ility Th It. a - : , Pa -r at , (7 .7)  i a  a S a -  .c - :a -  a - a . - .’ 1~~~~ : ‘ 

- “a-
a - P  t;.ic- section .

F 29.
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- a ’s- : i tr - c -r y  - Ic - a - at-ic a - a - t a - t a - a -- ia - i .  -c-a-pose a-Lo t the ta--a- a- a --ia -our - a- d i: a-i-i a . , ; I a - a -  : a - . c -  ia -a - :

-- ,-l i - - a-a- in ~ a - a - -a - ~i-a - -aa - by

e = (e LL
t e 2 ) / 2 _ c - 3 (el_ 9

2 )/~~ , a- = -~~(B 1-~~~~a-~ , (7.10)

.-:a, -.:r-a- 
~~
, ~ ,a- (s ~f e ~

) t a - a -  c-a -a1 a :ta - ;;us. If la - a - a - a~~ P. - -ac -a- a-V a - a~ - t a - t O- a- a -P

cac :cc-aa-a-ic:i~ p, sup Il, a- - i th  a- a’i ; ia-c j c-,a: c a - b n  ~ ta-cr s s  2 a - at  ; ‘ :i t aa a- -

, , a - a -uc a.aa-ieJ or, ta-ia-a- r aa ,sr fu c -: . a-oa-:e-ver, a - i r a - ce  a- ( a - a - c.L i .a - atc ’-a- a- ,- i t~ (2.14) Ic- a-a-- a a-c- i

to rc-I;,ain finite , it ca-n be a-Ea Sily show n ta-at t I a -  ti.irI a- - a - t :  =P ta-c a-ia-c -a-

ira-tepra-I in (7.6), r1arc-elp

a- 
,O I 1 V (B,~~~~,~ 

a- -

j J ? ~~th:”Jo = :_~~ ~~ 
‘ 

~~~~
- 

-
, (1.11)

c-ends to a finite iiiaa-it as c-— ’O. Ta-ia-a result clearly sul ’p Ics a ac -a - a- I’.’ a1 ti:’a- P,ar

a-he a- a-ore general assua-;1ption (7.7). Ir. a - i a - c ca-sc of an c-.~.urt..o t:.:at,a-’8a’1, a-c

;oiiltioaa-a-l occervatics. c-sac be ac-c-dc re-a-an Ita-p ta-a-: la-:Ltia,. ’. t a - I a - a -  ~~. a-he ‘ — I c - c

I i ;a- a-ia--a- i t aa t a --a ” ctat a’d of (7 .7)  is aIc’:: ps a-ca-a-icc-a-at I c - a - . c-Inc a- :~ , a -  a - Ia - ta-a- a-a-

= — p - C for ala -p p ro c-c - sr .  lie-nc-c ti1:- I T h i a - I r a - - va -a-The a-f a-h , Ic -a--, a-’c-l in

(7 .7)  roust also be noa.n c-p aat ive , i . e.,  ~~ p 3.

c- - a - fore  c - I c - a - i a -p  ba-ia- a-ppa-a-a-1i1;’:, wo osc -,rva- ta-c-a- c- ia - a - c - -s ; wi;i -a -aa - - a-i: c - a - . a-

a - a - :  s’a - - : n ’ a - c - a - t ; a-a-i a-a- a -a - a -c - ci a’, fi sa it o  in ta t - . r.- a - i c -hbca - i a - oa -.i c-f a - .  t ; . -a- ,c- ,a-a- :a-a -I-,-Itc-

tc-c-a-:o.’ ’a-ca :Oci aa-eJ a--:ith p a-ta-a-st bend to .;-ac -c - it .  a - ia - ic  ta - -a - i  j ; a -~: c i a - - a - - : t .

.-aca-a - .r .ow. ,:dp- ana - ri t .  a-h-, work of one of us ( P . M . N . )  was support- i a-a-; the U . b .  c - f f i c :
a-f . c -~- i - -sea rch c-a -d -~-r Contract Tta a-Th1 14- iI- -C-Cil cs , ~~oject ~m :a-a-14_ 14~~ . a-a-a-ta- the
ni-ca --ra-ity of California , Pa-- rI-:- :’Ia-y. Also , P.M.N. held a-i Senior \‘lsitinc- Fellow-

a - : t a i a - )  a - f  the a-clone: ~esearch a-c- a-ac -il in the University of Oxford dur ir1’ 1)7~- -76.
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