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PREFACE

This report was prepared by Steven A. Arcone, Geophysicist, Physical Sciences
Branch, Research Division, U.S. Army Cold Regions Research and Engineering Lab-
oratory.

The study was performed under Project 4A7627 I 9AT33, Research for Base
Developments in Thdaf ers of Operation ; Task 03 , Base Development in Winter Con-
ditions; Work Unit 006, Site Selection and Subsurface Exploration.

This report was technically reviewed by B. Pratt and P.V. Sellmann of CRREL.
The adaptation of mathematical solutions (eq 12-19) for the approach used was

developed by Dr. Pieter Hoekstra, formerly Geophysicist of CRREL, and the com-
puter programming was done by Kevin E. Gartner , Computer Technician, of
CRREL.
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SUMMARY

The purpose of this research was to develop an effective program for comput-
• ing the resistance to ground of simple electrodes carrying direct current. A model

of horizontal earth layers and parameters applicable to arctic engineering was em-
ployed. The report begins with a brief introduction to the theory of d-c earth
conduction and presents t he definition of resis tance to ground. l’he development
of the specific electrode cases of a horizontal straight wire and a vertica lly driven
rod are t hen discussed. ‘the explicit deve lopments of the tnathcmatical solutions

are not presented because they may be found iii the literature. However , ti le
solutions themselves are presented and they are then numerically integrated us-

ing earth parame ters based on previous studies of perm afrost resistivity. The re-

sults of the simpler cases involvin g homogeneous ground compare favorabl y
with those of previous t heoretical studies.

The more difficult cases , involving two-layer earth models, generally require
less than 165 sec of computer run lime for layer thicknesses up t o 10 m. rod
lengths up to 30 111. and wire lengtlls up to IOU In. For t hese c ases . best accur-
acy is obtained with electrode radIi less than 0.01 in. SpecIfic problems such as
the coirtculence of the two-lay er inlet face with the dec irode ceflle, and suhsuz.
face emp lacement of a honzontal wIr e are also tlis . uss~’~l

The Computer program developed. ~ rt t te i i  111 RASI(’ computer language is

pnnted out in lull t~i the appendis . and dii 1k .l5~ 5 lilsilIslIlt! le nell is 1(111

times and numerical III aLLIII.IL IL’S JIL’ li s te d .iI the end n th~ re po. I \ ‘ .0 tem pt
was Illalie to cataluL’ lesIlli’, t,’i SJfl.IIIOiI% II) .111 II,, pa t .  ‘ p e l t  is that tIlt’ pJ .L’ ,. l JJ)

can consIder. l , is t e.id . It is h~lues ~’ l  that Iii, r ts I . I Is  ‘ , c s e , i I , t l I t  ~,0 t i ,  ci,! e t i

dence for the capabIlitI es it t  the pi ‘e,.uiii

I
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A COMPUTER PROGRAM TO DETERMINE ThE
RESISTANCE OF LONG WIRES AND RODS TO
NONHOMOGENEOUS GROUND

Steven A. Arcone

INTRODUCTION effects of changing the penetration depth of a vertical
rod. Tagg’s analysis is unsuitable for rapid calculations

Good ground contacts are often necessary for the because he presented an additional resistance due to
protection of equipment and personnel against exces- the penetration of the rou into the lower earth layer
sive electrical transients or overloading. The idea is that had to be added to the resistance of the portion
that when an excess of current is sent through the cir- of the rod in the upper layer. After these values were
cult a fault system activates to divert this current found, he presented a penetration factor which had to
into the earth through suitabiy placed, low-resistance be multiplied by the sum of these resistances, making
ground connections. The ~onnections can be a simple the calculation of resistance to ground laborious.
arrangement o a  metal rod placed in the ground or a Since calculations of this type are so important to
more complicated arrangement of rods or buried electrical engineering in the Arctic. a computer pro-
wires. In every case , however , the resistiv’ty of the gram was developed in this study for rapidly caiculat-
ear th materials encountere d is an important design ing the resistance to ground of either a vertical rod or
parameter. a horizontal wire, both of specified length and cross

In the Arctic. where per.nafrost or seasonally fro- section, for a one- or two- layered earth model. ‘The
zen ground is encountere d, a knowledge of earth re- program’s accuracy was verified by comparing the re-
sistivity becomes all the more importan t for engineer- suits with those of Sunde (1949) for the simpler cases.
ing purposes. Hoekstra et ai. (1975) and Sellmann et No attempt was made to catalogue a series of earth-
al. (1974). using electromagnetic. noncontact methods resistance curves for variations in all available para-
of resistivity surveying, showed that resistivity in the meters . The total computer program is presented in
Arctic is highly variable but that , with proper survey- the appendix.
ing techniques, suitable grounding sites can be located.
Their work also showed that , in the Fairbanks area,
values of earth resistivity are most commonly found ThEORY OF EARTh GROUNDING FOR
between 100 and a few thousand ohm-meters over SIMPLE ELECTRODES
thawed and frozen sediments of varying ice content
and that this range is oft. n spanned in the active layer Figure I shows an idealized case of a simple ground-
in the course of a year at any location. This is due to ing configuration. A hemispherical electrode of radius
seasonal thaw and changes in the active layer depth, r 0 inserted at the surface of an earth of resistivity p.
which must also be considered for grounding applica- measured in ohm-meters . delivers a current of! am-
tion. peres to the ground. The hGmogeneity of the ground

Previously. Sunde (1949) and Tagg (1964 ) theo. permits the current to flow symmetrically away from
retically considered these grounding problems in non- the electrode in hemispherical fashion such that tile
homogeneous earth. However, Sunde did not pursue current density J, measured in coulombs/(sec-m2).
the e ffects of variations in layer thickness or the is

~~~~~T ~~~~~~~~~~~~ T~III
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— Figure 2. Cylindrical coordinate svs rem on

Figure 1. Hemispherical electrode discharging current in to a a resistively layered ea,-th used J br solving
homogeneous earth. Laplace ‘s equation.

7= _i__ 
~ (I) In cases where the earth may be idealized as two or

2irr2 more uniform layers of different resistivities, and the
electrode geometry becomes more complicated, theo-

where r is the radial distance from the electrode and ~ retica l solutions can only be presented in integral or
is tile radial unit vector , series form for which a computer must be used to ob-

l’he electric field E, measured in volts/ meter , which tam numerical answers.
determines the direction of current flow, is found The common procedure used was to solve Laplace’s
from the relation equation for tile electrostatic potential

-4 -p
E pJ (2) V2 V’~0 (7)

and the electrostatic potential V, measured in volts at in cylindrical coordinates, as illustrated in Figure 2. hi
any distance r 1, is defined as the figure, the origin is taken at the surf ace of the

earth .: is t he depth below tile surface. r is now the

v= f ~ .d~
’ (3) cylindrical radial distance , and 0 is the angular coordi-

- 
nate. Laplace’s equation must then be solved subject

0 
to certain constraints upon the current flow and the

where dr ~5 the incremental radial distance of integra- potential itself. The constraints are that , at the inter-
tion and the dot product is understood to be taken. f ace of any two layers , including that between air and
Carrying out the integration, we find that earth . tilere must be a continuity of potential V and

of normal current density J7 . Since, within each mcdi-

v= LI?_ I-i—- I\  (4) urn, the current density is de fined as
2ir~ r r J0 -4 -4

J E/ p  (8)
For unit current delivered ~o the electrode, the re-

sistance R to uniform ground out to a distance r 1 is where
then

(9)

R=~~ = -~- IJ- - —i\ohn is . (5)
I 2ir \r 0 r 1/ all constrai n ts can be mathemati cally expresse d in

terms of I’. Air is considered infinitely resistive, so

If tile return electrode at r 1 is considered at infinity. that J, = Oat : = 0.
th en

R (( ) )
2r r 0

‘t h e  approach used is based on the division of
is the resistance to gro ulld of the hemis p heri cal electrode , either electr ode. t he hi~ni.ontal wire or vertical

‘I
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-
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I

rod,~ into discrete segments. Considering one seg- Case I :  Segment in layer 1, electroce center in
nteil t at a time, its electrostatic potential at every layer I:
other segment position is computed. The potential
at each segment is then the sum of the potentials de- v = I (it e~~

2 +B e~ +~.L exp (— X Iz—n Inved from all the other segments. With unit current J ‘,, 4~r
delivered to the entire rod, the resistance to ground
is then the sum of all the segment potentials. This J 0( Xr ) dX  (12)
process demands n 2 calculations for n segments. To
reduce this number, the total potential is well ap- where
proximated by summing the potentials. calculated at
the electrode centers, of all other segments. A = — 

p 1! k 1 exp [—A(2z 1— n ) I—e ~” (13)
Since the potential developed around each d cc- 4ir k 1 exp (-2Az 1 )+ I

trode segment is independent of the angular coordi-
nate 0 when the origin is placed in the center of B = — 

p ’s’ 1k 1 exp(_2Xz iXe An+e~ t)] (14)
that segment , eq 7 becomes 4ir L k 1 exp(- 2X: I)+  I

!. -~- I, ~,!\+ iX = 0 (10) Case 2: Segment in layer 1, electrode center in
r ar \ ar/ az 2 layer 2:

when expressed in cifferential form. The solutions v I Ce~~ J ( X r ) dX (1 5 )
are stated without proof, as the general procedures 0

for determining them are given in many texts (e.g., 0

Stratton 194 1, Ward 1967). All the solutions eval- where
uated at the electrode center are of the integral
form C =~i

1 
(I ~~k )1 e~~~+e 1”~ 1. (16)I Lk 1 exp(- 2A z 1)-F lJ

V= f f ( A.z , n,z 1 , p 1 2 , k 1)J 0 (Xr) dX (II)
J ‘ Case 3: Segment in layer 2. electrode center in
0

lay er I:

where A = variable of integration
z depth of the center of the rod = f ~~~~~ +e~’~2) J 0(A r) dX (1 7)
n = depth to the center of the segment in

queStion 0

= depth to the two-layer interface where

2 = resistivity of either layer
p 1  -An -~k1 — (p 1-p 2 /p 1 +p2 ) /) = ~~~ ~~~ 

e I . ( 18)
J 0 = ze ro order Bessel function of the firs t 1~~i 

exp (— 2Xz~)-F lJ
kind

r = electrode radius Case 4: Segment in layer 2, electrode center in
dX = incremental change in A. layer 2 :

For the following cases, the term segment refers v = f  [~.aL exp(—X Iz-n I)+ E e~~ ] J o(Ar)dX
to that particular segment of the electrode whose
potential we are calculating at the electrode cent er. (19)
Four different cases arise, depending on whether
the center of the electrode or the center of the seg- where
men t is in layer I or layer 2.

i~ ~ !_. e~ ”~~( 1 + k  ~
[ I +exp(2Az 1)

* The distinction between rod and wire is only on 4ir I Lk 1 exp(- 2X z 1)+ l
the basis of radii.

— cx p (2A 1 J~. . (20)

3
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The com puter program developed, called REStST .
S. ‘ace P j z  is written in BASIC computer language, and is listed

P2 in the appendix. The program performs the segmen-

28L Q~~,, - tation of the electrodes , integrates eq 12, 15 . 17 and
Rod Length 3O rn 19 , and sums the resu lting potentials to find the total

~ \ Rod Radius 005 m resistance to ground for unit applied current. Either
‘

~~ 24~
— - homogeneous ground or two-layer ground models can

-
~ L \ ,~~ oo be considered. A definition of all tile parameters

\ p:.I000 used is listed at the start of t u e  program .

N. RESULTS
-

0

- - To reduce the number of cases. only the following
— — values were used: resistivity values of 100 and 1000

ohm-rn. vertical rod radius of 0.05 m. and h orizontal
- - wire radius of 0.00125 rn. These electrode dimensions

8 — - were chosen to enable a comparison wltll Sunde’s
p’ IOOO 

- 
(1949) results for homogeneous ground to be niade.

- 
p ~IOL) 

_~~~~~ ,.., _ -. The program considers the electrodes to be only at or
4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— below the surface.
I i I I I I ‘tile resistances to ground of t h e two types of

0 2 4 6 8 0 electrodes , as a function of increasing electrode lellgtl l
z 1 (m) for various one- and two- layer cases , are plotted in

Figure 5. Resistance to ground of a vertically driven Figures 3 and 4. TIle dashed curves are Sunde’s re-

rod as a fu nct ion of f irst-layer th ickness ~~. 
suits and should be compared with tile 100-ohnl-nl
solid curves that are nearest them. These favorable
comparisons ensure t he validity of the program for

illese equations govern both iloflzontal and verti- wires less than 100 m long. The two-layer curves
cal electrode segments. For a horizontal electrode . sh ow the convergence of the resistance to ground
either at the surface or buried, = n. When a verti- of the one-layer and two-layer models for long rod
cal electrode penetrates both layers. the following lengths. The curves reveal that the horizontal wire
assumptions are used: gives superior grounding per meter of length when

I. Tile current per unit length Y 1 in the portion of the upper layer is more conductive (100 ohm-m/l000
tile electrode in the first layer, and the current per unit ohm-m case) tllan the lower layer , whereas tile driven
lengtll Y2 in t he portion of the electrode in the second rod is superior wilen tile lower layer is more conduc-
layer , are related to tile total current ! by the equation tive (1000 ohm-mfIOO ohm-ni case) than the uppe r
(Tagg 1964) layer. This is logical, since the better perfonllance

is exhibited by the electrode maintallling more con-
~~t~~ + Y2L2 1 (21) tac t witii the l00-ohnl-rn earth.

The variations in resistance to ground as a func-
whe re 1.~ and L2 are the electrode lengths in the tion of first -layer thickness for the two different
first and second layers, respectively, electrodes are plotted in Figures 5 and 6. This is

2. Y 1 and Y2 are related by the equation (Tagg an important case to consider for frozen ground ap-
1964) plications whe re the active layer varies in thickness

during tile year. In areas of seasonal frost . where

= ~~~~ Y2 .  (22) only the upper layer experiences freezing, the 30-rn-
p 1 long vertical rod electrode is supenor to the 100-rn-

long wi re for all layer thicknesses , as can be seen by

S 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
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division, which works to a tolerance of about 5%
36 ‘~ until the radius equals 0.01 ni: radii smaller than

— this may there fore require more segments. Thus ,
it is recommended that vertical electrode radii be

32
greater tilan I cm to save on computer editing and

p ’ IO O 
~~~~~~ _ — -

~~ run time.
p ~Iooo I

28 
2 — - —‘v’ — — 

2 Center of the vertical electrode (rod) iiear
(lie two-lay er interface. This method of segmenting

,-‘ the electrode requires that each segment lie entirely
o / Wire Length l OOm 

~ witiiin one layer. Tllere fore. if a desired electrode— 24 -
f Radiu s .000 125 mn

i is found to have a center coincident with tile
2 / _ _ _ _ _

- Wire on Gr ound Surf oc e~ modeled interface , it is recommended that it be
o 20 — 

~‘? 12 
~ lengthened a distance equal to six radii or lowered— 

~ a distance of thre e radii to avoid this situation .
C -

I : 3. Horizontal electrodes (wires) buried beneath
6 

~ the surface. To check on the accuracy of the results
~~ 4 p ~IOO -‘ for these cases, it is recommended t hat the electro-

static potential be recalculated for all segments where
2 

~ H r >  1 m by decreasing dX by a factor of 10 or

~ greater.

8 -

~i CONCLUSIONS
4 .

I I I I I I I The program RESIST is an e ffective means of cal-
0 2 4 6 8 ID culating the resistance to ground of simple electrodes.

z (m) The number of variables allows a great deal of flexi-

Figu re 6. Resistance to ground of a horizontal ~~~~~ bi l ity in dealing with two-layer earth models. Use of

resting on the surface as a f unction of f lrs t-I aver this program is facilitated by interactive aids whereby

thickness z. the user inputs data in response to formatted qu es-
tion s. When specific app lications for arctic regions
are concerned , seasonal resistivity and depth changes

comparing the broken curves of the two figures. In must be obtained for the site selected be fore a spe-
permafrost regions, the lOO-m-long wire is superior cHic electrode type is decided upon. Then, curves
when tile active layer is tilawed, as can be seen by such as those in Figures 5 and 6 caml be used to
comparing tile solid curves of tile two figures. determine the seasonal change of the ground resis-
‘These results vary with electrode length, but they lance for specific electrode types so that a year-long
indicate the value of the program for considering grounding system can be designed.
these inlportallt Si ttlations.
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APPENDI X : COMPUTER PROGRAM
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