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Low-density series expansions.
Abstract The derivation of low-density series
expansions for the mean cluster size
in random site and bond mixtures on a
two-dimensional lattice is described
briefly. New dataare given for the
triangular, simple quadratic and honey-
comb lattices and their matching
lattices.
J.Phys.A: Math.Gen. 9, 87 (1976).
Appendix II Percolation processes in two dimensions II.
Critical concentrations and the mean size index.
Abstract New series data are examined for the
mean cluster size for site and bond mix-
tures in two dimensions. The critical
concentration for the site problem on
the simple quadratic lattice is estimated
as po = 0.593+0.002 and on the honeycomb
lattice as p, = 0.69840.003. It is
concluded that the data are reasonably
consistent with the hypothesis that the mean
cluster size 8(p) = C(pe-p)™Y as p + p. ~
with v a dimensional invariant, y = 2.&310.03
in two dimensions. Estimates of the critical
amplitude C are also given.
J.Phys.A: Math.Gen. 9, 97 (1976).
Appendix III Percolation processes in two dimensions III. High

density series expansions.

Abstract The derivation of high density series
expansions for the percolation probability
and mean cluster size in random site and
bond mixtures on a two-dimensional lattice is
described. New dataare given for the tri-
angular, simple quadratic and honeycomb
lattices.

J.Phys.A: Math.Gen. 9, T15 (1976).
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Percolation processes in two dimensions IV. Percolation
probability.

Abstract New series data are examined for the percol-

ation probability P(p) for site and bond mix-
tures in two dimensions. It is concluded

that the data are reasonably consistent with
the hypothesis that P(p) = B(qc-q)a as q + -
with B a dimensional invariant, B = 0.13810(.1307
in two dimensions. Estimates of the critical
amplitude B are also given. Series data for
the mean cluster size S(p) in the high density
region are examined and it is tentatively con-
cluded that S(p) = C'(qe-q)7y' as q¢ + q, - and
that the data are not inconsistent with the
hypothesis y' = y.

J.Phys.A: Math.Gen. 9, 725 (1976).

Percolation processes in three dimensions.

Abstract The derivation of low-density series expansions
for the mean cluster size in random site and
bond mixtures on a three-dimensional lattice is
described briefly. New data are given for the
face-centred cubic, body-centred cubic, simple
cubic and diamond lattices. The critical concen-
tration for the site problem is estimated as
Pe = 0.19840.003 (FCC), p, = 0.2454+0.004 (BCC),
Pe = 0.31040.004 (sC), p, = 0.42840.004 (D); for
the bond problem as p, = 0.11940.001 (FCC),

Pc = 0.178540.002 (BCC), p, = 0.24T740.003 (sC),
P = 0.38840.005 (D). It i1s concluded that the
data are reasonably consistent with the hypothesis
that the mean cluster size S(p) = C(p,~p)~Y as
P+ po -~ with v a dimensional invariant,

Y = 1.6640.07 in three dimensions. Estimates of
the critical amplitude C are also given.

J.Phys.A: Math.Gen. 9, 1705 (1976).

The percolation probability for the site problem on the
face-centred cubic lattice.

Abstract The percolation probability for the site problem
on the face-centred cubic lattice is investigated
by series methods. It is concluded that P(g)
vanishes near the critical point like (p=-p.)
with 8 = 0.4240.06.

J.Phys.A: Math.Gen. 9, LU3 (1976).

Percolation processes in two dimensions V. The exponent GP
and scaling theory.

Abstract By introducing a notional field variable A into
the percolation problem, a function P,()) is
defined vhose Ising analogue is the magnetic field
variation of the magnetization along the critical




eEl e i i

%

&

J.Phys .A:

isotherm. Series expansions are used to study
the critical behaviour of P,.(1), character-
ized by an exponent 8p, for both site and bond
percolation problems on the more common
two-dimensional lattices. We conglude that 6
is a dimensional invariant and estimate

ép = 18.040.75.

It appears that 6, = 18, Yp 23
is the simplest set of rational expox-(ents vﬁmh
is most consistent with the available data and
which satisfies the scaling law vy, = BP(G -1)
P P
exactly.

Math.Gen. 9, 1109 (1976).

Appendix VIII Percolation processes in d-dimensions.

Appendix I1X

Abstract

Jom. A

A note on

Abstract

Series data for the mean cluster size for site
mixtures on a d-dimensional simple hypercubical
lattice are presented. Numerical evidence for
the existence of a critical dimension for the
cluster growth function and for the mean cluster
size is examined and it is concluded that 4, = 6.

Exact expansions for the mean number of
clusters K(p) and the mean cluster size S(p) in
powers of 1/ where o =24 - 1 and p < p, are
derived through fifth and third order, respect-
ively. The zeroth-order terms are the Bethe
approximations.

The growth parameter A is found to have the
expansion

A= xB(l-lio'l -20"2 - ,..)

where Ag is the value of A in the Bethe approxi-
mation. Sun.larly the critical probability p,
can be expanded in inverse powers of o0 as

P = 0"t + 1§02 + 38073 + 20807t 4... .

Although these expansions are probably only
asymptotic, they yield good approximations even
vhen d = 3,

Math.Gen. 9, 798 (1976).

the mean size of clusters in the Ising model

The derivation of series expansions for the mean
size of finite clusters in the Ising model is
described briefly. From an analysis of low
temperature series it is concluded that for a
two~dimensional lattice in zero magnetic field
the mean size probably diverges at the Ising




e

T
RS

N

i
¥
3

5
%
L
g

Appendix X

Appendix XI

Appendix XI1

- iv -

critical temperature, T,, as (T, - T)'e, with
© = 1.9140.01. It appears therefore that

© > y' = 1.75 the corresponding Ising suscept-
ibility exponent. For a three-dimensional
lattice it is tentatively concluded that the
mean size diverges at some temperature ™ < Te.

J.Phys.A: Math.Gen. 9, 836 (1976).

Lattice animals and percolation

Abstract A brief analysis is undertaken of the statistics
of lattice animals (connected clusters) of n
cells, and the results are applied to the site
percolation problem. Recent proposals by Stauffer
and Leath are examined, and an alternative inter-
pretation is offered of the relation between
percolation critical exponents and cluster stat-
istics.

J.Phys.A: Math.Gen. 9, L1kl (1976).

Metastability and spinodals in the lattice gas model

Abstract The droplet model of condensation as developed by
Fisher is modified to take account of: (a) ramified
clusters whose surface/volume ratio tends to a
finite limit as the number n of consistent mole-
cules becomes large; (b) the excluded volume inter—
actions between clusters. It is found that the
interactions change the position of the first singu-
larity in the activity series so that it no longer
coincides with the phase boundary but is located
beyond it. A thermodynamic metastable state can
then be defined as in the classical Gibbs picture.
At sufficiently low temperatures compact clusters
(i.e. those in which the surface/volume ratio tends
to zero for large n) dominate and give rise to an
essential singularity. Near the critical temper-
ature ramified clusters dominate and give rise to
a spinodal line with a branch point singularity.
Critical behaviour can be explained in terms of
ramified clusters alone.

J.Pnys .A: Math.Gen. 9, 283 (1976).

Mean number of clusters for percolation processes in two
dimensions

Abstract We use a transformation suggested recently by
Zwanzig and Ramshaw on the series expansion for
the mean number of clusters in the square bond and
triangular site percolation problems. The new
series are smooth and well behaved, and we esti-
mate critical exponents and amplitudes. A value
of -0.66840.004 is found for the exponent ap,
vwhich is close to the rational fraction -2/3.

J.Phys.A: Math.Gen. 9, L137 (1976).




Appendix XIII Series expansions for a spin-glass model

Abstract

J.Phys .A:

Series expansions are investigated for a
spin-glass Ising model with nearest-neighbour
interactions J which can be randomly positive
or negative. For the high-temperature phase
the following conclusions result:- (i) the
free energy has a singularity at about

w = y1/2 (v = tanh 8J) (where u is the
self-avoiding walk 1imit), (ii) the magnetic
susceptibility corresponds to uncoupled spins,
(iii) the second derivative of susceptibility
is simply related to the susceptibility of the
standard Ising model and has a singularity at

w = wo1/2 (where w, refers to the standard model).

Higher derivatives can be dealt with similarly.
The low-temperature phase is more difficult to
deal with because of the degeneracy of the
lowest energy state. Further investigation is
needed to decide whether the experimentally
observed singularities correspond to the above,
or arise as discontinuities from the meeting of
the two phases.

Math.Gen. 9, L1T (1976).

A S s




1. ABSTRACT

Earlier studies of percolation processes have been extended
and the techniques applied to make a comprehensive study of the
critical.properties of random mixtures in two and three dimensidns.
Because of the theoretical interest, particularly in scaling .theory,
the investigation has been furtﬁer extended to hyperdimensional
mixtures and also to mixtures which are not random but determined
by energetic considerations. The basic data has also been used for
studies of the lattice gas model and the droplet model of condensation.
A method of deriving series expansions for spin gia.sses has been

developed.
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2. INTRODUCTION AND SUMMARY

An investigation has been made into the derivation of series
expansions required for a study of random mixtures of sites on a
lattice and extensive series data derived. For two and three
dimensional lattices the data have been used to elucidate the
percolation probability and critical behaviour. This work is
reported in detail in Appendices I-VI. We have examined the close
formal analogy between percolation processes and the ferromagnetic
Ising model and made a special study of the critical exponent Gp
and scaling (Appendix VII). Because of the recent suggestion by
Toulouse and Pfeuty that percolation processes should exhibit a
critical dimension (dc = 6) we have investigated random mixtures on
the system of hypercubic lattices. From an analysis of data in
geries form we have concluded that they are consistent with the hypoth-
esis (Appendix VIII). We have extended the study of the mean size of
clusters in the Ising model initiated recently by Coniglio. Series
expansions of useful length have been obtained and analysed and some
conclusions drawn (Appendix IX).

We have made an analysis of the statistics of connected clusters
(lattice animals) and investigated the relation between percolation
eritical exponents and cluster statistics (Appendix X). These invest;i-
gations have been extended and applied to study the theory of meta-
stability and spinodals in the lattice gas model (Appendix XI). To
analyse some series expansions which have hitherto proved difficult to

interpret we have developed a method based on a transformation suggested

 yecently by Zwanzig and Ramshev (Appendix XII).

The behaviour of spin-glasses with randomly competing ferromagnetic

i
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and antiferromagnetic interactions (but no long-range magnetic order)

.

has given rise to a number of theoretical investigations recently. We
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have found it possible to develop series expansion techniques for this

: problem. This work is reported in Appendix XIII.




