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Preface

The subject of this study was suggested by Dr. J. S.

Shang of the Air Force Flight Dynamics Laboratory in order

to further validate numerical solutions of aerodynamic

boundary layer flows. The study was accomplished by building

upon a computer solution method developed by Dr. Shang. The

study allowed me to apply much of my recent academic train-

ing.

I am indebted to Dr. Shang and Lt John Shea, my advisor ,

for their assistance and encouragement in all phases of this

project. I am most grateful for the patience and understand-

ing of my wife , Becki, throughout my study.
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• Abstract

A numerical solution of the compressible boundary

layer equations was developed for flows over either two-

dimensional or axisyminetric surfaces. The solution method

is an extension of a computer solution developed by Dr. J.

S. Shang of the Air Force Flight Dynamics Laboratory. The

• solution method is capable of solving for boundary layer

parameters in either laminar or turbulent flows. In the

case of turbulent flow, closure is achieved by use of a

two-layered eddy viscosity model. The boundary layer equa-

tions are solved by a numerical marching procedure. A

Mangler-Levy-Lees transformation of independent variables

is used to improve the efficiency of the numerical solu—

tion. The transformed boundary layer equations are then

linearized by a three point finite difference scheme. The

linearized equations are solved by a matrix solution tech-

nique. Comparisons of computed boundary layer parameters

with experimentally determined parameters were made for

both laminar and turbulent flows over axisymmetric bodies.

The comparisons show the numerical solution to be very

accurate.
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NUMERICAL SOLUTION OF THE COMPRESSIBLE

BOUNDARY LAYER EQUATIONS OV ER

AXISYMM~ PRIC SURFACES

I. Introduction

Purpose of the Study

The purpose of thi s study was to develop a numerical

solution for compressible boundary layer flow over axisym-

metric surfaces. This solution was to be applicable to both

laminar and turbulent flows. This study was accomplished by

expanding an existing numerical solution procedure developed

by Dr. J. S. Shang of the Air Force Flight Dynamics Laboratory.

Existing Numerical ~~lution Procedure. The existing

numerical solution as developed by Dr. Shang was capable of

solving for boundary layer parameters either in a two-dimen-

sional case or the limited axisymmetric case of conical flow.

This numerical solution procedure has been shown to yield

accurate results for compressible boundary layers in both the

laminar and turbulent flow cases with pressure gradients and

heat transfer at the surface.

The original algorithm made use of a transformation of

independent variables in the boundary layer equations to t rans-

form the boundary layer equations into a coordinate plane in

which efficient numerical computation was possible. This

transformation was considered only in two-dimensional or

• conical axisymmetric flows where the cone radius could be repre-

• sented as a linear function of distance along the surface.

1
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The transformation also employed the assumption that the

boundary layer thickness was negligible in comparison with

the radius of the cone.

The transformed boundary layer equations were linear-

ized by using a finite di fference method of approximating

derivatives within the equations . These equations were then

solved by a matrix method , and the boundary layer parameters

of interest were obtained by an inverse transformation.

Modi fied ~p~merical Solution Procedure. The numerical

solution developed in this report follows the same general

method of solution as the existing solution procedure. The

primary difference between this solution and the existing

solution is that a more general transformation of indepen-

dent variables is used. By generalizing the transformation,

boundary layer flows over arbitrary axisymmetric bodies can be

considered.

The transformation of independent variables used in

this report represents the axisymmetric body radius as a

polynomial function of distance along intervals of the axis

of symmetry . Using this model of the radius , the transforma-

tion of independent variables , required for efficient numer-

ical computation , can be applied to arbitrary bodies of

revolution.

The new solution is also improved, particularly in

the case of slender bodies of revolution, by accounting for

the transverse curvature effects. These effects were ignored

in the existing solution by assuming the boundary layer

thickness to be negligible in comparison with the radius of

2
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the axisynunetric body .

The boundary layer equations were then transformed by

this new transformation, and the resulting equations were

linearized by using a finite difference method of approxi-

mating derivatives. These linearized equations were then

solved by the same matrix method of solution as used in the

existing solution. The inverse of this new transformation

produced the boundary layer parameters of interest.

Outline of the Report

This report is written to describe the modelling and

numerical solution of the boundary layer equations over

axisymmetric or two—dimensional surfaces. The solution pro-

cedure described in this report was implemented in a computer

program listed in Appendix D.

The equations necessary to model the boundary layer

flow for either two-dimensional or axisymrnetric flows are

given in Chapter II. The transformations required for numer-

ical computation purposes are also given in this chapter.

Chapter III provides the actual mechanics involved in

the numerical solution. The logic of this numerical solution

as implemented in the computer program is also given.

Chapter IV presents the results of two test cases used

to validate the numerical solution procedure. A comparison

of accuracy with two other numerical solution methods is also

made.

Chapter V contains conclusions and recommendations re—

suiting from this study.

3



II. Mathematical Formulation of the Problem

Governing Equations

The boundary layer equations describing conservation

of mass , momentum , and energy as developed in Appendix A

are

+ = (1)

- - -  -~~~~~~~~ -

f L ~ au f tf ~~U —~ P + i~ a (2 )

[ ] 2

j .. j  L[r~a.~’ ~~(c~T)] (3)

This set of equations can be used to describe either laminar

or turbulent boundary layers. T~e eddy viscosity terms ~~ and
A
E reduce to a value of unity for laminar fl ow. Also the

normal velocIty term ‘V, which is the sum of ‘V and
— 

p
reduces to 1f for laminar flow .

The superscript ~ in equations (1) ,  ( 2 ) ,  and (3)

allows the equations to be used for either two-dimensional

• or axisyimnetric flow. For the two dimensional case, ~i is

set equal to zero to remove the radius r from the equa-

tions. For the axisyinmetric case, ~) is given the value of

unity. 
—

In equations (2) and ( 3),  ( and £ are considered as

4 
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known functions of ,0 , u ,  and Y and will be discussed

later in this chapter. The pressure gradient is known from

the inviscid Euler equation (Ref  14:21 ) given as

= (4)a)c

since flow properties outside the boundary layer can be

determined by inviscid flow theory.

Equations ( 1) ,  (2 ) .  and (3) then contain five unknowns:

~ ~~~~~~ and~~ . The perfect gas law and Sutherland’s

viscosity law (Ref 17:19), given by equations (5) and (6)

respectively, are used to express ,~j  and i~ as functions of

T and thus reduce the unknowns to ii,~~1, and ~:
•

(5)

f t  (~~ ~ [T ~ec (’R) + ~~~~ (6)
~~~~ LT”~c(°~)i 1~ 

( R )  + i98,6 °I~ J
The pressure P is a known quantity outside the boundary

layer. The pressure within the boundary layer can be consid-

ered constant in a direction normal to the surface bordering

the boundary layer; therefore, equation (5)  reduces to a

relation between ~ and T.

The use of equations (4 ) ,  (5), and ( 6 )  can, therefore,

be seen to reduce equations ( 1) ,  (2 ) ,  and (3) to a set of

three equations in three unknowns

.5



I
Transformation of Independent Variables

The governing equations (1), (2), and (3) have a singu—

larity at the stagnation point ( r  = o )  for axisymmetric

flow. In order to remove the singularity and also to remove

most of the variation in boundary layer thickness along the

surface, a Iilangler-Levy-Lees transformation (Ref 2:261)

~~ 
Ue~~e(~~)dX

_ _  
(8)

was introduced. The removal of most of the variation in

boundary layer thickness improves the efficiency of numer-

ical sølution of the boundary layer equations .

The quantities r ,  r ,, X , and Y in equations (7) and

(8) are those shown in Fig. 1.. The orthogonal coordinate

system X~> is a surface coordinate system in which the

x

• — — 
— 

r
• 

€~~~~~:~~~~~~~~~~~~~ 
I I

Fig. 1. Surface Coordinate System

• 6
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X axis is tangent to the surface and points in the stream-

wise direction while the 
~
y axis is perpendicular to the

surface. The term r is the distance from the centerline to

any point on the y axis measured perpendicular to the axis

of symmetry. The term L~ is the reference length used in

computing the free stream Reynolds number. The ratio in

• equation (8) is known as the transverse curvature parameter

and will be represented as t .

The partial derivative operators associated with

equations (7) and (8) are

— fe ,ae ue ( t
’
~

2

~~~r~~~~~\ ±(~2~f~ \1 ( 9)
~~~~ L~ /~’. \ 4 ~1a~.kj

PUe (-fEY (
~Th

’
)g uo

The governing equations (1), (2), and (3) are now transform-

ed from physical surface coordinates X,Y to the transformed

coordinates 
~~~~ The transformed boundary layer equations $

are 
-

F + 2~~~f +~~~~~v z O  - (11)alt

~~~~[/ ~~~t
2
~~~~~

] 
— v~ r + ~~ { e _ F 2] -

u2

7 
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= 2 ç F~~~ (13)

where the following definitions have been used.

( 14)

V 
~~~~~~~~~~~~ [~ 

F ( 15)

(16)
f
~ Me

—

(17)

.?I I~ (18)

P t

When equations (5) and (6) are applied to equation (16), the

• expression for I becomes

I iqr ~+ 
~~~~~~ (20)

0 +- _ _ _ _ _ _

T~(i~

Given this relation for / and assuming -
~~ , ~~~~~ , and ~ cam

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~- —



be expressed as functions of F , ê , and \f , equations (11) ,

(12) ,  and (13) become a set of three non-linear differential

equations in three unknowns F , e~ and V . The expressions
A

for t , , and E are developed in detail later in this

chapter.

Transverse Curvature Correction

The existing- numerical solution prior to modification

assumed that the transverse curvature parameter t was equal

unity. The solution developed in this report retains the

transverse curvature effect in the solution of the boundary

layer equations. Since the parameter t is the ratio of ~

an expression for t is found by observing from Fig. 1 that

r = r 0 i - Y c o s ø (21)

Dividing equation ( 21) by ç and using the definition

gives

+ * CO5~~~~~~ (22)

For a given value of )( , the derivative of t is

dt (cos~~~~)jy (23)

Solving equation (23) for JY and substituting the value

into equation (7) yields

9
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tdt L~ (2n co5 

~ 

( f ~
) 

~~71L (24 )

P

When equation (24) is integrated from the surface outward

in the normal direction , it yields

= + 2
,~~~

(2
~r c o ~ ~ 

d~Z (25 )

Using equations (5) and (17), the expression for t in the

transformed coordinate plane is

-t + 2LR (2~~)~
’a 

c~~ Ø f e d ~l1 (26)
L J

As equation (22 ) indicates, t = 1 is a good approxi-

mation for most axisymmetric boundary layer flows. The

numerical solution procedure was, therefore, designed such

that the transverse curvature correction could be retained

or dropped from the solution of the boundary layer equa-

tions.

Method of Modelling Body Radius -

The geometry of an axisymmetric body is determined in

the new solution procedure by fitting a quadratic curve of

- :  the form

r0(z) p
~
. + 

~~~~ 
(27)

through a series of surface coordinates as shown in Fig. 2 .

10
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(~~~ a ~~ _ _ _ _ _ _• ____ •_________ _ _ _ _ _ _ _

Fig. 2. Radius Curve Fitting

Since the existing computer solution procedure required

the input of surface pressure at a finite number of surface

locations, the coordinates T~,Z of these locations are input

and used in the new solution procedure to determine r (~).
The coefficients A~, L3~, and C; are then determined by

fitting equation (27) through three consecutive surface

locations starting with location 1 . In using equation (27)

to determine r., the first set of coefficients 1 ,, 3 , and

C, is used until, the second surface location is reached and

then the second set of coefficients would be used until the

third surface location is reached. This technique is contin—

ued for increasing values of X until the last surface loca-

tion ( i = ik ) is reached. Since the changeover in coefficients

is made at points for which rQ is known exactly, errors in

determining ~ do not propogate.

~~~~~~~~~~~~ i
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The angle 0 between the centerline axis and the
tangent to the surface is required in order to det ermine the
transverse curvature parameter ± in equation (26). This
angle is observed from Fig. 1 to be

- t~ n~ (~-~) (28 )

where determined from equation (27) is

~~; + 2 C; ~ (29)d~ H
Since the numerical marching technique used to solve

equations (11), (12), and (13) proceeds stepwise along the
surface of the body, distance along the surface is related 

H
to centerline distance by (See Fig. 1)

C 0 5  0 (30)L
RepresentatIon of Turbulence Produced Terms

Closure of the turbulenc e correlations in the boundary
• layer equations is effected by the eddy viscosity terms €

and ~ (See Appendix A), where

:: t : ;~~~ :::;

12 jL. ~• ______________ ~~~~~~~~~ ••—•—--— -~~~—
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The actual eddy viscosity E used in the solution procedure

is a two layered model in which two separate formulas are

used for the inner and outer region of the boundary layer.

The inner region model is based on Prandtl’s mixing

length theory (Ref 13: 548).

- _ _— 

,~ ~ )‘ (33 )

This expression after being fitted with the experimentally

determined mixing length f~ of Van Driest (Ref 15: 1009) is

i~. ’/~~
1: -e~p[- y~~ (2~~ ] \  ~~ (34)

‘~J~ ~~ I I 2~i~ ~ P / if ~~~

The value of ic 1 used in this report is 0.4 as given by

4 Van Driest and validated by Cebeci (Ref 4: 23). The wall
shear stress 7~ is given as

= i’i w (
~)w

• The eddy viscosity model used for the outer region of

the boundary layer (Ref 3: 526) is

‘
~~~~~ f (~ e~~~) ~

y

where the value given for ~~ is 0.0168.

Changeover from the inner region model to the outer

13
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region model is made when the value of is equal to

Since the transformed boundary layer equations (Ii),

(12), and (13) are solved in the ~~~~ plane, it is neces—-

sary to transform equations (31+) and (36) into this coor-
dinate plane. These equations after being transformed by

use of the transformation equations (9) and (10) are

P1 ~ 
{
~ - e x P ( - ~~~~~ 1~ ~~ (37)

/ L \ 2~~~JJ à~t~~ J

(E~ f ( t  -F)~~ d~~ (38 )
~~~Jo G2 /~ ~~f J~ t”

where

~~ 

{ L~ (t 
]

2 

~~ 

- 

(39 )
/(/e ( zf l ~’~ O~

F’2 / ~ (40)

The turbulent Praridtl number P~ appearing in equation

(32) is determined from experimental data, and the value

• used in this report is 0.9 as suggested by Cebeci (Ref 2:260)

for air. With this value of Prt and equations (35) and (36),

~ and E are determined since the static Prandtl number ~y

is known for air.

For cases of transition from laminar to turbulent flow,

a transition model developed by Harris (Ref 4:29) is used in

the solution procedure. The model introduces a transition

14
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factor I which is multiplied by the eddy viscosity E such

that equations (31 ) and (32 )  become

E + I&..\I (41)

= 1 ÷ (
~ \(Z \ I (42)
\MI 1 F~~J

The transition factor I is given by

I ~~~ 1-0 .~ L 2 ( ~ -~~~ 1 (43)
L \ ~~~~ J

where X ,~ is the surface location at which the transition

from laminar to turbulent flow begins. With this model, it

can be seen that I would have a value of approximately zero

prior to the transition point and then asymptotically

approach unity beyond the transition point.

Boundary Conditions

The transformed boundary layer equations (11), (12),

and (13) are solved by a method in which these equations are

linearized to a first order set of equations in F , 6 ,  and

V • This set of equations is then solved subject to boundary

conditions on F , e, and ‘I at both the wall and the outer

edge of the boundary layer.

The boundary conditions at the wall or surface of the

body necessary to satisfy the conditions of no slip at the

wall, no mass transfer, and a constant body temperature are

15
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U ( x ,o) 0 (44 )

~Y ( x ,o)  ~~~o (45)

0 (46)

The boundary conditions at the outer edge of the boundary

layer , which are determined by external flow properties , are

~ (x ~ y e )  1~~ ( X)  (47)

T(X , ’~ ) ~~~~e ( ”)  (48 )

In terms of the transformed variables , these boundary

• conditions are

F(~ ,O ) O  (49 )

v(ç ,o) = 0  (50)

e(~ 1o)= T~~1 (51)

F (
~ ~ e) (52)

e (fl , ~
) ~ (53 )

Although there is no physical boundary condition for ~~~~~~

a mathematical boundary condition on V (~
‘ 

~
) is required

in the numerical solution. Since the numerical solution

16
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technique uses an iterative type solution at each step along

the surface to obtain a solution to the transformed boundary

layer equations , the value used for a boundary condition on

is the last calculated value of

( 54)

17
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III. Solution Technique

Grid Generation ~~~ ~~~~ 
Transformed Plane

The transformed boundary layer equations (11),(12), and

(13) are solved by a numerical marching procedure. This

procedure obtains a solution at each step along the surface

moving downstream in the flow field.

In order to implement this method of solution, a grid

is generated in the transformed plane in such a way that the

ratio of any two successive spacings in the ‘fl direction is

a constant. Spacing of steps in the g direction is variable

in the sense that it can be doubled at any point along the

surface. The grid is generated by the following formula.

( = ~~~~~f l 2~~~7~ 
~~~

= 2,N (55)

‘K is the ratio of any two successive spacings in the 7(

direction and A’)i~,is the assigned value of the first grid

spacing as shown in Fig. 3. This grid allows for short steps

near the wall where velocity and temperature gradients are

normally greatest and larger steps as the edge of the bound-

ary layer is approached. The values of ~~ , 14 , and A?t,are

chosen such that a minimum number of points have to be used

in order to obtain a solution for any given problem. Typical

values of ~~, N, and ~~~used in this study were 1.1, 100,

and .0005 respectively. A typical starting value for t~X
was .001 which was then doubled at several points along the

surface.

18 
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H Fig.3. Grid in Transformed Plane

At each ~ station , -when a solution to the boundary

layer equations is obtained, the convergence of both F and

~ is checked at the (N — 15) grid point in the fl direction.
This is accomplished by using the following two relations.

- F(N-t5~) ~ 0.0001 ( 56)

e(t4-16) O(~.&-s5
’) >- O.ooo~ 

( 57)

This convergence check is based on the fact that ~ and e

approach unity as the boundary layer edge is approached. If

either of equations (56) or (57) is true, another grid point
is added in the ‘~1~ direction. This solution procedure is

then capable to some extent to correct for a value of N

• 19

-S



— —~~~~~~ •- .-- —- ;:••=~
— — .—~~ 

-
~~~~~

that is too small as the numerical solution steps along the

surface.

Finite Difference Approximations

The partial derivatives in the transformed boundary

layer equations (11),(12), and (13) are approximated by a

three point finite difference scheme. The derivative of’ a

variable with respect to is approximated by a forward

difference method in which th e value of a derivative at any

~ station is a function of values of the variable at the

preceding two ~ stations and the present ~ station. The

derivatives with respect to V1. are approximated by a central

difference method in which the value of a derivative at any

grid point is a function of values of the dependent variable

above, below , and at the grid point of interest. The deriva-

tion of these finite dif ference expressions is given in

Appendix B.

By substituting these finite difference expressions into

the transformed boundary layer equations, a linearized set of

algebraic equations was obtained. If a grid point ?~
141
,h is

the point for which the boundary layer equations are being

evaluated, these linearized boundary layer equations (See

Appendix B) are

A11 ~~~~~ ~
- A,2 F~.1 ~ -‘ A 3 rl~t I 

+ ~~ e ,,~+,. ~~~~~~
4% 4% n ‘ P1

+ ~~~ 
O~$$I 4% + 

~~%3 e.,,,+, 4~.1 4 C11 V~ti.t+l~ Pt-i + C1a 1 V..1 .1 , 4%

,- ~~, 1
~ 8)+ Lti V~)..t s~ h r i  —

20 
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A 2% F~,, 
,~~%- I  + -i~ P~ + 

~~~~~~

+ 6a2~ e~ +1, P1 + 
~~23 ~~ 4I,~+( C 

~~~~~ ~~4~~ +I , è~~-1 + C 22 4% ~~~~~~~~~~

+ C23 ~~~ ~~~~~ 11 (.59)
fr~

A ~~ F-nit,, rt-i P~32 F4.1~1, ~ ÷ 1~33 ~~ ,~~~, + (3~ e~PM4I ,YL~~I

+ B32 e~h~+I h ~~~ B3341 ~~ 
+ C3 ~~~~~~ + C32 V~+,,

= (60)

The subscripts of F , ~~, and V indicate the grid points at

which the variables are evaluated. The subscripted coeffi-

cients P~,6,C and 0 are evaluated from known values of the

4 boundary layer properties at ~~ stations 

~~~~ 

and ‘~v’~ as shown

in Appendix B.

Matrix Method of Solution

The linearized boundary layer equations given in equa-

tions (58 ).( 59 ), and ( 60 ) were developed for the grid

point 1n+~,h of Fig.3. If’ these linearized equations are

written for all grid points of ~
‘ station ‘~~t I  with ~ = 6.

the matrix equation (61) results. This equation has been

written for an unrealistic case of six grid points in the
• direction but serves to illustrate the matrix equation that

results regardless of the value of I. The linearized bound-

ary layer equations have fewer terms when written at either

grid point ~v%i % ,2 or ~vl~~I , t4-% • This is due to the bound-

ary conditions which are used to specify values of F, 0,

• 21
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- I
and V at grid points )n+~,I and ~~~~~ t4 •

Matrix equation (61) is then a system of 3x(N -2)

linear equations in 3x(N -2) unknowns. Equation (61) is

solved for F , 6 , and V by use of a Gaussian elimination

method (Ref 6:301).

Once the solution is obtained, it is checked for con-

vergence by computing

~~~~~ ~- F~.1+1,, 
— F (62)— — COPLV

I each time equation (61) is solved. The present value and the

last computed value of FcONV are retained so that the fol-

lowing comparison can be made.

— FCOKU
I 

~ E~~~O~ (63)
01.0

The value of ER~ O~ used in this study was .0005. If

equation (63 ) is not true then the solution of equation (61)

is accepted as the solution of the transformed boundary

layer equations. If equation (63) is true then the sub—

scripted coefficients A,  3, C • and 0 are updated using
the values of F • G , and V just obtained from the solution

of equation (61) . With these new values of A ,B P C., and 0
the solution of equation (61.) is undertaken again. This

procedure of updating A. B , C , and t) is explained in

• detail in Appendix B. This iterative type procedure is

continued until the convergence criteria of equation (63 )

is satisfied or 100 attempted solutions of equation (61)

H 23
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have been made.

Logic of the Numerical Solution Procedure

This numerical solution procedure as implemented into

a computer program requires certain inputs describing

the problem in order to obtain a solution to the boundary

layer equations. The free stream quarttities required to be

input to the computer program are the Mach number tern-

perature ~~~ and Reynolds number Re. The pressure ~ at a

finite number of surface locations and the surface tempera-

ture T~.WhiCh is assumed constant, are also required inputs

to the computer program. It is also necessary to know

whether the flow is laminar or turbulent, and if the flow

transitions from laminar to turbulent flow, the transition

point X~ must also be known . These quantities necessary to

describe the physical problem are depicted in Fig. 4.

S
. . 

e~~~~~~~~~~~~~~~~
*uL_ —~kç~” X

/~ r r • •
~~ 

/
M~~ ~~ f Os

_ A /
- 

• ~~ ‘~ 2 $5 3 
~~~~ ~5

T~

Fig. Li . Physical Quantities Describing the Problem
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Wit h these quantities describing the problem, the curve —

fitting procedure to determine a continuous function for ~,

is then accomplished. For portions of the surface where the

radius is changing rapidly, the number of surface pressure

entries should be greater than on portions of the surface

where the radius is slowly varying. This improves the accu-

racy of the radius modelling since the curve fitting proce-

dure uses the coordinates of the surfac e pressure entries to

determine r0 as a function of ~
In order to make the transformation of independent

variable from physical coordinates X ,y to transformed

coordinates g, ’?i it is also necessary to know the local

boundary layer edge properties of,, 41~, and tç .  These prop-

erties are determined as in the existing solution by first

determining ~~ at each of’ the surface pressure points. The

pressure gradient at each of the surface pressure points

is approximated by a central finite difference method as

developed in Appendix B. This approximation for is

(x —x ~_ 1) P;+, _ L2x~ 
)
~~, Xi .p~) P.

4 X ), (xi., —X ; )(X ; . .  -X ._ 1~) (X;41 X~)(%; Y~.;_~
’
)

— (j ; +j X; ’) i’-’ (64)
• (~~~•‘ 

‘
~~~- i )(~~~ ; 7~ .

where the subscripts refer to the surface points of

Fig. ii.. The pressure gradient ~~ was then made a continuous

function of’ distance along the surface bya curve fitting

procedure similar to that used for the radius ~ .The local

25 

—-- •. 
~~- -•~~ —•— p -~~ — - — -  ~~~~~~~~ ~~~~- • ~~~ ——-~~~~~~~;— —~ ~~~~~~~~~~



F- — 
~~~~~

— -
~~~~

--- 
_ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

edge pressure can then be determined at any point on the

surface by integrating this continuous function forward

from the last known value of the pressure Fe; . This inte-

gration is accomplished in the computer program by use of

a trapezoidal rule for integration. The boundary layer edge

temperature was then computed by assuming that temperature

could be related to pressure by the isentropic relation

(65)

(Ref 9:53) where T.~ and F , are stagnation values of I and 1~.

With these quantities known, ,~ is calculated from equation

( 6) . The local edge velocity is determined by using the

energy equation for an inviscid perfect gas (Ref 9:53) which

is given by

CpT0 CrTe (66 )

From the perfect gas equation, f~ is determined. All quan-

tities required for the transformation equation (7) are now

known.

The first step AX along the surface is now ‘-taken and

transformed into~~~by equation (7). The grLd in the direc-

tion is also generated at this point.

In order to start the solution, the transformed bound-

ary layer equations are solved by a similar solution tech-

nique at the first three ~ stations.This technique assumes

arbitrary, but identical, profiles for F. e, and V at the
26
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first two ~ stations. Values of £ , £ , and t are set equal

to unity for this similar solution. With these assumptions

and using ~g, :~~~~ , all the coefficients A , B , C , and 0

of the linearized boundary layer equations ( 5 8) , (  5 9) ,  and

( 60) can be determined. The matrix equation (61) can then
be solved for F , G~, and V at ~ station 3 of Fig. 5. When

this solution is obtained, the values of F , 6 , and V at

~ stations 1 and 2 are set equal to the solved values at

~
° station 3. The~ coefficients i~ , 13 , C , and 0 can now be

updated and a new solution for F , €~, and V obtained at~’

station 3. This procedure is repeated until the solved

values of F ~e, and V converge. After establishing these
initia l profiles by similar solution, the solution of the

boundary layer equations can proceed as described in the

3

_ _ _

• L g  
___ __ _

~~ / / ~~~~ ~

~~~~
‘
j I ~e ~~~3 I c~1~ç I

Fig. 5. Grid for Starting Solution

- 

- 
27



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_____  

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.— ‘

last section. Several surface steps must be taken before,

the effect of starting the procedure by similar solutions

is purged from the solution of the boundary layer equa-

tions. From comparison with experimental data, this effect

appears to have vanished within the first twenty steps

along the surface.

Once a solution to the transformed boundary layer

equations is obtained at an ~
‘ station, values are assigned

to F , e, and V at five points exterior to the grid used

in the solution. These extra values of F, ~~, and V allow

for grid expansion in the IZ direction, if necessary,

later. The value assigned to F and ê at these extra

points is unity. The value assigned to V at these extra

points is determined from an expansion of V given by

~~~~~~ ~ V~ +I ,N-: + (67 )
‘fl~+I 1 N-I ‘

~~~~ ‘

where can be determined from equation (B-39 ), and

be determined from equation (55) .  It is necessary
to calculate values of F , e, and V at five extra points

to ensure continuity in the finite difference scheme used

to approximate derivatives in ~
‘
.

- - Having solved the transformed boundary layer equa-

tions at any ~ station, the boundary layer thickness 6 ,

displacement thickness 6 , and momentum thickness can

be determined. The boundary layer thickness is taken as the

28
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value of 1~ for which the value of F is approximately

.995. The boundary layer thickness in physical coordinates
X ,>‘ is determined by using the inverse transformation of
equation (8) which is

Y f - ~
. d7~ ( 68)

f~ ~~~~~
The integral in the above equation is evaluated by a trape-

zoidal integration from the surface out to the value of Y~

for which F is approximately .995. The value of )‘ deter-

mined is the boundary layer thickness 6 . The displacement

thickness and momentum thickness are calculated in a simi-

lar manner.

4 The eddy viscosity terms ~ and are now calculated

at all grid points of the ~
° station for which the solution

of the transformed boundary layer equations was determined.
I’

These values of € and ~ will be used in the solution of

the transformed boundary layer equations at the next

station.

At this point, F and e are checked by equations (56)
and (5 7) to determine if they are approaching the outer

edge boundary conditions. If necessary, another grid point

is added to the outer edge of the grid.

Next the non-dimensional heat transfer rate and skin

friction are calculated in terms of a Stanton number and

coefficient of’ friction. The Stanton number (Ref 16:526) is

29
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St~, h~, (69)-;
where the heat transfer coefficient h~ is given by

- ,a C?
h P,% (T0-T~~ ~~~ 

(70)

The coefficient of’ skin friction (Ref 13:128) is

Cf (71)

where the wall shear stress 1’~ is given by

I ~L4 \
~~,j M~~~i~)w ( 72)

A local Stanton number ~~~ and a local coefficient of

skin friction are also calculated using equations (69)

and (71) with i~ and .4,, replaced by /~ and (4 respec-

• tIvely. The wall derivatives N,) and 
~~~ 

appearing in

equations (70) and (72) are transformed into the i’,??
coordinate plane and evaluated by a four point finite

difference scheme developed in Appendix C.

At this point another step along the surface could

be taken and the procedure for solution of the boundary

layer equations repeated. Several other parameters are

calculated in the computer program; however, the logic

presented in this section covers the main points of’ the

program. A flow diagram is given in Fig. 6 showing the

gII.IIIIIIIIII;;;; ii;ii;__•. —--- .--— .- —~~~ 
-, 

~~~--- 
-- -

-
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- logic arid sequence of events in the computer program. This

flow diagram is not intended to be a detailed break-down of

-

- 

the computer program, but is intended to show the sequence

of events discussed in this report.
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Linearize trans~~rmed boundarylayer equations with finite
difference approximations
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Assign values to F , 6 ,  and V at
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Fig. 6. Flow Diagram of Computer Program
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Fig. 6. Flow Diagram of Computer Program (cont.)
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IV. Validation of New Solution

Comparison with Experimental Results

The two cases against which computed solutions were

compared with experimental results are turbulent flow over

a pointed, ‘waisted body of revolution and laminar flow over

a spherically blunted body of revolution. These two cases

test the new solution in distinctly different types of

flows.

Turbulent Flow Over a Waisted Body of Revolution. The

experimental data,upon which this comparison was made, was

obtained by Winter et al. (Ref 16:939) in 1965. The experi

ment provided boundary layer data for turbulent ‘flow over

an axisymmetric body in the presence of a streamwise pres—

sure gradient. The data was reduced by Winter to obtain

velocity profiles, skin friction coefficient, momentum

thickness, and Mach number variation at the boundary layer

edge. The accuracy of the skin friction coefficients

obtained in the experiment was estimated by Winter to be

about t .02 per-cent. This was the only mention of accuracy

given in Ref. 16 for the experiment. 
-

The geometry of the test body of revolution is shown

in Fig. 7. Boundary layer data was experimentally deter-

mined for several different free stream Mach number flows

over this body. A comparison of computed boundary layer

parameters with experimentally determined determined bound-

ary layer parameters was made for Mach numbers of 1.398 and

1.70. The test conditions associated with these two Mach

34



numbers were

Case 1 Case 2

Ma, = 1.398 1.7

= 10.1 x 106 10.0 x 106

385.M ’R 388.9uR

= .976 .971.

Since the actual pressure data obtained by Winter et al.

was not available, the pressure data along the surface of

the body was obtained from the Mach number distribution

determined in the experiment. This Mach number distribution

at the boundary layer edge is shown in Fig. 8. The pressure

distribution was found from this Mach number distribution

by using the following perfect gas relation (Ref 9:53):

Y/y~i
-
~~~~~ ~~( t -4-~~~~-’ M )  (73)

The input to the computer program required the pressure

data to be in put in the non-dimensional form f .c; there-

fore equation (73) was multiplied by to obtain the

proper pressure input. The pressure data ~~ , along with

corresponding values of and .~~ - , was input to the

computer program at twenty-seven surface locations. The

reference length L~ was chosen to be the centerline

length of the axisyrnmetrlc body.

Comparisons of computed and experimentally determined

distributions of’ momentum thickness and skin .friction

35
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coefficient are given in figures 9 through 12. Since the

axisymrnetric test body was relatively slender, computed

results with and without transverse curvature correction

are given in figures 9 through 12. A comparison of computed

and experimentally determined velocity profiles is given in

figures 13 through 15.

These comparisons show the computed boundary layer

parameters to agree well with the experimentally determined

parameters. From figures 9 through 12, the computed solu-

tion is seen to be improved when corrected for transverse

curvature.

• Laminar Flow Over a Spherically Blunted Cone. The

experimental results, upon which this comparison was made ,

were obtained by Bushnell (Ref 1:15) in 1968 . This experi-

ment provided heat transfer data for laminar flow over a

spherically blunted cone. The heat transfer data obtained

in this experiment was a ratio of heat transfer coeffi-

cients !2s where h~ is the heat transfer coefficient at-
.

the stagnation point. The heat transfer data was obtained ‘ -

by thermocouples and an automatic data reduction system.

The estimated accuracy of’ the resultant heat transfer-

coefficient data given in Ref 1 was 15 per-cent.

The blunted cdne is shown in Fig. 14. The test condi—

• tions for the experiment were

7.95

Re m, 1.65 x io6

103.k- °R -

.38
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The pressure data obtained in the experiment was given

in the non-dimensional form . This experimental pressure

data was not given for the spherically blunted portion of

the cone ; therefore, a Newtonian pressure distribution

(Ref 10:366) was used for this portion of the test body.

This combination of experimental and theoretical pressure

distribution is given in Fig. 17. This pressure distribu-

tion is put into the form 1ç and input to the computer

program at fourteen surface locations. The corresponding

values of £~ and are also input. The referenceL1~

length used was the diameter at the base of the body.

Since the heat transfer Output of the computer program

was in the form of a Stanton number, it could be compared

with the experimental data by use of the following equality:

(74 )

The stagnation Stanton number was in error due to the

similar solution method used to start the numerical solu-

tion; therefore , the St used in equation (74) was found

by a formula given by Van Driest (Ref 10:366). The computed

value of !~ deteriined by equation (74) is compared with
L.

the experimentally determined value of ~.F in Fig. 18.

The computed results agree very well with the experi-

mental results over the entire surface of’ the blunted cone.
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Comparison of Accuracy With Other Computer Solutions

Since reference to several different axisyinmetric

boundary layer programs can be found in the literature, a

comparison was made with two of these computer solutions

to determine the relative accuracy of the solution develop-

ed in this report. The two computer solutions compared were

those of Cebeci (Ref 2:370), 1971i~, and Harris (Ref 4:54-55) ,

1971. Both of these solution methods had been applied to

waisted body data of Winter et al. The computed momentum

thickness and computed skin friction coefficient for the

M~= 1.398 case were used as the basis of comparison.

Cebeci’ s method of solution is considerably different

from the solution developed in this report. A different

method of linearizing the boundary layer equations is used

in Cebeci ’s method. Also in this method, the momentum and

energy equations are solved seperately, arid an iterative

procedure is used to obtain convergence of the solutions

of’ these two equations.

The solution method of Harris differs from the solu-

tion developed in this report mainly in the method of solv-

ing the boundary layer equations. Harris’s method solves

the momentum and energy equations simultaneously and uses

these results to integrate the continuity equation.

The results of these two solution methods are compared

with the results of’ the solution developed in this report

in Fig. 18 and Fig. 19. Since Cebeci’s solution was started

using an experimentally determined velocity pzofile at

38 
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= .4 , the comparisons with both solution methods was

made starting at this point. From these comparisons , the

solution developed in this report appears to have approxi-

mately the same accuracy as Harris’s solution and slightly
better accuracy than Cebeci’ s solution.
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V. ~~nclusions

The numerical solution of boundary layer flows as

developed by Dr. Shang has now been expanded to include

fl ows over arbitrary shaped axisymmetric bodies. The new

solution was validated by testing it against two di fferent

sets of experimental data. The experimental data of Winter

et al. (Ref 16:939) tested the computed values of momentum

thickness, skin friction coe fficient, and velocity profiles

for turbulent flow over a slender pointed body of revolu-

tion. The data of Bushnell (Ref 1:18) was used to test the

H computed heat transfer rate for laminar flow over a spheri-

cally blunted cone. The comparison of these computed bound-

ary layer parameters with the experimentally determined

parameters show the new solution to be very accurate.

The accuracy of the solution procedure developed in

this report was compared with two other recent computer

solutions using the data of Winter et al. The solution

developed in this report was determined to have approxi-

mately the same accuracy as Harris’s method of solution

(Ref 4:54) and slightly better accuracy than Cebeci’s

method (Ref 2:370).

The solution procedure developed in this report can,

therefore, be- used to accurately determine boundary layer

parameters for either laminar ox’ turbulent flow over either

a two-dimensional or axisymmetric surface.
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Appendix A

Development of Two-Dimensional and Axisymrnetric Boundary

¶ Layer ~quations

The boundary layer equations are obtained from equa-

tions describing the conservation of mass, momentum, and

energy within a moving fluid. These conservation equations

can be obtained by examining the rate of change of mass,

momentum, and energy within a finite region f~ of space
enclosed by a surface S fixed in the flowing fluid. Using

‘-I
Pig. 21 in which fl is a unit vector normal to the surface

5 , the integral equations for time rate of change of
mass, momentum, and energy (Ref 11:26-27) are respectively

-
-1

Fig. 21. Finite Region of Flow Field
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-if P~L ~ d5 (A-i )

÷ffc~ dS (A-2)

~~~~~~~~~~~~~~ i/~ ’T~ d3 (A-3)

Equations (A-i), (A-2), and(A-3) are valid for compress-

ible, viscous , heat conducting fluids. The vector A~’T is

- - the heat flux vector and ~ is the stress tensor (Ref 11:35)

given by

~~= -PI - (
~~V ’~dId +A ((vv+vv ”

~ (A-4)

The value of A in equation (A-k) as determined by Stokes

(Ref 13:57) is 1’~
By use of the divergence theorem (Ref 5:292) as given

in equation (A-5), the surface integrals in equations (A-i),

(A-2). and (A-3) can be changed to volume integrals.

if A_ • c~~ ~[ffc 1 . ckci1’ (A 5)

Since R is a fixed volume, the partial derivative can

be taken inside the integral sign of equations (A-i), (A—2),

and (A-3). By combining terms, each of these equations could
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be expressed as one volume integral. By taking the limit

as f~ tends to zero , the differential form of these conser-

vation equations is 
- 

-

(A-6)

+ ~ .(~ vv-~~)~~o (A-?)

÷ (A-8)-

In order to further simplify equations (A-6), (A-?), and

(A—8), the assumption of steady flow is made. Also the

equation for mechanical energy, obtained by forming the

scalar product of equation (A-7) with the velocity vector

V , is subtracted from equation (A—8) . With these simpli-

ficatioris, equations (A-6), (A—7), and (A—8) become

(A-9)

v ( e ~i~ ~~
0 (A-la)

~~ - (A-li)

The definitions of enthalpy (h = e + ~ ) and rate of strain f
tensor (r ~~Q — P14 ) have been used in equation (A-li).

In order to obtain boundary layer equations from equa-

tions (A—9), (A—-iO), and (A—il), it is necessary to express
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I
these equations in a surface oriented coordinate system.

The coordinate system to be used for an axisymmetric sur-

face is shown in Fig. 22.This orthogonal curvilinear coor-

dinate system is oriented such that, for any point on the

surface, the X axis is parallel to the surface and the y

axis is perpendicular to the surface. The third orthogonal

- 
- 

coordinate U) is taken as the azimuth angle within the

meridian plane of the axisyinmetric body. The quantity ~
(c

is the curvature in the ~~, ~~ plane-rand ~~~~ is the radius

of curvature within this plane. The curvature 
~~ 

is defined

to be • The scale factors (Ref i2~22O) necessary to

h~ dL4)

~
4:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 cE

~~~~~~~~~~~~~~~~~~~~~~~~~~~

Fig. 22. Orthogonal Curvilinear Coordinates for an

Axisyimnetric Body 
I 

-

5? 
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I
define differential arc lengths along any one of the X , )‘ ,

or w surfaces while holding the other two coordinates con-

¶ stant are given by h~, k~, and h~ of the following three

relations :

h~dX ( i  ~c~Y) dX (A-i2)

dY (A-13)

= rdw (A-14)

With these values of ~1,~
d-tK~y, ~ ,=t  , and I-t~,=r , the

vector operators in the surface oriented coordinate system

can be obtained by using the general form of these opera-

tors (Ref 5:302-303) which are

[ i (h s h a I i)  4 ~3 c~2) .÷ 1Jh1h2 A3~ (A-l5)

V ‘I’ -
~~~ ~~ 1 + ~~~~~~ (A-16)

A 
A

V x~~ = L h, I h3 A (A—17)
h, he

h,A1 h3 A 3

In the above three equations, )ç~,X2, and X3 are the orthog-

onal curvilinear coordinates along which the unit vectors
A

j , 3 ,  and A are respectively aligned. -
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Before using equations (A—iS). (A-16), and (A—17) to

form vector operator for the orthogonal curvilinear coor-

dinates of Fig. 22 . the following approximation is made.

I + 1c~, Y ~ (A-18)

This is a valid approximation since the maximum value of >1

will be the boundary layer thickness and the magnitude of

- 
- K

~~ 
is small everywhere~on an t~xisymu~etriä body except at a

sharply pointed tip. However, the value of ) ‘ is approxi- -

mately zero at the tip since the boundary layer thickness

is very small in this region. With this assumption, the

vector operators for the orthogonal curvilinear coordinates

of Fig. 22 are

V•A (rA~)+~~ (rA~ +~~~ 
(F\~j~ (A-19)

- 
~~~~~~~~ 

~ A 

(A-20)

V X A = i. i (A-21)
r

.~~-

These vector operators are uied in equations (A-9). (A-1.O).

and (A—li) to express the conservation equations in a sur-

face oriented coordinate system.
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Boundary layer equations applicable to turbulent flows

over axisymmetric surfaces can be obtained by the following

steps: -

1. Apply the vector operators of equations (A-19),

(A—20), and (A—21 ) to the conservation equations

(A—9), (A— b ), and (A—il)

2. Assume no swirl effect ( 4-~~ 
0 )

3. Represent the fluid properties as the sum of a

- 

- 

- mean flow property and a fluctuating property
• (Ref 13:526)

11. Time average the resulting equations and retain

only the significant correlations (Ref 4:13)

which are ~~u,  c ’lf ’,and 1/’T ’

5. Perform an order of magnitude analysis using the

thin ,boundary layer assumption (Ref 13:118).

The boundary layer equations for conservation of mass,

momentum, and energy which result from this procedure are

respectively

• 
r 

~~~ ~ 
(~7 + C (A-22

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~

(A-23)

60

- —-—
~~~~~

- --— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - _ _



— ~~~ -

~~+~~(~ t9’)~~
- •

~~~~~~~~~~~ ~~~~~~~~ ~~
) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— ~ >, (! 
~~~~ 

- 

3 ~~~
, (rc ,,, ~ 

.U:;-j:-;) (A-24)

The radius r entered into equations (A-22), (A-23).

and (A-24-) by the scale factor ~~~~ . For a two-dimension-

al surface, the values of hx and k~ would be unity, and the
- value of h.Q would be zero . The result of deriving boundary

layer equations for the two-dimensional case would be equa-

tions (A-22), (A-23), and (A-24) with r replaced by unity.
In order to use the same set of equations for either two—

dimensional or axisymmetric surfaces, r is replaced by r
where i 0 for two-dimensional surfaces and J = I for

axisyinmetric surfaces.

In order to have a solvable set of boundary layer

equations, grouped together with ~7, and the turbu-

lent transport quantities P C4’V’and c~~ WT’ are represent-

ed by an eddy viscosity and eddy conductivity respectively.

This method of handling the turbulence produced correla-

tions is introduced into equationc (A-22), (A—23), and

(A—2L1.) by use of the following definitions:

— /0,-v. .ij = -tj + (Normal velocity) (A—25)

E ( Eddy viscosity) (A-26)
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(Eddy conductivity) (A-27)

~~C4 -

~ C. ,E (Turbulent Prandtl (A-28)
number)

~~~= ) +
~~~~ (A-29)

(Associated eddy
viscosity terms)

A € (A-3o)

After replacing r by r~ and using the above defin-

tions, equations (A-22), (A-23), and (A-24) are

~5~(r~ fM) +~~~~~~(r ~~~io - tr)  ~~ (A-31)

~~~~ ~-~~i7~-~ ~ -
~~~+t4 ,(r~

,qE
~~~) 

(A—32)

• + -
~~~~~ ~~~~~~~~~ *~~~~~~

)) (A-33)

This set of boundary layer equations (A-31), (A-32), and

(A-33) is valid for compressible heat conducting boundary

layers over either two-dimensional or axisymmetric surfaces

depending upon the choice of 4 • These equations are also

valid for either laminar or turbulent flows depending upon
— A

the value given € and ~
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Appendix B

Three Point Finiite Difference ApDroximations and Liear-

ization ~~ fl~ 
Transformed Boundary Layer ~auptions

The foundation of finite difference methods is the

Taylor series. Both the forward difference method used to

approximate derivatives in ~~
‘ and the central difference

method used to approximate derivatives in ~ are obtained

by manipulation of a Taylor series. These approximations

for derivatives are used to linearize the transformed

boundary layer equations. The finite difference approxi-

mations are to be determined for a grid point 1~1 + I 1 P1 of
Fig. 3.

The forward difference method is obtained from the

following two truncated Taylor series expansions of a

variable H about the grid point i~,-. I , n

~~~~~ —~g~ ÷ ( B-i )
c-

= — (M. +A~~)  ~~~

+(
~~

, +1~~~z)
2 

(B-2)

• Solving equation (B-i ) for and substituting the value

into equation (B-2) yields

- 
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+ 
~~~~~ 1 H1...1.~ — ~~ ~~~~~~~~~ ~~~~

~~~~~~~~~~~ 1A~(~~-~S~)1 ~ 
M,A~1 j

-

~

- 

~~~ 1 ~4~~-’.’~ (B—3)
I~AC, +A~.)J

The central difference method, used to approximate

derivatives in ~~~, is obtained from the following two trun-

cated Taylor series expansions about a grid point ~~~~~~~

H,.,,,,~4 
H,.,~~ + 

~ 

A~1~ (B-k)

H~ 41,’~ 
— &l~I~t + -

~ ~~~~2j 
L1~t 

(B 5)

Solving equation (B-k) for and substituting the value

into equation (B—3 ) gives

~~ ~~~~~~~~~ 1 H ~~~~~~~~ 

_
~ L~ i h~I J~3i~~ H~ 41~• 

~~~~~~~ L A~~~~~..
— ~~~~~~~~~ ( ‘B-6)

Since the transformed boundary layer equations contain I:

second derivatives in ~~~, the approximation for -
~~~~~~~~ is

found by eliminating between equations (B-k) and

_ _ _  

- -



- 

~~~~~~~~~~~~~~~~~~~~~~~~ T[~~h A~~~(] 
~~~~~

÷ [2 
- 

]H~~+,.~1 (B-?)

In order to linearize products of variables (
~~~~~~

,,,h I-L,.,~J ,

it is first necessary to find expressions for both H and

at G- station 11+S as functions of the known values at ~
stations i”- ’- ’ and iy~ • The desired expression for ~~ is

found by eliminating ~~ between equations (B-i ) and (B-2).

After truncating second order terms, the expression for

~-L+1,.~ is

_ _ _ _ _ _ _  — JilLI ~~~~~~ (B-8)
L ~ .1 IbLJ

Replacing H by & in equation (B-8) gives the desired

expression for ~~~~ • When equation (B—8) is used to eval-

uate ~~~~ and ~~~~~ , the values will be given by MML and
Gt’dt t respectively. The following equality is now used in the

linearization process.

~~~~ ~ +1 ~ = ~~~~ ~ G~, ~ ÷ 
~~ 

G4$i+S, ~ 
— H~.., ~ * ~ ~ 

(~~ 9)

By replacing terms in equation (B-9) with values determined

from equation (B-9), the following expression linear in ~~~~
and G~ 41,, is obtained.
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~~~~ 4 I, ~ L.~~~ HM I  ~~~~~ +GM - H~ ,,~ — (B-b )

Products of variables and derivatives (G.*j~fl or G- 
~~ 

)
can now be put into linear form. Using equation (B-3), the
product GP1 isg ..t4 1.h

G G4~-1 +, ,,, ~~I 42t~f, H..% + t , kl 
—~

1 I
~

’
~

t
~

J L ~~~~~
+ 1~A~”2 1 ~~~~~~~ (B—il)

Equation (B—b ) is used to replace the product ~~~~ fL,,,,
in equation (B-li) , which makes the equation linear in &,.~,,,,. -
and 1L,,.,.. . If the evaluation of is given by NY ,
the linear approximation for G ~~ is

G ~~ = ~~~~~~~~ ÷GMI-(~~) 
- • HY (B-l2)

~1 ~~~~~~~~

A product of derivatives in ~1. 15 linearized by

+ Hy.(~~ ) — GY - 

• 

( B-13)

where G~ is the evaluation of

Before using these approximations for derivatives and
product terms to linearize the transformed boundary layer
equations, the following definitions are introduced to
simplify tk~ -finite difference expressions.

66

_ _ _ _ _ _ _ _ _ _ _  - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -

~

----- - - --—--- - -- ——- - - •--



S.- •_ L 
~~~ 

S.--— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~

2 (A ~
’1 4 (B-ik)

~~~~

.

I 
+ A S •2

? f i- oc2~ 
-

y3~ ~a t~r2 (B-i6)
or, ( 1 +1~ç~)

~~~~ _ _ _ _ _ _  (B-i?)

‘lç- A~ (B—1 8)
~~ TI

(B-i9)

Vs : 2 ~~~~~~~~~~~~ (B-2o)
LV~t , ,,  (o ’~~~~~~t~~,~)

‘
~‘~~~~ a o’t~~~ (B-2i )

A~N,,..., +O’~

~~~~~ ~~~~~~~~~~ 
( B—22 )

-

• X L =  A~~ 
-

- -

- 

FML~ ~~ ~~~ Yç ~~~~~~~~ (B-24)

FMZ 
~a — •

~~3 ~~~~~~~~~~ (B-25)

FV (B—26)
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TM I - ~~~~~~~ ~~~~~
‘1c ê4.i -~~,~~~ 

(B-27)

t I~i2 - ‘Y~ ~~~~ 13 ~~~~ (B-28)

= (B-29 )

vri t ~~~~~ -‘i~V~ -1,~ (B-30)

VM2 ‘/a V-,.,,i~ ‘~~/‘3 ~~~~ (B— 31)

\v i —  ~~~~~~~ (B—32)

The transformed boundary layer equations ( i i ) ,  (12) ,  and (13)

with derivatives expanded are

F~~~2g~~ 
+~~~~= O  

(B-33)

~~~ + / ~ +

(B-34)

L- ~ + L ~ _ _ _ _  

~~~~~~

Pp ~ l~ ’t ~r 
b ~1.

‘-i ~i f~~~~~~~~~~ t~~~ 
—v~~ + i~~ t~~

. (4~)
a

PIP 30

- = ~~~~~ 
( B-35)
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Using the development for linearizing terms in the variables

& and H , the transformed boundary layer equations can now

be linearized in F , 6 , and V • At the 
- 
grid point ~.‘ts i , ~.i

the linearization is accomplished by substituting the follow—

ing expressions into equations (B-33), (B—34), and (B—35).

Y~ ~~~~~ 
— Y2 + ‘Y3 E~~-1,~~ (B—36)
2 A~

’2

-Y. F,.4÷1,~-1 — Y10 ~~~ tY, L+~, ~~+, (B—3?)
~~~~~~Wi +I ,~~ 2A~1,%

= V6 ~~~~~~~ 
— Y~0 ~~~~~~ + Y9 84~t I, ~~~~~ (B—38)

2 L~l~

- Yg ‘J. ~+-~+1 ,-~~ —y~ V411~,~ + ~~~~~~~~~ (B— 39)
2 vt ,.

— y 8F~~+,~~~ , ~~~~~~~~ ~~~~~~~~~~~~~ (B—40)
~‘t

2 
4q~~~~

Y~ ~~~ - ~~~~~~ z ‘y-~ ~~ ~
- Y~ e ~~~+. , (B—4l)

+ TY f~s\ — c’i-c~
y (B-42)

~~~ 
— (B-43)

~•1+’ ai
• 

— fl’ 2 (B 44)
%%
~~~

) I’M+I,b’ ~•ô’fr1I,ft%4Ifr~

F ~f - — FM2) F:~1+.,14~ ~~Ft’~i
2

•~ (B-45)
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# y, •e~~4 1 ,~

—y, TMI. FM~ (B-46)
2 ~~~~~~~~

V~ F 
+ VMi.(~f) — VM1~~F~’ 

(B-47)

l) 1 + I
~~

fr, 
~~~

= V~~11~~
T’
~ + VML•(ai’

~ —VM I-Ty (B-48)
4144I,~, 

\

F

2 
2 FMI• ~~~~~ 

- FM~
2 (B-49)

‘)~1+I~~

After collecting terms, the result of substituting equations

(B-36) through (B-49) into the transformed boundary layer

equations (B-33), (B—34), and (B-35) is the following three

equations.

F~~11~ ~~~~ 
÷~~.YI] ÷ V~ + I { — Y ~ 

.
XL]

+ v~~,4-~~0 XL] +v~ +1~~÷ 1[ y, .X L] g

“0



-
~~~~~~~~~ (~~~i ~ ~t

2
~

I,. -

+ VM~ 
—~~~~~ t

2.
~ ~~ 

TY~ 
-

4-1 t~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

2~~ 2~~ ~~~~~~~~~~~~~~ 

-
~~~~~~ (2Y 1 M t _ F M 2 ~]

‘XL- ! ~ t~ + Y9 - X L ( ~
(
~f 

j~~2i~~~~
�fl

~~ ~~~~ TY

t e I ,~~[_ 2~~Io . x L t
2i .

~~~~~~~ +
~~~~ 21

~~~~s XL ~~

÷e4.~ti ,M +I { y9 •X L - E - t at FYJ

+V 4 %+I,~ 
[_ F Y .zx~2] ~ [FY . 2~~~ t2

~~~ TY VM~)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .

~~~~~~] 

(B-5i)

- 

71 

• 



~
IupIp.— — S.— — S. S.~~~S.•~ 

- - - --—----------~~--S. -------
-

2 ‘I~~ FY -  X L L  
~

~~ FY~~ L /~~ t
2
~~~ 

-~~~ 1 T~~1-TM 2~]

+ F4.~+~~~~, [2~~~ - F Y -~~L t ~ t
2J o~~

~~~~~~~~ [
~~~~~ 

(~~/~~_t
24 

- %A  - t
23

L ~~ \ A~
-
~

~P,~~VMI - 2T7 ~~ ~ t~~J

~~~~~ {— ‘~Y7 
- x L - / e t ~ 

— a Y 0 ( ~ L~ (/~~ et 2
~

• [ A~1,~~Pr 
Pr \

— 
~ L à~ .t~ ~~~r V Mt t 2 T Y ~~~~ ~21

IJ

+ e~ +I, ~~÷, I ~~~ c a Y / ~ ~~2J 
+ ~1 ~a ~~~24 

+ 1 1~~~ ~~~~~~~

~~~

‘

~

-

~~r ’V ME ÷ 2 T Y  ~ t 2
~~3]

+ 
~ [~~ 

ç~ 
- 

~‘i] = 
_ _ _ _  ~

-~~~~~~~ -v~~~+~ c2 L~ t
2

~~ ~~~~~~~~~~~~~ (B-52)

The derivatives in ~ ,contained in the brackets 3 of

equations (B-50), (B—51), and (B-52), are evaluated using

known values at 
~ 

station Th. The derivative is found

_ _  ____ J
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by explicitly taking the derivative of equation (20) and

evaluating the result at ~~

‘ station~ ~~~~~~~

V — A

The values of t , (,  € , and € within the brackets are

determined from known values at f stations ‘~~~~ -I  and ” by use

of the relation gi,.~ren in equation (B-8). All other quantities

in the brackets can be explicitly determined at the grid

[1 point ~~~‘ t) , fri Equations (B-50), (B-51), and (B—52) are

then, at a given ~ station, a constant coefficient set of

linear algebraic equations.

The solution method for these equations uses an itera-

tive method, if required, to achieve the convergence criteria

of equation (~S3). If iterations are required, the values of
FML , T~~L , VM~ , F’, , , and Vy are updated after the

initial solution of equations (B -50) ,  (B-51), and (B-52) at a

4 given 
~~

‘ station. The values of FMI , Tltl t , and VM~ are

replaced by the values of F , ~~, and V determined in the

previous iteration. With these values of F , e , and ‘J , the

derivatives ?~ , 
~~

, and can be determined. F-y , ~~~
and Vy are then replaced by ~~~~, ~~~ , and ~~~ .

Equations (B-50), (B—51), and (B-52) are now written 
-

in a simplified form for reference purposes. Equations (B-50),

(B-51), and (B-52) are given by equations (B-53), (B-54), and

(B—55) respectively.
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AIIh F,M+( ,.~~I +- A 2 F,,M+,,~ + A1 3 Fmi 4~, ~-I+S + (~~Il ~~~~~~~

O4Il+I ~ + 613 e61M+l , “4- i 
+- C11 ~~~ b-I -I •f Cl2 “Ppm -t I , 

£j

+Cl3 V~ it, h+I (B-53 )

A2, ~~~~~ ~ ~~~ F~4 1,~ +~23F~4 1,~÷, ~ ~~LI~ e~~+, , ~~~
_ ,

+ B~3~ ~~~~~~~~~+l,~~~~+I C2lh V,,~+.,
M_ I + C~ 2

+C ab Vlp~.pI ,i~,I D2 1~ ( B_SLI. )

A3, F~ +I , h_, + A32 ÷ A 33 ~~~~~ 
-- c331~ a,,14, 

~~~~~~~

+ 
~32 e4~~1, + B33 0 + ~~~~ V+’1+ ,, ~~, ~ C32 V~ + 1, ~

-
~~

- C33 ~~~~ 
= (B- 55)

The subscripted coefficients ~ , , C - ,  and 0 are defined

by the bracket-ted terms of equations (B-50), (B—Si), and

(B—5 2). —
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Appendix C

Four Point Finite Difference Atiproximations For Evaluating

Wall Derivatives 
-

The wall derivatives, required to evaluate the heat

transfer rate and skin friction coefficient, are evaluated

by use of a four point finite difference scheme. The four

point finite difference approximation for the derivative of

a variable H with respect to the transformed coordinate ~
is found in a similar manner to that used in the three point

finite difference method. However, the four point finite

difference method is more accurate since the truncated Taylor

series, used in the development, retain third order terms. To

find the four point finite difference expression for

ç station ‘w~ of the grid in Fig. 3, the following three

truncated Taylor series expansions are used.

H~,2 H~~,1 + ~~ tx ?i , t ! i!J± L\~~ 1-! i~I ~V?I (C-i )
a ~ ~~,

= ) -L11 , + 
~~~ 

(~~~ , i-~~~~) +~~.. ~ !H (~~~~ +~~~
)
2

a 
~~

- - 
+1 ~~~ ( f ~

1-
~, +o~-~

’)~ (c-2)
9 ~1i~

- H4I~,* 
= -f li-_i (

~~
, +~~21~ 1-~~ 3) ~1 i~~

l~~ I 2 ~1’~ ~~

(L~?11 -+A~12 tC\’i,
’) (C-3)
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By introducing the definition of MZ~ given by equation (54)
and substituting the value of t~ ’ : from equation (c-i ) into
equations (C-2) and (c-3), the following two expressions are
obtained .

~~~~~~~~~~~~ He.,,, - 

~~~~~~~ ~~~~~~ 1’ — L
(i -~-~c) 3 ~1-~t \

( -
~ i~_ \ A~1~ (C-k)• 

- 2 ~~~~ \~ (~-f~c))

~~~~~~~~~~~ 

~~~~ ~~~~~ ) ~~~~

1- 
~ i~±i ( L  — 

_ _ _ _ _ _ _ _ _  ( C- 5)2. 
~ ~ 4

Eliminating 
~~~~~~~~~ between equations (C-k) and (c-5) , the

- 
- expression for is then found to be

- H~~, 1 [-( i t  ~~~~~ 2)
2 

(~~z ÷~<~~) - C Lt ~~I (
~~‘c~C t +~-c + ‘.-ç

~~~~~~

H~ ,2 1 t t 
~~~~~~ 

± 
_ _ _ _ _ _ _ _

L ~ J ~

1 - 

+ H~ 1~ 
[ 

~~

, ~~~~~~~~ L ) k ’ ] -  (C-6)

Equation (C-6) is the four point finite difference expression

used to evaluate wall derivatives.
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Appendix D

ComiDuter Program Lièting

I
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C 1 H t S  C O M P U T ~~~ R P R O G R A M  S ) L V E ~~ F O R
C
C 9 O U k 1 !) 4~~~~~~ Y L A Y E R  P A R A M E T E ~~~ c O V E R
C
C ~~ I T ~~4~~~~R T W O — D I M E N S I O N A L  O R
C
C A X I ~~~Y M M E T R t C  S U R F A C E S
C
C

P~ OcRA’1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
COMMO’I r~~ ~~~ RZ Y , XM IN~ , O’IEGA, ~~~~, 1-w , ‘10, Tir~, uo, visto , T~~,I ~~~~~~ I ,V !SIN~~,SU,~~PS,OS,DVW,SI, ~~~~~~~~~ tF’V~E,I~~OI,INT~ CT,2

~ ~N (2flfl), D (200) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
Le ~P(20fl),T’4 (20fl) ,TO (2O0),XNN (200),V1 (aU0),VO (?fl0),V’(200),T~~(20’J),5fl1 (?0O),1’(2fl0),03(20fl),r 2JP(200),T!J3(?O!fl,T2JJ (?flQ)
COMM~)N/~ O\~5T, R (ifl), ),XP(30),A~~~~ ,0(1U),~~(~~’D,)(3t~~,E (30),

1r(3o ,-~’clo ,i)P(30),INU l
DIMENSTOII Y (2~ 0),Aj (20fl,3),A2 (2O0,3),~~~(200,3),~~I(200,3),

I 12(!0’~,’) ,1~~(?fl0,3) ,“t (200,3) ,C2~~~ f1,~~) ,C3(20~~,~~
)

1100 FOPP1~ T (1I4l,t7X, ~~-~~,L, 15 X , 2’-ICP , 15X,6-lPf~ INC)
1101 ~~~~~~~~~~~~~~~~~~~~20fl~ FORMA! tx,~ P~ OFILt F4IL~ D TO RE L A X A T ~ ~,I5)80’)? r()p’4~7 (5~ 15.~~)8003 F I R M A T  (10 15)
900? ~~~~~~~~~~~~~~~~~~~~~~~~ IOUNDAPSY L A Y E R  SOLJTION’)
9003 F!)RMAT (71-IO AMMA FS.1,’-i -4 PR~F6.3,5—4 MFS=F~j.3,?-1 

- y:S~~ Ia.1.,~~4 T~ S

4 
1( ~~O =F 7 . 1, I 1- l  ~O TW/T1U~~ 6.4,5H EPS= 5.5)

• 900k FORMAT(~ ’ ~10~~,E10.t.,7I-I R HOIO ,!j0,(e,5’4 T10=,E 10.k,7I1 IISIO:,!10.k
I , 1.H SI~ ,~ 10.~

) -

9005 FO R MA T ( 7  O’IE A= ,F7.’b,2(,61$PRT ,~~7.~~,2X,7H!~T~~( = ~F7 ,4 )
9019 F O R M A ’ ( 1 f l X ,~~W I T M  I ERM !TTEMCY COP,REcrIow~)9020 FORMAT (IOX,’WITMOUT IqT ’MITTENCY CD~~ E C T!ON~)
9021 F~ RMAT (10X ,~~TWO—OI ENSI~ NAL BOUNDARY LA YER#
90 ’2 FORM (1’~Y,34XISYMETRT CPL ~OtJNDARY L A Y ! R ~)
q0Mc~ 

rOPMAT (IUX,’.WITHOUT T VERSE CURVA TJRE EFFECT’ )
9087 FO 4T( 1flX,’~WIT.4 T A ~ S V R SE CURVATLR E ZFFE~T”

CTItITtTIIttIIT tIIItItIIIIIII~IItIIIIIIIItt !IIITIttII?ttIIIItIIIIItIIIII 
-

C
C INPUT IhJTTIA L C0NDITION~C
C ~~SP~CIFV~ MEAT RATIO
C P~~STATT’ D~~~Jr)TL ~~~~
C XMtNF FR~~ STREAM MAC’I ~JUP1~~ ER
C R~Y EYNDLOS WJ M BER IAS D DPI SCALING LEMGTM AND FRE E STREAM
C C O N O I T I O I I S

• 
- C TA =FRFE ST~~ AM STATIC TEMPERATURE

C OS=IPIT °~ 1IO~I STEP SI?~ FOR STREAM ’415E C O D R O I W A T !
C St~SURF ftC! DOt’lI AT W4I~~I NIJMERICAL MA~ CMTMG ‘~~ O’~ E D J RE IS T O ~EG IN
C O M EG A O (T~ V I S C O S I T Y  IS ~A S E O  ON SJT ~LAPIOS L~ W)

• C 1 ( T ~ V I S C O S I T Y  I S O A S E O  ON PD.IE~ L A W )
C ~ qRo A~~~~~r A 3 L F  ERRO~ I N I N T E G R A T f l N  SCM ~~P4!
C XXK :EX P~ NEMT ~OR NO RMA L COO RDINATE ~RID ST RETCII ’I’
C ~ -1=~ A TI~ OF S’JRFAC~ T~ M~ !PATURE TO S14~ NA 1TOPI T?IPERA TJRE
C ATRX=flI~TANCE ALONG SUR ~~ArE TO BEGIN’~1ING OF TRANSIT ION FROMC LAMT !IA~ TO TUR~ULE~IT FLOW
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C PRT=Tt ~R~ tt1~ W T PRAN DTL N iMBER
C XINTE P TNT E’ M ITT !NCY ~ACTORC OYW =MI JT M’JM ~1EP SIZE FIR NORMAL COORDIPIATE 1W TRA ’I FORMEO PLANE
C TEOGE=TOTAL ‘4~JMBER OF POINTS IN NORIA L COOROIWATE D I R E~ TIOPI
C TOIF~-=tJ (~‘3R TMREF ~OI’P FINITE DIFFERENCE SCHEME)
C I (C 0 ~~~ TWO POINT ~T~’ITE DIFFE R E I C F  SCHEME)
C IENflI=Tr1’ P~L N~J’1-1!R OF I~’TEGRATION SEE’S IN STR~~AM WISE DIRECTION
C P=IESI~~D tNTE~~V4L IN P1~iM3ER CF STE’S IN STR!A’4WISE DIRECTION
C J’UA=O ( T ’4 f l  DIMENSIONAL SURFACE )
C I (l~XTSYM’1ET~IC ~Or~Y)
C INUH=NtJ U~~~ O~ ~RE SSU~ E DATA POINT S E’IT!R D
C IPR~S=0 (~~OR NO PPESSUP~ GRAD IENT)
C I (IF D~ESSURE ~PAOIENT EXISTS)
C !IRAPI D (FOR NO TRANSVE ?S~ CIJRVA IURE E~~FECT )
C I (~~OQ TRANSVER SE CURVATURE E~~~~~TS)C IC ON = 0 ( I F  ~ODY GEOM !TPY IS TO BE COM’JTEO FROM ~~~ E S S U R E  DAT A
C LOCATIONS )

- 
- C I (I~ ~~OOY GEOMETRY IS COMPUT Er) 

~ROM SUR~ ACE EDUA TIONS )
C ICHS~ST~ TIOW N’J”BER W~ E ’E STREAMWT S STEP SI?Z IS T O 0! DO’J~~_ E~C t~RP1=PIU’~B R  D~ STEPS WH~~~! DESIRED WHERE DETAI LEO PRINTOUTS OF
C PPOFFL!S IS !1~5I~~~1
C 7=CFNTERLINE LO~ ATTO P4 O~ PRESSURE OF PRESSURE DATA ENTRIES
C R=RADIU! OF ‘~E~ SURE DA ?A ENTRIES
C CP=SUPF~ C~ ‘PESSIJRE DIVIDED BY FRE E STREAM PRESS’J°E
C R ,BTRX ,~.9O 7 A RE SC4L~~t) BY SAME LEN TI AS USED Ii R~Y

4 C PIP?=RATTO 3F TOTAL P~ E~ SURE IN FRONT OF S-4OCK TO TOTAL PRESSURE
C ‘3F’419r) SMOCK (IF ~~ EE STREAM CONDITIONS A RE INPUT AS THOSE
C ~F ’-i! ’ -i~ SH OCK TH EN ~IP2 =I  )
C
CIIIIIITIIIIITIIIIIIIIIIIIIII1II IIIIIIIIIIIIIII I!IIIIII IIIIIIIIIIIIIIIII

R~~A f l ( c ,~~0~) ’)  G , PP, XM IN F , REV , TA
R AO (5,°)02) OS, SI, OM ’GA , ER~ OR, XX<
q~ Af l ( 5 ,~~0 0 2)  -1O,91RX, D’T , XINT ER, D Y 4
R E A D ( 6 ,~~’)n~~) tE O G E , I N T A ~~!,

IICO’I
R EA fl (~~,4 00 3 )  ( I C H S ( 1) ,  I = 1, 8)
RFAD ( c ,~ nrI~

) (I~ RN(t ) ,  I = 1, 9)
XLA 4 .
tF(IP’~~.~ O.0) GO TO 79TF(TNUM.rO.0, GO TO 20
REAO (5,~ 00?) DPMAX ,Dt~~?
R!AD(’5,~ 00!) (CP (IJ),IJ=1,INUM)79 CONTIMU~tF(tP1UM.~~D.0) GO TO 20IF(TCON.!).1) GO TO ~.
READ c,~ flO2 R 1 J ,IJ=I,INUM

k CONTINUE
R~ Afl (6,~~fl02) (Z (IJ),tJ=l ,INUM)
WRtTE (~,7t1t) INUM

7111 FORMAT(1fl’(,’ ALL ‘~,I’,” 1ATA PTS ENTERED”)
GO TO 81

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C 

.

79

~ ~~~~~~
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C
C THIS SUBROUTINE COMPUTES BODY GEOMETRY FROM A FINITE PUMBER OF
C LOCAT IONS
C

CALL CO!JST (ICON,IREF
C

~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
81. CONTINUr

IF(J ? f l A , C D .1) GO TO 3B
00 81 KT I,IMUM
X 0 ( K T ) = 7 ( K T )

83 CONTINUE
86 ‘~ONTIP1!!E

IF(IPRES.Ei.0) GO TO 20
WRITE (6,IIfl0)
XMSfl=XMIN

~~~
XMIP1F

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C
C THIS SU~~ OUT I9!COMP (JT ES L FAO ING AN ) TRAILI NG ED GE ~R E S S UR E

- 
- C G~ AfltEwTS 

—

C
CALL SM T’4~ R (RTRX ,O P M A X ,~~,XMSQ)C

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
C COMPUTE NOPIDIMENSIO~IA1I?ING (2UANTITIES
C
20 ‘I 1. + (G — I . ) / 2 .~~X M I NF~~~2

PlO = (1 . /( X MINF~~~2 ) )~ - ( Z t ~~- - ( G / ( G — 1 . ) ) )
Tt0 = ( t , / ( ( C  — 1.)~~XM I’ ) F~~~ 2 ) )~~ Z 1
RIO = G~ P10~~(T I0~~(G — 1.))
TINF = ~I 0/Z 1 -

TW = BO*T10
IF(OMEGA .E~. 0.) GO TO 101

= TIPI-’OMEGA
= ( ( ( G  — l.)-~XMINF~~ 2)~~’- (OMEGA/2.))/SDRT(R!Y)

TIWF~~ OME GA
GO TO ifl?

101
VIS1O = (Tl0’~ i.SP-(i.

= ((((t,4-(198,5/TA))’(((G — I.)~~X~4t N F~~2)’’i.5))F(((G —

IM tNF ~~ 2)-s- (19B.6/TA)))
VISIPIF = (TINF~~ I.5)-~(i. +

102
C
C OUTPUT INITIAL CONDITIONS
C

WGt ’E(6 ,~ ’ )02 )
WRITE (6,qofl~ ) G, PR, XM IWF , REV, TA, 33, E~SWq IT E(6 , oq o ~~) PlO, ~10, T in,  VIS1O, SI

• WRITE (6,9005) 01cr,A,D3T,OTRX 9 1

IF(XINTCQ.ED,1.) WRIT!(;,q0iq,
IF (XINTF2.EO,i.) WRITE (~ ,90t9)Tc (XINTco.!O.0.) WRIT?C,,9020)
tF (J2 DA.~~ .0) WRITE (6,~ fl 2i)
IF(J2 OA . PI~ . L1 ) WPtTE (6,9fl22)
IF(ITRAW .cO.o) WRITE (6,~ 086)TF(tTRAN. !~.i) WRITE (S,~ OS7)
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I

C INPUT INITIAL PROFILE
C
12 MSTAQT= !

C INITIALT’Z THE STQEAMWI~E LOCATION
H 5=51

tF(J2ID ft.~ I.1) S=O .O
0S2=DSI=DS
fl X2flS = DXI OS OX O S: 0.
S~ pO=i.

C TMI T IA L T~ E THE STR!A MW ISE LOCATION
Y (i)-0 .fl
00 201. LL 2,201)
OY =XX K ~~ (L L -2)~~O YW

201 Y (LL) V (LL—t )+OV
00 700 LL = 1, 2 0 0
fli (LL)=07(L_ )=03(LL XN’1 (LL)=0.
V P (LL )=V I1(L J=VO (LL )= -Y (LL )
FO(LL)= rO (L~~)=FN (1L) O (LL ) TN (LL) TO (LL ) EP (LL ) ZO (LL ) EN (LL)

1 ETp (LL1= !TO(LL)=’ T’l(LL)=l.O
T ’J P(LL )= ’ 2J 3 ( LL ) T 2 J N( LL ) =i.0

700 CONTINIIr
1)0 701 J = 1, 200

701 1 = 1, 3
701. At (J,t) ?(J,!) A~(J,r)~~91(J,I) fl2(J,I):03(J,I) CI(J,I)

4 1 C2 ( J ,T ) C’(i , t ) 0.
— o F=G~xMtsI~~~2TRFF = (c  — I,)~~XMtNF~~~’

°CON= U. B
7CON B.fl

C
C INITIAL’7E COUNTERS
C

N C I
KENO TNJM— 2
IF (ICO’J , l.l)
I C DUN: MS T A R T
IO IEOGE
1G1
10=1
INOCH:U

• ITCNTI I
IIN=0

C 
-C ‘~~~ BFG1M FIRST ORO~ P. IR IDIA GOP1AL IATRI X  SOLJTION •••

C 1’
00 115 M=’ISTART,IEPIO1
IF(JVI A .EO.0) GO TO 45

46 CONTINUE
TF (NC s EO .K!MD) GO TO 4?
TF(ICON.F3.0) ZR EF Z(NCI-I)-
TF(ICON. EO.i ) Z PEF F(NC) I
IF(?Cfl PJ. G .7REF) NC NC +i

C DROZ :SLO P~ OF TA NGE NT T O SURFACE OF BDO Y
C ALPH*=A IIGLE ~ETWEFN TAN~ EN T TO S U R F A C E  AN D C EN T ER LIW E
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C RCON=RADI’IS O~ AXISYMMETRIC BODY
C ZCON CFW TER LT NE
C S=SURFAC! C OO R DINA T E IN ST REAMW IS !  DIRECTION

47 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
AL PH A = A TA N C OR 07)
IC(S.LT.St) DZ= (flS2I1fl.~~ CoS (ALPHA )
!F(S.LT. ~t) ZCON 7CON407
IF(S.LT ST) RCON=A (MC )+~~(NC)-~7CON4C (NC) ~ZC ON~~~ +1(MC)~~ZCON’-~ 3+E (PIC

IF(S.LT.St) S=S-s-DS2~l0.IF(5.LT.~,t ) ,O TO 46
0’ 0S2~~ O S ( A L P H 4 )
ZCON:ZCDN4DZ
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

48 CONTINU?
IF (M .~~O.4~ T ft R T ) MP M S TA ~~T
IF(M .E Q,I ND fl PIP=M

- 

- IF (M.EO , (M/M S ~~) ~MSP) M P~ H -

S
OX2OS = OX1D S
flX 1DS = O XOS

C
C THIS SI IQROLJ TI!hlE COMPUTES LOCAL PRESSUR! ,PRESSJR Z RADI!NT ,
C AND
C

CALL PRZSSM (S,XMINF ,G,PBG1,DPBGI,TETN ,XME,IPRZS,P1’2)
C
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

= POGI/P REF -

PP OPRGt/P~~FIC = TETN F/TREF
= SO~T(2.’ (T1fl — T!fl

RE=G PFF( CG —1 . 0)
TR=StJ I ( TE Tq ?~
IF (OM ~~~A ) 642,676,642

642 XPiUE Tr*~OM!~ A
G 010688

675 xN~JE=T 31,; 1.+l98.6/ TA~TREF))/(TE+i98.S/(TA~ T0E~~)688 CONTINU~C
• C COMPUTE LOCAL XI AND ST EP L ENGTHS

C
C DXDS =O ZP IVAT IVE OF TRA N 5FORMED SURFA CE COORO IIATE W R T
C SURFACE COO RD INATE
C

OXOS=RE~ !I’~~XMtJ E
tc (J2fl~ .N? .0) OXO S OXD S”RC0M ~~~2
T F(M. FO.’) ~~~~~~~~~~~~~~~~~~~~
flX2=,5+05~~((I.+DS2~r)S1) ~OX1DS+OSi X)S/(DS1+DS?)-DS2~)S2~DX?OS/

~~ 
(f l5j *  ( P 5 1 + 0 5 2) ) )

R~YNOE=~!4UF~S/XNUEREYEXT=’~Y~VIcINF~REYNDEIF(M.EO.2) OXi=flX2
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C
C X=TRAII SFIRMED STREAMWt S~ C~OORDINAT E
C

!F(M.E0.’) X:OXOS~SIX =X+DX’
- h  C COMPUTF SlED L~ NGTH FUNCTIONS

C

tF(I-DIF~ . !O. 1) Vi = 2
Y 2 = ( ( f l X 1 i I X ’) / f l X 1 ) ~~2.0

Y t . = ( I X I + O X 2 U O X I  
-

vc=OX?#’IX 1
TWTF = TWFT Z

C
C C OM PU T~ AL P(A , ~ETA , A W l L A M B D A
C

- 
- OUEDX:_~ D/ ( R E ~ UE* DX OS )

X0E 2. 03X ~ IDUEDX ~ UE
C
69q8

C
C ASSIGN 1W? MATRIX ELEMENTS FOR THE FINITE DIFFE’EPICZ EO (JATION S
C

CA LL FLM~ T X (  M,O X2 ,X ,X~ L, X 3 E, TR ,IOI~~~, Y1,Y 2 , Y 3 ,Y4 ,Y5 , T W T E, ITC NTI ,
I ITRAN ,A i ,A2 ,A1 ,B1,32,B’,CI, C2,C3)

C

C
C
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 3 3 3 3 3 3 3* 3 33 4 - 4 3 3 3 3 3 3 3 3 3 3 3 4 3 3 3

C
C MAT RIX ‘N’ IE~ SION , SOLV E FOR F , THET EA AND V
C

CALL MA~~0N3 (rP ,TP,VP ,D1, 02,D1,AI, 3l,~ t ,A2 ,32,C2, ‘3 ,93, C3,3, _ENGT9
1. ,200)

C
C44444** 33* * *34433 8* 44 8**33 *3 3* * * * *34 * ** *~~

ITCNTI=TTCMTI+i
N IEDGFI- l

- I DY=DYW3~
(X’(’~ (TEOGE—2 )

I VP (tEOG ’ —? )~~X X K / ( 1 . +I. / X X K ) ) / D Y

KCN N + 5
00651f) PI,KO I

65 VP(ID)=VP (tEDGE~ i)-l~VK~DYC INITIATION OF SIMILAR SOLUTIONS
IF(M.Vh’) 0 TO 8020
GO TO 5013
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DATE
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8020 0’) 801Q t~ 1,<ON
VO (I):VN (t)~~VD (t)

80 19 O( =1’J(t)~~T’~ (t )
C T”1TTtATTO’~I D~ STPI !LA ~ ~)LUTID’IS8018 !~=I!DG~+1C
C U AN ’~ T-~~’A P’~OF ILES IT RATI ONS

TAU2 (F’(’)-~ P(1) )/OYI(
I~~(IT”~UT1,~~),2) TAU1 1O.~~TA ’J2

T AU1=TA~J~
!~~(TTCNr1. .LE. 100)- G~ TO 7005
WOIT~~(~ ,200~ ) M
CALL ~XT~7005 IF(~ ~~~~~~~~~~~~~~~ ~O TO 6996C U AND T~~ TA ~~OFI1ES IT~~ ATIONS

C
C
C COt4P(IT~ qLT , ~r)T(0ELTA ~TAR) AND ~P1T (THETA )
55 CO=T0(1)

TpI=0.
RLT LOT=~ L1T~~~.
XNP9(t) =I~.
no 57 N~ ? ,KY4
OY=OY ~~~~~~~~( ’ l — 2)
CX=TPt~fl
TPI=TPt#,5~ OV* (CO+CX)
Cfl=CX

C
C XNN=Coo~ flT~1AT E NORMAL TO SURFACE
C

XNN (N)~ ?~~~ TPt~ SflPT (2,~~~) /(RE~ UE)
!F(J’DA.l.O) XNN (~1)=XN’1 (’I)/RCONtF(J~DA.~~ .I) T?JPU’1):1.+2.~ s0RT(2.~ X) P cO$ (eLPI4A)’rPIF (~1’UE

1*RCON~~2)
tF(TT~’AM.NE,0) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
9LoT~ qLoT+ 2.—F P r n  fTP (N)_FP (p1_1)/1P (p1_j))* (x9N (N) _ XN~l(N_j))/2.

I ~(XMNtM) —X’*1(!1—l))I2.
TF (BLT.r,T.a.) GO 10 57
tF(F°(N).G~.0.995) -1Lr=xNN(N)— (FP (~ )— .995)~~(x~~J(’1)— ft4N (N—1))

I /(FP(N)-FP(N-I))
57 CONTtNU

C CONPtJTE 9LT, ~OT (DELT A cIAR) AND BMT (TH~ TA)
C
c ~OMPU1E T14~ ~0OY vrSc3SrTy COEFFICZ~ NT

tF(S.L~.!~’~~X) GO TO 58

C
C THIS StJ~~0JTI~1E COMPITES EDDY VISCOSITIES
C

CALL Y~ T~ (KON ,T~,X,T~ EF,XNUE ,X8!,S,!TCWT1,
iRCON,A1P’4A,I1~ AN )
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C

58 IT(~P1T1 1
C
C A~ S!SM~ ”J’ OF RID PONIT~ IN ETA
C

IF(IMOCH) 71, 71, 712
71 CONTTNU~

I~~(M — ~‘O) 732, 732, ~272 I F (A e IZO r _ 1 _ F o C~~~, G E_ t 6 f l _ O . O f l f l 1  73,71,?~.
73 ~~~~~~~~~~~~~~~~~~~ — T~~(IEOGE— 16)) — . O O ~~1) T~~?, 732, 7’.
74 I c ~ =T~~ r,z+l

UV=flYW~ xXK (~ Enr,~_2)
V (IEr)Gr) Y (TFflG~-1.) + !) Y

• 7~2 tQ~~ 1 0 — 1
C A SSESM~NT OF GRID PONITS IN ETA
C
C

C THIS SU~~!WTtNe COMPUT~ c WA LL STR~S3 A.~IO I4EAT TR~MSF~R RATES
C

CALL ~~~~r~J3 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I MP, O ~ ,IT~ AN ,Zr~O,,DC

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C
C SHIFT P~OFIL~ S BACK O~4~ XI STATION
C

PIN Ifl + 5
00 118 M 1,~~IF’I(N) =FO (‘1)
FO C N) (
TN (N)=TflC~I)

VN (N) = C ‘1)
VO (N)=V~ (J)
E rN C N) =~~~ N)

FNCN) =~M (N)

T~!JN(PI):T’JO (N)T2JO ( N) : !2J D(9 )
118 CONTtN U~• 0X1 0X2

US1=!)5 2
te (M+ t_t C 45 ( I c) )  11(4,111,114

113 0S2=2 .O’ ,Sl
TG~~~ tG+1
INDCM I
IF (‘I. !~. T~ N~ i) GO TO 217
r,o ‘0 lit

111. OS2 OSI
INOCH U
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- IF (M,E~ .!ZNOt) GO TO 217
(~O TO Ill

237 YIN = I
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C
C THIS ~(J~°OUTIP4E AL ONG WITH SU9~ OUTI’4E CFSTIIO IS USED TO OUTDJT
C ALL OATf t
C

• 111. ~~LL ~R9’~1S (I~ OUN ,TP,IG,Ifl,MSTA~’T,IIII,M,S,f,~ LT)C
*~~~~3

115 CONT TN I J ~! P40
C
C

• C
C

• C

C
SU~POUTIP4~ P~~ SSHtS,Xl , G, ~,OP0X ,T,YM,IPPES,Pl’?)C

C/I~ ,,//// ~ I/ I / // / // / / / // / II // f /~ F~ / ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
COM’~ONP~rV15T, R 1  ),~~~ 3fl ,XP (co),A (30),n(30),c ufl,D (30 ,~~~3 o ,

10(1 FO~M~T( c~ ,~~w!~RNIwG....~~~LCuLATION IS OLJTSIOE 3~ THE P~ ESCR!3EI) ~~
1FSSU~~ O A TA , S IS LESS 1~~AP4 XP(1)~ )• 200 FflR~4A~~

( 5X ,~~W4RP1ING,...’ALC tJLATION IS OUTSIQE D~ THE P~ ESCRI9EO P~
1ESSU~E IA T t * , S l’s G~ E~ T~~ THAN XP(EIfl)~~)300 FtDP~IlAT ( 1X, E1~~,9)
I R f l
IPPl1=INu~l—I
~~~~~~~~~~~~~ GO TO (40
00 20 T:1,INU~

• IF(S.LT.XP(t)I W~ ITE(~~,iUfl )
IF(S.GT.X”(IN’i’l)) W~ ITE (S,2U0)tc(S.Lr.X’(Ifl rR= 1
IF(I~..le’.O) GO TO 30
IF(S.GE.X0(t~ M1)) I~ =INJM
I F(I ’~.w!.( 1) GO TO 3(1
te((S.G .X~ (I)).API0.(S.LT.XP(I+1))) I~:I
t~~(I~ .E~’.(1) GO TO 20C SEEKING THE REST FIT
RS=(S—X ~~(t))~~(X P( I + 1)— X P( I ) )
Tr(PS.G~.0.5) ID T+t

C SEEKING THE ~~ST FIT
GO TO 30

20 C0NTtNU~30 tF ( T~~.r,T.t ~~,l)  I R I ~ Mt

IP M :ZR — t
I F(I ’~.~~fl. I) IP M = I~ +2

C COMPUTE THE ~U(1IC S~LIM~ COEF~ ICENTSXi= (X0(T~ D) +XP(IRM)—2.t1’XP (I~ ) )~~(XP(t~ D)—XP(I~~ ))
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X?= (XP (I~ M)_X0(Ic?))$ (K0 (T~ M )_X P(IR))
X1= (XP(T0D)_XP(IR))~~(XP (I0P)_XP (I~ ) )
X4=X°(t~ M)— XP(tRP)X5= X P ( T 0 M ) ~~X 0 ( I R )
X~~~X P ( I0P)~~X P ( I R )
0~ TS =X 5*X r,~ X!.
O2= ( (T’)’X1+OP(I~~)~~X2—0P(IRM) X3)/)ETS
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C COMP,JTe’ TH~ C1I!3IC SPLIN~ COEFFICENTS• f lXP S_ X 0 ( t ~ )
flX P2=0X D~ *2
nxPc = ’)x~ ”n.
!IPOX 1=OD (1 )

00 II) 1= 1,20
X I~~ X P
x .=x~ x

• 10 flDDX1~~flD r~X2
flPDX=r)D(!~)+C2 XP+C1~ r~~P2
T (P*P1~?)~~.((G_l.U)F~ )
YM=S T(’.fl’((2.0+ (G—1.fl )~~XM XM)f(2.09)—I.0)~~(G— 1,)))WRITE (c,,1(10) S,P,OPOX ,T,VH I ,
r,o To cn

40 P:1.0
OPDX= !~.

• 50 RETIJ~ N
END

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C

SUBQ~OIJ T TN’ SMTHPR (BTV~K ,rIDM4X,G,XMSr))
C
C,,,, /,,,/,,,,, ,,,,,,,,,,,,,,,,,,,, /,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

COMM OJ /~09ST~ ~i30),Z(3fl),XP(30),A (30),B(30),~~(!(1),D(1!3) ,E(30),
1r(30),r~~(10),r1p (30),INuM

100 FORMAT (1X , FI~ ST ~P OATS DOINT YIELDS ~DVE~SE ‘~~ SSJ~ E ~~AOIENT TO
10 STE!P ~

‘0R CALr~ULATION In CONTINUES)
200 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
30!) FORHAT (tX ,(,((ix,~~1c,q))

DPTOL=O”IAX’i,OI
C COMPUTE T~1~ T~ AILIMG EDGE DPOX

t DPl I~~t PUH— l
!CM2=TP1tJM~2• !IXI=XP(TD MI) —XP(INUM )
flX 2 = X P C T P t I 2 ) — X P ( I N t J M )
DX 12 flXt~~lX 1

• 
• 0X 22=DX’~ OX2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 (DXi’OX’~ (0Xj—DX2 ))

C COMPIJTE TIlE TRAILING E0G~’ DPDX10 !MAX 2O
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C COPIP ’JTE TIlE t.EADING E0G~ OP OX
OX 1=XP(!)—X’ (l)

0Xi2 DXf~~0XI

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I 0X 2 ) )
I~~(n~~(1).GT.!I3MAx) WRIr’(6,100)
T~~(DP (1).GT.D~ ’qAx) CALL EXIT

C COMPUTE ~9E LEA OI P4’ EOG~ OP OX
00 20 t:2,TD lI
I ’l l=I—l
T PI = T + 1
t1XI=XPCTMI)_XD (I)
flX2 X~~(1D 1)_ X D ( t )
f lX I2 = 0X1~~1X1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I ( 0 X t— flY ~~) )

20 IFC (OP~~ ,.r,T,O~ TOL) .AN O, (XP (I).LE,~~TRX)) IMA X:!
Ir(I’IAX.-O .O) G O TO 50

C SMOO1H!~’G THE CP nA TA I~l THE LEADING EDGE REGION
tMMl:IM~~—1• IMP1 IM~X+t
OX1=XP (TMMt)—~(°(TMAX )
~~~~~~~~~~~~~~~~~~~~~• 0Xt2=~)X 1’OX 1
OX22 :flX?~ ’IX2
CP(IPIM1)= (~ P(IM Pt)~ QXI2— D(IMAX )~~(DX12.DX22)—OXt’~)X2 (OXI—DX !)

I ~D P M A X ) / ’1X22
• r,o ro to

C SMOOTHI”G THE CP DATA IN THE LEADING EDr,E REGION
50 WRITI (6,200)

• 00 30 I:t,INtJ M

• 30 N R I T E ( 6 , l 0 f l )  X P ( I ) , P C , C P ( T ) , OP ( I)
RETURN
END

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C

SU~ROUTTN ~~STNO (TR,XNUE,X,S,XBE,1,~3LOT,BLMT,RLT ,PBGt ,’DP0GI,
1. REYEXT,XME ,MP,RCOPI,tT~~ M ,ZCON )

C
C,,,,,,, /,,,/,,,,, ,,/,,,/,, ,,,, ////,/I ,,,,, ,,,,,,,,,,, ,,,,,,,,,,,,, ,,,,,

COMMO N ~, ‘R, REY , XM!N~ , OM EGA , 90, IN, °t’), T t~ , ~10, VISIO, TE,
1 PE,RZ ,IJ! ,V tSINF ,S U,EPS, DS, OYW ,S t,~~~~~~,T C,T a ,T!0 ,t E’4Dt,IMTA CT ,
2 DRT ,XYK ,9TRX ,X 1AM ,V P ,XINT !R,S O,ICHS(8) , tD~ 9(f l ,E O (2 0 0 ) ,
I
4 FP(200 ,”l(200) ,TO(’OO) ,XNN(200),1’I(200) ,VO (2fl0),V~~(20fl),TP(200),
5 fli(200),12(200),fl3(200) ,T2J0(200),T2J0(200),T?JN (200)

2999 FORMAT (1HO ,IOX, 5HS/L :,‘1c .8,IOX ,SH Z~L =,E15,8,t0X,5’lR~ L = ,Z15.8)
200(1 FflR~4AI ( 1I40, 1flX,5HSFL :,EI5.8)
2001 FORMAT (’X ,7HX M E ~,E I 5 . B ,2X , 7HPE

I ‘X,7HX~F :,E15.8,21(,7I4TW/TE = ,E 15,3)
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2002 FO RMAT ( 2X , 7 ~~RLT = ,EIE.!,2X ,7W RLMT :,E15.8,2g, ’HOLOT = ,Et;.8,
I ‘X,7HR” YMT ,E1~~.~~, 2X ,7H ~ F~YD T ,E15.3)

20 03 FORMAT (2X ,74CrI4O =,E15. 8,2X,7HCFENt) ,EI5.8,2~~,’HSTNO ,Et5.8,
I 2X, 7 HcT -NO =,E t 5 . 8 , 2 x ,74 D EY Ex T= ,E1 ;. 3)
TWTE=TP(1)
tF (OM~ (~~,~~~,fl.) GO TO ~E5I F ( O M E G ~ .E). I.) r,n TO R551XLM I 1. / ( T p ~TE ’~~(1. — D M C ” GA ) )
GO TO 8~6

855 Xt,M1, =
GO TO 8~~

• 8~ 51 XLP4 I. :
856 CONTINIJE

Y 12 (l . + X Y K +XX K~~~2 ) F X X K ~~~’

Yt4=j .  / (X X K” 3’ (I.+X XK +Y X K ~~~2 ) )
TAU=XLM l Xl 1J E* U UE~~(_Y I t4 FP( 1) +Y 12~ FP(2 )_ Y t1~ rD(3)+YI I.~ FD(4 ))
I / ( O YW ~~ 1~ T ( 2 . X ) )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —Yt ’~ TP (2 ) +Yt ~~ T P(3 )—YI4 ’T ’ (4 ) )
1 /(DYW 1~ T(2.~~X)’P~)
T FJ 2OA.N:.0 TA U=TAU~~~”OPJt r ( J !0A, N” , 0) QS:QS~~~ O~’SINO = 0.
jC’(9~) •I~ , 1,) STNO = E~ S~ !~Sf((1. — 9O)~~(TE s .5~tJE~’2))ST ENO = Si’k 1O/( RE~ UE)
C~ NO =

CFEI1O = CrNOflRE+LJE3UE
REY0T R~’Y ’X T~ 9L 01

!YMT = R!Y ~X I ‘ ~L MT
C
C ~~LECTTfl’I OF THE OUTPJT

tF(M.NF.M’~) GO 70 1000
C SELECTIIN 0’ THE OUT~ JT
C
C OUTPUT ST AT ION DATA
C

!P(J2flA.~~0,i) GO TO 457
• WR IT (6 ,~’~10fl )  S

457 CONTINUE
IF(J2OA. c’O,0) GO TO ‘.56
W R TTE ( 6,2199) S,ZCON ,~~CON

456 C 0NT IN~J~W RITE(6,’f lflh) XM E,P9GI, ’PIGt,X f l E,TW T E
W RITe’ (

~’,2~102) BLT ,BLMT ,’LOT, REYMT , REY ) T
W R!TE(6,~’n03) CFNO,CC’ ENO ,STMO,S TEN O, REYEXT

10110 RETURN
END

C
SURO0l)TTPr ZL ’ IATX M,0X2,X, X AL ,X3 E, TR, IOI~ F,YI,Y2 , Y3, Y 1i,Y5, TW T E,

1. tTCNTI,tTRAN,AI,A2,A3,’I,92,93,Ct,~~!,~~3)• C
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- COMMON ‘ , ~~~ RFY, XMIPIF, OMEGA, 3D, TN , 010, TI0, ~10, VISIO, T~ ,I PE ,RE ,!iE, VI~~T N r ,SU ,E ’S, ,OY W ,SI, Z D ~~,T~~,TA , I E 1 G E , I E N O 1 , I M T A C T ,
2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~3 Cp4 (~~~fl~~~) , ‘(200) ,E T 3 ( 2 0 e )  , E T N ( 2 0 0 )  ,ETD (200),FD (210) ,FN (200) ,J2OA ,
1~ rP(20fl , I(~~0,,Tfl (200),XNN (200),VN(,0fl) ,VO (?00),V~~(200),T0(20fl),• 6flt(200),1’(200),O1 (21U),T~~JP(2!1O),T’JD (20U),T2JN (2flI3)
DYMENSTON ftt ’00,3),A2~~’00,3),A3 z0i,3) ,~~I(2n0 ,3),Ba 200,3 ,
I q3(?on,1) ,~ 1 (2flfl,3) ,~~2 (20fl,3),C3(200,3)

C
C THE !NN R EOG~’ ~OUNOA~ Y COW OITION
C

00 8011 T 1,3
8011 AI(I,I)=’4’(t,I)=A3(t,I)=~~1(1,t )=B2(I,I) =33(1,1) ~~1(t,I) =C3(1,I)• t =C II,1 :fl.

A t (1,I)=t.0
B’(1,1):IeO
Dt (1) 0.

• T F(S PO.~’0.0.) GO TO ~01?C 3 (1, 1) :1.0
U’3(I)=0.• GO TO 8fl1’~8012 ~~~~~~~~~~~~~~~~
A 3 ( t , t ) = 0 X 2 , V * Y I
C1(I,1)=—2.~~XL~~(2 .+X X ’ <) f ( I . +XXK )

C (t,3)=—!.~~XL/ (XXK~ (1.4’XXK))
03(1) 0.

C
C THE INM~~ ED~ E ‘~OUNOA~ Y CONOITION
C
C THE FIELO POINTS EVALUATION
C

80 13 NMI I’flG ’—I
00 801’. N2,NM1
fl Y=X X K~~~~N_ t ~~~r IYW
OYPII=OY,XXK

• XL OX2/ ( ’ . f l ’OY )
Y6 2./ (t. +DY Mi/DY)
Y’ OY/flYMt
Y8=2./ ( (DY’ l I/ OY ) (1.. + IY ~11~f Qy))

• yq=2./(I.+Oy~ ,YMI)
V 10 1. ~~V/~ yMj
sep=1. 0
T F ( F O C N ) . L E . 0 . )  SEP O.
t~~(ITCPJT 1 ,1. 1) 50 TO 70 0 0
I~~(tfltF~ .EO. 1) GO T O 7501
rMI Y4~~ O(’ I) -Y5~~FPS(PI)
TMI=Yk~ T 0PI ) -Y5~ TN (M)
VM1~ Y4~ ’1OPI)-Y5~~VN (N)
TF( SEPO . E ) .0.) VPII=VO (N)
EMI ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
E~ M1 =(Y TO ( N—1 ) +ET 0 ( N) + ETO ( N+1 ) ) - i’5* (ETN(~~— t ) + ETNUJ )+ET I( N+1

I ) ) )/ 3 .
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T?J=v T2Jo —Y~~ T2Jwur,o 10 “001
7!~U 1 FM I  = F D ( ~I)

TMI =• V MI Vfl ( ’l)
FM1= (~~fl(N—t )41 (PD+ZO (M#1))/3.

T 2J =T ?J~~f 9 )
Cr) TO T O O t

700 ’) FM I  =

TM1
VM1 V ’(9)

• ETM1= (rT0 N~~1 +ETP(N +E’0(N+I~~~/3.
T~ J=T7J’(’l)• 7001 IF(O’IEGA .~~~) .  0 , )  GO II ~,54
I (O’4EG~ .~~D. 1.) 60 TO ~~ 41
XLM1 1./ f T M i~~~(1.— O 1 E A ) )
XLPM1= (OM9G4—1.)’XLl1 ~ TMt
C 01062 5

68i.t XLMI=1.
• XIPM1 O.

C “ITO ~,? 5
• 68Li XIMI=((t.+T?)#Sf’)DT (TMI)’(TMi+TR))

62; IF (ITCN’t.GT.t) GO 10 6~ 6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
TV: (yq’Tn(N+t) ~2.—Y1!1~~I’) (P1)—Y8~~TO (N—1) /2,1/DY
EYM1= (Y~~~~O(Nl.1)/7._Yt 0~~rMt_V8~~EO (N_I)/2.)/OY
!TYM1= (yq TO(P4+j),2.—Y1~~~~TMj—Y3~ ETO (’~j—j)/2.)/OY• OT2J (Y~ *T2J3 (N+I)/2._Y 10*T2JO(N)_Y3*I2JO (M_1)~~2.)/OY
GO TO 6~ 7

• 626 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

627 IF(IO tF~’.’O.1)  GO TO 7502
FM2&f2~ FO (N)~~Y3~~FN (N)
TM2=Y2~ l’o(,4)_Y1~~rN(M)
GO TO 7~ Q5

7502 FM2 =2.~~’O (I)
1M2 =2.~~T 1( I )

7505 CONTINUE
IF(IT RAH.E~~.0) T2J 1.0
IF(ITDA ~

$,’fl.0) OT2J = ’) ,
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I4~ YMI +VMI_EMI T?J*XLP4t~ TY)

• 

• 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~2 F M 1~ Se’p_X *(2 . YI+FMt_ ’M~ ) SEP

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
R1(N,I )=—V9 ~~XL~~EMI*T2J’XLPM i0FY

91
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9j ( I4~~’) :— ’a ‘Y10 XL M1~ T?J~ XLPM1.c’Y+DX2’xq!91 (N, ~~~~~~~~~~~~~~~~~~~~~~~~~~C 1(N , I ) = C I ( N , 1) =0 .
CI (N ,~~) -1X’~ FY
A ’(N , i) — ’. ~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
A ’(N,’~):’. *Y~~ FY~ X L*X .. M1 ‘EM1~ T2J~ X A ~.
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~IxLM1.ETvl1~ r2 J+~~R V M1-2 . ~TY*XL 0 MI* ET MI~ T i )9~ (P4~ 2) — Le , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —2. ~YI0~ ( (~~~~~ D~~~)

I (XLM1*~~~~t.DT7J+XLMt IYM1.T2J_PR .V~ 1~ 2..XLPM1.Er1I~
2T,J4TY)_X*YI~ rM1~ SE0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C’(N,2)=—IX”IY
C’ (N, 1) :~~‘(I1, 3) :0.
A1 (N , 1) =A 1( * I , 3 )  = 0 .
A 1(N,2 )= r)X 2 +X ~ Y 1
!31(N ,t) =9 1( 1,?) =B3(N,~~) =0.
C3 ( N , 1):—X L~~Y~
C1 (N ,2)=_~ .~~XL !Y10
C3(N,3)=XL Y~1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~IY I )~~SF’°
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + QX 2~ X L M 1 ~~’Mj ~ T!J

~~~~~~~~~~~~~~~~~~~~~~~~~~~~
A U1(N) X’FM2

801’. CONTINUE •

C
C THE FIEL I POINTS EVALUATION
C
C
C THE OLJ T~ R EDGE 9OUNOA~ Y CONDIT ION
C

00 80 15 I t , 3
6015 A l ( t E 0 G E ,T ) : A 2 ( I E r G E , T ) = A 3 ( I E n G E , I ) : 9 t ( I E D G E , t ) = 3 2 ( I E o ~ E , I) :~~3(

I tEDGE , !) =~ 1( I E D G E , t ) = ~~’ ( I E O G E , I ) = C 3 ( r E D c E , I ) : 0 ,
A1(IEP~Z, ’~) =j .  0

D1(IEOG? ) 1. U
D~~(I~ DG’)=I,0IF ( SEDO. E O . 0 .)  GO TO 30 16
X L X2/ (’ .~~DY W ’XX K (tE 1GE—1 ) )
FM 2 Y~~ ?O( IZ 0 G E) —Y 3~ F’ t 4 ( T  flGE)
tFCI0tF~.~ ’O,1) ~M2=2.~~FO( IEr)GE)
A 1(IEOGE,1):0X2 +X*Y i
C1( IEOG~’ ,t) =2.~~XXK ~~ 1*XL/ (1. +XX K)
C3 ( IEf l GE ,~~) = ~~2.~~XXK ~~(1, 4 Y X K ) * X L
C 1(IEfiG ? ,1): 2. 4 X X K ~ XL ~~(~~.~~X X K + 1 . ) / ( t . + X X K )
01(I G ) = X ~~FM 2
GO TO 801’

6016 VMI=VO (T~~OGE)
tF(ITCP4TI.GT.t) VM1=VP(tEflr,E)
C 1(IEOGe’ ,1):I.0
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01(I~’flG?):VM 1
8017 CONTINUE

C
C THE 0!)T~~ EDGE ~OUNDA~~Y CO NOITION

R’TURN
END

C
StJPRIUTTNE P0 1CHS(ICO’JN,Ifl ,IG ,IO,MS TA ~ T ,II?4 ,M,5, V ,9LT)

¶ C
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~CO MM ON , ‘~~, ~EY , ( M I N , OM EGA , 90, !4 , PlO, r io ,  U’), V I5i~~, TE ,

I 0E,R~~,t ,VISIN~’,SU, E’S ,”c ,DY W ,!t ,E O~~,TC ,TA , 1~~)GE, IENOI, IP4TA CT,
2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~3 EN(200),~~’(2 ),ETi(7O0),ETN (200),ET’(2’)0),FO (20fl),FN (?fl0),J2OA ,
‘. rP (?flU),TN (~ flfl ) ,T0(!00) ,XNN (290),V1 (?U0),VO (9011),V’t’O0 ),TP (200),

• 50 I(2f lU) , ( 2 0 0 ) , D 3(2 0 f ’ ) , ’2 J P (2 0 0 ) ,T~~J D ( 2 0 O ) ,T 2 J ” i ( 2 0 0 )
D I MENSI ON Y ( 2 0 0 )  , !(7 ,16)

25 FO RMAT f1 I l0 ,1+5X ,23HP~ DFT L~ FOR STAT IO N S =FiC., 3)
(4(1 FO0M4T (D~I 1 P 1 15F3,(. I
‘.1 FO RMA T ( D M E T A  15F~~,(. )
4? FORMAT ( R I 4  F ’l= t5F~~.C. )
43 FORMA T ( R1 11= 15F3.~. 

)
‘.4 FORMAT(°H Vi~ 15~~ .2 )46 FORMAT (“1 ED: 15~~ .2)507 FORMAT CR11 Y/ ~ LT I5F3.~. I

5(19 F0R MAT (~~4 ~DF~ OE I5~~8.(. I
510 ~‘ OP MA T( Q H MA~~4= j 5 F3 ,4 )
511 Fr)~ MAT (~ W DT/ pO p j 9F3. L )
512 FCR MAT ( R U PTI PE= I5F5~~C4
513 F0RM !~T ( R I .I ‘1~~l~ 15F3, C# I

IF(ICOUN—IPP?I1(IP) ) 51,3~~,51
C
C OUTPUT 0ROFILE DATA
C

38 KON T=I0- I
J ‘ 0
WRTT E(6,25) S
OO50J1=1,KONT,1~
J’=J2+I
KflN = J 2~ 15
W RITE (~ ,f.U) (XPtN (N),N=J i,KON)
WRITE (~ ,4I) (Y(N),PI=J1,VON)
W~ ITE (6,’~~) (F fl(N)~ N JI,K ON )
W R IT E (6 ,43) ( T O ( N ) , N :J 1, K O N )
W RITE (6 , 1+1+) ( V O ( N ) , N: J i , K O N )

• W R T T E ( 6 , ~.~j ) ( & O ( N ) ,N = J 1 ,  K ON )
I~ J I—t
! F ( M .EC . M S T 8 R T )  GO TO 90
00530JX 1 ,15
1=1+1

2(2,JX =rO I
C !(3,JX) T0(1)

~~~~~~
-
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7(3,JX):l./I3(1)
P”P~’0= (6— 1.0 )  ‘T E~ TO (I)
IF  (PTP CO) 777, 777 , 77~777 PTPrO =I.

778 7(’.,JX):tJ 7(’ ,Jx I / (pIO~ fl1~~~.5
PTPF 7( ( 4 , JX)~~ ’( t,,JX )

504 P~ PE=( 1, f l+ ( ( ( _ t , O ) / ! .0)  ~DT PE) )~~4(~~f ( — I,0))
GOTO5f l c~505 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

11.0)) )
~~~

( t , O / ( G — 1 . 0 ) ) )
506 7 (5 , J X) =~~1’~~Z

7 ( 6, J X )  PT 0~~~Pc’/P lO
• 7 (7 , J X ) : ( T E ’ T O ( I ) / ( U t V ) + . 5 ~ F O ( I ) ~~~O ( I ) ) / ( T E / ( U E ~ U E ) + ,5)

530 C DNTIPUF’
• W RIT~~(6,c17) (7(1,N),N l,15)

• 
• wRI ’~~(6, ;og)  (f l 3, N ) , N :1 , 15)

W~ ITE c~, cin  ( 7 ( 4 , N ) , N~~1,15)
WRIT~~(6,~~tt) (Z(6,N),N:1,t5)
WQITE (6,~~1?) ( 7 ( 5 , N ) , P 4 i , t S)
W Q I TE ( 6 ,~~I3) ( Z ( 7 ,N ) , 1:t ,15)

50 CONT INIJ ’
Ie(IXN .E~ . I) RETURN

• ICOUN=0
51 tCOtP ’~I I ~ 0’N+1

IF(H#l—flI lS(I ) )  1S0t, 1~~O 0 ,36O 1
3600 t D I ~~+I

t COI)N = T~ R N ( I P )
3601 CONT I~IUE

• RETURN
END

SU0RfihJTT’I~’ REYST R( I( O~4,T~ , X ,TREF ,XNUE, X3 E, S,IT~ NT1,
IRCON,AL’H~ ,IT~~A N)

C

COMMON ~~, P~~, ~FY , X’lIN~ , OM EGA, 90, TW , ~ i0 ,  T I’), UO, V IS tO ,  TE,
I PE,RE,j E ,vISINF ,su,EDS, r)s ,oyw ,sI,&R~~oR, TC, TA ,Tr,G~~,IEND1,INTACT ,
2 DRT,XX (,3T R X ,XL4M ,vA~~P~ T ,XINTER,S O,ICHS (8),tPRN (~~),ZO (2QQ) ,
3 E N ( 2 0 U ) ,~~D ( 2 O U ) , E T O C 2 0 0 ) , E T N ( 2 0 O ) ,~~’r ) ( 2 0 O ) , F D t ? ’ ) f l ) , F N ( 2 0 0 ) , J 2 O A ,
4 ~‘PC 2Q0) , !N ( 2 0 0 )  ,TO ( 2 0 0 )  ,X N N ( 2 0 c ! ) , V N ( ? 0 U ) ,VO ( 2 0 0 ) , VP ( ’ 0 0 )  ,T D (2 0 0 )
501(200),,~~(20U) ,fl3(2Ofl),’r,JP(2OO),T2JD (2O0 ),T2JM (200)

T T R = ( T A + t 12 , ) / ( T A ~ TREF’ +1 12 .)
• CO=TD(iI

fl1 EP(1) NM(t ) TPI~~~LT :fl.
C SH EAR ST~~ SS ~T THE W A L L , AS THE SCALt ~I FUNCTION

Y1,2=(I, ~~~~~~~~~~~~~~~~~~~~~~~~
Yt3 (l.+XXK#XXK~~ 2)/(XX<~~~3~~(1.+XXK))
V I 4 t . / ( X X K * ~~3 * C t . + X X < + X X K * ~~2 ) )
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~F~ TW= A 9~ (rE T W I
X LMtW ((i.+TR )~~SOR T (T P( 1) ) / (T P (j ) i .IR) )
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• D t? XL M 1W * c ’~’ T W
C SI4EA~ ~“~ :cs A T T ’4E W ILL AS THE SCA LIN G F ’) NC T!ON

0’) 1 PI: ’,< D 4
t1IV = OY W ~ Y XK ~ ’(’ 1~~2)
XLHI:((t . +TR )~~SO I~T ( I0 ( N) ) / (T P (N) + I R) )
C :1 P C N I
T0I:T Pt+ ,’~~0Y~~(CO +C )

X P4N( ’l) ~~oc~ r~ r4 sr)pr(2. 
~~~‘) / (RE’UE)

IF(J~ OA, P4~’. O )  X N N ( N ) = X N ’ l ( I ~1) / P C0N
T F ( T T R r ~~, ’Jr . O )  ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ (—1. + S D °T ( 1,  +

l2.~~SO~’T(’ . ~X )  *EI~S4~ O S ( A L P H A )  ~T PI/ (RE* U~ *RCON~~ !)))
I~~(~ LT .~~~. U . )  GO TO 2
I~~(~~0(N) ,‘~~~. f l, 9O5)  B L T = X P I N ( N ) — ( F P C N )  — .995) ~

(XN 11P’ f l — X N M ( N — 1 ) )• I / ( FP(P I)_ e ’0 ( N~ l) )
!F(IT~~A1I. ’D.I) (0  TO 1~

12 C ONTI?I(I?
IF(ITRt !,~t.iE.0) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2 O!1 SO (2. $X* R ! Y / ( T R 1,5~~T T R ) ) ~~T0t ~~~2 / ( X N U E * T P ( N ) ~~~3)
I r ( J 2 f l A .~1” .0)  PI1=PIl ~~~’O9
I r ( t T R A N . 9~ . U )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~2~~~1. 5) ~X N’J E)

• f l Y M j = i Y~~X~~I<

Y9=2. / (1, +0Y/ DYN1)
YI0=l. — D Y / 0 Y M 1

• C P!2=XLMt P(N) AflS (Y9+F’~(N+I)/2. _YI0~~’P (N)_Y8*~’P (N_t)/2.)/DV
C

• C C EBICE—SM!Tl-’ IONSINKIS “O OY V ISCOSITY MOOEL
YDLUS= s~ R ’!’(~~It~~PI2)/ (2~ . ~X LMl)
Ie(Y PLLl~ .

v
~l’.5 I .) YPLU c= 0.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1. FP( N+1) / , — Y ll3~~FO( N) — Y ~~~F’ P( N—i )  /2.) / ( DV~ XL M1)

C CE9ICE—~ MT Tl - MON SINKIS ‘fl’~~ VISCOSITY MODEL
C
C T RUNCA T ? THE INNER RE ION CALCULATI ON

I F ( E 0 ( P 1) . L E , E P ( N . 1) )  EP( N) EP( N—1 )
C T RUNCAT E TIE I N N E R  RE I D M  CALCULATION
C
I C ON T INU ?

00 3 N 1 ,KON
XLMI= ((1 .+T~~)~~S0RT(T0(PJI)/(IP(N) +TR))

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I~~(J’0A.N~

’.O) ~flt=OOi~~°”ON
• IF (D 0 i . L~’.Z P ( N ) ) E P ( N ) = J D I

ARG! =— .SI’~ ( ( S — 9 T P X )  ~~ I(~~~’i 4 )  
~~2I F (A RG r ’.L r ._ 57 5 .83)  GO TO 9

q CONTINUe’
I F (X t N T e ’R .E D .  0 .)  EP(N) 1.+E P( N)

95
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S

Ir ( X Ip ITF O .r0.1.) F P ( N ) = 1 . + (l .75/( 1 . 4 5 .5 XN N )/ 9L 1~~~~6 ) ’ i .)~~
I rP( 11) /2 . 75

3 E T P ( N ) = I e + P ~~~( E P ( N ) _ j , ) / P R T
c

P TIJRN
E’Ifl

C
• 5JJQ0~~(J1p~~ M A i E ’~N’? (Xl  ,~~?,X3 ,YI , Y2, Y3 , A11,A 17,413,42 I,A22 , A23,

~ AIt,A3’,433 ,LC,LN ,L’))
C
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C
C THIS SU~”)UTtNE SO LV ES ~4E THREE SI MULTANEOUS 9ANO MAT RIX
C EO U A T T ON S
C
C A t 1~ X 1 4i7~ Y2 + A1 3~~X ’  = V t

• C A 71~ Xl . ~2? X 2 + 423~ X~ Y2
• C 411~~X1. 4’ A i2~~X2 + A33~ X3 Y3
• C

• C ~‘t1R X l ,  X ., A ND X l
C
C AIJ A R E 9 9AND MAT RICES OF LENGTH LO , WORKING LEPIGII LN,
C AND 4I(~”11 L~C (THrS’~ MAT RICES AR E ASSUME D TO BE C ORNER ADJUSTE D , I.E. THE
C CORNE R ELEMENTS A~~E STORED IN (1,1) AND C L N ,L~~), ETC .)
C
C X I AN’) V T A R E VECTORS OF LENGT H 10 AND WORKIP1~ LENGTH LN

• C
C

OtMEMSION

~ X I( L0) ,X !C L D)  ,X3 ( L0 )  ,Yt (10) ,Y2 ( LO ) ,Y3 ( LQ ) ,
~ flh1(LC,LC) , A12 ( LO ,LC )  ,Ot l ( L0 ,LC) ,
~ A 2 1( L f l , L ” ) , A 2 2 ( L f l , L C ) ,A ? i ( L f l , L C ) ,
S .A31 (Lfl,LC) , 4 . 2  (LO ,LC ,~~33cLQ,LC)

C
C INITIAL!’AIION

• C
C

L°=L.M+1
• L=( LC— 1)/2

LM LN—L-I
IF(LC.GE .t,N) L:LN
DO I 11 ,LN
X I(I)=YI( !)
X 2(I) = Y’ Ct )
X3 ( I)=Y 1(t )

3 CON T IN U E
C
C DOWNWA PD GAUSSIAN ELIMINATION WITH ~IVOT IP1G
C ~~ a 

C
00 401 (1,LN
IF(L.EO.LM) L L N ’
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IF’(L.LT .LN) L L +i
C

I:K
= P4:1
H 01) 113

IF(J.ED.K) GO TO III
v = A q S (A t t ( J , 1) )
IF(V.LE.U) GO TO 1,11

• U=v
P4=1
T=J

111. V=A 95(A’t (J,t))
tr(v.1~ .U) 0 T O 112

• U V
4=2
I=J

112 V ABS (A~~t (J,l))
t~~(V. LE.U) GO TO 113I M 3

111 C Ot4TINU
0 TO 115

IF(M. ’l”.t) ~O Tfl 116
00 111+ J 1,L~U=A11(K ,J)
41I(I’C,J) :A11(I,J)
A I I ( I ,  J)= ’J
U=A12(K ,J)
A 12(K,J) =A12 (I, J)
A t2 ( I, J):’j
U=A13(K ,J)
Atl (K,J)=A1 3C1,J
At3( I,J) =~J

111+ CONTIPIU’
U=Xt ( K)
X I( K)=X 1(t )

G o b  I~ f)
115 IF(M.E0.l) GO TO 120
116 IF(M.NE.’) ~O TI) j j~00 117 J :j~ L,~

U =A 11(K ,J)
A1I ( K,J)=A21 (I, J)
A?I ( t,J)=IJ
U~ A 12(K,J)
A12P(,J) =A22 ( I ,J)
A22 (t,J)=U 

•

U=A 13(K ,J)
AI3(’<,J)~~~’3(T ,J)
A23(I,i)=’I

II? CONTINU~’
U =X 1( K )
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Xl (K )  X~ 
( I)

X ’( I) = ‘J
GO 1’) l’O

• l1~ 00 119 J:1,LC
U :A 1 l( K ,J)
At l ( K ,J) A11(I,J)

U=A I 2 C K , J )
A 12(K ,J) A32 ( I ,J)

U:A13(K,i)
A t 3 ( K , J ) =A 3 3 ( t , J )
A13(t ,J) ’t

119 CONTTPIU7
H IJ X I ( K )
- 

• X I ( K ) X~~(t )
X 1(I) U

• 120 CONT INU E
C

H (1’) 128 T=K,L
TF(I.Efl.K) 0 TO 121
U=A1 1 (1, 1) / A l l  ( K ,  1)
0’) 122 J 1,L’
T F ( J . Nr .1) A 1 3 ( T , J ~~1): 4 11 ( I ,J)—A11(K, J) ~u

H
• At2 ( I,J) 8 t 3 (T ,J )— A 1 3 ( K , J )~~U
• 122 CON TI NUE

A 13 ( I , IA ) =0 .
• X 1(I) Y1 (t)—Xi (K) U

123 CON TIN U e ’
U=A21(t, 1)/A11(K ,1)
00 175 3 1,L ~IF(J.NE.1) A23 ( I ,J—I ) :4 ’ 1( t ,J )—AI i ( K ,J)~~U
A2 1(t,J) A ? 2 (T ,J ) ’A 12 (K,  J)~~U

• A22( I,J) A 2 3 ( T , J )— A 1 3 ( K , J ) U
• 125 CONTINUe’
• A 2 3 (t , L !~) = U .
• 

• 
X 2 ( T ) X ? ( T ) _ X 1 ( K ) * U
U=A 31 (I,t)/A1t (K ,I)
00 127 J = t , . C
IF(J.Ne’.t) 433 (!,J—1 )=A’1 (I,J)—A11 (K,i) U
A3 i( I ,J ) :A 32 (T , J ) .A12 ( K,J)* U
A12(I, J)=~~’ 1(t , J )_ 4 t3 (K ,J ) * U

127 CONT INU?
A 33(1, L~

) :0.
X 3( I):X~ (t)~~X l ( K ) +U

128 CONT INUe’
C

U=ARS ( A21 (K, i))
1 K
P4
00 211 J :K,L
IF(J. e’O. K) GO 10 212
V A95(A1I (J, 1))
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IF(V.L~ .tJ ) GO 10 211
U V
p4:1

211 V :A f l S (A? I (J , l) )
IF(V .L E.U) ~O TO 212
(J=V
P4:2
T=J

212 V A ~ S ( A ’t ( J , t ) )
IF (V .L’.IJ) GO TO 213
U=v

• P4:3
I=J

213 C ONTI N U e ’
tF ( T. r ’) .K)  SO TO 21~IF(M.N”.2) GD TO 216

• 00 214 J :t ,L~
U=A 2t (K,J)
A2 1(K,J)~~~?1(t,J)
A2I(I,J):U

¶ U=A2’(IC,J)
A .7(K, J )=422 ( I ,J )
A 22(1, J•):~J
U=A ?3 (K, J)

• A 7 3 (K , J ) :4 2 3 ( I , J )
A 3 ( I,J)=IJ

21’. CON T!”ILI e ’
U=X2(K)
X2(IO:X2(t)
X2(t) =‘I

GO TO 220
215 IF(M.M ’.l) 53 TO 220
216 I r ( M . N ’ ,t )  SD TO 218

0’) 217 J : t , L
U A2 1(K,J )
A’1(K,J)=~ 1t (I,J)
AI1(T ,J)~~ P
U=A22 (K,  1)
A 2 2 ( K, J)=4 t 2  C t ,  J)

• A 12 (I ,J ) = ’J
U:A23(K,J)
A~ 3(K,J) :At3 (t , J )

• 217 CONTINUe’
U=X2 (K)
X’(K)=Xt (t)

• X t ( I ) = LJ
GO TO 270

218 00 719 J:1,LC
U=A21 ( K, J)
A2I (K,J) :431 (t,J)

• AII(t,J)=’l
tJzA22 (K,J)
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A !?(K,J) 41’(t,J)

• A12 (!,J):’I
U = A 2 1 ( K ,J )
A!3(K,J)=A 7 3 (I ,J)
A13(I , J) :‘J

219 CONTIPIIF
(J :X2 (I( )
X (K)=Y ~ (T)
X 1(I)=U

220 CONTINUE
C

00 22~ t =(,L
Te ’ ( I .EO.K)  SD TO 723
U=A1t(T ,t ) / 4 2 1  (K ,1)
Of) 2” J:j~~~• I~iJ.NE.  1) 413 ( 1,  i — i )  =41 1(1, J) —A2 1 (K , J) U
Ai1(t, J ) :A t 2 ( t , J ) — A 2 2 ( K , J )~~J
412(I, J) ~l3(I,J) — 4 2 3 ( K ,  J)*U

222 C’)NTIHUT
• A13(t ,L )=O ,

Xi ( I) X1 C I ) — X 2 ( K ) ~~tJt J = A 2 1( t , 1 ) / 4 2 1 ( K , 1 )
00 2’S J t , ~~
t c(J.p 1C’. tI  A ?~~(t,J~1):A’t (t,J)—A21(K ,J)~~U
A 21(t ,J) =A 7 2 ( 1 , J )— A ~ 2 (K,J)~~UA’2(I,J) :A 2 3 ( T , J ) — 4 ~ 3( K,J)~~U

225 C QNTt NtJ~’A’3(1,1i=0,
X ’( I)=X ? ( I) -X2 (K) ~U

223 CONTINUe’
• LJ:A31(I,1)/421(K,1)

• no 227 J 1,L~IF(J.NE.1) A31 ( I ,J— 1) :A I I( I ,J)—A21 (K,J)  ~U
A 11(I,J):~ 1!(I,J)—A’2(K,J)~ UA 32 (T , J)=~ 33 (I, J )—A 23(K ,J)~~tJ

227 CONTINUe’
A13(I,L~) =0.
X1(I)=X”(t)—X2 (K)~ U

22~ C ONTINU e ’
C

IF(K.~ ’O.L!hJ) SD TO 401
U ARS (A’t (K , 1 )

P4=3
JL K+1
00 313 J = J L , L
V APS(4111J,1))
T F(l1.LC’ .U) GO TO 311
u=v
H
I ~J• 311 V=AOS(4?1(J,1))
IF(v.LE.U) SO TO 312
tJ=v -

_ _ _ _  •
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112 V:AflS (A’t (J,l))
• tF(V.LE.U) SO TO 313

II=V
P4:3

• I=J
313 CONTINUe’

tc(I.e’fl.K) GO 10 120
IF(M. 11 ’.1) SO TO 316
nO 314 J:t,_ :
IP=A31 (K,J)

• 431(K ,J):A11(T,J)

U=A32 (K,J)

A 12(1,J) ’J
U=A 31 (K, J)

• A 33(K,JI:~ 3l(I,J)
A 13(1, J) :ti

II’, CONTINUe’
U=X3(K)
Xl (K) Xl ( 1)

Xl (I ) = U
GO TO

316 IF(M.Mr’.t) GD TO 3l~
00 31’
U =A I 1 C K , J)

• A3l (K, J):~ lt( t ,J)
A1t (I,J):’J
U=A32(K,J)
A12(K,J) =At’(I, J)

.3 A12 (t,J)&J
• U A 3I(K,J)

A 33(IC, J) =Vt13 (I, J)
AII(I,J):1J

31’ CON1’IM’F’
U X 3(K)
X1(K) XI(t)
XI (t) tJ
GO TO 1’O

318 00 319 J:1,L~
U=A 31(K,J)
A 1j(IC, J)=A21(!,J)

U:A32(K,J)
A32 (K,J) 422(t , J)
A~!2(I,J) ’J
U = A 13(K ,J )
A 13(K,J) 423(I,J)
A2 3t t,J) :’J

319 CONTINUe’
U X 3  ( K )
X 1( K ) : X 2 (t )
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320 CO NT INU e ’

C
11=1(41
0(1 328 t:IL,L

• U=A l 1(T,t)/A3 1(K,l)
0’) 322 J t ,L~

1) A l l (I,J—1 )
(I,

A 12(t ,J ) P 1 13 ( t , J )— A 13 ( K , J ) U
327 CONTINUe’

A 13(I,L~ ):0.
• Xt (I)=X1 (!)sX3(IO~~U
• t~=A 2I (T,iI/63t (K,1)

DO ~~~ J:j~ L,~
IF(J.1i~’.1) A2l(I,J.1) A’1(I,J) A3l (K,J) U
A 21(t,J1 :49?(t,J)~~Al2 (K,J)*U

• 422(1, J)=423 (I, J)—43l(K, J) •U
• 325 CONTINu e’

A~ 3(T,L1~):0.
• X .(I)= X2(’)—Xl (K)’U

U=A l1(I,1)/A31 (K,1)
00 127 J 1,LC
T~~(J.NE.t) A 1 3 (t,J—1 ):Ahl (t,J)—A31(K,J)~~1JA11(I,J) =4 3 2 ( t , J )— A l 2 ( K , J )~~UA 1?(t,J):433 (I ,  J)—A1l (K,J )~~U

327 CONTI PJUF
A33(t ,L~ )= 0.-

• 
X l(I) X’(t)-X3 (K)4U

• 328 CONTINUe’
C

• 1+01 CONT INU e ’
C

• C UPWARD ‘~A’IS~ IAN ELIMINA T~i.ON
C — — a 

C
L :1,
00 507 K:j,LN
!LP—K

C
U X 3 ( I )

• t~~(T ,r0.L’1) SD TO 502
00 501
1J1 +J

• 
• 501 U UaAl2 (T ,J_IF~X1(IJ 1)_A33(I,J_ 1)~~~2 (IJ_1)_A3t (t,J)~~X3 (IJh1)

!F(L.Ge’.LC) U=U—A32 (I,LC)~~X1 (t+LC)—413 (I,L~)~~X2 (I+L~~)
50’ X l(I)=U1411(I,1)

C
tJ X2 ( I)—A22 ( 1, 1)~~X3( I)

GO TO 501+
- 00 503 J 2,L

1J 1+J
503 U:Ue*21(T,Js1)4X1(IJ 1) A21(I,J)~ X!(IJ 1) A22 (I,J)3~ 3(IJ 1)

IF(L.C,E. LC) U=U—423 (I,LC) *X I (I+LC)
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501+ X ’ ( I ) = t I / f t 2 1 ( I , 1 )
C

U XI (I)~ 41? (1,1) ~X2( I) — A l 3(1,1) ~X3( I)Ir(!.En.LN) GD TO 506
no cos J=’,L
IJ:I4-J

505 U:tJeAlI (T,J) ~X l (!J 1) -Al ? (I,J)~~X2 (IJd1) A13 (I,J)*X3 (IJhI)
506 X 1( I)=U/411(T ,1)

I~~(L.1T.LC) L L+1
C

• 
~O? CONTINUe’

C
RETUR N
EN!)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C

cU900’JTTNE Co’1ST (ICOM,I~~EF
C
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C IC OP ,I= 0 (AX ISYMMETRIC ~O1Y RADIUS IS COMPUTED FRO M SJ RFA C E
C LOCA TIONS)
C I (RAOIUS OOLYNOMIA LS A Q.E IN~ UT T3 THE PRISRA M PY REA D
C STATEMENTS LATE ’ TN THIS SU3RDUTINE)

C0HMON/~ ON~ T/ R (30),7(lO),XP (10),A (10),B(30), (l’)),)(30),E(30),
IFt3n),CD(1n),’)p (la),INUM
COMMON G~ ~~~ °rY , X MTNe’, OMEGA , 90, TW , ‘10, 11’), RIO, V lSI’), TE,
I PE, , ,VISINF,SU,EDS,DS,OYW ,SI,ERRr)R ,T~ ,TA ,tED GE,IEMD1 ,INTACT ,

• 2 oPT,xx1 (,DTRx,x LAM ,vARp~ r,xtNTER ,sEPo,ICHs (8 ,r cRN (3),Eo (2on),
3 E N ( 2 f l f l ) , P ( ? f l 0 ) , E T O ( 7 0 t ~) , E T N ( 2 0 0 ) ,E T ’( 2 0 0 ) ,F D ( ? ’) 1) , F N ( ! f l 0 ) , J 2 D A ,
1+ ~P(20O),TN (200),TD(20fl) ,XNN (?0O),VN (200),VO(?0fl),V3(2)0),TD (200),5O1(200 ) ,’2 C 2 0 0 )  ,O1(210) , r2JP (200 ) , T 2 J D(200 )  ,T2 J N(2 00 )

• Ic(ICON, e’,.l) GO TO 26
W PIT E(€ ,2 !.1)

2111 r1RMAT(~.X ,’R/ L
00 3! IT =t ,IP4!JM 

- •

W R I T E ( 6 ,911) ‘( I T ) , 7 ( I T )
• 801 FORMAT (7e’j5.~~)

32 CONTINUe’
K!ND=I PU P4— 2
P4:1
00 19 K 1 ,KE 1D
NENO=N+?
00 12 M:N,P1Z 1O
0(M)=1.
E (P4)=Z (P4)

• 12 F(M):7 (M)~~~2
0~ T ( 5 E( ’4#1 ) ’ F( N4 ’ !)4 E( N)~~F(N +1) ’ ’ ) ( N+2)+D( N4’ 1)~~E(N+!)

2 F (N + t )~~? ( P 1+2)
no ii. M N ,PIEN’)

h i  P(M) R (M)
0ETA~0(N)~~E (N +I)~~F(N+!)+N .F (N+1 DC1.2)4.r~~M .lI*C (p1+!)

2r (N+i,~ c r1.2)

• ~~~~~~~~~~~~~~ - •  _ _ _ _ _• •

~~~~~~~~
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00 IF, N:N,MZMD
O (M)=1.~

16 F(M)=D (M)

2 F (N 4 1)~~~’( N ’2)
00 1.8 M:P4,Ne’N!)
£ ( P 4) = 7 (M )

1~ F(M)=R (M)
OETC ( 1) (P4+1) ~ FP4 +2 )  (N ) F  (P4+ 1) ~~) (N 4’?) +‘)(~4#1) ~E( N4’2)

2 F ( N + t )  ~~‘( Ih 1+2)
A (I():OrT A~~t)E T

• C (K) fle’~~~/DETN =N 41
19 CONTINUe’

Z C O N = 0 . f l
RCOPI=0.0
5=0.0
$4=1
KN= 1
fl7=flS
Z2REF:ZflIUI) +OZ

22 CONTINUe’
• IF(49 S(7CDN-7( KN)) .LE.’ )7/2 .)  XP ( KN)=S

I~~(KN.r!.!NuM) GO TI 25
• !c(A9S(7~ ON_7 KP1~~~.LE .D7/2. KN KN+t

26 C ONTINUe’
IF (N.Efl.K NO) GO TO 21+
7Q~r=’ ( ‘14’ 1)
Ic (7Cnp1.G’ .ZR:F) N=N+1

2~ ORU7~~ (’1) 4~~. 0~ C (N)~ ’!CD’1A LPH A-: ATA P4 ( DR ‘)Z 1
flQ flS~ cT N (A L P44 )
Ol=DS~ CflS(ALPW4)
R CO N =R C OP I+I ) R
S=S+0S
ZCOPI=7CON+OZ
TF(7CON.LT.Z’REF) GO TO 22
P10 81
tUKL):0.
!(K L ) = 0 .

83 CON T IN U e ’
26 CONTINUe’

IF(ICON. cO .0 )  GO TO 1,1
J:1
K :j

• RCOH O.
ZCON=O.

• 5:0.
K N 1
07:VIS
R!AO(5, t 0 0 0 )  IRE F

10k
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1q00 FOPHAT CI!?)
• 1001 FORM4” (~ e’tc ,~~

)
1002 F~ PM4T (1e ’t5 ,g )

00 7’ Ie’t,IRE~REAO (5,l flOl ) A (t),9(I),’~(I),D(I),E(t)
REAI)(5 ,tflfl?)

27 CONT I PIP J e ’

36 I~~(A9c (7~ ’)M_ 7 (KP1~~ .LE .D’/2 . )  XP ( KN) :S
IF(KPl .~~~.TMJM r,o To
IF (4’~~(”IPI—7 (KN)).LE.07/7.) KN=KN +1

29 flPfl7:q (JI ~~~~~. ~C ( J) +flO’l#l, 40(J) ~ZC3 ’1~~~?+4.~~E (J) ~7t~QA4~~~3
AL PH 4: A~

’ A 9( 7 )
D’=t)S~ C1~ (4 L~~HA )
S =54-OS
7CON=7C1N+07
RCON:4(J)+9 (J)~~7CON#C (J) CON 4-2+D (J)~~?CON 3#E (J)~~7COM~ 4’.IF (7C ON.~~~. ( J ) )  J:J4j
IF( 7CON.LT .F(tR~’F)) GD T O 36
W OIT E(~~,2:e2

21+2 F’)RMAT (t f lX ,’~~’ 7/1 ‘)
00 3 KBl, INU’4

• W R IT E(6 ,’ll?) C~~(K9) ,ZU (9)
7112 FORMA !(’Ft5.9)

3 C’)P4TIP1’3E
41 CONTINUe’

• RETtIRN
£110
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•
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