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Preface

This study is my attempt to determine if a typical tactical
air-to-ground missile could be employed with a SAR-Retran guidance
system. Most of the investigation was carried out using a digital
flight simulation program, although an optimizing program was
developed in an attempt to maximize launch range.
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GAE/MC/76D-6

Abstract

\\\‘The compatibility of a representative 500 pound weight boost-
glide air-to-ground missile with the trajectory constraints imposed
by a Synthetic Aperture Radar - Retransmission guidance system was
investigated using a digital flight simulation. A demonstration
flight profile was assumed, with a minimum of 20 seconds of tracking
on the aircraft-to-target line of sight required. A guidance
algorithm was developed which produced satisfactory trajectories.
A first order gradient technique was employed in an unsuccessful
attempt to optimize the trajectories for maximum range. A useable
launch envelope for this missile was determined. The azimuthal
exﬁsnt of the envelope was limited by radar system constraints to
15°-90° from the aircraft velocity vector. A maximum slant range of
21 nautical miles ﬁas obtained from a launch altitude of 35,000 ft.
Range deteriorated rapidly with decreasing launch altitude, with
5,000 ft being the lowest altitude at which a useable launch envelope
was obtained. Maximum slant range at 5,000 ft launch altitude was 5.5

pautical miles.
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PERFORMANCE OF AN AIR-TO-GROUND MISSILE

EMPLOYING SAR-RETRAN GUIDANCE

I. Introduction

Background
Synthetic Aperture Radar (SAR) is a coherent, pulse-doppler radar

which is capable of finer azimuth resclution than conventional non-
coherent radars. It is also capable of distinguishing small surface
targets from background clutter and can track such targets. With

these capabilities, SAR is a prime candidate for an all-weather guidance
system for tactical air-to-ground missiles. However, the operatiog of
SAR imposes some unique trajectory requirements on the missile.

SAR attains fine azimuth resolution by utilizing a relative velo-
city discrimination approach (Ref 1: 4.d.(2)-3). An array of points
located at the same range R from an aircraft-mounted SAR is depicted
in Figure 1. Each of these points has a velocity relative to the

radar antenna of
V=1V, cos b e ))

where V, is the velocity of the aircraft and © is the angular displace-
ment of the point from the aircraft velocity vector (squint angle).
This relative velocity will produce a doppler frequency shift in the

reflected radar signal of

2Vp cos © :
o (2)




Fig. 1 Velocity Discrimination of'a Corange Spatial Extent

Tbué, a corange linear extent Oy can be described by the doppler

fteéuency interval between its endpoints

2V
A4 = 35 Ox sin 0 )

1
!

Because a pulsed-coherent radar utilizes a waveform which is systema-

tigally time varying and well defined, it is able to measure these

iqérclental doppler phase shifts and thus distinguish between

azimuthal extents smaller than its beam width (aperture); hence, the

name Synthetic Aperture Radar (Ref 1: 4.d.(2)-4). It should be noted
g that SAR requires the aircraft velécity vector to be displayed from

the line of sight between the radar antenna and the target of

interest. Therefore, the aircraft cannot fly directly toward the
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target but must fly past or about the target.
One technique for guiding an air-to-ground missile using SAR could

be to locate and track the target with an aircraft-mounted SAR and

command guide the missile to the target. Under this scheme, the terminal

accuracy of the system could be no better than the minimum resolution
of the SAR, which decreases as the aircraft's range from the target
increases. It would be more desirable to have a convergent guidance
system whereby resolution, and hence accuracy, can be refined as the
missile approaches the target, One way of obtaining such convergent
guidance is through a technique called retransmission (SAR-Retran).
With SAR-Retran, the missile is command guided into the radar beam
while an antenna aboard the missile receives the reflected radar signal
and retransmits this signal to the aircraft. When the missile is
squarely on the aircraft-to-target line of sight, the doppler phase
shift of the retransmitted signal will be identical to that of the
direct reflected signal received by the aircraft's antemna. Now the
SAR-Retran system can ''see" the target through the miss}le's antenna
as it tracks the line of sight to the target. As the missile closes
on the target, the system's resolution increases, concurrently
improving terminal accuracy. It is important for the missile to
precisely track the line of sight in the terminal phase, for if it
is displaced from the line of sight, an additional phase shift will
result (more fuli& discussed in Section II) causing inaccuracy in
target resolution.

The requirement for aircraft velocity vector offset causes the

aircraft-to-target line of sight to rotate about the target as the




aircraft flies by. Thus, the missile must intercept this rotating line

£
P

of sight, then must track the line of sight for a minimum period of

time in the terminal phase.

Problem

The Air Force Avionics Laboratory is ;pnsidering available air-to-
ground missiles for flight test and demonstration of the SAR-Retran
system. However, the trajectory constraints imposed by the SAR-Retran
technique far exceed the original design criteria of the missiles in
the current inventory. Therefore, the aerodynamic compatibility of
these missiles with SAR-Retran must be demonstrated by computer '

simulation before flight testing is undertaken (Ref 2:1).

Purpose of Study

This study investigates, through computer simulation, the ability
of a representative boost-glide air-to-ground missile to fly the
trajectories required by SAR-Retran guidance. The constraints which
must be satisfied are:

;» 1. A minimum of 20 seconds tracking of the line of sight
prior to target impact. The missile is conmsidered "on"
the line of sight when the retransmitted frequency
error is less than or equal to 8 hz. .(Constraints

imposed by radar and guidance system.)
2, Terminal velocity at target impact must be greater than
700 ft/sec (minimum missile maneuvering speed).

An attempt was made to maximize launch range by applying the results

of a first order gradient optimization scheme to the guidance algorithm.
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Range-altitude envelopes from which the aforementioned constraints can

be satisfied were determined.

Scope
1. A hypothetical missile characteristic of a boost-glide

air-to-ground missile will be considered. This missile will be
referred to as the Retran Missile.

2. This study is limited to the aerodynamic performance of
the representative missile. It is assumed that all other elements of
the guidance system operate perfectly.

3. The study concentrates on determining the mid-course
trajectories and required guidance algorithms. Tracking of the line
of sight in the terminal phase was accomplished; however, terminal
guidance and accuracy were not among the goals of this thesis.

4. Optimization of the midcourse trajectory to achieve maximum
launch range was attempted. The results of this optimization were
considered in formulating the guidance algorithms; however, the
resulting trajecto;ies are not necessarily optimal for any launch
condiﬁions.

5. Launch envelopes were determined for demonstration flight
conditions. The ta;get was stationary and the aircraft did not make
tactical maneuvers.

6. The stability of the guidance loop with the missile autopilot
was investigated. Modifications in commands and biases provided to
the autopilot were made but the circuitry and mechanization remained

unchanged from the standard autopilot.
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II. Analytic Formulation of the Missile Flight Simulation

The Retran Missile simulation program numerically integrates the
missile equations of motion over the time of flight to determine the
time history of missile velocity, attitude, and position. The program
also updates the launching aircraft's position, computes guidance
commands, simulates the missile autopilot to determine control
deflections, calculates the retransmitted doppler frequency error
and determines when target impact is accomplished. The mathematical
relationships used in the program are presented here, while the

program itself is discussed in Section IV.

Basic Assumptions

The following assumptions are incorporated in the Retran Simulation:

1. The target remains stationary.

i 2. Perfect target tracking is achieved by the radar system.

3. The aircraft's radar antenna gimbal angles are physically
limited to 195 degrees.

4. Missile accelerometers and rate gyros are error-free.

5. Through data link of missile accelerometer and rate gyro
outputs back to the 3u1dan€e computer aboard the aircraft,
the computer can determine accurate missile position,
velocity, and attitude.

6. Missile roll control operates perfectly.

e St e



The Missile Model

£
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The hypothetical missile used in this study will be referred to as
the Retran missile. This missile is pictured in Fig. 2. 1Its size,
aerodynamic characteristics and performance are representative of a
boost-glide air-to-ground missile in the SOQ 1b. weight class.

" The physical dimensions of the missile are listed in Table I, the

mass properties are presented in Table II and the thrust schedule of the

two-stage solid propellant motor is given in Table III,
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Fig. 2 The Retran Missile
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Time (sec.) 0.0 0.6 4.5

Weight (1b.) 500.0 460.0 400.0

Center of Gravity (in.) 55.0 54.0 52.0

| Ixx (slug-ft?) 28 25 2.5

| Iy (slug-ft?) 67.0 64.0 58.0

H | Iz (slug-£t?) 67.0 64.0  58.0
A
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Table I
Physical Dimensions of the Retran Missile

Ar T Y ST T TR
.

Overall Length (in.) 120.0
Maximum Diameter (in.) 12.3 i
|
Wing Planform Area (in.2) 475.0
(2 Wings)
Control Surface Planform Area (in.?) 105.0 ;
(2 Surfaces) '
Aerodynamic Reference Area (in.?) .825
Table II1

Mass Properties of the Retran Missile

gl Table III
) Thrust Schedule of the Retran Missile

Burn Time (sec.) Thrust (1b.)

1st Stage 0.0-0.6 9500
2nd Stage ~ 0.6-4.5 2000

Note: Thrust is assumed to be constant throughout
burn time.




The missile is aerodynamically symetr:ical about the longitudinal

axis. ‘Therefore, the normal force and pitch moment coefficients are

used for both pitch and yaw. The aerodynamic coefficient curves are

presented in Figs. 3 thru 11. These coefficients are:

%o
ACp,
Cc

ACg

'
1

Zero lift drag coefficient at sea level
Skin friction drag coefficient (corrects Cpy for altitude)

Chord force coefficient with no control

Incremental chord force coefficient due to control
(Cc + Acc account for induced drag)

Normal force coefficient with no control

Incremental normal force .coefficient due to control
Pitch moment coéfficient with no control
Incremental pitch moment coefficient due to control

Pitch damping coefficient

A block diagram of the missile control system model incorporated

in the simulation is presented in Fig. 12. The system includes two

accelerometers aligned with the Y, and Z, axes and two rate gyros

aligned in the planes of the wings. A roll channel which generates

differential displacements of opposite gurfaces to na:lntaih P=0 is

assumed to operate perfectly and is not modeled in the simulation. A

vertical g-bias acceleration is normally added to the vertical accelera-

tion command in order to maintain migsile trajectory above the line of

sight in the early part of the flight for terrain clearance (use of the

G e e S S
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g-bias in this study is discussed in Section IVI). A guidgnce delay is
:I.ncorpo;:ated to allow for safe separation from the carrier aircraft.
Thus, no accelerations are commanded for the first .7 seconds and while
longitudinal acceleration is greater than 9.5 g's.

Effective pitch and yaw surface deflections are calculated. These

are defined as

§ - Wrsigiie) .

2 (5)

8, + 6 + (82 + 6
& = (S, 3)4(2 %)

where 8;, 82, 83 and 8§, are the actual control surface deflectionms.

Reference Frames

:,rour reference frames are employed in the Retran Simulation: an
earth fixed frame, a missile body frame, an aircraft body frame and an
antenna gimbal frame. The missile body frame is fixed in the missile
airfrne and is obtained from the earth fixed frame by a 3-2-1 rotation
through Euler angles Y, 6 and ¢. This rotation is illustrated in
Fig. 13. Similarly, the aircraft body frame is obtained by a 3-2-1
rotation through angles yj4, 6, and ¢,. The antenna gimbal frame is
obtdwd from the aircraft body frame by a 3-2 rotation through angles
“-G_A and OGA. The gimbal frame X ax:l; is always aligned along the aircraft
to target line of sight.

Transformations between reference frames are presented in Appendix A.

The transformations are calculated on the basis of instantaneous angular

rohtimhips.
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Fig. 13 3-2-1 Euler Angle Transformation

Eqnafions of Motion

.The Retran missile is symmetrical about its longitudinal axis;
hence, the missile body axes are principal axes and the moments of
inertia are Iy, Iyy = Iy and Ixy ® Ixs = Iyz = 0. Consequently,

the missile equations of motion are (Ref 3: 2.24)

N S T T B D S

a( - VR+WQ) = -mg sind + Ax + T (6)

f m(V+ UR - WP) = mg sin cosd + Ay )
| n(¥ - UQ+ VP) = mg cosp cosd + A, (8)
t InF =% (9)
’ 1,,6 + (Ixx = I;;)PR = M (10)
IR + (Iyy = I)PQ = N 1)

L
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These equations neglect the rate of change of mass and moments of
inertia because these rates are small after the first stage burnout,
while no flight maneuvering is commanded prior to first stage burnout.

The Retran simulation assumes that the autopilot roll channel '
operates perfectly in nulling roll rate. Therefore, it is assumed that

P=0 and L=0. Incorporating this assumption, the equations of motion

become:
Ue M&+T _ o sing-qu+RY (12)
Ve A 4+ g cosd sing - RU (13)
m
W= %z_ + g cosO cosp + QU (14)
P=0 as)
Q= [M+ (I; - Ig)PR] gy (16)
R = [N+ (L - Iyy)RQl/1,, . @an

The aerodynamic forces and moments are determined by the: equatioms:

Ay = -[cDo+Acc+cc+Ach]qs (18)
by = -lCy, - Oy sgn (6)) a S (19)
A; = -l[Cy,- Oy sgn Bp)] q § (20)
M = [oaqg - +Cy -Cy s Gplasd ()

Ioaq - - Oy, + Gy sgn Bl asa (22

where d is a reference length: d = 1 ft.

18




Aircraft Maneuvering and Rotation of the Line of Sight

Following missile launch, the aircraft is assumed to fly a nearly
constant -arc about the target, maintaining a horizontal radar gimbal
angle of 85° +7°. The aircraft initially turns away from the target
until the commanded gimbal angle is reached, then turns on its arcing
maneuver. The aircraft maintains constant airspeed and altitude. Bank
and pitch angles are neglected, and the aircraft is assumed to
accomplish the turning maneuver through heading change only.

Two parameters which are utilized in the guidance algorithms are
the angular orientation of the line of sight and its rotation rate.
Angular orientation is determined by first calculating the radar antenna
gimbal angles, which could be measured directly in the physical mechani-
zation of the system. These angles are calculated by determining the
position of the target relative to the aircraft in the aircraft body

frame. This position is located by the position vector

RAT = XaT 1z + YAr Ja + Za7 KA (23)

From the geometry of this relationship, as shown in Fig. 14, the gimbal

angles can be determined:

ZAT
Oca = o1n~! TRa] (24)
Y
= sin~1 AT 2
e [!Ar]°°’°GA =

Since aircraft bank acd pitch angles are assumed to be zero, WGA

may be added to the aircraft heading wA to obtain the heading of the
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Fig. 14 Gimbal Angles
line of sight in the earth fixed frame:
Wms -¢A+¢GA . (26)

To determine the rotation rate of the line of sight, the antenna gimbal
angle rates are determined first, as these rates could be measured in
the actual mechanization. The velocity of the target relative to the

aircraft in the aircraft body frame is

Ao = e o,

Since the aircraft is flying a nearly constant radius arc about the

target, %E— G(ﬁkT) can be neglected. Now the angular velocity of the

AR LPRPD i e T

gimbal frame relative to the aircraft can be determined from the

relationship:
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where “-)GA = bGA ‘j-c + wGA EA' The gimbal angle rai:es are therefore:

o= Ao 29)
4 Rarcodbg, ;

; z
9 _AT

iy 30
Ry (30)

GA
Again, since the aircraft is in level flight, the rotation rate

of the line of sight, defined as the vertical component of the angular
velocity of the line of sight, can be found by adding the horizontal

gimbal angle rate to the turning rate of the aircraft:

wg = gy + ¥, 31)

Determination of Missile Position and Velocity Errors

The distance of the missile normal to the line of sight and the
velocity component of the missile normal to the line of sight are
determined for use in the guidance algorithms.

. The distance normal to the line of sight is defined by the Y,y
and Z,y components of missile position relative to the aircraft in the
gimbal frame, as shown in Fig. 15. These are obtained by transformation

from the earth fixed frame:

Cax XaM
AY = [Lgr) |Yay (32)
3t :

G _—
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Likewise, the velocity of the missile normal to the line of sight
is determined by finding the velocity of the missile relative to the

aircraft in the gimbal frame:

: 1. b
:—tG(RAM) = %[‘RMZ‘- wgy X Ry (33)

The vertical and horizontal components of this relative velocity, Y

and Aé, are then the velocities normal to the line of sight, as shown

in Fig. 15:
Y [ = [yl By + 0%y - 02| (38
Az Zaw = OyXan * oY
G I

Fig. 15 Missile Position and Velocity Errors
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The Guidance Algorithms

The guidance algorithms which were incorporated into the simulation
for the launch envelope studies are presented here. Other guidance
algorithms which were tested and rejected are discussed in Appendix E.
How and why these guidance algorithms were chosen is revealed in
Section VI.

Three guidance algorithms were utilized: one to determine
acceleration commands in the vertical plane of the gimbal frame and
two to determine commands in the horizontal plane of the gimbal frame.
These commands were then transformed to the missile body frame before

being input to the missile autopilot.

The Vertical Algorithm

: In the gimbal frame vertical plane, XSZS’ the missile is always
commanded to intercept and track the line of sight. Acceleration
com@ands are proportional to the missile's vertical distance normal
to the line of sight, AZ, and to its vertical velocity normal to
the line of sight, AZ. The algorithm is similar to the algorithm
for a beam riding missile discussed by J. Clemow in reference 4
(Ref 4: 48). A g-bias was added for trajectory shaping. Note tﬁat the

vertical acceleration a, is commanded in the JE& direction. The

vertical algorithm is:




- k., SR . tr 2
ay z (k tq )8z + (kg E.t.;) BZ + gyyas (39

The term kl-E%— is analagous to the natural frequency w, of a damped
second order sgstem, where k; is an arbitrary conmstant, teg is the
time-to-go to target impact and tr is an arbitrary reference time which
corresponds very roughly to the desired line of sight tracking time.
The factor -%E— in effect increases the guidance system gain with
decreasing ti;:-to-go in order to speed system response as the target
is approached. 7 represents the damping ratio of the system. The

values chosen for these parameters are discussed in sections V and VI.

The Horizontal Algorithms

In the early portion of the flight, one of two horizontal
algorithms is employed, the choice of algorithm depending upon missile
position relative to the line of sight after the first tﬁo seconds
of flight. If the missile remains ahead of the line of sight (4+iY),
then the missile is commanded té turn to a heading parallel to the line
of sight. Since the line of sight is rotating toward the missile,
it éill catch up to the missile, at which point the guidance system
reverts to command-to-track the line of sight. ' If the missile falls
behind the line of sight (-AY) then the command-to-track algorithm

is employed throughout the flight.

24
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The command-to-heading algorithm calculates a commanded accelera-
tion parallel to the earth-fixed XY plane and perpendicular to the
missile longitudinal axis. The acceleration commanded is proportional

to the angular error between missile heading and the heading of the

. 2
ap, = Cp Gpoc¥) [C‘_HMTR (36)

Cgr 1s a constant chosen to convert the reference time TR into an

line of sight:

equivalent reference range and Ryp is the missile-to-target range,
8o that system gain in this case increases with decreasing range to
the target. Cr is an arbitrary proportionality comstant. Again,
discussion of the values chosen for the constants is presented in
sections V and VI. ahp is tranéformed into components axs and ahg
in the gimbal frame.

. The horizontal command to track algorithm is similar to the
veréical algorithm except that in place of a g-bias term a feed-
fo;?ard rotational bias term is included. This term provides the
acéeleration required to maintain the missile on the rotating line of
sight with zero displacement error. The algorithm is

sh = <% (K IR AY - (kg sRy2 ay 4 ( 22V RurVuz
v teg teg 2 W_) (37)
The bias term was determined as followﬁ, assuming that the missile
is established on the line of sight in the horizontal (thg) plane as

in Fig. 16. The lateral acceleration required to maintain the rotating

1line of sight is (Ref 5: 4.d.(1)-3):
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Fig. 16 Lateral Acceleration Required to Maintain Rotating Line of
Sight

Lo = (Rygy + 2Ryd,) cosd - (Ryp - Ry,) sing (38)
substituting cos) = E and sin = m :
e Vi
_ Rurfyrity + ZRyp’o; - RypRy, + Rg’u,’
V-

Lo

(39)

Since the aircraft is flying a nearly constant speed arc about the
target, we can neglect &z I1f we also assume ¢ and ¢‘> are small, such

that ﬁm‘ = Vy and R,n. - V.IH, the acceleration required becomes
low Ty - R 38 o (40)
Transition from the command-to-heading algorithm to the command-

to-track algorithm is made at the point where the damping term in the

command-to-track algorithm reverses the direction of the acceleration
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command to slow missile closure on the line of sight so that a smooth
interéeption is accomplished.

Retransmitted Signal Frequency Error

When the missile is displaced from the line of sight, the retrans-
mitted signal travels a path different from the direct reflected path.
Because the angular relationships 1nv01;ed in the retransmitted path
are different than the direct path, an error is introduced in the doppler
shift of the rotransmitted signal. These angular relationships are
shown in Fig. 17. The error is

' Afq = Ifg, - £q ] (41)

2
where the doppler frequency of the direct reflected signal is

fdl '-,]\'- [2Vy cosB;] : (42)
and the doppler frequency of the retransmitted signal is
fdz -~ -% [Vpcos8; + VycosB; - VﬁposBz + vAcosezl (43)
The‘anglea 81> 635 Bp» and B, are defined in Fig. 17. A A = .1 foot
1s assumed (X-band radar).

AIRCRAFT

Pig. 17 Retransmitted Radar Signal Path
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III. Development of the First Order Gradient Optimization Algorithm

A first order gradient algorithm employing penalty functions was
developed in an attempt to optimize the missile trajectory for maximum
range. The algorithm is similar to the gradient algorithm employed by
Anderson and Smith in reference § (Ref 6: 230), which follows the
technique described by Kelley in reference 7 (Ref 7: 205-254).

The algorithm, as applied to the SAR-Retran problem, is designed
to determine the optimal set of acceleration commands a, and ay which
produce the trajectory yielding maximum range. The steps used in the

algorithm are as follows:

1. The state equations ).-{(t) are integrated forward, using
commands calculated by a guidance algorithm similar to the one employed
in the Retran simulation. These commands are stored. Forward
integration is terminated when the missile intercepts the line of
sight (within 50 feet). This yields X(t) and an e#timt.e of the
final time t..

2. The payoff function J, including penalties, is calcuiated.

3. The adjoint vector -X(tf) is found from

Vep =~ W%, - (44)
4. The Hamiltonian is calculated:
= AT X . iy




5. The following differential equation

&
B
¥
4
B

AT = - upx (46)
is integrated backward to t,, using the states obtained from the forward
integration. The controls determined from step 1 or the previous step 6
JdH dH
are used. Simultaneously, the gradients mt) and T (t) are
calculated and stored.
6. The incremental corrections to the acceleration commands are

- g 2O |
Sap (t) '“a:h (t) and Say(t) '“aav(t)‘ With

o = 2, (8) g9 + San (1) (47)

& = &(0)g1q *+ Say(®) (48)

* an alpha search is performed to minimize J with respect to a. The new
ap(t) and a (t) are stored.
7. Using the new controls resulting from step 6, the state equations
, : . are again integrated forward to the stopping condition and steps 2 through
', 6 are repeated. This pr<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>