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ABSTRACT

The acoustic radiation from an elastic cylindrical shell defined by

rionconcentric cylindrical surfaces and submerged in an acoustic fluid is

studied . The driving mechanism is a time harmonic internal pressure. In

particular , the influence of the nonconcentricity parameter , ~S , on the

resulting radiation field is examined. The solution is obtained by means

of an expansion in powers of this parameter about the concentric solution,

= 0. Each order of solution is solved in closed form by means of

boundary integral equation methods. Results are given for the zeroth and

first order solutions and it is seen that a ~th driving mode will introduce

nearest neighbor ( (j—l) and (j+l) ) modes in the first order solution .
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I. INTRODUCTION

We consider the radiation into an infinite acoustic fluid from a submerged

elastic shell subjected to a time harmonic internal pressure with some pre-

scribed spatial distribution . The shell is bounded by surfaces of separable

geometry , i.e., such that the governing (Helmholtz) partial differential equa—

~ions have modal solutions , that are nonconcentric , i.e., the origin of the

coord inate sys tem in which the outer boundary is “separable” is displaced from

that for the inner boundary by a nonconcentricity dis tanc e , 6 . If 6 were zero ,

the entire problem could be solved by separation of variables but with 6

nonzer o, the problem is not separable.

The purpose of this investigation is to study the influence of the noncon—

centricity on the resulting radiation field by making an expansion of the

solution in powers of 6 . Clearly the zeroth order will give the c lassical

separation of variables solution. Higher order solutions will then represent

the influence of nonconcentricity on this basic solution.

Rather than work with the governing diff erential equations , we convert to

a boundary integral equation representation which eventually allows us to solve

a set of algebraic equations for each mode in each order to obtain the exac t

solution .

To simplify the algebra , the submerged elas tic body will be taken as an

infinite cylinder in plane strain thereby reducing the problem to a two dimen-

sional case. A specific example of nonconcentric circular boundaries is calcu-

lated as an illustration. Analogous three dimensional problems are also being

studied — the axisymmetric three dimensional case requires essentially no more

effor t than this two dimensional problem.

The full equations of elasticity shall be used rather than approximating

set of shell equations since the use of the boundary integral equation method
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reduces the problem by one dimension anyway thereby accomplishing one of the ma in

purposes of shell theory .

This type of problem has been studied previously for acoust ic radia tors ,

both by the boundary integral equation method [lJ and by shifting and super-

position theorems [21.



11. ( ENERAL FORMULATION

A. ACOUSTIC FLUII ) EQUATIONS

The infinit e acous t ic  fluid exterior to the elastic body is described

in terms of an acoust ic  (excess) pressure field , p , which satisfies a

Helmholtz equation

(1) +

wher e  k ~/c is the acoustic wave number , w is the frequency of the t ime

ha rmon ic  dependence (taken in the form exp [—iut]) and c is the acoustic sound

speed . This equation is readily replaced by a Helmholtz (or Weber , for the two

d imensiona l case) integral equation ; e.g., [3]

(2) ~ V( ~~
o
~ ~‘ °~ ~ ~~~~~ ~-~4~fl ~S0

where C = * ~~ (kR) in two d imens ions and C -
~~ exp [ikRJ/R in three

dimensions . R is the d i s t ance  between the f ield poin t  r and the i n t e g r a t ion

v a r i a bl e , r , n is the outward norma l from the f l u id , r is the l i n e  or
0 0

s u r f a c e  bounding the fluid , i.e., the elastic solid—acoustic fluid interface with

length or area element dS , and ~ = 0, 1/2 , 1 depending on whether the  f i e l d

po in t  is ex te r io r  to the  f l u id , on the i n t e r f ace  or in te r io r  to the f l u i d .  The

r ad i a t i o n  condi t ion  is au tomat i ca l ly s a t i s f i ed  by the choice  of C . Since

only Hanke l f u n c t i o n s  of the f i r s t  kind wi l l  occur , the  superscr ipt (1) w i l l  he

dropped.

The f l u i d  v e l o c i t y  f i e l d  is re la ted  to the pressure f i e l d  th rough  the

~co t t s t i c  ve l o c i ty  p o t e n t i a l  ~ , w h i c h  could also have been used as the depen —

dent  var iab le

(a )  f%J~~
(b) 

~~ ~~J~t = - LU).~~F ~~

whefl. 
~ 

is the ~1COuSt  Ic f l u i d  dens i t  V .
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B. ELASTIC SHELL EQUATIONS

The elastic shell involves a finite domain with an inner and an outer

boundary (treating the infinite cylinder as a two dimensional plane strain

problem). It is best described by the displacement potential s ~ and

def ined by the displacement field u as;

(4)

These potentials also satisfy Helmholtz equations

(a) +

(5)
(b) V ~‘~~ #kR 

•‘Y
~= O

where k
D 

= W/C
D~ 

k
R 

= W/C
R 

and c
D 

= I(A+2ji)/p is the dilatational wave speed ,

cR 
= v 7~T is the rotational wave speed in an elastic medium of density p

and Lame parameters , A and ji , e.g., [4].

In the two d imensional plane strain case considered here , the vector dis—

placement potential ~‘ has only one nonzero component and will be written as a

scalar , p

The displacement potentials are also related to the dilatation ~ and the

ro t a t ion  ~

(a)

(6)

(b)

which may also be used as dependent variables.

Clearly these displacement potentials also satisfy Helmholtz integral equa-

tions analogous to equation (2) with two major changes. The wavenumber k must

be changed to ei ther k
D 

or k
R 

and the surface r now consists of two parts ,

the  Inner  and the outer  boundaries.  We note tha t  the d i r e c t i o n  of n changes

____ —- - --~~—- --—~~~~ — —~~~~~~~ ~~~~ - -



—6—

sign between these boundaries since it is required to be “outward” from the

elast ic medium . Then

(7) 
~ ~ + G~ ~~~~~~~~~~~~

,5 ‘~ G0 ~~~~~~~~~~~~~~~ 

~~SIWNfR

(8) ~ 

~~ 

+ G~ ç
~~~

0

0~~~

\ ~iSour~~R

~ ÷ G~ 
~
1(i ~o )]  &S4

%N Nf R

where G
D
, C

R 
are equivalent to the previous G with k.0, kR 

replacing k .

r in any of these boundary integral equations will be placed on (or

infinitesimally near to) either the inner or the outer surface. Thus each of

the above boundary integral equations will produce two separate integral

equations. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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C. BOUNDARY CONDITIONS

We supplement these equations with five boundary conditions requiring zero

shear stress , continuity of the normal displacement or velocity field and

continuity of the norma l stress field at the outer boundary of the elastic shell

and zero shear stress and continuity of normal stress at the inner boundary .

(Actually, those at the outer boundary might better be called interface condi—

t ions.)

For plane strain in a two dimensional orthogonal curvilinear coordinate

system ~~ we have the infinitesimal strains , e.g., [5]

(a)  € o c o~ 
:(‘/ ~~)~~ U~/~~ ~~~~~~~~~~~~~~~

(9) (b) ~ (‘/ ~~ 
A~J~~ + ~~~~~~~~~~ ~~~~~~~~~

(c)  (~~/~) ~~~~~~~~~~~~~~~~~~~~~~~~~~
and the dilatation and rotation

(a) ~~~~~ ~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
(10) 

(b) ~~~~ = ~~~ 

- ~ (U~ ~ )/ ~~] / ~z ~
where and h

2 
are the metric coefficients (scale factors) for these

coord ina tes , (h
3 

= 1).

We can also write out equation (4) specifically :

(a) ~~ (‘/ ~~ ~~~~ + (‘/~~) 1~J~~
(11)

(b) 
~
j

~~~= (‘/ ç~~ ~~~ 
_ ( ‘/~~~ ‘r/~0~

We shall choose the boundaries to be surfaces of constant n ; the a

direc tion is then normal to these surfaces. Continuity of normal stress

requires 

~~~--- ~~~--~~--——
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- 2\ A + 2/ - 4- ~~~~~~

which reduced to

_ _  
..t. ~~(U) ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~ ~~~~~ ~~

_ _ _  - 1 ~~! - 
Y

~ ~~o( ~~~~~

S i m i l a r l y ,  vanishing of the shear s tress requires

a 2. ~~~
(13) ° = 

-

V ~L +

and cont inui ty  of norma l velocity requires

I ~~~(14) 

~~~ 
[ 

~~~~~ 

+ 

~~~~~

- 

~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- . --~- ~~~~~~ --~~~~ - .
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I) . So LUT iON I’ ROC E I ) V RI:

There w i  1 1 in general be ten equations , two boundary  c o n d i t i o n s  p lus two

lot ~~~~ I equat ions (on : , ~) e va l u a t e d  at the inner boundary and three  bounda ry

cond it ions plus t h r e e  i n t e g ra l  equat ions  (on p ,  and ç ) evaluated  at  the

outer bound~l r\ ’ . Treating p at the inner  boundary  as known , these equa t ions

de scr i b e  the  beh~iv b r  of -
~~~, ~~~~ ~a , ~‘ , h~ / ~a on the inner boundary and

p .  ~p/ x , ~ • ~~ / 
ci , ~~, i~ ~~/ ~c on the outer boundary as ten unknown fun c t  ions of

the  remaining independent  var iab le  l~ . To emphasize the  use of a d i f f e r e n t

or i gin , we shall use the  symbols  (cx , ~~) fo r  the inner boundary coordina te

sv s t e n l  and the symbols  (cx ’ , i~’)  fo r  the o u t e r .  We also use a subscr i pt o to

represent  an i n t e g ra t i o n  coord ina te .  To s implif y the  algebra as much as possible ,

the inne r  boundary f o r c i n g  pressure  w i l l  be taken propor t iona l  to the  j t h  c igen—

f u n c t i o n  of the  separa ted  He lmholt z  equat ion  fo r  that  s u r f a c e .  Final l y the inner

boundary w i l l  he a su r face  of constant  a = a and the outer  of constant  cx ’ =

b , as shown in F igu re  1.

We r e c o g n i z e  t h a t  the inner boundary  variables may be expanded as a series

in te rms of the  inner boundary  ei g en f u n c t i o n s ; s imilar ly for  the ou ter  boundary

v a r i a b l e s .  The ~ and ~~ /~ ct series wi l l  be in terms of the an t i symmetr i c  modes

if  p .  ~~, e t c .  are in terms of the  synn~et r ic  modes and vice—versa as required

by the boundary c o n d i t i o n s .  Since each boundary condi t ion  involves only a

si ng le  boundary , they  must  be sepa rable , i.e., each mode of the series

expansion mus t sat isf y the boundary condit ions independent ly of the o ther  modes

thereb y p r o v i d i n g  five algebraic equations on the unknown coefficients of each

mode of the expans ion .

The boundary In tegra l  equations , however , have one set of term s wherein  the

i nt e g r a t i o n  and f i e l d  point  lie on the same surface , thereby al lowing a di rec t

Integrat ion to be carried out independently of 6 , and another  set of “mixed ” 

*—.— .. . . — - —  —~--—
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t e r m s  where the i n t e g r a t i o n  and f i e l d  poin t  l i e  on d i f f e r e n t  s u r f a c e s , the reby

i n v o l v i n g  ~ e x p l i c i t l y .

We can c a r rY  out the  i n t e g r a t i o n  of t he  f i r s t  type qu i t e  simp l y s ince the

Greens ’ f u n c t i o n  possesses an ei g en f u n c t i o n  expansion in terms of the same

f u n c t i o n s  ( e i t h e r  comple te ly  inner or comple t e l y outer  boundaries)  as did the

o the r  dependent  v a r i a b l e s .  These i n t eg ra l s  then pose no real d i f f i c u l t y .

I n t e g r a l s  of the mixed  (second) type  would  pose no d i f f i c u l t y  if 6 were zero ,

i . e . ,  in the c o n c e n t r i c  cases , the  e i g e n f u n c t i o n s  in terms of 8 must  be

iden t i ca l  on s u r f a c e s  of cons tan t  a . This then suggests a power series expan-

sion in terms of ~ about  ~ equa l  to zero of all of the algebraic c o e f f i c i e n t s

of a l l  of the  dependen t  v a r i a b l e  series expansions as well  as that of the Greens ’

f u n c t i o n  fo r  the mixed i n t eg ra l s .  The equat ions  fo r  the boundary cond i t ions  and

for  the first type of i n t eg ra l  do not  involve 6 exp l ici t ly and expressions fo r

each order of ~ are iden t i ca l  to the  or ig inal  expression. The mixed i n t eg ra l s

involve a produc t of two series in powers of 6 and thereby introduce a coup l-

ing of o rders .  The ze ro th  order solut ion w i l l , of course , be tha t  ob ta inab le

d i r e c t l y  by sepa ra t ion  of var iables  fo r  the concentr ic  case. The f i r s t  order

so lu t i on  is coupled to the zeroth  order so lu t ion  through the mixed in tegra l s  ——

this in the f i r s t  order  solut ion wi l l  be found to int roduce “nearest  neighbor

modes ” to each mode of the zeroth order solut ion , e tc .

By taking the  f o r c i n g  func t ion  to excite only a sing le mode in the zeroth

order solution , we find ten algebraic equations to solve for the ten unknov

c o e f f i c i e n t s  in the zeroth order series expansion , two sets of ten algebraic

equations for the first order nearest neighbor modes , etc.

We shall illustrate this by an example.

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I I I .  SPECIFIC EXAMPLE — CIRCULAR CYLINDER

A. BOUNDARY CONDITIONS AND E I GENFUNCTION EXPANSIONS

Let us consider n o ne o nc e n t ri c  c i r c u l a r  boundar ies  such that (a ,8) = (r , O)

and ( x ’ ,8 ’) = (r ’ , O ’) w i t h  r = a the inner and r ’=b the outer  boundar ies .

The scale f a c t o r s  are h 1 
= 1 and h 7 = r and the boundary conditions become

15 - 0 ~~ [~~ ~~ I 

~
j  ~~~~~~~~~~~~~— 1’- - ~~ ~~~~~ ~~~~~~ se ’- ~~~~ ~e r ~ -~ e

í a  ~~~~‘~‘ Z ~~~~~~~~~~~~(16) ,iU.. ~ ~~ 
+ 

~~ 
a r J -

~~
‘ 

~~~~

(17) ~ \~ ~ ~ 
-

~~~~ ~~
]

We have the  app rop r i a t e  e igenfunct ion  expansions

(18) ~~~ 
~~~ ~ [A ~~, A~~,A4~][~~

(
~e

(19) ~ ~~‘ ~~~ [~~~~~~(ne )

(20) 
~~~~~~~~~~~~~~~~~~~~ ~~~‘]r

’
~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(21) ~ ‘~r ~~~~ ~~
which reduce the boundary condit ions to algebraic equations

( 22) - = - ~~~~~~~~~~~~~ A4~~~~A ~~~~~~~ ~~~
(23) 0 ~~~~~~~~~~~~ ~~~~~~~~~ 

+ fs (~tA~~
(24)  - = - 4 ~~ [-~ ~~

4fl + 

~ B~~- ~
(25) o = ~ %~~~

- 
~~~ ~~~~~~~ ~~~~~ 

-

~~ ~~~

(26) ~~~~~~~~ fç ()J~ LB ~ -

-~ -~~~----- —-—- - — ~~~~~~~~ . -~~~~~~~~-—‘-~~~~ _____—S.-—- . - 
.~~~~~~~
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We now consider the eigenfunction expansion of the Greens ’ function:

(27)  G ~ 
co s[ m (e-eo ] J~(k~) ~~~(k~ )

where = l~ = 2 (m~O ) ,  R
2 

= a
2 + 82 — 2cz8cos(0—0 ) and B must be greater

than a. [These 8,cx have no relat ionship to the general coordina tes used

bef ore but are merel y convenient labels here for the field and integration points.]

0 or 0 may be primed or unprinied depending on the particular cases and cx,B

may be either a or b . To keep a from being identically equal to B , we

choose f ie ld points j u s t  “o f f ”  the integration surface .  In all cases , we shall

choose them to be “outside” of the region over which the original integra tion

is performed , i .e . ,  for  the inf in i te  acoustic fluid we choose r’ at b while

fo r  the elastic solid we choose r ’ at b
+ 

and r at a for  field points at

the ou ter and inner boundaries respectively.

- - .  —.-— .— ~~— - . ,— --— . — . - 
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B. BOUNDARY INTEGRAL EQUATION — FLUID

The boundary in tegra l  equat ion for the infinite acoustic fluid becomes

(28) 
~~~

= ~~~~~ ~ eo) 2 ~~~~0 T h  90) ] J ~~( k r )  
~~m(k~~’)]

B (
~ ~ 2 ~ ~m 

(os[m (e~~ e~~~J 3m (kr ’) ~~~ (kro1
)1]bd~~

ro

where we have identified cx with r ’=b as smaller in magnitude than B which

is ident i f ied  with r ’=b.  This tells us essentially which term to differen-

tiate in the Greens ’ function series , and leads to a simple rela t ionship

(29) 0 (‘s) ~ 3~ (~~) ~~ 
(
~~~ ~~W~ie ’

which by the or thogonal ity of the eigenfunc tions reduces , for Jn(kb)#O, to

(30) ~~~~~~~~~~~~
. k - ~~~~~~~~ 

— --~~ . - -. 5-. - - - . 5  .~~~~~~-- - . -~~~~~~~~~ -.-5 . .~~~~~~~~—--—- -
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C. BOUNDARY INT EGRAL EQUATION —_SOLID

w~ may now consider the boundary  integral  equations for  the e las t ic  she l l .

First, we examine the outer boundary equa t ions wi th r~ =b
+
, i.e., we p lace the

f ie ld  point jus t  outs ide  of the outer  boundary of the elas tic body. Then , for

examp le , we have

~ ~~~! +G ~
(
~J bdG~

(31) 0 = ~ 
( 

~ 
° 

~~~~ ~~
‘=I~ ~~

0

G ~~~ o~~~ eo+ 5 {
~ 

~~(c~) ~~ 
— 

D 
~~YO 

ro =a~~~’ b

The first integral leads directly to terms involving {~~
th} nO’ as in the

acoustic fluid case above . The second integral does not. We cannot mix 0 and

0’ in equation (31) as long as they have d i f fe ren t origins. To avoid this

d ilemma , we expand abou t 6 0  such tha t , for example ,

(32) G ~ ~ G’
~
[
~=°) =~ Z ~~

[
~° ~~~~~~~~~~~

The ~ terms may be rem oved from the integration leaving an integral over

G
D~~~

(6_O), i.e., some Greens function with 0 and 0’ measured from the same

origin.

Since this is simply a Taylor Series in 6 , we have (see reference ( ] for

details)

~~~~~~~~~~~ ~\ 0 (~ W ’~1(33) G ~ [
~ 

oTl 

~ ~~ i ~~~
We canno t use the eigenfunc tion , equation (27), expansion of G direc t ly since

it applies only when 0 and 0’ are measured from the same origin. Instead we

can use , for example,

(34 ) - M)
where 
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( 35) = >~ ~~~~~~~~
- ~~)~ A o  ~~ (e0 -o ’ + ~~~~~~~~~~~~~~~~~ + S

i

and

[ ~~~
+ 
~
O wseo

_
~~~

co5oJ/R(36) ~~~

Here ~ and A are distances measured along 0 and 0 respectively from0 
0

origins which are a distance 6 apart on the x axis. We then have the first

order kernel

(‘1

(37) [\4 b (
~~

)]
~~ - k { ~- { A oco~~eo

-
~~ cose]/R]~~~0

For A = r , A = r ‘ we haveo o

(0( ~ %fl7
(38) 

~ t cos j
~~~~~ 

[~~
\o (

~~~
)];~o 

de0
0

r stn ?
(c~fl~~e) S~, 

~~
-

~~~ ~ \-\~ (.~r~’) [ {~ j((~~+1)e)Tn+~ (Ac r ) _ L 
~ i

We may set r ‘ equal to b and r equal to a after any appropriate differ—0

entiations are carried out .

Similarly for >‘t = r ’ and >~ r
0 0

ç i s r n
(39) ..‘ L ws 1’~ 

e0~ { ~-L, (k R) ~J~~ do0
0

c Sin[1 s%n J ~) (kr’) - ~~ ~~~~ (hr ’)]I ((n-~)e= ~~~~ (.~~t0) 
L L °~

Clearly we must also expand all of the other dependent variables in powers

of 6 — or equivalently the coefficients of their eigenfunction expansions :

(1’~(a)
1:0

(40)
g (Z)

(b) ~ ~~~
1= 0

.

~

- - - -—  ~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~ - - - -- -— —--- ~~
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If we examine the boundary conditions , equations (15—17) and the acoustic

f l u i d  boundary i n t eg ra l  equat ion , (2 0 ) ,  we see that  they must hold for  each

separate order (power of 6) since 6 does not appear explicitly. The elastic

boundary integra l equation (31) however becomes

21~ ‘• (1) 
5’fl

~
(41)  0 5 ~~~~~~~~~~~~~ ~~ 21. ~~3’t {(OS ~~D I

° L 9:0 ~~~~~

00 s~fl~~(y19 1 ) &DR ~de0’
+ 21 ~Z B~ ~~J:O fl~~O

00
(. Li.)21~ • Q) s~A 3 f ~

‘ (n eo) 
~~ 

S
o 

~~~~~~~~ 
Y~~~O

((.) 
_)

(~~ ~~~~~~ 21 ~ ‘GD ~ (Ld&o
- 211 211 /\~sn~ [WS) t O  r0=a ., r’= b

9:o ~~~~ O

which may be expanded in powers of 6 as

1 (ie~~l- 
bd 9 o ’

(42)  0 
~~21~ ~ 1 (0) 

~~~~~~~~ G~ i L ~~~~~~ ~~~~~~~~~~~ ~
•
=~~~

0

~ to) (~~) 
-I c s~n ?

~ 
;c 211 { 4 A ~~ �r~ 

— A 4 ~ GD j~~~J~~
9° 

rO=a . r~~
to

~ 
L n=o

ziT ~ r s  ~~~~~0 

~~ 
~de~S ~ 211 ~~ ~~~~ 0

0

00 (0 � G ‘°~ ~ (o~ ~ G-~ ~~~ (01

+ 

~ 1
c~_ \~ A~r~ ~r — A4~ GD + - A4~ GD j{ (O5

o ~~ . a c ~9o ]
.4. . . . 

-—- --- .“== ~~~~ ..-- ~~~~~~~~~~- --- ~~~---. -
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Solving each order of 6 separately, we have

(i) Zeroth order equation

~ 
00

~~ 
(0~

(43) 0=  ~ ~~~~ ~~~~~~~ 
4 

~~~4 f l  G0] {~~~~~~~~~
f b0 )  I

o ~~:o

(0) o~ Lo) 1 ~~~~~ 
— A4~ Gb J os~~~~°°~ ~~c~8o?

-

~~ S ~121 ~~~
ro a, r’= 6+

o

( i i )  F i r s t  order equat ion

(,.,~~7 ç ~~r
(44)  

~~1L ~-A3~ 
~~~~ A4~

°
~GD JL~ s1~ 9°~ 

~~~~-~ r0=a ,~’~~~
0

+ ~~ G0~ [~~ ~~cosj J~~~~~ r 6 t
5

2~~~~

{ 
~~~~~~~~~~ ~~ o

0 Y%~~O
in 

~°~1 cs~n7 (n 00)00 (0 ~~G
’°’ — /\ 4.n G0 

~-
~5 [21 ~~o

We see that the first order solut ion is coupled to the zeroth order solu tion.

Furthermore , the form of G
D 

is such that an j mode zeroth order term

will produce (j+l) and (j—l) mode first order terms. A similar equation holds

on ~‘

The inner boundary integral equations are h~’ndled in the same manner wi th

r ’ equal to a , i.e., the field point just short of the inner boundary . For

examp le , we now have

~~~~(b ) 7 ~~~ 
6OO ’

(45) 0 S ~ 

- 
~~ 
(
~) ~~~~~~ 

Go ~r0’ .5 
~~ r- a.

0

~~~~~~~~ (OL))  o d 8 0
4 ~ ~~~(c~

)
~~~~— G 0  ~~~ -r0 a , r: a.

0

Now the first integral is a mixed type. Using the same expansions as before

we have 

~ - - —. ~~~~~~~~~~~~~~~~~~~~~~~ .-- —~~~~ .. ~~~~—- -— - — -~~~~~~~~~~~~~~~~~ . - — - .
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( i )  Ze ro t im  order  equa t ion

(46)  0 = 5 ~ ~~~ ~~~~~~~ 
* ~~~4f l  G0 ’°

~]~~~ 
(nO01) ~

o n:o ~- 0 =b 1 r=o..

~~~ 
[ A 

~~~
-: - A~ °~ G ] f ~ 1(ne0 ’)I~~&0

(ii) First order equations

(47) 0 ~ \1-~3~’ 
~~~ .# ~4

1
~G~”— ~ 

~~~~~~°)

* {~\~~ ~: 
- A4m ~~~8o

o y~’0

with a similar equation on ~~, etc.

We now choose p(a) to represent a single mode , i.e., A
1 

= 0 , n j

and A
1~ 

= P. . The zeroth order boundary integral equations and boundary

conditions will also only involve this one mode. The first order boundary

integral equations will be satisfied only with the ()+l) and (j—1) modes;

the boundary conditions will therefore be applied only for these modes as well.

~

. - - --- - -- . .
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D. ZEROTFI ORDER SOLUTION

The boundary condit ions , equations (15—17), apply for each order separa tely

and may be used directly as may the acoustic fluid boundary integral equation

(30). The outer boundary shell equation on ~ , equation (46),  integrates to
(0)

(48) o 2 f~ [_ ~~ 3~(~~~)# B4r~
~.)zO

(0 )  / (0)

a j~~ (ba~- A4n 3~ (kD ~~] I ~ (~~~‘)

csin )Since H (k.0b) cannot be zero and InO ’ are or thogonal , we have
V°5)

~ (o~(0) /
(4 9) = ~~ ~~~~~(0) L’ ~~~~ a J~ (~~~

)
~ + ~ ~~~~ A4~ 3~(k0 a)

Similarly for ~P, wi th H ( k
R
b) not equal to zero ;

(a)
(0)

(50) Oz  ~~ 
J\G~t 3n’ (~ J4~~~1b~ ~~~~~~~ ‘“h

The inner boundary shell equations give similar results provided J (k..~a) and
n

J (k a) are not zero .n R
ID)

~ ( 0 )  ~

(51) 0 ~?D 
S11_ \2 ~~~ (O~ 

~ (b& } ~ ~ ~~ (bbs-a A4n ~- ( kD~)

(0)

(0

(52)  
~~~

= ~ R ~~ (~R~~ aA ~ 
(k~a)1+ ~~~~~~~ ) - a A ~ ~~~&a)



- S--~~~~~ --- - 
~~~~~~~~~~~~~~~~ 

- - - ,--
~~~~
--

~~ -~~~~~~~
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In summary , our equations are

(53) (a) ( ~~~~~~~~~~ A~~ ~c- A4~ J~ 
+~~ A~~ Ja~ - n A6~ ‘a.]

(b) 0

(c)  o = ~ ~~~ ~~ 2~ ~ 4~~ /~ + ~~ _fl 
~~

(d) 0 -t~~.& ~~3fl/b -3JL~ B4n/ b + E ~~~�_ ,iLfl.’/~
1
~] ~~~5fl + /4A B6~/~

(e) 0 = - 
~~ f vc~~[B4n — r1 Ecn /b]

( f )  0 - B~~ +

(g) 
~~~

(h) ~ = L \~- v ’(~~o) ~~~~~ +a ’(k~i~ A5~1~ L T~ ~~~ ~~~~~~~~~~

(i) 0 = 
~~D [ ~

‘
~~~~o~) ~~~ + ~~~~ a) A~1 ~ “r~ (~ ~

) 
~~~ aY~ (~.bU) ~\4f l

( j )  ~ ~~S ~~~~~~~~ ~~~~~~~~~~~ ~~ 
‘

~~~~(~~R~~~ 
~~~~~~ - ( ~ a)A~n



~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—.

~~~

-
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We have dropped the superscript (0) from the coeffic ients in these equations

and trivially combined the last four equations to give real rather than

complex expressions , although A
1

, B
1~ 

ar e complex anyway due to the complex

term in the sixth equation. If A
1 

is zero for n 
~ 
j , all coef f ic ien ts are

zero for n 
~ 
j. This then leaves only one mode , n = j  , to be determined .

These equations may readily be checked by the well known solut ion for the

concentric case ; they are solved here to indicate the procedure to be used

for the higher order terms which have the same coefficients but a modified

forcing function (inhomogeneous terms).

We may nondimens ionalize these equations using a reference “potential” ,

related to the reference pressure , P . by P~ = w 2
P~~~ = (~~ 2u)1~~

2
~~

We use:

(54) O(g~~~~~~*a , ~~~~~~~~~~~~~~ ~ q - ~~~ ,

= 5~Ics . -~ = ~ , 
~~~~~ 

H~~6~~1~
and

= A~ at/ +z~~~~ = ( -
~~~ ~~~

~~~~~= ~~~~~~~~~~~~~~~~~

~~3: A~~/ ’~ ~ B3 = P.:I3~~/~~~

(55) J\ t, - A4~ -a/ ~~ .1 ~~‘

~~ A~ /~~ .1 ~~~ J~~
~~‘= A~~ -o./ ~~ ~ ~ b $ Bb~~~~J~~~

lead ing to 

- .5- ~~~~~~~~~~~~~~~~~~~~~~~ - - - - - -~~~ -~ ~~~~~~~~~~~~ ~~~- - . -~~~ - . --- -



‘I: -- -

~~~~

--

~~~~~~~~~~~

.

~~~~~~n

(56) (a) - = ~I -~ ~~~~- ~~~ A ~ -t [- A4 4 ~ A5 -

(b)  0 - 
~~~~~~~~ -tA 4 +~~~~ - t ~~A5 +-t~~~~’

(c) 0 ~~~~

(d) 
~ -~~‘t~~ 3 + t B 4 4 { p :~~~~ t~~~~~~

4 t B6

(e)

( f )  o — 2 ~ ~
. 

~~~~~~~~~~~~

(g) 0 - 

~~~~~~ ~D;(D O~A~ ~~~~~~ -J~(c~)A4

(h) 0 ~ (
~~

) B5~~~~J~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

(1) O-= — J3b ‘~
‘
~~(~~~) ~~ O/D ~~~~~~ ~ ‘~; (h’) ~ —~ (o!D) ~

~i) 0= 
- 

~~~~ (PR) B5 ~ ~~R Ac + ~ (PR) 8~ Y~ 
(~s~ ~~

- -  



- ~~~~~~~~~~~~~~~~~~~~~ 
-- - —--- —- -

~~ 
- .

~~~ --=~~~~--
.-

~~ 
----

~~~~~~~~~~~

-

~~~~~

-

~~

-
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Although this may appear to be a form idable sys tem — ten equations in

ten comp lex unknowns correspond ing to a twen ty by twenty matrix system —

the equat ions are readily reduced , eliminating variables until a simpler

sys tem is reached , e.g., B1 and B
2 

are eliminated direc tly using the fifth

and sixth equations :

(a) 
~~D 

[ 
~~4 

- 
~~ ~35]

(57)

(b) = ~~~~ ~~~~~~~~~~
A3 , AS can be written in terms of A4 and A6 with similar equations for

the B3 , B5

(a) = ~ C~4 ~ -i- C~ , A~
(b) + C~4 A4 + C5~ Ab

(58)

(c) D~4 ~~ 
+

(d) D541~4 +

using the first four equations ,

= ~~ (
~~~~~Z ~ z ) / r (~~~D~~~~~~~~)~~~ t~~~t]

with I ~
c34 = c5~~~= - ~~ ’ oc’D / :
C 3~ = C54 ~~~~~~~~~~~~~~~~~ I C -:1

and
- 

~~~ 
(-t- e~~~~~~)/ [  (~~~~t) t

~~~~~~e~~~~]

D3b D54 ~~~~~~~~~~~~~~~~~~~~~~

- t I’~~
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The last four equations (56 g—j) are rewritten as

= 
~~~~~~~~~ D~~t~ b 

A 4

— a ___

A3 
~ c~’ ~o~ o

(60)

~~~- —~---~~~~ * _ z _ 
~~~‘,-

— a 
+

1TO~~~~RA ~
where

= y~ (o-) ‘~~
‘
~ 

(b) —

%(a~b~ = 3~ (c-) ‘1’~
’(b)- J~

’(b~ Y~ o-)
J~ 

Cc~) ’~) = T~ 
‘(a) ‘~~

‘
~ (~D) 

- (~‘)

& (o..~ = 3~~~c~- “ç’~
’(b) — J.~’(~ ) \( o.~

and = P(a
D~

8D
) etc. We then have a four by four system. Using

2/(7
~
a
D8D

S
D
) and K

R 
= 2/(7Tc

RBR
S
R
) we have ,

~~~‘4DA0 D34I -D~ 
0

(61) 

- 0

\~ 
- C !4~ 

— 0 0 BII

C ~ ~~~ o -

with a solution given explicitly in appendix A.
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By backwards substitution , we can evaluate all of the unknown coefficients.

These must , of course , agree w i t h  the well—known solut ion for  the concentr ic

case and are carried out in detail to serve as a procedural check for the

higher order solutions. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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E. FIRST ORDER SOLUTION

Again, we use the boundary conditions and acoustic fluid boundary integral

equation direc tly for the first order coefficients. The outer boundary shell

integral equation on ~ , equation (44), integrates to

(62) ° 
- B~~

’
~ ~ ~~ J~’ (~~ ) ~ ~~ 

(~~L~J ~~ (LL)

• $‘
L COS )

+ ~A . a •~~~~’ k0 & -  A4~ ~~ ~

~ ~~~ U~-~o’) - 
~~~ -j ~ D~~~~ [ ( ‘ ~~f’) .  

~4 (ko~)]~

and a similar equation on ~i with A5 ,  A
6~~ 

B
5

, B
6 

and k
R 

rep lacing

A , A , B , B and
3n 4n 3n 4n

The inner boundary shell integral equation on ~ become s

(63) 0a~~ ~ 
~~~ 

~~~~~~~~o~V \ \ f l D~~~~~
+ B~~ ~~~~

~
[ ~~~1~~

uu1
~ Sn+I (~ a~ [51’ j~~-i~oj r~ 

(~ a)] ] 
~ 

.~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~ .~~~~~~ - _ _
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* 
~~~~~~~~~ 

.
~~~ 

~~~~ \ (~~ \ + ~~~4Y~~~
• ~~~~~~~~~

+ 
~~~~~~~~~~~~~~ ~~~

. 
~~~~~ 

. 
~~~~~~

. 

~-\~
‘ (

~~~ ) - .
~~~~~ 

~~~~~

~~~~

w ith again a s imilar equation on i~

Clearly if there is only one zeroth order mode, n = j  , there are only

two first order modes , n = j+l and n = j—l . Consider the j+l mode first.

The governing equations are

(% ~~ /
(64) — 

~~~~~~~~~ k~~ ~~~ ~~~ 4 B4~+ ,

+ A3~ - kD~~ Ja4 RD a) - A4~ 1 - a 3 ~. (k &)

= ~ F A~~
. 

~~~~ 3~~(~~ cL~ A4~
. 

~b~~T~O~b cL)1

= 
[

~~~~~~~~(o) 

~ :b 
/

— . 

~~~~~~~~~~~ 

\4;’~ ~~~~ ~ ~~~~~~ ~0~ ~~~~~~~ (kD~~
)

and

÷ A~~ ~~~~~ ~~~~~~~~~~~~~ A~~4~ 
a

(65)

= 

~~ ~~~~~~(0) ~~~~ 

~~ ~~~~~~~~~~~~~ 
- B4;°~. ~b6 ~ (~~D~~~)]

_ _ _ _ _ _ _ _ _ _ _ _ _ _  5-—  5
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and two similar equations on ~ . The j—l mode is essentially the same with

a sign change for the inhomogeneous (zeroth order) terms

(66) ~~ ~~~~~~~ ~~~~ 
~ 

~~4 - ~~ ~~
. 
~~ 

(~~~)

4 1\~~ ~~a 3~’1., (~~~
) - 

~~~~~~~~~~~ 
(~~~&~

= 

~ 
[ ~~~ ~R D a  3~”(Lci.)- A4~°~ ~~a T3 (~~o ci)]

and ) /

B ~~~ \~~~ _ % (~~~~ 
. 

~~~~~

. 

~a-) ~~~~
(67) / CI ) i t

4 /\~~~~
..t ~~D 0- \~\~~ -t (~~&) 

— A~~- ~~~~~~~~ ~~~~~~~~~~~ ‘..~~~~°-
B ~~~ 

~~~~~~ /

(
~~~~~~~l~~~

)
~~~~~~~~~~~~~~~

( 0)  

~~6 • \ \  (~~~~~~~~~~~~)~~~~

and two similar equations on i4

We note that the homogeneous part of these equations plus the first order

boundary conditions and the acous tic boundary integral equation are ident ical

to the zeroth order equations with j+l and j—1 for the first order coeff i—

cients replacing j for the zeroth order coeffic ients. The inhomogeneous terms

are modified and now appear only in the four shell boundary integral equations .

Then we can reuse the solution scheme for the zeroth order j mode coefficients

to solve for the first order (j+l) and (j—l) mode coefficients with a minor

change . We again may write equations (65) and (67) with real coefficients by

combining with the previous equations — equivalently, we replace Hn by Yn

in these equations. 

~~
. . 

~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~ .



We may again nondimensionalize using an additional length scale factor of

a for these first order terms which must , in final form , be multip lied by the

length 6 in order to be compared to the zeroth order terms; e.g.,

,.~ (~~~ (i)

cx! ~~
C ,’

A4~ 4 , ,A4~ +)

= 
.

__J 
C’) 

(I

e~ 
C .

The same scale factor is used for both ~~~~ and B~’~ to keep the same form

of equations as in the zeroth order case. We then have

(a) 0 = [t (~~+)) °(~~] A3~+ + t F — A 4 ;~, + (~~ 4I) /\~~ 
— ( .~~+ i)  A~-~+~ I

(I) ~~‘ (Ii)
1. ~~~t’)(b) ~~~~~~~~~~~~~~~~~~~~~~ + [ ~~~~ 

b... 
~~~~~~~~~~ ,A5~~4l  

i-

(I) ~~ (0
~~ ‘ (0 (I)

(c) 0 
~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
+ (~~ 4%) ~~~ — ( ~+o ‘3~ -~~

)
(68)

(I) ~“ (I
I 

•
~~~

‘•
~ (‘I —(d) 0 — ‘t (~~~~4 %)  B3~. 4 ‘t~(~+ ) ~~~ + 

~~. ~: — a+i ~t’1 Bs~ , +1’

~~ (I) ~~~ (i) I’)(e) o = — 8 2~~~~4 I  + j3
~

1

~ 
{ 8 4~~~~.’ 

(
~~t I )  Bs.~+ 1

—,—, i i )  ~ (I)~~ 0 — ~~~ z .~~+t  ~ ~~~~~~~~~ 

~~~~~
— (0) 

~~ (0)Og’D(g) L1 [ f3D 3 ( ~D~ B~ — . 3~ (~‘~]

—., (I) .
~%.— ( I ),..., (0 /

-. 
~~~ ~9J~4 (~D) ÷ A 1+ oo ‘~ B4a+I ~~ J3D~ A4~. ~~ (o( t
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~~ 
to)— (0)

T S11. S~~ ~~ 3~
’(~~) - ‘6c,~ Ji~(~,R)1(h)

‘V-’ (0 / ‘~ (4) /

~~5.~4o ~~R 3 ~~4 ’  (
~~~

+ A5~. 
t
~
RJ a+I (o(R ’

~~

(0) (0)

(i) L~ = ~~~~~~~~ f3~”4 (~o ) — ~
~
‘
~‘ (~~1 .~~,, ~

‘ (C)

— —2~~4% )~b
’
1
’.~4% ~~~ A3~+ 1’~.’ (o1D~~~ 84~. ~ +) (~0) A4~4~ i~4~ (th)

~~ (0) — (0)(i) \ ~~ J3RY (~~R)— ~~r L

(.1

= — B5~+1 ~
g ~~ (J3i~)4 A5~+1 tD~’~

’i: , (o( g’) + 8’a~’ 
\ç’~÷1 

~~~~~~~~~~~ 

A 4 l ’1’ I o~f )

and a similar set of equations with j—l replacing j+l and —L
1, 

—L2, —L 3,

—L4 replacing L
1, 

L2, L3
, L4.

We see at this point that we have two separate ten by ten sys tems of

complex algebraic equations — each very similar to those of the zeroth order

case. We again may reduce the unknowns to yield a feasible arithmetic problem —

consider the j+1 system as an example:

(a) 
~~~~~ ~~~~D 

~~ 
— ~~~~~~~~~

~~ ()) — (~~)
(b) B ~~ = [ ~~~~~~~ 

— (~~+ ) B~~.. j
~~~~ (I ’) ‘.“ (~~~)(c) 

C3+ A4~+ C , 0  A 6~4.
(69) — (0 

(~~~) ( I )

(d) A5~÷ .= C~ 4 A 4~~ 
# c~ 6 A~~4

(I) .‘ ( I )~ (0(e) = 1)34 84~ 4~ 
+ D5(~ ~~ 6~~+’

-~-‘ (I)
~

(f) S35~ 4I D54  84.~~4 ~ D~~ 8~~34t



— 3-1—

where the C ’s and D’s are the same as before with j+l rep lac ing n

Clearly the K3 and K
5 

are no longer present since the inhomogeneity in the

system has moved to the last four equations .

Those las t equat ions are now

‘~~ C’ ) “.‘ — (0 L~3~+~ (d0~- L~ Y3,~ (dD~(a) \4.v A4~ 1 + (;-;~
- ~~~ ~~~~~~~~~~~~ 

— 
D3~~~ S6~~~~~~

—J -~ \ — (‘~ ~~ ;4:~ (o ’~~~~
- L&’c~4~ 

(o~~— ~(b) 
~~ Ptb~ 4~ 

— ~)54 ~~ 4~~*I ~ (~~j.R Us~ ) 86~4 
f~~

R AR.
(70)

(0 — ( t )  ~ ~~~~~~~~~~~~~~~~~~ (j~
) 

~(c) 
~~~~~ ~~~ 

J\~~~~~+~~ 
— ~~ ~~ 

— 

~ D oLo A.o

— (I)‘~ —~ 4 1 ~ - c~] A~+ -
~~~~~~~ ~~ 

L4J~, R)- Lz Y (~2) 
~~4

( d ) - t ...54 A4~ Lo(~Ap. ~ g

remembering that the C , D, p ,  q ,  r and s are all modified to have j+l

replace n

The equations for the (j—1) mode are identical to the above with the

corresponding changes of j—l for j+l everywhere and with the sign of the

R terms reversed. The solution procedure is the same as for the zeroth

order , and is also given in appendix A.

To convert these first order coefficients to a form suitable for compari-

son to the zeroth order solution , they must be multip lied by (6/a), which is

a small number in order to have the first order be a sufficient correction to

the zeroth order solution. Higher orders may be calcula ted in the same

manne r —— only a new set of L1 need be calculated since the same solution

procedure will hold for higher orders as did for the first order , i.e., the

same basic program . 

-~ -. 
_ _ _ _  _ _—~~~~~~~~~~~~~~~~~~~~

-
~~~- - ~~~

-- -.-
~~----.-.-- - -- - -.-.- -. -- - - - , ---—-—---- -—.-- --—---.-—- --
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CALCULATIONS AND CONCLUSIONS

The primary application of this solution is to a thin steel shell

submerged in water. The parameters used were a = 300 cm, b = 303 cm,

c = 146000 cm/sec , c
D 

= 496000 cm/sec and c
R 

= 270000 cm/sec with

p
5 

= 7.7 gm/cm3 and 
~F 

= 1.0 gm/cm
3. Results for the exterior pressure B

1
,

are shown in Figures 2 and 3 for the case j = 0 and j 2 respectively for

a unit interior forcing pressure . Results for the first order solutions

are given on the same figure as the zeroth order solution , but to a

scale SO times as great. Since the first order terms must be multiplied

by 6/a to determine their contribution to the exterior pressure field ,

the actual exterior pressure will depend on 6. For 6 = 0.3 cm, 6/a = lO~~

and the first order contribution is generally negligible. There are

regions, however , where the zeroth order solution is minimum, e.g.

near 300 rad/sec for j = 2. In this region , the first order contributions

may be comparable to the zeroth order , but this is for a very limited

frequency band. Figure 4 shows results for a thick shell with a = 200 cm

and the remaining parameters unchanged . In all cases, w runs from 200

to 9000 rad/sec. Here the first order and zeroth order solutions are

plotted on the same scale and are very similar. This implies the first

order contribut ion, when multiplied by 6/a will be negligible for any

example in which 6/a is small enough to allow a first order theory to

be used.

The general conclusions to be drawn from this work are first that

such an approach is applicable to radiating Bubmerged “nonconcentric”

elastic shells and second that nearest neighbor modes are excited in the

fluid in the higher order solutions for a single mode forcing function .
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Both of these conclusions have already been drawn in the acoustic shell

case, reference [11; we have shown here that they are applicable to the

physically more meaningful elastic shell case as well, with some addi-

tional effort. A specific result based on these two examp les is that

the influence of nonconcentricity is essentially negligible in most cases

where 6/a is small. Since higher order solutions may be computed with

the same basic program, extensions to larger values of (6/a) are clearly

possible for thicker shells. Such analytical solutions may be useful

both in their own right and even more importantly as checks on general

numerical schemes which might not be otherwise properly constructed to

include (or recognize) such effects as nearest neighbor modes.

)~
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APPENDIX A

Def ine

QASD = q~ /ct~ s~ 
— C34

QASR = q~ /n~ s~ — C 56

RBSD = rD/BDsD — D 34

Then

KD 0 RBSD —D36

0 KR —D54 RBSR

QASD —C36 —KD 0

—C54 QASR 0 —KR

and

o RBSD —D 36

R2 KR -D54 RBSR

N4 =

R
3 

—C 36 -% 0

QASR 0 _K
R

KD R1 RBSD -D36

O R2 -D54 RBSR
N6 =

QASD R
3 ~KJ) 0

—C54 R4 0 -K R

(Zero th order)

N4:
— 0, R2 — 0, R

3 
- K 3, R 4 —

N6.

such that C
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A41 
= N4/D

,‘, (0)

A61 = N6/D

(First order)

D (j+l) = D with j+l rep lacing j  in all terms

N4 (j+1):
R1, R2, R3, R4 defined in equation 70

N
6 

(j+l):

and a similar set for j—l contribution.

,~‘ 
(0)

A 31 — K3 + C34 A41 + C 36 A61

.5’, (0) ~\,
(o)

A51 
= K5 + C~4 A41 + C56 A61

.5’, (0) %(o)
B41 = KD -K3 + QASD*A41 

— C36 A61
.5’, 
(0) “~(0)

B
61 

= KR —K
5 

— C54*A41 + QASR*A61

_
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APPENDIX B

A simple tes t calculation is the “transparent” shell , i.e. 2F ~~~

= 0 and c
D 

= c. Since the pressure is applied at the inner surface ,

r = a , we have

~~~ ~
-\
~~~
“ (kr ’s ç ~~=

On an “offse t” circle, we have r ’ = b given by r = r ’ + 6 cos e +...

r = b + 6cos 0 +.

and

= 
4 ~

.s.

= ~~~~~
0)( & )  ~ ~~~ 

+

where

~~~~~ (O) (‘o,&) ~~~~~~ (0 (~~~~~~~
) L ~~ ~

(~~ 
L. 

~~~ 
= ~~~~~~~ (‘~

If we return to the integral equation approach, a direct substitution

of these parameters into the zeroth order equations leads to

(0) \~k~ (~ )



~ — - . - . . . 5 -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—38—

The first order equations lead to

(0 
)
~ ~~~~~~~~~~~~ ~~~~~~~

1)4% 
= — 

~
.
~~~~ ( % )  (~~)

t~ \-\~~•
‘ (~~I~ ~

~ \~~~“(~~o~)

We must bear in mind , however , that these are values for the pressure

at the outer surface measured in terms of 0’ and not in terms of 0. We

need to convert I ~‘°? (n e.) We need to convert Sifl
7( O)to 

Sifl
( o ’) whichLC~ ) (COS ) L~SJ

modifies our first order results. We have the definition

~9
I = & + ~~~~ ~

-
~; 

stn~~J

and to a f i r s t  order

( )  (
I
) - ~~~~

Then

r ~~~~~~~~~~~ ~~~~~~ ~~ J(~
)
~’)

~~~~~~~~~~~~~~~~~~ 4’  ~~~~~ ~~~J C n
’)0’i~~

~~~~~~~

• 

(~)~~~~~) 
~ 4 ~ 

-
I’ 

~~ (~~) [ ~~ ~ ~\,~“~a\ ~
~ )

which agrees with the previous solution . 
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