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Dec is ion Making with the 4id ~f a Subjective Prior Dis~ribu tion

G . J. Schick
Chi-Y uan ~in

Un i vers i ty of South n Cal i f o r n i a

Abstrac t

Th is paper discusses a methodology to establish a subject i~ e

prior distribution via an interactive computer program on a CR1.

The proqram jr ks specific , carefully worded questions. The answer~

to thc” e questions are checked for logical consistency and are ~rans-

I c~1 into ira cti les of a subjective probability distribution. T~o

frac tj lp s as wel i a’ other summary measures (like the mean and

var iar~~) are printed out. In order to find a cor ,jugate pr i or dis-

~rib ut ion ~or a E3ayesi an treatment , the mathema tica l fc’ r i of a poss ’ibl~

Ic r jugate ~~~ ~or needs to be ascert airie-i . The paper illu st r~~ ’~ how

the ~rc~meters of a lognorma l distribution might be obtained frc

t r e  frac tiles of the subjectivel y der i ved pr i or .  
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I .  iNT RODUCTIO N

I very f i rm experience s . r~~ ~~ a while , such a heavy den~nd for s-re

of its products or services that leads to a comp l ete s~ llou t . When ~o~ li, t

occurs, the firm forgoes potenti~ l profit and suffers p crsib le loss o~ ~~~

will. Examples of th is can be seen ir s~perciarkets , in TV-repair ~hc ,js ,

at a i ri inc counters when c~~.tom~rs h~ive to he turneO away. Usual lv orir 011 1

hears ‘Sorry , we cannot ~ccomodate your wishes .’

A 1m~st invar~ab1 y , no one keeps t r~ck of unsat i s f ied cii~ torrcr ~ ‘matH .

~o one , however , ‘ie~ ieS the inhpo rtarc e of knowing the unsat isf ien ~e” . rid .

fur no other reasoo . ~avh e  ‘he mana ier in charge can do a hett pr joL

~c i o l ’~1 in;  ova il aLle capa c i~ v for the fut ir~ . w ithout. t b~ ~l ta on lnsdt l  ~~~~

lenand , the :~anager must est m a  te future demaod from i flc~);TIfl et tht --s-i I

r -  o d only . 1 rt hc words , t L d istr ibut ion of uture de’~an~ L~ t i, t i

t~sto~’ti sh ed ~r i r  t run cated + :eq IJency d istr ihuti ;n of drrand .

‘lode, n s t a t i s t i ca l  dec is ion a n a l y s i s  can help t r~ r o iac~~ t s t a h l l r h

prior rhstribution from incomp lete prior data or on prior d i t a  ~ t. a M .  i~ a

amp le is taken , then with the o il of Bayes ’ Theorem the prior di stnb uti o

can he combined w ith the like l i hood fun ction which reflects the san pie Infor

motion to obtain the posterior d i s t r ib i t~~n . The demand o f a - r t ~i r

or serv i ce can be es t~r ’atrr t fron either the posterior di~ tr iL.A t 1.0 or the

prior distribution depending upon whether or not the sample data are’

One difficulty associated with the assessment o~ a pr~cr di s t ” r~t~~o’1 i~

the assessor ’s inconsistencies which often occur in rf spondinn to a q’rr~ t~~ or’ ire.

The question of how to discover and remove inconsistenc ies is ef t~ni’ral

interest to decision or ilysts . An other quest ion of ~nteres ’. is ~~ t. fi t a

probability distributi on throuq ~he assessed fractiles in order tc L i ~~( ~~~

-
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subsequent analys is morr tract hle. Both of these quest ions are äddre - se ‘

t h i s  paper. The paper offers t~io computer p rograms which al low a perc’ n ~o

interact with the computer via a graphi cal device (CRT ) durino his ccu~~’~ u ’

assessment and fit a theoretical probability distrib u ’ jar It c~ ; th e -i - se~~

points.

2. PREVIOUS WORK

In the past the researchers were particularly -oncerned w ith i~’.. n p ? ~~V ’ r.~~ 1

of Bayesian ana l ysis , the questi on was how Bayes ’ tneore~ ç~~r be ‘ rs ” d ~~i s t

with a prior distribution and using experimental dot to derive tN 00 1’

distr ibution (see , for example , Vi , [14] .ind [16]). Isnal l .‘ ~h res~ dr~ i ’

started with an assumed d4 str ihuti on , say the Oor,~n u l l i , 0oi SSOfl , or ~~~~~~

and then usin i the Bayesian methodology tn derive a p3r~~is’r l ~ ~ o’ :, ’ F  I ‘-

dis tr ibut ion [2). During recent years, however , crnsi d rit 1~ at t - r ~~i ‘ s

he ’, g iven to n’ethod~ for assescr ’~r t o f a prior distribution . ~ a !’ ’ ”  t i .e

probabilit y has been studi ed hy rosrar ~ hers in var~ouc d i s c i p li n c- ~ ;uc h r;

psychology , mathemat ics , statistics. ~r ni neTrr ng , and hu~~ir~ S a 1miniS~~a~Lior

(tee reference at the end of the pa ; er~ . While some of the c s ’jr1 i~ s are

mai n l y theoretical or philosophical , oth 2rs are experi mental.

To their text (14), Pratt , °-n ffa , and ,chlaifer pr ent th~-’ m~’i~ ud ‘~~~

equall ’~’ likely subinterv als. Suhsequenttm y, RdY f~ (151 11lust~ - ’ O’ t’~ s

method in detail by providing a dialogue between a decision an al yct ao~ ~i i s

client. Schlaifer [19] advocates th is method and offers a compu~~r pr l”3

cm fitting a cumulativ e function through assessed fra les.

The experiment al study coridw ted tv W~o~ ler [23) cons iders PiC aS~~~ S P r l 1

techniques : (~) Cu ro l a t i v e  Di strib u t i o n Fur icti on-—asses rico t of fractil es t~
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means of equally likely subinterva ls or direct questions regardin i fra L 1 1 C S ,

(b) Hypotnetical Future Samples , (c) Equivalent Prior Sample Jnfnr m jtim n , ,i~

(d) Probability Density Functio n . A questionnaire us~nq these technic~o~ w~

developed and used to elicit pri or distributions from 31 srlectei s ii .,~ect;

involved in Winkler ’s study.

The use of pena l ty fu i ct ior.~ , or scor i i i  methods , has been di :c ts ,rd t~

severa l resea rcher s ~is ‘r e i n .  of encouragino honest asse~sments . Spec i fr c ’4l iy,

de Fir ietti [3) presents the ‘iu ad r it ic scoring role. Sava qe [WI den ’

general class of strictl , proper s o r i n g  rules by considerin: ] prob Lili t i c

as special cases of rates of substitutions . W iii kler discusses the us.:

scorin cr rules and o~hcr payoff schemes in [24] and reports hi s e:’Lerimer t 1

r~sults in [?~J.

Sta~ l vcn k”lste in :snd i s  ass o i~ tes (1 20] and [21]) to ’:,’; or th

f elici t in o toe opi r~io ns r f  ~~~~ . “ - t b  in pr acti. i1 Si tuat on . rather t h n

1 abor ’, tory e.’oe~ iments . They di scu ;s Pr)h .rhi i ty encod i r~ ‘1 the ~ - ‘‘te ~ 1

dec i~ ion ana lysis and propose the use i~~ a probabili ty r~he~’l tu  ~a il i t a r e

the encoding process.

At the Reliab ility Conference in 1970, L in and Sch i:~ [ 10] rr~senred the

use of an on-line computer system to assi’;t a person in ass~~s irii a p i~~r

distr ib it ion , wh ich is illustrat ed by a problem in the re 1 iab ilit y t ield .

Again in 1974. u n  and Schic k (111 showed how a subjec tive probabi ~t.i di s ri-

but ion can be derived in the field of maintain ability and showed how it can h

used by the mainta inability engineer i n  everyday decision ma~ m nq .

The present paper results from the authors ’ continued effor t in m a kir i

the probabil ity assessment more practic al by using modern electronic Lor puters.

Th i s pa per f ir s t o ffers a newl y designed computer iroirar which has inc uoi~~t.cd



the experience gained from the use of the previous program . To s~ r r’ p 1i t ’,

the assessment procedure , the new program: (1) reduces the number of aur t o n ;

significa ntly , (2) is highly. conversational and interactive, (3) ct:-’ci .s ‘or

cons i stency as the user answers question by question , (4) uses gra phi cil

d isplay rather tha n the typewriter termina l to hel p the user observe the

assessment process as well as to greatly increase the speed ~~ drawing t~

assessed proba bi l ity curves , and (5) plots not only the cumulat ive func tion

but also the dens i ty funct ion. The paper also considers the question of

how to fit a theoretical distribution to a subjectively deriv ed di c t r L!tio r i .

Specif ically, it uses a lognorma l dist ribution to illustrate how the ~~ :,r

be performed , and presents some pre lin’~nary findi rns of a re~~c~~ r o h  pro e (t

which invest iqates the fitting procedure .

3. METHOD OF PROBABILITY ASSESSMENT

A number of method s have been suggested for the assessment of prior

distributions (see, for exam ple, [6], [14] , and [23]). Our CO:n 4 r 40 proorarr

makes use of the method of equall y likely subinterva ls , which perhaps is

the most commonly used approach . The basic i dea of this method is to ask

the decis ion ma ker , at any stage , to divide a given interva l into two

judgmentally equally likely subintervals.

To begin with , the interval covering all possible values cf an incer-

ta m quantity (usually called a random variable) is split into two srh interv a~~

and the decision maker is asked to choose which subinterv al to bet on.

The dividing point is then changed until he feels indifferent between
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betting on one or the other subinterva l . When the indifference point is

reached , the decis ion maker feels that it is equally likel y that t”~ a :t iol

value of the uncertain quantity wi ll fall above (to the right of’ or

below (to the left of) this point. The indifference point , which div h s

the entire interval i nto two subintervals with equal probabili ties , is

the median. Next , the decision maker is asked to specify a pu nt whi ’~h

will further divide the subinterva l to the left of the medi an i nto t~~r

equ a l l y likel y parLs. This new po i nt is the f i rs t quartile. Si ’li ~ l ,’ ,

the subinterval to the right of the median may be further divide d i r e  t~ i

equa l l y l ikely parts. The decision maker may proceed in this mann~r to

divide any given interval (generated previously) i ntu two equ~~lj like ’:

su bintervals.

Suppose we let xk designate the k
th frac tile of the uncert in ,oo t~ ti

x , i .e.,

P(x < X k) = I , 0 < k < 1

Then , u si n g the method of equ a l l y  l i kely sub i n te rv a l s , the decis i’m ’ rira ke~

is asked to respond to a series of questions which will lead to a deteririn-

at ion of X
k values for such k as .5 , .25 , .75 , etc .

4. COMPUTER PROGRAM AND OUTPUT FOR PROBABILITY ASSESSMENT

The program stores a set of questions for the method of equally

l ikely subintervals. These questions are displayed successivel y on a C R ;

the user responds to the questions by typing his anwers on a teletype . The

response to each of the questions is processed immediately and checked for

log i cal consistency .



Assum ing you are the user of the program , the first question ca lls

for the l ower limit of the probability distribution by a s I i n ~ you t o :

“Specify the largest value such that you feel virtuall y certai n
that the actual value of the uncertain quant i ty will f~a ll above
this value .”

The second question , on t he othe r han d , calls for the upper l’r ”it of the

distribution by asking you to:

“Specify the smalles t value such that you feel virtually certain
that the actua l value of the uncerta in quantity will fall b~ l~ w
th is va l ue.’

In terms of the fractile notation described earlier , the first question

as ks for x0 and the second question asks for x 1. The program will check ~o

see i f x0 is less than x 1 arid if you feel virtually certain thot the actual

value of the uncertain quant ity w i ll lie in between and

The third question asks you to divide the interval de iined by the li:r ~~

x0 and x 1 into two eq iill y likel y suhinterva ls. The quostion says:

“Specify the v a l u e  such tha t you feel i t i s equ a l l y l i kel y that
the actua l va l ue of the uncer tain quantity will fall above cr
below this value .”

The answer to this question yields x 5, which should lie in between and

x l.

The fourt h ques ti on , wh ich calls for x 25, is:

“Suppose you were told tha t actual value is less than x 
~~~
. Speci fy

the value such tha t it is equally likely tha t the actua l v~tlue 01
the uncerta in quantity is eithe r above or below this value. ’

The program will check to see if this answer lies in between x0 and x 5.

The fifth question , which calls for x 75, is:

“Suppose you were told the actua l value is qreater than x r .  Specify
the value such tha t it is equa ll y l i kely tha t the ac tual  ~ia lue of
the uncertain quantity is either above or belnw this valu e . ”

This answer is checked to see if it lies in between x 5 an d x 1.
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At this point, the pro5r~nI further checks fur consister~~ . ~pec i 1i a l l y.

i t a sks :

“Now , do you feel it is equally likely that t~’e actual value u
uncertain quantity w ill lie within the interval between 25 an~or outside of thi s interval?”

If the check is not met , the program will direct you to re lew and revis~

each of your prev ious answers . Otherwise , the program w i l ’  p~’~~~r t i

ask you to specify the most likely value (the mode).

The assessments thu s rbt ii ned are sunhiiarized in the ~‘PT . TLr’ rr n m

then fits a smooth cumulative distribution function tbr n a h  he ~~~~~~~~~~

fractiles. At your request , it will plot the cumulative c A r J ~ ard ~hc

corresponding densit i urve. If these graphs do not seem to refl e t yno~
’

judgements about the uncert ain qua rtity, you will be guide.~ t v  ‘ to c

to revise your previous responses. Meenever you are sati s~ i c~: ~it tse

assessed distributi cr . the mean and the stai d~rd devi ation arc a~ipuL ~~ .

In addition , you may ask for .005, .rJIS , .025 ,..., .~~ b ‘rict il e~ of the

distri buti on.

To illustrate the computerized method of probability ~ssc’~sioeot

discussed above , the computer output of an example is presented . rr t i is

example , the expert (a manager in charge of schedu lin i a cervice) is asked

to quant if y his judgments concerning the number of people request i nr a

particular s~?rv i ,e ,* As ran ho seen from this output , the ex~er~ v
4 .lld te ’,

some of the axiom s cf probability and is asked to revise his res Lrrscs

severa l t imes .

*The probability d is tri hi t ion of the number of peopli is act ral l v  a :1i~ crete
function . However , a Con t i ,uc45 d strihuti on is used to appro~ Hi~e thediscrete dis tr ib at ior i in order to simp lif y the assessment procedure arid
the ana lysis of the service problem .
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TH IS F’RO (RAM I ~‘ I~~!~ TO AS~~L~ I iN ( i)  r)u;’ r~~ r~~~I r  ~0Uf ‘ R h ~ L~I : I~Jt )UC:~Lt t15 CONCE~~I io ~ 1:, CL~,1AH ? U,t~~~ I1 Y , tb) ct~ : ~ ~ , ~~ ‘NJ
I 1,NL L OF 1111. : O h J  I L C ST I L I ’ I ‘

~ 00 A t ,t L~r t i I H C (~U ‘0 LAT I ON
AND (C) F IlliNu T Il E ~ 0~~E S S i U  DI~~l L I L l I u 4  10 1 H E o : L i I( ; L  D~~~~~ L U i I o ~~.

WHAT IS P~L U N J R 1 A I  S W ‘1 1 V Of V U I R CCff lL L 1N NOW ?

number of customers r”qu cstinq a part i~~u 1ar service
’

PLEASE RESPOND IC) il L  iOLL OW UI G QUES~~I0NS WITH  YOUP C 1,PUUL JUUG)’O N~ S:

(I) SPEC I~~Y THE L i ’t~~Yt  r 7 L ~~~ ‘CH I tLAT YNU FEEL VIRT U1 LL ~ C EP1 A I N l O f T
TIlE ACTUAL VALU~. u~ T HE UIEERTAIN çl T~L IITY ‘~flLL FA LL AU O v E THIS V AL E.

3 ~ 0

(2 )  SPECIFY T IE SOIL LL ST VALUE SUCH THAT IOU FEEL VI ~1 H ’ ~~~~ ~L Ti• I ’ ;  T H A T
THE A C T U A L VALUE OF T HE U N C E R T A I N Q~AN T lTY WILL FALL EIELOW THI S V LJC .

260

SORRY , YOU ~~~ OI S IL 1 ERPRE T ED THESE T~,fl QUE~ T ICNS . c : E S T U N  ( 1 )
THE LOWER L IM IT OF THE UO C E RT AIN Q UA NT ITY . O L EALL G I l L  YJ U R NEW oi C~ L~ T C

260

~V~ 5T :C’: ~
) 

~~~~~~~ ;;:: ~~~~~ :~ ~ c~ 
‘~~: d ,~ E~~TA I  0 

~~~~~~~~~ i i i  I • ~

YOUR 1N r/ ANLo L P ~O ~2

3~iO

YOUR A’ ~
[tC TO Ti ’FSL 1~ N ~iES ii O N S INPL? T O T  YOU ~~~ VI : ~~~ LY CEP 1~~!;

ThAn TH ACI LA L VAL U L OF THE L O CC OTAIN (JANT ITY WILL LIE IN DE~ WE [0 6C
AND 31~O. DO You A ”LLEI

no

THEN YOU 1IUST P E J I S E  ‘t’OUR ANSWER(S) .

PLEASE TYPE YO:’R NEW AOL. /CR TO (I).

2~iO

PLEASE TYPE YOUR NEW ANSWE R TO (2).

3’lO

(3) Sl’LC I FY THE VALUE SUCH THAT YOU FEEL IT IS EOUALL Y I. I K~~ Y T HAT THE ACT VAC
VALUE OF THE UNCERTAIN QUANTITY WILL FALL ABOVE OR B ELOW h I S  V A L U E .

280

*uscr l s responses are in sma ll lette rs



(I i )  SUrPOSE YOJ ~ ~ OLD iH A T 1 ~~TU~ L I
, 0 L iON T HAI )  2 B~ .

S P ECI F Y THE ~
‘ J’L Ot ’C I i THAT I T 0 1 ( T J ’ l L ’  L I F ~ t_ Y THA T TH E ~0 T L A I  V~ J

OF’ ~HE LOU L L.  A l o  ~~ANi l i v  S E l  [ H ER ABOVE ur fI~~L O /  T M IS VA LU E .

3)0

I DE L ILV L YOu DI~ 0’ I ~~: :~~L L  11115 QII E ST IUN CAREF U LLY . PL EA ’~E G~~ I T  s~~’~

DO YOU NOW REAL I Z t  R H f  ~ou D ID WR (’IJ?

no

YOUR A N o \ E R  T N ( 0 )  ~ 4 . L:Lf ) HAv E L I E D  IN B E J O F E N  2~ O HO D 2 30 .
PLEASE T Y P E  YOUR N E !  ‘ I3 L L R .

270

(5) SUI l O S E ‘OU ~L FE T~ LD THAT THE A CTU A L VA LLE IS ~~ A TO~ 1 ~
SPECIFY TIl E ~~~~~~~~ SUCH ~~. T  IT IC  E r I U 1 L I ,U L I r N L (  T H A T  T ; E  A CT V~ L Vf~~~EOF TOE UII CET ’ FA I N ~UA OT I TV IS [I THER AEU~~E OR LI OW TM) S . A ’_ t H

300

( 6) 110 . r~ \ f IC )  E E L  ‘1 IS [ j O  LL r LI  ~‘[LV 1’ T I E  A T U ~ AL I ~ T~~[
UNC E RTA I N ~~ :HT, ! I LL  L I E  W l T H I t ~ T OE l O I L U : ’ L ‘OL l \ E E O ; )  ~~ :O T O O
OR OUTS tf ~ E r T H I S  i E H ~ A~~?

SORRY , YOUR iO ;E T NC ) I  CA TES TOOT YOUR ~~~~ ~~ T O  ~~~~~~~ I ~~~ ( 3 :  TO~ JLC ~(5) tY Y NO! RL c L [JI OuR PE Q UN B I LIT Y jLi [)HMLNTS. SO , LE T t  HIEW E~ ,. i
THESE Ao~~ERS .

(3A) A C C O R D I N G  TO Y C ’ L P ~‘ bY~ R T O Q H LCT ION (i), 1jU F ETE )T 5 E~ L~ L L ’
I I K E L i [HAT TtI[ ACINAt VA LUE C’~

’ T ’~ H t )C E R J , 0 I~~ 4 c O O l  I l u  ~ LL ~‘N ~ L
A BOV E OR BELOW 230 . 00) YOU A O R E L ?

yes

(14A ) WE NIL] LOOK t,T 
~J t p  A O ~.:E~ TC ~cLS1 I N  (~~) . IF THE A CT UAL V A _ OF OF

THE UNCE R U l O  JJAI,T T I WE RE L C C S  T I 1 2~ O , . 0 1 0 ~3U F EEL E~~UAL~ Y
LIKELY THAT THE A C T U A L  V A L U E  I S  [Ii~~CR A B O d E OR ULLOW 2/0?

no

PLEASE TYPE YOUR NEW V A LUE FOR WHIC H YOU WOULD FEEL LQUALL Y LIKELY.

265

(5A) F INAL I V , YOUR A NS /! H TO Q UES I IO N (5) IMPLIED THAT IF THE P C  ‘. ‘ t I
OF TI~E t I N C E R I A I U  ~0 A N l  I T T ’ W L P I G~ E ‘ I C R  THA I ,~~N v~~j  ~; O L l r ~ lE ~ C L : ’ A L L Y
L I l’FL ( THAT T HE A L T U A L  VALUE IS C i  T I l ER ADO VE OR BELOW 100 . DO fO U
STILL AGREE?

yes

-
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(GA ) flO0/ , L E T ’ S  CH E E r  HE 0 0 0 T I S T E O L Y  01 10tH R E V I S ED A’IOW[R S. TIlE LOH ‘ C L
CVN S ISIL’ IL’ ( ‘ E W T I L S  VA V FE LL E C , , I f L L Y  L I K E LV  T H A T  r~u E C C T I I H L  ~ ‘. L U
OF THE E N C E R T ;  IN o : o I  Ill W I L L  L I E  ‘ J i T H I ~ THE t N ’ i E T ~~AL O [T.- ETh ~~~
AN D 300 OR 001 S I  I L  O F T O IS I N TF, P V \ L  i)O Y E U  F[[1 T HA WA V 7

Yes

( 1)  S P E C I F Y  TI lE !Y ) ST LI FOELY JALUL (T IlE MOD E )

215

(8) GREAT. YOU 1)0W HAlE DONE YOUR ASSL500EN ES AS S000AR I ZED :

CUM . PROF . VALUE CCRRESP. Q UEST ION

0. 2110
.25 265 11
.50 280 3
.75 300 5
1.00 3110 2
MODE 2 75 7

FF00 THESE 000LOHEO POIN TS , A OVOOTHOD Cu UL’~T I F  015TH 1 D )T ITO ‘ 1 !  CL FE C- - ‘ 1 F F .
WO!.’t,° YCO L iK E To LE THE GHA )’IIS FOE THE D I S T R I  DoT CO FU II CT I ON A IL l . E

FUNCT t oo ?

Ye ~

I /
/

2~iO 260 260 ~OO 320 3110 . 2/~

F içju re 1 Distribution an d Density Functions for Customers Request m a
a Pdrt icular Service

.• 
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(
~

) WN(PLL) 10 A TE! I I  [ 1 1. 1  C A ! IS .~~~ ‘ONA HEY AC CI MA TI F.XP l ’LSS I .NC C
YOt O JU D L ’ L t l S Cu N ~ ) I l I G  l ; ~. ‘1 L~~IA I H  0~’JAN1 T I?

Yes

(10) SU1 OtARY MI_ AOU it[1 OF TIllS uI S1 HII )U1I0N A R E

223.01439
STA NOARI l E J I A T I I N  O - i.0 670

(II) DO YOU ‘,/ ‘ 4 T TO S I L  iA A I O U S  IRA C T I LLS  OF T HE L I S 1 F I D ’ J T ! O I

Yes

0.025 oL , i . c : o  .‘ : 0 . 7 5 5  : 5 f l 1  “ : C •5IY~ F ’J’ . O ~~N ,‘ :‘: O . 7E5 ~r .5~’0.0!’ , 2 1 u 7 . DT ~ ‘ A  u ..-:65 015 .5 5 ‘ 

~.5I5 2Cl .O2~ ~ O. , t r~ 3 01 .5 1 .
0 .025 ~~~~~~ ~ 0 ..~15 o ,’C . ~~ 

‘
‘ 0 . 5 0  ~ R 1 • 7 0  :‘~~

‘ 1~ 775 3 0 : .
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To quantify h is  judqenient a!’out custome r d€’m~ nd a t F r.ak p*~ r (~~S ,

the expert may want to us~ fte above assessment techni 1~~ : severa l time

until he feels comfortable with the limits of the di’ ;tr iI>u ~~o” . It s’~.uld

be noted here that noth ing is assumed , about thi’ ~~ r~ ’ n~ ‘t~ Mr V

distribution that is being assessed . For Ins t 4r~~ d rat 5~ ’ ~k~’w~~ ~i s t r i -

bution miqht ur’derlie customer dema r ’1 and vjr pu~’p~ - e si’ioly was to ask f e

expert to give us his best est1md t~’s of some ~‘f f0i .ce f~~i t i t~~~. ~oe

proqram then g ives us a pri’~~out c ’~ va r io us  ~ , t i l .  o~ ~‘ ‘ s  cii s ’~ ,t  on .

Next , let us consider what one miqht want to ‘~o w - t h  t’ ”:,r e,~~t i1 e~ or

suii~nary measures of the assessed d istr ib ut ion.

5. FIT OF A L OGNORMAL D I S T R ! F I ! T  ION TO A SUBJECTI V E DPTP I t ’ ;JT T ON

The der~s i t y f~r,ct ion of t~~ lo qiorma l c istr it it i r i~ qive rl >v :

f ( x )  = ~~~ -I ex~~[~~~(L~ ~ 
)

2
] x ~ 0 (1)

6 ~ C’

It is wel l  known tha t the mean E(’~) and the ~ariance v(~~) a - ° g iven 2’:

E (~~) 
= u = exp(~ +

V (~ ) = i 2 Ee xp ~~~~ 
- 1]

The mode of this distribution is at

MODE exp E~ - 1.2]

Wh - 1€’ the median or 50th percentile , P50, is at

p
50 = e ’ .

r l y  le t ti ng 
~ 

= ln X in ( 1) the 90th percenti le was found to be
6

P 90 = e x p ( l . 2 8 2  +

Other fractile points can be found in similar fashion .

-~~~~ -



_ _

- - F rom the a~se ,s ix n t procedure n i  vo n earl er, seve ra l  f rdct i  le lo in  ~s

the mean and the var i an e ,~re ava i l ab le  in the summa ry output ~f thc f i rst

compute r program . Any two fract i L~ ~oints , or a ~rac t i le  On int ,~r,d ~hc med’

or a f ract i le  point and the varianc e etc. , can h~ L4~ ’~d t o det e~m1ne t~

parame te rs of the lognorma t distr ibution . A second orogran was N~ie l ,n.-~:

that al lows some 20 di ff~ r’ irt  input comb ination pai r, in the ~ ro,:~~d- , r-s fc - r

determining the parameters of the lognormal distr ibution . T h e  Mrr)&~rar ave

integra tes ove r pre s peci t ied ra n’es and pl.~~s the function w~ t i  ~ ‘e ‘ow

found parame te rs . ~ typical output is d ispldy~d on the f l lo~ ing tw- - 
~~ges .

A 1: ’ot of the distr ibut i on f unction is also ava il ab 1 e. ~~~ t o i s

disLr ibuti on fu”~cti i~n .an be vi uaf ly compared wi th the -sbj e~t i ve l y

derived prior - distr~h ton usi~ q the quc-stionna’~re i~i ’~~lv in g the cV’r~ no

for service. If ‘reaso;Ia bl7 ag i’emen~ has been achieved th~-’ rnat)iecnatical

form of tb,~ den s ~ ty P~~s L e~ n ~o~ nd. This  torm is ir~nur t an t i n  o d :~r to

~~tab i is h  wi th  the incoming 5a~ a - m d  th~ likelihood function v ia Oiv e .

theorem the posterior dis tr ih’~t ion. On the other hand , j f  ‘ reasonable ’

aqreement between the two d is t r hut ion functions has not be’~r a :  ie’.- d i- re

assessment procedure start s anew . Ultima te ly, agreement w i l l  be found unless

the lognorma l distribution is not a val id model descHbing customer -3r~-a~J.

But considerable research points to the fact that customer demand t - r si~vi cos

at peak periods is i~~l’~rd loqnormal i~ dist ributed .

To f it a l rqor inal  d is t ~ ibut ion to a suuje ct i  vely de ri ved di str ibuti on

wi 1 ~ak e subseq~rnt an a l , -  ~S : ) f  t nc p roblem of sa t i sf ying cus tome r~ demand

wo re tractable inat iiemat’i c i l ly .  n- ,~1eve r, the~e is no standard pr ed~ re
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for perforiiiinq the tit. The resu l ts and progress of our “esear h on ‘

subjec t are suninarued as follows *:

(1) To fit a two-pa rameter logno rmal distribution to a suf .j~ ti ve lis t ’’-
bution , any two values of the subjective distribution , suc h as .~ Ii fr ;~r~~il~-
an d .90 fract i le , or mean and standard deviat ion , w i l l  be su uic io r it to
determine the two pa rameters and hence to specify the loqno riial d ic tribu t ’
comp letel y. However , our study has revea l ed that different sets c” in ;u t
values w ill yield different parame ter values and hence a different “qoodness
of fit. ”

(2) Since there are numerous sets of input values that can be used ~n

determine the parameters of the lognon~al distribution , an ini po rta rt  nw’stio,
arises: Is there a particular set of input values tha t will cco s i~~oei r 1 l y
y ield the best fit? To investigate this question , twenty-eiqht se~s o~
input values from each of the two subjective distributions were u~~ d t ’

fit lognormal distributions . A test statistic for goodness of fit ~;s
computed for each of the fifty-six lognorma l distributi ons . Li ,- r , .~0v 0 r  , n~

-
si gnificant relationship between the goodness of fit and t~ . s~ t of m i -  . t

values was detected.

(3) Although only two values of a subj e c t iv e  d istr ihut  inn ~r* e.i~- - 1 i- i -

f i t  a I” non~al d istr ibut ion , mo re than two va l ues roy  oc’ osc i ‘O r ’ to - i s
purpose. Thus , an alternative ~iethed of fittino a le~i~c’r’~~l rt stribu t ‘ri
was explored . ~peci fical l y, t~e steepest descent ict to ~~~~• ‘ , ‘ s e e f j t a
l oqnorma l d~stribution to f ive -Oract i le poi nts of a cuh~~-’~~iv e .lis~ r 0 : i~~on .
We are currently examining whethe r a better fit r~in be ~ ‘ -~ined by u si r~
this method.

(
~~) We have beg~ i to explore the possibility and desir a h ’ l ity of titt l r r :
a three-parameter or four-parameter lognomal distributi on to a ‘ ubj ec ’ i ’ c
distribution.

*Details of the research sponsoreo by the Office of Naval Researc h will be
presented in a separate paper , “A1terna tive Methods of Fitt i nq a lognorma ’i
D i stri bution to a Subj ective rrior r) istribution ,” by C. V. u n  and G . J.
Schick.
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~-tonjuqate prior needs to be - - ,cemt~iine d . the pip er i l lus t rates how the
parameters of a lognorma l distribution rni iht be obtained front the
fracti les of the subjectivel y derived pri or .
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