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PElFOs~~~NC* POUNDS ON VPEAD SPECTIUM MULT*PLE ACCESS COMMUN*CATION SYSTEMS

Sy KUNG Y~~

l , a ~y. —Several appro aches for the evaluat ion of upper and lover
bo~rnds on error probab il ity of •pread spectru m .ult iple access coom unica—
tt.a systems are pr esented. Tb... bounds are obt sined by ucilising an iso-
murphis. t heorem in the theor y of moment spaces . Prois this theore m , we
generate closed , compact , and convex bodies , where one of he coordinates
represents error probabili ty, while the other coordinate represent s a gen—
eralised mesent of the mu ltiple access interferen ce random variable Den-
vat ioss for the second moment , fourth moment , single exponential moment ,
end multiple exponential moment are given in term s of the partia l cros s
correlations of th . codes used in the system .

Introduction. —Spread spectru m multip le access techeique is of use in
• multi-u ser computer toasuni cation networ k syste m (U as veil as in a
more conventional satellite c~~~ unicat ion system with a single wide-band
repeater (2) .  In •uch situations 1 a code modulation spread spectr un multi -
ple access (SSMA ) system is considered suitable for a network of low—cost
mobile grou nd based end airbour ned users requir ing no network control . In
any case , for this and related S~ 1A system., the exact evaluation of error
probability has been conside red a for midable task. Error probabi lity
obtained by com plete simulation of such systems may involve consid erable
computational cost.

In this paper, we present several ~pproac hca based o~ the t1~~ury of
moment spaces to obtain upper and lover bou~.dz on the error probability of
a $~(A system. As expected 1 bounds that us. moments that require su re
computational effort Cr. generally tighter than those that require less.
As to be seem , tb. second moment • fourth moment , single exponential moment ,
and multiple exponential moment require increasin g computational effort.
Indeed, by taking a sufficien t ly large nunber of term s in the multi ple expo-
nential moment case, vs can asks the upper and lover bounds arbitraril y
t i#t .

.S$IA Nedel. —Thede are variou s form s of SSNA c~~~unicationa systems .
In a direct cod. modulation S5(& syst em, the data str e of each user modu-
lates a shift—register (SR) generated sequence code to obtain the spread
spectr em effect . The multiple acc•as capability is achieved by requirin g
each user ’s cod e wo rd to be near orthogonal. In this pape r , we shall only
consider the modal of an asynchron ous SSMA syste. as discussed in (31.

Thus, vs allow the time d.l.y’s r j  and phase angles ei of differ-
ent users to be r.v . ’.. The input to each receiver consists of the sun of
all V~ users ’ signals and additive white Gaussian nois e. Each receiver
consists of a .atch.d filter match ed to its corresponding code word . With-
out loss of generalit y, we consider the first receiver. Then we assum e it
is completely synchr on ized to it. own code wo rd . Thus , 

~i — — 0 • Put

•2.’~ -.°E and 13,...,tg are independent and unifor mly distribu t ed r.v . ’s .
Thus , the o.tput of the matched filter of the 1st receive r ii liven by

Thi, work was sup port ed in part by aim Contract WOOl4-~ S-C—0321 under Task
IE-042—2S3 sad by the Electro nics Progran of ONR .

Tb. ~ iifu~~ IS nem u. UnI,.n~ty of fornl s. Loi AnpIss.
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J a ~(t)b1(t)d t

“~i~2 
L i  it  1 1 (t)dtco .S1

+ m(t 1(t)cosv~
tdt — hb10 + Z4o . (1)

The first term of y represents the desired signal, the second term , 2
repr esents the interference from the other (E~—l) users , and the last
term, a , is a Gaussia n r.v. of zero-mean and variance o2 . All users

are sssi d to have equal power P • Hers the informatio n data of the
i—tb user is defined by

b1(t) — I bi,flPT(t
~

mT)

vbsre the bj  n’s are i.t.d. r.v.’s taking values +1 and —l with

equal probability, and P,( )  is a unit height rectangular window from 0
to T • The code vavefo rl is defined by

~ ~T 
(t_1T~

)
i—I. 1 C

where a~~ is the SR code sequence of the i—tb user and consists of +1

end —l ~bicb is perio d ic with period p sad of chip length Tc
low , consider the error probab il ity of the first ucer , a,sumii ’g ski

Z user ’s code words have bean specified . Demote this error probabili ty
b y ?,. Then

• 4 Pr(b+Z+nC0) + 4 ?r(-h+f4m’O}
+ (2a)

• g(q(1II+ Z (Th)

Q(x) — (2t)~’ 5 .xp(—t2/2)dt
in (la) or (2b) is express ed a. a ge.sralised moment where the expec—

tattoo operation, g , is taken over all the r y e  ij  , b1,..1 , b1,0 •
• Ij in 2 • As to be seen, dependin g on specific cases , semetinsa mu

prefer to use P~ gives by (2a) , wh ite other t ines we prefer to us. P~
gives by (Ib). In general, since 2 is extr ~~~iy complicated, it is not
pessib is to evaluate this moment analytic ally . Movever , suppose it is pos-
sible to evsluats some other moment s of I • Then if we can find rs la—
tbonshipe ong the mo smta defined by P~ and other moments that vs can
evaluat. readily , the n vs can obtain info rmation about th. error proba-
bility. In the next secti on , vs shall stat s an Isomorphism theore m from
the theory of moment spaces that shall yield a precise geom etric interpre-
tat ion of th is concept.
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~l~~~nt ~~~~ Error Sound s. -The following theorem which was originally
developed in the theory of g s , shall provide rel.ti on.bips ong arb i-
trary a~~~nts of a random variable.

Let 2 be a r~~~om variable with a probability distribution functionG2(s) defined over a finite closed interval I — (a ,bJ . Let
k1(s),k2(a ),,..,k1(s) be a sac of $ continuous functions defined on I
The g~~~ra1tzed m~~ *t of the random variable 2 . induced by the function
kj(i) is

I ki(s)dG1(z) . E2(k~(a)), i • 1,...,! (3)
I

Re denot e the N—tb moment space .4’ an

4— (~~ — (n1,... .m~) c ~
‘1Im~ — I

b
k~~~ d G ( )  , t — l ,...,N)

where C2 ranges over the set of probability distributions defined on
I • (a,b) and gI denotes N-dimensional Euclidean space. Then .4’ is a
closed, bounded, d convex set • low let V be the curve r — Cr11... ,r1)
traced out in IR by ri - k1(z) for z in I • Let ii’ be th, convex
hell of V .  Then

(4)

This theorem has been used in (4) to bound F, encountered in inter—
eywhol interference probl ems with N — 2 • In order to explain the appli—
cation of this theorem in obtain ing 

~e bounds , consider a plot of k2(z)
verona k, (z) . Now, vs t ake k2(r) to be th. .irpreeelnn insid, the
curly brackst give n either by (2*) or (tb). ThUS , 2 • E(k2(s)} •
* shall consider several different k1(,) • In any case , kj (z) will be
chosen such that , ml • E(k1(a)} is evaluable. When we plot specific
b2(a) versus kj (s) , the curve V typically turns out to be given by
puts of the curve shewn in Figure 1. Tb. curve is Figure 1 consists of
os,sral sectio ns that are convex U or A function. • Let the points
C • I , C • I , etc. be point s of infectio n of the curve. Then curve
AIC is conve x V , ~~Z is comesm (~ , !PC is convex V , CR1 is
csmv e* A • etc. Suppose a plot of k2(z) versus k1(z) yields the
curve I give n by All’ • Then the upper envelope of this body JV , is
given by the stra ight line Al’ , whil , the lower body is given j ust by
All’ . Thus, from th. above theorem and (4) , we can obtain upper and
lover bound s on ?~ • Suppose I(k1(s)) yields a number •i (which has
to hp lea. or equal to k1(z5.) ) . Them the lover bound 4 given by

• k2(kj~1(a1)) while the upper bound La given ~~ 
p~~U — k2(za) +

— k1(s~1)) a ((k2(s5.) — k2(g*))/(k1(sg ’) — ki(z*))) . Here , vs used
the notation of A — (k a (Z*) , k2(s4)) • I . (k1(a5) , k2(z5)) , etc.

Now, ppose a dii len.nt k2(sI versus k1~z) yields a curve V
give, by AICD . Thus, parts of V is convex U while part , of V is
convex A • The* the first part of the upper envelope of W , is given
by the str aight line AC’ , while the second pert is give n by th. curve
C’D • The point C’ ii defi ned by equating the slops of the chord AC’
so th. derivation of the curve V at c ’ • That is,

— k3
(a~) k

~
(r c I) 

5
— 

~i~
’A~ 

kj(z~,Y ‘

~~~ Re ~~~~ since by(s) • k&(s) • k1(z) • kj (s) , end a~ are known,
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we can solve for Sc ’ in (5) easily by using say single roo t solution
technique (i.e • Newton method • segulj ._1slsi Method, etc. ) .  Thus , if

ki(SA) ~ S k1(s •) , vs have ~~~~ — kl(IA ) + (
~i 

— k l(zAfl a

(1k3(.0’) — k2(si)~/jk](1c ) — k1(s0))) . If k1(Z c~
) ~ m1 � kl(ID) • we

have p,1(U) — k2(k1 (si)) . ly similar ergunents , the lover envelope of
is given by th. curve LU” ~~ th. strai ght line B”D • The point

I” or Z~
. can be obtain ed from

— k2(z1,,) k~(z 1,)
— k1

(C5,J 
— 
kj(a1..) 

(6)

Thu., if kl(ZA) 5 nj S k1(z5 ) , we have ~~~~ — k2(k1 (a1)) • It

S s kl(zn) , then we have ~~(L) — k2 (z11,) + — k1(zg.’)) a
— 

~2 (
~B” ))7(

~1(
~D) —

Mother intere stin g situation is when V is given by or cont ains the
curve ~~UCII . then the upper envelops 1. given by the curv e CD’ , the
straig ht limo D’H and the curve HI • In particular , the points D’ (or
ap’ ) and I (or s

~ 
) are obtain ed fro m

k2 (aN) — 
k
&
(sp) (Q 

~- kj(Su)

From (7), vs can try to obtsin the twn unknown s 5D 
~~~~~ 

5H from twe

moe—linear equations • In practice because of th, local convex u pro-
perties of the curve near D’ and K , we can use iterat ive solution
approeck to find z

~ s$ s
~ 

quite readily . Thus , for kj (z) S ml ~
kj (ip’) , ,~QJ) • k2(kj~ (.j)) , for k1(rp ’) 5 ~~ 

kl(~H) , 
p,(u) —

+ (
~ l 

— k1(r~’)) x4~jk7(s1) — k2 (*0’) ) I (k 1(S ~) — kl(TD ’) )l  ; for
k1(s1) ~~~ ~ 

h1(~I) • ~~ 
— kz(k!4m1)) . Tb. evalu atio n of lower

envelopes end lower error bounds are simi lar as that for upper envelopes
and upper error bounds.

Pros all the above discussion. , it is clear that given any k2(z) and
k1(s) • explicit evaluation of upper and lover error bounds are possibl e
as soon a. the moment m1 — I(k1(Z)) and the domain of z are available.

lualuation of ?h.smts_and Nawiove Distortion. -Now , we consider the
explicit valuatione of .evernl diff erent moments a1 • !(h 1(Z)) as well
as the marten , distortion P

In order to use m1 • g(Z2) • let k1(s) — ~2 and k2(r) be given
by expressi on (2a) . Thee the domain of kj~s) is (O ,DJ , when P — Max 2
Pros the definition of the r.v. 1 in (1), it is clear that 1(23 • 0
Pros (3.5) of (33, it is seen that for f ixed bj ,0

ruT~~_2 ~1

where

— I (
~~ (n)4P1~ (n)P~~ (u+l)+P~3 

(a+l)+~~ (a)+0
1j 

(n)$
13 

(nil)

t + Ø~~(a+l)) , (~ )

•~~~~ ~~~~~ 
• 

~: ~ •

LT—.
~
i
~~~ 

— 
- 

- _ _ _



~j j (fl ) — 
~ •

(i) 
5(i) • (11)s-n s-s m

Tb. period of the codes is denoted by p and N 
~‘~c is asswe.d to be

an integral multiple .1 p
Now , cons ider the evaluatio n of N defined a. the .ax t valus of

the y r .  2 , where the maximisation is conaidered over 
~~ • Ti

• and b~,0 . After some algebra , it can be seen that

P.
N — (!?~T }

~ 
Max { j p  (n )t+~ (it )~~} • (12)2 C i_2 l5~~�N LI i 11 i

Thus , m1 and P can be readily evaluated and depend on the partial cross
correlations (given by (10) and (11)) of the code words chosen by the P.
Users. 4 4In order to use aj E(Z I , let kj(s) — a and k2(n) be given
by expressio n (2*) . Then the dasmin of kita) i. also L0.D). In order to
evaluate m1 • let

‘i 
s 

L a j ( tt
L

)b
i

(t_ n
i
)a
l
(t

~~
tc05e j  c

1
cos e1 , (13)

• ~~~~ ~ 
5~~)~ — ~P ) 2( I !(43 + 6 I E ( z ~ 1

i—2 i—2 i—2
P.

~ I(z 3)) . (1’)
j—i+l

lere, each ~~Z2j is in the form of (8) and can be evaluated by using
(8) — (11).

E(uI~~) — I(cos’$~ J E(4I — X
~~mL~ 

Tc 4 4

+ 6R
~j

(A41iTc)f~i
(A 41tT

e)JdA . (15)

Furthermore,

P. (X+nT ) A 7 + I Xil c n c n  (16)
I
~ 

- L
~

T
~
+IA

where

p~1(n) 
‘ 

1n — 
~~~~~~~~~~~~~~~~~~~ (17)

• 0ti~~~ ‘ 
—

Dy using (16) and (17), each E(43 is given by

,3T 5i~l—l
g(g 4 ) — ~ ((A4 l~

4 )+2 (A 3$ +~!~ )+2(A 212+i2g2)+(A g34 
~~i ,~ n p a n a a it a it a a n it a
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+ (1)(I4+i~)+6(A2~
2+A I ~~~~ I A2)+2 (A212+A232+4A I £ I )3 n a a n  n u n  n n n  n n  n i t  n n n n

+3( A I I 2+~~I 8 2)+4)I2I2) . (18)

Thus, each term in (14) for a1 can be evaluated .
In order to use s~~— E(ezpt c(b+z )3) , let kj(z)— ezpLc(h+Z)) and

k2(z) be given by expressio n (2b). Then the domain of k (a) is (b—P.h+O)
Prom the definition of 2 in (1), we have

— exp(ch):EO ,,,b b (ezP((c cosO~)(b~,_1a f 
iei

(t_T
i)al

(t)dt

+ b1,0 
a J a~

(t_t
i)a1(t)dt))) (19)

thee, vu need to consider the evaluation of th. expression

I, ( • }
i,ni,bt._i,bi,o

for each 2 5 i 5 P . .

• I — ~~~~~~~~~~~ co.Oj)(Rj i(t j)4i1(r i))I

+ ezp ((c cos91)(R11(T~
).$

11(ri))J+.xpKc co.01
) (

~hii (ni)1P.ii (n i)))

+ cxp ( (c cosOt )(—l
~~

(r j )_R
ii

(T i))JI F4

11l T~
— (l/4T)18 ~ f (ezpV~(c cos8i)((An4p)+($n+Io)X)3i n O  0

+ sxp((c C0581)((Aa
_Z

a)+(In
_I

s)A)J+Sxp( (c co.81) ((
~

An+Am)

+ (—I,4,P)3+sx p((c co.e1)((—A ~—A )+(—I —I,)A ) I)dA • (20)

where Z41(’) and &ti (.) are given by (16) mid A.~ , 1.4 ,  £,~ • end
re jivem by (17). Afte r performing the integration ix (20) , vs bars

I-i 4111,T1,b1 i~
bi ~~ 

• ) — (l/4a)z~ ! }
~‘ ‘ is-O s-i

— ~~~~~~ (a)eosej)J/tor~ 
(n)— 8~”~ (a) 3coee1)

uhere

— cT.(011(.+l)4Ou(n+l)) —

• eT~
( ii (a4I )

~~si (n+l)) .

‘-,- -—
.. 

~~~~~~~~ —
~~ - —. -

-
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- 
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- __~~~~~~~~~
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— cT0(o~1(n) + p11(n)) — —0~
4’ (n)

$~
2

~~(n) — c?0(ø~1(n) — p11(n)) — —8~
3
~(n) . (22)

Pros n.m integral representation of b (s) given by (8.431.1) in (53. we

obtain

a 1 2 L

to J I (*)dz • 2 ~ 
((.zp(et)—.*p(Bt)3/t(l 1 ) ‘}dt

0 —l

— j ((ezp (cicose )—ezp (BcosO)J/CosO)dt (23)

Thus , substitutin g (23) in (21) and not ing b (s) is an even fonetio n,

11-1 2

i b b ~ • — (1/21) ~ I (i/(~~m)(~)_8~
m)(~)) a

i’ 1’ i,—l’ i,O s-O s-l
(24)

if I~(s)d*

8
(m) (a)

floss , subetituting (24) in (19). vs obtain the single exponential moment,

1 1—1 2 
~~— exp (cb) w ((1/21) } } (1/(n, (5)_Ø~m (a))) a

i—2 s-0 s-i
I’ 

( )

if 10(s)ds}

~(m) (a)

~~~re c4’~ (a) ~~ (a) are def ined in (22). Tb... expressions ar~
given in terms of the partial cross correlations of the codes, Pil(a)

• 
~iiCn) • def ined in (10) and (11).
Finally, let

J
k3 (z) — I d4exp(c,(h+t)1 , (26)

i_ l a  .‘
~~~re d

~ 
mid c4 are r.al-,alvsd s*~~ srs , and k2(s) be given by expre.-

sin (Zb’), then tIe multiple exponential moment is given by

• 
~ 

d,m1(c 4 ) 
(27)

1.1’
where m1(c3 ) is given by (25) with e — c1

~~~ 1i*ioes . -In the psevioua section we derived the secon d moment ,
fourth miucat , single exponential moment , and multi ple expo nential moment
for th. spread spsetr en multiple access syat . These m~~~nts are given
ga (8), (14), (25), and (27) , respectively . Clearly, the cooputat ional
efforts involved in evaluating these moment s are of increasin g order , How-
ever , In •mi.ra l, we can shov the resulting upper sad lower error bounds
become t ight er. In the last two cases , we a..~~~ the par te rs c ,
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and d 4 in (25) and (27) are selected appropriately .
There are several approache. in obtaining explicit moment space error

bounds . From our earlier discussions, it is clear that by plotti ng k2 (z)
versus k1(s) graphically sad them finding its convex bull , we can obtain
the upper mid lower error bound ineediately. Indeed , we have used computer—
controlled plotter end obtained satisfactory bounds. Furthe rmore , this
approach is app licable to any k2(z) and k1(z) functions . An alterna-
tive approach is clearly the use of asalyt ical solution to the upper and
lover envelop es of the convex body. Rounds based on the second m*ent are
di~cuased and given in (4), (7 1,  and (8). Similar argu ments in (4 3 and
16) lead to bound. based on the fourth moment . Various possible error
bounds and assoc iated regions of c f or the single exponential moment are
given in (43. In particula r , the selection of the optimum values of c
for the upper and the lower bounds are treated . Finally , for system s with
large maximum distortion N , the range of possible value s of 12 (5) is
large. In order to obtain tight error bound s , 1i(~

) must approximate
12(2) closely. In (26), by using large n,~~ers of terms J with proper
dj  ci ’s , we can sake 1i~~ 

close to 17(5) . Unfortunately, the
explicit s5lutio n of this approxi mation problem for d1 sad c1 with
finite J is unknown f or øiebychev norm (83 . Prom an effic iea~y point of
view for a fixed J • this norm is the most appropriate one to use for
minimizing the distance between the upper and lover envelopes. Hoverer ,
in 1.2 norm, it is easy to select a set of c1’ s such that 1i(~

) con-
verges to 17(z) as J becomes unbounded. Then 1i~~ 

can approximate
k2(a) arbitrarily well for some finite J • Thus , the associated upper
and lover bounds using mj given by (27) can be made arbitrarily tight
for s~~ finite J
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