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ircfact ’

This thesis is my meager attempt to add to the body of 
-

knowledge of satellite attitude stability. Due to the immense

cost of launching satellites , and having absolutely no place on

earth to test stability prior to launch, only satellites which

can be analyzed for stability can be built. I hope that .perhaps

this study may be of use to those who design satellites. If not,

at least, I have learned a great deal about satellite stability

and its problems.

I would like to express my thanks to my advisor Dr. Robert

A. Calico, without whose help and advice I would not have been

able to complete this study1

Finally, I would like to express my very sincere gratitude

and appreciation to my wife, Masae , arid my son, Michael, for

putting up with me during the past eighteen months.
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Ab~ tract

This study considers the attitude stability of a gyrostat

satellite containing flexible antennas, in which any, or all ,

of the rotors or antennas may be misaligned with the main body

principal axes . The problem is formulated in general for any

number of rigid , symmetrical , spinning rotors which are fixed

relative to the body arid for any number of antennas, modeled

as rigid rods- connected by torsional springs. The stability

analysis is based on the Liapunov direct method , using the

Hamiltonian as the Liapunov function. Examples are presented

for a gravity-stabilized satellite containing one constant-

speed rotor and two antennas of two rods each a The antenna

- - 
misalignment and motion is restricted to the xz plane. Results

show that for a rotor misalignment, the largest deviation from

the position defined by the body principal axes aligning with

the orbital axes occurs when the misalignment is toward the

orbit tangent. Misalignment of the antennas had no effect on

the body equilibrium position except when the rotor was also

misaligned. In that case , the body equilibrium angles were

reduced .
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ATTITUDE STABiLITY OF AN ORBITING SAThLLITE

CONTAINING FLEXIBLE ANTENNAS AND SPINNING ROTORS

I. Introduction

Bac k~round

The increasingly complex configurations of the earth-

- 
orbiting satellites have generated substantial investigation

of satellite attitude stability. Results of this research

provide several useful analytical methods and several dif-

ferent models which may be used to determine stability.

Pringle (ref 1) applied Liapunov’s direct method to determine

the stability of a satellite with connected moving parts.

Meirovitch and Nelson (ref 2) used an infinitesmal analysis

on a satellite containing elastic parts by assuming normal

modes of elastic displacement. Nelson and Meirovitch (ref 3)

also applied Liapunov’s direct method to a satellite with

elastically connected moving parts by assuming a lumped-para-

meter representation of the distributed elastic system.

Likins (ref 4) made a study of “dual-spin” satellites con-

taining a spring-mass-damper system in the despun portion of

the satellite. Crespo da Silva (ref 5) and Ruiniantsev (ref 6)

studied satellites containing internal rotors. Rumiantsev’s

study was slightly more general; however, Crespo da Silva

prer ented results which were both more extensive and in a more

useful form . More recently , Meirovitch and Calico (ref 7)

prc~ented an elerant method to determine stability of a satellite

1
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method , used the Hamilton iari as a Liapunov functional , and

defined integral coordinates to evaluate the Hamiltonian .

Calico (ref 8 ,9) extended this study to include that of Crespo

da Silva to determine stability of a satellite containing both

flexible appendages and internal rotors. These references are

but a few of the numerous studies of satellite attitude stabi-

lity which are pertinant to this study.

Each of these studies has one common characteristic s

the stability was investigated about a nominal equilibrium

position defined by the orbit normal and the body angular

momentum vectors being aligned with a body principal moment-

of—inertia axis. That is not so surprising, for generally,

that particular position is the one of primary importance , arid

if it is not stable, the satellite is considered unstable. In

these studies it was generally assumed that small misalignment

errors in the rotors or antennas do not affect stability.

However, what would happen to stability if misalignment were

substantial, e .g . ,  an extendable antenna failed to extend

causing a rotation of the principal moments of inertia?

The Problem

~ The problem , then , arid the purpose of this thesis is to

determine the stability of a satellite containing both flexible

antennas and spinning rotors, any, or all, of which could be

m isalirned with the body principal axes.

The ;enera l Approach

The me thod uced by Calico will be used here , i . e . ,

2



1iapunov ’s direct rnt~thOd with the ~iarni1tonian ~ervin~ as tflQ

Liapunov function. The potential arid kinetic energies were

determined in general f or any number of rotors arid antennas,

arid the Hainiltonian was formulated and evaluated for sign

definiteness about an equilibrium position. For the specific

example presented , the equilibrium positions were found by

se tting the partial derivatives of the dynamic potential with

respect to the generalized coordinates equal to zero. The actual

calculations of the- equilibrium positions and the evaluations

of the Mamiltonian were done numerically.

Organization 
S

This thesis is organized so that long mathematical deriva-

tions are not presented in the text but are included as an

appendix. Also when a large set of equations exists, the

entire set is included as an appendix.

S a
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Ii. 1..athcr~:ttic-.i1 rorrnulation of the Iroblem

Model and Basic Assumptions

The satellite under consideration consists of a rigid body

containing m rigid , spinning, symmetrical rotors and has attached

to it n flexible antennas. The spin axes of the rotors are fixed

relative to the main- body. The antennas are modeled as a number

rigid rods connected by torsional springs. Damping in the

satellite is not modeled explicitly ; however, pervasive damping

~th rotor

antenna

Figure 1. The Satellite Model

will be assumed for those configurations which are otherwise

stable , thereby insuring assymptotic stability.

The earth is modeled as the central body of mass M

S 
producing a spherically symmetric gravitational force field.

The total mass m of tt~e satellite is small compared to M.

Th c~ la~t importan t b~ ;ic assumption is that the motion

( ‘ t t r  e’!n t . - r (~~~~5 

~~~~ 01 t ~~‘- t,~ I I i I. r~ I .~~~~i I I ~~~ted by the

4
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attituOc motion or the elastic motion . Thi~ as~urnption is
.4

reasonable if the dimensions of the satellite are small corn— -

pared to the orbit radius, and the elastic motion is either

small or symmetrical about the center of mass C. This assump-

tion allows the motion of C to be calculated independently from

the attitude motion ; therefore , the orbital motion is assumed

to be known. For this study , the satellite is in a circular

orbit.

zi
z ,a3

oi
y,a2 x,a1 z .

yi I

x~~~~~~~

x O y .
Y J

— F igure 2. Coordinate Systems

Fir. 2 depicts the coordinate systems used in this thesis

The center 0-f the earth is assumed as the origin 0 of an

inertial reference frame XYL. . The center of mass of the satel-

lite in its undeformed state is the origin of a set of orbital

axes a1 a2a3, as well as the origin of the body fixed axes xyz.

i~ ~~! i r t r r 1  alonr tb e  position vector of C in XYZ ; a . is the

r
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O x - b i t  tan~-ent vector in the direction of the velocity vcctor;

and a3 is the orbit normal vector . When the satellite is

undeformed , xyz represents the principal moment-of-inertia axes.

x1y~z~ define the axes for the ith antenna and are fixes with

respect to xyz. They are defined such that when the antenna

is undeformed it lies along one of the axes. x~y~z~ define

the nodal axes of the jth rotor such that z~ is both the sym-

metry axis and the spin axis. Because x~Y~z~ and XjYjZj are

fixed in xyz , they have the same angular velocity as xyz.

Although Fig. 2 shows xyz aligned with a1a2a3, xyz is free to

rotate. oi denotes the origin of ~~~~~~ arid oj denotes the

origin of ~~~~~~ (Througho.ut this thesis the subscripts “1”

denote quantities referred to the antennas, and “j” denote

quantities referred to the rotors. The subscript “o” refers

to the main body . “i” numbers from 1 to n and “j” numbers

from n+1 to n +rn .)

Fig . 3 depicts the position vectors and their components .

Vector quantities are indicated by an underline , and their

magnitudes are denoted by the same symbol without the under-

l ine , e.g., ~~ is the position vec tor of C in XYZ , and is

its magnitude. Time derivatives in inertial space are denoted

by a dot above the quantity , e.g., ~ is the time derivative of

r In inertial space. Time derivatives in the xyz frame are

denoted by a dot above the quantity quantity and a prime super-

script , e.g., ~~~
‘ is the time derivative of r in the xyz frame.

T b r ~ Sys~ r~m Hamiltonian

To formulat~ the Hamiltonian of a dynamic system , the

6
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-i - a 0
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o dm~

Figure 3. Position Vectors

potential arid kinetic energies must be determined . The poten-

tial energy will be determined first. Meirovitch (ref 10:11.35)

developes the gravitational potential for a non-uniform body

in a central force field . To a second order approximation

V5 G1~fi’ - _ _ _

+(3m2 —i XIx * ‘In — I ~~)+(3~ -I)(I~x +Iyy l~a)

+ iZ (~~L~ + £t~Xxa + ~~~~~~~
-

( 1)

where 1, m , and n are direction cosines between xyz arid B.0.

S 
~~~~~~ ~~~ 1~~ ’ . . .  are moments and products of inertia of the

7
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01 the ~at,c1 1 i~ , (1 is tL~ univt rsa~ avitati~mti cc ns

The total gravitational potential of the satelli te is the sum of

the potential of each part. Summing over the body and rewriting

eqn (1) in matrix form

v~ 
- 

_ _ _ _  _ _ _  ~~~~ -

- 3GA~2R~ (2)

where (IL) is the direction cosine matrix between x~y~z~ and

xyz , [~J 
is the inertia matrix of the ith antenna in its

defdrmed state , and is the direction cosine matrix -

between ~~ and xyz. The elastic potential is somewhat easier

to write :

Ve -
~~~~ ~~ t KudC’~ ( 3)

1.’I IC’!

where Kjk is the spring constant of the kth spring of the ith

antenna , and is the angle through which the spring is

displaced from its undeformed position. Thus the total

potential is

V: V3 s Ve  (li )

The kinetic energy can be written as

T : 
~~~ 

fiJTtAJdrn ( 5)

where is the inertial velocity of an elemental mass dm ,

and m is the mass of the body . When (RJ is written in its

I

t _ 
8
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C ~~ :‘~‘~ ~cr~t. t~’rrr~s , ~~ t~~. 1: i-c . iS U I  V ~~~ zl — -o -.~~ .

domains D0, Di, and Dj  the kinetic energy becomes

T= ~~~~ ~R~.flR~J + I 

~~~~~~~~ 
Li IL ] (f lL }

$ ~.r ii~~]i~)’ ~ ~~~~~ 4 [e~’JTI é ’Jso~‘~~ ‘ (6)

~ [wj’ 
.~~~~. ,~~~ ~~~~~~~~~~~~~~~

+ E. £~
) t(~~~~

]

where (*I~~~ is the velocity of C ; ,4~ is the mass density of

the ith antenna; (~1JJ is the angular velocity of the jth

rotor relative to xyz; [(~r.~j .~ )1 is the skew-symmetric matrix
which yields the vector cross product (~ 01+~~~)x~j ; and CJ

J
’] is

the inertia matrix of the jth rotor relative to ~~~~~~~ Eqn

(6) is derived in Appendix A.

Since the orbit is circular , R0 Is constant, and

( 7)

where ~~ is the orbital angular velocity. The angular velocity

of the xyz frame with respect to ir .rtia is

~~ ~• f Q~J + 
(8)

where is the direction cosine matrix between a
3 
and xyz,

and is the angular velocity between xyz and a1a2a3.

9

t

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ S - -

_ S --.5-- -~~~~-.--- --- .--



i ’ecause T and V are expi .~ised in a t~1ti:~-’ r-e :crL• :~ct.~ ~~~~~~~

and the orbital velocity is constant, the system is considered
non-natural , and it is explicitly independent of time . For this

system the Hamiltonian assumes the form

H.2 T2 — T .  ÷v (
~~

)

where T2 represents the terms in T which are quadratic in the

- generalized veloxities, and T0 represents the terms in T which
are independent of the generalized velocities a Substituting

eqn (8) into eqn (6) and grouping terms

.~~ 

~~a(& }‘t[~iE3 ]L~J {~Q~L1~ 
(10)

‘so

and

Tz ~ ~~~~ L.~~1~)LL~](wJL:o
S 

~ r 1 ’ [ ~~.a~ + 

~~ 
,a;

L’I

at I ~Tf1J 
,~~~

~~~1 O~ (11)

~ t~A)Ij rr [4) t [i~] (.o~jJ f

Substituting eqns (4), (10), and (ii ) into eqn (9) yields
the Hamiltonian 1’ or any number of rotors or antennas.

S 

~ (W~~~~~~~~~ [~~~
‘[rL~~~~ ](Loj

~‘0 ( 12)
+ ~~ ~~~~~ 

+ 
~~. 

~~~ 
. ~~~.

10
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+ ~~ 
T~~~ 

~ 
.~~. 

L( ~~~~ t
~~~~)) 

~~~~ j T  

~~~~
+ E~1rr

~~~~ pj4

— [~3T[T.)tt] (001J

—

- 

~ 
(~~1 tC~

}T( ~ rg~]’[3u E.QL3) U~3

~~~ *s1

_____  _ _ _ _ _ _ _ _  ____  
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Equilibrium Position -

For the satellite to be stable about an equilibrium

position , H , evaluated at that position, must be positive

definite. In this study, because the rotors , antennas , or

both are assumed to be misaligned, the nominal equilibrium

position , d iscussed in Chapter I, generally does not exist.

Therefore , an equilibrium position , hopefully , one near the

nominal position, must be found arid H evaluated for sign

definiteness. The Hamiltonian may be expressed as

14 T2 + U (13)

where , I), the dynamic potential , is defined as

u= v— i0
Equilibrium positions are defined by the set of equations

à .LI = O (i.~., n) (15)

where ~ are the generalized coordinates and n is the

number of coordinates. In general, this set of equations

is non-linear, and a numerical soluticri is required . Once

the equilibrium position is found , H may be evaluated for

- 
- positive definiteness to determine stability .

Evaluation of the Hamiltonian

For H to be positive definite , only U need be evaluated
because by definition 

~2 
is positive definite ; therefore ,

12



~! i~ Cr~-atc.r t~~~t t  . ..‘. . r t  dc .:.~~t~ :~::..: f ‘ - t k : r~~.~~~.~2 ’1 ~~

form ing the matrix where S

tci~s, leq~ushbnum (16 )

and applying Sylvester ’s criterion , i.e., for positive definite-

ness the determinant of each of the leading principal minors

of [ U 1j]  must be greater than zero. If U is positive definite,

then the equilibrium position is stable , and , moreover , it is

assymptotically stable when pervasive damping exists

13

- . ~~~~~~ ~~~~~~ .5.



IV. Stability of Specific Examnies

Constant Speed Rotor

In each of the specific examples , the rotor is assumed to

be driven at a constant speed. Since X~y~z~ are nodal axes ,

0 sj~T where s~ is the constan
t spin rate of the rotor.

When this is the case, the last term in P2 reduces to a T1 term

and a T0 term. Since neither T1 nor T2 appear in U , only the

P0 term will be considered . The additional P0 term becomes

~1)0 114.3i .r [ f l T1~
) Cri~3

Therefore , P0 for a constant speed rotor becomes

Toe. ~ T. s ~~ CQc~3’r (~~~1J~) (n~3 (17)

For all calculations P00 will be used for T0 in eqn (14).

Examples

Three specific examples are considered . The first is a

satellite containing one constant speed rotor whose spin axis is

nominally aligned with the z-axis , but misalignment is allowed.

The second example contains one constant speed rotor aligned with

the z-axis , but it has two antennas restricted to symmetrical

motion but which may be misaligned. The last example is a corn-

bination of the first two. Each antenna is modeled by two rods

of length L, mass m/2, and is connected by two springs of stiff-

ness K. The antennas are attached to the main body at a distance

in the x-direction and h
~ 

in the z-direction . The antennas

are further restricted to motion only in the xz-plane. The

model is shown in Fig. B-i in Appendix B.

111.
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For convenicncc of calculation , the Cj~] matricc~ will be

redefined as 1
~ i~r 

and 
~~I1e ’ where r denotes the undeformed 

-

state , and e denotes the change due to elastic displacements.

and 
~~~~ 

are developed in Appendix B. 
~i~r 

will then

be summed with to form ‘~3r ’ the inertia matrix of the

entire undeforined body.

[3II 1 ~~~~ 1L]’E3jr E~i) 
(18)

LzI
By appropriately defining the prii-icipal moments-of-inertia

A. 0
9

L JOJ —

~~1 
~ •

and

-~~~~ 
II,’ 0

~ [ rt )r[L)~ w~L~’ 
(20)

£ 2,  0
where

I
= 2t i... j

13r 2( bL)2
4~~ + 4 

(21 )

Iar I~f + 13f

The inertia matrix of the undeformed body becomes

,4.+mL’I~r 0 A 0
0 

~o 4 v ~iL1I3~ 0 c.

J 

22
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Al. ~o

Is. iTh

[J]e Iae” 23
0

where

sc~, + 4- 
~~ - $ø~. + ~~~. 

S(~&

I3e~~3~~ Cø.+~~C~øg41CP’øz4 ~~C~~+CØ,CØa j ~~~
1I
~ (24 )

Iae 1~ + In.
For the single rotor, define [J3~ 

and

I 0 ~t 13) = i (25)

0 J
1 (26 )

(.a~ w L o o s 3

Wi th the inertia matrices defined , arid the rotor speed defined ,

the direction cosine matrices must be expressed explicitly

to enable U to be calculated .

For a set of Euler angles defined by a rotation about

y, a rotation about x , and a rotation about z , 1Qa~ and

become

I ce~cej - se, sei sej 1
~ I 

(Gease3+ SO SOa C9j )
( 27)

-‘ cease,. )

(-(se~ce14 se ce~se~1
se, se3 - se ce1ce3

I ce ce~.
S 

i6

____ ~‘~~~~~‘W~~~~
•
~~~~~~~~~~~~~~~~

S: 

~~~~~~~~~~~~~~~~~~ 
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Also

Lib.]2 IL) : ~“1\]

[~ J:2

(28)cdt . 5 0Li3) : -c~ s~L
S -S~~~oL

where is a rotation about z
3 
and -

~ç is a rotation about
x3.

Substituting eqns ( 2 ) , ( 3 ) , ( 7 ) , ( l o ) ,  and (17) thto eqn ( 14),
dividing by ~~~ and performing the indicated matrix operations

yields the scalar equation for U~ .

U~. 
— — ~~~~~~~~ .. 

~~~ L(ceace3 - SG,5~~~Gj) 2(A4 yv~L~tig)

+(c~ 3e3 + S seacej )2’(B__fl~ria)4. (C~~~Søa)
2
(C 4 rnt~ Iae )1

+ ~ [ 
(S aC~j + _______

• C
— (SOa$63 - ~~~~~~~~~~~~~~ ( 29)

- (co~cea)t c4_w~l.~Ize)]— ç3 C(seacej 4. seIce1~seJ)~~,i.(~C

+ CSQ asej- S61CO~cS3)S~~C~~ + Ce1ce1~~1J

4 mL*A L (~~~~~2~~~~~~~~~ +
~~~~

)
Z

17
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program was designed to evaluate the equilibrium equations and

to test the sign definiteness of LU~~~) . The equilibrium equa-

tions and are listed in Appendix C.

In add ition to ~~, ~~~~~~~ o(~ , arid 
~ 2’ 

the following para-

meters were defined.

K1=(C-B)/A 
S

K2=(C-A)/ B 
-

HX=h~/L

HZ=h
~
/L S

S RA=mL2I3rJAo

• Stability was tested for various values of~~1, ~~~~
, 
~~~~~~~

HX , HZ , RA , K1, and K2. K1 arid K2 were varied throughout the

region indicated in Fig. 4 by the diagonal lines. Crespo da

Silva and Calico found the regions of stability for the nominal

equilibrium position to lie within this area.

Z 

- 
0~ 

•
~~ ~~~ 

.
~~ .b 1.

S Fi~’ure 4. K1K2 Search Region
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Re sul ts

Obviously there are numerous solutions to the equilibrium

equations; however , only the stable equilibrium positions near

the nominal position are considered.

Example I. For the first example RA=O ; therefore , the

only parameters which were varied were K1~ ~2’ 6. 
o(~~ , arid 0(2.

When 
~~~~~~~ 

i.e., when there is no misalignment of the rotor,

the results duplicate those of Crespo da Silva for the deriva-

tion is identical . However, when~~1 does not equal zero , the

nominal equilibrium position no longer exists. It is interesting

to note that the stable equilibrium is still defined by the

• angular momentum vector and the orbit normal vector aligning~
however , they are no longer aligned with a body principal axis.

This is easily demonstrated for the simple case where o(
2

=_ 90 0
.

For this case the equilibrium equation reduces to

~~~~~~~~~~~~~~~~~~~~~ ~o 
(30)

where e1=e 3=o. The momentum is defined by

IL} ~ I~~L {€ ~j~4 0 ~
. t Q3) E~3] in3} (3 1 )

which reduces to

4 ( .4~a CJe2ce,a ~ 3~s ce2

[Li :

(~ oA ~*&a - ~~Cc~& + ~ c~,ce~+ssu I~eA) 
-132)
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momentum of the equilibrium position is aligned with the orbit

normal.

Fig. 5, 6, 7, arid 8 show stability regions and equilibrium

angle curves in the K1K2 plane for various values of ~~~ ~2 
and

~~~. For given values of o(~ and ~~ , equilibrium angles furthest

from the nominal were found to occur when OC2=0~ 
or the misalign-

merit of the rotor was toward the a2 axis . When misalignment

was toward the a1 axis , the equilibrium position is very near

the nominal . Fig. 5, 6, and 8 also show that 82e
=_O(j and 01e °

when or K2=1. Fig 7 shows that °i~
=-
~i and 62e=° when

1(2=0. In both cases 9
~e ° 

In fig. 5, 6 , 7, and 8 the region

above the solid line K1 K2 in the first quadrant and above the

solid curve in the second quadrant is the stability region for

the nominal equilibrium position. In fig. 5 and 6, the region

below the solid curve in the second quadrant is still stable

about an equilibrium position , but the equilibrium angles be-

come too large to be of interest. A comparison of fig. 5 and

6 shows that there is essentially no difference between the two

for areas I arid II; however for 0(1 =10°, area III is very slightly

larger than that for O(i =1°. The boundary curve of area III in

fl -. 6 crosses the K1 axis and K1=-1 line at nearly the same

place as in fig. 5; however the curve is slightly flatter.

S This difference is a little more obvious in fig. 9 where 81e
1r plotted vs. -0(~ for a-~~ive value of K1, 3, and Q(2, and four

V different values of K2, e.g., for K2= .2, —~~=1 °, eie =4° , and

~~i~~
10°, E~~~~29~ . }or small values of -

~~~~~~~~

, 01e is nearly a

20
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l inea r f u n c t i on  ~f —
~~ ~ ~r any k.2. ~~ ~ 

1 , t~ c rt~ ion of

stability is considerably larger than for a~~.2. With much more

angular momentum in the rotor , the equili brium angles are very

much closer to the misalignment angle , -~~~~~.

Presentation of data for misal ignment when 
~ 2 is different

from zero or _900 is di f f icult because , in this case, all

three Euler angles are different from zero. However , for all

stable equilibrium posi tions which were found , was $k~iy~ 
-

less than .01°. Analysis of the numerical data- sigg~st. .t~rat

91e is approximately equal to -0(~cos~2 when Ki=0 or K2~~., and

92e is approximately equal to ~~sin~~ when 1(2=0. ¶1~o eanfirm

this observation , it is useful to consider two other relation-

ships between K
~ 
and 1(2w and the equilibrium equations.

= K~(K~-I) - ( )C K~
(
~-l

~~~ _ _ _ _ _ _ _

C K K a 1 (34 )

— 
-

C
(
~.:j~
) 3Ze (~~Se~~_ i )  —

c (35 )

- C~ Cez ce~ S~1 Co(~ - S~ ceA CoLa ~ 0

2(
~~

)[S6i CZ ea SZGj #

S ( I V )
S +2( ~~~

) C
~O1$2e~ @t(cea cej -se se1se1) Joc~s~4~.

(C6~SOJ + seI SeZ se3).~ I~~L - Co(~)  Q
24
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Let 93e~
0 and (C-B)/C~ O , then eqn (35 ) becomes

Ce ce1 4 se ce~ C.0( % ~ o
which , for small and 9~~, reduces to

Gte = C C ~ & ( 38)

Also , letting e3e=O , (C-A )/C=0 , and 01e be small , eqn (36)

becomes

ce2 s~1s~1- CO SOt C~~1 0 -

which re duces to

eat ~~ ~~~~~~~~~~ 
(11.0)

Therefore , when~~ 2 is different from zero or _900 and ~=.2,

~te is determined from fig . 5 or 6 , and 02e is determined

from fig . ~~ 03e is assumed approximately equal to zero . To

determine 91e from fig . 5 or 6 , replace 
~i 

by c4cos0(2 in the

legend for I , II , and III .  To determine 02e from fig . 7,

replace ~(1 
by -~~ sinO(2 . These approximations are within

five percent of the numerical data.

Example II. The second case considered a satellite with

no rotor misalignment but a misalignment HZ in the z-direction .

The specific purpose of this examplc was to determine if a

misalignment out of the xy-plane could cause instability .

- For this exarn; l~ J-~Z was varied fro~r. zero to one for HX= .2,

8’ .2 , HA : .25, ;~rt d A 2/ø~~ .l 133. Cas’~:; f o r  J!1 .5, RA .5, and

X ’ / w~ 
22e~7 were also studied . Table I shows that for H2~O S

25 5
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th e  sat e l l i t e  wa~; s table-  auout tr~: r io ;i ina l  pos i t ion  w~~~~e all

angles were equal to zero. As HZ was increased to one , Ø~ and

increased significantly; however , ele , e2e , and 83e did not

change from zero, i.e., the body orientation remained the same ,

but the antennas are no longer stable in an equilibrium posi-

tion of zer o energy in the springs. For HZ?0, 
~ 

and 02 are

found in Table I, and the stability region for the body is

found in fig. 5 (the nominal stability region).

Table I. Ranges of 01 and 0,

HX HZ RA 
_ _ _ _ _  

1 2
0 0 .2 0 .25 .1133 0 0
O 0 .2 .1 .25 .1133 4.74 1.09
O 0 .2 .5 .25 .1133 23.74 5.99
O 0 .2 1.0 .25 .1133 46.88 16.13
O 0 .2 .5 .5 .1133 23.75 6.00
5 0 .2 0 .25 .1133 0 0
5 0 .2 .1 .25 .1133 4.74--4.53 1.08——i .19
5 0 .2 .5 .25 .1133 23.74-23.08 6.oo_~6.L4.2
5 0 .2 1.0 .25 .1133 46.87-45.13 16.13—16.46
5 0 .2 .5 .5 .1133 23.74-22.90 6.oo——6 .40
5 0 .2 .5 .5 .2267 21.90—21.00 8.18——8.117
5 5 .2 0 .25 .1133 0 0
5 5 .2 .1 .25 .1133 4.75_~Lj .53 1.09-—i .19
5 5 .2 .5 .25 .1133 23.74—22.78 5.99--6.42
5 5 .2 1.0 .25 .1133 4 .87—45.17 1 .13_16.46
5 5 .2 .5 .5 .1133 23.47-22.70 6.0O--6 .51

10 0 .2 .5 .5 .2267 21.90—20.70 8.18-—8.54

~= .2 for all values in this table

— Example III. As shown in Table I, when HZ=O , 01=02=0

is still a stable equilibrium position . The numerical data
S 

also showed that the body equilibrium angles did not change from

th os~ withou t the antennas. Therefore , fig. 5, 6 , 7, and 8

crr~ ~o u: ’ ’! to de terrrdne stahi ii ty regions and equilibrium

-1 — - r~~~~ ’~ -~~ ~~~~
r- i n~i t I j ¶ S  v- - .~ t .h or ..s j  

~ n ’i  t ,Ir~t r r .r ~~t5

• • 
~~~~~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~ 

S -~~ S

- jII~ 
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provided HZ-0. Uhen HZ/0, the body equilibrium an~1cs were

reduced . As HZ was increased the stable equilibrium angle

curves shifted to the left as indicated in fig. 10. Also as

RA was increased to .5, the equilibrium angle curves again

shifted slightly to the left as indicated in fig. 11. Doubling

the value of di d not have significant effect on the

body equil i brium angles , but was reduced by about 8%, and

02 was increased by about 30%. Ø~ 
and 

~2 
were very weak func-

tions of and K2, and Table I shows the range through which

arid 
~ 2 varied as and K2 were varied. 

-

Conc lusions

Fig. 5, 6, and 8 clear ly ind icate that if the satell i te is

designed for stability about the major principal axis, ro tor

misalignment has much less effect on the equi librium angle than

if designed for the region where is less than zero. In this

case , the equilibrium angle is always less than the misalignment

angle. If stability is designed for the region between the

nominal equilibrium curve and regi on 111, very minor misalign-

ment of the rotor can cause significant changes in the equil-

ibrium angles. For misalignment in the antennas, the conclu-

sions are not so clearly defined because the specific model was

very restricted. For this model , the misalignment actually

- reduced the body equilibrium angles if there was a rotor

misalignment , and had no effect if there was no rotor misalign-

mr’it. It was tacitly assumed that the antenna equilibrium

in.  I ’• s  w r  not irnportar st to the actual use of the antenna.

7
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The theory presented is valid for more general , less restricted

antenna models. For instance, misalignments other than HZ,

asymmetric motion , or motion in the xy-plan e could be allowed.

To do this, one would only have to redefine the inertia matrices

of the antennas.
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Appendix A

Kinetic Enerj~y Derivation

The kinetic energy of a body may be written as

T: ~J 1” ( ~k~dm

If 1R1~{~J~ ~Y”J , then eqn (5) becomes

S 

~~ ~ fl’ [R~..~~R03 ~~~[I ~ 3~~~~~LM sf i~4 iiJ~,~ 
(41 )

By definition of the center of mass f~
1t’34s, O , and the last

term in eqn (41) is identically zero. There are several

distinct domains in the body , and the second term in eqn (41)

is more easily calculated by integrating over each domain and

summing over the entire body.

Consi dering the ri gid por tion f i rs t, ~ = ~ x because

= 0. Therefore

3f ~~j ’(r3a,~. ~ i’4)}:c~ 
(ro1’~r~} ~ 

(42)

I r fl’r ~r
= 2 t ’~’J LJ0 iLW

For the ith antenna, ~ = c~ X + 
~~j ;  however = +

So

r ~i ‘2i.~ (4 3)
and 

~ ~ (W~’fM . [~~]‘((r )j T[( r.~~’p~)]E~ Jdm (ii~J

~iu3TLL(r:~~~ 1L~~r Rli ct~ $ 

~J ( ‘ ~

T
(’

~~~
j

~~ (44 )

S ~S •; 1-~~

_ _ _  - - - - -- S
_______________________________



The f i rst term on the ri~’n t o~ thc cqu :il  ~~ :~ in eqr ~ (-
~~~ )

reduces to ~~~~~~~~~~~~~~~~ S

Similarly for the jth rotor, ~ = w x ~~~~~ arid

So

~f ma ~ (45)

The part of the kinetic energy of the rotor which does not

S 
arise from its spin has been included in (J03.

Combining eqns (5), (42), (44), and (45 ) yields the total

kinetic energy for the system (eqn (6)).

15

~~~~~ 
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1~I~ b r i ~ ~

Formulation of 
~~~~ 

and

Fig . !-~-1 shows the model used for the antennas. Since they

are symmetrical about the z-axis , arid are restricted to motion

in the xz-plane , all products of inertia vanish , and I~~ is the

sum of and Since the antennas are symmetrical , only one

[

~~~~~~~~~~~~~~Z K ø2

r — x  ‘-I

Figure B-i .  Antenna model

is shown . From the definition of moments-of-inertia

I
~~=2f~,

Pz 2dD; therefore ,

+ -

(4 6 )

3~3



Also , 
~~ 2f~4x 2dI) ; therefore ,

#4 ~ 2t.
S 

Li :: 2 ( h ~4~2~cØ1)td.2 + 2) ~~~ + + LC~~,)cLt- (4 7 )

tr~LL(HX L # c ~Ø, ~-~ HXeØ, ~ 4 x c Ø~. + ~ Øz,

consists of those values of 
~~~ 

Ix,, , and evaluated

for~~1 ~~2 o• tJil e consists of the complete matrix (I~~)

less 1
~
j
~r’ 

which yields eqns (21) and (24). It should be noted

this inertia matrix for the antennas is valid only for symmetri-•

cal motion .

34
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4 —

Equilibrium Equations and Dynamic Potential

Fqu i l ib r ium Eq uations

The following equations were used to determine the

equilibrium angles.

11~ 
(e’-A’) E.cG,ae1sze~- S29 ( L4 & Le2

_ J)s~e~) S
ae1 c

- (e ’-~’) szo . ( ‘ G i_ ~~
) — 

~I cG1 C~ ,.S~j 5~~ 5~~~ (48 )

- ce 1cG~C6 S~~Co(~ — 
~~ o

~~~~~~ Es~1 C~9a 4 S$.~ 
(c &e3 ~

‘G~~~~9~~)]
~~el~ 

C

+ ~~~ e2e~ s~ea — ~3UCe~CQ~
.. S~~~Ga j ) . .~~, , S o(~ (49)

0

.sej 4 so sea ce3) ~~~~~ - Ce, se2 c~(1~ 0

1~. ~ (~~.th!) [2  56 sz& C 203 4 S29..i (q~ %~~~~g)
c

— s 2e 3 (is 2e~- i) ] - 

~t(-se1 s~o3 p SQ,c~C93) $c(~5~
4. (Sê~ ce1 + se sa~ ).c~, Cda] = 0 (50)
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: .~~. [~~~~~~
‘ 

(Ce o3-~e,se3 Se3)~÷ ~~~~
‘ (Co~ $e~2c 

~ Gl ~Oj
+ 5Q 5Oi.C6~~~~ ÷ ~~ ~Ce,5~~)~J-~~ [Cse1 Csj

+ ~ 8’ C ~~~~~~~~~~~~~~~~ (51 )
aø.

~~~~
‘(CG,CO~~

tJ 4K (2 ~ . øa) ~~O
C

~~JIL 
~~~
. [�.4’ Cc lce3 -~ese ~5eJ~ # ~~~

‘ ce~se~
~ øa ~ C a 1 ,

i-.Se je,cej)t i- ~~~~~~~ ~~~~~~~ 
- 

~
[

~ ,Se, ce~~e3) t ~
. ~a’ (ze~~3 —s e~c~~ce3)1 

(52)

C +~~~C’ (ce ce~)’3~ .~~Cøa øs) 0
C

where

~ 3” 8+In L.
1
Ize,, ~‘ L3~~Wt LtI~,e (5 3)

and

4 C~ ,SØt~~2MZCØ,)

. CO,~~Ø~~~~4Ø,CØt 
- 2 H X S~~ ,) (54 )

~~øl

C
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S 
anSi

S ~~ m L2 (  2~~~~ffiz - HZCØj . + SØ, C Ø1.’)

~ 
- N2 CØ~ ~

- £Ø,CØa UX CØa. - C~ 5~3,)
(55 )

: ~~~
Lt( - iZ~~~~~~i C0,SØj- tL’(CØa ’)

3

Dynamic Potential

S The following equations are the dynamic potential used to

formulate and determine its sign definiteness.

~ 
(
~~ A~

) 1- se s2G s293 - c2e,(qs2e,~ _1)5
t6~1

C

— BL— S , C6,$Gi S~~S”( z. (56 )

- + 50 c9~ CG~ SoC~ Ci(~. — C6~ ~~9i

~ (~~~~~ ‘)(2 CO CZS~ S2G~ - 2526, 52e~ 3~ea)
C

— (c ’)(2s2e~ saea) — 

~ E- Ca se~so3 ~~~ ,&Q( L (5 7)
C

~~~G S Ga C ~~~SQC ,~~Q(& 4

L U~~= ~~~~~~~~~~~~~~~ —

~ ce1ce~ se~~~ c~1) (58 )
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- ~~~ ~~ _i~ L C~~, ~ &S2e~ 
- UQt (‘i~

1e~— ,) s’e,~3
—

~~~

. 
~~~~~ 

[ sae1 (q,s ’e~-i))

S ths~ .1. ~~‘ [C e$ S 2GA s2eJ _
~~~ ,(*1s~eL-I )S 2eJ~C ~~~~ a 

- (60)

-* ~~~~
‘ L 

~~~ 
(q.s’&—i ))

(3 ’-A ’) 1-se~ 2e~s~~3 ~ c292(c ’e.3— s te s%)]

#~~Cc ’-4’) cte1 c 2e2 - ~~~~~~~~~~~~~~~
S 

+ C~ SG~S6a + •3C&a)J C~ $ — CG CesCG(~) 
(6 1 )

U23 = 2 C G ’-,r)~~.ZS6, C2&C,G 1 ~~~~~~~~~~~~~~~~~~

- Ø ( ( - cea sea — se, se~Ce~)S4(,S.~ ~ C Cø1C62. (62)

-

z. ~~ (se c2e~s 2o3 #S2O~ 
(c ’e~-~~a, S’~a)~

t ~~~~~~~~~~ 
(63)

-

‘ 
c Jød
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5
S~

( 2 c 2 ~~~ Lse,c~e~s2e3 +  S2G~ (c~
26~~ 3

zO 3 1Oj)

(64 )
42.~~~ ’ c ze s2Ga.
C 

~4

: 
~~ ~~~~~~~~~~~~~~~~ 4

—

(6~~)1- se ce~ce1)sD c~ ,~ 
-‘

~ J.Ic’(l sQ 326,.oa,1 +C~~ø,

(

S 
— s

~!I 
S2e3Cqs1~~..t)~ 

(66 )

LJ is : j ~~~ 12 sQ s2e~c 2Gj 
~
. (qc’e~-I)

(67)
— S ae 52Gi ~~4 & zG, _ , )

-T

: ~~ [~~~ ‘ (ce~Ce~-$e~sO~Se3)’ + ‘~~ Cce 1se3

+ se, sea Ce3)t + ~~~~~~~~~~ 
(ce,se~)’~] ~~~ C1!d’ ~~~~c~~~~~I

- 

4 se cea ,~êj ) 3 
+ rig’ (S0~~ SGj  - sO C,1cep,)L (68)

I
I s-

~~~c
I Cc~~ce~)t2
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( ) 1~~~’ (CQ ~CG~-5~ 1SQ1SO~~ ~5&~ 
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