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A GRAPHICS PROGRAM FOR UPDATING

THE CONPD)ENCE REGION OF A TARGET

It~1TRODUCTION

The capability to update the confidence region associated with a

target has many tactical applications. Useful anal~rtic solutions to

th is problem are very difficult to obtain (see for example [1] and. [2]).

The graphics program presented here performs the dynamic update under

fairly general conditions . The algorithms employed are mathematically

rigorous ; the main approximations n~ d.e are associated with replacing

the continuous boundary curve of a region with a discrete set of

eq.ually spaced. points on the curve .

The operations of the Tenth Fleet during World War II has shown

that information collected and processed by a wide area ocean surveil-

lance system can have significant tactical applications . Human jud.g-

i~~nt plays a key role in the processing of tactical ocean surveillance

data. A graphics terminal Is a natural interface for a man-machine

tactical Information processing system. Computers have been used. with-

itt wide area ocean surveillance systems for the direct recall of infor-

mation or for elen~entary data correlation, but their capabilities have

not been fully exploited in this application. A practical tactical

infor~~tion processing system should satisfy the following criteria:

Note : Manuscript submitted November 10, 1976.
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(a) It should be able to process multi-source information .

(b) It should be an interactive system which can be used. and

understood by non mathematically oriented Navy analysts.

(c) It should enable the analyst to interrelate his under-

standing of the tactical situation with the performance

characteristics of the sensor systems .

The confidence region update procedure which is described in this report

satisfies the above requirements.

DESCRIPTION OF UPDA T PROGRAI4

The program UPDAT , which updates the confidence region associated.

with a target is written in FORTRAN/PLOT 10 for the PDP-lO computer. It

updates a confidence region associated. with one or more sensor detects

subject to specified velocity constraints. The three basic inputs

required are:

(a) An initial confidence reg-T on P in position space which

is assumed. to contain the target.

(b) A constraint set V in velocity space.

(c) An update time T.

The UPDAT program computes the updated confidence region P in

position space after an elapsed time T subject to the condition that

the velocity of the target lies itt the constraint set V . The bound-

ary of the updated region is displayed on a graphics system.

The constraint set V is always defined. by specifying the iower

and upper bounds on speed ( in. and V2) and the lower and upper bounds

on heading (Al and 112). In general Vi ~ V2 and. Al � A2. Degenerate

2
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cases in which Vi = V2 and Al = A2 ( V contains a single velocity

vector, i.e., there is no uncertainty jr velocity) or Vi = V2 and

Al <A2 (v contains all velocity vectors lying on a se~nent of a

circle centered at the origin in velocity space) or Al = A2, Vi < V2

V contains all velocity vectors on a segment of a ray emerging from

the origin in velocity space) are all permissible.

The analyst operating the UPDA T program has the following three

options for the selection of an initial confidence region P in position

space:

(a) Elliptical confidence region. The analyst inputs five

parameters which define an arbitrary ellipse.

(b) An arbitrary convex confidence region. The analyst inputs

the ~ound.ary points of this set .

(c) A wedge shaped confidence region. The analyst inputs four

parameters which describes an arbitrary wedge .

OPERATIONAL INPW~S TO UPDAT

The operational inputs to UPDAT are either of the sensor perform-

ance type or the tactical type . The performance type of input arises

from the known physical characteristics of the ocean surveillance (Os)

sensors. An OS sensor n~asuren~nt of a kinematic variable (e.g., such

as speed, heading, position, line of bearing) yields an expected value

of this variable and a confidence region (at a selected level) about the

expected value. The tactical type of input arises from the analyst’s

understanding of t1~ tactical context of the situation.

The sensor performance inputs ari ce from the following broad classes

of sensors :

3
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(a) Position measuring sensors.

(b~ Line of bearing (LOB~ measuring sensors.

(c) Velocity measuring sensors.

Elements within the first class include I~’/DF and. SOSUS. The out-

put of this class of sensors is typically an elliptical confidence

region. TJPDAT requires the following five input parameters to describe

an elliptical confidence region

(xo, Yo, Ri, P2, So)

where

XO = longitude of center of ellipse,

YO = latitude of center of ellipse ,

Ri = length of’ semi-major axis,

R2 = length of semi-minor axis (where R1 � R2 > 0), and

SO = orientation of semi-major axis relative to north.

The s~cond class of inputs includes data fror~ many of’ the passive

sensors which measure LOB information . Elements of this class arise

from isolated detects at individual 1Th1/DF or SOSUS sites as well as

from passive EW sensors. There are four input -~arameters which can be

associated with a LOB message :

(XB, YB, Bi, 32)

These parameters determine a wedge shaped confidence regi n as follows:

XB = longitude of sensor location

YB = latitude of sensor location

Bi = line of bearing of first great circle of wedge

32 = line of bearing of second great circle of wedge, with 32 ~ El.

The coordinates of the vertex of the wedge are ~X3, YB). Let 30 denote

‘4
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the observed bearing and let ~ 3 denote the maximum bearing error .

Then

Bl = B O - z ~~

B2 = BC +

The determination of’ velocity from the observed Doppler shift cf

acoustic frequency is one source of velocity infornation. Velocitj

information can also arise from visual or radar detects. Intelligence

reports (e.g., intercepted communications) provide another source of

velocity data. In UPDAT the velocit:jdata are assumed to be described

by the four quantities :

(Al , A2 , Vi, 72)

where

Al = lower bound of heading

A2 = upper bound of heading

Vi = lower bound of

V2 = upper bound of speed.

With

A2 � Al

V2 > V1.

Tactical considerations will often deternine the constraint set

V = ~Al , A2, Vi, V2). Selected. bounds (vi, 12) of the target ’s speed

couU. originate from a combination of platform performance data and

tactical context. As an example, the analyst should have available

information on the top speed VMA.X and the cavitation speed. VC of’

5ifferent submarine classes. Under certain tactical situations V2

could equal VMAX while under other situaticns 72 will be equal to

5
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VC. Selected bounds (Al, A2) of the target’s heading could arise from a

knowledge of the target’s iiicely objectives or its observed

behavior. The analyst can select Al = 00 and A2 = 3600 if there

is no information to narrow down the heading estimates.

TACTICA L APPLICATIONS

Two a~plications of the UPDAT system at a central OS site

are described here. In the first applicat ion , the analyst will

use the UPDAT output to assist him in making track assignment decisions.

In the second application, the UPDAT system is used to develop predic-

tions of the locations of enem; combatants,which are then sent to

search and attack units (SAUs). The track assignment application of the

UPDAT system would develop with the following sequence:

(a) At time T an OS sensor has “detected” a target. This

contact is at time I the last renorted observation
0 -

of the target. (The target’s track could at tifle T0

consist of this single report.)

(b) At time T + T a second detect was made. It is

assumed that the signature info~~~t ion in the secon d

detect is not by itself sufficient to assi~ i it to the

first target.

(c) Using the procedure outlined in the proceeding section

4 a confidence region P in position space and a confidence

region V in velocity space associated with the target

at time T0 are developed. Let p’ denote the

elliptical confidence region associated with the new

sensor detect at time T + T. Let P denote the uodate
0 U

6
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to t ime T + ‘ of the set p subject to the velocity

constraint set v . P’ doesn ’t intersect P ,

then the assignment of the second report to the existing

track would. not be consistent with the analyst’s know-

ledge of the target ’ s behavior. 1±’ 1” does intersect

p , the assignment is consistent with his knowledge
U

but the analyst is not forced to make this decision.

These confidence regions are sketched in the figure shown below.

P.

Q

~~~ u

_ __ _

POSITION SPACE VEt .OCITY SPACE

Fig. 1 — Elements of track assignment application
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The tactical prediction application xoulI proceed as follows : At

tixe I a taroet detect was obtained. As discussed ~r. the oreceeding

raragrarh the confi~ence regions P and V are develo~ed. SAUs are to

attem’nt to acquire the target at time T + I. The IPIAT system can be

used to combine the c:.nfidence regions P and V with the update tine

I to compute the updated confidence region p which is the region

~ihere the search effort should be concentrated. Given the shape and

size of P~ and the sensor and platform characterist ics of the SAUs ,

composite search strategies can be evaluated according to oheir

associated total probability of detection .

UPDAT FLOWCHART

The flow chart shown in Figure 2 descrihes the flow of operations

in UPDAT. The input set (Al, A2 , Vi, V2 , T) determine the heading and

speed bounds of the target and the update time. The second input set

(I) determines which of the three options for the confi~ence region is

selected.

For the ellipse case the next input set (XO , YO , Rl, R2, so)

contains the coordinates of the center of the cu rse, the seni-ma~or

and semi-minor axis and the orientation of the ellipse. The subroutine

DoE generates 30 points lying on the boundary of the selected ellipse.

The call to CON F~W plots this boundary on the graphics terminal. The

subroutine TEST determines which subroutine (algorithm) is used to

perform the update operation.

If the uncertainty in position space is zero = = 0) or is

small compared to T times the uncertainty in velocity space , then

8
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UP DATE

Al ,A2,Vl .V2,T

1= 1 1=2 1=3
ARBITRAR Y

V ELLI PSE 
CONVEX SET WEDGE

XO . VO, XB . YB ,RO , Al , ~ ij XE( I) , Y E( II Bl , B21~~I~~NCP

BOE CON DRAW

TEST A R B U P  
L~~

WEDUP1
~R = O  OTH ERWI SE 

v i =o
~V = O  v~=Q ~V=oV 

OTHERWI SE ~~~~ ARGU

UPDA3 UPDA4 PART

LCONDRAW 1
BOS CONDRAW UPDA1 BOS BOP

Fig . 2 — UPDAT flow chart
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subroutine UP DA~ is called . This subroutine calls subroutine .OS xhich

in turn generates the boundary points of the constraint set in velocity

srace . U?0A3 now combines this set of velocity points with the single

position point and the update tine to generate the updated confidence

region . The call to CODLPA i rlots the updated confidence region .

if the uncertainty in velocity space is zero (Al = A2 and Vi = V2)

or is small comDared to the uncertainty in position space divided by I

then subroutine UPDAL~ is called. Subroutine UPflkL~ performs a translation

of the initial region in DO5~~t~~ V3fl soace as determined by the single V

velocity vector and the urdate tine . The call to ~‘OyDRAW plots the up-

dated confidence region .

the lower bound of soeeVd , 71, is zero, then subroutine 1P A1 is

called. For ‘TI = 0, the constraint set in velocity space will be

convex. :t is shown in Appendix B that a convex set in position space

;~hen concined with a convex set in velocity soace ;;ill yield an uodated

set in position soace which is also convex. The subroutine BOP first

V conrutes an updated set ol’ position points by combining all points on

the position boundary (determined sQE ) with all points on the

velocity boundary (determined by BOS). A subset of this set contains

the boundary points of the updated convex set. This set of boundary

points is determined using the algorithm described in Appendix C.

V For the general case (~R ~ 0, ~V ~ 0, Vi ~ 0) subroutine PARE is

called. Oubroutine PART decomposes V into a union of almost convex

sets as determined by a pre selected convexity criterion . For each one

10
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of these nearly convex set s UPDA1 is called.

The case where I = 2 is very similar to the I = 1 case . :-~ere

the boundary points of the initial convex set are entered by the analyst.

Subroutine AEBU? plays nearly the same role as subroutine TEST. The

first call to CONDRAW plots the initial confidence region .

For the wedge case the next input set (
~~, Vi, 31, 32) contains

the coordinates of the vertex of the wedge and the two angles which

def ine the great circle boundaries of the wedge. xce’ot for near the

vertex point the updated confidence region will be bounded by two great

circles. The se great circles are determine d by associating with the

lines of bearings 31 and 2 two critical velocity vectors lying in V.

The two critical velocities are determined exactly and hence excert for

near the vertex point WEDUP conrutes an exact update of the initial

wedge . The first call to CONDRAW plots the initial confidence wedge

and the second call to OTTOP~AW plots the urdated confidence region .

::~ cUT:Oir OF UP2AT

This section describes how a Tavy analyst would use ‘AT. The

UPI-A T orogram operates in an interactive m~~e. ata are entered. on Line

on a graphics terminal with the program proviiin~ cue s f-or the res’xired

inp ut at each stage.

The system requests the first input parameter by orinoin~ out tr .e

phrase

I~ IGHT:

The analyst then inputs the value of the height above sea level in

nautical miles of the point of observation.

The system requests the second set of input parameters by

11



or inting out the phraseS.

i~~ , Lyy :

The analyst then inputs ‘the values of the latitude and longitude in

(decimal) degrees of the point of observation. V

The system requests the third set of input parameters by printing

out the phrase :

~ IPUT Al , A2 , Vi , V2 , T:

The analyst then inputs the five quantities

Al = lower bound of heading of target (in degrees)

A2 = upper bound of heading of target (ir. degrees ’ 
V

Vi = lower bound of speed of target (in i~~ots)

V2 u~per bound of speed ol’ target (in knots)

T = update time (in hours)

The heading bounds Al and A2 are specified clockwise relative to

due north. If the spread of uncertainty (Al, A2) in target heading

does not span due north then Al � A2. If the spread of headings does

contain due north then Al > A2.

The system now requests the fourth set of input parameters by

printing out the phrase:

I:VrPU T I: (I = 1 FOR ELLIPSE: I = 2 FOR MALYST SELECTED SET:

I = 3 FOR WEDGE)

The analyst then inputs the value of I equal to 1, 2, or 3 depending

on which option he selects for the initial confidence region of the

target;

V 
If the analyst inputs the value of I = 1, then the system requests

the fifth set of input parameters by printing out the phrase

V 
12
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~~FUT XC , YO, Ri, R2, SO: (ELLIPSE PARA~~TERS)

The analyst then inputs the five quantities

XO = longitude of center of ellipse (in degrees)

YO = latitude of center of ellipse (in degrees)

El = semi-major axis of ellipse (in nautical miles)

R2 = semi-minor axis of ellipse (in nautical miles)

SO = orientation of ellipse relative to due north (in degrees).

If the analyst inputs the value I = 2 then the system requests

the f i f th  set of input parameters by printing out the phrase

~~PUT N: -T~~~ER OF PC T h S  Th CU~DARY)

The analyst then inputs the number of points N (N � 30) used to define the

boundary of his selected convex confidence region. The system then

requests the next set of input parameters by printing out the phrase

V fl’~PUT X , 1: (LONGITUDE ~ND LATITUDE OF BOUNDARY POINT)

The analyst then inputs the longitude and latitude (in degrees) of a

boundary point of his selected set. This last operation will be

V automatically repeated N times.

If the analyst inputs the value I = 3, then the system requests

- ; the fifth set of input parameters by printing out the phrase :

flTPU T ND, YB, 31, 32: (WEDGE PARA~~ TERS )

The analyst then inputs the four quantities

ND = longitude of vertex of wedge (in degrees)

V 

YB = latitude of vertex of wedge (in degrees)

B). = line of bearing of first great circle of wedge (in degrees)

32 = line of bearing of second great circle of wedge (in degrees).

The lines of bearing are given relative to due north with 31 S i~2 ,

13
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unless the wedge spans due north.

After the parameters which define the initial confidence region

have been entered., the system plots on the graphics terminal a 30 point

approximation to P and. then computes and displays a 30 point 
V

approximation to th~ boundary of updated confidence region P~ .

GRAPHIC OU’~~UT

Two examples of UPDAT graphic output are described in this section.

The basic orogram update operations are performed in spherical earth

coordinates. The coordinate transformation which was used to map the

spherical earth coordinates into the plane system of the graphic display

is called a true view transformation and is one of the display options V

provided by the Graphic Analysis and Correlation Terminal (GACT ) System.

Figure 3 and Figure 11. are examples of updates of an elliptical

confidence region. In both cases the initial confidence region of the

target is an ellipse with center ~XO , Yo) = (o, a), semi-major axis of

50 nautical miles, and. semi-minor axis of 25 nautical miles , and which is
V 

oriented at 11.5° relative to due north. In the first example (Figure 3)

the target is assumed to have a heading which lies between 00 and 30°

V and a speed which lies between 20 and 30 knots.

In the second example, (Figure }1.) the target is assumed to have a

speed which lies between 20 and 30 knots, and a heading which is completely

arbitrary. In both examples the update time is 8 hours. For both cases

V the constraint set in velocity space was partitioned into a disjoint

V 
V 

union of almost convex sets and a separate update operation was performed

using these sets.

The total updated confidence region is presented as a superposition

l~-1.

V V~~ V - V V V~ 
V -
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V
~ ~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V~~~~ ~~~~~ V~~~~~~~~~ V~~~ VV ~~~~~~ V V~~~~~~~~~~~~~

r LAT, ION: 0 0
INPUT XO , YO , Ri , R2 , SO:  0 0 ~ 25 45
INPUT Al , A2, Vl , V2, T :030 20 30 8

0
Fig. 3 — Example of updated confidence

regior~. .estricted heading bounds

15
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~~T, LON : O O
INPUT XO , YO, Ri; R2, SO : 0 0 50 25 45
I NPUT Al , A2, Vi, V2, I : 0 360 20 30 8 

V

F

V . Fig. 4 — Example of updated confidence
region, arbitrary heading -
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of adjacent updated confidence regions . It can be seen that the

convexity criterion (see Appendix C) could have been relaxed without

losing much definition in the updated. confidence regions.
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- APP~~DIX A

PROGRAM LISTING

This appendix contains a listing of the FORTRAN version of the

UPDAT program . The subroutine CONDRAW used in the graphic version

to generate a plot of the polygonal set associated with an array of

points is not shown. The subroutine which computes the True View V

transformation from spherical earth coordinates to the plane graphic

system is also not shown .

I
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~~ GPSf1 00r4UP

:~ioo ~~~~~~ CON 1 (INPUT ,OUTPIIT .TAPE1)
110 CDMMON ’BLDKl .’XE Cl 00) ,YE (100)
120 CDMMON/BL 0K2.’U (1 00) , V (1 00

~ 1 .n COMMON.’BLOK3,xu (1 00) ~ vu i 00)
COM ’tON,BLOK4,XU,vC,,Pi,p2,SQ,y1 .V2,T~ P 

V

~ j1 5O fOMl1ON/BLO~ 5/X 1 (:30O0),Y1 (:3oo0),z (3ao~ ),T~~(5 Q)
11160  PEAD 1. ~~~~~~~~~~~~~~~~~~~
:0170 RE~ D (1,) HD~ A1 ,A2 ,V 1 ,V2 ,T ,P
:01:3 0 PPINT 10
.0190 10 FOPN~ T (5X ,2Gi-+B0UNfl~ PY OF UP1~ATED PE~~IDN”)
0200 CALL TE~ T (Al s~~2) V

~ ‘210
-:022’) END
002:3 0 S!JB POUTINE TE.~T (~~1,A2)
-: 0240 CC~IMON ,’~ LOK 4,X0 ,V0 ,P1 ~P2 ,S0,Vi ,V2~ T~ P
00250 DV I =V2—V 1
:0260 Dv2=v2~~(A2—A1,VU~ )i+M)~X I ~DV 1 DV2)

V , r12:3 0 V L=AMI NI (DY1 , DV2)
-: 0290 IF(V 1.LE. 0. 01) 60 TO 10
00:300 IF(P1’T .LE.O. flS.VL) ‘30 TO 20
:03 10  IF<YU.LE. 0.05.P21’T) GO TO 30
:0:320 CALL PAPT (A1,A2 ,Vl )

V 

~:y3~i ~ETUAN
;:;0340 10 CALL UPDA1 (A1 ,A2)

PETU RN
.0360 211 CAL L UPDA:3 (A1 ,A2)
: 03 70  R ETURN

V 0 3?0 3’) CALL UPDA 4(A1 ,A 2)
U.3~~0 RETURN

:. :400 END
V 

~- 04 1 i~ SIJBPCIjTINE PART A1 , A2~ V i :
:0420 E=0 .04

V :04 .3 0 AL=2.ACO~~~1. — E’VI )
:0 :440 r41=INT ( ff i2 _AI: , ,AL .y ÷ 1

~0450 DAL= (A2—A 1~ V~ NT
IF (M T.GT . 1:’ ‘50 TO 10

00465 CALL UPDA1 (A1 ,A2 .,
‘ V i Ci 470 RETURN
004:30 1 0 DO 50 I = 1 , NT

A1 =A1+ DAL .’~I— 1:~
:0500 A2=A1 +DAL

C’S 1 0 5 0 CALL UPDA I A 1 ,
00520 RETURN

END
:054’:’ OIJBPOUTINE UPDA1 <~~1,A2)

A-2
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00550 COMMON ’BLOKl .’XE 1 oo: ,YE (1 oo:
0O5~~O COMMON.’ P.L0k2.’U (1 hO ) , V (1 00)
00570 COMMON /BLDK3 ,XIJ “100) ,YU ’- I 00)
00580 COMMON.’BLOK4rXU , ‘y 0 , Ri , P2, 30, ‘./1 ,V2, T~ P1)11585 COMMON ,BLOK5/X 1 (2000) ,Y1 ‘:3000) ,Z(3000) ,TA (50) V

CALL E~OE ( :x :0 ,y0 ,Pl ,P2 ,P, :~ o ,N)
0(1600 CALL BOS ‘-A l  .A 2 ,V1  ,V 2 ,T , P, M~0052 0 CALL BDP (T~ M,N~ L)
006:3 0 DO 36 I = 1 , L V

00640 PRINT :35, XIJ < I) ,~?lJ (I)
‘30650 35 FDRM ~T (5X ,F1U.3 ,5X ,F1O.:3)
0 0660 :35 CONTINUE
00670 RETURN
00680 END
00690 3IJBPOUTJNE EOE (X0 ,Y0’P1,R2,P.20,N)
00700 COMMDN.’ B LOKI ’XE( IOO) ~YE (100)00710 DS=P ’PI
00720 N=INT (6. 2832’DS)
00720 I’D 1 0 I = 1 , N
00740 XB=P1.COS ~I.D3)
0 0750 YB=R2.SIN (I•D3)
00760 XE (I) =xo÷::~B.cos (30) —YB .SIN (30)
00770 10 ?E (I)=Y0+XB~SI S0)+vB.C0S 30,I:ao7:30 RETU RN
00790 END
00800 3IjEPOLITIME P.03 ~A I , A2 , Vi • ‘•..2~ 1, P,M)
00310 COMMON ’BLOK2 .’U 1 00:) , V 1 U0
00820 DV=P/T
00930 K 1 = TNT ‘ (V2—V I ) .‘DV) + 1
0 0840 DY1 = (V2—V1 •) /K 1
0 0850 K2=INT (V2 .(A2—A1 . ‘DV) +1
jij:~~~~ i

00870 K :3=K1
• 0:’380 tiV:3=t,V1

V 00:390 K4=IMT (‘./l • “A2—A1 ) /DV) +1
U090t’ DA2= (A2 —A1 ) .’K4
00910 k=1
00912 .j1=0
00914 .J2=0
‘:0920 LI 1) =vl.,::oa ‘:‘A i)
00920 V (1) =V1.:SIN’:Al)
00 940 K K 1 = K 1+ 1
0 095 0 KK2=K i+k2+1
‘:1(1960 KK3=K i +K2+K3+ 1
00970 KK4=K1+K2+K :3+K 4+1
00980 1’) K= K+1
‘:‘0990 K1 = K—1

~: ‘1000 IF( K K 1— K ) 13~ 12 ,12

L 

01 01 0 12 U (K =Ij (K I V
) ÷~~

) j .r-çis ~~ t
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01020 V ‘:1<) =V (K I) +DV 1.3 IN (Al)
ii i 03 ‘50 TO 113 V

:‘i 1:40 1:3 TFCKK2—K ) 15~ 14.14
01050 14 V j 1 = V j 1+1
01060 IJ (K) V2.COS(A1+J 1.DA1>
i:’ i (‘70 V (K:) V2 .SI~4 (A1+.J 1.t’Al)
01 080 GD TO 1 U
01090 15 IF (KW3—K) 17,16~ l6
o t i 00 16 Ii (K:) =U (KI) —Dv3.COS (A2)
(‘1110 V (K) =V (Ki ) —DV3.SIN(A2)
01120 iSO TO 10
011:3 0 17 IF <K K4— K ) F 18,13
01140 18 J2~ .J2+1
i:i i iso U (K) =V1.C02 A2— .J2.DA2
01 15’) V (K)=v 1.SIM~A2—J2.DA2,
01170 60 TO :0
011:30 19 M=K— 1
0 1 190 R ETURN
:11200 END
01210 :3UBPOIj TINE BOP (T ,M.N,L)
01220 COMMON’P.LOK l .’X E(l 00 ,Y E ( 100>
‘:11230 COMMON ’BLCK2 .’IJ(1 00) ,V ’~10U)
01240 COMMON ’BLOK3/u100 : , vu ’ l o O )  

V

01260 COMMON ’P.LDKS’Xl ‘:3000) , “ti (3(100:) , z (:3 0~30) ,TA (50)
01265 mr1=M .N
01 270 DO 1 0 I = 1 ~.4 V

— 01 2:30 DO 1 0 1 M
0 1290
C1 3 00 Xl K:’ = X E C I :  +T•U ‘ J )
01:310 10 ‘i~1 (v V ~~~Y E,. I ) + T .V (j ; .

01320 DO 15 I~~l . 3 0
01.3:30 15 TA ‘:I =TAN ‘:0. 2 0944.’: I—I ;’

• Ci i -340 DO :3 0 I = 1 .3 ‘3
11= 1

01:360 TH=0. 20944.’ I—i:)
01:370 IF.’ (TI-~.’3T. 1.57 :13:’ .AN D. ‘TH.LT.4 .712 4)) IT=— 1
:11380 liD 2 ,) .J=1 ,Mrl
1:1 1 :390 20 7’:.J ‘ =IT.(~ 1 (VJ :’ — T A ’  1 +X 1 ( .J .:’
‘:11400 25 10=1
01410 M l=MN — 1
111420 DO 50 .J= 1 .Mi
314:30 V J 1= VJ +1

V 01440 IF (Z (.J 1 ‘—2 ~~ ~~ : 50 ,5Q,5Q
V ‘:11450 50 IO=J 1

01460 60 CONT INUE
01470 Xli ~1) X1 (TO .>
C,14 :3 0 2.0 YU <1 )  =‘-r’ I ~I 

0)
V 

~1490 L=:30
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_  V - V

1 49.2 E D  .::j  I=i .tl
1494 P~’I NT :~~ (i .  Ij , . t V , •~~~~ I:’
149’s’ : : h i  Fc:PMFsT 2:.< .F 1O..3 , ::~:,F io ..3 ,
1498 31 r:O~1T INUE
0150’ )  RETURN

1510 END
I2L ’ ’i IJ OU BROUTINE UPDA:3 (A l .  ~2)

‘1201 0 c:QMMON ,BLOk2 ,IJ ,100) • V (1 00)
:3 2020 COMMON,BL OK3,XIJcl ‘ 30 ’  ,‘IU ~- 1 00)
‘:203 0 l:QMMON/BLoK4 ,xi3 ,~~o ,pj. p~~,:3fl, ’.~ ,V2 ,T ,P
‘:2040 CA L L BO.3 ( F i l ,A 2 ,v l ,v 2 ,T , P, r l)
02050 110 10 I=1, M

x ’j •~r : =:x:o+u (I)  *T
02070 1’) ?Li (I)=vO+VU).T
: 2 100  DO :36 I=1~~M
: 2 1 1 ( 1  PRINT .35, :~~ ‘:1) ,~1Ll “ I I :
‘:2120 :35 FOPM ~ T (5X ,F1O. :3,5:~,F 1O.3)
:213 0 35 CONTINUE
02140 RETURN
:2150 EN D
02160 V

~
.LI P.POUT INE UPDA 4 (~~1,~~2)

(12170 COMMON ’P.LOK1.’xEqoU).yE ’~1oi3)
02180 COMMCH/BL 0K3/XU 1 00) ,YU ~1 00:)
‘:2190 COMMON’BLOK4,Xo ,~~0 ,p 1, P 2,3 o ,V 1 .y 2 ,T , p
(‘2200 CF4LL BOE (XO .~1Ci.P1 ,P2 ,P,:SO,N
n221 0 i:~:=o . ~~

, V1 +VE ) .f:O:~ ‘0. 5.’ :A l+A2) ;‘
02220
02230 rio 10 I= 1.N

I ,=::~:E1I s~.,x.T

~225O i i:: ~•)J ‘ I . ’ =‘i’E ‘ I , ) +‘.fy’•T
‘:2270 DO :35 i= i ,r i
:2230 PPINT •35,XU ’ I-~ , ‘-( Ll I.’

1 c 2290 35 FD~~~AT 5 X . F 1 o . . 3 . 5 : : . F I o . . 3 .
V 02300 .~:A ::r1TINUE

02.310 E T U P N
(:2321) END
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APP:::: IX 3

:.~~~~:.M:cA L ~~s:s
This a~~~endix shows that the update a~~orithms V-ie1d~ the updated

oonfiVience region with an accuracy dependent V
~~~~~Cfl the n~mber of points

used to describe the boundaries of the constraint sets p and V

in position and velocity :tace . For any set S, let ~3 denote

the boundary of the set and let e ( : ~,v~ x ÷ tv denote the update

map. Then

= ::.~r x s P ,~.-~ V =

The follo~dr~ elenentary results are needed :

V Proposition 1: If the sets P and V are con .~e::. then SO i5 p . ,

Protosition 2: The bc-ondar7 of P is a subset the
U

updat e of the boundaries of P and V

That is, ~ P Z ~~~~P , ~~V) .

- - - 1  To prove Propos ition 1, let 
~~

_oen

= 
~l 

tii
1

= 

~2

with

3.-i

J _ _V

~

V V

~~~ 

V . V . V VT~~~~~~~~~ 
_ V~~
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r -

€ P

V

For

÷ ~l*J~ = ÷ (i-~~:~~~, 
~~~ 

÷ ( 1_\ ’.v 2 ) .

-
V 3-ut

+ ~~~~~~ € p

-
~ 

( 1_x : - .r~ V.

Thus

+ (i-~ ~2 ~

To prove Proposition 2 , suppose = x ÷ t~~ ~~~~ 
. ft will be

shown that if either ~ ~p or ~ V , a contradiot i :n  is reached .

Suppose x 
~ 
p. Then there exists an open neighborhood :V:~~ about

x with :: p The restriction e IN X ir of 3 to the setx • x-~o
x v is a omeosiorc-hj:s. and so siat s in t e r io r  r : o in t s  ~f X v into- V - 

~~—0
interior oo nts .  This  inolies that x - tv is an in t e r ior  to int  of- —s —c V

p ~ihich is a contradistion . Lihewise the ass s:o~t - ~n that ~

L _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

1 
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leads to a contradiction . Thus x 3 P and v €
—J

The :r~muter algorithms ~V;his~: executes the ordate -operation

rroceeds as fsllows: V

(a) Aroroximate the boundaries bp and 3 V  of P and V

• by discrete set s ~~~ )
~ and \ 3 V  )

~ consisting of 30

equally spaced points.

(b )  Determine the set 9((3- P ) 0 , (3 V ) ) .

(o) Thren a finite set S = e ( 3 p ) 0 , (~~V ) 0 1 of points ,

identify those points -ahich. are boundary ~oints of the

convex hull of S.

Propositions I and 2 assert that all boundary points of the convex

set p are conta ined in the set 3 .3 P ,~ V) .  Since ~(~ 3 P )  ,~~3 V )
U 0 0

aporoximates the set O(~ p ,~ v), step c) applied to 3((3 p)0,~~ v)~
)

yields an a~~roxirnation to the boundary of p . Step (c) is discussed
U

in Apoendix 0 , ~hioh fo llc’ws.

B_ 3
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This appendix csntains a yeneral description of two of the

algorithms used in the update transformation. The f i r s t  algorithm

yields the boundar:s point s of the convex hull associated with  a f in i t e

set of roint s and nab’ have some general interest . The second algorithm

which is discussed decomposes a non-convex set in velccity space into

a union of a~~oost convex sets and is more soecialized in its application.

F-or any set S in the plane let :~S) denote the convex hull of

S. The algorithm used to identif y the boundar:.- points 30~. S) Of s)

can be .usierstood by referring to Fi~-sre - 21.

‘ S  /
• . • •

‘ /
S •• •7 (x~,y~)

* • .~~

/

Zk

Fig. Fl — 1d~ntificati on of the boundary points of C (S)

c-i 
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The special form of the algorithm which has been progra~~~d yields
V 

at most 30 distinct points of SC( s) .  Let = ~~(k-1
’) and let

denote a line having slope = tan ek. Suppose > 0. The set of

all y-axis intercepts associated with the set of lines Lk (k fixed)

which pass through all the point of S is determi ned. That point

(X~~,y~~) of S for which the y-axis intercept Zk (Figure C-l) is

minimized is the kth poj~t of 3c(s) . Now increase k by one and repeat .

If m~ < 0 , the kth point is obtained by ~~ximizing the set of all y-axis

intercepts. Note that for all k, ek never takes on the value V

or ~~~~~~ The set ~(x1,y 1), (x2 ,y 2 ),  --- (x 30, y30 ) }  contains at most

30 distinct points of sc(s).

An almost conve x set in velocity space can be define d relative to

the i~ xi~um distance a between that set and its convex hull. A

set can be said to be almost convex up to a specified level E if

� E. Figure C2 depicts a constraint set ,

V = 1~Iv1� I!! ~~v2,A1~~~arg (!) �A
2}

in velocity space which is very non-convex.

C-2
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V2

V i

\ A 2’,P 1 v /
2 1

V3

Figure C2

Decomposition of a Ton Convex Set into a ~nion of Almost Convex Sets

However, by choosing the angle ~ (Figure 0-2 ) small enough, the set

V decorrrposes into a union

V = V ,u V2 jV
3

where each of the sets V . are almost convex up to level S. The angle

~ which determines the size of the sets V. is related to S and

v1 by

= 2 Arccos (1 - 
~~ 

).
1
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