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ABSTRACT

The isolation of machinery vibration from rigid and nonrigid

substructures is described in uncomplicated terms. One- and two-

stage mounting systems, single and multiple antivibration mountings ,

and beamlike and platelike substructures are examined. A machine

and the intermediate mass of a two-stage mounting system are considered

to be supported by flanges or feet to demonstrate the loss in isolation

that can occur if the flanges are not rigid but are multiresonant

because of their poor design. The use of conventional dynamic absorbers

to reduce the vibration of such structural members as beams (rai ls and

stanchions) and circular plates (bulkheads) is discussed. A novel

dynamic vibration absorber is described that comprises a damped circular

• plate loaded centrally by a lumped mass and clamped at its perimeter

to the vibrating item or structure of concern.
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PRINCIPLES OF VIBRATION ISOLATION

Figure 1(a) shows a machine of mass M supported by an antivibration

mounting on an ideally rigid foundation such as a concrete factory floor.

This is the simplest idealization possible. To the foundation is trans-

mitted a force F2 that is produced by a sinusoidally varying force P~ applied
to or generated within M. The mount is visualized as a rubber spring with

a stiffness K and with internal damping described by a damping factor =

0.05 , a value that typifies , for example, the damping of natural, neoprene,

and SBR rubbers. The values of K and ‘5K are assumed to be frequency

independent.

A quantity of basic interest for this so-called simple mounting system

is transmissibility T, which is defined as the magnitude of the force ratio

JF 2/F1j . This ratio is shown on a decibel scale as a function of a frequency

ratio ~ = in Figure 2. Here, 20 log10 T is plotted versus the ratio

~ of the exciting angular frequency w to the natural angular frequency w1~ =

viK/M) of the mounting system. Negative values of TdB mean that the input

force has been attenuated; positive values of TdB mean that undesired

magnification has occurred at and near the system resonance. Only for

values of w > / ~ w~ does the mount provide the desired attenuation of trans-

mitted force shown by the hatched area. Consequently, to assign to the

smallest value possible without endangering the lateral stability of the

mounting system should always be an advantage. The level of the transmitted

vibration may appear to be very low at high frequencies, but it must be

recognized that even small amounts of vibratory energy can excite the

resonant modes of neighboring (and sometimes of distant) platelike structures,

and that many of the plate modes will be relatively efficient radiators of

unwanted noise.

H
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Now, larger values of transmissibili ty (that is to say, reduced iso-

lation) may occur at frequencies above resonance than Figure 2 predicts.

The reasons may simply be mechanical or they may be basic:

(1) In the first case , isolation may be impaired by mechanical

links that have significant stiffness and hence that bypass,

to some extent, the antivibration mount. Vibration from a

resiliently mounted diesel engine, for example, may reach

its foundation via an exhaust pipe that is still rigidly

connected to a surrounding enclosure . Or vibration may

reach the foundation via a bearing pedestal that supports

a rotating shaft extending from the engine .

(2) In the second case, transmissibility may be greater than

predicted at high frequencies because the mounting system

considered here is then too simplified a model of the

practical situation; for example, the antivibration mount

may cease to behave as an ideally resilient member at high

frequencies. In this event, so-called wave effects will

occur at frequencies for which the mount dimens ions become

comparable with multiples of the half wavelengths of the

elastic waves traveling through the mounting . At these

frequencies , resonant peaks appear in the transmissibility

curve. However, these peaks will not always be of primary

concern for two reasons: (a) even the first of the peaks

will invariably occur at frequencies higher than 20

where significant isolation already exists , and (b) the

peaks will be suppressed to some extent by the internal

damping of the rubber mount.

4.
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One further reason why the high-frequency isolation may be impaired is

of sufficient interest to be discussed now in some detail. Thus, in some

cases , as in Figure 1 (b) , the machine will be supported via flanges or

feet that may not be ideally rigid but may be multiresonant, so giving rise

to other peaks in the transmissibility curve at high frequencies. These

peaks may well be troublesome because the internal damping of the metal

feet will be at least 10 times smaller than the damping of the rubber mounts

beneath them. The feet may protrude from the bottom of the machine, or from

its sides as shown. This will be the case if the beneficial step is taken

to place the feet in a plane that passes through the center of gravity of

the machine (so minimizing the rocking motion it experiences when subjected

to horizontally directed forces). A guide to the force transmissibility I

across this simple system has been obtained by idealizing the machine feet

as short shear beams; that is, as beams with length-to-depth ratios of

approximately 3 or less for which it can realistically be assumed that the

beam deflection due to bending is much less than the deflection due to shear.

Representative calculations of T are plotted in Figure 3 for machine

feet having 1/40 of the machine mass, a damping factor *5~ = 0.01 , and

stiffnesses 5, 25, and 100 times greater than the stiffness of the mounts

that support them from below. The resonances of the machine feet, which

are responsible for the pronounced peak values of T at high frequencies, are

seen to be of the least consequence when the stiffness ratio is largest. In

fact, the resonances will advantageously occur at the highest possible

frequency when the ratio of the static stiffness to mass of the feet is

made as large as possible; that is , in this simple example, when the shear-

beam feet are made as short as possible.

This is not a contrived problem ; in fact, one does not have to look

I-
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far to find examples of exactly this situation, as Figures 4 and S show.

In Figure 4, a marine engine is attached to a subfraine fashioned so that

the mounting points lie on the same horizontal as the center of gravity of

the engine. In Figure 5, an axial flow fan with vertical discharge is

mounted resiliently on a subframe with members having significant unsupported

lengths .

COMPOUND MOUNTING SYSTEM

It is natural to question how it is possible to obtain greater vibra-

tion isolation than that afforded by the simple mounting system . well , if

added mass can be tolerated , the two-stage or compound mounting shown in

Figure 6(a) can provide especially low values of transmissibility at high

frequencies . Antivibration mounts in the upper and lower stages of the

system are separated by an additional or intermediate mass M2. The system

possesses a secondary as well as a primary resonance, which is a disadvantage,

but above the secondary resonance, transmissibility falls off as 1/w4 (that

is, at 24 dB/octave). This is twice the rate of 12 dB/octave at which the

transmissibility of the simple system decreases at high frequencies.

Figure 7 shows the calculated force transmissibility across three

-: 
- 

compound systems with natural rubber mounts and with intermediate masses

10, 20, and 100% as large as the machine mass. The dashed-line curve shows

the transmissibility across the simple system. The potential value of the

compound system as an especially effective antivibration mounting at high

frequencies is immediately apparent. The system can be of particular value

in mitigating the increase in transmissibility that occurs, for example,

when it is necessary to mount machinery on a non-rigid foundation such as

a system of steel girders in shipboard applications . The foundation reso- :~
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nances are then superimposed, approximately speaking, on one of the lower

solid-line curves rather than on the dashed-line curve.

A small-scale application of the compound system is shown in Figure 8

(after E. G. Fischer and H. M. Forkois). Here the motor-driven compressor

jj of a refrigerator is isolated from its housing by steel springs carrying

intermediate masses. Additional mass has also been used to block vibra-

tion transmission along the refrigerant line.

Figure 9 shows the compound mounting of 17,000 lb and 80,000 lb diesel

generators on one extensive intermediate mass in a Canadian oceanographic

vessel (after R. M. Gorman). It is always advantageous to employ the

largest possible intermediate mass M2 because, at high frequencies, trans-

missibility is essentially proportional to 1/M2w
4. But if the compound

system is to provide the small values of transmissibility as predicted,

it is vital that M2 remains masslike at high frequencies. If it does not,

then the performance of the system will be seriously impaired.

This situation is shown in Figure 6(b), where the flanges from which M2

is supported behave as springs at some high frequencies because of their

poor design. If we again model these multiresonant flanges as short shear

beams, the transmissibility across the system can be calculated and plotted

as in Figure 10. Here, the intermediate mass M2 has one-fifth of the machine

mass. The dashed-line curve shows the transmissibility across the simple

system. The solid-line curve shows the transmissibility across the compound

system when M2 is ideally rigid and masslike and the system is totally

effective at high frequencies. The chain-line curve shows how transmis-

sibility changes when the multiresonant flanges are 1/40 as massive as M2
and S times stiffer than the mounts of the compound system that support

them from below; their internal damping factor 1sf = 0.01. Pronounced peaks

______________________________________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ . ~~~~~
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now appear in the transmissibility curve at high frequencies where the

shear-beam flanges resonate, their ends having large motion and their

roots, which are attached to the mass M2, having relatively small motion.

In addition, pronounced minima occur in the transmissibility curve at

frequencies for which the flange ends have little motion and their roots ,

together with M2, have relatively large motion . In fact, M2 and the flanges

actually behave in the manner of a dynamic vibration absorber at these

frequencies. Thus, it is vital that the intermediate mass always be

designed to remain masslike and rigid to the highest possible frequency.

NONRIGID FOUNDATIONS

Let us turn now to the problem of isolating machinery vibration from

nonrigid foundations; that is, foundations that have many self resonances.

This problem is of permanent concern in marine and aeronautical applications .

It is becoming of greater concern in land-based applications where increased

mention is being made, for example, of steel-frame rather than massive

concrete foundations for large modern turbines and auxilliary equipment .

One nonrigid foundation and mounting system is shown in Figure 11(a).

The foundation comprises an internally damped clamped-clamped beam of half-

length a , mass Mb, and small internal damping factor = 0.01. The trans-

missibility across this system, which is defined as the magnitude of the

total output force 2
~ 2 divided by the impressed force 

~l’ is plotted in

Figure 12 as the solid-line curve for which the machine is 10 times more

massive than the nonrigid foundation beam beneath . As before, the horizontal

axis is the ratio of the impressed frequency to the natural frequency w0 of

the mounting system calculated as though the foundation were ideally rigid.

The fundamental resonance of the foundation is always assumed to occur at 

:- ~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~ “~~~~~~~~ .--- -~~~~ — 
~~~~

— _________ ..~~~~ ~~ 
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a frequency of lOw0 so that, if w0/2Tr = 5 Hz, the first foundation resonance

would occur at 50 Hz. The peaks in the solid-line transmissibility curve

where ~2 ? 10 correspond to the first, second, third, and fourth symmetrical

resonances of the foundation beam . The peaks represent an unfortunate loss

in isolation as compared with the transmissibility of the simple mounting

system, which is shown by the dashed-line curve.

A more complex calculation of transmissibility can be made, for example,

for the mounting system of Figure 13, where not one but eight antivibration

mounts support the mass M. The mounts, each of stiffness K = K/8 in the former

notation, are spaced as shown at equal intervals along the beam . The chain-

li ne curve of Figure 12 shows that , for this mount configuration, which

represents closely the performance of a rai l- type mount of continuous run ,

beneficially smaller peak values of transmissibility result at hi gh frequen-

cies. In addition , troughs appear in the chain-line curve at frequencies

for which the forces exerted on the beam by the multiple antivibration

mountings produce forces of different phase at the beam terminations that

conflict with one another to produce minima in the net transmitted force.

Let us continu e now to a problem of intermediate comp lex ity as shown

in Figure 14 , where two mounts support the machine. The mounts lie equi-

di stant from the beam center but their location is otherwise arbitrary . One

can also attach a dynamic vibration absorber of small mass Ma to the center

of the beam , as in Fi gure 14(b) , or to the beam at each mount location; or

divide the beam into two spans by a central inf lexible  prop or clamp , as in

Fi gure 14(c) ; or load the beam by additiona l lumped masses 
~
1a placed beneath

each antivibration mount , as in Fi gure 14(d) . In Fi gure 14(b) , the dynamic

abs orber is tuned to suppress the fundamental resonance of the foundation

beam (whi ch is potent ia l ly  the most troublesome resonance) . At or near this

L.~L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ -
-
~~ -~~~~ — ~~~~~~ -— ~~~~~~ - ~ :-~~i~--.-~ i ~T’~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 
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resonant fr equency the motion of Ma is la rge -- whe reas the motion of the

foundation beam and the force transmissibil i ty to its terminations are

minimized .

Representative calculations of the transmissibility across the systems

of Figures 14(a) , (b) , and Cc) -- that is , the total output force div ided by

the impressed force F1 in each case--  are compared in Figure 15 for a machine

that is again ten times more massive than the nonri gid foundation beam

beneath it, and for an attached dynamic absorber that is one-fourth as

massive as the beam. The antivibration mounts are located at a distance

of one-quarter of the beam length from each termination.

Shown in Figure 15 by the dashed-line curve is the transmissibility

across the basic system of Figure 14(a). The transmissibility peak at the

first beam resonance, which is again assigned the frequency lOw0, is the most

pronounced and potentially the most troublesome of the higher-frequency peaks,

which again occur at the first, second, third , and fourth symmetrical reso-

nances of the foundation beam. The solid-line curve shows how the magnitude

of the first of the higher-frequency peaks can be reduced effectively if a

dynamic absorber of optimum design is attached to the center of the founda-

tion beam. In fact, the dynamic absorber is surprisingly efficient in

reducing transmissibility in view of its relatively small mass; moreover,

not only is it effective in suppressing the resonance to which it is tuned,

but its moderately large damping is also effective in suppressing the reso-

nances at higher frequencies.

Finally, the chain-line curve of Figure 15 shows how transmissibility

changes when the dynamic absorber is removed from the center of the founda-

tion beam and is replaced there by a rigid support or clamp where the beam

displacement and slope are constrained to zero . The original beam of length

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
— 

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ - - ~ 
j, ,j~ ~~~~~~~~~ -



2a is thus divided into two spans of length a; these spans possess first,

second, third , etc., resonant frequencies that are essentially 22 or 4 times

higher than those of the original beam . Consequently, even though the

“abruptness” of the higher-frequency peaks is essentially unchanged, their

levels are significantly reduced because of the increased effectiveness of

the antivibration mounts at these frequencies; in fact, the first two of

the higher-frequency peaks have fallen in level by approximately 15 and 23

dB, which is a factor of 14 in magnitude.

MULTISP AN BEAMS

Just as it has proven to be an advantage to halve the length of the

foundation beam, it also proves to be an advantage to repeat the procedure,

so that the beam is provided with a four-span support. This situation is

shown by the partial view of Figure 16, where four antivibration mounts ,

one at the center of each span of length a/2, together isolate the machinery

vibration via multiresonant flanges or feet that extend from the side of

the machine in the plane of its center of gravity. Calculations of the

force transmissibility across this system (the magnitude of 8F 2/F 11) are

plotted in Figure 17 for shear-beam feet that together have 1/40 of the

machine mass , a small internal damping factor = 0.0 1 , and 5 times greater

stiffness than the mounts beneath them . The machine is again 10 times more

massive than the foundation beam . The fundamenta l resonant fr equency of the

foundation - - originally observed where ~2 = w/w0 = 10, and then where ~2 = 40

for the foundation beam of dual span , has now been increased again, through

division of the beam into four spans , by a further factor of 4 to appear

here where ~2 = 160. The companion transmissibility peak at this high frequency

(800 Hz if ~~/2rr = 5 Hz) is now of less consequence than the peaks observed it

~ 
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the first two resonances of the machine feet that occur at lower frequencies .

This only serves to emphasize the need to design the machine feet with con-

siderable care to ensure that their resonances always fall at the highest

possible frequency.

Note that the mounts have always been placed symmetrically about the

midpoints of the original foundation beam, or they have been located at

midspan on the multispan beams considered . In this way, only the symmetrical
- 

- - beam modes have been excited . For other locations of the mounts, both the

symmetrical and the antisynmietrical modes would be excited so that the number

of transmissibility peaks in the preceding figures would be detrimentally

increased; in fact, it would essentially be doubled .

PLATELIKE FOUNDATIONS

Mention must also be made of the companion problem of mounting machinery

on platelike foundations -- that arises, for example, in machinery rooms

aboard surface ships and in machinery rooms located on the top levels of

high-rise buildings. This problem is modeled in Figure 11(b), where an item

of machinery is centrally mounted on an internally damped , simply supported

square plate. Here, the transmitted force F2 comprises four concentrated

forces, one at each plate corner, plus a distributed force shown by the

dotted regions along the plate boundaries.

One calculation of the force transmissibility T = I~2/~1I across the
mounting system is plotted as the solid-line curve in Figure 18. The machine

has 4 times the mass of the platelike foundation, which is assumed to have a

fundamental resonant frequency of 4w0, where is again the natural fre-

quency of the mounting system calculated as though the foundation were ideally

rigid. The internal damping factor of the plate O
~ 

= 0.01 .

- ___~~~~~~~~~*~~~~~~~~~~ 
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Note that the first transmissibility peak occurs at a smaller value of

the frequency ratio ~ = w/w0 than 1.0 because the effective mount stiffness

is reduced by the plate flexibility. Again, the second transmissibility

peak (corresponding to the first foundation resonance) occurs at a greater

value of ~2 than 4 because the natural frequencies of the platelike founda-

tion are shifted to higher frequencies by the spririglike constraint of the

central antivibration mount. The transmissibility curve detrimentally

shows a great many resonant peaks at high frequencies. More peaks would

possibly be evident if the platelike foundation were moderately rectangular

rather than square, because the foundation would then have fewer degenerate

modes (those having overlapping natural frequencies). Either way, there is

increased likelihood of the disturbing frequencies coinciding with one or

more natural frequencies of the foundation.

For comparison, the chain-line curve shows how transmissibility changes

when the square foundation is replaced by an internally damped circular

plate with a simply supported boundary. The mass and frequency ratios are

equal to 4, as before. The density of the foundation resonances is now less

than one-half that observed previously, which suggests that it may be bene-

ficial to investigate further the possibility of mounting machinery on

circular rather than square platelike floor areas. Such an area, for example,

could be supported around its perimeter by a rigid circular rib and be

separated by an expansion joint from the adjacent floor areas of the square

machinery room in which it is located .

Figure 19 shows other basic situations that have recently been analyzed ;

in (a), an item of machinery is supported by four symmetrically located

antivibration mounts on the floor of a rectangular machinery room . In (b),

dynamic vibration absorbers are attached to the floor at points immediately

.
~~
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beneath the mounts, thus providing a remedy for bad situations in existing

structures. In Cc), the floor area in a proposed structure is divided by

expansion joints into four like quadrants, each of which is driven by the

force transmitted by a single mount only, and which is vibrating independ-

ently of the three other quadrants. Because the quadrants have a fundamental

resonant frequency 4 times higher than that of the original floor, the

vibration levels and transmitted forces at the new fundamental resonance,

and at higher resonances, are significantly reduced because of the greater

effectiveness of the antivibration mounts at these higher frequencies.

DYNAMIC VIBRATION ABSORBERS

Dynamic vibration absorbers have been mentioned in our prior discus-

sions. Let us now consider their application in other circumstances, and

initially examine an absorber attached to a simple mass-spring vibrator, as

in Figure 20.

The absorber comprises a mass M2 that is attached via a single spring

and damper to a vibrating item of mass M1, the displacement 
~2 

of which is

found to be excessive under the action of a vibratory ground displacement 5E~

or, equivalently, a sinusoidally varying force applied to M1. In either

case, the vibrating item M1 is considered to resonate on resilient members

of total stiffness 1(1. The mass H2 is tuned to resonate at a similar fre-

quency at which its motion becomes relatively large, whereas the motion of

is minimized . For an instrument mounting , M 2/M 1 might be as large as

1.0; whereas , for a vibrating item of machinery , M2/M 1 would be unlikely to

exceed 0.2 , for example. In i t ia l ly ,  consider that the primary system has

negligible damping .

I
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Figure 21 shows the transmissibility T = Ix 2/x 1~ across the system

when the dynamic absorber is also undamped . Transmissibility takes a minimum

value at the angular frequency Wa to which the absorber is tuned. “Compen-

sating” peaks are introduced on each side of this minimum . The compensating

peaks can be effectively suppressed by damping the absorber, but the depth

of the trough is then detrimentally reduced.

The transmissibility obtained when the absorber is infinitely damped

(rigid connection between M1 and M2) is shown by the second curve that

intersects the former curve at so-called fixed points A and B for which

transmissibility is equal to Ta and Tb, respectively. The transmissibility

curves for all other values of absorber damping intermediate to zero and

infinity likewise pass through the points A and B.

Classical ly, the absorber is said to be optimumly tuned if its natural

frequency is such that the fixed points A and B lie on the same horizontal ,

at which time Ta = Tb. Optimum absorber damping is said to be that for

which the compensating peak just to the left of point A is equal in height

to Ta’ and the compensating peak just to the right of point B is equal in

height to Tb~ 
Hence, because Ta = Tb, the two damped peaks take equal values .

These conditions of tuning and damping are said to be optimum because, if the

absorber is differently tuned and damped, either the left-hand peak is higher

- 

- - than the right-hand peak, or vice versa. In any case, the higher of the two

peaks always exceeds the common level that the peaks share for conditions of

optimum absorber tuning and damping.

Figure 22 shows the transmissibility calculated for an optimumly tuned

absorber that is 1/5 as massive as the mounted item ; the absorber damping

is assumed to be viscou s and, in turn, to be equal to 10, 20, 40, and 100

percent of critical. Note that the fixed points lie on the same horizontal 

~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~—~~~~~~~~~~~~~~~
- - --~~~~~~~~~~ 
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as well as can be drawn. Also note that damping of 10 or 20 percent of

critical is inadequate because the peak heights remain unequal. Damping

of 40 or 100 percent of critical is too large because the two peaks have

coalesced to form single peaks of large amplitude. Optimum damping is

actually 25 percent of critical, and calculations made for this case, and

for three other optimum cases are plotted in Figure 23.

The mass ratio ii referred to in Figure 23 is defined as follows:

= M1/ (M 1 + M2)

Thus, values of ~.i = 50/51, 10/11, 5/6 , and 1/2 relate to absorbers that are

1/50, 1/10, 1/5, and equally as massive as the mounted item. Transmissibility

is plotted versus the ratio ~ of the angular frequency of excitation w to a

ref erence frequency w0, which is now the natural frequency of the one-degree-

of-freedom system obtained when the absorber mass H2 is connected rigidly to

M1. Optimum values of the absorber tuning and damping ratios and

~
1sR~opt 

are given by the simple equations

~~~~~~~~ 
= (Wa/Wo)opt 

=

• 
- and

~~R~opt 
= v’f~3(1 - ~.i)/8]

The advantage of introducing relatively large masses to reduce transmissi-

bility is clearly apparent in Figure 23. In all cases, transmissibility is

suppressed effectively and symmetrically at resonance , yet transmissibility

at high frequencies decreases at 12 dB/octave.

Examples of small- and large-scale applications of the dynamic absorber

are shown in Figures 24 and 25. In Figure 24, a ring of high-damping rubber-

— — -~~~~~ -~~- ~~~~~~~~~~~~~~~~~~~ —-~~~~~~~~ -~~~~~~~ 
i - ~~ - - 
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like material provides both the stiffness and the damping for a lightweight

absorber tuned to suppress the fundamental resonance of a beam or panel

(after D. I. G. Jones, A. D. Nashif, and R. L. Adkins). In Figure 25, a -

dynamic absorber is tuned to reduce the vibration in the vicinity of a pilot’s

seat (above point 1) in a helicopter (after J. J. Sciarra). To reduce other

than local vibration of the helicopter, the use of additional absorbers at

other locations would be necessary.

The question remains -- is it not possible to improve the performance of
the dynamic absorber; namely, is it not possible to suppress the compensating

peaks and yet retain the significant trough introduced by the absorber in

the transmissibility curve? This, in fact, does prove to be feasible if it

is possible to damp the primary system of Figure 20 heavily (with half-

critical viscous damping, for example) and to employ a dynamic absorber with

only a small damping factor (0 = 0.01, for example). The compensating peaks

can then be avoided and a trough of significant magnitude generated, as

illustrated in Figure 26. Here are shown transmissibility curves for an

absorber tuned successively to three different frequencies (Wa/wo = 0.667, 1.0,

and 1.5); the absorber mass ratio ~i = 5/6. It is apparent from these results

that a sharp minimum , indicating desired attenuation, can be introduced at

essentially any frequency to which the absorber is tuned , without generating

unwanted peaks. In fact, the absorber system behaves as a mechanical “notch

filter” capable of providing a high degree of isolation at a single frequency.

Hence, the system may be used with advantage to protect delicate instrumen-

tation, for example, from troublesome foundation vibrations occurring at

discrete “low” frequencies .

The resonant vibration of distributed mechanical systems such as beams

and plates can also be reduced effectively by the attachment of dynamic

L 
_____________________________________________________________________________________ 
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absorbers of appropriate design. As an example, dual dynamic absorbers

applied to reduce the force transmissibility at resonance across an undamped

cantilever beam are shown in Figure 27. The absorber at the free end of the

beam is tuned to suppress the fundamental beam resonance while the central

absorber is tuned to suppress the second beam resonance. The force trans-

missibility T = !FT/Fo~ 
across the unloaded beam is shown as the dashed-line

curve in Figure 28. Transmissibility is plotted in terms of the product of

the beam length 2. and a parameter n, which is proportional to the square

root of frequency. The parameter n, the beam wavenumber, is defined by the

equation 

2 2n = w p/r E ,

where p and E are the density and Young ’s modulus of the beam material , and

r is the radius of gyration of the beam cross section.

The effectiveness of dynamic absorbers of optimum design in reducing

the transmissibility across the beam is typified by the solid-line curve of

Figure 28. In this example, the masses of the absorbers at the free end and

center of the beam (25% and 10% of the beam mass , respectively) are so

chosen tha t the first two transmissibility peaks are equally suppressed to

a value sl ightly greater than 2. Had absorbers with only 5% and 2.5% of the

beam mass been uti l ized , this value would be s l ightly greater than 5.

Dynamic absorbers are very effective in suppressing the resonant vibra-

tion of plates . Thus , Figure 29 shows a dynamic absorber attached to the

center of a circular plate such as a bulkhead , which is clamped around its

boundary . The plate has internal damping factors of 0.01 , which are suf-

f iciently small that the force transmissibility across the plate -- namely,

the output ring of force F 1 divided by the impressed force -- becomes
1-~

.

__________ - — -—•-——- .—-—.-•,-~. 
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untenably large at the plate resonances unless the dynamic absorber is

utilized. Calculations of transmissibility are plotted in Figure 30 on a

scale that is again proportional to i’~~ . The dashed-line curve shows the

transmissibility across the plate in the absence of the absorber. The first

peak corresponds to a maximum transmissibility of 150 at the fundamental

plate resonance. A dynamic absorber having 10 or 25% of the plate mass,

and having optimum tl.-ling and damping, is seen to suppress this peak to a

maximum value of slightly more than 3 or 2, respectively. Note that the

absorber damping is effective also in suppressing the second and third plate

resonances at higher frequencies. Thus, the absorber mass remains almost

stationary at frequencies above its own resonance, providing a “fixed” point

from which the absorber dashpot can restrain the motion of the plate at

resonance, and the corresponding force transmissibility to the plate bound-

aries.

It is of interest now to examine •an absorber of somewhat different

design, as shown in Figure 31. The so-called platelike absorber of Figure

31(a) is essentially as effective as a conventional absorber and yet it

possesses the advantages of mechanical simplicity and planar geometry for

compact flush-mounted application on panels and bulkheads, or beneath the

r floors and seats of the crew compartments in a ship or flight vehicle, for

example. The absorber comprises a damped circular steel plate that is loaded

at its midpoint by a lumped mass, which is always assumed to be five times

greater than the plate mass. The plate, which acts as a combined spring

and damper, is clamped around its perimeter where it is rigidly connected

to the vibrating item or structure of concern. The plate could either be

coated with damping compound , or could be made from steel/viscoelastic

laminations . Such laminates can be produced with the relatively high damp-

ing factors needed in most absorber applications .



Representative calculations of the transmissibility across the

undamped primary system of Figure 31(b) that has mass M1 and stiffness K1
are plotted in Figure 32 for attached dynamic absorbers that are 1/50,

1/10, and 1/2 as large as H1. Note that, because of appropr iate absorber

design, the transmissibility in each case is suppressed effectively and

symmetrically about the dashed-line curve, which shows the undamped trans-

missibility at resonance of the primary system alone .

To conc lude, it is instructive to point out that the transient per-

formance of the dynamic absorber is also excellent . Refer again to Figure

20, which shows an undainped primary system of mass H1, on this occasion

subjected to a transient input displacement x1(t), where t is time. A

dynamic absorber of optimum design for sinusoidal vibration is attached to

H1, which experiences a transient displacement x2(t). The input displacement

x1(t) is assumed to be a series of step functions that have a finite rise

time, as shown in Figure 33. The input displacement x1(t) is normalized

here by division by its maximum value Choice of a parameter y changes

the input from a very gradual ramplike step when y is small to an abrupt

almost right-angled step when y is large. In fact, y is defined as follows :

Y = 7 r /woT

where r is the step “rise time” required for the displacements x1(t) to

reach 82% of their final amplitude Xmax~ 
The response of the mounting system

to this series of displacements is shown in the final Figure 34. Here, the

resultant acceleration 
~~

/wo
2Xmax~ 

displacement X2/Xmax I and relative dis-

placement (x2 
- Xi)/Xmax of M1 are plotted on the same time scale as in

Figure 33. The dynamic absorber has one-fifth of the mass H1. The chain-

line curves describe the response of a damped simple system (dynamic absorber

— — — -- — - .— - - 
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absent) to a discontinuous displacement step for which y -
~~ ~~~ . The chain-

line curve for displacement has been made to coincide with the maximum

absorber displacement induced by the rounded step i.iput for which y = 50.

Reference to Figure 34 shows that use of the dynamic absorber (1) has

yielded a low maximum acceleration of M1, which will reduce the likelihood

of damage to those fragile items within H1 that have high natural fre-

quencies, and (2) -- of tangible benefit -- has yielded an oscillatory

transient motion of H1 that decays with time far more rapidly than the

— motion of the simple system alone. And so, it follows that not only will

the dynamic absorber reduce the risk of failure from fatigue of fragile

elements within H1, but that it will also facilitate the reading of any

meters, gages, etc., that are attached to M1, particularly if the transient

disturbances are repetitive.
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FIGURE LEGENDS

Fig . 1 Simple mounting system with a machine (a) supported directly,

and (b) supported by nonrigid flanges or feet .

Fi g. 2 Force transmissibility across the simple mounting system of

Fi gure 1(a) .

Fi g. 3 Force transmissibility across the simple mounting system of

Figure 1(b) . Machine feet-to-mount st iffness ratio r = 5 , 25 , and 100.

Fi g. 4 Marine engine supported by a resil iently mounted subframe .

Fi g. 5 Axial-f low fan supported by a resi l iently mounted subframe.

Fi g. 6 Compound mounting system with a machine and an intermediate or

secondary mass , which is supported (a) directly,  and (b) via

nonrigid flanges or feet .

Fi g. 7 Force transmissibility across the compound system of Fi gure 6(a)

employing natural-rubber mounts . Mass ratio ~ = M2/M1 = 0.1,

0.2 , and 1.0.

Fi g. S Example of a small-scale application of the compound system .

Fi g. 9 Example of a large-scale application of the compound system .

Fig . 10 Force transmissibility across the compound systems of Figure 6(a)

- ; ( solid-line curve) and Figure 6(b) (chain-l ine curve) . Mass

ratio ~ = 0 .2 .

Fig. 11 Simple mounting system with nonri gid foundations modeled (a) by

a clamped-clamped beam and (b) by a simply supported plate .

Fi g. 12 Force t ransmissibi l i ty across a mounting system wi th  a machine

supported by one mount as in Figure 11(a) (sol id- l ine  curve) , or

by eight mounts spaced at equal intervals  along the beam , as in

Figure 13 (chain-l ine curve) .

_ _ _  _ _ _ _ _ _ _ _  ~~~~~~~ ~~~ -~~~i~~-’T- - -
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Fig. 13 Simple mounting system with eight equally spaced mounts supported

by a clamped-clamped foundation beam .

Fig. 14 Simple mounting system supported by nonrigid foundation beams :

(a) un loaded beam , (b) beam with a central dynamic absorber of

optimum design , (c) beam with a central clamp , and (d) beam

loaded by lumped masses beneath the antivibration mounts.

Fig. 15 Force transmissibi l i ty across the simple system and foundation of

Figure 14(a) (dashed-line curve) , Fi gure 14(b) (solid-line curve) ,

and Figure 14(c) (chain-line curve) .

Fig. 16 Partial view of machine supported , via nonri g id flanges , by four

anti vibrat ion mounts located at the midpoints of the four spans

of a nonrigid foundation beam .

Fi g. 17 Force transmissibili ty across the simple mounting system and

fou ndation of Fi gure 16.

Fi g. 18 Force t ransmiss ib i l i ty  across the mounting system of Figure

11(b) when the foundation plate is square (solid-l ine curve) as

compared to the transmissibili ty when the plate is circular

(ch ain-line curve) .

Fi g . 19 Simple mounting system with nonri g id foundatio n modeled by a

simply supported plate:  (a) unloaded plate , (b) p la te  wi th

dynamic absorbers at each mount location , and (c) plate divided

by r ig id cross beams into four quadrants.

Fi g. 20 Vibrati ng i tem with a viscously damped dynamic absorber .

Fig . 21 Transmissibi l i ty of the dyn amic absorber of Fi gure 20 with

i n f i n i t e  and zero absorber damping.

Fi g. 22 Transmiss ib i l i ty  of the viscously damped dynamic absorber of

Fi gure 20 for various absorber damping r a t io s .  Optimum tun ing

f or the mass ra t io  ~ = M 1/(M 1 + M~) = 5/6.
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Fig. 23 Transmissibility of the viscously damped dynamic absorber of

Figure 20. Optimum absorber tuning and damping for the mass

ratios M = 50/51, 10/11 , 5/6 , and 1/2.

Fig. 24 Example of a small-scale application of the dynamic absorber.

Fig . 25 Example of a large-scale application of the dynamic absorber .

Fig. 26 Transmissibility of the dynamic absorber of Figure 20 tuned

three frequencies in turn . Primary system has one-half critical

viscous damping. Absorber is lightly damped and has a mass

ratio p = 5/6.

Fig. 27 Dynamic absorbers attached to the free end and to the midpoint

of an undamped cantilever beam .

Fig. 28 Force transmissibility across the cantilever beam of Fi gure 2~ ;

optimum absorber tuning and damping for values of the mass

ratios p = 4/5 and 10/11 [p = (1 +

Fig. 29 Dynamic absorber attached to the midpoint of a centrally driven

clamped circular plate.

Fig . 30 Force transmissibility across the circular plate of Figure 29;

optimum absorber tuning and damping for values of the mass

ratios p = 4/5 and 10/11 
~~~ 

= ~~~

Fig. 31 (a) Section through a circular platelike dynamic absorber , and

(b) a circular platelike absorber attached to an undamped

primary system .

Fig. 32 Force transmissibility of the platelike dynamic absorber of Figure

31. Optimum absorber tuning and damping for the mass ratios p =

50/51, 10/11 , and 2/3.

Fi g. 33 Series of rounded step displacements.

— ~~~~~~~~~~~~~~~~ •~~~~~~~. ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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-

, Fig. 34 Acceleration-, displacement-, and relative displacement-time

curves for the dynamic absorber of Fi gure 20 subjected to the

rounded step displacements of Figure 33. Optimum tuning and
- . damping for the absorber mass ratio p = 5/6.
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