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ABS TRACT

An algorithm is described that  deter mines a stat ionary

point of a quadratic minimizat ion problem in a finite number

of steps. This finite termination property is based on the use

of conjugate directions . The main feature of the algori thm is

a new update procedure which pre serves conjugat e directions

if the set of active constraints  changes .
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AN EF ’FECT IVE ALGORITHM FOR QUADRATIC
MINIMIZATION PROBLEMS

M. J. Best ari d K. Ritter

1. Introduction

A method of conjug ate  directions is pres ented for the solution of quad-

ratic min imiza t ion  problems with li near  inequali ty constraints . The algorith m

termina tes  a f t e r  a f in i te  number  of steps with a stati onary point . It is a modi-

fication of methods of conjugate  di rection s for genera l nonlinear objective

function s described in [1] and [3].

With each point x determined by the algorithm an (n , n) -matrix is

associated , where n is the number  of variables.  If q < n constraints are

active at x , then n - q columns of this  matrix are conjugate and orthogonal

to the gradients  of all cons t ra in ts  active at x . This property allows an easy

construction of search directions which are either Newton directions or are

conjugate  to certain previous search directions. Combined with an appro-

pr iate policy for dropp ing active constraints  this choice of search directions

results  in the f in i teness  of the algorithm .

A critical feat ure of the method to be pre sented is the procedure used

to update the matri x associated with x . If at the next point x , constructed

by the algori thm , rio new constraint becomes activ e this matrix is upd ated in

the same way as the basis matrix is updated in the simplex-method . If how-

ever , a new const ra in t  becomes active at x , th e normal upd ate procedure

results in the loss of the conjugat e directions . Therefore , a new up date

formula is developed which allows the preservation of conjugate directions in

a simple and computationa l ly efficient way.

Sponsored by the United States Army under Contract No. DAAG2 9 -7 5 -C-0024 .
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2 . General description of the a lgori th m

We consider the following quadra t ic  m in imi zation problem : M i n i m i z e

Q( x) c x  + ~ x ’Cx

subje ct  to the constra ints

Ax < b

where c , x E
n , b E

m , C is a sym metric (n , n ) -matr ix  ari d A is an (m , n)-

matri x .

If x * is a local or an optimal solution to this problem it follows from

the Kuhn -Tucker-Theorem (see e .g  [2] ) that  there is a vector u* ~ E m such

tha t

(2.1) c+Cx * = A T u*

(2.2) u* (Ax* - b) = 0 , u* < 0

(2 . 3) A x* < b .

Any point sa t is fying the conditions (2 . 1) - ( 2 . 3) i s called a stationary

poi nt . If C is positive semi-def in i te  then Q(x) is convex and every stationary

point i s an optimal solution to the given problem .

Throughout the paper we assume that for any x with Ax < b the gra-

dients of all constraints , active at x , a re linearly independent and that  the

set {xI Ax ’ z b and Q(x) < Q(x 0)} is bounded .

Let x , with A x , < b be a point determined by the algorithm . For ease

of notation we assume that

a!x . = (b ) ,  , i 1, . . .  ,q

and

ax . < ( b ) , ,  i q+1 ,. . . , m

-2 -
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where a ’ ,. . . , a ’ de note th e rows of A
m

If q < n , set

T . = {xI  a x  = 0 , i = 1, . . .  ,q}

We firs t  assume that  C is positive defini te . Then we can construct a

set of n - q  vectors

( 2 .4) c.. ~ T , , i = q+l,. . .
which form a basis of the subspace T. and are conjugate with respect to C

i .e., have the property

(2 .~~) c
~

.Cck. 0 , c1~ C c . = 0 .~’~ i � k, i,k = q+1 ,...,n .

With

(2 .6) D~ = (a 1,... ~aq~ 0q+l ~C cq÷i ~~~~~~~~~ cnj)

it follows from (2.4) and (2 . ~) that

— lD . = ( c . , . . . , c .)nj

exists and has the vectors (2 . 4) as its last  n -q columns .

In the algor i thm this  matri x D . 1 and the n umbers

0 = [c~ . C c .]~~ , i q+1 , . .  .

are associa ted with x .

Given the point x , the algorith m determines a new point

x . =J+l J 3 J
whe re 5

~ 
E En is the search direction and € E’ is the st ep size.

In order to motivate the choice of s~ (s ee Step 1 of the algori thm s we

write the gradient of Q(x) at x . in th e form
m

(2 . 7)  c + C x , = ~ )‘~~a~ + 
~ 

X , •  C c , .
i= 1 i=q+ l

If = 0 i = q+l , . .  . , n , i. e . ,  i f the orthogonal projection of c + Cx ,

_ 3 — 
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onto T . is zero , then  x . is said to be a quasi -s ta t ionary  point .

First  we a s sume  tha t  x . is not a quas i - s t a t ionary  point . If we set

(2 . 8) s = (0 , c ’ g ) c . with g .  = c + C x ,
11 1 1 3  1J J 3

then

x - S .
I I

is a quasi - s ta t ion ary  point . Indeed , it follo ws from (2 . 4) and (2 . 5) tha t the

vectors c .,. ..  , c . form a basis for T . . Furthermore , for every k ~q+l ,j  nj

~q+l ,. . . , n }

c~~ VQ( x~ - s~) = c~~(c + Cx~ - Cs~)

= c’ .g . - c ’ C [ ~ (0 . . c~.g .)c . .}k j  j kj  i + l  ‘~ ~i 1)

= c~~.g .  - 0
k j  

ck .  C ck .  ~~~~ = 0 .

Assu ming that  A(x~ - s~) ~ b we can choose = 1 and ~~~ is a qua si-

sta tionazy point which in the case of a convex objective function is an optimal

soluti on to the problem

mintQ(x)Ia~x (b),, i 1 , . . . ,q , a~x < (b)., i = q+l ,. . . , m} .

Since the same constraints are active at x , and at x . we have T = T .3+1 1 j + l

and can , therefore , choose D~~1 
= D ’ (Step 3 of the algorithm).

Next we assume that x~ is a quasi-stationary point . Multiplication

of ( 2 . 7) with c ., I = 1,... ,q , gives

c~ . g .  =

Thus, either x is a stationary point or there is at least one positive number

c’ . g . .  Let

Cq j  = max{c !,g ,  i = 1, . .  . ,q)  > 0

If we set S
i 

= C
q j  ~ It follows from (2.  6) and the definition of the inverse matrix

-4-
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t ha t  s is o r thoyon ~~l to C c . ,  i = q+ l , .  . . , ri . There fore, for all o

VQ ( x , - o s )  is o rt h o g o n i l  to Cq+ 1 j ~~•

If  
~ 

is the o p t i m a l  s tep si ze , i . e.

Q(x ~ - 6~ s~) = m in ( c i (x ~ - o- s~) a ~ 0 }
the n VQ ( x - s ) is orthogonal  to s , = c ., c .,. . . , c . . Assumin g thatqj  q +l ,j  nj

A (x
1 

- 6~ s~) ~ b , we can choose 
~ 

. Then x~~1 is agai n a quasi-s tat ionary

point . Since

T~~1 = tx  a ’ x = 0 , i = I , . . .  ,q-1}

we obtain the matr ix  D’ from D 1 by repl acing a with 0 .C c  . . Thenj +l j q qj  qj

D . ( C  . , . . . , c .1, 1 +1

where (see Step -1 of the a lgor i thm)

c~ . C c

i ,j +l - ij  c ’ . C c . qj  - •

~~~ 

-

q j  q j

c . . = C . ,  , i = q , . . . , n .
ii

Thus the vectors Cq j + l~~ 
. . ~~~ are again conjugate with respect to C

Therefore , if rio new constraint  becomes active at x . , then x . isj +l 3+1

a quasi -s ta t ionary point and it is easy to obtain a set of conjugate directions

forming a basis for T . +i . If a new con straint  becomes active at x . +1, the

situation is completely di f ferent . To be specifi c assume that s , is given by

( 2 . 8) and tha t  a is the gradient  of the new active constraint . In order to
q +1

guarantee tha t  
~~+l is a feasible search direction , th e vectors a 1,. . .

ha ve to be among the columns of D’. 1  , i. e . , we have to replace one of the

vectors C c .,.  . . , C c . with a . As su m eq+l , j n j  q+l

= (a 1, . . .  ~
a q+l~ O q+z ,j C cq+z ~~ 

• ~0~ 1C cnj ) .

- c —  
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Then the  co lumns  of D~~1 
i r e  g iven by

c - ~q~~l , j
q+ 1 ,j + l 

- c ’ •~iq+l , j  q4- l

C ’ , d
i j  q4- l .

c. .  = c . - c ., i = 1 , ...,n , i � q .
1 ,3+1 i) c . q+1 ,q+1 ,j  q+ l

Thus  the vectors c . ,.. • , c . are conjuga te  if and only if c~ . a = 0 ,q+2 , j +l n ,j + l  1) q+l

1 = q+2 , . . .  , n , i . e . ,  if

E sPan ~ a 1,. .. ~~~~ C Cq+ l j J

?~ s imi la r  a rgument  applies  to the case where s . = cqj

Of course it is possible to construct a new set of conjugate  directions

which  form a basis of T . +i
. However , if q is much smaller than n , then

this  is a time consuming procedure ari d the resul t ing algori thm cannot  be ex-

pected to be very e f f i c ien t . Therefore , it is important  to develop an upd ate

formula for D 1 which allows us to easi ly ‘ t ransfer ” conjugate directions

from the subsp ace T . into the subsp ace T , 1  in the case where a new con-

straint  Is active at x . +1 . Such a procedure can be based on the following

lemma .

Lemma 1

Let r E {l ,. . . , n }  and let G be a symmetric  (n , n ) -mat r ix  such that

th ere are siectors

E

with

P~
GPk 

= 0 , 1 < i < k c z r

and

p G p .  > ~~~~~, i = l , . . . , r .

-6-
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(1
I A t  ~i E :Je such  t l i t

r p a

p ’G p .  i

Let I il , . . .  , r } . If P~ G p~ p ’ a - (p~ a )
2 0 , set

= , i = 1, . ..  , r , i � I

otherwise set

p ’ a( 1 - t p
~ 

a)
— 

p ’ a - P — t P a P1 i I , . . .  , r , i � I

where is ~ solut ion of the equat ion

G p~ p a  - (p ~ a)~~) + 2 t p~ a - 1 0

Then

11 a ’ q . = 0 I = 1,. . . ,r , i � I

1’)  q~ ~ 0 , i , k t i , . . .  , r } - ~~ I } , i � k

ui) q ’ G q. = p~ G p. > 0 , i = I , .. .  , r , i ~ I

iv) s p a r .t p ,  q . ,  i = 1 ,... ,r, i � I } = s p a nt p 1,. •

Proof.

Suppose p .  G p~ p a  - (p ~ o)~ = 0 . Since

r ( p a ) 2

p~ G p1p ’ a = p~ G ~ i~~1 P~~
G + (p~ a) 2

j � I

it follows that  p a = 0 , i = I ,. . . , r , I � I . Hence the first 3 s ta tements  of

the lemma are true . If p~ G p1 p a  - (p~ a) 2 
� 0 , then the quadra t ic  equation

defined in the lemma has two distinct real solutions. Set

(2 . 9) d = G p, d . = G 
~~~~ ~ 

= p~a , I = 1, . . .  , r

a n d observ e that  p a  = p d  and

p ’d , = p G = d ’ p~ = a ’ p = , i = 1, . . .  , r .

-7-
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Thus
~~ (1 - t~31)

= d 4 .  d ( p ,  - 

d’ p ~ 
- 1

~j PI )

d’ p . - 

~~~

. + ~ - t 
~~~

. d’ p
1 = 0 for I = 1, . ..  , r , i � P

Furthermore , for i , k ~ , . • • , r } - {2 }

~ ( 1 — t p2 ) 1~ (1 — tp
1

)
q~ G = - 

d ’ p ~ 
- tP

IPI
)’(d

k 
- 

k 
d’p 

d - tP k 
d
1 )

- t131 ) ~ . ( l  - 2
= Pj d k 

- 

d’ p ~k + d ’ p P k P,t + ~ ~i~ k ~~~~

_____ 
2 2p~d~ + 

~~~

, {t (d ’ p d~ p1 
- ) + t - I ]

= p G

This proves parts  i i )  and i i i )  of the lemma. In order to prove the last state-

ment  of the  l emma , it suf f ices  to show tha t  the vectors p, q1, . . . , q 1 1’ ~~~~~

are l inea r ly  independent . Let

Xp + X1
q

1 + ... + x1 1q1 -l + 
~ +1 + + X q  = 0

Skalar  mul t ip l ica t ion  with Gp and GP k , respectively,  gives

~
. p C p = 0 and X

k
pk G 

~~~k 
= 0

from which i t  follows tha t ~. = = ... X ~- = ... X = 01 1— 1 2 4-1 r

In order to show how this lemma can be used to construct a basis of

conjugate direction s for T~.1.1 we assume tha t aq+l is the grad ient of the con-

straint that  becomes active at ~~~~ Setti ng G = C , a = aq+l~ 
r = n - q, I = I

and P1 
= Cq +i j~ 

i 1, . . .  , r , we conclud e from the lemma that the vectors

( 2 . 1 0 )  Cq+i j+l = q. , i = 2 , . . .  , r

form a basis of conjugate  directions for

T j + l = ~x &x = 0 , 1 1 , . . .  ,q+ 1}

14-
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U s is ‘j i v e n  b y ( .~~. ~~~) , t h e n  the first q+l :or~strai~~t u are ar2tive ~t

x , m d  U ’ = (d  , . . . , m ( C c ( C cj + l  j+l 1 q+1 q1- .~,j+1 q+~~,j+1 
‘
~~~~

‘‘ n ,j+l n , j+1
Therefore , the r e :n a i n i n g  ~o 1umns  of D 1

1 are given by (see Step 5 of

the i lgo r i t hm w d  Lemrn .. .~d

pC
q+l ,j + l  P a q~ 1

c~ . a
- 

ij  q+i ‘ - Ij~~l 
- c

13 
- p~ a q+l 

P , i - , .  . .

If on the other  hand S . is equal  to C . , the q-th constraint is not

act ive at x
+1 . Thus we need a basis  of conjugate  direct ions for

T
~+I ~x I a ~x 0 , a ’ +1x = 0 , 1 = 1, . ..  ,q-1 }.

In order to apply  the lemma we observe that  by (2 . 6) the vectors

c ,,. .. , c . are con juga te  with respect to C and are elements of the sub-q j  n j

space

{xi  a~x = 0 , i = 1, . . .  ,q- l)

With G = C ~~~
a = a q+i~ 

r = n - q + l , 1 = 1  and P . cq l+i j~~
i . . .

~~
r it

foll ows from Lemma I tha t  the vectors

cq l +i j +j  = q. , i = 2 , . . .  , r

form a basis of conjugate directions for T*
1. Since

(2  I l l  D ’  = (a a a 0 C c 0 Cj +l l ’•~~• ’  q- l’ q+1’ q+l , j+ l q+ 1,j + l’ n,j+l n , j+l
the r ema in ing  columns of D .~ 1 are given by

C =q, j+ l  P ’ a q+l
c ! . a
ij q4- l

c , = c . .  - p , i 1, . . .  ,q -1
ii P ’ Oq~ l

So far  we have assumed that  C is positive definite . If this is not the

case and if s
~ 

= cqj it can happen that  s r C s , < 0  since then Q(x . - a- s ,)

-9-  
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is li R.~I I or .~t r i c t ly ~‘unc . ivc ~ no o p t i n i l  s u p  si~.e ex i st s  c c  ~ ew Co: .~tr~ m nt

‘~~~. on~e5 1 ~~~ V~: i t  x . Si 1 ~~ C ~ . 0 .i~ ~d u n o t  ~ pp ly [em r r ,~i IJ~~I ~j -ij -. 

. t l y  . ~iow~~ver . wc oh sei ve t h t  t he  vectors  ( s .. 101 on t ~~u uy d p p l y i n g

LL r n n l .  I to c . t ‘ .;e th ’ r w i t h
q f l , j  n j

a q + l
C .- c - —-~---— Pq+l , j + l  q j  ~

form a b i s i s  of con j u  ; i t e  d i r ec t i o n s  for T~ . I deed , sln .’e . 1 1  t r . rc~~ ve c t o r s

j r e  i:. j~~d s inc e  t h e  q, a r e . ;on ju gate  it su~ iIces  to sh ow t h a tj + 1 1

q~~C c . = q C p = O , i = ~~ , . . . , r .

Onserving that T
1 (x ~~x = 0 , i 1, . . .  ,q }  we conclude from (2 . ~ and

t h e ’  de f i : . it i o n  of D. ’ that q ’ C c . = 0 for all q c T . . F u r t h e r m o r e ,  s inceqj j+1

d’ q, = a ’ q it follows from (~~. 9) and part i) of th e  lemma tha t  q~ C p = 0 for

1 =

Since P C Cqj  0 we have

2( c ’ . a
(~i .l 2 )  c ’ , C c  . = c ’ . C c  ,~~~~~ 

qj  q~~ p ’ C p .q i l  ,j + l q+1 ,j + l  q j  q j  P ’ aq+l

If th i s  number  is posit ive , then  C is posi t ive def in i t e  on th e  subspc c . T~~1

As in the case of a posi t ive de f in i t e  ma t r ix  C , the ma t r ix  D
+i is given by

(2.11) .  However , since c , is constructed d i f f e r en t l y  p and  cq+l ,j+l q+1.j+1

are in general not conjugate . This results in a more complicated formula  for

the vec tors c
1 j+l ’~ ~~~~~~ 

(See Sten 7d of the algorithm). If (2.12) is

no t pos itive we choose

D~ =(a ’,..., a ,a .a ,O . C c  ..0 . C c  ,
3+1 1 q-l q+l q q+2,j+l q+ ?.,j+l ‘ n ,j+l n.j+ l

-10- 
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l’h~ ri ( see  Step Tn of the a l g o r i t h m )

a11 q+ l
‘
~i ,j+1 

= ~ij 
- 

P’aq.~ 
~~ 

= • ,

~;ou. that a is the (q+l)-th column of D~ even though the q-th con-
q J+l

~~~~ m t  is not active ~mt x . .  In order to correct this situation we choose s .
j±l j+1

parallel to C
qfl j+1~ 

Since (i,(x
1 

- o- s
1

) is concave no optimal step

size exists and  an i d d i t i o n a l  constraint is active at x . Thus af ter a

f in i t e  number  of steps we have either an extreme point (Step 7a of t he  algo-

: m t h r n ) Cu a pos i t ive  :iuinuer (Z .l~ ). (Step 7d of the algorithm). In either case

a is removed tion t he  n o on ’spo nd ing  matrix D~q j+v

3. Deta i lec  st a t e m e n t  of the a lgo r i t hm.

It is a s s u m e d  t h a t  the a l g o r i t h m  s ta r t s  wi th  a feas ib le  ext reme point  of

the set {x~ Ax < b) .  If s u c h  a point is not avai labl e it can be determined by

solving a l inear  programming problem .

We describe now a general  cycle of the a lgor i thm . At the  b e g i n n i n g

of the j - t h  cycle the fol lowing data  are ava i lab le:  a feas ib le  x , , the

gr a d i e n t  g ,  = c + Cx . of Q(x )  at x , ,  the  numbers  ~~ = 0 or 1 = 0

or I , the matr ix  D .
1 

= (c 1. , .  . c ,) and the set J( xi  = j a1. , . . . , ~~~~ .

The a1~ ’ s are nonnegat ive  integers . If a’. .  0 , then is a conjuga te

direct ion . If cr , . > 0 , then the cons t ra in t  wi th  subscript  ~~~ , is ac t i ’ . e at
1) 1)

x and the i-th column of D. is equal to the g rad ien t  of th i s  c o n s t r a i ~~t .

p . = I if and only if a new c o n s t r a i n t  became act ive at  x . 6 . is e m  to

I if  and  only  if s . C
2 

is a search direction u l ong  which  ci :.. is not

s t r ic t ly  convex . Step 7 of the a lgor i thm is used to deal w i t h  th i s  s l t I . I t l o .

F ina l l y ,  ~y .  = 0 or -l is determined In Step I of the  a lgor i thm . -
, = 0 i~~

—I l —

L~. .. . , 
~~~~~~

.  ,—-----—.
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m d  on ly  i f  the  search direct ion s . is such tha t  all constraints  active at
x wi l l  a lso be active at x .1+1
Step  1.

a )  Compute

c~ ,g .  for all  I wi th  a~~, 01) ) II
If

o ,g .  = 0 for all i with a • •  0i i  3 ‘3
go to Step ~b , otherwise set

s ~ ( 0 . . c ! .g .) c . , ~~~~. = 03 —‘ 1) i J j  i j  J
and go to Step 2 .

b) Compute P such tha t

c~,g, > ~~~~ for all I with a~ > 0 .ii I — ii j ‘3
If c~ ,g, < 0 , stop; otherwise set

s. = c 1 . ,

and go to Step 2 .

Step 2.

Compute

a~s ,, i 1, . . .  ,m

If

a s , > 0 , i l , . . . ,m

set

*
a- . = -

~~ 
;

otherwise ‘ m p u u  k such tha t

x - (b )
k 

a x ,  - (b)~~
- — 

a~j s  
-- for all i with a s ~ < 0

- 12- 
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~~~
- - . — .

~ ~~~~~~~~~~~~~~~~~

ond set

* 
a~ x - (b)

k
j  a ’ s ,

k j

Set

[ I if = 0

= ) -
~~ if S C s < 0 and y = -l

3 1 —  j
I g t s ,

Ls~C s  
if s ’ C s . > 0 and •

~~. = -l

Set

a- . = min~~a- , 6~.}

x , = x , - a- s . , g .  c + Cx .j+l j j j  j-i-l 3+1

I if
3 . 3 — 

I

~j+l 0 if cr . > a - . .
1 1

If 6. = I go to Step 7a, otherw ise do the follow ing. ~ 0 and ‘y. = 0 ,

go to Step 3. If p .
~~1 

= 0 and 
~~

‘ . = -I , go to Step 4 . If 13 .+i 
= I and 

~~~
. = 0 ,

go to Step ~a . If 
~
3
j+l 

= I and y ,  = -1 , go to Step 6.

~~~~ ~~j+l 
= \ .  = 0 . ri o change in set of active constraints)

Set

- D ’ 
, J(x

1
) = J (x ) and

1~ = 0.. for all i with Qn. = 0i , j + I ii ii
Replace j wi th  j~ l and ~o to Step lb

~~~~~~~~~~ ~ = 0 - I ‘dropping a cons t ra in t” )

Set

c. = c . for all  I with ~ - = 0
i , J + 1  1) ii

c . = c ,

— 1 3 —

_______________________________ ..



c’ ,(g. - g .  
~

= - —4~— h— c - fo r all i � I with a , . .- 0

i , j+l i~ c2 .(g .  — 
~~~~~~~~~~~ ~~

- = ..m .~~~ i l . . ., n , i . � I
i,j+l 1.1

a . = 0
I , j+I

0 . = 0 for all i with a , , = 0
i ,j+l i j  I )

0 . = [s~~C s ]
4

I ,j + l j

(c 1 j+l ’” ‘0
n , j# l~’ J(x 1+1

) = {a i , j +l ’”  ~~~~~ , j + l

Replace j with i+1 and go to Step lb.

Step 5 . = 1 , ~~~~
. = 0 , ‘ adding a cons t ra in t”)

a) Choose any P e {l , . .  . ,ri} such that a1 . = 0 and compute

p . 
‘
~ (0 . .  c~ , a ) c . .

a — 0  ij i j  k ij

1)

Set a1 
= k and go to Step 5b~ ,

b) Compute ~ 
= p~ a~ . If 

~~~~

, - 0!.( c
~~. a k

) 2 
= 0 , set

c . - = c , . for all i with a , . = 0
i ,j + l ij

and go to Step 5c), otherwise compute

-e . c ’ . a + ~io .~~~~.

= 
2 )  I j  k 2 )  )

j 2
- O I 1

(c
~ J

a k
)

set
c~ . ak

c1 j+ l 
= ~~ - (1 - t~c~ ~a fr ) P~ - (t

~
c
~J

a k )c,

for all i with a. .  = 0 and go to Step Sc)

c) Set
p j

c,~~+i 
=

c’ , a
c , = c. - - 

~
-
~
- 

K p . for all i � I with a~. > 0
i,j+1 1) 1

-14- 
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-.-~~~~~
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, 
—

- . , i = l , . . . , n , i � Pi ,j~ I m l

u kI , j +1

0, . = 0.. for all i with a~ . = 0
i ,j+l ij  i,j +l

9+1 
= (c 1 . 1 , . . .  ~

c
~~~ +1

) J( x~) ~~~~~~~~~~

Replace .1 with j+l and go to St3p la

Step 6. = I , ~~~~ = -l “adding and dropping a constraint”)

If s’Cs , < 0 , go to Step 7a , otherwise set 6 j +l = 0 and

= (s~ C ~ ,) 1
• Compute

~ ~~~~~~~~~~~~~~~~~~ + (O I~
c

J
a k

)c
,J

and go to Step Sb).

Step 7.

a )  If = 0 for at least one I go to Step 7b) ,  otherwise compute

c .Ij
- 

~~~~

c ’ , a
= - ~J k  c1, , 1 = I , . . .  , n , 1 � P

Set p
~~~ 1 

= 1 
‘ 

6
i+l 

= 0

j +l = a • ,  , i = 1,. . . , n , I � P , a1 i-F l = k

J(x~~1) = {a i +i~
. .. , an .+i } , 9~i 

= (c
1~~ ÷1~~. . .  ~

Cn j+l)~

Replace j with i+1 and go to Step lb.

b) Choose any r E {1, . .  . , n }  such that a , = 0 , and compute

~ a~~=0 
( O IJ clJ a k )c IJ ~ 

Wj =

and

-15-
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p .
C ~~~~~~~~r ,j + I

If  ~.. - 0 ( c a  ) 2 
= ~ , set

3 rj r j k

= c . . , for all i �r with a , ,  = 0i ,j+l i ,j

and go to Step 7c , otherwise compute

-0 c ’ . a -F ~~~~~~~~~~~~
— 

I j  i j k I j  J
- 

~~~~

. - 01,(c~ . 8
k
)

Set

c~ . aij  kC
1 ~~ 

= c
~ 

— — ,~~——— ( l — tjcrjak)PJ 
— (tjcjjak)crj

for all i � r with a~ , 0 and go to Step 7c .ii

c) Compute
c’ .a

c1~~~~1 = c1~ - 
I j k  and c

~~~ +1 C c,~~ ÷1
If c~ - C c1 ~ 

> 0 , set 6. 1 = 0 and go to Step 7d) ,  otherwise set, J +  , J+

1 compute

= ~~~ , , - 

~~ 
p . for all I �I with a . ,  > 0i ,j + 1  iJ Li , 3

a nd go to Step 7e)

d) Set

0, ,j + 1 
= Ec~ ~~ 

C c1~~~~1]~~

Ij  k
= 0

, i [c
~~~ ÷1 

C c1~ - 

~

, 
c

~~ 1+1 
C

and
c~ .a

c
~ ~+1 

= c1~ - —

~~~ 

i’— 

P
1 

- ~~ c, j +l for all  I I with a
11 

> 0

and go to Step 7e

- 1 6-



t )  S i t  Ij I — — Ij + l  j + l

i = 1 , . . .  , n , i � 1 , i � r

a ,
r ,j+l

if 6 . = 1j + I
1 3+ 1 

= 

0 if 6
~+~ 

= 0

Set 0 . . = 0 . . for all  i �f with a, , = 0i ,j + l  ij

J(x~~ 1
) = t a 1 ~~~~~~ 

an j +  l~~’ 
D~~ 1 = (c 1 j + l ~~~~~ 

~C j +

If 6 = 0 , replace j with j+ 1 and go to Stepla .  If ~~~~ I = I , set

= 

c1~~ + 1 if ~~~~~~~~~~ ~ 0

j+I 
~
c
1~~+ 1  if c

~~~+ 1 ~~~ 
< 0 .

Replace j wi th  j+ I and to to Step 2 .

Remark.

It follows immediately from Step 2 , th at  every x . is feasible . Further-

more , if 5 . is determined by Step 1, then g ’ s . > 0  and Q(x .+1 ) <

unless a- . = 0 . This could happen if several new constraints became active

at x , since only one is used in the update procedure for D~~1. If S . is

computed in Step 7 of the algorithm , the n Q(x . - a- s .) is concave and

g ’ s . > 0. Thus we have always Q(x ,~~1
) < Q( x .) .

-17 -
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______________________________________________
-I . Termination properties.

In this section we prove h i t  t h e  c i l g o r i t h m  t e r m j r r l t I s a f t e r  i f i ’ . i e

number of steps with a stationary point . The fo l lowing  le m ma e s t ij u l i s  h i- ,

the properties of the matrix D. ’ on which this result is based .

Lemma 2.

Le t D 1 
= Cc , ,  . . . , c ) ,  J(x .) = (a 1 , ,  . . . , a ) and U be d e t e r m i n e d

by the algorithm . Set

T . = (x I a ’ x = 0 for all i w i th  a ,~ > 0J .3 11
Then

i) T . = s p a nj o  al l  i with a , ,  = 0)J ii ii
c~ . C c . . = O ,~~~> O , c~ , C c  = 0  for all i � kij  ij  ij  ij  kj

with a , ,  a , = 0 ,‘1 kj

i .e . the vectors c , ., for all i with a , .  = 0 , form a basis of conju-1) ii
gate directions for T ,

i i)  c ’ . C c , .  = 0 for all k with a , > 0 and all i withkj  ij  kj
a , ,  = 0 .ii

iii) a ’ c , .  = 1 , a ’ c - 0 for all i ~ k with a , ,  > 01) a
1

, k j  ij

and ak .  > 0

Proof.

The proof is by induct ion . Since x0 is an extreme point the lemma is

tru e for j 0 . Supp ose it is true for j > 0 . If Step 3 of the algorithm appli es

D~~ 1 = D 1 
and there is nothing to prove . In the case that  Step 4 of the

algorithm is used we hav e

T. (x I a ’ x = 0 for all i �1 with a, ,  >0 )j+I a,, 1)13

-18-



and

c . . -~ c for i = I and al l  i wi th  a , .  0i ,j + l i i  3 )

Th i s  proves the f i r s t  p art  of the  lemma . Furthermore , c~ . C c . 0 fori , j + ~ k ,j f ~
any k ~ I with c~ , > 0 and any  i with a , . = 0 because C

I
. C c . = 0 and

k j  ij  kj

C . 0 . The l as t  s t a t e m e n t  of the lemmas  follows from the observa tion
i j  Ij

t h a t  d ’ c . = 0  for any i � ! .
~~ . Ij

13 1Now suppose D + I is determined by either Step ~~~, 6 or ~ c . Then the f i r s t

part of the lemma follows from Lem ma I . For every i � I with a , ,  = 0 and
ii

every v with a . > 0 we have

c ’ -

~i , j + l  C ~~~~~~ = cj~~~~1 C 
~~~ 

- 

~~ 

c~~~~ 1 C

The f i r s t  term on the r i gh t  hand side of this  equal i ty  is zero since

sian {c
1~ 

all i with a
13 

= 0)

the second term is zero because , by Lemma 1, C . , and p. are conjugate

with respect to C . The las t  s ta tement  of the lemma is obvious since p ,  € T ,

If Step 7a applies , then x .÷ 1 is an extreme point and D~~1 
has the

required properties. Finally assume tha t Step 7d is used . Part i) of the

lemma is a consequence of Lemma I and the equality
C

~~. a
k

c~~~~1 
C c

1~~+ 1 = c~ C c
1~~~ 1 

- 

~~~~ 
P~ C c1~~+ 1 = 0

for all I wi th  a , ,  = 0 . Furthermore ,
‘3

c ’ , a
cj j ÷ l C c v j + l = c j j ÷ l C c vj ~~~~~~~

k
cj j + lCp j~ p~ j c; j + lC c I j ÷ l 0

for every 1 with a,, = 0 and every v � -1 with a , > 0 . The last statement
‘3 vi

of the lemma is true because

a’ p . = 0 and a ’ c , = 0
a , ,  j a . .  I , j+ l

11 ii

for every I ~ I with a11 
> 0

- 19-
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The fol lowing two lemmas give conditions under which x . 1  is a

.~uas i-stat ionar y point .

Lemma 3.

i) I f  a- a-~ ~nd S is determined by Step Ia , then x .~ 
~ 

is a quasi-

stationary point .

ii ( If a- . < a’* , x , is a quasi-stationary point and S . IS determ ined by

Step ib , the n x~~ 1 
is a quasi-stationary point .

Proof.

i) It suffices to show that g~ c , , = 0 for all i with a, . = 0. We have
j+l ij

~~~~~ 1 
= - c~~. C S .

= c~~,g. - c~~. C 
a. .=0 

0, .c~ .g.)c , .

= c~~,g, - 0kj ckJ 
C C

ki ~~ ~ 
= 0

f or  every k with aSk .  > 0

ii) Since x . is a quasi-stationary point

c~ ,g, = 0 for all i with a,. = 0
13 3 1)

Thus s , = C - and c ’ , C c - = 0 for all I with a , ,  = 0 implies
j Ij lj Ij

c’ .g = 0 for all i with a , ,  = 0

ii  j +l 1)

Finally, c~ . ~~~~~~ 0 since a- . = g~ s1
/s C s .

Lemma 4.

1) If a- i 
< a- *, then x .+i is a quasi-stationary point

ii) If x . IS not a quasi-Stationary point , then either x 1 is a quasi-

stationary point or there are more constraints active at x1~ 1 than

there are at x
1

iii) For every i at least one of the points x ,, x , 1,. . . , x
1~~~~1 is a quasi-

stationary point.



- -~-- — -- ~~~~~~~~~~

Proof.

i) I f  a- . < a- * , then 5 cannot  be determined by Step 7e . Indeed , if 5 .

is determined by Step 7e , then 
~~

‘ . = -l and 5 ’ C S . ~ 0 . Thus 
~~~ 

=

a nd a- , = a~ ’3 1

Since x
0 

is a quas i - s t a t i ona ry  point , it follows from Lemma 3 , tha t

the statement is true for j = 0 . Now a s sume  tha t  the s ta tement  is true

for j - l . Then ei ther  x , is a quas i - s t a t i ona ry  p oint  or S
i 

IS determined

by Step I a ) .  In e i ther  case it follows from Lemma 3 , that  x . +1 
Is a

quasi-s ta t ionary  point  provided a- . < a-* .

i i)  If x . is not a q u a s i - s t a t i o n ary  point , then by the first pa rt of the

lemma , a- , 1  = a-~c
1• Therefore , is ei ther determined by Step I a  or

Step 7e . In e i ther  case al l  cons t ra in ts  t ha t  are active at  x , will also

be ac t ive  a t  x~~1 a r id  the  s t a t ement  follows from part 1) of the lemma .

i i i )  Since every extreme point of {x I Ax < b} is a quas i - s t a t iona ry  point

the  l a s t  s ta tement  of the lemma follows immedia te ly  from part  i i ) .

Theorem.

The a lgor i thm t e rmina t e s  af ter  a f in i te  number  of steps with a stat ionary

point .

Proof.

Suppose the algorithm terminates with x , . By Step 1 of the algorithm

either a- i - I  <o - *~ or c ’ ,g .  = 0 for all I with a , ,  = 0 . Thus using part I )

of Lemma 4 we see tha t  x . is a quasi-stat ionary point . This means tha t

ther e are numbers  such that

= VQ(x ,) = 
~~

- 
X . 8aIj

ii

-21-
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Since by Lerr t: i ~t , ari d St t .’p I o~ the .i l j or ith m

= LJ ’ c .. C ’ j ,  < 0 t or  a l l  i ‘i i m t h  ? 0
i j ~ 

— !j ,i — ii

the  K u h n — ’lu . .:k e r — c o n d i t i o r s ~J r u  .~ t m s f i e ’ : ;  i . e . , x . 15 a S t - m t i u : :ry p o in t

If  C is posi t ive d e f i n i t e , t h e n  t h er e  i r e  only f in i t e l y  m a n y  quasi —

stationary points . If C is not positive definite then there can be i n f i r i t c l y

many  q u a s i - s t a t i o n ar y  po in t s . However , there  are only f i n i t e l y  m a n y  with

d i f f e r e n t  va lues  of C~( x ) .  I f  x , is a n y  q u a s i - s t a t i o n a r y  point  such  tha t

� then  Q(x . 1 ) < (
~dx . ) .  Therefore , it  follows from part i i i )  of

Lemma -4 . tha t  the a l .~or ith m t e r m i n a t e s  a f t e r  a f in i te  number  of s teps.

Remark .

A numer ica l  s tudy  involv ing  the method given in this  paper and several

other algorithms for quadratic minimization problems is currently undertaken

at the U n i v e r s i t y  of Waterloo . The resu l t s  will be reported elsewhere.
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