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Near the end of the nineteenth century, Boltzmari n (1894) noted in

his study of the l inear d i f fus ion  equation , that the two ind epend ent vari-

ables space x ~ind t ime t could be combined into a nr ’w independent

variable ~ where ~ ~(x , t) . With this relation , the diffusion equation

which is a par t ia l  differe ntial equat ion (PDE) could be transformed into an

ordinary di f ferent ia l  equatio n (ODE). Bo ltzmann had the ‘Ansat z ” that

the new variable should be ~ = x/ .~JT

At app roximately the same time , Sophu s Lie (1881) attempted to

construct a general  integration theory for differential  equations utilizing

the theory of algebra. Using the idea of continuous groups of transfo r-

matio ns , he was able to reduc e the ord er of an ODE and in some cases

obtain a solution. Although not developing a general integration theory ,

he also examined some first  and second order PDE.

In 1952 , Morgan (1952) and Michal ( 1952) presented an interesting

simplifi cation of Lie~s work to obtain a complete picture of the group

structure of partial differentia l  equations. Using their Ideas , as

t On leave from the University of Iowa.
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su r n m r~riz ~ d in the books by Ovsj an nikov (1962) , Ames ( 1965 , 197~ ) ;~nd

Bluman and Cole (197 !) ,  it is now possible to remove the myst ique sur-

rounding Bo ltzm ann ~s ‘Ansat z ’ and , in fact , have a methodical pro cedurr~

to construct self similar  var iables F~ - E,(x , t) and to examine the self-

similar behavio r of partial d i f ferent ia l  equations.

An alternative approach to examine the self similar behavi -~ ~

PDE is to use the ideas of dimensional  analysis  to construct the sd ’

similar variables. This approach , as out li nad in Sedov (195 9), doe s not ,

however, yield the extensive opportunities that the group theory approach

affo rds and will not be discussed further.

To date , the major application of self similar analysis  has been

rest ricted to the areas of fluid mechanic s and heat tr ansfer where exten-

sive appl ication to boundary layer phenomena has been made. Applica-

ti on to physiological and electrical circuit problems ha s also

recently been discussed (Shen (1976) , Lonngren et al. (1975)). Plasma

physics is rich in phenomena which fall into the self-similar category and

should receive equivalent attention . To date , it has not. It is to this end

of stimulating our colleagues that this review is directed.

In Section II, the detailed procedure to obtain the self-similar vari-

ables and the resulting ODE will be presented. We shall focus on the

linear diffusion equation as being the vehicle to lead to an understanding

of the procedure . Certain constraints imposed by either boundary or initial

conditions or by conservation laws will be discussed.
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In S~~~ t i r j r i  III , this  procedure sh all be app lied to several problems

which i € -  found in plas ma physic s and that we have treated , main ly  with

colleagues at Iowa . They incl ude :

( 1) One -dimensional  d i f fus ion  where the d i f fus ion  coefficient is

nonl inear  or inhomogeneo us as might be found in an electron cloud ex-

pans ion , multipole experiments , or in studying the evolution of the distri-

bution fu nction of pa rticles in p lasmas supporting variou s aperiodic in-

s tabil i t ies;

(2 ) Diffusion in more than one di mension with the inclusion of a

preferred direction of dr i f t ;

(3) The Korteweg-de Vries equation which can be used to model ion

acoustic waves;

(4) Sets of ion acoustic wave equations;

(5) The Vlasov model of a plasma.

In each of the problems that is discussed , ref erences to other

theoretical and experimental work will be made.

Self-similarity is not the panacea to solve all problems. Some

dif f icul t ies  that we ve encountered are that the ODE with t ransformed

boundary conditions may not be amenable to solution , neith er analytical

nor numerical. Second , if solvable mathematically , the solution may not

de scribe a physically interesting phenomena. Third , the technique is

li mited to problems where no scale length nor time scale such as fixed

boundaries exist in the problem.

- 3 —
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II Self-Similar  Procedure

In order to find the s imi lar i ty  variables , we make use of a theory

growing from the Lie theory of groups where it has been shown that the

si milari ty variables are Identical  to the invar lants of a particular one

( or more) parameter group of t ransformations.  We shall briefly outline

the procedure , detail s and re ferences can be fou nd in the text s by Ames

(1965 , 1972). We shall examine the one -dimensional linear diffusion

equatio n:

p xx - p t = 0  (1)

where the subscript s denote different iat ion with respect to x and t

We shall define a one parameter (“ a ” , a is positive and real) group

G as:

a-

p = a  p

G=~ x = ~~~ (2)

L t = a~ t

This is called the “linear ’ group. Other groups exist and there is a

“ most general” group called the “in f ini tesimal  grou p” . This latter group

yields all possible similarity variables but one is soon lost in a sea of al-

gebraic formulas that it is difficult to discern the procedure in the reams

of scratch paper. One can refe r to Ames (1965 , 1972), Bluman and Cole

(1974) or Shen (1976) for examples. It is not , however , entirely hopeless ,

as computer programs can now be written to handle large arrays of

-4-
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s i m u l t ~~u u s  sv m b o l i  ~i l ~~~b~ j c qu I ? i ons .

In (
~~~~. ~~~, ~3 , i r iq ‘~ ir con.~t n t s  whi i -h are determined such that

( I) is “( ab s o l u t  ly)  c on s t an t  conf r m a l l y  i nva r i an t ”  under  the group G

(Ames  ~~~~ 197 .~). A fun ~:t ion F (y)  is said to be ‘ consta nt conformally

inva r iant ’ ( CCI )  under  G if f ’(y) = f ( a )  F ( y )  where f (a )  is some

func t ion  of the parameter  a . If f ( a )  1, the constant  conformal in-

vu iance  is called “ absolute ’ . (ACCI)

Subs t i tu t ing  (2)  in ( 1), we write

- a- ’j -

a - a P f = 0 ( 3 )

For (3)  to be ACCI under  the t r a n s f o r m a t i o n  grou p G one requires

( 4 )

or = 2p . We shall defer  unt i l  later the further specification of these

cons t an t s .

Instead , we now seek to dete rmine the ‘ invariants ’ of th e tra n s-

formation group G . This is achieved by employing a theorem from group

theory (Ames ( 1965), (1972)).  The invariants  are obtained fro m QI 0

where I is an invariant and Q is the operator

a ax a af a

a= l a= l  a= l

a a a
= - a p~~— -~~x~~~ - ‘yt~~1 . ( 5 )

-5-
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The so lu t ions  of QI 0 ir ~ obtained by solving the L agr r i nge  su b s i d i ~~ry

equat ions

-a p - ~~X -~~t 
.

According to the theorem developed by Morgan (1 952) ,  these  in-

va r i an t s ” are the self s imilar  var iab les .  Solutions of (6)  are

Q(~~) = and 

~ 
. (7)

From (4) ,  we found tha t  ~3/ y = 1/2 . Therefore the Bo l t zmann  t r ans fo rma t ion

is recovered. Note that  we could have combined (6)  in a d i f ferent  order

and obtained

(
~~~~S )  = f~ X~ and ~~~

‘ = ( 8 )

Having found the se l f - s imi la r  variables , let us t r ans fo rm the PDE

(1) us ing the self s imilar  variables (7)  into an ODE. The result  is

- (9)

or

+ 2(~~/2) 
~~ /2 

- = 0.  (10)

Writi ng the ODE in the form (10) allows us to recognize that its solution

can be written in terms of complementary error functions (Gautschi  (1964))

= Ai 
‘
~ erfc (~ - )  + Bi ~ erfc(-~~/Z) (11)

-6-

~ 

--— — , .
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



p1_•~ 
— -

~~~~~~~~~~~~~~~~~~~
-- ----- - — —. - -

~~~ 
-.--—

~ ~~~~~~ 
_ _ _ _ _ _ _ _

.~-h N ’ i is in H er ing  p ir im e t e r  and

-1 2
1 ~rfc ~~ — —

\1 7r

i° erfc ~~/ [: erfc (12)

n n - ii er f ~ ~ = 5 i erfc  t u t  n = 0 , 1, 2 

~ /2

At th is  stage , the p aramete r  a/~ is still a rb i t ra ry .  We shall speci fy

it to s a t i s f y  boundary condi t ions  or a conservation law. We note that  two

boun d ary condi t ions  on p (x , t) have necessari ly “ consolidated ’ into one

for o , namely

p (x = ~~, t) = 0~~

~~~~ ~~(~~= c )  = 0 ( 1 3 )

p(x , t = 0) = 0 J
The third boundary condition could h ave one of two forms which would yield

self s imilar  solutions.  They are

p(x  = 0 , t) = constant (14)

pdx = constant . (15)

Since p(x = 0 , t) t r an s fo rms  via (7)  to ~ (~~=0) ,  we note that  (14) requires

that  a/y = 0 . The self s imilar  solution (11) for this boundary condition

is

-7-
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p Q A i r f (~~ 2) = A ~ r f (  —
~~~

-— ) (16)

where the cons tan t  B = 0 in o r d r - r  to s i t i s f y  (13) .

Al though  not proven to ,ur  kn ~ w1edge but genera l ly  accepted as a

“ S i m i l a r i t y  Pos tu la te ” ( Moran - m d  Gaggiol i  (1969)) ,  the conservation law

given in (15) should be i n v a r i a n t  under  the group t ransformat ion  in order

to have s imi l a r i t y  so lu t ions .  Applying ( 2 )  to (15), we write

f
0

P dx = a~~~ d~~ . (17)

For th is  to be ACCI , we have

y

The self s imilar  solution (11) that  sat i s f i es  this conservation law and (13)

is

p (x , t) = = 
Z A ’  

e -x
2
/4t ( 18)

\j t  “ J Tr~~ j t

where the con stant A’ can be dete rmined by evaluating (15) using (18).

The proced ur e, a s described in this section will be applied to

several examples found in plasma physic s in the next section.
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I I I  ‘o - p 1i~~~t i - n s  ~o P i i s r n  P h y s i s

!‘ l - s ~ s ~r -  r~~r t i ’ u l - r l ’  i n -  r i  a r - i  r i m i t ~u l  -~r - i  i n wh i n h  t i

; - l v ~h -  u T h  s i u i l  ~r ~~- - h r i ; u - . Thi s  is - : r t l  u i - n y  t r w -  when it  can h~

~u - ~ ~h t rh ~-~ - - is n~ s c - u i 1 n q t h  th~u~ is i n r V o t - n t .  H ’~~’ -v~ r , there

u s i  u l l y  1 s : t - 1 - v ~in t  sc u I ~ l~-o~j t h  sw -h  u S .  h r  fDeb y l i - r iq th  in most  p lasma

pr~-h L - rr . s , ~t l e i s t  in som~ i n i t iu l  ~;t a g o .  The se!~ s imi lar  ana lys i s  may,

in :h s-i- oases , y lo ld  ~
- -u  lu- ~h 1 - in 1 tm .ti ~~n ~cr sorw - a u y m p t o t i c  sUit e

( B arr ~? n b l a t t  and Ze l dovich (1 ( 72 ) ) .

1 i  t hc- fo l l nv ; ing , we shal l  select several examples  from p lasmas

w h i~~h dl m t  the  s e l f - s i m i l a r  cl .r r s s .  To ana lyze  each problem , we follow

the r r  - -h i re  g iven  in Sec t ic r i  U arhi only describe the physical  phenomena ,

l i st  th~ - PD L , th n  self  s imi la r  v a r i . i h l o s , the ODE , and if possible , the

so1ut i~~n t .  the ODE - i ’ith out  r e p e ut i n g  the procedure for each problem.

P � f r r ~-nce s  for each problem are also presented.

A. Line~ir l -D  Di f fus ion  E quat ion , Inhomogeneous Di f fus ion  Coefficient

In s tudies  of the evolution of the d is t r ibut ion  funct ion of particles

in p l a smas  support ing var ious  aperiodic ins tabi l i t ies  or in calculations

inva lving the forward scatter ing of photons by plasmons , it has been found

tha t  the problem could be modeled with a d i f f u s i o n  equat ion (Peyraud and

Coste ( 197 6 ) ) .

[X
m 

~~ 
. (19)

Using  the l inear  group G ( 2 ) ,  we find the self s imilar  variab ies to be

— q —
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Lo u t i o r  ( 1 ) t r  u n s H r m s  to

m
— —_.

~
-— (~ 

-
~ ) (2 1 )

r n - 2  E

Fh . r e c u i r l -m e n t  of “ consolid ir ion  (1 ~) s p ec i f i e s  tha t  > 0 ory 2 - r n

The c o n s t a n t  ~ y can be sp e c i f i e d  to s~i t i s fy  two boundary  con -

r i i t i o ns , namely ( 14) and (1~ ). The solut ions  for the two oases p(O , t)

c o n s t a n t  and 5 p dx = cons tan t  are (Lonngren  ( l ~~7~~) ) :

:(x , t) = K exp 
L-(~

1
~2)j d~ - 1) ( 2 2 )

and

p (x , t) = l/ ~~ -rn )  
exp [ X 

( 2 3)
t t ( 2 - m )

respect ively and where K is a cons tan t .

As the d i f fu s ion  equa t ion  can be also used to model a d is t r ibuted

PC t r a n s m i s s i o n  line (eq. Lonngren , et al. ( 197 5)) ,  there can be a prac t ica l

appl icat ion of this  resul t .  In part icular , let us assume that all the capac i tor u

have the same value and the res is tors  are distributed inhomogeneously

such that  R — P~ 
-m If such a line were constructed and it were suf -

ficient ly short such that exponent ia l  term in (23 )  remained approxim ate ly

cons tan t , then the voltage response of the line to an impulse  source would

L 

-10- 
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rt  i o n - u i  to  i ~~ . Such a l ine  has  been used in biomedical

i u r I i ~~~t i ’ - n s  for t h e  v - du e  m = 1 (G agne  and Poussar t  ( 1 9 7 6 ) ) .

B .~~~~~~~~ — - u l i n r ar 1 — D D i f f u s i o n  L ou ct i o n

:~~v en - 1 r . h i -n m e n -  in p l a sma  physics  can be modeled with the

nonl i r :u r r i f f u s i o n  -cua t ion .

Ip n p~~I~ ~~~~~ . (24 )

F or  ox mc lc :  (1) Recent  e x n r r i m e n t s  in mul t ipoles  have confirmed that  in

c e r t a i n  regions , t h -~- d i f f u s i o n  coef f ic ien t  for par t ic les  across the ma-c r.°t i c

field depend s on ( the dens i t y  of the part ic les)~~~
2 . (Drake  (1973) ,

B e r r y r n a n  ( l 9 7 6 ) ) ; ( 2 )  In s tudying the skin  current  penetration into t u rbu l en t

u l u s m a s  where the conduct ivi ty  depend s on (the local electric fie 1dY ~

( H ir o s e  et ci .  ( 1970 ) ) ,  i t  h a s  been shown tha t  the governing equat ion  is

of th c  form of ( 2 4 )  (Hirose  and Alexe ff (1973)) .  An examinat ion of this

ecua t ion  allowed us to comment on penetra t ion t imes under various s tages

of ion acoust ic  turbulence  (Lonngren , et al. (1974)).  (3) As the conduct iv i ty

of the tu rbu len t  plasma saturated with increasing field (Hirose et al. (1970) ) ,

we could model the conduct ivi ty  as a- — o-~ exp ( -E )  and have been able

to obtain (24)  with n = -1 . ( Arimadi , et al. (1976)).  A s imi la r  equat ion

describes the expansion of a Maxwellianized electron cloud into a

vacuum (Lonngren and Hirose (1 9 76)) .

For these problems , the self similar variables are of the form

—1 1 —



- ~~~~~~~~ ~~~~

and c -  p (2 5 )
-1 )

where the para meter ~3 ~~ is chosen to s a t i s f y  the boundary condit ions or

conservation laws and ~ s a t i s f i e s

+ - ~~~ (2~~ - l)~ = 0 . (26)

Again the boundary cond itions (14) and (15) can be applied. Using

( 15), we find that  ~3/~ = - ~
— (2 ~/‘y - 1) and (26)  can be directly integrated

(Ames (1965) , Gilding and Peletie r (1 976)) to yield

~~~~ ) =~~ (27)

where = [Z(n÷2~ 
1/2 

n > ~

This could be considered a “ sharpfront ”  sol ution in that

= 0

(28)

d4 ’~~ - 0d~
~

For -2 < n < 0, say n = -1; the solution is

-12-
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r —~~ (29)

2 
t [_

~~~~~ K1

~‘h j ch is v di d f i r  ~ 0 as x ~ (L n n g r e n  and Hirose ( 197 6) ) .
p dx

T~ a ; p l y  the second h ound ry  - - ‘ i d  i t i o r i  ( 1 4 ) ,  it is convenient  to

i t  ~~ E 

- ‘ 

~nd note th t the c o n s tan t  ~/y = 1/2 . Equat ion  (2 1 )  be-

cnrn r - s

fl 
€ ~~~~ ~

- — -  = 0 . (30)

The solut i on t on n = -1 wi th  the boundary  condit ions  ~~~=0) = 1 and

~~ ~~r)  = 0 h i s  been t r e at e d  by F uj i t a  and is described in the classic

book by Crank  ( l 9 r ~1). Approxim P -  so lu t ions  were recently discussed by

Ahmad i , et al .  ( 19 7e ) .

Solutions of other one -dimensional  d i f fus ion  equations have been

given by e .g .  Phi l l ip  ( 1 9 t 0 ) ,  Singh (1967) , Swan (1 976) and Tuck (1976)

~nd should be r e f e r r e d  to.

C. D i f f u s i o n  In More Than One Dimension

In several  cases  in p lasma physic s, it is important to examine

d i f f u s i o n  of part icles in more than one dimension and in cases where the

p ara l l e l  and perpendicular  d i f fu s ion  coeff ic ients  are not eq u al , pa rallel

could be in t e n n r n t e d  as being along an external  magnet ic  field. In su ch

cases , the l inea r  d i f f u s i o n  equa t ion  becomes

+ wp = D 11 ~xx + D V
2

p ( 31)

- 13 —
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where w is a dri ft velocity. As D11 and are assumed at this stage

to be linear , we can re norma lize the transverse coordinates such that

— 2  2
D1V1p =  D 11 V1p . ( 3 2 )

In addition , let t ing

_ _  

2 1
p = N eXP LZ D ~ - 4D 11 ~J

(33)
T = D11t

(3 1) becomes

N = N ~~~+ V ~~N .  (34)

Using the procedu re outlined in Section 11 with the addition of two

te rms to the group G (2 ) ,  it follows that the grou p invariants are

x y z N (35)
a/’y

SJ T ‘~J T  ‘J T T

where y and z are in the transverse direction. Substituting (35) in

(34) , we obtain

~ 
+ + = + (36)

“ 2  2where V indicates V in the transformed trans~ erse variables ~, and

We shall examine the conserv ation law only (15) . For this problem ,

it generalizes to

-14-
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5 N d x d y d z  = constant (37)

which implies that  a/y = - 3/2 . Usin g this in (36) suggests that we

wri te

1 “2
- 

~~
- [( + (~~~~)~~ + (~ L4 ~) ] = + V 4’ (38)

which is amenable to a treatment using separation of variables and inte-

g ra t ion .  Note that  if the problem were posed in cylindrical coordinates ,

the proper conservation law would be

5 N d r d x  = constant (39)

as there is a fixed scale length of 2rr in the third coordinate. This im-

plies that  a/y -l

The procedure that follows is straight forward and will not be re-

produced here.  In cylindrical coordinate s, we find

2 2 2
p = 

~~~~~~~~~~~~~ 
io 

( 
8D~~t) exp 8D~ t - 

4D 11t 
+ 2D 11 

(x - ~~~~~~~~~~~ (40)

This agrees with a result of Eastlund (1966), who examined diffusion in

a Q -machine.

This diff usion equation (31) has found importance in several non-

plasma areas also. We cite as examples : Dispersion in uniform porous

media flow of ground water (Shen (1976)) and in the spread of cancer in

the uteru s (Swan (197 5)). Extensions to nonlinear and inhomogeneou s

problems would be worthwhile as we ’ve observed in the one dimensional

case.
— 15 - 
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D. Korteweg de Vries Equat ion

Considerable at tent ion has been given to unders tanding  the Ko rteweg-

de Vries equation.

P t ~ 
+ 0 . (4 1)

For example , Washimi and Taniuti  (1966) showed that  the low frequency

ion acoustic wave could be modeled with this equation as a first approx-

imation for inc luding nonlinear effects.

Usi ng the linear group G, given in (2) , one computes the self similar

variables to be

= and 4’ = ~~~~ (42)

where 4’ satisfies

2
4’ ~~ 4’ + ~~ + ~~~ 0 . (43)

A di scussion of the solution of (43) is given in Berezin and Karpman (1964).

Two extensions to this solution have been given. For cases where

the nonlinear term in (41) can be neglected , the self similar solutions

for (41) can be written in terms of Airy functions or integrals of Airy

functions which have the argument of the similarity variable (42). These

two solutions satisfy the conservation law (15) and the boundary condition

(14 ) re spectively (Ikezi , et al . (1974)).

The second extension by Shen and Ames (1974) uses the infinitesimal

group rather than the linear group that we ’ve used and has ascertained all

-16-
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pos s ib le  s i m i l a r i t y  va r i ab les  for the  KdV equat ion .  They find

o = ( - i t  ~ 6) ’ (c
~ 

- -~~ a p ) - ~- a

( 4 4 )

= L 1 5 /3
{2a 2 x - 3a (a t+  6) + b( ~~ -~~8 ) ] / ( a t + 6 )  

1/3

where a , ~ , ~ , and 6 are cons tan ts  and o sat isf ies  (43)

F . Ion Acoustic Wave Equa t ions , Fluid Model

In a series of two papers ( H s u an , et al. (1974) and Shen and Loringren

( 1976a)) , the s imi l a r i ty  propert ies of four sets of fluid equations that  have

been used to describe the propagation of ion acoustic waves in a plasma

are d iscussed.  The sets of equa t ions  are: (a)  mult iple  species fluid

equat ions t runca ted  at the third moment plus Poisson ’ s equation;

(b) massless  i so the rma l  l inear  electron fluid and cold nonlinear ion fluid

p lus Poisson ’ s equation;  (c) rnass less  isothermal nonlinear electron fluid

and cold nonl inear  ion fluid plus Poisson ’ s equation; and (d) massless

iso thermal  electron fluid and cold nonlinear  ion fluid with a quasineutral i ty

assumpt ion .

Set (c) is the most general and the infinitesimal group was applied

i n addition to the linear group G (2) .  (Shen and Lonngren ( 1976a) Shen

( 1976)). As a result several possible similarity variables were found which

include d those quoted by Zhmudsky (1975) and the traveling wave variables.

Numerical diff icul t ies  prevented a complete integration of the re sulting of

ODE (Shen (1976)). Also a scale length (the Debye length) existed in the

problem.

-17 -
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Set (d) has  been f requen t ly  studied in p lasma problems (eg. A lexeff

et a l .  (1971) , Al len  and Andrews (1970)) .  The equations  are ident ical  to

those in ordinary f luids.

Finally,  set (c) was examined in a nonneutra l  plasma approximati on

whe re the effect  of the electrons was neglected (Shen and Lonngren ( 1976b) ).

Such a model extends a paper by Gintsburg (1974) and is germane to re-

lativistic electron bea m devices.

Below, we tabulate the sets of PDE , the similarity variables and the

v~sul t ing ODE. The results for sets (a) and (d) were obtained using the

“l i near ” group, (b) was obtained u sing the “ spi ral ” grou p and (c) was

obtai ned using the “inf in i tes imal ”  group. Details appear in (Hsuan et al.

( 1974), Shen (1976) and Shen and Lonngren ( 1976a) ) .

a) The PDE are:

an 1 a—~~- - + - ~—— (n 1t’1) = O

av a~ a~ q
at ax m1 n1 ax

ap av a~ 
(45)

1~_

~5~

_ + + V
1 ~~~ = 0 ,

~~~ E~~~~l

The similarity variables are:

Ii 
- 18-
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- ---- -_ _— _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

-
~

4 ---OM
~

.-.-
~ 

— - -
~
‘—--—

~~~~
- 

- -

= , N 1 
= n 1t2 , U 1 =

4 -ZA 2 -A  
(4 6 )

E = E t

The ODE are :

~~~ (N 1U 1) - A ~~~~ M 1 - 2 N 1 = 0

- A ~ ~~~ U 1 (A- l ) U 1 + U 1~~~ U 1 + m1N 1 
~~~~~~ ~~~~ = 0 ,

d d d 
(47)

d~ ~ l + 
~ 1~~ l d ~ 

U 1 
+ ~~~~~ ~ l = 0

d~ t~~o 1

b) The PDE are:

an , a
—~~~~_ ~f _ ( n , P .) = 0 ,

2
av av . V an

+ ~1 
+ ~~~~~

- —
~~~~~~ 

= 0

- 2 (4 8)
O n2 e
— = n  - n .

D 2 e ~ax

KTe aE = - —----- —~~n e O x  e

The similarity variables are:

= t exp( - ax), N1 = n~ exp(Za x) ,

(4 9)
Ne r~e exp(Za x), U = v1 exp(aX) ,
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The ODE a r :

(~ - E U )  - ~ N . - IN . U = 0

(~~ - ~ U) - 
~~ ~~~~~~~ 

- 2N - U 2 
= 0 , (50)

2
d N  th~e 

- N , 0

c) The PDE are:

an , O (n v ,)
1 1 1— +  = 0Ot Ox

1 1— + v —at 1 Ox Ox
(51)

- n~

n = ee

The similarity variables are :

x + ~~ 
[l n t + ~~~~ + v 1

“ L ~
V V

= (t ~~~ )
2 

n~(X~ t)

(5 2 )
V1(~ ) = v1(x , t) - ~~

. ln( l  +~2 .)

N ( ~~) = (t ~~~ )
2 

fl
e~~~~

t)
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~~~ —i=- - 

The ODE are :

6CJ N . d ( N . V .) dN ,
- 1 1 1  i

- ‘ N -  — — - 0
‘ i d~ dE v d~

~~~~ ~~~e 

~~~e 
- 

~~( ‘ - 1 )  = 0 , (53)

d) The PDE are:

cm a( n v )  
= 0at ax

2 
(54)

av av V A ~)f l
— 4- V —  4-—  — = 0at ax n 0 ax

The s imi lar i ty  variables are :

= , U = 
t

A
~~

1 , 
N = 

t
2 (A

~~
1) ‘ 

(55)

The ODE are :

+ 2 (A - l ) N  + 
d(NU )  

= 0

2 (56)

( A - 1 ) U - A g ~~~~ + U ~~~~~+~~~~~~~ = 0

F. Vlasov Model for Ion Acoustic Waves

The distribution function for Ions in the absense of a magnetic field

ca n be computed from the Vlasov equation

Of Of e 0 Of
— + v — - - — - -~- -  = 0
OT Oy M Oy Ov

-21-
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__

~
k

~
w_=- —~~~ - =-- -

With a q u a s i - n e u t r a l i t y  a s s u m p t i o n , 0e 
— n , and with a B o l t z m an n  ap-

p rox ima t ion  for e lec t rons  
~e n 0 exp[e ~ /T }, we wri te  (57 ) as

+ U O f 
- 

O f d( ln  J fdU ) 
= ( 5 8 )at Ox OU dx

Standard dimensionless  parameters  are used in (58) ,  namely

n y i ~ie V pn = — , t = ~~ , T~~ U =  
_ _ _ _  

, x =  
_ _ _ _n P1

e/M e/M .

Applyi n g the l inear  group G (2 )  to (58) ,  we find that  the self

s imilar  variables are

and 4 ’ =~~~~, (59)

whe re 4’ satisfies

+ U d4’ d4 ’ d( ln f 4 ’dU) -- 0 (60y ~~~~ d~ dU d~ 
-

Again , w-e ha ve two possible boundary conditions that can be treated ;

(14) and ( 15). In a pioneering series of papers , Gurevich and Pitaevsky

examined the solutions governed by boundary condition (14) , 1. e.

f(x = 0 , t) = constant. Their work has been summarized in a recent review

paper ( Gurevich and Pitaevsky (1975)). Experiments performed by Korn ,

Marshall and Schlesinger ( 1970) and others seem to confirm the predictions.

The second boundary condition (15) , 5 f(x , t)dx = con stant has re-

ceived considerable attention fro m Jensen and his colleagues in their

-22- 
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inve st i ~~u t i o n  of th e Green s funct ion for a l inea rized version of (58)

(An  h rson i t  u I .  (1971) Jensen et a!. (1974) C h r i s t - a f f e r s e n  et al. (197- 1)) .

They fo u n d  t h a t  t h e  leading  term in the series for the Green ’ s func t ion  is

the s d f - s i m i l a r  te rm ~~
- h(~~) which is noted by se t t ing a/y = -1 in ( 5 9 ) .

E qu at i r~ (6 0)  in t h i s  case is wr i t ten

________ - d4 ’ d [ln .1 4 ’dU ]  61d~ dU d~,

or & = ~~~
-

~~
-
~~

- 
~~~~~~

- ln f4 ’d U

They also exper imenta l ly  confirmed their  f indings in a Q machine.

-23 -



____________________________________________________ —- 
~~~~~~~~~~~~~~~~~~~~ sr’ ~~~~~~~~~~~~ ‘ ‘ -

IV Conclus ion

In t h i s  tu to r ia l  and nov1 0 r u v - r , we have summ u r i z e d  the t e c h n i q u e

of s e l f - s i m i l a r  so lu t ion  of p a r t i a l  d i f ~~;r o n t i a 1  equ - t i -o ns  and presented

severa l  examples  where it has  been app l i ed  t o  u r o b l u - r u s fou n d  in p l a s m a

physics .

The author  wishes  to acknowledge  H. H s u a n , H. Shen , A. Hirose ,

and W. Ames who actively con t r ibu te d  to th i s  work .
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