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ABSTRACT

iwo methods are presented by which mechanical low—pass filters

can be designed using electrical network synthesis techniques. The

desired response can be any low—pass filter func tion that is realizable

as a planar reactive ladder network. The resultant response of the

synthesized network will be slightly different from the desired response ,

but th is difference is predictable and can be taken into account when

considering the specifications for the design of the filter .

These techniques can be used to design either a filter network

with a relatively small source mass driven by a constant force or a

filt er network with a relatively large source mass moving with a constant

velocity. The two methods are compared and an example is given to

illustrate the imp lementation of one of the methods.
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1.1 State:~ent the Problem

In de~~i~ ning an a n t .-~~b r a t i : r i  filter or vibration isolator , the

lesigner strives to hav ~- the filter :~eet certain criteria. Usually,

these rrreria a r e  t h a t  t h e  filter has (1) a low resonant frequency,

(2) a reasoni b lv damped resonant peak , and (3) an adequate amount of

rot loff above the r e s o n a n c e .

he first and second criteria are usually met by ad]usting the

nash, of the suurce or the stiffness constant of the filter and by

F adjusting the damping of t h c  filter at resonance. Meeting the third

crit erion , however , may not be so easy.

Whenever a filter needs more than a 12 dB per octave rolloff

above resonance , the simple spring—mass resonator shown in Figure 1.1(a)

will not suffice, A compound or multi—degree—of—freedom system as

shown in Figure 1.1(b) can give any multiple of 12 dB per octave rolloff

depending on the number of stages used . However , there will in general

be N resonance peaks corresponding to the N stages. The response curve

showing force transmissibility (IFORCE /FORCE 1
2 will look

- output input

something like the curve shown in Figure 1,2 for N = 2 . Figure 1.2

is typical of the transmissibility curves for a two—degree—of—freedom

system as t rea ted  by Snowdon.~~~ By adjusting the damping in each
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t h e  ~‘e-ik ~ can b~ e 1c1  . 0  or ev en  removed , bu t  t h i s  is a r a t h e r

i n e~ f i c  i.~r~ t i ,  t o  ~~~, ah ut p r o d u c in g  1 p a r t  i~ u la r  r o l  l o f f  f u n c t i o n .

I t  i ia ~- long I ;  en k n - .cn that there exist b a s i c -  a n a l o g i e s  be tween

e l e r r i c a l  and l umped - ::c3 n en t  :ie: ( h a n i c a l  n e t w o r k s , such as the  t y p e

or net’c- - r~ s sh -wn i n  F igures  l . 1 ( a ) — ( c ) , where  the s p r i n g s  are

c on s i d e r e d  massless and p e r f e c t .  The e analogies make it possible to  —

express the hehavr.~~ur of a oa~~h ,ni- a 1 network in terms of the behaviour

of its analogous ele ctrical network.

:pp r :xcma te lv thirty years ago , methods were developed by which

two :e r : . in c ti  pair electri al netw r~ s having specified realizable

trans rer functions could be synthesized. ~1ost of these networks are

fc i t er ~ ~ons isttng of purel y re: tive components terminated at one or

both ends in resistors . The advantage of this in the design of

nech-in~ cal networks is that the terminating resistance provides the

damping for the entire network In the case of a “max imall y—flat ”

tr ansfer function , the terminating resistanc e provides critical damping

for the network and thereb y eliminates any resonant peaks .

~‘k clianical antivibratton filters are analogous to electrical

low—pass filters and should therefore be subject to the same methods of

design . In this way, a mechanical network can be produced having any

realizable transfer function . There are , however , some practical

requirements to be taken into account . First , the electrical nttwork

that produces the desired transfer function may oct result in a desirable

mechanical network due to the presence of transformers or to a

mechanically undestrable topolog, . Second , the elec trical synthesis

methods produce networks that are driven by ideal voltage or current

- .. -~~~~~~~~~.- --- -~~~~~~~~
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g e n e r a t o r s  which  cor respond to ideal for e or velocity sources. Any

real  source  w i l l , of course , not  be ideal and this will produce some

d e v i a t i o n  away f rom the des i red  response .  Third , if the f i l t e r i n g

ne twork  is to suppor t  the v i b r a t i n g  o b j e c t , the  f i n a l  s u p p o r t i n g  member

must be a sp r i ng  since a mass cannot  be suppor ted  on a dashpot. The

termination of the analogous e lec t r ica l  ne twork  will  t h e r e f o r e  be a

capacitor in series with a resistor , that is, a load containing

reactive components.

Since most of the synthesis methods of practical interest result

in networks terminated in an open circuit , a short circuit , or a purely

resistive load , the required series complex load will undoubtedly affec t

the performance of the network. This paper will deal with the problem

of modifying the classical synthesis techniques to produce the required

complex load and how these modifications will affect the desired

network response.

1- 2 Purpose of the Research

While resear-:h in antivibration filter design has been gcing on

f or many years , most of the designs fall into one of three categories.

Figures 1.1(a) and (b) denote the first two categories and Figure 1.1(c)

is representative of the third category — the dynamic absorber . All

three of these categories and their many permutations have been treated

extensively by Snowdon~
2
~ for rubber or rubberlike mounts. There does

not appear to have been developed a general theory that can be app lied

to the design of an a n t i v i b r a t i on  f i l t e r  of any required degree of

comp l e x i t y .  The purpose of th is  research is to at temp t to develop such 

- - - - - . -
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a theory . In this study , it will be assumed in the  beginning tha t  a l l

the e l emen t s  a re  s imple , r e . ,  is being lumped and having a mass,

compliance or resistance that is i ndependen t  of frequency. The effect

01 vIscous damping in the springs will be discussed afterward .

1.3 Analysis Technique s

Classically, the response to excitation of a spring—mass system

has been ana lyzed  by the use of differential equations. The requirement

of a comp lex response function , however , would res ult in a very

difficult equation to solve . It was for this reason that a different

method of analysis has been developed . The method adopted is one that

has been used in the classical development of filter theory , namely , to

calculate the impedance or admittance as a function of the complex

f requency  ‘s’. The transfer impedance and admittance are defined as

z
T(s)  = V

2
11

1 
and ‘iT(s) = 1

21V1 , respectively .

There are two ways to represent the mechanical analog of an

el ec trical network , namely the “impedance ” and “mobility” analogs. For

the sake of consistency, it was necessary to make a choice between the

two representations - The representation chosen for use throughout this

paper is the “impedance” analogy . In this analogy , a mass is

represented as an inductor , a spr ing as a capacitor and damping as

resistance. Also , force is analagous to voltage and velocity to current.

Therefore , a series constant voltage generator will represent a constant

force source and a parallel constant current generator will represent a

constant velocity source. 

~~~~~~
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CHAPTER II

GENERAL NETWORK SYNTHESIS TECHNIQUES

2.1 Network Selection Criteria

In designing a low—pass mechanical filter capable of supporting

a vibrating object , there are several criteria to be considered .

1. The filter should be simple in design . Figure 2.1(a) shows

the type of mechanical network under consideration to control vibration

in the vertical plane . There may be resonances in the system which

would be achieved by the spring—mass resonator consisting of elements

and M
2 

. Also, the element above the supporting spring need not

be a mass; it could be another spring. Note that the electrical

equivalent of Figure 2.1(a) is the reactive ladder network shown in

Figure 2.1(b). Also note that the last supporting member in Figure 2.1

(a) is , as required , a spr ing designated ‘S’ in parallel with a dashpot

designated ‘R’,

2. Space and cost considerations require the filter to be as

compact as possible . Since these factors will be proportional to the

number of elements, synthesis methods yielding canonic or nearly

canonic networks are desirable.

3. Because of the variety of situations in which a low—pass

mechanical filter is used , there will be many different response

functions required. The synthesis method must be able to yield a

network having any desired realizable low—pass response function.
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In an a nt i v lb r a t i c n  f i l t e r , the  s top  band is of g rea te r

intere st than the pas band . Any undesirable characteristics of the

ri lt e r , such as resonances or deviations from the desired response ,

should be limited to the pass band .

.1.2 Synthesis Methods Suitable to This Problem

In order to find the one or two synthesis techniques best suited

to this problem , it is necessary to form some basis on which the various

methods can be judged . First of all , the method should synthesize a

network having a purely reactive ladder—type topology. Many synthesis

techn iques can be eliminated by this constraint alone. A second

necess i ty  is tha t  the  network can be realized wi thout  employing pe r f ec t

transformers.

One synthes is  technique tha t  sa t i s f ies  these constraints, at

least for  some transfer functions , is the Darlingtori Point Impedance

Synthesis. A partial answer to the  quest ion of when this method will

not require perfect transformers is provided by the following theorem:

The D ar l in g t o r i  n e t w o r k  is realizable as an unbalanced

ladder n e t w o r k  w i t h o u t  transformers if , and only if,

z T (s) has its zeros located on the jw axis.

A proof of the necessity of this statement is obvious if it is observed

that the zeros produced by a reactive ladder network are always zeros

of a shunt arm or poles of a series arm. Since the Darlington network

is purely reactive , its zeros may therefore lie ~~ on the j c~ axis.

Suff iciency of the above theorem will be proven in the section dealing

with the Cauer and Guillemin network of the same form.
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It must be pointed out that this theorem does not provide a

complete answer as to when the Darlington method will not require

transformers since there are many other network topologies possible

b e s i d e s  t h e  l adde r  n e t w o r k .  However , since the topology of interest to

this research h as the form of a ladder network , the theorem provides a

sufficient answer to the transforme r question in this case.

The D a r l i n gt o n  s y n t h e s i s  method also has the advantage of being

economical  in the requi red  number  of circuit elements. This comes from

the use of the minimum—reactive input impedance in the synthesis

calculations . This is a unique quantity for any one specified transfer

impedance Z
T
(s). One disadvantage of the Darlington method is that it

requires rather lengthy calculations compared to many other methods .

Howeve r , since it satisfies all the criteria in Section 2.1, it will be

considered a viable technique in the synthesis of mechanical anti—

vibration filters.

While not being able to synthesize all realizable network

functions , a method developed by Cauer and Guillemin also appears to

satisfy the criteria in Section 2.1. In many cases , the networks

synthesized by this method are identical to those obtainable by

Darlington ’s procedure , but it has an advantage in that it is a

computatlonally simpler method.

2.3 Darlington Synthesis Method

Darlington ’s techn ique for the synthesis of a reactive network

terminated in a resistive load with a specified transfer impedance

z
T(s) makes use of his point impedance synthesis method , published

in a 1939 paper .~~
1’
~ Since the impedance synthesis method is rather

L - -~ - — - _~~~~ --- - - _ -~~~~~~~~ — - —  _~~~~~~~~~~~~~~~~~ -5 •~~~~~~~~~~~~~~~~~~~~~~~~~~



- _,5~~~~
. 

~
-.-_ - __________

12

REACTIVE
NETW OR K

z
in~~~ 

V
2

Figure  2 . 2  Dar~ i n g t o n  ~e t w o r k

t
- -.~~--- --rn- - - - - ~ - - - - - ---- -~~~~~ -- - - ~~~~~~~~~~~~- -  -



— ~~~~~~~~~~~~ ‘~~ ~~-~~~~~~~- -7 ~~-~~~~~~~~~~~~~~~~~ ---— ,S_ ~~
5 - _ ,

~

13

Involved and need not P0 used i or th e synthesis of low—pass network

funct ions , Lt will net be discussed here. However , it is useful to

look at how the transfer impedance synthesis method works .

As indicated iii F i g u r e  2 ..1, the normal i zed  Dar l ing ton  network

is purely rea ctiv e and terminat~-d in a lh load.  The squared

- 1 2 T
magnitude 01 the transfer impedance , lz (s)l , where Z = V 2 / 11 , is

some spec i f i ed  function of ire~~ue~- 1 y  and s a t i s f i e s  the appropr i a t e

realizability conditions. Letting R~~ (~ ) = Re[Z . (s)} , where

Z
i
(s) is the input impedance of the network , the power 

~in 
delivered

to the network by the constant current generator is

= ( 1 /2 )  . R .(~ ) 
.

Since the network is purel y reac t ive , the power delivered to the network

is equal to the power delivered to the load , i.e., ~~~~~ = 
~L where

= ( 1/2)  .

Therefore,

R
i
(w) = v

2 / I !
2 zT ( s ) 1 2 (2 .1)

and i t  can be seen that  the input  resistance can be determined from the

magnitude of the transfer impedance , Z
T(s)

Darlington ’s method of synthesizing the network to yield the

prescribed zT(s) consists of three steps as follows :

________ _____________________________________________ _______
-5--- --—_—-5 ---—-- - - -- 5- - -5 - - -  - -- --5-- —-5-—-—- —---5-—- - --
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1. Dete iuiine R (4 as outlined above.
in

. 1.  Find a real izable Z (s) such that Re[Z . (s)] R . (4in in in

3. Use Darlington ’s impedance synthesis procedure to derive

a nerwL r having the prescribed Z . (s) terminated in a ih load.

One pr oot of an input impedance Z . (s) satisf ying step 2 is

due t o  Bode .~~
3
~ In order for Z . (s) to be a realizable impedance ,

its poles must be in the left half of the complex frequency or

plane. A partial fraction expansion of IZ
T
(s)1

2 
is made and Z.(s)

is constructed from the roots corresponding to the left half—p lane

poles. For examp le , if Z
T
(s)1

2 has poles at 
~~~~ ~~ 2’ 

and ±s3,

then Z. (s) will have poles at —s , —s , and —s . The Z • (s)
in 1 2 3 in

so constructed will be minimum—reactive . This method has the dis—

advantage of , in general , being rather complex , thereby making it

unsuit ble for numerical purposes.

An alternate method of determining Z. (s) due to Gewertz ,~~
3
~

using the method of undetermined coefficients , also results in the

minimum—reactive input impedance , [Z (s)}~~ , a unique quantity.

Since Z
1
(s) must be a realizable function , it can be expressed as

the ratio of two polynomials (where the subscripts ‘e ’ and ‘o’ refer to

the even and odd powers of ‘s’ , respectively) , i.e.,

P (s) + 1’ (s)
Z. (s) = 

Q (s) + 
. (2.2)

Using Equation (2.2) in connection with Equation (2.1) yields for

S = j u  ,

_ _ _ _ _ _  - — -_ ~~~~~~~~~~ -
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IS

P (s) ~ (s)  - P (s ) Q ( s)
R
in

(_) = zT ( s) :  = 
2 2 

° (2 .3)
— Q (s)

BY -~etttng

= a + a s
2
+ . . . ,

Q
:
(s) = a

1
s ~ a3

s + . .
P

c
( S )  = b

0 
-~ P 2 

÷

and

P (s) = b
1
s -~ b3s

3 ± .

- _ . .  1 2
in Equation (2.3) and matching the coefficients of z ( s ) I  , the a

k

and b
k 

can be determined . The minimum—reactive input impedance is

then

b - i - b s + b  s
2
+ .

= 
0 1 2 

2 
(2.4)

a
0 

+ a
1
s + a

2
s + . .

where the a
k 

and b
k 

are always positive .

A more general input impedance

Z
1
(s) [Z

in
(5)J MR + 2 2 + A s  ; > 0 , k = 1, 2 , 3 , . .

S +
~~k

could be used since it has the same input resistance , but because it is

not minimum—reactive , it would lead to a more complicated circuit. The

desired network can now be synthesized from Equation (2.4) in the form

of a reactive network terminated in a l~l load .

—5- - -~~~ - - -—.- —~~~~ 
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iiii s re — ~~irch is inter est ed only in the design of low—pass

l a dd er  f 1 l t e r~ o~’ - 1 n~ a u i i i l m i i n  r _ ;o i ive  i n p u t  impedance .  I i i e, e  can be

(4)
cu n s t  i u~ t e d  u s i n g  o n l y  t h e  Cauer I s :iithies is tei hnx~~ues  w h i c h  is  a

s1:~p 1ii ied special caSe of the ba r lin~~ton Impedance Synthesis technique

tub , t h er e ~~o r e , i t  will not be necessary to go into the detail of the

Darlirigton l m p e d uo e - -inthes is- This i n p u t  impedance (which has no

axis poles) can be expressed is the continued fraction

[Z
in
(S )I

~~ 
= Z

1
(s) + 

1

1 1 —
Z
2

(s)  + 
Z
3

( s )  +

1 1
Z (s)  + 

Z ( s ) + . 
(2.5)

-l

for the ladder network in Figure 2.3. The coefficients of the

- ontinued fraction expansion can be obtained by synthetic division

of [Z ( s)J~~ ,

2.A Cauer and Cuillemin Synthesis Method

As stated in Section 2.2 , the Cauer~~
5
~ and Guillemin~

6
~ synthesis

method wi l l  usual ly  y ie ld  the same ne twork  as the Dar ling ton  method in

the synthesis of low—pass filters. The Cauer and Guillemin methcd is ,

however , much simp ler computationally. The synthesis method is based

on the following two facts:

1. The poles of Z12 (s) in a purely reactive network are

simple. Moreover , Z11(s) and Z22
(s) possess these same poles.

2. Every zero of the mutual impedance Z12 (s) in a reactive

ladder network must be a zerc of a shunt arm or a pole of a series arm . 

-5--- -— -~~~~~~~~~~—~~~~~~~~~
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T h i s  s’,nthiesis mt-ibi d consists of onl y two steps , as follows :

1. ) e t e r ’ i i n e  Z
12
(s) and Z ,)(s) from the transfer impedance

Z
12

(s)
L ( s )  -

~~

- -- - -

~~~~~~~~~~~~

- . (2,6)

2 .  ~~ntie siz e Z
2
js) as a reactive ladder network using the

Cauer I method , but in such a way that the zeros of Z12 (s) are pro—

bu ~~ed .  Cauer ~uggt-sted t h a t  Z 12
( s )  a nd Z 22 (s)  could be de te rmined

by remember ing  t ha t  the r a t i o  of the  even t o  odd parts of a Hurwitz

pol ynomial is a realizable reactance. Since Z
22 (s) must be a

realizable reactance and Z
1~~
(s) must be a “reactance—like ” function ,

the a p p r o p r i a t e  i d e n t i f i c a t i o n s  are easi ly made .

The synthesis of Z22 (s) is accomplished by t a k i n g  one of the

zeros of  Z12(s) and removing it from 2
22 (5) . Referring to Figure

2.~s(a), it is obvious tha t if Z
2
(s) were to have a pole at frequency

s = j - ..
~~1 

[where c
~l 

is the  f r e q uency of scme zero of Z 12 (s)] that

Z 22 (s) = Z
1

(s)~
s=jw l

Sol ving for Z22(j-~1
) gives the value and type of the reactance Z

1
(s).

This reactance is then removed from Z22 (s) leaving

(1) 1Z22 
(s)  

l/Z22 (s) 
- l/Z

1
(s)

L e t t i n g  Z 3 ( jw 2 ) be a zero of the shunt arm allows the removal of

_ _ _  --5--- -- - 5 - ---- -
- ___~~~~~~~~~ — _ . - _ - ~~~~~~ --_.~
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2
2
(5) f r o m  Z~~~~(s) leaving [Figure 2.4(b)]

Z~~~ (s) = Z~~~ (s)  ÷ Z
2
(s)

This procedure is carried on until all of the zeros of Z12(s) have

been produced in Z
22
(s) . The same method would be used if the leading

element , Z
1
(s) , was a series instead of shunt element.

If there are N different zeros of Z12 (s) , there will be at

most N’ different ways of synthesizing the network to give the

desired 2T(5) (within a constant multip lier). This multiplicity of

solutions can be advantageous in that it allows the user to select a

network meeting some prerequisite such as the least overall inductance

(mass) or the reduction of large element values in general. However ,

even though all of the networks have the same Z
T(s) , there is no

reason to expect that they will all have the desired topology , in fact ,

many of them will not.

The fact that the Cauer and Guillemin method can synthesize

without transformers any 2
1
(5) having its zeros located on the j w

axis c o n s t i t u t e s  a proof of the sufficiency of the theorem in Secticn

2.2 regarding the Darlington synthesis method.

- - -5 - - -  - - -- - --5 - - --
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1 Z 2 1

... 

~~~ Z~~(s ) ~~~ ~~~ Z
22

(s)

Z~~~]

~~~~ ~ —~-Z~~~ s) .t .Z ~~csb [~~
j

(bb

F i ~~u r e  2 . -a Partial S-,-nthosis of Heactive Ladder Network



CHAPTER III

METHODS YIELDING A LOW MASS SOURCE

1.1 Modified Transfer Admittance Method (Darlington)

In this section , an example of a network synthesis using the

Darlington method will be worked out in detail . The network function

to be synthesized is that of a 3—pole Butterworth or maximally flat

filter having a transfer admittance

I 2 2 H 2
Y (s)~ = i

2
/v ( = 

6
1 + w

This example will be used throughout the next two chapters in order to

get a feeling for the problem and to facilitate the comparison of the

different methods. The results obtained from this example will then be

generalized in Chapter V to provide the basis for the synthesis of other

network functions. A theoretical example using the generalized results

is presented in Chapter  VI.

The network for the 3—pole Butterworth is shown in Figure 3.1 for

H = 1 yielding a transformerless design and hence , the maximum gain .

Note that the mass of the source will be taken as L
1 , the lead

inductor. As stated in Section 2.1, the final supporting member of

the mechanical network must be a spring as shown in Figure 2.1 (a).

The e lectr ical  equivalent  of this spring ‘S ’ and its associated dashpot 

-- - -~~~~~~~~~~~~~~ -- 5- -5-- - -  -- - -- - -5 - - -  
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Figure 3.2 Desired Modified 3—Pole Butterworth Network 
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‘8’ is a capacitor in series with a resistor [‘C ’ and ‘R ’ in Figure 2.1

(b)]. Since the network in Figure 3.1 does not have a capacitor in

series with the load resistor , the transfer admittance will be

“modified ” (hence , the name of the  me thod )  by changing the nature of

the load .

It is desired to c rea t e  the 3—pole Bu t t e rwor th  response across  a

load consisting of a capacitor in series with a lf~ resistor. By

inserting the series capacitor and specif ying that the transfer

admittance with respect to the series resistor—capacitor load remain

unchanged , the transfer admittance with respect to the load resistor

alone has been modified by

2 1 2
11 3

/ 12 1 - 
1 + 1/as

The desired network topology is shown in Figure 3.2 for the modified

transfer admittance

IY
T (s) 1

2 
= IY’(s)1

2

= 
H
2 1 2

I 1+1/as

2 2 2
= 1

3
/ V 1

2 
= 

1 — a2s _
H

s
: 

- a
2
s
8 ‘ 

(3.1)

where the value of the inserted capacitor is ‘a’. This network will

have the 3—pole Butterworth transfer admittance across the resistor—

capacitor load combination instead of across the resistor alone

provided that it can be synthesized in this configuration .

_  - -
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The Darlington method will now be used to synthesize this

modified transfer admittance. The first step is to determine Y . (s)in

such that

Re[Y (s)} = Y
T
(s)1

2

The method of undetermined coefficients results in [using Equation (2.3)]

2 2 2 2  6 2 8
— Q (s) = 1 — a s — s + a s or

2
a
0 

= 1 ,

2a
0
a
2 

— a~ = —a

2a
0

a4 + a~ 
— 2a

1
a
3 

= 0

2a
2
a
4 

— 2a
1
a
5 

— a~ —l

2a4 
— 2a

3
a
5 

= a

and 
2
a
5 

= 0

With suitable manipulations , the roots are found to be:

a0 = 1

a
1 

= a -s- 2

a
2 

= 2 a + 2

a
3 

= 2 a + 1

a
4 

= a
and

a O .

5- -  -5 - - -- --5 - - -
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liv s m i  I or i~e thi ds , t h e  ~ t-t I ic j e n t  u of P and P are found to be
- e o

b
0 

= 0

b
1 

= 0
2 [1 ÷ (2a + 1)

2/ 3 ( a 3 
+ 2a

2 
+ 2a + 1)]/a + 2

h , a
2(2a + l)2/3(a

3 
+ 2a 2 + 2a + 1)

zind -

= a (!a + 1)13(a + 2a + 2a + 1)

m d  the mm ni nu~” reactive input admittance is

2 2 m  + I) a 2 (2a + 1 )
2 2 a3(2a + 1) 3

- - 
— 1 - -— -- 

~~~~~~
- — )  s ~ ~ + S

[Y (s)] - _ _ i~~~~~~ (3 2)
m u  

. * (a 2)s + (2a + 2)s 2 
+ (2a + l) s3 + as

4

= 2a ~ 2a i I

a it- r I S - ; u t t i ~~5 1s m e t h o d  can now be used to synthesize

E q a ~~t Le n ( 3  2 )  in  t h e  : - r m  o f a r e i ~~t 1ve ladder network terminated in

-~ re~,m ~~t 1 - i t . 1)cing ibi e  -~‘;rithet ic division yields

mn ~~~~ MR 
- 

_ _ _ _  —. - ~~~~~~~~~~~~~ 

1 
1

a (2a - l) 4- L -i~~~ 1

3~~(~i + 2) (a + (a + 2) + (a + 2)2s
a(2a + 1) 2a s

which r e- u lt- ~ In the  network shown in Figure 3.3(a). This network

si t i — ~fies th e requirement of having a series resistor—capacitor

combination f r  the icad. Figure 3.3(b) shows the network normalized

so that the resistor Is l~ . The value  of the series capacitor ,

--5-- 
-5- — --
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lo-we v er , i s  not ‘a ’ b u t  b a + 2 . This change in the value of the

~es c a pa c i t o r  I rum ‘a ’ to a + 2 means t h 1 t  the exac t  3—pole

B u t t ~~r w o r t h  r e s p on s e  cannot  be o b t a i n e d  w i t h  the  c i r c u i t  c o n t a i n in p  a

s er i e s  capacitor. hiuwe .’&-r , in the limit as ‘a ’ or ‘b ’  ‘- , all  o f the

elements in Figure 3.3 return , as expected , to the values shown in

Fi~:ure 3.1. The lower limit of ‘b ’ is predictable in advance as will

be sbus-n in Section 5.3.

3.2 Mod ified T r a n s f e r  Admittance Method (Cauer and Guillemin)

As stated in ~ect1on 2.2 , the Cauer and Guillemin method in

man’, ~~~~~~~ will yield the same network as the Darlington method but

requires fewer calculations. Generating the a
k ‘ 

b
k , and doing the

- - .-nth ~-cic division to find the coefficients of the continued fraction

expansion of Y (s) is not an cab; task. This section will show hcw

-i network having the same transfer admittance , Y~~(s) , as in Section

3.1 ma - be generated using the Cauer and Guillemin technique .

Since the squared magnitude of the transfer admittance IY~(s)I
2

is the specified quantity, Y~~(s) must be determined first. Having

icund ‘i .~(s) to be

I 
- Has
— 

2 3 4 ‘
1 + (a + 2)s + (2a + 2)s + (1 + 2a)s  + as

where the denominator contains the left—half plane roots of the

denominator of Y~~(s ) I
2 

, the admittances Y12 (s) and Y 22 (s) are by

inspection [using the admittance form of Equation (2.6)]:

- -_- -  _ _ _ _ _
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- - -

— 1 + ( 2  + 2~~) s  + as

and

1 u ) s  + ( 1  +Y . ( s)  = - 5- ’75-  .
22  - — -4

I -‘ ( 2  + Za)s ~~
- as

It sun be seen that Y 11 (s) has a simple zero at s = 0 and a trip le

Zero 4 t s = ~
- . Referr mn ~ t o  Figure 3. b ( a ) , we see t h a t  by l e t t i n g

‘m’ 2 (s)  be a zer at s =

Y
1
(s) =

The r~~,idue 01 Y~ (s) ~t s = ~
- is (1 + 2a)/a which corresponds tc

a series inductor of value a”(l + 2a) . Removing the inductor from

Y22
(s) yields

liY 22 ( s )  - asAl + 2a) =

and

(1 + 2a ) 2s3 + (l + 2a)(a + 2)s
22 (3a2 + 4a + 2)s + (1 + 2a)

It can be seen that Y~~~~~(s) still has a zero at s = 0 that can be

rtsmcved. The residue of ~ (1a)(5) at s = 0 is a -t- 2 and ,

therefore , a series capacitor can be removed from Y~~~~ (s) leaving

- 
(a + 2 ) ( l  + 2a) 2s

4 + (1 + 2a)(a + 2)s2

22 S - 

(3a3 + lOa
2 + 8a +
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1 
Y l

[ 

~
‘2 

J 
I4_.Y~~~( S b

a

{Y 3 I _

} 4 Y ~~~s~~ ~
‘2 }4— Y~~(s )

(b)

Fi~~ure 3. . Cauer and Guillemin Synthesis of Y~ (s)
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A pole it s = 0 (shunt capacitor) can be removed having a value of

~ + 1 )  1 10)
2

Ia
3 

+ lUa
2 

~ ~a + I

le aving

- 
(1 ÷ + 2)2‘1 27 s) — 
3 2(3a + lOa + 8a + 3)s

a series indu tor. By let ting a -= 2 b , the same network as shown

in Figure 3.3(b) has been synthesized Since there are two zeros of

there is one other Wa of synthesizing Y~~(s) . The other

s’nt 1i ~ si5 w~ l1 place a capacitor in series with the generator instead

of the load resistor and therefore is not usable.

3.3 Response Characteristics

In the evaluation of the performance of an anti—vibration

mechanical filter driven by a constant force generator , transmissabil~ tv

or the ratio of the driving force to the force exerted on the foundatinn

is the quantity of most interest The following section will anal yze

the response characteristics of the 3—pole Butterworth network

syn thes ized in Sections 3 1 and 3.2.

The network synthesized using the modified transfer admittance

I Y~~(s)I
2 

and the corresponding mechanical network are shown in Figures

3-5(a) and (b), respectively. The synthesis method requires the mass

of the vibrating object to be equal to M
1 

. If the object mass i~-

less than , additiona l mass can be added until the total mass ~s

equal to , or , the values of the other elements may be altered by

- - - - - - -5-- 5- -5
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a constant m u l t i p lier , such that

“1 = “1‘ object

Changing the impedances of all the elements in a network by a constant

u l t i p i i e r  h i l l  not alter the overall response of the network .

The object mass is seen to be an integral part of the T—

filter consisting of elements N
1 , C

1 , and M
2 

. The response

1V 2 /V 11
2 

of this T—filter is computed as follows ; the transfer

admittunc e of the network in Figure 3.5(a) is

2 2 2
T 2 —(b — 2) H s

= 
2 2 6 2 8

l — ( b — 2 ) s — s + ( b — 2) s

for normalization to b = (a + 2) and R = l~ . The voltage V
2 

across

the load is equal to the impedance of the load multip lied by the current

flowing through it; therefore , V
2 

= 1
2
Z , where Z = 1 + l/bs . The

squared magnitude of the response function V
2/V1 

can then be shown t o

be:

2 22 T 2 2 l + b c~1V 2 /V 11 = 

~~~~~ 
1z 2 2 6 2 8 

,(3.4)
1 + (b — 2) u + w ‘s- (b — 2) w

where H = (a -i- 2)/a for a transfornmcrless design . This has been

plotted ca Figure 3.6 on a decibel scale for values of b = -i throug h

12 in increments of 2 over the range 0 < cc < 2 . For the unmodified

network , 1 Z 1 2 
= 1 . Therefore , 1V 2

/V 1 1
2 

= 1T(5)1
2 . 1 z 1 2 = 1/(1 cc

6
)

where H = 1

L - 5-
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1 :
~~~~~~~~i L i ,  

R

L = 
3(~~ - 4 ~~ + 6 b - 3

FORCE 
1 
~ E~iII1 1 - 1 h

2 
12h - 3

- - 
2b - 3) 2 b

~ S - C
1 

- 

2 
- -

1 3 b  - 4b ôb - 3

b - 2
2 L 2 

= ‘~2 
= 2 b - 3

FORCE 
2 

S
2 L~J R ~~~

— = C
2 

b

7 7 7 /f / I T T ” R = 1
1W

F i cu r e  3 .5  Ana ~ agc us 3—Pole Butterworth ~c- twi rks (Darlington)

---5- - - - -  - - - -



‘-5- - 
—--

~~~~~~ ~
--‘-5

~~~ 
— —-‘-=44- --- - 

~~— o~~r— -  —
~~~~~~~

-- —
~
-.- - - -

~~~~

33
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[‘he most obvious thing to notlOe is that the response function of

tie mud~~fied network does not behave in the same way as the unmodified

network (shown b y t he  dashed l i n e ) .  The response of the unmodified

nets-ork d rop s  it  18 dB per o c t a ve  fo r  i~ -~ 1 . The r i se  in response

v~~rLe s f r o m  a p p r o x i m a t e l y  5 dli at w = 1 f o r  b = 4 to 1.5  dB fo r

b = 12 . For va lues  of greater than 1, the d i f f e r e n c e  in r esp onse

is tairly constant .

Since all the curves describing the modified network are higher

in amp litude than that of the unmodified network , the 3 dB down point

has moved up in frequency. For C
2 

= !~ (a = 2) , the 3 dE down point

has moved to approximately 1.35 , almost one third of an octave

increase This effect lessens as the value of C
2 

becomes larger.

3 ~ Network Limitations

As with any kind of synthesis technique , the methods used here

have certain limita tions and restrictions. Some of these rcstrictio’~

have already been mentioned in Sections 2.1 and 2.2. However , there are

alsc 1imtt atio n~ and restrictions in the networks synthesized by these

techni ques. These shortccm~ngs and their effects on the app licat ions

and u s e f u l n e s s  ci these filters will now be discussed -

Referring back to Section 3.1 , notice that when the synthesized

3—pole Butterworth network [Figure 3.3(a)] had been normalized t o  a load

resistance of l~ the value of the load capacitor became b a + 2

where  ‘a ’ was the value of the capacitor used to modify the transfer

admitt ance , Therefore , if the va lue of the modifying capacitor had

been a = 0 the resulting load capacitor would have a value of b = 2

— — -
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S~ n e ‘ ‘i ’ s n O u t  be zero (thio results in zero or infinite element

‘,‘u I U e b )  , there is a lower limit on t h e  size of the load capacit or , i .e

b > 2 ( f or R 1~ ).

In te rms ol the m echanical system [Figure 3.5(b)], the supporting

spring S
2 

cannot have a greater stiffness constant than 0.5 N/n in the

network normalized such that the dashpot has a value of 1 Mech. fI and

the cutoff frequency is 1 . With such a small stiffness constant ,

the rest of the system must be very light so that a long spring is not

required to support the static load .

As an example , f or b = 4 and R = lQ , the 3—pole Butterworth

mechanical network [Figure 3.5(b)] has the element values

= 0.78 kg

= 3~ 15 N /n

‘
~2 

= 0.4 kg

= 0.25 N/n

R = 1 kg/s = l Mecl-s , ~l

The total force due to and M
2 

alone on the supporting

spring S
2 

is over 11 Newtons which means that the spring mus t be o’er

46 neters in length just to support the static load. Obviously, this

is not a satisfactory situation . Since the element values of the network

are all (except the dashpot) functions of the supporting spring S2 , a

renormalization of the element values to some different value of the

dashpot will make no difference. As the value of the dashpo t goes up ,

so will the value of the masses and the stiffness of the springs .

—--5 — - --- - -5- - - - - - - - - ----- --- - - -  - - - - - - 5 - - -- -
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Rem ember , however , t h it this net~~- ik los— been normal Ized :0 a cut -~f f

frequenc~ ot -~~ = 1 or  t = 0 .159 Hz , an extremely low value . By

raising t he cu tot! frequency to = 1000 or I = 159 Hz , for exatr p le ,

the value of the masses M
1 

and N
2 

will be reduced by a factor of

1000 and the spring stiffnesses will be increased by a factor of 1000.

Using these new values , the supporting spring S
2 

is compressed a total

of O.O!,b millimeters by the stati c load of masses and M
2 , quite

a large change .

Notice that this method m ayors low source masses. For a 3—pole

Butterworth network normalized to a cutoff at = 1 and a load of

R = L. , the source mass could not be larger than 1.5 kilograms or lower

than 0.75 kilograms , depending on the value chosen for the stiffness of

the support spring S
2 

As the source mass becomes larger , the spring s

must be increased in stiffness proport Ionately. Eventuall y, the spring

stiffness would become too large to work with ; at this point , the

“Capacitor Shift ” method , t c  be described in the next chapter , has the

advantage ~n that it works better with larger source masses.

While the subject of lossv elements , particularly lossy or damped

springs , will not be exhaust:vel y t reated in this paper , it is pc-ssiiile

to give a qualitative description of their effect on the network

performanc e- Referring to Figure 3.5(b), it can be seen that there is

cnly one spr ing (S
1
) that has no loss associated with it. Since any

real spring will be somewhat iossy , the response curve as shown in

Figure 3~ 6 wili be aff ected to some extent .

Any loss inherent in spring S
1 

will show up as a resistance

in series with capacitor C
1 

in Figure 3.6(a). This resistance will 

~~~~~~ -- - --5-- 
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be neg l i g i b l e  it low frequencies where the impedance of capacitor C
1

is [-sr ~ e. A t  h igh Irequencies , however , the resistance can no longer

he c~~n~~id er e d  neg l i g i b l e ;  in f a c t , its impedance will eventuall y become

larger than that of the capacitance. When this happens , the response

~u rve w i l l  cease t o  drop at 18 dB per octave since the capacitor

annoc create a zero in the shunt arm . Instead , the response will drop

at 12 dB per octa’~e for these higher frequencies.

The change in the response characteristics will , of course , not

be abrupt and over what frequencies this change takes place will be

determined by the extent of the damping. As the damping becomes larger ,

the deviation from the desired response will occur at ever lower

frequen0ies.

_ _ _ _  —- - —-5 - - -
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l h e  two -4 -.-n ihe s i - ~ c..-t hod s d i -~~ - i - 4 ~~~ d so tar result in a low sour~-e

mass network dri ’- en b’. an i i ~~ d volt - ige ~~cteri t o r . There ma’.’ , however ,

be u ~as ions when the source is a larpe mass mov ing with a constant

vel o cit y . The following method is applicable to the design of a network

driven b\ this type of sour~ e .  We will start by assuming the ~our ce

mass to be infinite and then consider how the response is nod it~~ed when

the mass is made large but finite.

The 3—pole Butterworth network can be designed as a - -  —ne twork

d r i v e n  by arm ideal  constant current source. If an additional f:nite

impedance is inserted in series with the source , the current into the

original o—fi l ter will remain the same . In other words , the source will

continue to generate the same current no matter what the load .

With this in mind , a series capacitor can be inserted between the

generator and the first shunt capacitance of the 3—pole Butterworth

network in Figure 4.1(a) and not affect the response of the circuIt

[Figure 4.1(b)]. This series capacitor can now be “sh if ted ” through the

network until it is in series with the resistor , its desired position .

The following impedance transformation is the method by which

this is accomplished. The network shown in Figure 4.2(a) is specified

to have the same input impedance as the network in Figure 4.2(b) and
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t h re e  . 4 u i t  ion s  r e l a t  ing  the elements in each network are found. Ihse y

C
1 

= 1 1( 1 /C
3 

-r i/C ) , (4.la)

C) = C
3 

— C1 ( 4 . l b )

- so d 2 2
= ( C  + C~ ) Z

8/C3 
. (4.lc)

It can be seen that Figure 4.1(b) corresponds to the circuit

shown in Figure 4,2(b), where C
3 

= a , C
4 

= 3/2 , and Z
B 

is the

r e s t  of the  n e t w o r k  f r o m  the  -, e r i e s  i n d u c t o r  to the  load r e s i s to r .  The

: i r — t  t i m e  t h r o u g h the  t r a n s f o r m  f rom (b)  to (a )  r e su l t s  in the  c i r c u i t

in F igure  4 . 3 ( a ) . The s e r i e s  c a p a c i t o r  has now been “sh ifted” p a s t  t he

f i r — i  —h unt o.i p a c i t o r  and a l l  of the  original element values have now

become f u n c t i o n s  of the  i n s e r t e d  c a p a cit o r .  The pos i t ions  of the  s e r i e s

i n d u c t o r  and capacitor can now be in te rchanged  and the process  r e p e a t e d

~o sh i f t  t h e  c - p c i  it - r 10 se r i e s  w i t h  the load res i s to r , i t s  des i r ed

p o s i t i o n .  T h i ~ second  t r a n s f or m at i o n  results in the network shown in

Figure  3 . 3 ( b ) .  N o r m a l i z i n g  t he  ser ies  capacitor to a value of b = a + 2

and the resistance to 112 results in the network shown in Figure 4.3(c),

Care must be taken , however , in the normalization of these networks .

When t ransforming fr om the original network [Figure 4.1(b)] to

the network in Figure 4.3(b), the power dissipated in the resistance

will rema in the same . Since the resistance in Figure 4.3(b) is

(a -
~~ 

2) 2/a2 , the output voltage must therefore be (a + 2)/a times

the voltage V in Figure 4.1(b), Normalization of the load resistor

- - - -- - - - - - - ~~~~~~~~~-- - - - - - - -  - - - -5 - --- - - - -5
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t o  11, i’~ in Fi gur e ‘
~~. 3 (t )J cau-~i’o the output voltage to be redu ed

_) _ )

by the Hotor (~~i ~ 2 i / a  or = V -i/(a + 2 )  . t h e  i r a gn i t u - l e of t h ~

o u t p u t  vult ig~ is import- sli t in determining til e network response as will

be demo n s t r a t e d  in Sect i o n  3 . 3 .

This met ho d is o:i) u t ;it iona l  t v  q u i t e  s imp le and results in a

:~e t w c r k  h a v i n g  a c u r r e n t  gene rai r or h i g h  impedance  f o r  the source.

As e x p e c t e d , t h e  e lement  v a l u e —  r e t u r n  to those  of a 3—pole Butterworth

as b -
~~~~~~~~ .

. .2  Ca~s a c i t L - r  Shu t M e t h o d  (Cau er  and G u i l l e m i n )

The C i u e r  and ;u i l l em i n  synthesis method can also be used to

g e n e r s i e  the same n e t w o r k  as derived  by the C a p a c i t o r  S h i f t  method  in

Se~- t i o n 4 . 1 .  In t h i s  case , t he  s y nt h e - .is method wi l l  use an unmcd~~f i e d

r~~n s f e r imp e d a n c e  f u n c t i o n  r - s t r ~ r t h a n  t h e  m o d i f i e d  transfer admittance

f u n c t i o n  used in Sec ti- n 3 . 2 .  Having  found  the  transfer impedance

function for the 3—pole  B u t t e r w o r t h  to  be

T ___H 
_ _Z (s) = 

~~~~~~~

—-

~~

- 

31 + 2s + 2s + ~

the i m p e d a n c e s  Z 12 and Z 22 a r e  [us ing  Equa t i on  ( 2 . 6 ) ] :

HZ 12 (s )  = 
32 s + s

and
2l~~~~2sZ 22

( s )  = — 

3
2s + s

In order t ) achieve a series resistor—capacitor load , the f irst step is
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t O  r erflcv e a serco c z p ~~cit r ol v alue - ‘ h ’ , i h i ~ l i m i t s  of w h i s  Is become

app ; r cut l it ci . ‘ l i i i  s m su i t s  i r ~

Z~~5 (s) = Z 2 5 ( s )  - l/ b s  = 
b ( l  ~~ p~~2 ) - r  ( 2 + s)~~

bs (2 + ~ )

or 

Z~~> ( s)  = 
1 ± ( P b - 1/l - 2)s 

. ( 4 . 2 )
2b, ’(b - 2) bs 3

/( b  - 2) P

The t r i p l e  z e r o  at s = ~ has ye t  to be sy n t h e s i z e d .  Since the  res t

c f  the  n e t o - - i k  is in the  f o r m  o t  a p u r e l y r eac t ive  ladder  n et w o r k , the

Cauer 1 synthesis method can be usc-cl to tinish the s- ’nthe’sis of t h is

network. Letting Z~~2
( s )  be the c o n t i n u e d  f r a c t i o n  expansion ,

1 1Z 22
( s )  = 

1
5-

1

then 
2l + M C s

Z 22 (s) = ——- - 
_ _ _ _ l 1 

, ( 4 . 3 )
(C

1 + C 2
)s  -t- cl 1C 1C 2s

By e q u a t i n g  E q u a t  lc ns  ( 4 . 2 )  and (4 .  3 ) ,  the values of C1 , N
1 

nd

C7 are det ermioc d to be

— 
3b2C 1 

- 

(b - 2 ) ( 2 b  - 1)  ‘

N = 
(2b — 1)

3b 2

and
= 

2 b — l

— - ~~~~~~~~~~ —-.-- ,~~~ -- .~~~~ A
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whe-re- C
3 ~

- h arid R = 1L . liii so e , - l i i e r r t  values ss* the s i i . - as

goner ited by t i Cap ,ioi to r S h i r t  r~ ib i d t o t  the ne twork —h ewn in

Fi gure s . 3 ( b ) .

t i i  u g h , t e s t  th c s i Z e  u t  ‘ h ’  has been i c r  t irb itrary to

t h i -’ po f o r  I - r the  e l e c r e m i r s  t o  he r e a l , I w - y  must be p u s :  t i v e  and t h i s

con strain~ ‘ b ’ to be citliI f l  Le rtain i n-sits . These limits are , in thi

i - - , 2 < ‘b ’ . i~ is poss ib le , P we~ er , to predict the lower

i l o~~t of ‘ b ’ is r~ill be shown ~n Secti n 5.5.

3 . 3 c~~sj ~~~~~ e Cl i  i r a c t e r i ~~t i cs

k e c - s l I  t h a t  the rre~ wur ks shown in Fig u r e  4 . 3  are d r iven  b y

~nlin :te s ur ce masse s . ‘th is iS il Ije t c  t h e  f a c t  t ha t  cons t an t  csrrc ~~nt

si o r ce s s i c  analogous to infin ’~’~e masse-s cov i n g  wtIHi a constant velocity.

— Since ’ clv real source is finir e , an inductor must be p lac e d across the

cur rent source. The rnsgnitude ol this inductor i s  equal to the magnitude

of t h e  sc a r c e  mass , N . The 3-- p o l e  B u r r e r w o r t h  n c r w o r k  s y n t h e si z e d

u s i n g  the  Cap a ccrcr Shift m o t h  d [ F i g u r e  3 . 3 ( c ) ]  and its corresponding

m e c h a n i c a l  n e t - c -- ’ k a c e  - sh own in i’ is ’- j r~~s 3 . 2 ( a )  n h  (b) , r e s p e ct i v ely

with the modif~ c-it ion of a Ln :ic- E C U t C c  mass.

Al though the- quan t i t . of Iur c; -cst is  v
2 /v 1j

2 
, t he force

tran sm issnbility of the netw ik , ~ t ~~~- worthwhile to first calculate

~ 
\ /1I , the trans 1~’c impedance ci the norsork. Wh i le 1V 2 / 1 1 2 

may

F~ readily calculated and plot te-l , a better understanding comes from

making a simplistic ans~1ysi= of the network .

The network .- h wn in Figur e ’ 3 i(b h e~ a magn tude squared

transfer impedance

I

I
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1 . 2  ,~~~. 2 , ii
2 (

~~I = = - i ’l + 1

and an i n p u t  impedance

I ± (.i ÷ 2 ) s  ‘2  + 4 a / 3 ) s 2 
+ (1 +

Z (s )  = -

~~~~ a:(1 ° 2s + 2s
2 
+ ~3)

lh ~ t r a n s f ~ r :ned  n e t w o r k  [ F i g u r e  4 . 3 ( b ) ]  must  be v i r t u e  of t h e

impedance tran~ 1 ornaL1 - o n s Figures 3.1(a) through (c), have the same

input impedance . It clues not , however , have the sam e transfer impedance.

It has already beco pointed cut that , f_ r Figure 4.3(b),

= 
a

and therefore ,

= v ,1 1 2 
= 

(a + 2)2/a
2

By normalizing to a resistance of (a + 2)/a (the square root of the

transformed re sistance), the magnitude squared transfer impedance is

once again lZ
T s ) 1 2 

= 1~ 1+ 
6, , but now the input impedance is

Z~ (s )  —f-—— Z Cs )
in a + 2  in

as shown in Figure 4 3(c).

The addition of rho induct r N0 
shown in Figure 4.4(a) c auses

a low frequency r€scnan ce in the tiansfer impedance functicn. This

—5- -- - - - - -  -— — - -  
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re— -unla ce a- t weell r i i i  n d u c  r or N
o 

and t i l e  capaci tor C
3 

and is

1 by tr i o tact that ~IIC 1’—fil te r con~ Ls ting of elements C
1 , M~

i i i  C , no longer sc i  s - l  const omi t - - jr rent sour is. Lett ing

V ~~Z ’ (s)  = ( I — I  )~~~ M s
1 on in in 0

thi ~~fl

I [M~~ + Z ( b) ]  = . N s
in hi in 0)

1 >1
in 0

N + Z~ (-s )
1) in

Since the transfer impedance of the original network is

= V / I  
2 

= ~ 6
)

the total magnitu de squared tr a n sfer impedance with the additional

induct or N
0

M s  2
= v ’11 2 

6 
- 

0 
. ( 4 .4 )

1 + M s + Z ’ (s)
0 in

However , the  q u a n t i t y  of  in t e r e s t  ~~~ 1v 2 ,i1
2 

, and thus Equat ion (4.4)

is m o d i f i e d  by the factor

2
v 2 1

= 1 ’s- —
V 1  2 2(a + 2 )  ci

to  y i e l d
2 2 2

1 2 2  M
0
w

~1~

- 
6 

- + 1 / C a  + 2) ‘
~ ] 2 

. (4.5)

* j M
0
s + Z~~( s ) l

5-—- - _  ---5- - - - -- ---5 —
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Pqu iti ; n (4 5) i- p l o t t e d  in Figures 3 .5 (a) and (b) for H
0 

= 10

and 100 , respecti ve l y, for C
3 

= 2 through 10 in increments of 2. The

cur\~~s ill con’- erge to t h i ~ desired rc-ponse (dotted line) by the cutoff

ire c 4rre n v ( c i  = 1) - As exp cct ed , the resonant peak moves down in

Lreclue m l c  as N
b 

incr el—es . Th e-re is also a slight dependence on the

final capacitance C , the peak mc’- i n g lower in frequenc y as the

capa cita n ce I ncreases

In order to provide a basis for comparison between the Capacitor

Shi ft and Nsdi fi~ d Transter Admittance methods i t  is necessary that the

networks have the same s ou r c e  configuration . Assume that the source

mass to be isolated is known to he moving with a constant velocity but

is too large for use in the modified Transfer Admittance method. The

Capacitor Shift method can be used in this case to synthesize a network

having the proper source configuration - The 3—pole Butterworth network

synthesized hc the Capacitor Shift method [Figure 4.4(a)] is altered ti

obtain the source configuraticn cf a mass driven by a fcrce generator.

In order to do this , the parallel combination of the current

source and the induct :r N
0 

rnu sr, be rep laced with a series combination

of a volt age source and the same inductc- r M
0 

. Figure 4.6 shows the

two equi ialent sources wh rch ate related by

V = I ‘ [M s + Z~ (s)Js in 0 in

then iu re , replacing the current generator by the voltage generator

(Figure 3 . 7 ) ,  the magnitude squared voltage transfer function is

5- -- 
~~~~~ — ~~~—-
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1 ‘ 1
6 H l / ( a  -$- (4 .6)

s 1 N + Z~ (s)~hi in

h iat ion (-..6) is plotted in Figur~-~- 3 .8(a) and (b) for M
0 

= 10 and

100 re- i se ct iv el ’.- b r  val u~~- ot C
3 

2 through 10 in increments of 2.

N o t i C e  t h a t  t h e - le rce transmi ssibil ity drops  6 dB per  octave

Li-te r th i n t h e  desired 3—pole Butterworth response. Also , the actual

response or o is  separated from the  desired response by quite a large

-~inc unt . These difie ren- e’s are caused by the last term in Equation (4.6).

The extra hi dB per octave t~~lIoff can be accounted for in that the series

s urce mass adds an extra pole ’ t o  the response function . What originally

was a 3—pole response is now a 4-pole re~ ponse . The constant offset at

higher frequencies is equal to 10 . Log (l/M
0
2
) and is fairl y constant

above the cutoff frequency since the value ci Z
n
(s) is approximatel y

1 at s = l

Since the d ifto rence between the desired and resultant responses

~s known , the resp~ c s e  that sac originall y used ~that is , the response

of the network in Figure 4,1(a)J , ars be altered so that the final

network will have the desired ~- sponse. For example, the Capacitor

Shift nerno d would require an orc gin al response function of a 2—pole

Butterworth in order to produce approximately 3—pole Butter-worth response

after the source change. Or , the cutoff frequency of the original

response can be raised so that the resultan t curve will meet the desired

crit eria an rho c~ rre~ r frequency This ii- shown diagramatically in

Figure 3
, 9  where the resul- ant response has a higher cutoff frequency

than ~hc original respcn-e-

- - --5 - - - .~~~~~~~~~~



“p’ 
~~~~~~~~~~ •- _ L 5-

~~~~ ! 
- ____________

20 — _ _ _ _ _ _ _ _ _ _ _  - 
I

10 — —

U LJTP
- 
- 

I I 

— 

—  
— 

*

-20~~~~~~~~ 
1 I

0 0.5 1.0 1,5 2.0
OME GA

Figure 3.8(a) V
2/ V 1

2 
for Network in Figure 4.7

- 5- --- 5----



_______ 
—-5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~~~~~~

20 - - r

10 —

0 — -

-10 - -

-20 — -:
J U T P U T
IdB I -30 — —

-

-

-80~ 
- I I ____________________

0 0.5 1.0 1.5 2.0
OMEGA

F igu r e 4 .8(b )  I v 2 /V 5~~ fo r  Ne twork  in F i g u r e  4 . 7  

- 5 - - -



-‘--5 ---— - ---—--5 -5- ” -5- —‘- - - -5- —-- - ---5— 
--5- - 

“I

57

/ /
/ /

/ -o

/
/

/ 0

/
/

/
/ cc

/
/

/ 
--5

--5— -- -- 0

/
-5

a

~~~~~~-- ~~~~l -~~~~~~~-_ ----- -- - -- -- -~~~~~~~~~~~

—
> >

_ _ _  - -5-  
- -5 -  5- 5 - -  -5- -~~~~~~~~~~~



~~~~~ ‘ 
-5-

~~~ 7~~~~~~~~~~~
- - 

~~~~~~~~~~~~ ~~~~~~~ 
—‘- -— — w~~~~’--’- — - --—--- --—-

~~~~~~~~~~~~~~ ,~~~~~~~~~~ ,-. .- -
~~ - - - -

~~~~~~~~~~~~

Ne twor k L :nit-~ , on - - 

—
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- c t  at limit it ions c m i  1-or to •Ji se’ f the N u d i  I ted Transfer Adm ittan’ e

m e t h o d  Sp c’cii ~~~~ i s- , ~h c - r e  i~ ‘ne - roe upper limit on the s tif fn es ~ of -

the final support ~or cn g and t h L  me tlr e-U ci r k s  ~~e’ 11 only for source masses

in a parti ular range . Ihe range , (row -:er , is duf~ erent ; t h e -  Ca!acitor -

Shi ft m e - t h o u  working n~~~ t f o r  large source rid ~es.
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LXTI-NS I N S OF THE SIN iRESI S NF l F D S  30 THE FE N ERAL CASE

5.1 Gene- ’al_ Limit ation s

In Chapter III , it was stated that although the pu~ u s e  of this

study was to establish a tv~ hncque for the design of a filter with any

general realizable tr -i n ,i c r fun tion , the init al study would be cnifined

to a 3—poie Butterworth re-pcnse in this chapter , the results that

were obtained will be summarized and extended to the general case.

In r ega rd  t~ the result s ht~~cned in Chapt- -rs UI and IV , it must

be remembered that a limitat ion of all e leo rr i cal network synthesis

techniques is cl’ac they oust produce a ceaccive network terminated in a

resi stive loud It cc n c possible to specify what the response wIll

be at any po int wirh~ n the rea ctive part of the network- All that may

be sp e c :f i e d  is the netw ork c:nf~ guration. Thus, we must be satisfied

wt th th€- elemert ~-;lue - as specified by the synthesis method . It is

pcssible , however , cc p :edi: r ahar the vaiue of the final capacitor will

be and i- s effe-:~ on ~h r final network response. This will be discussed

ncw in r e l a t i o n  tO the method s developed in Chapters III and IV.

5.2 Der ivat ion of the Output Mc-dif y cng Function for the M.T .A Method

R e c a l l i n g  F i g u r e  3 6 from Chapter I I I , it was shown that the

response func’ ion of the network produced by the Modified Transfer

Adm itt4noc methcd wd~ di f fere nt from that ci the original desired

-5 
—-

~~~
- -
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response tunct i i i , i c  , ci - 3— pol e  B u t t e r w o r t h .  T1r~ r e a s o n  f o r  t h e

mod i fi1d 10- 5-p ense is , 01 cooi ~~e , t i e  series capacitor in the load . By

modif ying t h e ’ r ig m nal m m - I c ,  ~,drr ttan ’ e by the factor

1 
2

1 ~ l/.i~~

and then m ultip ly ing the modified transfer adm c tt -r n re by

+

a a s  -

to find the quantity V
2

1V
1 1

2 
, the original 3—pole Butte~~ orth function

has been changed by the factor [after normalozatton of H to -ai(a + 2 ) ]

(5. 1)
I + a

where ‘a ’ was the value of the or- .g :nal added capacitor . This output

mod if y ing function is p~ ct te d  ifl Fcgures 5-1(a) and (b) showing,

respectively, th e over-all curves ~nd the low frequency detail for several

functions of ‘a ’ - As would be expected from Figure 3.6, the function

ris es quickl y from ier-o dB at ~ 0 to a constant for larger values

of t~ * The magnotude of the constant increase at high frequencies is

onversely pr oportional to the value of ‘a’-

By modif ying Eq0a~ 1on (5.1) ~o be ~H a/ (a-4- L
5

)]

1 -‘ (a -4- 
~ ) ~

( 5 . 2 )
I -

~ a w
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where L ci-~ the t o t i l  seri e s induct inc e of the original network ,

Equation (5.2) wril then be the — orr e ct modification function for ~~~~~,

network svuthie- sized by this method The reason for using L will be

made- clear in Section 5 3. It j~~ easy t o  sc- c- that Equation (5.2) can

be obtacned from Equation (5.1) by noting that the total series

inductance of the original 3—pole Butterworth network (Figure 3.1) is

L = L + L = 2.
s 1 2

5.3 Derivation of the Final Capacitor Lower Limit for the M T.A.
Meth od

The lower limit for the value of the final capacitor for any

netwcrk soo th e -s czed by the Nodufied Transfer Admittance method is easil y

calcula ted - ~ is a func t ion c~ f the configuration and element values

~f  t I l e  original n e two rk Fogo r er- 5.2(a) and (b) show a general network

whi ch i~ being modu f~ e-J to gc~ e a serIes load capacitor using the

Mo d cfi ed Transfer Adm: ttarc e method - The original transfer admittance

is detined as [for Figure 5 2~ a)J

and the modified t- an cte r admittance i5 [Figure 5.2(b)]

Y’ ) = i~~~ z ~~~~~

where ‘a ’ is the ~- -alo ç c-f t h e  modi f y i n g  c a p a c i t o r .  Since

T 
Y~~,(s) b

0 
b
1
s i’ b

2
s
2 -4- b

3
s3 + .

_ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _- ,
~ (s)

2 ? 1 + a
1
s + a

2
s + a

3
s + .

- - - --5- - --5- - - - —- - - - 5- --  - -
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~ ci
3 5a

1
s + a

3
S + a + .

— - - - - - -~~- - -

C i 0S 
+ ‘ .

w ’her e he 
k ~rrd 

k 
4 r 4 - all pos~ r1ve . As t h e  frequency becomes low ,

l I M I T  Y ))(s)
s~~

_ l

Thi5 has tii ~ foro ml an induc t on ce ~nd a
1 

must th ere- fu xe be the total

SCties indu t a n c e  L of the urcginal network cr a
1 

= L
5

T h e  M~ dit ~~- d Tran sler Ad~i i ’  t an e e  m e t h o d  r e su l t s  in the network

shown in Figur e 5 . 2 ( b )  rbrer ~ there is the required series capacitor;

t hrir re fLre ,

1 )) ) 
TY (s) = -- - — I ( s)

N 
1 \ (s~

2 4-js (b + b s  ~~b s  ‘s- . - )
= 

1 * J
l~~

; c i
2
. . ; as (I ;a~ s *  a2

s + . . . )

15~~~~O -~ b
1
s + b )~ + b

3
s + . . .)

- 

1 H + a~ s + (a
2 

+ aa
1

)s 2 + (a
3 

+ aa
2

)s 3 + . . .

Then , 2 3
~ + m I ~ )s + ( a  + 00

3
)5 + . .

- 

3(a
1 

+ a)s + (a
3 

+ aa
2
)s +

Fcr v ery low trequenc ies ,

LIM i t Y
2
(s) l / 4I

i 
+

s c~’ 1
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w h i c h  ( 1 15 the form ci a set i e~~ c.4pac itor . S~ nce a
1 

= L , t h e  m i n i m u m

“ i l u ~ ai t ile ~~ r ce5 mp t - 1 t . r  i s L , t h e  t tal s e r i e s  i n d u c t a n c e  o f

t ile - -ri gi n a l c1r u~ t hiros r esu l t will hold for any network having a

Cauer i - r similar (tii ~- ce rio , be- re -nances i.n the series arms) ladder

s E  ru~. ture.

~~~~ l )cr Iva tion~~~f t b  Output Modil ycng Functcon for the C.S. Method

A s with the Mo di fied l’ransfer Adm ittance method , the Capacitor

shif t method -fl--c p rodue~~- a netwo rk with a response function that is

different from the or cg inal desired mosp - -ry e function. This difference

is caused by the addition of an inductor across the source to produce a

finite source mass and the requirement of a series capacitor in the load .

The mod iui -o r i - on fur-’c- ion for the Capacitor Shift method is more

comp lex than that of ic Nodofied Transfer Admittance method- This

func tion

2 2
2 2  M

0
w

[1 + l/ (a -4’ L )  w

~ + Z (s)1 2
0 in

can be broken down in ~ c two parts The first term is

Iv 2/v~
2 

[1 + l/ (a + L )
2
-w
2
]

and relates the voltage across the resistor to the voltage across the

resistor—capacitor combination r \5  in Section 5.2, L is the total

series inductance of the original net s -o k . The proof that L is the

correct value to u~ e will be shown in Section 5.5

- - 5 -  - - -~- -*_ -~~~-—
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The -e~~und te -Orri c m  t i .- - u- -~ i 1  r~~~~t i n  t u n t i o n  ~ - u r a i n s  r h i  terms

mm 1,a~ ing t o  I ~ I m ite Sour ee - - moss. Ihcs t i -r n relates ti re current se-i-n

by t h e  n e t w o r k  w i t h  an 1 n r 1 n c c ~- ~,curee mass t o  the current seen when

the — 0 1 1 t e  is : rr 1de cn te:

2 2

1 /1 1
2 

=
- N ~ Z 

- (s) 1
2

0 i~n

The low fre- iue .- ncv r e s o n n c  1 ,  due t:- the term Z (r, ) in the- in

denominat or which is t h e  input impedance of the network after the

capa l to r  has been shirt ed and the transfer impedance has been

rci r rwiic zed back i i i  its original value .

5 - 5 he- n ation of the F or 11 Cap:1:i tcr Lower Lintt for the C .S. Method

The r - ~er LimI t un the value of the load capacitor for the

Capa coro r Shift method may be easily calculated , Referring to Figure

5.3 (a) and (b) and using the t c~in src rm Equations (4.ia) , 4.lb), and

(a ,lc ), it is easily ~h:wn chat

- a
a a -r C

and 2
‘a + C )

K — 

a
2

and t h a t  t h e r e f o r e  (having normalized to the same load resistance),

a 1( a + C

wh er e  ‘a’ Is tee - al ue of the inserted cap a citor.

- - --5- -5-5~~~~~~~~~~~~~~~~~ -5~~~~~~~~ --~~~~~ —-5
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hir ~ s I -s~ r limit on th t t inal r p m  itance (upper limit on the

~ t if:ness ul t h e  I ina l ~~r p p o I r  ing s~ r ing) raises many :~f the same

problem s a’~ r : e r r i oned p revco u~~~, in Section 3.4 Lfl  regard t o  t i e

Mc di f i e - ransfer -\-droi tt aro- e~ r I o t  h od. (he solutions to these problens

a r e -  the s ine ; by raising the ut f1 tr e -qu en - v , the f inal support spring

s t I i i n~o~~s is  increased and ru5se~- internal to the folter are decreased.

0:- wo e - n , ther e is one major difference , that being that the source mass

is independent of the value of the f inal supporting spring. Because -

of  t h i s , t h e  f r e q u e n cy  of the re~ cnant peak varies [Figures 4.5(a) and

(b)] inv ersel y with the value of the s o u rc e  mass- This , in effect , sets

a lower limIt on the value of the source mass , that limit being where

the resonant peak moves rco or near the rolled—off frequency band . The

resonant peak moves lower in I reqcenc~ with increasing source mass;

hence , the statement that this method works best for larger source

masses.

- - 5 .  - - - -- ---- - - - 5 --’- -  - 
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tHEORETICAL EX AM P LE

6 1  A Low Source — ~-las~ F’orce Generator

The to (lowing Is an example of how the procedures previously

presented may be applied to a prac ti0 al situation. A machine weigh ing

51.5 Kg . h~ s -in c- it—of—balance mass rotating at 3600 rpm. This un—

balanced mass pr:ds:es a sonusoid al force at 60 Hz which transmitted

to the foundation There ire several other lower amp litude peaks at

hig her  ha rmon ics  oil t h e  60 Hz fundamental. The design objective is t o

red uce - the tc- rce tran5m~ tted to: the foundation by the vibrating machine.

The fundament 1 must be reduced by it  least 50 dB and the higher

harmonics by at least 30 dB

If the lur d - -itnental were specified to- occur at twice the cutoff

f r e q u e n c y ,  there would be several ways cf cbtaining the design

spe c i f i c a t i o n s - The fi rst would be to use an 8—pole Butterworth filter

which would be down approximately 48 dB at twice the cutoff frequency

This ne twork  would be r a t h e r  complex and , since the higher harmonics

need not be reduced so severely, a simpler alternative is tc use a

4—pole Butterworth filter with a zero at twice the cutoff frequency-

This allows the fundamental to be well suppressed without so severely

reducing the higher harmonics

~

- -- - -—‘-- - - - -— --- -~~- - - -
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Sin e the sc- u’ € - h iss i~ r- r r m i t , t t i - ~Ld ifre d transfer Admi t tor i : 4:

meth od w i l l  be U s ~ U ( h e -  t r a n m , t .  r a d m i t t ; i n -  e d e - s c r i b i n g  I b e  i—p o le

Butt e -rw r t h  with a z e - r o - i t  twi ce - tb~ r . t o t t  Irequen cy os (fur a cutoff

I t e q ’ i e r i L V  o f  1 r :idia n ise- _ o nd)

= 
(h /4)

2 
H
2

ibe modi t i ~~d troirr ~ f~ ~dm~ tcance is

2 2 2  2
2 (l ’s’ s - r. ; Ii 1 a - s

r \((s) i = - 

1 + a •

and the re~ u1ting ele ctri~ a1 and mechan~ ca1 networks are shown in

Frgures 6 1(a) and (b), respec rit el y . The approximate element values

are as toj lows :

N = 
12 11a8 + I26 60 a 7

~~ 5i s5 12 a 6 12334a 5 
+ 1825 47a

a
- 

644o
2 

- 8920a 7 
+ 5l0l8 a6 + 15502 5a5 + 268287a ’

+ i/2649a3 ~ 106339a2 + 36384a ~- r 4 3 7 2

+ 26 5300a 3 
+ 147161a 2 + 459O5a + 5257

= 
12 11a

8 
+ 12660a

7 
+ 54 4 5 1 2 56 1 2) 3 4 a 5 l 825 °~7a 4

1 l870a8 + 22652 a
7 

+ ll1380a6 287l55a5 ~ 42 1hI -ia

+ l726Im 9~
3 

+ 106339a 2 
+ 36Thma + 4372

+ 3685~ 7~~ + 200~ 84a
2 

+ 63 6e~ a + 9946

243a~ + l28a~~~~ 1938a 2 4- 260a + 6 9
2 

4(83a
4 

+ 493a
3 

+ 9 13a 2 
+ 561a + 71)

S
2 

4M~

~~~~ ‘--5 - - --5-” ‘ - 5  -5- — - - --- . 0
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Or _____ 
8’ + 1 7

3 5,i 0 Y t  —

and

-- 1
=

a 1 - V  ~ + 2 i 2

The eleme nt ‘-alues [or three d l f f.re ’~t values of ‘
~~~

‘ arc sh : wn in

Fi.~ in e 6 2

hiri ce spm Lr~g S
3 

has t w o , E  the stiffness .mt a = 3 than at

a 5 , upon normalization to the correct cutoff frequency, its

~ t i t ~~ flt~Ss- mi k ht become pr ohibit ivel’,’ large . Therefore , a = 5 will

be tried first When normalized to a cutoff frequency of 30 Hz , the

element values are :

N 0.0054 Kg

S
1 

= 86 N/rn

NI
2 

0 002 09 K g ,

= 29 6 N m

31 70 N i r n
-j

= 2c 7 N / t n

:ind

R 1 Nechanical Ohm -

It can be seen that in:reasing the element values by a factor of

10,000 will bu rg the requi red sourcE mass near the value of the mass

of tP.c mach ine- Iherefote , t i r e -  f r n a l  e lement  values ar e :

-5.- -
- - --- - -— ‘-- -‘-.-- — - -‘--5
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a = 10 a = 5 0 = 3

1 .h7 Kg 1.02 Kg, .76 Kg

S
1 

(3 547 N /rn 0.456 N / r n  0 382 N/rn

0.49 Kg 0 .394 Kg 0-60 Kg

S
2 

1.96 N/n 1.57 N/n 2.42 Kg

S
3 

11 63 N/rn 16~ 81 N/ rn~~~~ 39.56 N/rn

S 0 079 N/to 0.131 N/rn 0.178 N/tn
‘4

R 1 Mech. tl 1 Mech. 12 - I M e c h .  12

Figure 6.2 Table of Element Values for Figure 6.1 as a
Function of ‘a’.
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f-h = ;~~+ Kg

= 3 n x 10 N;n

• I ) 
- 20 - n Kg

2 . 9 6 (J h 
N/rn

8
3 

3.1~ x tO
7 

N/rn

S , = 2.47 x 1O
5 

N m

R = 10 ,000 Nechanical Ohms

The or gtnai machine needs to have 3.5 Kg additional m o s s  added to ~t

in order to aat :st\- the network requirement+. The aotern ar~~ e would be

to normalize to a resistance c-f 9,337 Mechan:cal Ohms . It. tio~~s case ,

no add :ti no], mass need be added

The output modif ying functi n for ‘his system cc

[H = a (a + 2~~~ )1 and is shown for several values of ‘a ’ on

F~ gure 6.3. Figur e 6 4 shows the response V
2
VH2 -of the ret~~:rK

i~ Figure 6 1~~a) for a = 5 . As expected , the extra ~~pac:to~ ha~

nc~ chang ed any of the charac t -r i stics of the zerr :r, 
~~~ tee~o cn se

except that ot  os a little narrower. This ~arr-ow:ng c- f the z€’o means

that the tolerance cf the element values must be smaller ~n ~rdct for

the frequency of the zero to exactly match t h a t  of ti ’ i fundamental -

Whil e t h e  subject of lr’t c-rrt a ]. damping has not h~ en wide~~

dLscussed ~n this paper , it is easy to show rh~- € - t l c c r s  of damp~ ng in

-~~ - - -  - - -
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Figure 6.3 Output Modifying Function for 4—Pole Butterworrh
Network
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-

thc r . -on n t  c i r c u i t  ~ on i — L ~~ng o t It- oqt~ 0
2 

rid N , . Fig,u’e

~ 5 (i( show s the c~-n f ;g’irat ion c-f a d a m p e d  r~ - c - r ,~ t Ot c c rcu it i\ d - i rn 1 , &: d

ho w . - - - i , is equi v alent to a c~~pa itor in -er ~~’- with - i r c s I S t  - ‘

— i i-  t on p a r a l  ‘
i i .  llie r c t o t e , the re-,-onan t cir~~u o t  oonc~~s’ ing of

and N , law the elements in 1- .gure 6-5(b) a; :’~ ~ 1e t t i C i !  equoc h e n t.

fhe e I e r a - n t  - C and R ~ t s sligh t Iv di f fe r n f r m (7 and R or

r e — n ot i c e  Since a rn-i~~s cannot be icss’~ the loss ~saoc iated with it

can be lumped in with rho loss cf the -pti ng, therefore achieving the

same overall damping. The damping in the spring is R + or

app roximatel y 2R . Figures 6 6(a) through (d) show the netw rk on

Figure 6.1(r) when the spring 0
2 

15 lossy. The overall damp ing varies

f rom 0.000i to 0 1 , re spect ovel y, o r twice that amount in the spr :ng

-_~~i cc-a.

Th-~r~ ob”icusl y mus t be a Iirn~t to the amount of damp_ ag allos —

able on the re sonan ce arm - Tco much damping woll not allow ~he design -
~

rh 1a crtce ct a 50 dB reduct~~ r on the force of tj~ fundamenta l to be

tic r This ~s clearly s e en  or Figure 29(d) The highes t allo w ab le

over all damp :ng is about 0 01 as shown in Figure 6.6” c) F:gure 6, i

a dc~ ail of the re— p onse near the zero - The response ~he

m cdcfcod network down 60 dB at rwrce the cutoff frequency , ~~~~~

al l. w i n g  approximatel y a ~32 tole rance in frequency at 50 dB d:wr-

N r  or e t h - t , aoo - ‘  the resonance , there is no longer a 4—pc~ e r e s p c n se

Ti-is is be-:aue~ the spring S
2 

shunts the mass M
2 

-at high

freq u en coe s The resulting response is that of a 2—p ole l o i t e r  with ’ a

12 dB per octave drop above the resonance . This i s  c l e a r i\  shown on

Figu re 6 8-
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-UI oi the r. q u o r t n l e n t s  01 the f ii t r have there t re been met

w ith this i~ s i gn .  1 0 -  row uriarl e reduces the und one-n t -il by at 1~~-i st

50 dB ro r damping less than 0,01 , - m d  t h e  higher harmonics have been

r.-duo ed by c- v e t ~0 dB . lOt - e l e m e n t  - i -~H no-. are not unreal et  to and

- hc’u~ - l be easily .~hr i:nab le
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CHAPTER VII

CONCLUS 1ON AND RECOMNENDAT ION FOR FURTHER RESEARCH

It has -‘een shc~ ii in Chapters III and IV that it is possible to

u~ e ei~~ r ri2al netw~ tk synthesis techniques to design mechanical anti—

vit’ r~~tlon fi1te r~, f any degree of complexity. The methods and network

designs produced by these methods meet all four of the criteria as

~‘utlined in the beginning of Chapter IL This chapter will summarize

th c -trengths and weaknesses of the two methods along with proposals for

areas for further research .

The Modified Transfer Admi ttance method produces a network driven

by a constant force generator in which the source mass is an integral

part of the low—pass filter , The transmissibil:ty of this type of

r~etw :rk ~s related to the original proposed transfer admittance by the

modifica tion function

1 + (a L )
2 2

2 2
1 a (A)

where L is the total series inductance of the network having the

proposed transfer admittance and ? at is the value of the modifying

capac it.or. This modification function causes the transmissibility of

the low—pass fil ter to rise at low frequencies (relative to the desired

response) and then to remain at a constant difference from the desired

_ ~~~~~~~~~~
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response at high frequencie , The magnitude of this difference depends

on the value ~ t the inserted capacitor. This value , while arb itrary ,

d oes have a lower limit , th us re’~t rict1 ng the maximum stiffness of the

support spring which can cause some problems .

The Capacitor Shift method produces a network driven by a constant

velocity source. This method favors high source masses and produces a

configuration where the source mass is not part of the filter. A large

rescnant peak is produced at low frequencies and the transmissibility

drops 6 dB per octave more rapidl y than the transfer impedance. There

is also quite a large offset in the transmissibility function which is

propor tional to the log of the inverse of the mass. Thi5 offset causes

the filter tc be able to mest its criteria at a lower cutoff frequency

than the Modified Transfer Admittance method . The transfer impedance of

this network has the same low frequency resonant peak but , abcve the

cutoff frequency , has the proposed response function. The Capacitor

Shift method also has the restriction of a maximum support spring

stiffness. However , this restr iction is not so serious in this case.

Since the source mass is independent of the filter , the filter impedance

can be changed without neccessitating a change in the impedance of the

source mass. The peaks in the transmissibility function do not present

a serious problem as techniques have been developed for reducing or

eliminating them by the use ci dynamic absorbers.’2’
7’
8’
~

A potential source of trouble in both methods ~s the possibility

of abnormally large cr small element values. Upon synthesizing filter

networks, it is not possible to specif y what the element values will be .

Occassionally, the synthesis will require an element magnitude to be

-- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  i~~~~
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quite a bit larger or smaller than the other elements in the network.

This can cause problems upon changing the overall impedance or cutoff

frequency of the network in tha t the magnitud e of the component can

exceed the bounds for practical implementation .

The methods presented in this paper were derived for perfect ,

massless and lossless spr ings since this represented a first attempt at

form ulat~ ng a general design theory. Any real s~ ring, of course ,

cannot meet these requirements and results must differ to some degree

from those presen ted in this paper. A possible area for further study

would be to define the limits for which the results of this study apply.

Other poss ible areas of further study include the adjustment of abnormal

element values and research into synthesis methods that allow for lossy ,

non—linear or non—lumped components.

I I
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