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I. INTRODUCTION

Factorial series derived from the Laplace integral converge rapidly
for large values of the argument and, thus , are preferable to the
corresponding asymptotic series. However , the traditional algorithm
leads to very large numbers and must be modified if it is to be useful
for numerical work. One procedure for scaling the large Stirling
numbers which occur in the analysis is derived below .

Factorial series based on a Laplace integral evaluated between
finite l imits will generally diverge , so that an al ternate procedure
is required . One method , due to Hadainard, is to expand the Laplace
integral in a series of incomplete gamma functions. The resulting series
converge rapidly for large values of the argument. In practice, expan-
sions in terms of the Kununer function are more convenient for computation .
These functions are closely related to the incomplete ganuna function.

Computer programs based on these algorithms will be used to check
the accuracy of the BRL subroutines for Bessel functions of comp lex
argument and integral order. This is necessary as tables are not avail-
able for a suff icient range of order and argument to make a detailed check
by comparison .

II. FACTORIAL SERIES

The fac tor ial series are used to calcula te K~(x), J~ (x) and Y (x).

Kn
(X) can be expressed in terms of the Whittaker function as’

K~ (X) (
~~~

)
l/2  W

0~~~
(2x).

where the asymptotic expansion for the Whittaker function is
2

W0 n
(2x) = e~~ i +

~~~~~~ [
2 ( 1/2) 21 [

2 (3/2)
2
1 . . [n~ - (l/2 - m) 21 }

m=l m !(2x)

1 Handbook of MathematicaZ Punctions,~ NES55, U.S. Gover~vnent Prin ting
Office, 1964, p. 377.

2 Modern Analysis, H. J. Whittaker and C. N. Watson, University Press,
Cam bridge, Eng land , 1927, p. 343.

9
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This asymptotic expansion was derived from a Laplace integral evaluated
between zero and infinity and involves only negative integral powers of
the argument.

For n = O , -

f  \l/2 -x i2 12.32 12.32.521(
0

(x) =~~) e 1 - 
l!(8x) + 

2!(8x)2 
- 

3~ (8x) 3 
+

1/2 k A.
e~~ E 4

\2X/ . 
- 33 — 0 X

F o r n = l ,

/~ \l/2 -x l~ 3 12.3 .5 12 .3 2 .5 .7
K 1(x) 1~iz1 e 1 + l !(8x ) 

- 

2!( 8x) 2 
+ 

3!(8x) 3 -

)
~A computer tabulation of the first fifty of these coefficients is

shown in Table I.

These series can be sum9d by convergent factorial series using an
algorithm described by Wasow:

rr-p 
- ~~ -‘ r-.p4lX — 

r - 1  x (x+ 1)(x+2) . . . (x+r)

where P denotes the Stirling numbers of the first kind.3

Now, K0(x) =(
~~ )l/2e~

x s0

where S
0 = 

k 

1!(8x~ 
+ T

= ~~~~~~~~~~~~~ 
÷ —

~~~+ . .o . j  2 3
j 2 x  x x - -

Asy~pto tic Hxpanaions for Ordinary Differential Equations, W. Wasow,
Interscience Publishers, John Wiley , NY, 1965, p. 330.

10
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J A(J ) 8(J)

C 0 .100000000000000E 01 O.100000000000000E 01
1 — O . 12 5 0 0 0 0 0 0 0 0 0 0 0 0E  00 O,375000000000000E 00
2 O .70 3 125C 00000000 E—O 1 -0.117187500000000E 00
3 —O.73242 1875 000000E —O 1 O.102539062500000E 00
4 O.112 152099609375E 00 —O. 144 195556640625E 00
5 —O.227 108C0170 8984E 00 O.277576446533203E 00
6 0.57250 142097473 1E 00 —O .676592588424683E 00
7 —O . 1727727502 5 8446E 01 0.199353173375 130E 01
8 O.607404200 12734 8E 01 —0 .688391426810995E 01
9 Oe24380529699556 1E 02 0 .27248 8273 112 6 85E 02

10 0~~1l0O 17l4O269247E 03 —O .12 159789 1876536E 03
11 — O.5 51335 896122 02 1E 03 0.603844076705070E 03

• 12 O.33380905 1092238E 04 —O.33 022722 9448085E 04
13 —0 .182577554742932E 05 O.197 183759 122366E 05
14 O.1 18838426256783E 06 —O .12 764 1272646 175E 06
15 —O.8328593 04 016289E 06 O.890297876707068E 06
16 i .625295 149343480E 0? —0 .66563677 1881769E 07
17 —O .5006958953 19889E 08 O,53 104 110 1096852E 08
18 O.4259392 16504767E 09 —O .45 027860 030 5039E 09
19 — 0.3836255 18023043E 10 O.4043620325 10775E 10
2C r, .364684008070656E 11 Oe3833867520742 i9E 11
21 — o .364901081 884983E 12 O.38270’1134659861E 12
22 0.383353466 139394E 13 —0 .40 1181859913320E 13
23 — O.42 18971570284 10E 14 0.44064P 141785228E 14
24 0 .48540 1468685290E 15 —O-.50605685033 1473E 15
25 — O.58?724463 156 69 1E 16 O.606509 135 122270E 16
26 0.72 8685734937766E 17 —O.75726 1646111796E 17
27 —0.94 762 880992 6011E 18 0.983388387659068E 18
28 0. 127972 194 197597E 20 —0 .13262 57285320 56E 20
29 —O . 17921 6232 30 5 170E 21 0.18550452 1157983E 21

-• 30 O .25993 82 10272 623E 22 —O .26874 967 5027628E 22
31 —0.390 012 1292034 00E 23 O~~4027994 12 128 1O2E 23
32 ~~.60467 1148753240E 24 —O.623867058237470E 24
33 —0 .96770288 010 69 85E 25 O.99747835334 1046E 25
34 O . 1597C655252942 1E 27 — O .1644 73q 123O64 19E 27
35 — 0.271 5 58 1773 5449 1E 28 O .279429428 872 012E 28

; 36 ~ .47532 11014 O4t 62E 29 —0 .4887 104282042 80E 29
37 —O.855738563980669E 30 O.879 183456 144523E 30
38 0.l58339783631292E 32 —O.16256?177861459E 32
39 —O.300896338830105E 33 O.308711828150368E 33
AC ~.5~684189O824589E 34 —O .6O169~ 647554326E 34
‘.1 —O.1173862696R5980E 36 O.120284696097979E 36
42 0.240676789246046E 37 —0.246476229950770E 37
43 —0.505491221599616E 38 O.517385132696078E 38
44 0.108694973189986E 40 —O .111193708205847E 40
45 —0.239159134066071E 41 O.244531496629359E 41
46 0.538173040543799E 42 —O.550001019456850E 42
47 —O .123794112437854E 44 0.126456351415012E 44
48 0.290948402279072E 45 —O.297073631R00736E 45
49 —O.698350387000965E 46 O.712749364052532E 46

Table I . Coefficients for Asymptoti c Series
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Applying Wasow’s algorithm to these term;, we obtained

= A2 kx x÷ 1) + x ( x ÷ l ) ( x + 2 )  + x ( x + l ) ( x + 2 ) ( x + 3 )  + . )
2 3 4

• 4 = A~ (~~~ + 1) + x ( x + l ) ( x ÷ 2~ 
+ x (x ÷ l ) ( x +2 ) (x÷ 3) ÷ )

Therefore, T0 can be expressed as

T -~~~~~~~~~ o,r
o — 

~~~~~~ x(x + l )  . . . (x+r)

where V = A ÷ A + A ~r +o ,r 2 r-l 3 r -2 4 r-3

These coefficients can be calculated and stored in the memory of the
computer for recall on demand . The calculations for these coeff icients ,
involving Stirling numbers , lead to very large numbers in the computa-
tion of hi gh-order terms.

Since the Stirling numbers are always greater than or equal to one ,
we modified them for optimal use of the full range of the computer.

The Stirling numbers were modified in the following way :

S~ = F P~/(v-l)!, F = scale factor, such as 10125

S1 = F

S~ =

Sk = Sk i  + Sk / (v -1)

The scale factor and the number of modified Stirling numbers which can
be calculated are machine-dependent. The computers at BRL have a range

from ~~~~~~ to 10~
’
~~ , sing le prec ision , which is larger than the range

of most computers. As can be seen from Table II, for F = io125 and

n = 150, the modified Stirling numbers range from l0
_135 

to ,o
125 . The

process of scaling the Stirling numbers in this way must then be reversed
in calculating each term of the factorial series.

By this transformation we obtained accurate results (15 significant
digits) for x ~ 6 by summing 150 terms. 

Similar accuracy could be ob-
tam ed on most computers using doubl e prec ision.

12 k-
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• 1 -~).2625A143103890l—135 0.293390049185972—131 0.162469629570885—127
- • 4 0.594416307877133—124 0.161631807256184—120 0.348403288776085—117

7 0.620095188981095—114 0.937263899085794—111 0.122805989253782—107• 
10 0.141690995161720—104 0.145745824899596—101 0.134994681511499E—98
13 0.113521536148685E—95 O.872724632875019E—93 0.616964862448953E—90
16 0.4031C5100240183E—87 0.244485921578491E—84 O.138176751796042E—R1
19 0.73fl87886009758E—79 0.361878183982837E—76 0.168651283284991E—73
22 0.740917060108629E—7l 0.307506122625604E—68 0.120810725011220E—65
25 ‘J.450102130711339E—63 0.159290231850353E—60 0.536288624778063E—58
28 0.112006626264944E—55 0.526244225186191E—53 0.153759178190215E—50
31 0.429520654391673E—48 0.114831115329136E—45 0.294089524864916E—43
34 ~.722l49952063180E—41 O.170161172544539E—38 0.385045773882694E—36
17 -~.837326275585929E—34 0.175105193623330E—31 O.352369350644976E—29
40 0.682727806061237E—27 0.127434483546970E—24 O.229266634594032F—22
43 C.397758-)43581573E—20 O.665166457973381E—18 0.107555387883677E—15
‘So fl .167714C15729906E—13 O.252791612712235E—ll 0.368043389831136E—09
49 C.517937210655300E—07 0.704743584443506E—05 0.927441656806729E—03
52 0 . 11807 57 , 1165 955E 00 0.145466542291410E 02 0 .173458453446450E 04
55 0 .2002 4 07 93 190783E 06 0 .223 83200430 146 1E 08 0 .2423 17917476252E 10
58 0 .2 54 1C744 2 1063 83E 12 0.258 1584759553 19E 14 0 .254 1295 80523208E 16
6 1 C- . 242 42 6 8 8 8 3 9 7 1 06 E  18 O.224137435817219E 20 O.200863910466421E 22
64 0.l74495356761975E 24 O.146958814419687E 26 fl.119996196936958E 28

• 67 C .950002390342511E 29 0.729268853726516E 31 D.542840153293270E 33
70 0.391821615456175E 35 O.274247724384982E 37 0.186138969273117E 39
73 C’.1225C8995716187E 41 0.78l856783017240E 42 0.48384O84713970lE 44

• 76 0.290319945584933E 46 0.168899572458664E 48 0.952645306311109E 49
: 79 0.~~20R994u3l62l94E 51 0.276O96523O91475~ 53 0.141844276858788E 55

P7 fl.706254o32117985E 56 0.340768370204050E 58 0.15931278438107lE 60
85 0.7215646C2846948E 61 0.316568545939851E 63 O.134510966747108E 65
88 0.5P~~4~ Pll8324812E 66 O.220455227036434E 68 0.850010949437138E 69
91 0.317161294679423E 71 O.114501970441310E 73 0.399846121274463E 74
94 0 . 13 5 - 2 5 6 8 52 0 9 4 3 9 E  76 0.440 8237335 124 81E 77 0 .13909552299756 1E 79
97 0 . 4 z 4  • 6 C 9 8 0 2 8 7 6 2 4 E  80 O.12487337434 1855E 82 0.355050280369826E 83

100 2 . 9 7 4~~P 7 6 5 6 6 9 8 C 3 7 E  84 0 .258006379428166E 86 0.658888O38 i 3890lE 87
103 0 . i 5 ? 2 1 5 17 72 4 6 1 7 5 E  89 0.38483f’375802625E 90 O.87934 8340649532E 91
I C o ‘~. l 9 3 4 3 2 8 l 4 9 8 i 3 4 3 E  93 0 .4094076590 18037E 94 0.8332934 16906864E 95
1C9 0 .1 630C5 4 839C 6 04 9E 97 0 .3062672 11155246E 98 O.55234349 1325650E 99
112 0.955495084811848+100 0.158431163016062+102 0.251599210263367+103

-• 115 0 . 3 823 646 C8 112 042 +1 04  0 .555606274242301+105 0.771214486559342+106
118 O . l C 2 5828 1160 150+108 0.129004865734295+109 0.155126469001113+110
121 r . 17 74 1 59 9 4 6 5 39 5 6 + l l l  0 . 192739054938949+112 0.198618366362429+113
124 0.193865171243942+114 0.178944908244716+115 0.155930607458550+116
127 ‘~.i2QO34645087299+l17 0.988621557189148+117 0.716280594664574+118
130 0.48~ 782753348748+119 0.307581787025027+120 0.181290891228498+121

• 133 0 .991494 859813093+ 12 1  0.501359095737511+122 0.233459123119021+123
136 0 . 996 5~’82 ( -32 74 59 5+ 123  0 .388006214031004+124 0.136972391170442+125
1’39 ‘) . 435 4 6 73~~33 84 560+ 125 0.1 23698885459199+126 0.3110 19 186727229’- 126
142 (.6R44C32487P766~ +l26 0.129991588080456+127 0.2094l?799774947+127
145 ~.279’S9712120229+127 0.300552651141317+127 0.248534593164330+127
148 0 . 1 4 77 4 2 7 5 3 0 80 9 0 2 + 1 2 7  0.55 845 1392 197723+ 126 0 .100000000000000+126 

-

•

T a b l e  I I .  Modif ied S t i r l ing  Numbers for n = iSO
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Similarly , K 1(x)  = e~~ S1 ,

where S1 = 1 + i i ( 8x )  +

o o V

T - ~~~~
‘ l ,r

1 
- 

~~~~~ x(x+1) . . . (x+r)
r r r

where V = B I ’  + B r  ÷ Br  + .

l ,r 2 r -l  3 r-2 4 r-3

• The resul ts for K1(x) were equally accurate.

4The asymp
totic series for the ordinary Bessel functions, x < 25 ,

are :
/ \ l/2

J (x) = 
~~~~

-_) [P (x) cos(x - 
~~~ ) - Q (x) sin(x -

j
1(x) (2

)1/2 [P 1(x) cos(x - 
~~

-
~~~) 

- Q1(x) Sin(x -

/ 1/2
Y 0 (x) = ~i_’

) [P
0

(x) sin (x - 
~~

-) + Q (x) cos(x -

Y 1 (x) = (2
~~~h / 2  

[P 1
(x) sin (x - 

~
-
~
) + Q1

(x) cos(x -

2 .3 2 2. 2. 2 . 2
where P (x)” 1 - 2 

+ 
1 ~~ - .

: , .~ 2 !(8x) 4 !(8x)
- S
..

k C.

3 0 X

i 2 12 .3 2.5 2 12 .32.
52 .7 2 .9 2

and Q
0~~~~~~~~

” - 

1~~~8 •

~ 

+ 3 
- 5 

+

~~ X j 3 !(8x) 5!(8x)

k D.
-

~~~~~~~~~~~~~~~~~~~ - 5

— 

. 2 j +1
j=o x

Bessel Functions, Par t I , published by British Association for the
Advancement of Science, University Press, Cccnbridge, Eng land , 193?,
p . 202.
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Note that C = A0 i ,  C1 = - I A 2~~, . . . , C. (-1)~

and 0 = - I A 1), o~ = j A 3 j ,  . . . , = (-1)~~~~jA 2 . 1 )

Similar ly ,
• 

k E .  k F .
~~ and Q

1 
“ 

~~~~~j = o x j =o x

And , again , E0 l B 0 I .  E1 = - l B
2 I’ . . . , E. = (-l)~ ) B 2 . I

• F0 = B 1) ,  F 1 = - 1 B
3

1 ,  . . . , F.  = (- l) 3 ) B 2 . 1 )

For the ordinary Bessel functions, x > 25 ,

J (x) = G(x) sin(x)  + H(x)  cos (x)

J1 (x) = M(x)  s in (x )  - N(x)  cos (x)

Y (x) = H ( x )  s in(x)  - G(x)  cos(x)

= -N ( x )  s in(x )  - M(x)  cos(x)
-1/2where G(x)  = (iix) [P (x) — Q (x) ]

H(x)  = (~ x)~~~~
2 [P (x) +Q (x) ]

M(x)  = (lTx) 1I2 [P 1(x) +Q 1 (x ) I

N ( x )  = (~x)~~~ 2 [P
1(x)-Q 1(x)]

S.

So , for x > 25 , the same coeff icients are mer ely arranged in a different
• manner .

As before , the results  obtained were accurate to 15 signif icant
digits for x > 6 by summing 150 terms . A sample tabulation of the
ordinary Bessel functions from the computer is shown in Table I I I .

We a t tempted to calculate 1 (x) in the same manner , but the factori a l
series diverged .

I I I . 1-IADAMARD SERIES

The factorial series for calculat ing I (x) and 11 (x) diverge
since the Lap lace integrals representing these functións are taken

15 .
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- I between finite limits and, therefore, cannot be expanded according to
the previous algorithm . The Uadamard series, useful for large x, was

- 
- used instead and has been programmed .

I
n(X) can be expressed by:

5

• ‘IT

1 (x) = 
F (n+1/2)F(l/2) Je

X cosO sin2~ 0 dO

After expansion and term-by-term integration , the Hadaniard series can
then be written in the form

I (x) = 
eX (2x)~~~

”2 ~~ 
(l/2 .-n)~ y (n+m+l/ 2 , 2x)

• n r (n+l/2)r(l/2) in=o m !(2x) m

where ‘y
’ denotes the incomplete gamma function and ( l/ 2_ n)

m 
denotes

Pochhainmer ’ s symbol.

(a)~ a(a+l)(a+2) - . . (a+n-1) , (a) = 1

Each term in the expansion of these series contains the incomplete gamma
function , which is expressed below in terms of the Kummer function .°

-l a -xy(a,x) = a x e MCi , 1÷a , x)

where M denotes the Kummer function.

-

• 

Hence , af ter substituting and simpl ifying, we have

e~~(2xf~ ~~s (l/2~fl)~ M (1, n+m÷3/2, 2x)
(x) - r (n+l/2)r(l/2) ‘~4 (n÷m+l/2) in~

The solution of these series is straightforward and presented no
problems in overflowing the memory of the computer. The calculation
of the Kummer function required many terms (250 terms for x=75) to get
the required accuracy. The solutions of the Hadamard series seem to
have the correct convergent behavior. A sample computer tabulation is
shown in Table IV.

Theor ~j of BesBel Functions, End Ed. , G. N. Watson , Macmillan Co.,
N. Y., 1948 , p .  204 .

6 Handbook of Mathematica l FUn ction8, NBS 55, U.S.  Government Printing
office , 1964 , pp. 262, 504.
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The results were good but not as accurate for moderate argument as
we had hoped . We obtained 15 signif icant digits for x > 17 by summing
25 terms or less in the 1-ladamard series. This is not much better than
the asymptotic series given by *

1 f x 2 2. 2 2. 2. 2e 1 1 3  1 3 51 +  + + + . . .
~~~~ “ 2!(8x) 3!(8x)~

- 
ex 1 3  12.3.5 12 32.5.711(x) 

- 

(271x) V2 
- l !(8x) - 

2 !( 8x) 2 
- 

31 (8x)
3 

-

When the asymptotic series were programmed , we obtained 15 significant
digits for x > 19. However , the Hadamard series does provide an
independent check on the accuracy of the asymptotic series used in
our Bessel function subroutine .

IV . DISCUSSION AND CONCLUSIONS

Factorial series are an effective method for calculating modified -

Bessel functions of the second kind and related functions. Calculations
have been limited to real arguments in this report ; however , it is an t i c i—
pated that extension of the algorithm to complex argument will not

¶ present any major d i f f icul t ies.

On the other hand, the Hadainard series does not present any advan-
tages over the usual asymptotic series, and , consequently , extending
the algorithm to complex arguments is not planned . An expansion of
the Laplace integrals for I (x) and 1

1
(x) in terms of the incomplete

beta function is now being ~eve1oped and should overcome d i f f icu l t ies
encountered with the Hadamard series.

- 4
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