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he purpose of this study was to model the response of the thoraco-abdomi-
nal system to underwater-blast waves. The effort focused on the dynamics of
submersed gas bubbles because previous studies haa shown that most injuries oc-
curred to the gas-containing organs and the immediately adjacent tissues.

Experiments were conducted to obtain data for use as input in the develop- "
ment of a model. Gas-containing balloons, excised organs (swim bladders, gut
sections and sheen lunasg: exi. Ad nrgans (qwim hlRddprq and gut l ttinn-l in .

DDI0A 7M17 EDITION OF I NOV 65 1S OBSOLETE1JAN73 1473 t.ooASSTTFo .J (OPC
SECURITY CLASSIFICATION OF THIS PAGE ("ien Data Entered) .

Ii L 

.. i - iI •m



UNCLASSIFIED
SIKCUMITY CLASSIFICATION OF 'HIS PAGE(Wb• DOte Entered)

gelatin blocks; and whole animals (fish and rats) were viewed with high-speed
cameras while being exposed tc a shock wave in an underwater test chamber.
Overpressure vs time was measured inside the thoraces and abdomens of sheep ex-
posed at either of two depths to underwater blast in a test pond. Both the film
and gauge records indicated that the gas bubbles enclosed in the various sub-
mersed objects underwent damped oscillations. ,11 rupturing observed in the
films occurred while the objects were expandiny.') In most cases, rupturing began
durinq the first oscillation at a larger volume/than the initial one.

c n general, the measured frequencies and amplftudes of oscillatior, were
shown to be consistent with the theory for spherical air bubbles undergoing
adiabatic changes in free water. Although damping was neglected in this model,
the predictions agreed with the sured overpressures and times associated with
the first maximum compression of e thoraces of sheep exposed to impulsive
loads at a depth of 10 ft. Howeve all of the peak overpressures measured in
the abdomens as well as those measu d in the thoraces of sheep near the surface
were lower than predicted. Possible asons for these discrepancies were dis-cussed.

Arguments were presented suggesting that the severity of lung hemorrhage in
personnel using scuba gear at various depths below 10 ft might be approximately
constant if each diver received an impulsive load proportional to the square
root of the hydrostatic pressure at his depth.
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THE THORACO-ABDOMINAL SYSTEM'S RESPONSE TO UNDERWATER BLAST

by

E. R. Fletcher, J. T. Yelverton and D. R. Richmond

I. INTRODUCTION

A. Objectives

The objectives of this study were (a) to submerse various gas-containing

test objects, including excised lungs and isolated sections of gastrointestinal

tract, in an underwater-test chamber where they could be viewed with high-speed

cameras while being exposed to a shock wave; (b) to measure overpressure vs time

inside the thoraces and abdomens of sheep exposed at either of two depths to a

shock wave in a test pond; and (c) to use the results of these studies to model

the response of the thoraco-abdominal system to underwater-blast waves.

B. Biack.;,ound

In 1969, the Lovelace Foundation began a series of studies to establish
the probability of injury and mortality in animals exposed to underwater blast

(1-3). As in earlier studies, most of the injuries occurred to the gas-contain-

ing organs (lungs, gastroenteric tract and ears) and the immediately adjacent

tissues. The injury and mortality levels were determined to be functions of

the overpressure impulse of the incident shock wave.

In 1973, a study was begun to provide information on damage mechanisms as-

sociated with gas bubbles in the G.I. trdct. Thirteen-cm-long sections of small

intestine or rectum were remo ed from sheep and filled with water.. Air bubbles

of various volumes (0.1 to 8.0 cm3 ) were injected into the sections which were

then exposed to a blast wave -in free water. The results suggested that perfora-

tion of the G.I. tract is related to magnitude of the impulse, volume of the

bubble and wall thickness of the organ surrounding the bubble. The lower line
in Figure 1 approximates the data for sections of small intestine in free water.

In 1974, experiments were conducted to determine the underwater-blast im-

pulse levels required to perforate the G.I. tract containing a known bubble

volume while inside an anesthetized animal. In some experiments, 13-cm lengths

of small intestine were tied off in place and injected with air bubble volumes



GL0GUT SECTIC INSIDE A SHEEP

1i40ý

120

S~~GU7 %EC -,IO4N IN "NEE[ WATER

Go L

S40ý

201

0 02 0'5 '0 20 50 0

INITIAL AIR VOLUME (VO), cm1

lI

Figure 1. Fifty percent probability that an underwater blast will rupture a
tied-off section of sheep smull intestine containing an air pocket. Note that,
for a given air volume, the impulse required to rupture a gut section inside a
sheep was approximately 113 psi .msec greater than the impulse required to rup-
ture a similar section in free water.
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from 0.5 to 8.0 cm3 . In other experiments, an intestinal section from one sheep
was transplanted into the abdominal cavity of arxther. Because no significant
differences were noted, the data for transplanted and in-place sections were
combined. The results were similar to those for sections exposed in free water;
however, for a given bubble volum2, the impulse required to rupture a section

inside a sheep was approximately 113 psi.msec greater than the impulse required
to rupture a similar section in free water (Figure 1).

The above studies established the approximate impulse levels required to
produce rupture and demonstrated the profound influence of the presence of the

body surrounding the gas-containing organ. However, little was learned about
the dynamics of enclosel gas bubbles during their expo;ure to blast or about the
mechanisms of damage to the surrounding tissues. It was anticipated that such

information could be derived from motion pictures of gas-containing excised

organs and from overpressure vs time records obtained with gauges inside the
thoraces and abdomens of animals during their exposure to underwator blast. The
technical feasibility of measuring thoracic pressures inside animals has been

demonstrated in earlier airblast studies (4). Records from these studies were

used in developing a thoraco-abdominal model for airblast. This model has been
useful in explaininq many observed phenomena and in predicting injury levels for
untested experimental geometries (4). A model for underwater blast could be

similarly useful, particularly in predicting injury to personnel at greater
• •depths than have been tested extensively.

II. PROCEDURE

A. Chcmber Tests

The test chamber consisted of a cylindrical 3/4-inch-thick steel tank (63-
inch length, 41-inch diameter) whose axis paralleled the ground. The test ob-

ject was positioned at the center of the tank using a 1/4-inch steel rod. The

tank was fille, to a maximum depth of 33 inches, with the center of the object
being 12.5 ivches below the surface, The atmospheric pressure at the test cham-

ber was 12.0 psi, giving a hydrostatic pressure of 12.45 psi at the test object.
The charge (an E-99 blasting cap from DuPont, 0.875 gm of explosive) was mounted

on a 1/4-inch steel rod and positioned either at the same depth or directly

LI • • 3



Wcftco the test object. In all cases, the charge was 18 inches from the object,
2.5 inches from the curved wall and 31.5 inches from either end of the cylinder.
A t~ -thole %'17-ivch diameter) which was centered on the top of the tank remained
open during the tests. A Plexiglas viewing port (24-inch diameter, 2-inch thick-

ness) was centered on either end of the chani~v.

A total of 52 objects were exposed in 42 tests conducted in the chamber.

The test objects and the initial gas volumes are given in Table 1. Except for

the balloons, the initial volumes were measured before the objects were sub-

mersed, but this made 1 ittic difference because the atmospheric and hydrostatic
pressures were approximately equal.

1. Balloons

A total of eight tests were conducted with ordinary balloons that wereI approximately spherical in shape. Five small-sized balloons had initial air
volumes ranging from 91 to 695 cm3, whereas they could have been inflated slowly

to over 2500 cm3 before rupturing. Three large-sized balloons had initial air
3

volumes ranging from 2290 to 2370 cn , whereas they could have been inflated
slowly to over 15000 cm3 before rupturing. Because they were so softly inflated,

th initial pressure in the balloons was approximately equal to the hydrostatic
pressure at the depth of the balloons (i.e., 12.45 psi).

2. Swim Bladdere

The four swim bladders used in this study were excised from carp. The

total volume of each of the two-chambered bladders is given in Table 1. Two of

the swim bladders were encased in the centers of two 4 x 7.5 x 18-cm blocks of
20% (by weight) gelatin used to simulate tissue. Each block had a mass of ap-

proximately 500 gin.

3. Gut Sections

Twenty-four 13-cm long sections of small intestine from sheep were
exposed, singly or in groups of three, in the test chamber. The ends were tied
off prior to filling each section with water and an air bubble with a volume of

3
0.1, 0.5, 1, 2, 4 or 8 cm .Two of the gut sections were encased in gelatin
blocks of similar size and composition to those used with the swim bladders.

4



TABLE 1

OSCILLATION OF GAS BUBBLES IN OBJECTS EXPOSEL

TO SHOCK WAVES IN THE UNDERWATER TEST CHAMBER*

Values Apply to First Oscillation

Initial Minimum Time to Maximumj Time to ;olt.m at Tim. to Oscillation
Volume Volume Vc Volume Ve Rupture Rupture Frequency

Test (Vo), (Vc), 'Tc), (Ve). (Te), (Vr), (Tr). (f 2 1040/T)

Number Test Object cm3  cmo msec cm3  snec cm3  mec cycles/sec

1 Balloon 91 5.6 1.0 580 J.9 381 3.4 85
2 Balloon 275 67 1.9 697 7.7 375J 43.2J 74
3 Balloon 298 54 1.9 1010 9.9 645 5.5 75
4 Balloon 298 64 1.9 984 8.2 493 5.1 76
5 Balloon 695 212 2.2 1620 10.9 1070 6.3 58
6 Balloon 2290 942 4.4 4540 20.7 1570J 75.3j 33
7 Balloon 2370 1090 4.1 5080 17.2 301" 47.6J 31
a Balloon 2370 - - - - - -4 6 J
9 Swim Bladderd 17 5.0 0.6 43 2.9 - 1.0 155

10 Swin Bladderd 39 3.6 0.8 204 4.2 - 1.9 132
11 Swim Rladdqr 30 9 0.5 - 2.3 -1.4 170

in Gelatina e

12 Swim Bladdar 36 9 0.5 77 3.3 0.7 179
in Gelatina e

13 Gut Sectionf 0.1 - - - - No Rupture

14 Gut Sectionf 0.5 - - - - No Rupture -

15 Gut bSctionf 1.0 - - - - No Rupture -

16a Gut Sectionf 0.1 - - - - No Rupture -

16b Gut Sectionf 0.5 - - - - No Rupture -

16c Gut Sectionf 1.0 - - - - No Rupture 404

178 Gut Sectionf 0.1  - - - No Rupture -

17b Gut Sectionf 0.5 - - - - No Rupture 766
17c Gut Sectionf 1.0 - - - .6 No Rupture 53
18 Gut Sectionf 2.0 - 0. - . - .
19 Gut Sectionf 2.0 - - - 3.1 - 1.2 332
20 Gut Section1  4.0 - - - 3.1 - 1.4 246
21 Gut Sectionf 8.0 - 0.5 - 3.6 - 3.6 203
22a Gut Sectionf 2.0 - - - 1.9 - - 335
22b Gut Sectionf 4.0 - - - 3- 242
22c Gut Section1  8.0 - -0.3 - 3.7 - 1.6 177
23a Gut Sectionf 2.0 - - - 1.9 No Rupture 336

2 3b Gut Sectionf 4.0 - - - No Rupture
23c Gut Sectionf 8.0 - 0.5 - 2.6 1.8 250

•"!24a Gut Sectionf 2.3 ... .- No Rupture -

i 24b Gut Sectionf 4.0 ... .- No Rupture24 uSetof 80 ...

240 Gut Section
1  8.0 - - - - - -

25 Gut Section 2.0 - - - 1.9 No Rupture 471
in Gelatine.f

26 Gut Section 8.0 -0.2 - 2.0 No Rupture 292
in Gelatine'f

27 Left Lung -500 2.2 - 9.9 - - 56
of SheepK

28 Right Lung -700 3.4 - 13.6 - - 42
of Sheepg

29 Goldfish, 3 - - --

39 gm
30 Goldfish, -4 - - -

57 g•i
31 Goldfish, -5 - -.

73 gm

32 Goldfish, -7 - -.
107 gm

33 Goldfish, -9 s g..
133 gm

34 Goldfish, -18 .. ..

273 gm
S35 Goldfish, -25 ....

382 grm

1•An explanation of the symbo's is given at the end of the table.
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TABLE 1 (Continued)

OSCILLATION OF GAS BUBBLES IN OBJECTS EXPOSED

TO SHOCK WAVES IN THE UNDERWATLR TEST CHAMBER*

Values Apply to First Oscillation

Initial Minimum Time to Maximum Time to Volume at Time to Oscillation
Volume Volume Vc Volume Ve Rupture Rupture Frequency

Test (Vo), (Vc), (Tc), (ve). (Te), 'Vr), (Tr), (0 . 1000/i)

Number Test Object cm 3  cm3  msec cm 3  msec Cm3  msec cycles/sec

36 Rati 570 gm -6 - - - - - - -

37 Rati 611 gm -6 - - - - - - -

38 Rat. '627 gm -6 - - - - - - -

39 Rat, '629 gm -6 - - - - - - -
140 Rath 616 gn, -6 - - - - - - 196
41 Rath 622 gm -6 - - - - - - 233

[ 42 Rath 651 gm -6 .. 208

* An E-99 blasting cap was detonated ],8 inches from the test objects which

were submersed to a depth of 12.5 inches. See text for details of the
experimental arrangement.

All volumes refer to air volumes.

Not measureable from film record.

Value only approximate.

b One of three objects exposed on a single test.
c

"d The swim bladders were excised irom carp.

e Object in a 4x7.5xl8-cm block of 20% (by weight) gelatin with a mass of
approximately 500 gm.

Sf Ine gut sectioi, .,re 13-cm-long sections of sheep small intestine

filled with water and au air bubble of the indicated volume.

g The lungs were excised from a 39-kg sheep.

h Shaved rat; tracheal ligature used; thru & thru enema given to eliminate
abdominal gas.

i Shaved rat; no tracheal ligature used; no enema given.

j Balloon aspherical at time of rupture.

S~6
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4. Sheep Lungs

The excised left and right lungs of a 39-kg sheep were clamped off
before being exposed to underwater blast on separate tests. The lungs contained

the functional residual volume of air.

5. Fish

Seven goldfish (39 to 382 gm) were anesthetized (Ethyl Carbamate)
prior to their exposure in the chamber while being held in place with strands
of suture. The initial gas volumes of the swim bladders were estimated from the

body mass using data obtained earlier with similar goldfish.

6. Rats

Seven freshly-sacrificed rats (570 to 651 gm) were subjected to under-
water blast in the test chamber. The rats had been shaved and dipped in a

wetting agent in order to decrease the possibility of air bubbles' being trapped

next to the body. Such bubbles would reduce the quality of the motion pictures
to be taken and they might affect the animals' response to underwater blast.

It was noted that a small amount of gas escaped frexn the tracheas as
the first four rats exposed were lowered into the water. Attempts to determine

the oscillation frequency of the thorax by analyzing the motion pictures of
these four animals were complicated by the presence of gas pockets in the abdomen
which were also oscillating, but at different freqdencies. These problems were

eliminated on the last three rats tested by using tracheal ligation to keep gas

from escaping and a through-and-through enema to eliminate abdominal gas. The

volu,.le of gas in the lungs was estimated from the body mass.

7. Notion Pictures

A Fastax camera (Wollensak Optical Company) operating at an average
of 4100 frames per second was used to view the objects during their exposure to
underwater shock in the test chamber. Lighting was supplied by six 650-watt

flood lights located in the porthole at the top of the tank and one long-dura-
tion flashbulb (equivalent to an 1100-watt flood light for 1.75 sec) located in

the water approximately 12 inches from the test object.

7



was prnia foc siltn the gas bubbles in the test chamber

wasthedirct hoc wae fomthe blasting cap plus the complex reflection of

that wave against the curved, steel well of the tank. Tne main component of

the second wave had to travel approximately 5 inches far-ther than the first wave

fective durations of these two waves p~us the spacing between them was short

compared to the oscillation period of any of the objects tested such that, in

all cases, the load could be regarded as impulsive (i.e., the response of theI objects should be a function of only the total impulse of the two waves). The
short durations made it unfeasible to accurately measur~e the impulses with the
a~vailable gauges. However, in unpublished experiments previously conducted atI the Lovelace Foundation, impulses were measured at ranges from 9 to 36 ft in
free water, and it was possible to scale those to the 1.5-ft range for the ex-

periments in the test chamber. On the basis of this scaling, a total impulse
between 29 and 52 psi .msec was predicted. It was anticipated that the actual
impulse could be estimated more exactly (a) by comparing the observed balloon

oscillations with the theoretical prtdictions ind (b) b~y comparing the observed
frequency of gut-section rupture with the earlier data (Figure 1).

B. Pond Tests

The sheep were exposed to underwate~r blast in a test pond which measured
220 by 150 ft at the surface and was 30 ft de~p over its 100- by 30-ft central

portion. The pond is described in Reference 1. A 1- or 8-lb bare sphere of
cast Pentolite was detonated at a depth of either 1 or 10 ft at various ranges

from the animals. Previous tests had indicated that, for the present experimen-
tal arrangement, bottom reflections would be negligible. The atmospheric pres-

sure at the test pond was 12.0 psi.

1. Sheep

Seven sheared sheep (36-43 kg) were exposed to a total of 45 detona-

tions in the test pond (Table 2). Although some of the animals were used on as
many as eight tests, no change was noted in the internal overpressure records
as a result of the multiple exposures. Nonetheless, in an attempt to reduce the
possibility of the early tests disturbing the gas pockets in such a way as to

8
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modify the internal overpressures recorded on the later tests, multiple exposures

were conducted in the order of increasing dose (i.e., incident impulse). The

volumn of the gas in the lungs was estimated from the body mass.

Three anestietized (Sodium Pentobarbital) sheep were exposed at the

surface of the water, three freshly sacrificed sheep were exposed at a 10-ft
depth and one animal was exposed at both depths. The anesthetized animals died

after the first few exposures, but this appeared to have no significant effect

or the internal overpressures recorded on the snbsequent exposures. All of the

animals were mounted vertically in the water with their long axes perpendicular

to the surface. The mounting apparatus is described in reference 2. The animals

at the surface had their heads above water and their shoulders just below the

surface. The xiph~sternum was at a depth of approximately 1 ft. A plastic bag

was closed tightl.) over the mouth ind nostrils of each sheep exposed with its

xiphisternum at a depth ',f 10 ft. Thi', prevented water from entering the ani-

mal while it was submersed.

2. InternaZ Overpreseureo

The overpressures inside the sheep were measured using two modified

Type B gauges which were developed at the Naval Surface Weapons Center. ihe

sensing element of *he gauge consisted of four 1/4-inch-diameter tourmaline

discs mounted 10i a Tygon tv'e filled with silicnne oil (Dow-Corning No. 200

"dielectric oil) One gauge was inserted in the esophagus to the level of the

xiphisternum,. when the animal w3s in the water, the gauge was at a depth of ei-

ther I or )0 ft ccrresponding to a hydrostatic pressure of either 12.43 or 16.33

"psi, respectively. The other gau-e was inserted approximately 7 inches into the

rectum; it was at P eepth of either 2 or 11 ft corresponding to a hydrortatic 4

pressure of either .?..P7 ;r 16.77 psi, respectively. The output from

each gauge v's recorded cn a dual-beam oscillscope at sweep rates of both 1

and 5 msec/:m.

3. Incident Shock Wave

Two additional modified Type B gauges were located in free water at

the same range, and depths as the two gauges inside each sheep. To assure the

the presencu of the animal would not modify the shock wave incident on an ex-

ternal gauge, a separation distance of 12 ft was maintained throughout the tests.

12



As in the case of the objcts exposed in the experimental chamber, the

durations of the incident shock waves were short compared to the oscillation
periods of the sheep thoraces and abdomens; therefore the load could be consid-

ered as impulsive in all cases. Ranges were chosen to give impulses to the

thorax of from 11 to 133 psi.msec and impulses to the abdomen of from 18 to

198 psi.msec. Previous studies (1-2) indicate that 10 psi.msec should result
in threshold lung hemorrhage, whereas impulses of approximately 100 psi.msec are
required to produce gut ruptures (Table 1).

I!I. RESULTS AND DISCUSSIO1

A. Chamnber Tests

1. Damage to Test Objects

The test objects received the following damage during their exposure

in the chamb'ýr. All eight balloons and both chambers of all four excised swim

bladders (two of which were in gelatin) were r dtured. None of the nine gut

sections in free water with 0.1, 0.5 or 1 cm3 of air ruptured, whereas three of

the five sections with 2 cm3, two of the four sections with 4 cm 3, and all four

sections with 8 cm3 ruptured. Neither of the gut sections (2 and 8 cm3 of air)

in gelatin ruptured. Both excised sheep lungs had deep lacerations and multiple

blebs. All seven goldfish sustained multiple injuries, including ruptured swim

bladders, resulting in lethality. The seven rats had moderate to extensive lung

hemorrhage and multiple intra-abdominal lesions including gut ruptures and liver

lacerations.

2. Motion Piotures

In general, the quality of the motion pictures from the test chamber

was good. However, some of the test objects were obscured for a few frames when

cavitation occurred at the interface between the water and the Plexiglas view-

ing port. The films were analyzed to determine the maximum and minimum bubble

volumes and their times of occurrence for each oscillation. Some of the balloons

developed very aspherical shapes while oscillating prior to rupturing. The vol-

ume and time of rupture were also determined. In all cases, the volume was

a estimated feom the projected area measured with a planimeter. For the smaller

volumes, it was necessary to interpolate between frames in order to obtaii

13
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accurate minimum volumes. The volumes and times associated with the first oscil-
lation and rupture are given in Table 1, where the subscript "o" refers to ini-
tial conditions, "c" refers to conditions at maximum compression (i.e., minimum
volume), "e" refers to conditions at maximum expansion (i.e., maximum volume)
and "r" refers to cconditions at rupture.

Figures 2 and 3 show the oscillations of the balloons on test numbers
5 and 2, respectively. The radius "R" of a spherical air bubble equivalent to
the measured volume, regardless of its actual shape, has been plotted against
time. As these figures suggest, oscillat'lon frequencies could be determined but
rates of damping could not. Although the bubble motion did eventually ddmp out,
the process was complicated by oscillations of the explosion bubble and the fact
that the air bubble being tested appeared larger after rupture than before. The
latter effect can be seen in Figures 2 and 3 where, in both cases, the oscilla-

tions center approximately around the initial radius prior to rupture and a
larger radius after rupture. Nonetheless, the rupturing never noticeably changed
the frequency of oscillation, probably due to the fact that the balloons and

other objects were softly inflated initially.

Oscillation frequencies could be determined for some of the filmed
[* objects even though the gas bubble could not be seen directly, and therefore

maximum and minimum volumes could not be measured. These frequencies are also

given in Table 1.

3. Incident Shock Wave

As discussed earlier, the effective overpressure impulse incident on
the objects in the test chamber was predicted to be between 29 and 52 psi-msec.

4 . In a later section, comparisons between observed balloon oscillations and theo-
retical predictions will suggest the impulse was approximately 45 psi.msec.

Using Figure 1 and the limited data in Table 1 on the incidence of gut-section
rupture, an impulse of approximately 36 psi.msec was estimated. Impulses in the
36 to 45 psi.msec range are consistent with the noted high levels of damage in
the rats, in that the LD50 impulse for rats was found to be 12 psi.msec in an
unpublished stdy previously conducted at the Lovelace Foundation. Impulses of

this magnitude are also consistent wi-.h the observed 100-percent incidence of
swim bladder rupture and lethality in the goldfish, in that the LD50 impulse was

14
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previously found to be from 17 to 36 psi msec for fish of the sizes used in this
study (3). Thus, the data suggest that the effective impulse in the test chamber
was between 36 and 45 psi-msec, which is consistent with the predictions.

B. Pond Tests

1. Ijurie• e to Sheep

After testing, the sheep were autopsied; they generally had moderate

to extensive long hemorrhage and multiple gut ruptures. This was to be expected
because six of the seven sheep were exposed from six to eight times apiece, with
each having received at least two impulses as large as 89 psi.msec.

2. Internal Overpreeeuras

Usable internal overpressure vs time records were obtained on 44 of
the 45 tests conducted in the pond. In general, each record exhibited a damped
oscillation which was observable for as many as three overpressure peaks in the

thorax and seven peaks in the abdomen. The pressure changes were relatively
) Islow and did not have the appearance of shock waves. However, the first peak

overpressur• (Pc) became larger, and the time (T ) to reach it became smaller,
as the incident Impulse (I) became larger.

Representative thoracic and abdominal records are shown in the left-

and right-hand columns, respectively, in Figure 4. The three records in either
] ~column are arranged in order of increasing impulse. In each case, zero time ,

corresponds to the arrival of the shock wave in free water at the :lant range of
the internal gauge. The following qualitative comments about the records in
Figure 4 may be applied to the internal records in general.

"The thoracic record in Figure 4 for an incident impulse of 22 psi.msec
has a first peak overpressure of only 2 psi. Random fluctuations obscurred any
subsequent peaks that may have been present. For an impulse of 67 psi.msec, a
fairly sharp first peak and a lower, rounded second peak can be seen. An approx-
imate oscillation frequency (f) of 46 cps was calculated from the spacing of
these two peaks. For an impulse of 89 psi.msec, three equally spaced peaks of
decreasing height indicated that the thorax was undergoing a damped oscillation
of 46 cps. Note that the oscillation frequencies were the same for the latter

two records which were obtained in the thorax of one animal exposed at diffei-

ent impulse levels.

16
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Figure 4. Sample overpressure vs time records obtained with gauges inside sheep
exposed to shock waves in water.
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The abdominal record in Figure 4 for an incident impulse of 22 psi *msec
has seven equally spaced peaks giving an "f" of 143 cps. Note that Pc was only
14 psi and, although the early peaks were higher than the later peaks, the de-
crease was relatively small and not uniform from peak to peak. This indicates
that small oscillations in the abdomen ar!a not highly damped. In contt,.st, the
record for an impulse of 60 psi *isec (Pof 102 psi) shows a much higher level
of damping, at least for the first three oscillations. It can be seen that
although the second through the fifth peaks are approximately equally spaced,

jthe time interval between the first and second peaks is somewhat longer. The

only lengthei.ed time intervals observed in this study were between the first

intervals were not used in computing the oscillation frequencies. The abdominal
records for tests 7 and 8 in Figure 4 were obtained with the same animal and,
although the records are simlar in msrepcsincluding oscillation frequen-
cies, the time interval between the first two peaks is longer for the larger
impulse than for the smaller.

* Values read from the internal overpressure records are given in Table
2. First peak overpressure, Pc, was obtained on 32 tests for the thorax and 44
tests for the abdomen. Time to Pwas also recorded. In some instances, as
many as seven peaks could be read on a single record. Excluding the first peak,

* if no decay was apparent in two or more consecutive peaks, the overpressures
were averaged and the values, thus smo~thed, are also given in Table 2. Because
only the first peak was measurable for low doses to the thorax, only 20 frequen-

*cies were obtained for the thorax, w'hereas 38 frequencies were obtained for the
abdomen.

The internal overpressure records have been discussed thus far in

terms of the peaks and the spacings between them. Also of interest was the first
*minimum overpressure, Pe' which occurred approximately midway between the first

two peaks. The conditions at Pe should correspond to the conditions when the

oscillating gas bubble has grown to its maximum size. One would expect the

minimum overpressure to become more negative (corresponding to a larger bubble)
as the incident impulse is increased, with the theoretical limit being the nega-

tive of the hydrostatic pressure, -P. For the smaller impulses to the abdomen
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(e.g., see upper right-hand record in Figure 4) accurate values of Pe' falling
between zero and -Po, were measured from the records and listed in Table 2. For
the largjer impulses to the abdomen, the sensitivity of the internal gauges was

set so low (in order to record the first peak overpressures) that the minimum
E overpressures could not be read with precision. However, within reading accu-

racy, the P.'s for the largest impulses to the abdomen were always approximately
equal to -P0 , and this value was listed in Table 2. No P values were read for0 e
the thorax due to the large random fluctuations in the gauge records.

3. Incident Shock Wave

On each test in the pond, the measured incident shock wave corresponded
closely to the predictions (5). The predicted values of peak overpressure, sur-

face cut-off time, overpressure impulse and decay time constant for the incident

wave are given in Table 2.

C. Conditions at Rupture

In the earlier studies, the incident impulse required to rupture a gut sec-
tion in free water or in vivo was determined as a function of the volume of

teenclosed air bubble (Figure 1). However, no information was obtained on
the conditions at the moment of rupture. In contrast, the beginning of rupture

could be seen on the motion pictures obtained in the chamber for each of the

eight balloons and four excised swim bladders tested and for five of the nine
gut sections which ruptured (from a total of 22 gut sections tested). The con-

ditions at rupture are listed in Table 1.

4Four of the eight balloons ruptured on the expansion phase of the first

oscillation (i.e., T <~ T < T ) at a volume greater than the initial one (i.e.,C r e
Vr > V ). An example is shown in Figure 2. The other four balloons ruptured
during a subsequent expansion phase and, in at least two and probably three

cases, the volume at rupture was larger than the initial volume but riot as large L
as the balloon had been (and withstood) on the first oscillation. An example

is shown in Figure 3. Every balloon ruptured at a volume that was smaller than
the volume that the balloon could have withstood if it has been inflated slowly.

Balloons rupturing on the first oscillation appeared to be approximately spher-

ical at the moment of rupturc, but those surviving the first oscillation became

very distorted in shape prior to failing.
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The five gut sections and four swim bladders (two being in gelatin) ruptured
during the expansion phase of the first oscillation. Each of the five gut sec-
tions and two of the swim bladders ruptured at a volume that was larger than the
initial one, judging from the fact that the time of rupture was significantly
larger than twice the time to the first minimum volume. Gut sections which did
not rupture on the first oscillation became distorted in shape during the sub-

requent oscillations.

In summary, for balloons, swim bladders and gut sections, most observed
ruptures occurred on the expansion phase of the first oscillation at a volume

larger than the initial one.

D. Frequency of Oscillatior

I. Objects Exposed in Chamber

The oscillation frequencies (Table 1) measured from the films of the
various objects in the test chamber are plotted in Figure 5 as a function of
the initial gas volume. The lines in the figure correspond to the theory for

a spherical bubble of ideal gas undergoing small polytropic changes in an ideal i
liquid. The two polytropic exponents considered are y = 1.4 (adiabatic p;-ocess

for air) and y = 1.0 (isothermal process). The theoretical formula (6) for the j
frequency, f, is

= (6Tr 2 V)-1/3 (3yP0/p)1/ 2  (1)

where Vo is the gas volume, P0 is the hydrostatic pressure and p is the density
of the liquid. Except for the balloons, the gas volumes listed in Table 1 were
"measured before the objects were subi"r-1 to a depth of 12.5 inches. The plac-
ing of the objects in the water corre:,. ,ed to an increase in hydrostatic pres-
sure with a resultant d&:rease in gas volume which, according to Formula 1,

should have increased the oscillation frequencies about 3 percent. However,
such a small change could not be detected within the scatter of the data.

Although the measured frequencies shown in Figure 5 reasonably corre-
spond to theory for gas volumes from 0.5 to 2370 cm , it is not obvious that the
line for y = 1.4 (the polytropic exponent usually assumed) fits the data more
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satisfactorily than the line for y =1.0. Note that the frequencies for the
swim bladders and gut sections in gelatin blocks are higher than the frequencies
for the same objects in free water. Such an increase has been explained (7) by
assuming a constant shear modules, u, for the substance (in this ceue gelatin)
surrounding the gas bubble. For that condition, 4p would have to be added to
the 3yP0 term in Formula 1, thereby increasing the predicted frequency.

2. Sheep Thorax and Abdomen

The oscillation frequencies measured with the gauges inside the sheep
exposed in the pond are listed in Table 2. A thoracic frequency was measured
from 2 to 6 times (once per test) for each of five sheep, and an abdominal fre-I

qunywas measured from 3 to 8 times (once per test) for each of six sheep.

The frequencies did not seen to be a function of the incident impulse or theI

nubrof times the sheep had been tested previously. Al ftie firequencies
measured with one gauge in one animal were within 6 percent of the geometric
mean for that particular gauge and animal, except for the abdominal frequencies I
of two sheep (numbers 2 and 3) for which deviations as large a! 16 and 19 per-
cent were observed.

The geometric-mean thoracic frequencies for the five sheep were 41,

46 4, x0and 54 cp gomti mean: 47.2 cps), and the abdominal frequencies

cps. Tesefrequencies did not appear to be a function of the body mass of the
sheep (36 to 42 kg) or or the charge weight used (1 or 8 lb). The frequencies

for the animals at a 10-ft depth did not seem to differ significantly from the

corresponding frequencies for 6~aimals at a 1-ft depth. Formula 1, however, would
predict that, due to increased hydrostatic pressure and decreased initial volume,
the frequencies for the deep animals should have been about 25 percent higherf

thnthose for the shallow animals. That no such frequency difference was noted
may be due, in pa-t, either to the small sample size and the observed variability

between animals (frequencies at both depths were not obtained for any individual

sheep) or to the mechanical strength of the tissues which could have kept the

hydrostatic pressure from increasing as much, and the initial volume from de-
creasing as much, as would have been predicted for a gas bubble in free water.

In any case, it seems likely that increased frequencies would have been observed

if the sheep had been tested at greater depths.
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The average measured thoracic frequencies for the sheep (two at a 1-ft
depth and three at a 10-ft depth) are plotted in Figure 5. All five points fall

close to the line for y = 1.4. The average measured abdominal frequencies for

the sheep (three at a i-ft depth and three at a 10-ft depth) are not plotted in
Figure 5 because the initial gas volumes are unknown. Evidence will be presented
later suggesting that the abdominal frequencies would also be expected to fall

along the line for -y = 1.4; thus, it was possible to use the observed frequen-

cies tc estimate that the six sheep had abdominal gas volumes of 114, 83, 62,

49, 36 and 17 cm 3 (geometric mean: 51 cm 3). That the abdominal frequencies were

more variable (between sheep) than the thoracic frequencies is thereby inter-

variable (between sheep) than the thoracic gas volumes. It should be emphasized
thtthe estimated abdominal gas volume is not necessarily all, or even most, of
tegsin the abdomen, but rather corresponds to a volume of gas which is co-

heretlyoscillating in the vicinity of the abdominal gauge. The measured

thorcicfrequencies, however, correspond to gas volumei of the approximate size

of the estimated total amount of gas in the lungs.

E. Amplitude of Oscillation

It has been shown experimentally that gas bubbles in various submersed ob-

jects oscillate with approximately the frequencies predicted for the limiting
case of small-amplitude oscillations. For such small amplitudes, the gas pres-

sure as well as the bubble volume and radius should undergo symmetrical oscilla-

tions (in the form of sinusoids) about their equilibrium (i.e., initial) values.
However, even without damiping, none of these quantities would be expected to
oscillate symmetrically when the amplitudes are large. The oscillation theory,
neglecting damping, ils discussed in Appendix A, and computer-generated predic-

tions are given in Table 3. The radius, volume and overpressure for the bubble

at both maximum compression and maximum expansion, as well as the time to the
first maximum compression, are given for 15 different incident overpressure im-

pulses assuming a -y of either 1.4 or 1.0. These parameters were calculated in

a dimensionless form by scaling them in terms of the initial radius and volume,

the hydrostatic pressure and the small-amplitude oscillation period.
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uObjects Exposed in Chonber

Figure 6 is a plot of the scaled first minimum (V /Vo) and maximum
Co0

(Ve/Vo) volumes for the balloons and swim bladders exposed in the test chamber.

The theoretical curves were plotted from the data in Table 3. Figure 6 suggests

that the air in the balloons and swim iladders underwent adiabatic changes

(i.e., y = 1.4) during oscillation. The y could not be determined for the other
objects exposed in the chamber because accurate minimum and maximum gas volumes

could not be measured from the films.

2. Sheep Abdomen

Figure 7 is a plot of the scaled first maximum (P /P ) and minimum
c 0

(P e/Po) overpressures for the abdomen of sheep. Points were plotted only if Pe

was measurably greater than -Po. The theoretical curves were plotted from the
data in Table 3. Figure 7 suggests that the gas in the abdomen of each sheep
underwent polytropic changes with y = 1.4. However, four- of the data points

fell well to the left of the curve for y = 1.4. E~ch of these foiur points cor-

respond to a gauge record for which the second peak overpressure (Pc2) was
higher than the first (PC). When these points were replotted using Pc2 in place
of Pc, they fell close to the curve (see solid symbols in Figure 7). A similar
figure could not be prepared for the sheep thorax because minimum overpressures
were not readable due to the random fluctuations in the records.

F. Parameters of First Comproseion

Figures 5, 6 and 7 show that gas bubbles enclosed in various submersed ob-

jects oscillated with approximately the frequencies and amplitudes predicted for

similar bubbles in free water. This does not mean, however, that an enclosed
bubble's response to a given load (in this case, incident overpressure impulse)
will necessarily correspond to the predictions for an air bubble in free water.
In particular, it is possible that the effective impulse to a gas bubble in the
abdomen of an animal is smaller than the impulse incident on the surface of the

animal.

In the present study, the effective impulse to tha various gas bubbles was

"estimated from the parameters (time and bubble volume and overpressure) at the
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moment of the first maximum compression. The effective impulse could also have

been estimated from the parameters at the fir t maximum expansion~; this was not
done because (a) the presence of damping and/or mechanical strength associated
with the tissues would have biased the estimation of effective impulse more for
the first maximum expansion than for the first maximum compression and (b) in

general, the gauges in the animals measured the maximum overpressures more ac-
curately than the minimum overpressures.

1. ObJects Exposed in Chamber

Figures 8, 9 and 10 show sfealed first minimum volume, scaled time to

first minimum volume and scaled incident overpressure impulse (based on an in-
cident impulse of 45 psi .msec) for the various objects exposed in the test chamn-
ber. The length of the line segment associated with each data point in Figures

8 and 9 represents the discrepancy between the directly measured first minimum
volume and the minimum volume calculated from the measured first maximum volume
using the curve for y = 1.4 in Figure 6. Thus, each line segment can be regarded
as representing the range of uncertainty in the actual scaled first minimum vol-

umne. The curves in Figures 8, 9 and 10 were plotted from the data in Table 3.

Seven of the nine data points in Figure 8 fit the y =1.4 curve fairly
well. The other two points suggest that the impulse was low on one swim bladder
test and high on one balloon test, in both cases by approximately a factor of
two. However, the data from those two tests fall close to the y=1.4 curves in
Figures 5 and 6 suggesting that, whereas the incident impulses may have been

significantly different from the assumed 45 psi *msec value, the air bubbles
oscillated normally. If the two points in Figure 8 were made to fit the curve

by assuming different incident impulses, (a) there would be no changes in the

positions of the two corresponding points in Figure 9 and (b) the positional
changes would hardly be noticeable in Figure 10 because of the large scatter in
the data. The data in Figure 9 fall fairly close to the -y = 1.4 curve, whereas

either curve (-y = 1.4 or y = 1.0) fits the data reasonably well in Figure 10.

2. Sheel, Thorax (Deep.)

Figur~es 11, 12 and 13 show scaled first peak overpressure, scaled time

to first peak overpressure and scaled incident overpressure impulse for theI
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thorax of sheep exposed at a 10-ft depth in the test pond. The data were taken
from Table 2 and the curves were drawn from the data in Table 3. The data in
Figure 11 fit the y = 1.4 curve fairly well for internal overpressures greater

than P0  whereas the measured internal overpressures less than 0.4 Pwere
smaller than the values that would be predicted from the curve.

Although there is general agreement between the experimental data and
the theory, determination of the appropriate value of y from looking at Figures
12 ,id 13 would be difficult. Some of the scatter in these figures seems to have
been caused by the variability between animals; for example, the scaled times to
first peak overpressure were consi~z."ntly small for animal number 7.

3. Sheep Thorax (Shallow)

Figures 14, 15 and 16 show the scaled parameters at the first maximum
compression for the thorax of sheep exposed at a 1-ft depth. Figure 14 illus-

trates that the measured first peak overpressures were lower than predicted at

all incident impulse levels. Further, Figures 15 and 16 indicate that each peak
overpressure was significantly lower than the value that would have been pre-
dicted from the measured time required to reach that peak, even though the times
were close to the predictions based on incident impulse. The large discrepancies

between theory and the thoracic data for a 1-ft depth (as opposed to the rela-
tively good agreement for a 10-ft depth) may have been due, at least in part, to

4 the fact that the lungs, being relatihely large and near the surface, did not
receive a uniform load. In particular, the tops of the lungs which were near

the surface level of the pond received a much smaller impulse than the incident
V impulse at a depth of 1 ft (approximately the mid-depth of the lungs) which was

used to plot the data in Figures 14 and 16. Two other possible explanations

for overpressures' measured inside the animals being lower than theory are dis-

cussed in the following section.

4. Sheep Abdomen

Figures 17, 18 and i~show the scaled parameters at the first maximum

compression for the Lbdomen of sheep exposed at either a 2- or an 11-ft depth.

The data for the two depths were combined because no systematic differences were

noted. The measured first peak overpressures were smaller than predicted (Fig-

ure 17), with the discrepancy increasing with the dose. Figures 18 and 19
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indicate that, simildr to what was found for the thorax at a 1-ft depth, each
first peak overpressure in the abdomen was significantly lower than the value
that would have been predicted from the measured time required to reach that
peak, even though the times were close to the predictions based on incident im-

pulse.

The reduced overpressures in the abdomen are probably not the result
of nonuniform loading, which was suggested as a possible explanation for the re-
duced overpressures in the thoraces exposed at a depth of 1 ft. The loading1hul 3aebe osdrbymr nfr nteadmnta ntetoa o
the shallow exposures due to the gas pockets' in the abdomen having a greater
depth ('- 2 ft) and smaller volumes (17 to 114 cm estimated) than the correspond-

ing values (1 ft and -1100 cm3) for the thorax. At least two alternative ex-
planations seem possible:

a. The effective dose in the abdomen was smaller than the incident
dose because the wave encountered bones, inhomogenous tissues and possibly other
gas pact ets prior to reaching the gas pocket whose oscillations were recorded

with the gauge; or

L b. The gas pocket in the abdomen oscillated as predicted from the
incident impulse, but the gauge measuring that oscillation was in such a position j
that it was not acted upon by the total overpressure developed in the gas itself.

The first explanation could account for the fact that the impulse re-

quired to rupture a gut section inside a sheep is larger than the impulse re-

quired to rupture a similar section in free water. However, the discrepancy
between theory and the data in Figure 18, as well as the fair agreement in Fig-
ure 19, could both qualitatively be accounted for by the second explanation.
Without further experimentation, the matter probably cannot be resolved com-

pletely.

G. Damping

For the reasons previously discussed (page 14), a quantitative measure of

the damping rates could not be obtained in a straight-forward manner from the

films of the oscillations of the gas-containing objects exposed in the test

chamber. However, the records from the gauges inside the sheep did provide

j~ ~ some information on damping. Maximum overpressures were measurable for as many



as the first seven oscillations on some of the records (Table 2). These data
suggest that the larger the peak overpressure, the larger the decay from one

k oscillation to the next.

H. Injury Predictions

Much of the information in this report could be useful in predicting injury
levels for untested experimental geometries. For example, consider the thoracic

injuries to sheep exposed to impulsive underwater shock waves while breathing

pressurized air at depths of greater than 10 ft. The agreement between data and

theory shown in Figures 11, 12 and 13 indicates that a spherical air bubble in
free water can be used as a model to describe the first maximum compression of

the thorax of a sheep exposed to an impulsive load at a depth of 10 ft. The

model may be expected to apply at greater depths as well. Although the oscilla-

tion frequencies were also consistent with the predictions (Figure 5), damping

which is neglected in the model, would cause the measured overprescures to devi-

ate from the predictionc at times beyond the first maximum compres.ion. None-

theless, because rupturing, when observed, usually occurred during the first ex-
pansion at a larger-than-initial volume, it is probably not unreasonable to use
the predicted first maximum volume to estimate the severity of lung hemorrhage.

If the exposure depth -if a sheep breathing pressurized air was increased,

the hydrostatic pressure would become larger but the (initial) gaseous lung
volume would remain constant. The maximum volume during the first oscillation
would also be expected to remain constant as the exposure depth was increased

if the incident impulse varied as the hydrostatic pressure multiplied by the

small-amplitude oscillation period (scaled parameters, Table 3). According to

Formula 1, the small amplitude oscillation period (the reciprical of frequency)
would vary as Lhe reciprical of the square root of the hydrostatic pressure.

Thus, the maximum gaseous lung volume would be independent of the depth of expo-

sure if the incident impulse varied as the square toot of the hydrostatic pres-.
sure. If this interpretation of the data is correct, the severity of lung

hemorrhage in personnel using scuba gear at various depths below 10 ft should

be approximately constant if each diver received an impulsive load which was

proportional to the square root of the hydrostatic pressure at his depth. A

similar relationship has been derived for impulsive shock waves producing le-

thality in animals exposed to airblast at various ambient pressures (8).
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References 1 and 2 contain experimental data expressing severity of lung
hemorrhage as a function of incident overpressure impulse for sheep exposed to
impulsive shock waves at-a depth of 10 ft. If similar data were available for
greater depths, it would be possible to test the indicated hydrostatic-pressure

scaling relationship.
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APPENDIX

A. Derivati-n of Theoretical Equations

Reference 6 contains a theoretical description of the oscillations of a

spherical gas bubble in an incompressible fluid. For this reason, only a brief

derivation of the equations used in'this study will be given.

Consider a spherical bubble of an ideal gas centered at a depth, D, in an
ideal liquid of density, p. Assume that the equilibrium radius, Ro, of the

bubble is small compared to D, which in turn is small compared to the depth and

breadth of the liquid. For these conditions the boundaries of the liquid, ex-

cept for the surface, can be ignored and, for relatively short time intervals,

the upward migration of the bubble can also be neglected. If P0 is the hydro-

static pressure at the depth of the bubble, the,' Po-gpD is the atmospheric pres-I sure at the surface, where g is the acceleration of gravity. Assume that the

bubble, while at rest, is subjected to a uniform impulsive load, I, which in-

i jstantaneously gives the bubble's surface a radial velocity, (dR/dT)o, whose

magnitude depends on I as described in Reference 6:

(dR/dT)o = -I/(pR0 ) (Al)

The bubble, having been set in motion by the impulsive load, will start to
oscillate. Neglecting damping, and assuming that the bubble gas undergoes

polytropic changes, the small-amplitude period of oscillation, T, will be, ac-

cording to Reference 6,

'1/2
T = 2nRo[p/(3yPo)]I/ 2  (A2)

Where y is the polyti'opic exponent. The only two polytropic exponents we will

consider are y = 1.4 (adiabatic process for air) and y = 1.0 (isothermal process).

Having neglected damping, the total energy in the oscillating system should

be conserved such that at any time, T, after the impulse was applied, the follow-

ing would be true: (the kinetic energy of the liquid) plus (the work done on

the bubble gas) plus (the work done on the atmospheric gas) plus (the change in

the potential energy of the liquid) equals (the initial kinetic energy of the
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liquid). Substituting the appropriate mathematical expression for each of the

energy terms, while preserving their order, gives

2rrp(dR/dT)2 R3 + (5/2) P Vo[(V/Vo)'2/5 - 1)

+ (Po-gpD)(V-V 0 ) + gpD(V-Vo) = 27R 0I 2 /p (A3, y = 1.4)

27rp(dR/dT) 2 R3 - P0Vo in (V/Vo)

+ (Po - gpD)(V-Vo) + gpD(V-Vo) 2nR0 12 /p (A3, y = 1.0)

where Vo is the initial volume of the bubble, and R and V are the radius and

volume, respectively, of the bubble at time, T. Note that Equation A3 is given .in two forms corresponding to an assumed X of either 1.4 or 1.0 for the changes
in the bubble gas. Equation A3 can be put in a dimensionless form by using the

parameters J =- R/Ro and K = T/c to give

2 2 6/0-f-(10/7)iT [I/(PT)] 2  (63/40)7- 2 (dJ/dK) 2j 3

i• I /2)j6/5 _3•

+ (5/2)J- + 3 7/2 (A4, y 1.4)

272[I/(P )]2 (9/8)r- 2 (dJ/dK) 2j 3

0

- 3 In(J) + 3 1 (14, y = 1.0)

When J has either a maximum or minimum value, dJ/dK equals zero and Equa-

tion A4 becomes
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(0/7)I2[2I/(PoJ)]2 (5/2)J-6/ 5 + - 7/2 (A, y 110/7Tr 1/( -01+ j 7/2(A5 1.4)
0

2Tr 2[I/(P r)] 2 -3 ln(J) + J3 -1 (A5, y =1.0)

For any value of I/(P T), there are two values of J (one greater than 1.0 and the
0

other less than 1.0) satisfying Equation A5. The equation could not be solved

explicitly for J, so the solutions were obtained with an electronic computer

using iterative techniques. The computed maximum and minimum J values (labeled

Re/Ro and Rc/Ro, respectively) are given (Table 3) for various values of I/(PoT).

The scaled maximum and minimum volumes and overpressures in the table were com-

puted directly from the J values and the appropriate value of y.

The scaled time (T /T) to the minimum radius can be found by rearranging

Equation A4 to give

dK -7_-I (63/40)1/2 {(10/7)n2 [i/(PoT)] 2j- 3

- (5/2)J"2 1/ 5 - 1 + (7/2)J-3 } 1 / 2 dJ (A6, y = 1.4)

dK = -7 (9/8)I/ 2 {2Tr 2 [I/(PuT)] 2 j-3

+ 3J- 3 In(J) - 1 + dJ (A6, y = 1.0)

Intcgrating the left-hand side of Equation A6 from zero to T c/T and the right- 'hand side from 1.0 to Rc/Ro yields

c 4
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-11/223Tc/= / T-1r (63/40)1/2/{(10/7)r2[I/(PoTL)]2J"

- (5/2) J- 2 1/ 5 - 1 + (7/2) J-3-1/2 dJ (A7, y = 1.4) '1

R /R J
Tc/T -1 (9/8) 1/2j 1T{22 [I/(P T)] 2 J 3

+ 3j- 3 ln(J) -1 + J-3} 112 dW (A, y 1.0)

For any value of l/(PFT), Equation A5 can be used to obtain the value of R/R

and these two values can be substituted into Equation A7 to compute Tc/T. How-

ever, the integral in Equation A7 could not be evaluated in closed form, and
therefore the solutions given in Table 3 were obtained with an electronic com-

puter using numerical integration techniques. ?
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