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~lV ~;LOl~Ml:N T 01’ l i i i :  CAPARILrI Y FUR S U R F A U L — W I N D  ANALYS 1~ ON A
PORTAFH.I: c ;RI U (r 113/uv—PoR’r)

1. Introduction
N

The basic analysis capability is the Fields-by-Information Blending
(FIB) methodology .~deve1oped by Meteorology International Incorporated

—~ The FIB technique has been used successfully in many atmospheric and

oceanic applications to date.? These appli cations include the analysis
‘— • 

~~~~~~~ 
3

of sea—surface temperature , sea—level pressure , surface winds , and ocean

thermal-structure parameters . It has also been used in the diagnosis of

clea r—column radiances estimates from side—to—side scans of observed

sat ellite radiances , for blending clear—column satellite radiance information

with the mo~ . conventiona l atmospheric mass—structure model parameters

and for oceanic depth -temperature profile retrievals from a specified mixture

of upper-ocean thermal structure parameters and deep ocean climatology.

I n aduition , a general scalar FIB capability has been formulated for analysis

of weather elements (e .g .,  fog, cloudiness) and other scalar f ields.  These
capabilities are documented in the list of references at the end of this

report .

The genera l applicability of the FIB methodology results from the

inherent properties of the scheme--all information elements relevant to

the spatial distribution of an object parameter may be brought to bear upon

the resultant analysis  in proportion to their information content relative to

the resolution and specific objective of the analysis . Hence , object

parameter est imates and structure or pattern information , est imates of

parameters related to the obj ect parameter via linear relationships and

linear constraints on the resultant object parameter analysis may be
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accommodated by the ~;che me . These estimates may come from current and
near—current  repot ts , c u r r e n t  r e l ah  I analyses , dnc I earlier analyses ,
cli matology or forecasts.

In addition , the FIB methodology is conceptually open—ended in
its abi l i ty  to accept new information elements; and it is genera l in its
appli cat ion to grids of varying d imensions  and reso iut ion down to th at
min imum mesh length afforded by the input object parameter density and
dis t r ibu tion .

I
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2 .  I’or in uLi t iuns

—~~~~-~~~~~~~~~ The surface wind analysis  cdp ab il i ty , r IB/Uv , has been designed

to use a concurrent sea-level-pressure analys is  via a diagnostic balance

relationship for f irst-guess information for both the wind s and the spreading

of the wi nds.  The sea-level-pressure analysis  capability FIB/P has been

de signed to provide th is  f i r s t—guess  information for FIB/UV in that  both

analyses are done on a staggered grid-Js~ e Fig. 1)~pwhere the grid locations

for u , v and p have been chosen for optimum use of the diagnostic

relat ionship .~~~~~ ddi tion , use of this grid permits ordering of the unknown

resultant object parameters so that the line successive-over—relaxation
(SOP) technique may be used for solving the blending equations in both

FIB/UV and FIB/P.

A detailed description of the solution of the blending system of

equatio ns by line SOP is included as Append ix A. Programming details

are given in Appendix B. Although expressed with respect to blending for
p* these details apply equally to btending for U~ V~

Consequently , the FI B/UV and FIB/ P analy ses may be run in tandem—-

each FIB/UV analysis  is preceded by a FIB/P analysis . This increases the

information yield in FIB/UV in severa l respects . First ly,  a good fi rst guess

for the spreadi ng parameters in FIB/UV is produced by using a concurrent

press ure analysis  of equivalent resolution . Secondly, it permits the

assimilat ion of information available in the pressure portion of the reports .

This information would be d i f f icu l t  to incorporate directly into the wind

analysis .  Thirdly ,  kinematical extrapolation in t ime,  of sea-level—pressure

fields for f i rs t— guess  inform at ion to the sea—level—pressu re analys is , is

v~ I Id t h an  I n n i n ~i t i r .i I ex t r~ j )oi d 1( 111 ci ~~i r f a ( ( ’ w ind  1h’ I r I ~ for f i r  ~;t

guess to the surface wind ana lys i s .
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FIg. 1 The staggered grid showing re ference locations for the pressure ( s )
the u component of wind ( x )  and the v component of wind ( o ) .
The order ing of the grid points In FIB/P is shown by the solid sawtooth
line a nd In r in/uv by the cia shed sawtooth l i ne .  An arb i t rar y  reference
module is outl ined wi th  dotted l ines.  When re ferr ing to locations on
the grid , the ( L , ’n )  grid notation is used . When referring to the
orde ring of the points for blending , th e (k , n )  notation is used .
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Schematics depi cting the f low of operations in FIB/ P and FIB/UV

are shown in Figures 2 and 3, re~ p ” ~ti ve ly.  The information elements for

FIB/P and FIB/UV are shown in Figures 4 through 7. Details of the FIB/ P

and FIB/UV analysis  capabilities are given in references [31] and [27] .

The present discussion will be li mited to those adaptat ions necessary

for appli cation on the portable grid .
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Fig . 3 SchematIc Flow of Operations for FIB/ UV
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A

Fig. 4 The arbitrary FIB/P ~~~~ module for the staggered grid consisting
of one corner point ( I , ~~ ) ,  one center point ( 1*1/2 , m + 1/ 2 ) ,  two
sides an ( 1 the  in t e r i o r  area . Reference p oi f l t~ w i t h i n  the  module
are l own for the  pressure , p , and associated we igh t , A
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The weight s of the v al uee are given by the adjacent uppe r case letters in the figure .
The reference location for the pressure , p ,  from FLU/P are also shown.
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(~~‘ne r a l i ~ at i on  of th e (11dI Loc.ilio ( ) r I e I l t ~I L i o I I  , Ize  .J flII Me sh L enyth

The ana lyses  are done on a polar s tereographic , recta ngular  grid .

The grid d imens ions  are var iable  up to (MxN) = (63x63) * and the grid

mesh length  is v a r i ~tb le  clown to the re~;o lu t i on  a ffor ded by the  densi ty

and d i s t r ibu t ion  of wind and pressure report s in the area of app licat ion .

A complete specif icat ion of the portable grid inc ludes  specification

of the center of the grid , the rotation relative to the hemispheric  grid , the

dimensions M and N , and the grid length as a fraction of the standard

63x63 hemispheric grid length ( i . e . ,  the grid length factor) . Figure 8

shows the st andard NH 63x63 grid with the embedded greater Med iterranean

regional grid . Table 1 specifies the grid parameters for each . The standard

FNWC 63x63 hemispheri c grid has a mesh length of 381 km at 60° N. The

region al grids used for FIB /SL P—MED [5] and FIB /U V—MED [13] employ a

grid length factor of 0 . 2 5 .

*The total  number  of g r id  points on the MxN grid is MxNx2 including the
module  center grid points . See Fig .  1.
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Table 1

Grid Parameters for the FNWC Northern Hemisphere ,
Polar Stereographic 63x63 Grid and the Embedded

Gre ater Mediterra nean Grid

NH MED

Center of Grid : I = 31 , J 31 I = 46 , J = 33 (on NH Grid)

Counter-Clockwise
Rotat ion: 0° 0°

MxN: 63x63 63x63

Grid Length Factor: 1.0 .25

r
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( I ’ I ) ~ ’i ’ 1. l t h )n  If ‘l’ e 1 7 5 7  I I I  l 1 , i i i i i ’ t ’ r ~

A l t l i o t i jh t h e  i r a ’ , : ;  1) 1 p r i m a r y  i n t e r e s t  a r e  over t h e  o ’p•j i iS , i t  is

df l t ( ’ i p • l t ( ’d  t h a t  l i i ’ sp ’ i ’ i f t c  gr i d  r lf l ( I IT I1 I) a lSs i f l ( I  m an y  of these  regions w i l l

i n c lu d e • i d j i e a ’ i i t l~I t i ( l i t3as ~~t ’5 and i s i , n W ; , I ~a r l s I ’ q u e I I t I y ,  t i l l ’  t e rrain

pa ra met ers u :; ‘d in t l ie  Fl ~~~~~ and l’I U/P anal ys’ w i l l  he required for each

1I(’W p~ r t • l h l e  cud em p loyed w h ich  i n e l u d i l o ;  I . ,nd  r r l a . ; : ; ( :: and i : ; l a n d t ;

• These param ters  are a func t ion  of t h e  land t p ( i q r ap h y  and the  re la t ive

per centages  of land/ sea  w i t h  in t he  cl i t I  a s s e m b l y  a n( l r e f er en c e  modules

on  the grid

In the FIB/UV a n a ly s i s  , the  weigh t  ass( c i i t n d  w i t h  t i n  a s sembled

wind report va lue  in ea ch dat a  a s sembly  mO (lule is r e( lu ce d as a func t i on

of the m o d u l e  t e r r a i n  roughness  and land/sea m i x — — b o t h  factors c o n t r i b u t i n g

to non— represen ta t i ven e s s  in the winds  as opposed to modu l es  over the

open ocean or f l a t  land . In addi t ion , over rough terrain the  winds between

adjacent  gr i d  points w i l l  be less s t rongly  correlated t h a n  over smooth

te r ra in .  Therefore , f i r s t - d i f f e r e n c e  and other h i gh e r—ord e r  spreading weights

are reduced as a funct ion  of the specif ic  reference module te r ra in  roughness .

These formulations arc given in more deta i l  in reference [27 ] .

In th e FIR/P ana ly s is , the weights associated wi th  the  assembled

pressure re port va lues  are reduced over land as a f u n c ti o n  of mean assembly

module elevation to reflect the u n c e r t a i n t y  in the reduct ion (If pressure to

s a  level .  In a d d i t i o n , a ssembled  I i m ’ s t — ( l i f f e r  ‘5’ ’ ’  w( I q l i t : ;  , which  reflect

th e  a s s i m i l a t i o n  ‘ I f  wind reports via the balance t e l a t i o n s h i p ,  are reduced

as a function of mean assembl y module elevat ion and t e r r a in  r oughnes s .

The first reduction ac (’ounts for extrapolation to sr I  leve l and the second

j s ,  s I ’ m s i : : l ‘n,,n lii j o,i h r t w f ’ l ’ I i  p o i n t : ;  i s ’ , I I I : ; I ’ ol l I r l l ’ V O l l  t ( ’ I !a in,  At :; ,

• h i ’  w’ ‘ h i t l i l ; i i i  I p  i i ’  I , ‘i j O  , i l  i i i  l I l l I l I l ’  ‘ I i i : ;  I I I  , i . * I i  i l l  ‘ ‘ a  ‘ 1 1 .5’’

m_ I i l4~v(~rl t s r I i i i I  . i i i  s ; . ’ t a r  IIIUII t i al: ; ( I r ( ’  (J IV (’ll I I I  t i l O t ’’  ( I ( ~1a L l  i i i  t(~f (’ICflC t [ .
~ 

1 J ,
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‘ i ’ l i ’ I I I I I i m I  L l r • l i i i ’ ’ I a i : ;  d l I I ’  ~I r s ’ : ; l ’ r 1 l l y  ( l ( ’ r iv ( ’ ( l  Jt ~ , iri I.Il(~ l I’l ’~\/( : ,

Noi t i m e t m i  l l c ’ i n i s } I i l e l I ’  , I u i ~j l i — , e ~ ’ , l u t i u n  t c ’ t t , ~ i t i  ildl•I dV ai  i l a l , i e  ‘a i  r r l • l ( j r l ( ~t l c

tape • l l i ~; ( ‘ l l ) ~I l ) i  I i t y  t a  pro~ a ’ : ; : ;  t h i s  r aw rla t , i  in t o  t,!~ r l ’ ’ f u  ir ~ ’’l t e r r a  in

pa i , i i i i H or : ;  for  5 u l i i t i • i i y  I a lerenco d i l l !  dat a  l sSef l l l ) ly  i I IOd U l ( ’ S  11,15 been

developed un h r ( ‘ 11 r 1 ier  c o n t ract  w i t h  EPRI ’ [30] . The p r e: ;em’ it ‘a  t )~11) i l i ty

has  been ( xtO ndl  ‘~ I to c o mpt i t  ‘ a l l  t h e  requ irerl  I ( r r l in para m e t e rs  n’ ‘~~~~
a ;: sa ry

for both r iR/uV and F in/P on t h e  sp eci f ic  grid , to output and catalogue

(for fu tu re  reference ) the paramet er ;;  in the require d format  to in terface

with  FIB/UV and FIB/P , and to a j e,nei i l i z e  the fo rmula t ion  as a func t i on

of gr id—mesh  length l ia r  a s s i m i l a t i n g  the  pa rameters  into the  ana lyses .

Grids ex tending  into the Southern l l cm i sp h r r e  w i l l  not have the

benef i t  of the te r r a in  pa ramet er s  s ince the  basic te r ra in  dat -I  for the

Southern Hemisphere are not cu r rent ly  av a i l a b l e .  However , the capab i l i t y

to use the terrain parameter : ;  w i l l  be in the models  wh enever the  Southern

Hemisphere da ta become ava i l ab le .

Genera l iza t ion  of Reevaluat ion Procedures

In the FIB ana lys i s  scheme , three  cycles are employed . After the

first two cycles , input data weights  a r e reeval uated as a function of the

consistency between individua l input values and all  other information .

The weights of individua l in format ion  e lements  which are not consis tent

enter the second and th i rd  data assembly cycles w i t h  reduced weig ht

according to the degree of d i spa r i ty .  The formulat ion of th is  reevaluation

is dependent on the resolution of the specific grid , as is the  i n i t i a l

we ;gh L i  I l l J  ( I f  I I  l ( ’  in 1(11,1,, i I i o i i  1 flil

— 1( 1—
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L i e u  l ’ l o i i I ( ’ f l t  of i npu t  in fo rmat ion  in si F I R  a n a l y si s  is weig hted

according to its reliability (see Figs. 2 throu qh 7 for the spec i f i c

pa r ameter: ;  and associated ! weight s  used in I’l13/P and r iB / t JV ) . In general ,

the we ic iht s  are a func t ion  of the g r id—me s h  length ( i . e . ,  resol ution ) as

well  as of the q u a l i t y  of the information . In add it ion , the assembled weights

of f i r s t — d i f f e r e n c e  pr essure  values in FIB/P are reduced before b lending to

reflect the inhe rent deficiencies  in the d iagnos t i c  ba lance r e l a t i o n s h i p

used to express reported winds as equivalent pressure differences . This

weight reduc tion is , among other th ings , g r id -mesh- leng th  dependent .

Fir s t—Guess  Field Preparation

The f i r s t—guess  f ie ld for FIB/UV is prepared di rect ly  from the

concurrent FIB/P ana lys is  using the diagnostic balance approximation .

The f i rs t— gu es s  pressure field at ana l ysis t ime is , in general , a

combination of the k inemat ica l ly  extrapolated fields from the previous

anal ’sis and a later ana lys i s .  When only the previous analysis is

avai lab le , no combining is necessary . Kinematica l extrapolation is

per formed with geostrophic  winds derived from the SR500 field height

*val ues.

This ; method of computing the f i r s t -guess  f ie ld provides for both

forwar d and backward t ime cont inu i ty  in the FIB/P analys is  model , and ,

consequent ly ,  in the concurrent FIB/UV ana lys i s .

* ‘F l ie  ~
W ( ) ( )  n I l!  i s  L I I I ;  , i C t U s i l  5 ( 10—n i ! ,  h e i gh t f i e l d  w i t h  t h e  d is lur ’bance

scale removed .

- 17 —



. 1 ’ t — I i j ) , : ; t . r t — u p a n r l  ~ic I l e d l r I r W J Oj ) t I ( i I i 5

‘ l ’ III ’ ta nd emn I ’ l B / t i V —  I ’! R/~ a n a l  y :; is ca pa hi h i  ty  I V .~ i ha ble on an

“ a s— r e qu  ii  ed”  basis on 1 pd ) l  t a b l e  gr id  and w i t h  p rov i si on  for  backward

and forward c o n t i n u i t y  in t imr ’  is a power fu l and f l e x i b l e  tool • ‘l’his

flexibility requires the consideration and specifi cation of several types

of options .

1 —— Se t—up  op t ions :  Before the model is run , certain task;; must

be per fo rmed  , These inc lude  sp ec i f ic at  ion of the grid

parameters and generation of the required terrain parameters

as di :~~‘u sss ’d a bove.

2 —— S t a r t — u p  op t ions :  The model mus t  be run  for some speci f ied

s t a r t  — u p ’ pe riod p r eced ing  the  “ o p e t at i on a  1—use ” period .

3 —— - e h a s l i m l i n q  op t i ons :  The actual  i-un t imes  for the analyses

m u s t  be spec i f i ed .

I tems 2 and 3 above w i l l  now be discussed in more d e t a i l .

S t a r t—up  Options

Each new request  to begin a series of analyses  w i l l  have to speci fy

an operat iona l use I I I  iod for the ana lyses . ‘Flie end points  of the

operat ional  use  period ! w i l l  be given as t 2 and t 3 . The operationa l use

intei~ al  , t hen , is t 3 — t 2 0 .  The s t a r t — u p  t ime , t 0 , for the  model w i l l

have to be su f f i c~l n t Iy  in advance of t 2 so that  the effect of the ini t ia l

condi t ions introduced! by the bootstrap technique have been e l i m i n a t e d .

We w i l l  ind i~’ate t h i s  interva l for e l i m i n a t i o n  of bo otstrap ef fec ts  by

~ 
— h 0 whe r e t~ I. ,  . l i i  , l d ( h i t  io n , t Ic ’ i n i a ly s e : :  w i l l  he m iii a t  f i x e d

iIl l( ’ IV 5 i I : , 1 . I l i a ’ : l ’ ~~ I . t I i,:;l,ii.’; 5 1 1 a ’  -. ; I I I I I I I I , I I  v. i~d iii l it;. ~) .

— I I! —



t — .
‘ I t L I  t~

LH “l
:; t l r t ’ul)
t i ; ; ’; ”

p Operati ona I — u s e  period
~~~ ted

Fi aj . 9 Schematic of Time Intervals and Rela t ions .

Due to the  provision for forward and backward cont inu i ty  in FIB/P .
the s t a r t — u p  period sh ould be short . Also , the existence of i concurrent

hemispher ic  or re i iona l s e a — l e v e l — p r e s s u r e  ana lys i s  into which  the

portable grid can be embedded w i l l  fu r the r  shorten the s ta r t—up period .

— ‘ ‘ I —



~ a l a  - d u t l l e j Cor t s idero t t ions

;a - I ~~’~I u l i n ’ i c m  L I I I ’  r im ;: i n t .i t h e  opi m~ I ? on~i I  jot) ; ; Ir ’ ’ lrii involvs;s mn i rly

c~ n : ; i d e T 1 l t R i n ; ;  . Ani a i a j  t l n ’ : ;e  l i e  the ’ lot l ’ir i ij :

1 . Opem a t i o l l i l

a . L~ :(j u i r e m I ’ m ) t  to i n t e r f ac e  w i t h  a )t ~~II r p roducts  (r . q . , i npu t

to fo recas t  or a n a l y s i s  model) .

b. Requi rements  to t r a n s m i t  to the f i e ld .

2.  Data :

a.  Lao t ime  between observat ions and receipt  of observations .

b. Data—rich vs. data—poor areas and p er iods .

c. Degree of updat ing  of analyses  to be per fo rmed .

3. Time Resolu t ion:

a .  Ana ly s i s  period .

b. l lxtent  of forward and backward con t inu i ty  desired .

4. Processing time:

a. Amount of computer time available .

h . Period when computer  t ime  a v a i l a b l e .

c. Model runn ing  t ime .

5. i li s tor ical  s tudy vs .  operationa l use .

The schedul ing for a speci f ic  app l i ca t ion  wi l l , in genera l , involve

a l l  of the a ha ave Cons Id ( ‘r i t k in ; ;  . No S i ng l e  schedu I ing w i l l  he opt i  mum to

mii r t  a l l  p o ss i b l e  ap p l i c a t i o n s  of the model .

—20—



; Im j aV h’ IIIe I . 1  I a - I l l  Is i tO / I ’

1 . 3  i t t ; , I ’  ( ‘ I I l i I l ( I i I l i I  I ) j a - i , H r i : .

1. Set ( ‘a : I l S t. i l ’ ; t S  in a ly s i ; ;  t ime , g r i d ( l d ’ f i f l i t . iofl  Ond ! i d e n t i f i c a t i o n , a n l

1 na I y:: is cycle t I m l ’  i n i c r em e n t .

Rea I Ela ‘va Lion I ~ata

S a t  I a ’  :a o a if riot b uild! Oi ’ n i  a t  ye t p~~a a d ;  I C

Set Adjustabl e ( ans t an t s

i~~aiI l’tm ’:;t—Gues;; Analy :;a s

a .  Latest  SRSOO an a ly s i s  for k inemat i c  ex t rapola t ion

b. t ’ F ’ V i ’a r IS  and f o l l o w i n g  FIB/ P 12 5x 12 5  an a l yses  j  p r e v i a a l ; ;  t i m i ~- - E A 1 I  ( 1 )  0
neare s t  to c u rr e n t  t i m e  (up to F9 hrs )  k fo l lowing  t im e = I A H ( 2 ) > 0

u s e  FlB/SLP vet S ion i f  and o n l y  if no Flu / I ’  ve r sion  an a l y s e s  found .

5. Dete r m i n e  Number  of Relaxa t ion  Passes .

NTOl’IiP = IA II ( 2 ) - I A I I (1 )  I I A J I ( m )  ~ 9

a .  If only  previous or fol lowing ana lyses  found

NP FY = NTOT H R/ 2 4- 1

b. If both found

NPT Y NTOTHR/3 - 1

Ages of F i rst  Gu es ses N PTY N u m ber of Passc ’ ;~
1 found ~~~~~~~~~ —_____ cycle 1 Cycle 2 Cy cle  3

6 6 , ’) 4 15 10 (a

6 , 6 3 13 9 6
3 3 , 6 2 10 0 5

.5 .5 .5  . _ L_ ~~ ,
~~~~~~ 
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I . ( am h i n a ’  w it Ii t m  a p 0 1  I l i e ! !  (s)

~;j~ (~ ( ( t  1 )  0 I t t  i l i t ’
I I I  W - wei g ht

= I — W  
I I  I I I ’ I I l i s l a l i ( ’ m l a ’ (L I I ’ )

‘I ’ I I  ‘I ’ = t r o p i c a l  (q h )ba I ha nd)

I 1 L I ’  11Sf i i  in I r a  a l a  ( I i  l i e  I d .

7.  K i n e m a t  tea l ly  L x t r ~~pohit e  Combined F ie ld ( s )  in 3 hour  s teps

= 0 . 5 0  >: SR500 q e o s t r o p l i l e  v e l o c i ty

a .  l i n e a r  i n t e r p o l a t i o n  u ;ed in  mOvin g  1 , )  i n d l l ( ’ ( ” S  w i t h  S R S I ) O .

b. STGNTR( 12  po in t )  i n ter p o l at i o n  u ses  I l e se I , J \ 1 lues  to

i n t e rpo la t e  in previou s and/or fo l ! oWi f l q  I t l l l ~~ SI  5.

8. Com b i n e  .> :Lr I p o h I t e ( i  Fields into F i r ; : t  U a ’ S S  , in v e r sel y w e i a l } I t a ,Yd

by t i m e  ( IAn ) .

9.  Lead Observat iona l Data .

Location , age , type , name , wind , pr - : ; su r e  and p ies s ira ’ tendl ency

ship movement , c lass i f i cat io n , ~ tn .

a .  sh ips  ( h o u r l y )

b. synops (3 h o u r l y )

c. a i rways  (hou r ly )

10. Sort Lan d Reports  north to s o u t h .

Save n ear e s t  to 0 hr  when clup l  i ca Lo s found

11 . Move 1-3 hr report s l )a ( :L to 0 hr  u s i ng  tendency  group ( s h i p  a n a l  synop)

and n iovemer ’ t rode ( s h i p ) .

12.  5a a r t  Ship ; ;  by Name .

I sd to same name r a p  a l t  i f  w i t  Ii in  (I i : ; t i m i r n  e g ln i v a  l en t  to 2 ’ l a t i t u d e

i m i , l  ~‘n :: a l l , ’  ‘ ‘,‘ I I i  I I I  ‘ 1 1 ) 1 )  1 , 1 5 3 1 ’  / i i

— . 2 —



I .1 . La ‘ , i a t  Art i i i  ( ‘ I t I (“ I i a i ; I  r ‘ )  I I i  La

I I a ‘ a a I ‘ l ’ s :  l i l a  ‘/  W I l l a l  0~ t a t  I

i i .  ; ‘ a ’ a ~ ci a s  ‘a l i t  a r  a a l t  t a t  Vi! t i t t l  a a t  J ) j  a , ; h I ’  11/  S i L t ’  a l l  I i i  110 ’  a )I ci 11 ,1

a ’ . ‘ I  m a  i a  I c m l  s I

14 .  S a m  I ~i l I  !, )ci t a by J ( r e q i i  II  e l  f a t  r a t  m a  a l  - i s s~ -t a i b l y )

15. I ’ a a m m  I ’ t t i - t l  I ) i t a  L i s t  (‘1 W a a I d S / , a  t a a m t )

‘) a t a ’ I I h I i f l e ’  10 por t  w e i gh t s
‘ a u ’;ver t  w i n d  to e qu i v a l e n t  p ressure  d i f f e r e n c e

Sot Accept! L a ’  t ec t  Bits in data  l i s t  from area and name type b o qu s a - ’s

17 . Set up  ‘r r a p t c i l  I t r n s su r e  F i e l d s  from TOO B o q u s e s— — u s e d  f - a r p r a s s u r a ,’

d i f fe r e n c e s  o n l y .

18. a .  ( ‘ om u p u t e  Sp read ing  Paramete rs  from fir st—oue~ s field

f i r s t  den y w e i g h t s  = Wi / \a~~~ = fl . O f l O l

h i g h e r  d e n y w e igh t s  W2 ( 0 wh er e  u n d e f i n e d  ) \V2 = fl .02

Lap l a c i an  w e i g h t s  = W2’1’ / W2T = 0 . 1

b. Use  “t rop ica l  p ressure  f ie l d a only in v i c i n i t y  of t r o p I c - a l s torms

( v i c i n i t y  d e f i n e d  as 2 x 30 kt  r a d i u s ) .

1-) . Get M e a n — S q u a r e  L a p l a c i a n  Field  ( s y m me t r i c a l 5—point mean). Set

low a ‘ i d a  -r bit  o n l y  in v i c i n i t y  of t r o p i c a l  s torms.

20. Add Terrain Roughness and Laplac;ian Variance to hi gher derivative

f i e l d s  , eX d ’a ’p t  in v i c i n i t y  of t rop ica l s t o rms

2 2 C S I .0added v a r ian c e  (CS ) o (CL ) Ld c v  CL = 0 . 1.

21 . Get  h i g h e r  d i  iv  ( I ” , S~~ l ’ W )  p ’ a l t i o m l : a a f  a , l) , i ’ , Y , fl , )‘ , ñ , c , R f i a ’ I a { ; :

- i t i a l  5 - i  V

— 2 . 1 — -  
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t’aalcI i n  I a )
~~

i B’ aJ I l l s

2 2 .  A s ;o ’n n b l l .- I

c l .  l a n a ’ ; ;  ; ; I i m a ’

b. 6 1 t r u t  den y Ca a m l I p l a f l en t s

2 . Add L l e v c i t i a  ‘ ii  V i r i~~l r l C a  L i ,  Pt a s  su n  (‘ A~ SO m l i b i  y

Added Var iance  = CLP x (LLEV) 2 (~LP 0 .00 1 x ( f t / 100) 2

2 4 .  Add Llevation , T e r r a i n  R o ug h n e s s  and Balance A p p r o x i m at i o n  V a r i a n c e

to f i r s t — d i f f e r e n c e  as seinb l  ics

2 5 .  ( ‘ am pu te  a , b , c , Q’ ,~~ , Y , 6 , € , R f i e lds , o m i t t i n g  R , S , T , W t e r m s .

26 .  Combine  Fie lds  wi th  and wi thou t R , S , T , W terms.

2 7 .  I n i t i a l i z e  F ie lds  for  Forward El imina t ion , and Backwa rd Subs t i tu t ion .

28.  Compute  p~ I te ra t ive ly  by l i ne  SOB. Jump to 30 if f i n a l  cycle.

2 9 .  Reevaluate  Pressure  and Wind Reports , then j u m p  to 22 .

S : i p  th i s  s tep if f ina l cycle.

P. ) . Outpu t  A n a l y s i s , Var ian  Data List and Reject  Lis t .

Ana lyses output in 125x125 form (points  add ed from staggered gr id)

and 63x 63 form (“ center ” points  omi t ted) .

— 2 1 —
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. 1 . 2  ‘ h I t  L I  a a l l l j a a a l t i ’ l i t  ‘a t - h I s

1 1 0  I’ I _ i i i a - i i t . i I  j~ ’ I : x t i a j a a a l u i j o r i  ( h- ’ a - h a ’ r  t o  L a ’ a I i a n i  I . I I L l - n f l  ‘I)

/,a a o t u  ; t e e i l i l a ;  f i e l d  to S ’i t i i ( ’  : ; c a t l i ’  a ;; obje ct  I t a ’ l d  w i t h  “ i ’ a ’n t er

~~a i~ i t  ‘‘ a m i i  i l l s  ‘ I I  . l”J I ) t m a u l  l i i i  ‘ i i  i f  l a t  i i ’  m t ‘ n t i : ;  j a l t a  ‘ m i ‘ ‘ i i i  i I y: ; i

lt , l ( ’ k 1 , )  : ; I - i r t  I m l a m  v a l u e : -; in t o  st e e r i n g  f i e l d .

L : t t d ! I a a l a .t t a ’  I , J d i s p l a t c a - m e n t  f i e l t l s  in 3 — h r  st ep ; .;. If  h e m i s p h e r i c

a n a l y s i s , d i s p l a c e m ent is damped! equ atorward  from 20 ° la t .

( -i) F i l l  in I , J f i e l d s  at “ cen te r  po in t s ” u s i n g  4 — p o i n t  m e a n s .

® I n t e r p o l a t e  at  I , J ’ s in s t a r t i ng  f i e l d  for a l l  grid p o in t s .

If reg iona l  a n a l y s i s , in terpolate  in hemispher ic  f i e ld  when I ,J  i s

closer t h a n  “ x ” a i r i d  l eng ths  from edge. Combine the values

ob ta ined , w e i a ; t t t e d  by d i s t a n t ’ : -  f rom ( ‘dn;r :

V — ( I
W = “ , W , = 1 - W , W = W +- Whem x ob i hem comb hem obj

~vI o ’r s -  0 — -: 1
b ern

x = + 0 .5  (trun cated ) , and

= fract i onal numb er of grid l engths  from nearest  edge
(measured in direct ion normal  to edge) .

Hen - i t  
~
j  t h rough  © if extrapolating backward as well as forward

i n  time . ‘1 hen  u-’o m n b i n e  t hese , we igh ted  by amount  each is off—time.

~. t - . ‘ th e  i b  )V a  m e t h d a d  does not requ i re  a d d i n g  a border region around the

m ’ ’ i h i ( a n . I l  ap  u i , a t : ;  p r e v i o u s l y  ( lon e .

— 2 5 —



I I  R/ P I n ’  ‘ s : ;u r I ’  A s s o m~~jy (R e fer  t i t 5 ’ct ion I • 1 i t s ’ m m i  2 2 a )

I n i t i a l  report weight  - = 0 .5

(tuned for ap p r o x i m a t e l y  67% X 2 1)

in each as sembly  cycle:

p “ p  f p  — p
fl 0 rp t

whe re
p = assem bly (“ extrapolated”)  pressure at ref .  grid point

p f i r s t— g u e s s  , r cssur e at ref .  grid point

p reported pressure at s t a t ion  location
rpt

= f i r s t — gu e s s  pressure interpolated at s ta tion  location

STGNTR 12-point interpolation used

— 2 6 —



‘ l B  I ’ I ’ i I ; ; t — I ) ; I l ( ’ r I ’ i i ( ’ ( ’ A ; s ; a -  m i t l i h i t s ;  (i~ ’t ’n’ l a ,  ‘ i ’ i ’ I  h i n t 1 . I i t e n n i  22h )

I ) v I i n i t i o i t :

- = 1 (N .  H e m )
CLI ’ = gr id length fac tor  ‘~ = 0 . 2 5  ( M e d . )

/ Gi l’
Cl~~60 - 

~

VWCON 0 . 4 7 k (GLS6 O) 2

Computed for Each Wind  Observ at ion:

w i n a l  v ar i ance  (wind u n i t s ) :

WEL = 1) ~ (Fr -20) 2 /4o

Fr = observed speed (rn/ see)

report va r iance  in pressure d i f f  u n i t s :

VWND = (VWCON) [ ( 1  4 s i n R )  ( s i n 6 )  ~2 
~‘VEL)

report weight  for a s sembly

Bn m m .  of E~~ND 
7 .875]

Six compon ents (b , c , d , e , f ,g)  are assembled with  weight  B~ at

grid p o i n t s  which  are dependent  on exact locat ion w i t h i n  modul e

(roe p. 27 , M — 2 0 0  Technica l  Summary) .

*‘l’he v a l u e  0 . 4 7  was ( I ( ’r iv ( ’dI  f ’~ (‘ , e components  but is a l so  used in
V i o ’ l g h t i n c j  t h ~ 1 , d , f’ ,g  co n m n i u u a m i a - n t I ;

— 2 7 —



l i l t  I ’  l u s t — I  h I  l a a i a ’ I W ( ’  Va~~ a I m l  (‘ A d d i l i o n ls hy G i i d  ‘ , i i m l t : :
(HeI i ’r  to Sei ’i ion 1 . I i h ’ i i i  2 4 )

Vii i l a l n e l ’  ii(l (Ie(i by tt r i (1 point at I L e r  , ls ; ; I  ‘n i m b l y  for :

1 . Eleva t ion

2 .  Terrain Roughness

3. lha lance A p p r o x i m a t i o n

1. Eleva t ion  Variance (CE) ( E )

C mean modal  e levat ion in module  area

CE = 0 . 2  for L in ft/ 100

2 .  Terrain Roughness  Var iance = (CS) (a~ , )

= std dcv of modal elevations in module

CS 1 .0 for in ft/ 100

3. Balance Approx . Var iance:

2a “ 1 .0bal

— 2 8—
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I I  I t  - P t o  ‘ : ; s m m i  - L e a  v i  h t m l  t o n i  ( H e f i ’ n  to S t ’ c t i a  a l t  .1. I I t  a ’ J f l

where

= report pressure , extrapolated

~~* = analyzed pressure at grid point
a 2a = class variancec

a2 = gradient  varianceg

= mean diagonal  f i r s t—di f fe rence  squared / F

a 
Fg = GSQF (GLF) 2 GSQF = 6

2 . .a l i m i t = 4g

Modification for low pressure :

is multipli ed by:

r p~~- 920 
(mb) [0.4 i.o]

Rr evaluated weight:

A N R  A N / ( 1  (x  - 1)2 )

AN R = re eva lua ted  w e i g h t

AN = class wei ght

— 29—



1 1 1 1 / ! ‘ t i : : !  — I t  I a ‘ I a  - i t a  ‘ a - I i ,  - eV i h t n , i  I i i  a n t  ( I ’  - I a - n  L u ,  :~ ct  is  h I t  t . I i t e m n i  t I l l , )

( i :  - c* )
i 

i (~‘ - A

— 
ni ii

(1 1/u n

wit ere

= f i r s t  cycle a s s e m b l y  we igh t  (b , c , (1 , n , f , q compon ents)

C , e = J , I (I ir e e t i o n  f i r : ; t  d i f f e r e n c e ; ;

2 for f i r s t  d i f fe rence

Modified for h igh  wind speed:

A is mul t ip l ied  by :

I’d 
~~~~[(*

2 ~2)1/2 (~~
2 

~ v
2
)~~ 2]

Second Test:
/ * i 2— c  ) + ( e  — e

( 2 )  = FXLWG
d (c + c*) 2 

+ (e + e*)
2 

+ XLWGK
where

XLMTW = 6

FXLWG = XLMTW/0 .7

XLWGK = 0.4(GLF) 2

-5 ‘j a S I  i f  A 2 a a m A (2) X I . M’ h’ W

—30—
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For report s kept:

reduce weight if > 1:

B
B = I”

r 1 + (A — 1) 2

C)



‘1 . 
______

‘1 . I I’ i  i t / U V  5 a l i t j a  a m )  t i !  ( l i a e l a t i o m ’n -,

J i i ’ f i n e  p e r t , m } i h s ’  ( J n i u i  i n f a a r m m t a l j u a n  - m d  ‘ t d j n l : ; l i } ) l a -  ( ‘ a u r I ; ; t ~1mi t : ;

(~~- I i t e r I , J ( in 63x 63 g r i d )

S C a t  t O factor (Ira ct ion of 6 3x 63 gr id  l e n g t h )

Grid d imens ions

2 .  Read e leva t ion  dat 1-i

If data not ava i l ab l e , zero values  ara ’ a s sumed

(correct over ocean areas) .

3. Read current Pressure field and diagnose U , V.

4. Compute K , R weighted by fra ction of land/sea coverage upstrea m .

5. Add ter ra in  roughness variance to f i r s t—gu ess  var iance  f i e l d s .

6. Get f i r s t -guess  divergence and vort ic i ty  from U 0, V0 .

7 . Get R and S t erms from f i r s t — g u e s s  f ields , omit t ing weights  to
he assembled .

8. Read data ari d convert to in te rna l  f o r m a t .  E l i m i n a t e  dupl icates .
a.  K , R computed expl ic i t ly  from observed wind and pr essure

gradi ent  for each observat ion .

b. “Sp ecia l s tat ion ” li st search for match es .  Observat i ons i n
spec ;u I  l i s t  are f lagged and given l is ted we igh t .

1 . Main  loop h e q i n s— — a s s em bj e  data . Firs t pass a s s e m b l y  weights
r a - u i u r e d  Ofl I t m ; i ; ;  of f i r s t — g n u ’ s ; ;  U , V c o m m t j t  a t l a ’ i I t ; ;  , when large
d i  set (‘~~) ,ttI (’ i a ’ : ; , I r ( ’  c o m i m p r i t ( ‘ ( I .  1, , I t i l l  0 ‘l i i  in I : ;  d ,- ; : ; - m t i l i h s  - i i  t i m  s i , I l t e m i
sh ips . Elev at ion  variance ;; iidd ed to land assembly only .
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10. Add i i S S a ‘ I mt b led w e i g h t s  to 11 , S terms

1 1 . Set up m a t r i  ce:; for l i n e  SOB .

12 . Get blend ed U , V f ie lds  by l ine  re l axa t ion . C >  to # 15 if f i r s t
pass thro ugh m a i n  loop.

13. U , V va lues  a t  s taggered grid points  converted to ;; t andar d  gr id
po in t s  by cub ic  i n t e r p o l a t i o n .

14. Output  [ 1 , V and d irec t ion , speed f i e l d s .  Co to #1 6 .

15. Reevaluate U , V components . List sh ip  reports ari d any stat ions
in specia l l i s t .  List includes name , locatio n , nearest  grid p o i n t ,
reported and an alyzed  direction and speed , vector d i ff e r ence , K
and B computed from observed wind and pressure  gr ad ien t ,
beginning and reevaluated weights , ~ 

2 and observed and nea rest
grid po in t  U and V components.  A special nota t ion  is printed
for specia l s tat ions and for rejects . Go to ~ 9 if f i r st  cycle.

16. List ~ 
2 summar ies—-f requency  d i s t r ibu t ion  of ~ 

2 
val u es by

report type , and mean and median  A 2 and reported wind speed
by cla sses of analyzed wind speed for ship reports.

4 . 2  Fii ~/UV A d j u s t a b l e  C o n s t a nt s

Fo l lowing  constants  affect  the g r id  p la cement  and ar e def ined  in
t i e  program cal l :

j ( i l i l a ’ ( J a  - m )  ( l e f l f l ( a  I l ie c e n h e m  P o in t  reh ~t tj vc ’  I o t l i e  l u i i t c l , i r c l  gr id

I ( I h I - u  a - m )  d~ - I i  n mi  - : :  I I t a ’  qi i i i  ( i i  liii ‘ I t ; :  i u I t

( u i  I)  ~I u  - I i i  I a  - ; ;  L I t  i m n ms ‘ : ; I u  I i  ‘ m m q t i  ,c ; a I r a c L b  am oi t h i t  - S h a t I  t ( i ~l t ( l  gn i i i
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- I I >  e a t  i n  v ’  v m  I nt ‘ ; ; i i i  - I u i i l  a - I  ~I t a l i  pu - i  a I s - i t t  . I ;- :- in ~i l  - hI h a  I I :

E ’ I B U V ( I a , I , G () .2 5 , 1 2 5 , j 4  1 , N 2 9 )

‘rhis f i r s t  p ar am ete r  (6 ) u l a - f i i t e : ;  L I : - a a h s e y v a tj o i i  t i m e  a;; 6 hour s  a i f t e r  the

current  t ime  in the  c o m p u t e r.  l i i  l ’~~~~( ’( ’ ( a m i d  p a m a m c t e r  (3) m d  ic~i tcs  a

pa r t a t b lp  grid a p p l i c a t i o n . Other  number s  are used for I ix ~ d ar ( ’ai s

G = 0 . 2 5  indica tes  a 1/4 mesh g r i d .  1=25 , J 4 l  indica tes  the gr id  is

centered at t h i s  gr id  point  in the  63x63 grid numbered from 0 to 62 .

N 2 9  indicates  the d imens ions  of the gr id  are 2 9x2 9 .

The fo l lowing  cons tants  arc de f ined  in the progra m under  t he

head in g  “ A d j u s t a b l e  Cons tan ts ”

XKPL land va lue  of fr ict iona l constant  P.

X K P S  sea va lue  of f r i c t iona l c o n s tan t  K

BLAND land value  of f r i c t iona l  cons tan t  H

RSEA sea value  of fr ict iona l constant  R

VLW class var iance of land wind report

VSW class  var iance of sea wind report

AWl’ f i r s t - g u e s s  A we igh t  (before a d d i t i o n  of

other  var iances)

DWI’ f i r s t -gues s  D we igh t

QWT f i r s t — g u e s s  Q w e i g h t

EFWI’ f i r s t—g uess  I’ and F weight

GI I WT f i r s t — g u e s s  G and 11 weight

ELSCL f i r s t —  and s e c o n d— d i f f em  ‘‘rice e l evat ion

m u  ) t I (  j I m n i ( ‘;; ;: i h i i t t I - t u ’ t a i i

2 (. l~l ’ II , V . m ; ; : ; u  ‘ m I i I ) l y  u h i  - v at  i o m m  i i  u n m u j l i m n  ‘5 : ;  : ; t  ‘ ‘ I  I big fatct  i t

VL: ;MAX m a x i m u m  v ar i a n c e  , i d a l i t l o m i  to ii , V ~t ’ ;s emb Iy

duo to land/sea effect

— 3 4 —
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S . I n m i m m i n i j l ’ m o r cdure

‘l ’hir f o l l o w i n g  C u ) i I t r O l  ca r h i s  a I l S ’ req u i r ed  I i ,  r u n  m po r tab l e  gr id

a p p l i c i t  ion . ‘t h e  e x a m p l e  shown I ;: for t h e  cu r ren t  t i m i i e  on a 1/4 mesh

1 ~)x 19 gr id  centered at  [1 1 , 13]:

J OB CARD , I ’,( 300 , T 300

A P L I B ( , *FIB P , *FIBUV )

RF E , 300.

FIBP (0 , 3 , N 1 9 , 1 3 1 , J r 1 3 , F 0 . 2 5 )

FIBUV (0 , 3 , N 1 9 , l 3 1 ,J 13 , F 0 . 2 5 )

The f i r s t  parameter in the call  indicates the number of hours

before ( - )  or a f t e r  ( + )  the current mach ine  d a t a — t i m e  group.  The second

pa rameter  is a lways 3 to indicate a portable grid app l ica t ion . The other

parameters are respect ively,  the grid d imens ions , t he  I and J location of

the center in the standard grid system , and the  mesh s i ze  fract ion .

The above appl ica t ion requires  approximate ly  19 sec centra l

processor t ime  on the C1)C 6500 for FIB/P and 15 sec for FI B/UV .
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A l Pt :N  DIX A

Solut ion a d  the  Bl end in g  System of l qu a t i o n s  by Line SOP

‘I ’hc ’ sy :: tern of b l e n d in g  equ a t i o n s  to he solved m ay  be w r i t t e n

O S

=

where the order ing of the  elements w i th in  the vectors p* and B wi l l

be that  of increas ing  values  of k w i th in  increasing values of n ( i . e . ,

the k , n g r i d — p o i n t  no ta t ion  in t roduced in Section 1.3 and shown

schemat i c a l l y  in Fig . 3) .  This p e r m i t s  us to pa r t i t i on  p* and IC into

subvectors P~ and R , respect ively,  where each subvector corresponds

to a row of unknown pressure elements or forcing funct ions . These

vector :; are su r n t n r t r i z e d  as fol lows :

-Al 

--



-

I , n

! *
I

-2

t k—l , n
*= P~ where P =

- ‘ -~n ‘~n k , n

. 

~k f 1 , n
p*

* 
p *K- 1 , n

n

and

A
R 1 , fl
A

H P— 1  2 , n

k —1 , n

P = IC where R =r. , n
A
Il k u l , n

a H
M I  

A
IC IC—‘M K -l , n

R K , n
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R e f e r r i n g  to t h e  1 3 — p o i n t  s t e n c i l  for  the  bl~ fl dI~~aj sys tem of

s ’ a l u a t i ( s m t r ;  ( ( ‘ i i i .  ‘I), i t  i ’ m  he’ see nt t h a t  when  ( l i i ’  c s ’f i t or  p ( a i f l t  ( L ,’~) of

the s tenci l  is the  ( ‘ a u u i r a  ‘ m ~~a ‘ m i t t  ~i I  ~m gr id mu .~~h u le ( in t eqs - ’m va lues  of L and
) ,  the subv ec ta i r  p~ I w i l l  h a i V ~~ t h ~~’ a ’ n o n — Z s - n u )  (‘ i a i ’ f l i ( ’ i e i I t e  w h i l e

r o u h V e ( ’ t a u F : :  l’~ am i d  j a * w i l l  ( - 1 ( 1 1  hove  f ive  l l o t t — ; ’ a ’ m a u  ~~~~~~~~~~~~~~- n - l
Ilowever , when  t h e  cen te r  ; a a s i m u t  ( I , ) a i f  t i r e  : ; l . u - m i u ’ i l  it ;  t h e  ce u t l e r  po in t

a i f  Cm gr id module (h~~ I f — i n t a ’ a ~~a ’ ;  v alue: ;  ~ ~ ,‘t f l ( h  
~

- )  , t he  r ; t i h ) v a ’ c ’ t a ) r- ‘ n — l
w i l l  have three non—z ero co e f f i c  h ’ m t t r ;  wit  i Ic ubvectors  P~ and  p* wi l l- n
ea ch li m w -  f ive  m r u a u — -zero c ( u ( ’ f f i c i r r t t r :

-A3-
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An e q i i i v a P ’i r t  p s t i t i t i o i I a ’ ( l  loon a t  I P i ,  (h )  i n :  t h u - r i

~~l L~i 
- 

[
~1

~~1 ~~2 ~~2

A B p * — B
~~n- 1 ~ n ~ n n n

B
T 

A 13 I )~ IC
~~M-2 ~~M-1 ~ M-1 -M - l  M- 1

a
”

~~M-1 ~~~ ~~M

where C has been rewri t ten as a block trididgonal matr ix . The e l a ’m er i t s  of

come from the middle row of the stencil , the e l emen t s  of 
~~n come from

the top row of the stencil , and the e lements  of come from the bottom

row of the s ta :nci l . Both the A~~ and B s u b r a ; a t t i i n ’ a ~s are KxK and

pentadiagonal .  In addition , the A are s y m m e t r i c  and posi t ive-def ini te .
~~~ fl

The matrix C may be wri t ten  as

C = A ÷ B CAl)

or a

A = a h j a l a J  ( 
~~l ’~~2 ’’ ~‘~~ M ) (A2)

-A4 -
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‘ mu d B in ;  uj  i v emi  by

- -

0 13

~ ~~M-1

- 

--

~ ~~~~
-1 

~ -

The blending system equations may then be rewrit ten as

(A  + B ) P* = P (A3)

or as

A p* + 8 1 ~~ * 
+ B [1

* 
= P n = 1, 2 , . . .  , M (Ad)

~ n - n  ~ n— 1 n— i ~~n n +1 --n

w lu t ’m C

13 B 0
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L q u a t i u m i  ( A l )  iiuO ’/ I ) ’ ’ ssolv a ’d lot  I s A 
1:;

= A 
-l F P - ~~I 1 5 * - II ~~ 1 . (/~~r )

— mi mm 
~,, 

n , i i  — 1 - i i  — 1 - m i - I i  ~ I j

-r h~’ solut ion by l i ne  m ~‘I u :~:a t t o r i  ( Ia  - f m d  by

( p * )
(r+ 1) 

= ~ ) ( r )  ± ~~~~ ( r + i / 2 )  
- (p *  )

( r ) ]  
~ , (Ac)

w i t c i e  the superscript  ( r  ) re fe rs  to pass n u m ber and w h e  re

[ ( r )  ( r )

( )(r+ 1/2) 
= (~~Y ’ 

[~~~~ 

- B~ ( p * 
~ 

(r ±1 )  
- (

~~* )
(r +i )  

.

The upper superscr ip t  ( r )  applies to the te im in b m a c k e l s  for the f i r s t  half

of each pass in which either the even or odd n u m h e r ” ah  n (hereaf te r  r e f e r r e d

to as red l ines)  arc solved for .  The lower sU~i ( ’r sCr ip t  (r+ 1) app l i es  to the

term in brackets for the second half  of each pass in which  the r em a i n i n g

(either odd or even) n (hereaf ter  refer red  to as black t ines)  are solved for .

The method converges for  () < ~u ‘- 2 where 1 “ ~u < 2 implies  ovorrelaxat ion .

The inversion specified by E q .  (A7) is obta ined expl ic i t ly  by a t r iangular

dc-composition of the 
~ n mat r ices  into the product of an upper and a lower

tria ngular  matrix , followed by Gaussian e l imin ation .

We wil l  new present  the deta il s  of the method of solution by line

rela xation .

If We l I n t

x ml ~~ 
(r m i/ i)  (AB)



a n t  Cl

( r )  ( r )

[IC ui 
- 

~~~~~- I ( h~~ ) (r I I )  
- ~ (

~~ a j  ) 
(r+ 1)] (A9)

th en P g .  (A7) may I ) - Wi i t t emi  i i i  t h i a -  a a l u i v d l a - i i t  form

~~n >~n I-i n ~A 10)

Since each A n is symmetr ic  and positive def in ite , it can be

decomposed unique ly  into L-n , Y, n where L~ = is a lower tr iangular
ma t i i  :~: wi th  Posit ive diagonal  e lements  . Equation (A 10) is rewrit ten as

~~n ~~n >
~- n  n (Al l )

‘lb solution for X can then be obtained by f i r s t  solving the tr iangular

System

L~~ Z n = U n (Al2)

for Z and subsequi .  ot ly  solving

~~n ~~n = (A13)

f r  >~ . ‘I’ln ‘ i - I ( ‘ l i i i  i i  m : ; ‘/‘ - i r a  ‘ a ’  i ‘ I I  y u m l t , I i i  a u  1 f t  l i l t  I a I . (A I 2) i t t  t i n ’  en h a  -m

I ,ui ‘ ‘
~
‘
~~ ,m u , • “K S I t  a ‘ a ’ f l u  - I I t : ;  t 1 - q im ~m t n  iii i u i v o l  v a - n ;  ouiy  ‘/

j  
[ha-
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n ;  ~o i u i I  i - q i m u l l o t t  i m m v e l v ’ : ;  a”, s l i l i l  ~~ , ~I t t ( I i i  u~~i t .  ‘ I l t a u u  I i i  i - l a ’ t i i a  t m : ;

~ >, ~u m t ’  :; I i i i  l , tn I ~
‘ s i si - u n  ‘ii l uo t i t la . ( A l  1) i m i  I h a - s sn i I s -i - ‘- - ,~~ - , . . . ,

U F . ,  m m I . — I , n t  I , t i

‘l’I~u ’~~i - n ;ts p: ;—— ob taii iiuuu j lii ’ - m im t et tu i s etl iat ta - so lu t ion , s” 
~~~~ 

l t o u i i  1 g .  (A12 ) u i n a l

olitctiiiin (j t he  f i n a l  :;ulutm a iii , X 
~ 

, f m o m u t  E q.  (A 13)—— a u n a - i - l a - i r a  u i  l i i  u :; f em d’,’ a u t u l

ael i u t t i u i d t i o m i  01 1(1 I a , u ’kW ~~r i . I su b s t i t u t i o n , m a - s j u u - u ’ I  i ’-i a ’l y

‘Fhie u l a ’ m n a t t t : ;  01 t h e  : ;y m i imiuc t r i c  , p em i tad i aç jo m ia !  m at r i x  A w i l l  be a J i V a ’ i t

by

a b c1,n i , n 1, n

IN = 

:1~~

n 

~~ 
:2~~

n

1 ,n ~~, m -t 3 , n

a
K 2 f l  

bK 2  cK 2 n
/

b a b
// 

K_2 ,n K-1 ,n K-1 ,n

CK_ 2 ,n 
bK_ i ,n 

aK n

-A8-



I l i ’ ’  a ’ i ’mnt u - l i i : ;  a d  [ I t t ’  R~ m m k l t t l x Vaf~ i I  I t s  (j v i ’ i i  I y

y 0
l , n l , ir 1 , n

6 1 , n & 2 , n 
A

2 , n 
Y

2 5 n
=

l , n ~~2 , n 
&~3~~~ A

3

0 2 , n 3 , n 4 , n

~ K-3,n 
A
K_ 3 fl ~K-3 ,n 

0

Ô
K_ 3, n ~K-2 ,n 

6
K-2 ,n ~K-2 ,n

~K-3,n 
6
K-2 ,n 

&K_ i ,n ~K-1 ,n

0 
~K-2 ,n 

oK_ i n  
&K n

-A 9-



‘ l ’ I t s ’  mmm ~n L r ix  I () l  t h u  l r i d m I ç J u l s t m  ( I ( ’ c u m u l p o n ; L l i o m n  i s  g i v e u n  ~u n ;

0 0

e 1~~ d 2~~ 0 (
~ 1,n 

e
2 1~ 

d
3~~ 

—

L = -

dK_ 2 fl 0 0

(
~ ~~ 

eK_ 2 1 fl 
dK_ l fl 0

1
K-2 ,n °K-1 ,rt 

d
K f l

The elements of the upper triangular matrix are specified by U = L T

-A 10-



I ~ m~n Li m i a  t l i a  - l i u l  i v i a  lu ~n i a - I a ‘ m m u a ’ i t t : ;  sal A l a i  f l i t’ i ‘ 01 i a - 1)00(1 l i l ( J  a - ] i  - i r i (  ‘ i t t

o f l I t e  1imodw_ ’t 
~~~ 

‘ t i nt !  : ; t s l v i i t u j  ha m t i ne  a ’ l u - m i n u - i i t : ;  u l  
~~~ ,~~~ 

1
2

n ‘ a - ~2 ~ 
, d

3~~~ 
u k ’ . t h u  f o l l owing  i a ’ l d tj o u i s l t i p s  r e s u l t :

- - - / \ l/2
initiu l i z a -  : Cl =

\ 1, n

e = b /i.1l , r t  l ,n l ,n

/ 2 \ l/2
d = ( a  — e

\ 2 . , n 1,n

i t u m a t e :  k = 1 , 2 , . . .  ,K — 2

f = c /dk , n k , n k ,n

C k + l n 
= (b k + l fl 

- e
k ,n 

f
k ,n)/dk±1 ,n

/ 2 2 \ l/2
d

k~~2 ,n 
= 

~
a

k÷2 I~ 
- °k+1 n 

- 1k , n ) . (~d4)

1-l ay ing  de te rmined  the elements of L we can solve exp l i c i t l y  for

N in E q .  ~A10) by employing  forward e l iminat ion to solve for N in Eq.  (Al2 )

and backward subst i tu t ior  to solve for X 
n in Eq .  ~A l3) .

The forward e l iminat ion proceed s as follows:

in i t ia l ize :  Z = F /d1 , n i , n 1, n

F - e  Z
7 = 

2,n 1, n 1,n
~2 , n ( 1.

/ .,  n

~t L r o t a - :  k 3 , . . . , K
I ’ - a ’  ~‘, 

- I - Z
= 

F , , ’ k — 1 , m m h — I  , mr k — I , i t  ~~~~~~ (A ha )
k , n 

~
1 k , n

- A l l -

-



‘ I l i -  h i , t , ’ k , v , i i a l  ; ; t i l , : ; t i t i t f m a a u t  l i - t i  I t u h l s a , v : ; :

m u t t  t a t  i i ; - ’ - :  :~: , . = N /u______— 

~~, it  K , n K , n

— a -

= 
h - I ,  r i

K - 1 , m i K— 1 , n

i t  m~~t u- :  k = K’- 2 , K — 3 , .  .. , l

= 

- ek ,n Xk ÷ l , n 
- 1

k ,n ~~~ 2,n A
k n  d n

‘1’h~’ calculat ion of each e lement  of Z of Z in the forward
k ,n - r i

e l iminat ion and of each e l e m e a : n t  X~ n of X in the backward substi tut ion

involves division by the diagonal  e lement  dk l~~~
. Since the syste m (Ala) is

to be solved many  t imes  with the s a m e coeff ic ient  matr ix A but with

d u b  rent  forcing vectors , F 
~~~

, it would save computation time if we could

t rans fo rm E l .  (A la )  so that the re sult ing diagonal elements are all u n it y .

This t r ans fo rmat ion  can be accomplished by use of the matrices

d 1~~ 
- -

~~~~

a /
D = diacj L = —

~~~~.

- 

~K ,n

-A 12-



, trial

*1

l/d 1, n )
=

- -(
~‘\ - 1/d K n  

-

Making the t rans format ions

= 

~~n ’ 
~~n D 1 

, (Al7)

X = D X (A18)

and

= F , (A19)

equation ~A10) becomes

= . (A20)

‘I’Ia - ‘ I r  a n t s  for n i t . u I  l ou t : ;  pr oducI ’ Oh I y a m eseCt 1 imt (I of I h i ’ - A 
~ 

, N a n i t a  I I ’

w i t  Im ou t  ‘ t I P  - e l i  I I q  I i mi’ (‘ i t st m . ut ‘ta ’ r of I lie a i x  - I l ic iem r t m a i m  k’ - s; I . t ’  • i n ;

syi i t r r i ’ t r i a ’ , P~-~~ i t i v e  d e f in i t e  ~ nd pentadiagonal

-A 13-



‘ I I u ’  ‘ t m  i its ’ ~I m  I t m  l . - ~~’ s u ll h u s ;; ii l ai n i in; it s iw ~ ‘i h i t s - i t

A P U (A21)
~j i i  ;~~fl ~~ h )

W I t  a ‘r a -

(A22)

and

= U~ . (A23)

Both and have l ’s on the main diagonals and

= . (A24)

The elements of A 
~ 

may be written directly from Eq. ~A 17) a s

~k ,n d k n/d 2 , k = 1 , . . .

b
k~~ 

b
k ,n~~ k,n 

d
k+l ,n , k = 1 ,.. .,K-1

C
k f l  ~

‘F,,n~~k ,n ~
1 kf2 ,n k = 1 , . . . , K-2 (A25)

whe re

— 2a = a  /d = 1l , n 1 , n 1 , n

from E q. 1A 14) .

-A 14 -



-

TIte  u - I a -  mrw m it 5 u ) l  P may l x ’  ( ) l ) t d i n a  ‘ ( I  d i i  a’ a: t l y I ro mn I : q .  ~A2 2) as

= 1 k = 1 , . . .

= =• , , . . , sF , , mi d
k+l ,n

k = 1, . .  . , K -2 . (A26)
k+2 ,n

Given the A n matrix , it is necessary to compute and save only th’-

Cl 1 e lements  for the t ransformations ~Al 8) and ~Al9)  and the ~ and f~,~ ,n k ,n
e lements  for the forward el imination and backward substi tut ion to obtain

n These elements are obtained as follows:

- ‘ - - / \ l/2
initialize: d = I a

l ,n \ l ,n

e 1~~ 
= b 1~~~/d 1~~

d — 7 _ 2 ~ 1/2
2 ,n — ~a 2~~ e 1~~~1

C
l ,n 

=

i terate:  k = 1, 2 , . . .  , K—2

= ck f l /dk f l

e
k÷1~~l 

= (b k+ l fl 
- ek n  f

k ,fl)/dk+1 ,fl

2 2 \ l / 2d k l ? mi 
= ( i u k i ~) , , n 

— e
~~~~~11 

— 1F m i )

t k , n ~k , n~~~k f 2 , n

~~F , a  1 , 11 ‘ F , n  I f l /dk f 2 n . (A27)

-A 15 -



I t a  - Cl , a m a  I I eli - m m t e u t t s m m t d y  be : ; l  a i a - u i  o v a - I  lu  - a I , and
F, , i i  k , l i  k , t l k , m r F, , ml

mi ‘ I a ’ i i ta ’i i l ~~~, i ; I a a ’ei i V i ’ l y ,  ~u s t i t i - y  , t l u ;  C O l I u I a t t t i - u I

The t r ans fo rmed  sy s t a ’m  is solved for N 
~, 

by u sing  forward

a ‘ I  t r l l i u l d t ~~s)i l  to ; : i ) I V a  f u r  N of

,1’, n ~
7
L fl 

= ~ n (A28) *

and backward subs t i tu t ion  to solve for X of

~~ n X n 
= . ~A29 )

The forwar d e l iminat ion  proceeds as follows:

in i t i al i ze :  Z F— 1 , n 1, n

z . = F -~~~~~ Z (A30)
2 , n 2 , n 11 n l , n

i t  - i t t ( .~ F, = 3 , . . .
-

~~ = F - e  Z - f  Z . (A3 1)
k , n k , n k - l , n k— 1 , n k — 2 ,n k— 2 , n

The backward subst i tu t ion the-n fol lows:

in i t ia l ize :  X. = ZK , n

-

~~ = z -~~~~~ x ’K — 1 , n K - l , n K — l , n L , n

) t i - m , u t i ’ :  F: = L— 2 , P— 3 , . . 1

X = Z -~~~~ x - f X . (A32)
h ,n k ,n k ,n k+ l ,n k,n k+2 ,n

*
From Ea l :; . (A 1~J) ~ i~~h (A22) w a - see that  Z is equivalent  to 

~ ~~

— A l 6 —



- -~~~~~~

I a  v a ’ m : ; a ’  t m a u u ; I i u m  iii ad Eq. (A1 i3); i . e . ,  X = 1) 1 N , could rrow be- u : ; a- i l

l i i  ‘ u l i l , u  u n  ‘-
U

‘l il a ’ pr a ’cc dirn g discussion has indicated how to solve Eq.  (A7) or its

e qu i v a le i i t  for t i t , Eq. (Al a )  , by Gauss e l imina t ion . ~~~~ t h i s  is only one of

M a a l U a t I  b u S  of the Sai mi le  f o r m , which mus t  be- solved for  - ac l i  complete  pass

of th e r e laxa t ion  sch eme , we will  indicate how the a ’ n t i r a - ’ blending  system ,

J I V a  ii by Eq.  (5) , is transformed as the initial ste p in the rela xation

procedure so that line relaxation may be used .

The transformations (A17), (A18) and (Al9) need to be made only once

in solving the blending system of equations given by (5) or i ts equivalent

partit ioned fo rms .  Therefore , we will proceed by def in ing  matrix D as

D = d i a g ( D ~~~) (A33)

and i ts  inverse  by

= diag ( D ’
) . (A34)

I ’ h i a  a ~A3) may be t ransformed as

4 B ) D
1 D P * = 

a~
_ 1 

R . (A35)

L i t

ii I )  I C , (A 1(s)

D , (A37)

B (A38)

-A 17-



, im Id

1
A L) A D . (A39)

tea

L qUdt lou l  (i’a 3 5 )  m a y  t l t a  r n  h a  I a  V/i i t t I ’ i I

A p * + [ 3 p * = IC (A40)

em a s

~~
‘
i~-l ~~~~~ 

+ 

~ n ~ n+1 = n = 1, 2 , . . . , M . ~A 4 l )

The solut ion by line re laxa t ion  for this  t rans formed sys tem is defined by

( ) (r+ 1) 
(~~~* ) ( r )  

[(
~~* )(r +1/2 ) 

- (
~~~* ) ( r ) ]

f~~* \ (r+l/ 2)  - - ‘ -‘.‘,‘ h a i u ’  row ~ P~~) is the explicit solution to

( r )  ( r )
j  ( ~~* \ (r+l/2) — — ~~T ( - ~~* \ (r+ 1) 

— ~ r~* ‘a~(r+ 1) (A43)
— — n  ~~

n_ l \— n_ 1 /

by fo rward el imina 1ion and backward subst i tut ion .

In su mmary , the sol ution of (A3) for P~ by ~inc’ r e l ax a t i o n  proceeds

‘t ~~ f a  ) 1 f a a ’ ,’ - ; :

( I )  I m n i I  i n i l  ~-‘ - lI n t ’ /\ au t i t I I~ m t t ~t t m a u - : ; ,  t u a l  I Ire a a l a  - a I t  V a - a - I a  a n I’

-A 18-



(2) t ) u ’ ’ i u i r u f a a  a :; a - - , ti - li A ai mti ~I , a i V ( ’  [h a ’ rI , - am i d I
~~: f l  k , n l: ,n k ,fl

a t - ’ m n t i ’ i u l :  t i : _ l t m i t  l i l n _ n t t i u , i m: , (f \ ,1.’/) . ‘t im s ’: ;a - u - I s -  ii a a -i nt : ; m i i . i ’ ~, I)(~ :;t u , r a-sl

~ v ’ t  t in ’: ~t , I; a m i d  ae c l a - mt m ’ -rt ts , i a :;ps a; t i v ae l y , ot Ak , m r F . , m i k , ni

(3) ‘l ’ m , i i i s t u a m  m u IC , 1~~k 
~tut al B to R , j i k amid  B usiina j Eq~ . (A3b)

(ia t / )  a i m s! ( iaTh)

(-1) A p p ly  I ;  s . (A-I l )  ari d (A-i 
~

) i t a  ‘r a i t i vu ly  un t i l  the so lu t i on  is

i ) I ) t a i m n e  -Cl . l ) u r i m i i j  t h ’  f i r s t — h a l f  of i ‘ a )~ ’b PaSS the method solves

a - ; - :p !i cit l y b r  t i m e  l~~ associated w i t h  the red row:; , eurmpl oy ing

[lx’ pr oper fo rc in g  l u m i e ’ t io m u am i d  t ine  pr ev ious  pa ss values  of

aus n; o a, : t , utu ‘Cl w i t h  h u e  ad j ace nt  black t o w s .  ‘I ’l t a  - i nd iv idua l  e ’ l e i u u e u i t s

of each P* air ’ - th e-r i ad jus ted  according to Equation (A42) . During
n

the second half  pass the roles of the red and black rows are

interchanged .

(5) l’ r au i s  form the solution back to }a * usin a j  Equat ion (A37); i . e

= ,i:?

_ l 
~~*

- A l ) -



A l ~ I I ;l\ l I

4 Procjr i mnn ing I )eta i i : ;  a i f I , i i i s  - :( )IC

INIT IAL I ZE A~ FOR n l , 2 , 3 , . . . , M

I)iaqonal of A~~

a = A 1- B F B + C ~ Ck , n k , n 
____ 

k+ 1 , n k , n k , n- l

4- D + 1) 4- P ~ I:k , ml k — l , n k , n k — 2 , n

+ F * F 4- G -I- G
k ,n k+2 ,n—l k,n k-2 ,n— 1

+ Rk n  
I Rk+2 1 4- 4

~~~+1 , n

+ S f S * 4 Sk , n k — 2 , n— 1 k — l , ri

- 4- 16T + T + T + T + Tkj i  k — 1 , n *1 k+ l , n -4- 1 k i- 1 , n

I- 4- W + W - ~~k , n k , n — l  k — i  k f l , n

for k  odd: k =

—111—



A I II  I 1 1 I I
I. , m t F, , n F: , i t  

- 
I: I I , n— I F, , mm 

- 
k , m m — I

I 1) ~ 1) I fl + ~~k , n k-1 , n - 1 k , n k -2 , n

+ F + F 4- G + Gk 1 n k + 2 , n-1 k , n k — 2 , n — 1

4- l~ 
I- R + 4 R‘k ,n k+2 ,n—1 k+1 ,n— l

+ S 4- S 4- 4 S
k ,n k—2 ,n—1 k—1 ,n—l

16T + T + T + T -+ Tk , n k- 1 , n — l  k —1 , n k+l , n k + l , n- 1

+ W I- W + W -t- Wk , n k , n-1 k-1 ,n-1 k+ 1 , n—1

for k even: k 2 ,4,6,...,K-1

— L32 —
I



- m a a l t  - s t  i - s s ~~’ ‘ m a t  I ‘ I /~

b - - I I  — — — 4 _ I ’ — ‘I I ’ — w — W
k , n L , n I : - 1 , m i - l  L, m r k 4 1 , mi _ F, , n F , a l 1 n - I

f a  u~ F, odd : F, 1 , 3, . . . , }, —2

h ~~
- — B — 2 1C — 2R — 4 1’ — 4 1’ — W —

k , n k ’ l , n k -4-2 , n — l  k -’- 1~~n k , n k~~l , n k , n — l  k ’ l , n

fo r k even: k 2 ,4,h ,...,K—1

Second off—d iagona l of A~

c = -E + T + T -4- W
k~~n jjj.~~ it k t - 1 , n — 1  k f - l , n — l

f ea r  k od d :  k = 1 , 3 , . . ,  ,K—2

r -
~ 

— [ + T a T + W
k ,n k , n k+l ,n+- 1 k *l , n k a - 1, n

for k even: k 2 ,4,6,...,K— 1

—11:1—



! N i t I A I . I ’ ,-’. I :  ~~~ j (  ) l~ n t  1 , 2 , 1 . f y i — I

1 j , I ( I a  a m i d  I a t i  [1 n

& — (  I 4- 1’ 4 \A,/ f a t  F, i a d W  k l  3 , . . . Kk , n k — l , n k , n

&
k n  

= _ c
~k n  

+ T
k l  n+1 + T k f l  1 

+W ~ for k c v e n :k 2 ,4,...,K-l

Fi rs t  row above d iagona l

fi = 0 for k odd: k 1 ,3,...,K-2k , n

8 = — D — 2S — 2 S  — 4 Tk ,n k ,n k ,n k—1 ,n k ,n

— 4T — w — W for k even: k 2 ,4, ... , K — 1k+1 ,n+1 k ,n k4-l,n

Second row above diago nal

V = 
~~~~~ + ~~ + T for k odd: k 1 ,3,...,K— 2k ,n k ,n k ,n kfl ,n

+ 5t~, n ~ 
1k4- 1 ,n+l 

for k even: k 2 ,4,..,,K—3

Fir st  row below Cl agona  1

= 

~~~~ 
- 2

~ k f 1  n 
- 2R k 1~2 

- 41
k+1 ,n 

- 41
k , n I l

— ‘A’ — ‘a\ h a m  I; a u - l i t :  I: 1 , 3 F~—2LWJ!

o = o for k even: k 2 ,4, ... , K — 1k , n

—11 4—



-

~~~~~~~~~~ hi ; k t w d m a i j ~u i ’i1

~k ,n 
= 1 k+2 , n ~ R k+2 , n ‘k+1~ n 

for k odd: k 1 , 3 , . . ., K 2

~k ,n 
= F R~~ 2 

+ Tk+l Fl 
for k even: k 2 ,4,... ,K— 3

-B 5-
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- 

-

I N ! ’ I ’ t A l , L N l :  P 
~ 

I ’Ol< n 1 , 2 , . . .  , M

= A pu
k , n k , n

— a II h i — ( ( -  I ( in
~~ i i  F;~~i m I: m l  , m i — l  1: 4 !.~~n — I  F : . ~m i F , , mi _J~~~~~)j ~~~~j

— I~
a
~ ea , I) (I — P e + P e
e4j~~~:~~ip k— I , n — 1  k — i  ~n — l  k .  n k , n k — 2  , n k — 2 , n

— r  f. ~~F f — C  g 4 0  g
~~~~~~~~ k a - 2 , n — i  k 4- 2~~n — I  k , n  k ,~~ k — 2 , n —1 k — 2 ~~n — l

1- r IC r — 2R r
i~,n k ,ml k+2 ,n—1 k+2 ,n—l kl- l ,n—l k~~1 ,n—l

-4- S s ‘ S  s — 2 S  s
k ,n k ,n k-’2 ,n—1 k—2,n—1 k—1 ,n—1 k—l ,n— 1

— 4T t + T t -F T t +T t ~
‘l’ tk , n k , n ~: — l , n — l  k — 1 , n — 1  k — 1 , n k — I , n k-4- l ,n k I l ,n kfl ,n—l F,I-l ,n—1

+ \\ 1,’,’ + ~~~ 
Say — w — W w

F, n ,: , n F, • n — i  F, , n— 1 k — i , n — i  k — i  , n — i  k -I- 1 ,n—l F, + 1 ,n—i

for k odd: k z~l , 3 ,5 , . . . , K

—13(1—



a-’
\ P

a. , U F, , n 1; , n

— B 1) I II b — C c 4- C c
k , n k , n }: t - l , n k~~1 , n k , n L 1 n k,n— 1 k,n—i

— I) (1 -
~ I) Cl — j : e I- r:

k ,n k ,n Iz—1 ,n k—l ,n k , n k ,n k—2 ,n k—2 ,n

- F1.~~~f1~~~ 
4- 1

~~ -~~, n - i  ~k I - 2 , f l- i  
- 0

k,n~ k ,n 
4- 

k-2 , fl- l~~k-2 , n- 1

I - R
I~~n

rk n  ~~~~~~~~~~~~~~~~~~ 
_ 2 E C

k+i i n
r
k a l ,n

* S  s ~- S s — 2 S  sk , n k , n k—2 , n — l  k — 2 , n— 1 k —1 , n k— 1 , n

— 4’F t 4- ‘f t ~ ‘F t 4- -r t a- T t
k , n k , n k — l , n k — 1 , n k — 1 , n f l  k — 1 , n - I - i  k-1- 1, rt l- 1 k F l , n-I- 1 k + i , n ka- 1,n

+ \~f y, ’ + w w - W w — W w
k ,n a~~ji k,n—1 k,n—1 k— i ,n k-1 ,n k+l ,n k +1,n

for k even: k= 2 ,4,6, ,.. , K — l

— 137-



COMPU T E l ~ 
A N I )  OI’r—U) IAGONItLS OF L~ FOR n = 1 , 2 , . . .

Need to S~~VC only  Cl , I (write over a , h , c
k , n k , n k , n k , n k , n k , n

I n i t i a l i z e :

Cl 1 a ~ save
1 ,n ~ 1 , n

-
~~ hj~~

1 , ri d
1 ,n

d ~1a -e 2 ~ save
2 ,n ~ 2,n 1 ,n

= 
r i  save

I n  d 2 , n

I t a ’ i a t t ( ’  F, = 1 , 2 , . . . ,K—2

= 

C
F

dk , n

b -e f
— k’i ,n k ,n k ,n

‘ I ’  I , n 
—

d . ~
- 1 2 2 ~ save

la k+2 n e k 4 - 1 , n f k , n

- Ck + i fl
______  

~~ save
d
kfZ fl

- J~±!~_- save
1 , m i k m  2 , fl

S

— 11 8—

(

_  ~~~~~~- -



TRANSFORM i~ n = D ;’ ~~~ FOR n 1 , 2 , . . . , M

A
R

= 
k~ n •

k ,n dk , n

S
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COMPU’l’L IC 
~~ 

FOR it ~
- 1 ,2 ,... ,M— l

= 

&k n  
— for k =  l , 2 , . . ., KCl Cl

k ,n k , n I  1

k , n 
for k= 1 ,2,...,K-1k , n dk f l d k+i fl÷ i

V
k,n for k 1,2,...,K-2k,n d d

k,n k+2,n+1

6
— — k , n
bk , n 

— 

d k + i n dk n+l for k 1 , 2 , . . . , K—i

— 
= ~k,n for k = 1 ,2,. ..,K-2k,n dk+2 f l dkfl + J

$

— R i O —
(

Ad



l I - -
~\ r ~ : ; I ’ ( a I- ~~ 1 l ’ t I i : ; I  1 : 1 1 1 : : ; : - ; 1 14 1 - ’ ‘ flhi I.IN I: :; : a 1 , 1 , fyi

--
F P 

i
) i i  (

A ) I ’ m  F, 1 ,? ,..., Pa a , ~I P , I t  a a , m t

‘ J a a t ( ~~ l’ir : t qu o :; : ;  l i i i  even l i n e s  computed u s ing  l ine  re laxa t ion  (I . e. , the

fo l lowin g  steps w i t h  n oVa-n) with r 4j  1

ITE RA TE TU E FOLLOWING STEPS UNTIL CONVERGED

Firs t  ha l f  pass: n = 1 ,3 ,5,... ,K

Second half pass: n = 2,4,6,... ,K-1

Compute F’ 
~

~ k-Z ,n-1 ~k-2 ,n-l ~ k-2 ,n ~k-2 ,n+1

~ k-1 ,n-1 ~k-1 ,n-1 Ô k_ l ,n ~~-1 ,n+1

F
k f l  

R
k ,n ~ k ,n-1 ~k,n-1 

- 

~~k , n ~~~, n+i

—
* — *

k,n-i ~k*1 ,n—1 - k , n ~k *1 , n+1

~k,n-1 ~k+2 ,n-i V
k ,n ~k+2 ,n~ 1

for 1; = l , 2 ,~~~, . ..  , K

Note : ‘l e im: ;  referencin g indice s outside of boundaries (n  1 , n > M ,
k - 1 , k :  ~ ) are set to zero .

— 1 3 1 1  —



:;s sIv ,’ 
~ ~~ 11 

~~ri 
h i m  ~

tel) I Solv e L n z~~ 
= for

I n i l  P t  I i;:’ :

z = r’
1 ,n i ,n

z = I’ - 
~~~ Z

2,n 2,n 1 ,n 1,n

Iterate: k 3 ,4 , . . , K
= Fk n  

- Ck_ 1 , n Z k_ 1 , n 
- 

~k-2 , n Zk_ 2 , fl

Step 2 Solve U~~ p~~ Z~~ for p*

Initialize:

ZK f l

~K-i , n = Z K _ l , fl 
- eK~~1 , fl ~~~~~ fl

Iterate:  k = K— 2 , <—3 , . . . , 2, 1

~k , n 
= “~k , n 

- 
°k,n 1

~kfi ,n 
— 

~~~~ ~kF2 ,n

Th is becomes 
(
~~* ) (r + 1/2 ) 

- -

-B 12 -
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Correct a l ine of i~ , ~~ 

; i .e. , cor rect

(_ * )(r ~ i) 
= (_ *) r  ~ {(_ * ) (r +1/2) 

- (— *
) r J

WHEN CONVERGED

* ~~ / d  for k 1 , 2 , 3 , . . . , K
~k , n k , n k , n

and n =

(‘a

-B 13—
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Il - m i i a l i m y  (~~- a t t t m t  ‘ a l t : :  m a  ~a i a - i a I i unq t ’ u m , t m m t a - I u - m  W a -i g hu ln ; j i m (P , i m) (n i d  H a , t - i l l a a n t

l i a r  t a ’ f a a l I a a ’~: ’ a t i u i  (k , n) t h a -  i n i l d ’ - u t a ’ d  w e i gh t s  t ie - set  r 0.

I .  h1~m JTJ 0 1 1 1  ‘ i I ( ( V V a ’ t ~Jj a t S

I ’ : 1 1 , 2 , 3 , . . . , M f i r : ; t co lumn on l e f t
1 , 2 , C , . .. , K M top row

C: 2 - 1 4 a , . . . , K — I M — 1  i a )W be low top row
1 ,2 ,3 ,..., K M t a p  r- ’w

I ) :  K 1 , 2 , 3 , . . . , M f i r s t  co lumn on r ight
M top row

K — I  , K 1 , 2 , 3 M r i gh t m o s t  two columns
M top row

F: 1 ,2 1 ,2 ,3,.,. ,M leftmos t two columns
2 .4.6,... ,P— 1 M—i row below top row
1 ,2 ,3 ,...,K M top row

0: K— i , K 1 2 , 3, . . . , M r h q h t n e a s t  two columns
2 ,4,6,... ,K—1 M— 1 row below top row
1 ,2 ,3,...,K M top row

I I .  H i g h e r — O r d er  Sprea d ing  Parameter  We i g h t s

B : same u n ;  F

S: same a~, C

T: 1 , 3 , 5 , . . . , K 1 bottom row
1 , 2 , 3 , M t a p  row
I • Ii 1 , 2 , 3 , . . . , M I a  - f  I si fl(l F t ( J l t t  co lumn s

W: 1 , I< 1 , 2 , 3 M I of t  and r i g h t  columns
i .2 , 3 M top row
2 , 4, 6 , . .. , K— I M— 1 row l)elow top row

— IC 14—

Ad



‘I ( - a a I i  u m i t  f a ,u r .i m n t ’ I  ~-m I : :  I i  m t m , u t ( — : ;  i n  (k — r I )  N a t a l L  I a

Estimate for Estimate for
ç a  u n  t o t  pa m t  centu t point

(k odd , m in teg er )  (k even , m h a l f — i n t e g e r )

F i r s t  D i f f e rences :

b
k n  ~k- 1 ,n 

- 

~k , n 1
~k-1 , n~~1 

- 

~k ,n

~k ,n I- 1 ~k ,n 
same

-. 
~k +-Ln f- 1 

— 

~k , n

F, , n F, 4-2 ,n F: - n

~k n  Pk..2 , n f i  
— 

~k ,n 
same

~k 4 - 2 , n 4 - 1 
— 1

~k ,n 
same

~~~( ‘ Cu a fl ( 1 D i f fe rences :

r k n  ~k-2 ,n*I 
4- 

~k ,n 
- 2

~ k-I ,n ~k-2 ,n+I 
4- 

~k , n 
- 2

~~k - I , n~~I

5
k ,n ~kf2 ,n+1 

+ 

~k ,n 
- 2

~ k~~1 ,n ~k*2 ,n+1 
4- 

~~~, n 
- 2

~~k 4 - 1 ,n~~1

Lapl ac ian :

t t~~n ~k—1 ,n 
4- 

~k a - 1 , n ~k—l ,n 1 kf1 ,n

4- 
~k- 1 , n -1 

4- 

~k4-1 ,n-1 
+ 

~ k~~1 , n *1 
+ 

~ k h I : f l*I

- 4
~ k ,n 

- 4
~~k , n

a a: ; : ;  t ) iI f a - m a  - r t e u  - :

w I a  a 1 I) I i
k ,ri L , n f I  k , n k , u i ’  1 k , n

- 

~k-l ,n 
- 

~k4- i ,n 
- 

~k-1 ,nFi 
- 

~k a- 1 , r I l

-B 15—
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Pu ’ : : , r i i m l ly  (a_ a l ( is I t m I c ( ‘ a ai u i t h  mm ,  u I a - a  (k , ui)  m i f  1 t ~ - u m m  I ‘I I : a  ~m a a r l :

P - (~~~) t - n ]  
- 1

= -
~~~~ [(i~~t )~ (i~i )j  

~T

F i r  : ; t —  I ) i f f  ci
Pa ramete r  (k , n)

b k = [(iFi)JC 
- 
(
~~~)T] 

- 1

= {~ [(~ +i)~~ + (i-i) ] 
~~

d k -= [(
~~~~T 

- (i_i)R] - 1

= {~ [(~ 4- 
T (~ -‘) R] 

~T

f k (~
-
~i)~ 

- 
(
~
-
~)R

= 

~~~ 
~ (~-i)~ 

- ‘
~ 
~T

g k = [(i 4-
~)R 

- 
(~-i)1~ - 2]

n = 
~~~~ [(J fi)1 I- (

~
-
~
)
~ 

- 

~

c k = (21 ) [C - 1

n - MOD [(21)R 2] }
a - F: (2i ,1 , l) I~ I(;N IM ()D{(2i)lC 2}. (

i_ i ,1,
_ 

~

ru [itO.25]
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