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1. INTRODUCTION if the events at the two sites are perfectly
correlated and mutually dependent.

If we denote the absence of the event at
site A as P(Wp), and at site B as P(Wg), then
P (Wp) =1-P (W) Pana P(Wg)=1-P(Wp) , and we can write

Meteorological satellites have made it
possible to obtain information on areal coverage
and joint occurrences of meteorological events
not heretofore possible. However, a long record

of observations is required to derive a climatol- Eq. 1 as:

ogy of joint occurrences. Routine hourly surface P(WpWp) = [-p(uA] [l'P('TBa

weather observations may be sufficiently con-

current to estimate joint occurrences among = 1-P (W) -P (Wg) +P (W) P (W) (3)

sites where such observations are taken. Satel- |
Eq. 3 applies only in the case when the |
lite observations are especially useful in areas events are statistically independent. For the

where surface observations are unavailable or case when the events are not statistically

ooty oh independent, the joint probability can be esti-
mated vith the expression

Unconditional probabilities of weather
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events, such as precipitation, freezing temper- P(WAWB)-I-P(WA) -P (Wg) +P ("A)P("n) K1 (4)

atures, overcast skies, etc. can be estimated P (W, )3 P W) |
with considerable accuracy from available records. A B \ {
However, the probabilities of such events occur- !
ring jointly at two or more locations is often When there is perfect correlation, Kj=0 and ,
difficult to estimate if the events are not Eq. (4) reduces to Eq. (2). When the events are g
statistically independent. Joint probabilities statistically independent, K;=1 and Eq. (4)

of a weather event can be estimated either from reduces to Eq. (3). Nearly perfect correlation

relative frequencies obtained directly from the might be expected when the sites are very close

data or from a model. Large samples of data must to one another. Statistical independence is .
be processed to obtain relative frequencies that approached as the distance between the sites {
are good estimates of true probabilities. Models becomes large. Obviously K; is a functian of the |
eliminate the need for data processing to esti- distance between sites A and B.

mate joint probabilities and, in some cases, they

can actually provide better estimates of true 2.2 Three-site Joint Probabilities

probabilities than those obtainable from data

samples, except in those cases where the data when weather events are statistically

samples are very large. independent, three site joint probabilities can

be expressed as follows:
P (WyWgWC) = [1-»(7,& [1-» (75)] [1-9(%)] (5)

When the events are not independent they can be

2. THE MODEL

2.1 Two-site Joint Probabilities

Let us denote the probability that a estimated with the following expression: i
weather event, W, will occur at site A by P(W,), A =~ 2 L - - K
at site B by P(Wg), and jointly at the two sites P (WaWgW) =1-P (W, ) =P (Wp) =P (W) +P (Wp) P (Wp) 1 |
by P(WaWg). We that o K |
+P (W) P (W) " L+p (W) P (W) 2 |
P(WyWg) =P (W,) P(Wg) (1) R e (6)
~P(Wp) P(Wp) 1P (W.) = ]

if the events at the two sites are statistically
independent. P(WYS P 2 PR

We also know that
The K; values are obtained from the same

3 P (WyWg) =P (Wy) =P (Wg) (2) function as those used in Eq. (4). The distance

-
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between sites A and B, AB, is the only distance
required for finding K; in Eq. (4). Distances
AB, AT, and BC are required for determining the
necessary K, values in Eq. (6) and K; is a func-
tion of the distance AC or BT, whichever is
shorter.

2.3 N-site Joint Probabilities

In the general case, say n sites, joint
probabilities of independent events can be
expressed as follows:

P(WAHB...wnh[l—P(WA] E-p(%i...[}-v(ﬁn)] (&)

When the events are not independent, they
can be estimated with the following expression:

B (WaWg. . .Hy) =1-P (Wp) ~B (W) . . .-P () +

S = = K - - K
B (W) P (i) “L4p (W) P (W) L. 4R (W, )P (W) 1-

PR, R RN A
P(Wa)P(Wg) "P(Wo) “-P(Wp)P(Wg) "P(Wp) ~...

- - Ky = K2 - R TR
-P ("n_z) P("n_l) P (un) o' .*P('A)P('B) P ("C) cen
p(;n_l,‘m-lp(;,'n,‘n (8)

P(Wp) & P(W,) 2 ... BP(W,_;) BP(W,)

K; is found for the distance between the
two sites with the highest probability of the
weather event not occurring, in each term of
Eq. (8) in which K; appears; is found for the
distance between the site with the third highest
probability and the closer of the two sites with
higher probabilities of the weather event not
occurring, and, so on. The last K in Eq. (8),
Km, is found for the distance between site n,
the site with the lowest probability, and its
nearest neighbor.

3. AN EXAMPLE

Records of hourly precipitation occurrences,
observed in winter and summer, during the 13 year
period 1951 through 1%¢3, at the following nine
observing sites, shown on Fig. 1, were studied:

LGA-LaGuardia Airport, New York, NY

JFK-Kennedy International Airport, New York, NY
EWR-Newark Airport, NJ

PHL-Philadelphia International Airport, PA
BAL-Baltimore-Washington International Airport, MD
DCA-National Airport, Washington, DC

ADW-Andrews AFB, MD

RIC-Byrd Field, Richmond, VA

RDU-Raleigh-Durham Airport, NC

Each hour, approximately on the hour, a
weather observer at each of the above sites went
outdoors to make his regular hourly observation.
One of the weather elements that he recorded was
precipitation. The Federal Meteorological Hand-
book (1975) describes how the observations are
taken.

For this study, only active precipitation
occurring at the time of observaticn was con-
sidered as a precipitation event. All types of
precipitation (rain, snow, sleet, hail, etc.) and
all intensities (very light, light, moderate and
heavy) were included.
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Figure 1. Location of the nine stations whose
winter and summer hourly observations of
precipitation were studied.

In winter, the observers recorded 0.0641,
0.638 and 12.638 percent of the observations as
heavy, heavy or moderate, and all intensities of
precipitation, respectively. In summer, the per-
centages were 0.202, 0.459 and 6.257. Clearly
most of the precipitation events were of the light
or very light variety.

This study addresses neither the subject of
precipitation intensity nor the amount of precipi-
tation. The joint occurrences studied are
occurrences of active precipitation at two, or
more, locations.

3.1 Unconditional Probabilities

The relative frequencies of precipitation
as reported on the hourly observations were used
as estimates of the unconditional probabilities.
Because these relative frequencies were based on
28,080 hourly observations taken at each station
in winter and 28,704 hourly observations in summer,
they are believed to be good estimates of the true
probabilities. The relative frequencies are shown
in Table 1.

Table 1. Relative frequencies of precipitation,
RF (W), at each of the nine sites under

study.
SITE WINTER SUMMER
LGA .1470 .07643
JFK .1405 .07639
EWR .1494 .07624
PHL .1379 .07238
BAL .1353 .06881
DCA .1289 .06730
ADW .1259 .06487
RIC .1297 .06951
RDU .1165 .06970
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3.2 Two-site Joint Relative Frequencies

As previously stated the probability of
precipitaticn occurring concurrently at two
observing sites is a function of the distance
between sites. The distances between sites are
shown in Table 2.

Table 2. Distances between sites, in nautical
miles.

JFK EWR PHL BAL DCA ADW RIC RDU

LA 9 16 95 185 210 214 292 431
JFK 21 94 184 208 213 289 427
EWR 80 169 195 198 279 417

PHL 90 115 119 199 337
BAL 29 30 121 256
DCA 9 93 228
ADW 95 227
RIC 138

The relative frequencies of joint occur-
rences of precipitation at the 36 pairs of
observing sites are shown in Table 3. Because
the data samples are large the relative frequen-
cies should be good estimates of true
probabilities.

Table 3. Relative frequencies of joint occur~
rences of precipitation, RF (WW), at
each of the thirty-six pairs of obser-
vation sites, in winter. Estimated
joint probabilities, P(WW), obtained
from the model are shown in

parenthesis.
Jrx EWR PHL BAL ADW DCA RIC L

LGA «125 .126 .0942 .0738 .0643 0647 L0581 .0360
(.120) (.12¢) (.0905) (.0710) (.0659) (.0655) (.0542) (.0365)

I «119 .0925 .0718 .0625 .0627 .0536 .0346
(.121) (.0869) (.0681) (.0634) (.0629) (.0523) (.0353)

R .0991 .0771 .0670 .0676 .0579 .0376
(.0962) (.0751) (.0695) (.0692) (.0568) (.0385)

PHL 40921 .0808 .0808 .0669 0425
(.0862) (.0795) (.0788) (.0640) (.0442)

BAL <104 .106 0793 .0516
(.105) (.105) .07 (.0534)

ADw .108 <0821 0528
(.112) (.0800) (.0535)

DCA .0828 0539
(.0796) (.0548)

nIc 0696
(.0697)

3.3 Two-site Estimated Joint Probabilities

Eg. (9), shown below, was found by solving
Eq. (4) for Kj and substituting relative
frequencies for probabilities.

K= {log [nr(w,\w,)mr(ﬁ) +RF (Wp) -1] -log m?(i;)}

1
{109 "(;B) } (9)

RF (W) 3 RF (Wp)

The relative frequencies in Table 3 and the
complements of the values found in Table 1,

RF (W) =1-RF (W) , were substituted into Eq. (9) and
thirty-six solutions were found for K3, one for
each pair of sites.

The K; values are given in Table 4 and
plotted in Fig. 2. A curve of the form

l’ D‘
Kp = = " (10)
QC‘ D
was fitted to the data points.
Table 4. Solutions for K, obtained from Eq. (9) in winter.
arx e PHL B Aw o mc o
WA .67 168 .98 556 .625 622 .02 .eas
arx .226 . s e 618 695 o3
nm . 39 62 609 687 ..%
e WY s a1 s 10
L .2%0 235 488 e85
aw an .e0e .42
oo 39 .643
nc 507

1 L L i il A 4 i

DISTANCE (miles)

Figure 2. The parameter K; plotted as a function
of distance. The dots and X's are solutions to
Eq. (9) for winter and summer, respectively.

The curves are of Eq. (14) with aj=1.2 in winter
(solid) and a;=2.7 in summer (dashed).

Eq. (10) was chosen because of its charac-
teristic shape and because it met the two
necessary conditions, that: (1) Kg equals zero
when the distance, D, equals zero; and (2) by
setting

b = D] an

where D, is the distance at which the events are
statist!cally independent, Kg equals one when D
equals Dg. At distance Dg N:cn K’ equals one

Eq. (10) can be written

b
Co = -— (12)
ot

(4 g
and from Eqs. (11) and (12) it can be seen that
cp = =l. Thus, if the distance Dy is known,
a e are the only parameters that require
evaluation.

The parameter« was set equal to one-half and
the distance Dy was estimated to be 650 and 550
nautical miles in winter and summer, respectively,
based on extrapolation of the points in Fig. 2.
Eq. (10) was solved for a‘ using the above

100 150 200 280 300 %0 400 480
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information.

The resulting equation is

Ko (b~ ¢y D)
vyD (1-kg )

where for winter b = (D
for summer b = | =

l, = (13)
= J650 = 25.495, and
= 23.492.

The 36 X; values given in Table 4 together
with the distances between the sites were used
to find estimates of a) for winter. The average
value of the 36 a)'s, used as the first guess,
was 1.19. Because the points are unevenly dis-
tributed along the curve a "best" fit, to the
authors' eye, was found by slightly varying the
a; value from its average. The value chosen was
1.20. The summer average was 2.69 and the value
chosen was 2.70.

Substituting Egs. (11) and (12) into (10)

yields:
¥ age vo
L " (ag -1) Vo

when 0 g D& D, and Kg = 1 when D > D,.

(14)

Table 5 gives values of Dg and a

o for
winter and summer.

Curves of K; are shown in Fig. 2.

Table 5. Values of Dy and u‘ for winter and summer.

Winter Summer

Dy 650 550

Y 1.20 2.70
az 1.00 2.30
a3 0.90 2.15
a4 0.85 2.10
ag 0.822 2.08
ag 0.803 2.068
ay 0.790 2.062
ag 0.780 2.057

With a; equal to 1.20, Eq. (14) was substi-
tuted into Eq. (4) and estimated joint
probabilities were found for winter. They are
shown in Table 3. The agreement ‘between the
relative frequencies and the probabilities
estimated by the model is excellent.

3.4 Three-site Joint Relative Frequencies

The nine sites provided 84 combinations of
three~site concurrent precipitation occurrences.
Sample relative frequencies of these three-site
joint occurrences are shown in Table 6.

W’ v " : - N T
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Tuble 6. of joint of
BP(Wa) , at LGA and each of the other twenty-eight pairs of
sites in winter. Estimated joint probabilities,
. cbta:ned from the model are showm in parenthesis

nr L BAL AW DCA nc ROU
I 113 0863 0671 .0585 -0585 .0500 .0322
«uan (.0869) (.0670) (.0620) (.0616) (.0501) (.0322)
B .0092 -0691 .0602 -0602 L0517 .0331
(.0915 (.0700) (.0645) (.0642) (.0515) (.0331)
L -0657 .0573 -0569 ~0482 .0298
(.0625) (.0575) (.0569) (.0447) (.0266)
BAL .0581 -0590 .0453 027
(.0586) (.0583)  (.0442) (.0257)
Al -0558 0436 0256
(.0582)  (.0444) (.0255)
DCA 043 0258
(.0443) (.0256)
RIC .0273
(.0269)

3.5 Three-site Estimated Joint Probabilities

Eq. (15), shown below, was found by solving
Eq. (6) for K; and substituting relative
frequencies for probabilities.
Kz- {109 [1'“ (WA'B'C) =RF (il)-” (‘)

~RF (Wo) +RF (i) RF (W) Kligp (W,) RP (i) X1

ERCSTITOV T e Sy

+nr(lTn)nr(iE)K1] - log m'(nT,,numT,,)'tl

et =}
log RF (Wg)

RF(W)) 3 RF(Wg) > RF (W)

(15)

The relative frequencies in Table 6 (and the
others, not shown, involving sites other than
LGA) , the complements of the values found in
Table 1, and K, values using a, equal to 1.2 and
2.7 were substituted in Eq. (1%) and eighty-four
solutions were found for X;, in winter and summer,
one for each set of three sites.

Gl Bhoidan b il Dl dima o a2l

The solutions are plotted in Fig. 3 and
sample solutions are shown in Table 7. A good fit

to the data points was obtained when a, was set
equal to 1.00 and 2.30 in winter and summer,
respectively.

L 1 A w3 i 1 - e,
[ 80 100 1% 200 2%0 30 400 4%
DISTANCE (miles)
Figure 3. The parameter Ky plotted as a function
of distance. The dots and X's are solutions to

Eq. (15) for winter and summer, respectively. r
The curves are of Eq. (14) with aj=1.0 in winter
(solid) and az=2.3 in summer (dashed).
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Table 7. Sasple solutions for cbtained from Eq. (15) based on
of joint of
at LGA and each of the other twenty-eight pairs of
observation sites in winter.

o m BAL ADM DCA RIC U
Jrx .122 .113 e .089 .093 117 .11
DR .13 <1 .122 .128 .159 .15y
"L 409 .380 .382 412 .410
BAL .530 .542 .542 545
D% 546 .562 569
oA .568 5%
RIC .673

K; and K; values were substituted into
Eq. (6) and estimated 3-site joint probabilities
were found for winter. A sample of them is
shown in Table 6. There is good agreement
between the observed and estimated values.

3.6 Four-site to Nine-site Joint Relative

Frequencies

The nine sites provided 126, 126, 84, 36, 9
and 1 combinations of 4, 5, 6, 7, 8 and 9-site
concurrent precipitation occurrences, respective-
ly. Sample relative frequencies of these four-
site to nine-site joint occurrences are shown in
Table 8. In order to conserve space only a few
of the possible 382 joint occurrences are shown.
They are believed to be typical and include the
highest and lowest observed relative frequencies.

Table 8. Sample relati of joint of 4 ion at four to
sin sites and corresponding estimated probabilities obtained from the model
in winter. In order to conserve space only a few sets of sites are included.

. They include a range of observed relative frequencies from the lowest to the
highest.

Wamber of Sites Sites Winter

Observed Calculated
. ADW ROU PML LGA 0234 0216
. MU IGA BRJFX 0305 0308
. ADM RIC IGA JPK 0399 0422
4 ADW PHL RIC ILGA 0401 0601
) ADW PHL LGA EWR 0546 .05%0
. AN LGA BWR JPK 0561 0620
s ADW  ROU RIC 1GA JPK .0200 0221
s ADW  RDU  PHL RIC LGA 0206 0204
s ADW PML RIC DCA LGA 0370 L0308
s ADW PHL OCA LGA EWR o481 0557
s ADW PHL IGA EWR BAL 0510 0561
s PHL LGA EWR BAL JFK 0591 0631
(] ROU PHL RIC DCA LGA JPX o188 0199
. ADW RDU PHL RIC LGA BWR o198 0214
. ADN DU WML IGA DR JPX 0212 021y
6 ADW PHL RIC DCA LGA JPX 0344 0381
0 ADN PHL DCA LGA BAL JPX .0452 0812
6 PHL DCA 1GA DR BAL JPK 0484

3.7 Four-site to Nine-site Estimated Joint
Probabilities

Relative frequencies were substituted for
the probabilities in Eq. (8) and solutions were
found for all 126 combinations of 4-site joint
precipitation occurrences. The solutions are
plotted in Fig. 4. A good fit to the data points
was obtained when aj was set equal to 0.90 and
2.15 in winter and summer, respectively.

Relative frequencies were substituted for
the probabilities in Eq. (8) and solutions were
found for all 126 combinations of 5-site joint
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200 250
DISTANCE (miles)

Figure 4. The parameter K3 plotted as a function
of distance. The lower points are based on
winter data and the upper points on summer data.
The curves are of Eq. (14).

precipitation occurrences. The solutions are
plotted in Fig. 5. A good fit to the data points
was obtained when a4 was set equal to 0.85 and
2.10 in winter and summer, respectively.
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o 50 100 150 200 250 300 350 400 430
DISTANCE (miles)

Figure 5. The parameter K4 plotted as a function
of distance. The lower points are based on
winter data and the upper points on summer data.
The curves are of Eq. (14).

The curves for K;, Ky, K3 and K4 for both
winter and summer are shown in Fig. 6. The
separation between the curves decreases with
increasing subscript. 'In other words, the value
of "a", the only parameter permitted to vary with
the number of cbservation sites, n, decreases less
with the addition of each new site. The ay
through a4 values are plotted in Fig. 7.

e e e e

‘wo 3o ‘%o

Figure 6. Curves of K,, K, K3 and K4 for
winter (lower set) and summer (upper set).

Curves were subjectively drawn through the
points in Fig. 7 and extrapolated to a total of
nine sites. Values for ag through ag were
estimated from these curves to obtain values for
use in solving for Kg, Kg, K7 and Kg. The '-’
values are shown in Table 5.
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n
o

a(Summer)
a(Winter)

NUMBER OF SITES

Figure 7. The parameter a plotted as a function
of the number of observation sites included in
the joint probability estimate. The upper curve
is for winter and the lower curve for summer.

Eq. (8) was solved to obtain joint probabil-
ity estimates for all 4- to 9-site combinations
of sites. The examples shown in Table 8 were
selected to illustrate the errors in estimating
the lowest and highest observed relative
frequencies and some in the middle of the range.
There was generally good agreement between the
observed relative frequencies and the calculated
estimated probabilities.

4. AN APPLICATION TO RECURRENCE

At the conclusion of the application of the
model to spatial joint occurrences a decision
was made to test the model on hourly recurrence
of precipitation. Only sets of two events, at
time t and t + x hours, were investigated with
the following results.

4.1 Recurrence Relative Frequencies

Recurrence relative frequencies of precipi-
tation for the nine East-Coast stations are
shown in Figures published by Lund and Grantham
(1976) . They are tabulated for selected hours
from one through 30 in Table 9. Eq. (9) was
solved for K; using the relative frequencies
given in this table. It was found that correla-
tion between precipitation occurrences decays
about the same amount in one hour as it does in
a distance of 22 miles, in summer, and 27 miles,
in winter. The "K;" curves shown in Fig. 2 are
repeated in Fig. 8 and K; values obtained from
the recurrence relative frequencies are plotted
in Fig. 8. The scale is adjusted so that 22
miles equals one hour in summer, and, 27 miles
equals one hour in winter. The agreement between
spatial K; values and temporal K; values is
excellent.

4.2 Estimated Recurrence Probabilities

Eq. (4) was solved for probabilities every
22 miles in summer and 27 miles in winter. The
probability estimates are given in Table 9
corresponding to selected hours from one through
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Table 9. (cas) £ of 4
Zecurrences and celculated (CALL) recurrence probabilities
using the model derived for joiat probabilities in winter.
One hour was assumed to equal 27 miles.

et ——EE

(HoURS) Hiles 08s 73
1 27 .108 .106
2 54 0967 .0945
3 [ .0879 0864
] 108 .0803 .0797
s 135 0737 .0740
10 270 .0493 .0529
15 405 0342 .0380
20 540 .0256 .0262
25 675 .0210 .o181
30 810 0184 .0181

I 2 3 4 5 6 7 .ug “g.?u) w “ 18 14 )

 E T T T T - . o T ol A S et i

LAG (HOURS) WINTER i

! 5 6 7 8 9 10 I 12 | 1
i s T O A T

o 50 100 150 300 30 400 4%

200 250
DISTANCE (miles)
Figure 8. Curves of K; obtained from Fig. 2. The

dots and X's are solutions to Eq. (9) for winter

and summer, respectively, when recurrence
relative frequencies are substituted for joint
occurrence relative frequencies. A distance of

27 miles, in winter, and 22 miles, in summer, was

assumed to be equivalent to one hour of time lag.

30. Again there is good agreement between the
observed relative frequencies and the calculated
recurrence probabilities.

5. CONCLUSIONS

The model developed for estimating joint prob-
abilities of weather events is intended for
general usage. However, the parameters of the
model must be obtained either from data or theory.
They will vary with the unconditional probability
of the event and the spatial decay of correlation.
The test of the model on winter and summer joint-
occurrences of precipitation indicates that the
parameters are well behaved. Because this is a
dependent sample test, the general applicability
of the model parameters, even for precipitation
occurrences, is not known.

The model is being tested on other weather
events.
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Fi3. xesTRac®M eteorological satellites have made it possible to obtain information on |

areal coverage and joint occurrences of meteorological events not heretofore
possible. However, a long record of observations is required to derive a clim-
atology of joint occurrences. Routine, hourly, surface weather observations may
be sufficiently concurrent to estimate joint occurrences among sites where such
observations are taken,

This paper witf describega model for estimating joint probabilities of
weather events, The model was applied to 13 years of hourly winter and summer
precipitation observations taken at nine sites along the East Coast of the United 1
States betwcen LaGuardia Airport, N.Y., and Raleigh-Durham Airport, N.C. |
It requires a knowledge of the unconditional probability of the event, distances |
between the sites, and a measure of the spatial correlation. Probabilities estim-
ated by the model agree very well with relative frequencies of observed joint
occurrences of precipitation, i

Satellite observations are needed to derive the parameters of the model ’
and to test it in areas where surface observations are unavailable or unsuitable,
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