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1. INTRODUCTION if the events at the two Bites are perfectly
correlated and mutual ly dependent .

(~~) Meteorological satellites have made it
possible to obtain information on areal coverage If we denote the absence of the event at
and joint occurrences of meteorological events Bite A as P(ç) . and at site B as P(ç) , then
not heretofore possible . However • a long record P (WA) =1—P (ç) and P (W8) =1—P (~~ )~ and we can write
of observations is required to derive a c].imatol- Eq. 1 ass
ogy of joint occurrences . Routine hourly surface P (WJ~W5) = f~-~ cwAB [~..p 

~~~~weather observations may be sufficiently con-
current to estimate joint occurrences among = 1—P (~~ )— P (~~ )+P (~~ )P ( ) (3)
sites where such observations are taken. Satel-
lite observations are especially useful in areas Eq. 3 applies only in the case when the

where surface observations are unavailable or events are statistically independent. For the
case when the events are n9t statistically

unsuitable. independent , the joint probability can be esti-
mated with the expressionUnconditional probabilities of weather

events , such as precipitation , freezing temper- P(WAWB) 1_P (WA) P(WB) +P (WA)P(W B) 1 (4)
atures, overcast skies , etc. can be estimated
with considerable accuracy from available records. 

P (WA)) P

However , the probabilities of such events occur—
ring jointly at two or more locations is often When there is perfect correlation , K1—O and
difficult to estimate if the events are not Eq. (4) reduces to Eq. (2) . When the events are
statistically independent . Joint probabilities statistically independent. K1 l and Eq. (4)
of a weather event can be estimated either from reduces to Eq. (3) . Nearly perfect correlation
relative frequencies obtained directly from the might be expected when the sites are very close
data or from a model. Large samples of data must to one another . Statistical independence is
be processed to obtain relative frequencies that approached as the distance between the si~ses
are good estimates of true probabilities. Models becomes large . Obviously K1 is a functiofl of the
eliminate the need for data processing to esti-. distance between sites A and B.
mate joint probabilities and , in some cases, they
can actually provide better estimates of true 2 • 2 Three—site Joint Probabilities
probabilities than those obtainable from data
s~~~les. except in those cases where the data When weather events are statistical ly
sampl.s are very large , independent, three site joint probabilities can

be expressed as follows
•2. THE MODEL

P (W~W~W~) [i.~ (i~ [1-P (Ia)] [1.? (Ic)] (5)
2.1 Two—site Joint Probabilities

When the events are not independent they can be
Let us denote the probability that a estimated with the following expression s

weather event, N, will occur at site A by P(Wa) ,  .i —

by P(WAWB). We know that 
-at site B by P(WB), and jointly at the two sites P(WAWBW(~~
l P(W

P(IIAWB)=P(WA) P(WB) (1) (6)

if the events at the two sites are statistically
independent. P ( J ) )  p(f ~) ~ P(~~ )

I We also know that
Th. K1 values are obtained fro. the same

function as tho s. used in Eq. (4) . Th. distanceP(WAWs)=P (WA)
~

P(WB) (2)

This paper has been submitted for publication in the Journal of Applied M.teoroloqy .

• 
•
~ 141 ~~ AVAILABLE TO DDC DOES NOT

PERMIT FUIJ.T LEGIBLE PR8OUCTIO~ j
.e .s - .., -_— ___ --a- —‘ ~~~~~~~~ — 



!~ 
~~~~~~~~~~~~ •-•

~ 
—r_-• 

~~~~~~ • - ••----— •- • ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ . •_.-~~_ - —

between sites A and B, ~~~~ , is the only distance — .
..

required for find ing K1 in Eq. (4) . Distances — — — — 1----XL ~~~~, and ~~ are required for determining the
necessary K1 values in Eq. (6) and K2 is a func— l LW

• tion of the distance X~ or 8~ , whichever is
shorter. P E N  N

2.3 N—site Joint Probabilities

In the general case, say n sites, joint .—— r 7 ~ ’~ ‘3probabilities of independent events can be ‘

expressed as follows: / .t ~
b .3

IP(WAWB...wfl).[l_P(c} [l_P(~~~ ...[l_P(~~ )] (7) ‘3
plcIWhen the events are not independent, they

,,.1
can be estimated with the following expression: l

~
(WAWB.. .Wn)=l-P(~A)-P(~~)-. ..-P(~~)+

—~~~ 
— 

P DU
K2

_P( n_2)P(n_l)
K 
P(W~) +.. .+P (WA)P(~~ ) P (Wr ) ,, ____________________________________

— K2 — — K1 — 
K2 N. CAROLINA

~ ~~n—l~ 
~51~1~ 

~~~ (8) Figure 1. Location of the nine stations whose
winter and ss~~~er hourly observations of

P(~~ )I  P(s) ~ ... ~~ P(Iç~_ 1) ~ P(w~) precipitation were studied .

K1 is found for the distance between the In winter , the observer , recorded 0.0641 ,
two sites with the highest probability of the 0.638 and 12.638 percent of the observations as
weather event not occurring , in each term of • heavy , heavy or moderate, and all intensities of
Eq. (8) in which K1 appears; y~ i~ found for the pr~~~~~tatj0~, respectively. In ss er, the per-
distance between the site witll hh. third highest ceptages were 0.202 • 0 • 459 and 6.257. Clearly
probability and the closer of the two sites with most of the precipitation events were of the light
higher probabilities of the weather event not or very light variety.

occurring , and , so on. The last K in Eq. (8),
K~, is found for the distance between site n , This study addresses neither the subject of
the site with the lowest probability, and its precipitation intensity nor the amount of precipi-
nearest neigknor . tation. The joint occurrences studied are

occurrences of active precipitation at two , or
3. ~~ E AMPLE more • locations .

Records of hourly precipitation occurrences , 3 • 1 Unconditional Probabilities
observed in winter and susimer , during the 13 year
period 1951 through lS’ 3, at the following nine The relative frequencies of precipitation
observing sites , shown on Fig. 1, were studied : as reported on the hourly observations were used

as estimates of the unconditional probabilities .
LGA-LaGuardia Airport , New York , NY Because these relative frequenc ies were based on
JFK- Kennedy International Airport , New York , ~~ 28,080 hourly observations taken at each station

EWR-Newark Airport, ~~ in winter and 28 ,704 hourly observations in usmer ,
PEL—Phil ade iphia International Airport , PA they are believed to be good estimates of the true
BAL—Baltimore-Washington Internationa l Airport , ~~ probabilities . The re lative frequencies are shown
DCA-Natio nal Airport , Washington , ~~ in Table 1.
ADW-Andr ews APE , MD
RI C—Byrd Field , Richmond, ~~ 

Table 1. Relative frequencies of precipitation ,
RDU-Raleigh-Durh am Airport , ~~ 

HI’ (N) , at each of the nine sites under
study .

Each hour, approximately on the hour , a
weather observer at each of the above sites went

• - 4 outdoors to make his regular hourly observation. 
SI TE WINTER ST~I~~R

One of the weather elements that he recorded was LGA .1470 .07643
precipitation . The Federa l Meteorological Hand— JFK .1405 .07639
book (1975) describes how the observations are EWE .1494 .07624
taken. PHL .1379 .07238

ML .1353 .06881
For this study, only active precipitation DCA • 1289 .06730

occurring at the time of observation was con— Ao. .1259 .06487
~~~ sidered as a precipitation event . All types of RIC .1297 .06951

precipitation (rain, snow , sleet , hail, •tc.) and RW .1165 .06970
all intensities (very light , light, moderate and 

________________________________________________

heavy) were included .
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3.2 Two-site Joint Relative Frequencies ~~ (~ ) =1—RI’ (N) , wer~ substituted into Eq. (9) and

thirty—sin solutions were found for K~ , one for
As previously stated the probability of each pair of sites.

precipitation occurring concurrently at two
• observing sites is a function of the distance The K1 values are given in Table 4 and

between sites . The distances between sites are plotted in Fig . 2. A curve of the form
• shown in Table 2. a5 D ’

K (10)
• Table 2. Distances between sites, in nautical b+c, D

miles . was fitted to the data points .
?thl. 4. 041 ti0fl. 00, 04 1594 1059 05 (9) in nlnt05.

JFK EWE PHL BIIL OCA ADW RIC RDU _________________________________________________
j rz 5 Ph). SAL *06 006 SOC

14P. 9 16 95 185 210 214 292 431
JFK 21 94 184 208 213 289 427 ‘~ a .is~ is. .~ w .sss .oss .6n .703 .545

EWR 80 169 195 198 279 417 .~~~~ ., .~~~~ ..~~ .015 .095 .54)

PHI. 90 115 119 199 337 .37’ .~~09 .612 .609 .457 SI’
BAL 29 30 121 , 256 

.~~~, .455 .457 .574 .770
DCA 9 93 228
ADW 95 227 .250 .235 .455 -~~~~

RIC 138 .171 .544 .542

.099 .643

The re lative frequencies of joint occur— SOC

rences of prec ipitation at the 36 pairs of
observing sites are shown in Table 3. Because
the data sasples are large the relative frequen—
cies should be good estimates of true 0. • 

• )~~~
_- — — — — — .

probabilities. 
_ _ .—

—
~~~~~

Table 3. Relative frequencies of joint occur- : ‘

• rences of precipitation , RI ’ (NW) , at • ..

each of the thirty—sin pairs of obser— °~ ~.

vation sites , in winttr. Estimated 0 1
joint probabilities , P(ww) , obtained °~ /

are shown in :~ (
479 =5 P01 505 705 ~~~ =5 0 ~~~~~~~ t 0 me me sos sue

• 106 .1)5 .126 .0042 .0770 .0043 .0647 .0551 .0)40
• (.12S) (.524) (.0005) (.0710) (.0659) (.0655) (.0542) (.0365) Figure 2. The par ~~~ ter K1 plottsd as a function

359 .115 .0925 .0716 .0625 .0027 .055’ .0)46 of distance . The dots and X’ s are solutions to
(.121) (.54051 (.0661> (.00)4) (.062~) (.0523) (.0353)

• Eq. (9) for winter and s s r , r.spectivsly .

~~~~ ~~~~ ~~~ The curves are of Eq. (14) with ai=1.2 in winter
.0921 0006 0400 0449 04)5 (solid ) and a1 2.7 in s*~~~er (dashed) .

(.0062) (.0795) (.0710> (.0640) (.0442)

.504 .106 .0793 .0516 Eq. (10) was chosen because of its charac—
• (.105) (.505) (.0771) (.05)0) teristic shape and because it met the two• 

~~ ~~~~ 
necessary conditions , that : (1) Kp equals zero

.54* .0570 when the distance , D , equals seroJ and (2) by
I 1 (.0756) (.0940) setting

SIC 
b = (11)

where D is the distance at which the events are
sta tist !cally independent , Kp .quals one when 0

• 
• equals D5. At dis tance D~ when X~~ equals one

3.3 Two—site Estimated Joint Probabilities Eq. (10) can be written

• • Eq. (9) , shown below , was found by solving c = a - 
~~
.- (12)

Eq. (4) for Kl and substituting relative ft ~frequencies for probabilities .

— — — and from Eqs. (11) end (12) it can be seen that
K1- j  log [RI’ (WANE) +RF (WA) +RF (N3) -1) -log PP (WA)). c> ~~ -1. Thus, if the distance D5 is known ,

‘. .‘ a and ~ are the only parameters that require
1 1 evaluation.

i — r  (9)
1log PPft¼) J The parameterm was set e~~~l to one—half and

• the distance D~ was estimated to be 650 and 550
RI (N ) ~ 

p~ (m-.) nautical miles in winter and ss er , resp ectively,
• .‘4~~. A ‘

~~~ based on extrapolation of the points in Fig . 2.
The reletive frequencies in Table 3 and the Eq. (10) was solved for aa using the above

c~~~1meents of the values found in Table 1,

_.. • .~ • 
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information. The resulting equation is me*. .. 6636u56 79049069460.1 )SIM . . r~~~~~ at n60lpttsti .
• .t 363 5 sa06 of 066 .60.7 %56.~~-.L t PS* SI

K (b- j’5) u.. otis. I. .1at. . s tis.tSI J.1ot p.5406u4U.5 .
• a — -

~~~~
—-——----— Cl3) ~~~~) • ~~~~~~~ ~~~~~ ~~ 06060 2. p.n..04..ia .

V ft 040. ML 006 SOC I

where for winter b — 25.495 , and 
~~~ .123 .0562 .0671 .0155 .4155 .0100 .0332for ss er b — = ys~o = 23.492 . (.1*7) (.0669) (.0570) (.0620) (.0516* (.0501) (.0222)

.0692 .0951 .0602 .0402 .0917 .0*21The 36 K1 values given in Fable 4 together ).0915 (.0700) (.064*5 (.0642) (.0011) (.0331)
with the distances between the sites wer, used .~~~~, .0073 .0069 .0453 .0*1to find estimates if 

~l 
for winter. The average (.0625) (.0575) (.0169) (.0447) (.0365)

value of the 36 ar ’s, used as the first guess, ML .0051 .0590 .0453 .0)71
was 1 • 19 • Because the points are Unevenly die- (.0165) (.4593) (.0462) .0357)

tr ibuted along the curve a “best” fit , to the am .05~i .04* .0296
authors ’ eye , was found by slightly varying the (.0562) (.0444) (.0355)

a1 value from its avera ge . The value chosen was 
( 046)) :1.20 . Th. siemer averag, was 2.69 end the value

chosen was 2.70 . ‘xc

Substituting Eqs . (11) and (12) into (10)
yields , 3 • 5 Three—site Estimated Joint Probabilitiesa,~~~f~’

— (14) Eq. (15) , shown below, was found by solving
+ (i~~ ~“1) 1~ Eq. (6) for K2 and substituting relative

fre quencies for pr obabilities .
when 0~~ D~~ D5 and K0 - 1 when 0>  D~ . 

—• K2— 
t~

o
~ 

[1_PP (WANE Nc) -PP (WA).7RF ( )
table 5 gives va1ues of D, and a~~ for • K Kwinter and s%emer. -PP(~~ ) CR? (ç) RI ’ cc) 1+RP (~~ ) Rr(ç) 1

Curves of K1 ar s shown in Fig . 2. •pj (~~ ) ~~ ~~~~~~ 

K1] - log RI (~~ ) RI’ (ç)1~1}

Tab le S. Values of and a
~ 

for winter and ss r . f 1

~~l o g P P (~~ )

Winter Ss sr RP (ç)~~ RF (ç13 RF(~~) (15)

650 • The relative frequencies in Table 6 (and the
2 ~~ 

others , not shown , involving sites other than
‘1 • • LG&) , the complaments of the values found in

1.00 2.30 Table 1, and K1 values using a1 equal to 1.2 and
2.7 ware substituted in Eq. (15) and eighty—four

53 0.90 2.15 solutions were found for K2, in winter and ss~~~er,
one for each set of three sites .

0.05 2.10
The solutions are plotted in Fig . 3 and0.822 2.08 sample solutions are shown in Table 7. a good fit

to the data points was obtained when a2 was set6 0.80 3 2.068 
equal to 1.00 and 2.30 in winter and ss~~~er ,

$7 0.790 2.062 respectively .
IC —.--‘-.,-—-.—.- .

0.780 2.057

With a1 equal to 1.20 , Eq. (14) was substi- ~~O.
tuted into Eq. (4) and estimated jo int 0.5 ‘probabilities were found for winter . They are o. y’ J—~• shown in Table 3. The agreement between the 

~~relative frequencies and the prob abilities a. . 
-

estimated by the model is excellent .

~~ _____________________

3.4  Thre e-sit, Joint Relative Frequ encies 0 00 no ISO 600 050 300 *00 400 650
O($TSNCE (mil.s)

The nine sites provided 84 combination s of Figure 3 • The parameter K2 plotted as a functi on
three-site concurrent precipitation occurrences , of distance . The dots and X’ s are solutions to
Sasple relative frequencies of these three—site Eq. (15) for winter and ss~~~er , respectively.

• joint occurrences are shown in Table 6. The curves are of Eq. (14) with a2=1.0 in winter
(solid) and a2—2.3 in st~~ er (dashed) .
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‘IC ‘“ Figure 4. The parameter K3 plotted as a function
of distance . The lower points are based on

K1 and K2 values were substituted into winter data and the upp er points on s*~~~~r data.
Eq. (6) and estimated 3—site joint probabiliti es The curves are of Eq. (14) .
were found for winter . A sample of them is
shown in Table 6. There is good agreement precipitation occurrences. The solutions are
between the observed and estimated values, plotted in Fig . 5. A good fit to the data points

was obtained when a4 was set equal to 0.85 and
• 3.6 Four—site to Nine—site Joint Relative 2.10 in winter and si~~~er , respectively.

Fre quencies Sr ~~~~~~~
0.1

The nine sites provided 126, 126, 84 , 36 , 9 ~~and 1 combinations of 4 , 5 , 6, 7 , 8 and 9—site 
— —~~~~~~

“

concurrent precipitation occurrences , resp ective- 
~ j--’~ly. Sample relative frequencies of these four- • 

....‘~~~

site to nine—sit , joint occurrences are shown in ~~
Table 8. In order to conserve space only a few 04 

1y ~~~~~~~~~
of the possible 382 joint occurrences are shown . 05

They are believed to be typical and include the
• highest and lowest observed relative frequenci es. 0.)

• k . . 4- — .. 4..•..

0 50 (00 (30 200 250 300 *50 400 410
OISTNICE (ml. .)

?451• 5. J~~ la .o2.tto fOI9.. t.. of )O*ot 000 0mm of p05I)$1002O. •t (040 ~~

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Figure 5. The parameter K4 plotted as a function
500, l051~~.I ..~~ Of 040 .56d 051.tL.o f.w..o.a.. f. tho l t  06 of distance . The lower points are based on

• winter data and the upper points on s s r  data.
‘4 Itt.. The curves are of Eq. (14) .

r 
~~~~ 404 C.100110.d

~ :~~ :~~ 
Th, curves for K1, K2. K3 and K4 for both

~~~ o)C 54. .06 .03,, •oon winter and s* er are shown in Fig . 6. The

~ :~~ : separati on between the curves decreases with
4 506 (40 .056) am increasing subscript . ~~ other words , the valu e

• 
. ~ :~~ :~~ 

of “a” , the only para meter permitted to vary with

~ :~~ :~~ 
the number of observation sites , n, decreases less

5 006 OIL 100 ~~~ ML .o~ o .oi.s with the addition of each new site • The a
S OIL 100 050 055. 3fl .059) .053* through a4 values are plotted in Fig . ~~, 

1

I
. 

~~~~ ~1u1: :
3.7 Four—site to Nine-site Estimated Joint

Probabilities ‘(V’
~

• - . ‘ • • •  ~~~~ • . ~~~~ • •~~~~~~• • “. • . • . •~~~~~

___
~~~~~~ ___•4__•_ 

=5
Relative frequencies were substitut ed for ‘~‘~~~

the probabilities in Eq. (8) and solutions wer e
• . found for all 126 combinations of 4—site joint Figure 6. Curves of K , K2, K3 and X,~ for

precipitation occurrences • The solutions are winter (lower set) an~ s~~~ sr (upper set) .• :~ !~ plotted in rig. 4. A good fit  to the data points
was obtained when a was set equal to 0.90 and
2,15 in winter and ~ uImier, respecti vely . poiz i~~

’ 
~~~~~~~~~~~~~~~~~~~~~~~~~

Relative frequencies were substituted for ~~~~ sites. Values for a5 throuph i were
the probabilities in Eq. (8) and solutions were estimated from these curves to obta in values for
found for all 126 combinations of S-site joint 

~ue 
~~~~~~0~

5
~~~~~~~~~ .

5
k7 and K .  The “a “
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1. 1 
501 aii~~~ l to •9511 27 .13.1 .

2.5
0 4 1 )  Mi).. 561 mc

1 27 .156 .104

g 1 2 54 .0547 .0945

3 Ii .0179 .0154

4 101 .0403 .0797
°2 .3 ‘~ 5 135 .0737 .0740

10 270 .0453 ,053~2.2 • 

15 405 .0342 .0340

21 • .0296 .0262 

25 675 .0210 .0111

3 4 5 6 ~ 9.5 30 510 .0154 .0111

NUM BER OF’ SITES

LAO (HOI~ S) SU~~~R
Figure 7. The par ameter a plotted asa function 6 1  S f _ ~~~JI ~~~~~~~~~~~~~~~~~~~~~~~~~~~
of the nunber of observation sites included in ‘ ~~~~~~~~~ , -  • r-.-.--- ~~,-

the joint probability estimate • The upper curve 0.’ 
—. — , — .— • ‘

is for winter and the lower curve for ss~~~er. 0.5 
—.—. —.

0.
Eq. (8) was solved to obtain joint probsbil- 

~~

selected to illustrate the errors in estimating 
~~

of sites. The examples shown in Table 8 were 0.4

its’ estimates for all 4— to 9-site combinations 05

the lowest and highest observed relative
frequencies and scme in the aiddle of the range . 

~~ 2 3 4 ~ ~ -There was generally good agreement between the ~~~~~~~~• •  - 
—~

observed relative frequencies and the calculated 0 00 iSO 200 200 300 300 400 450
estimated probabilities . DISTANCE (511.9)

Figure 8. Curves of K 1 obtained from Fig . 2. The4. AN APPLICATION TO RECURRENCE dots and X ’s are solutions to Eq. (9) for winter
and sumeer , respectively, when recurrenceAt the conclusion of the application of the relative frequencies are substituted for j ointmodel to spatial joint occurrences a decision occurrence relative frequencies . A distance ofwas made to test the model on hourly recurrence 27 miles , in winter , and 22 miles , in ss~~~er , wasof prec ipitation . Only sets of two events , at assumed to be equivalent to one hour of time lag .t ime t and t + x hours , were investigated with

• the following results . 30. Again there is good agreement between the
observed relative frequencies and the calculated4.1 Recurrence Relative Freq uencies recurrence probabilities.

Recurrence relative frequencies of precipi— 5. CONCLUSIONStation for the nine Esat-~~ast statio ns are
shown in Figures published by Lund and Grantham The model developed for estimating jo int prob-(1976) . They are tabulated for selected hours ab ilities of weather events is intended forfro. one through 30 in Table 9. Eq. (9) was general usage . However , the par ameters of the

t 

solved for K1 using the relative frequencies model must be obtained either from data or theory .given in this table. It was found that corrals- They will vary with the unconditional probabilityticus between precipitation occurrences decays of the event and the spatial decay of correlation .about the same amount in one hour as it does in The test of the model on winter and s*~~~er joint—a distance of 22 miles , in s~~~ er , and 27 miles , occurrences of precipitation indicates that thein winter. The “K1” curves shown in Fig. 2 are parameters are well behaved . Because this is arepeated in Fig. 8 and K1 values obtained from depe~~~ nt sample test , the general applicabilitythe recurrence relative frequencie s are plotted of the model parameters , even for precipitationin Fig . 8. The scale is adjusted so that 22 occurrences , is not known .miles equals one hour in •*~~~er , and , 27 miles
equals one hour in winter . The agreement between Th. model is being tested on other weatherspatial K1 values and temporal K1 values is events .
excellent .

4’ 2 Reti t.d Recurrence Probabilities
6 • ~~XNC1ILEDGNSNTS
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1 Remot e Sensing From Sat ellites, Nov Massachusetts 01731
ij  16-19 , 1976 , M elbourne , Florida -

~ ~~ TB5TRAC~~ ’I eteoro 1ogica1 satellites have made it possible to obtain information on
• areal coverage and joint occurrences of meteorological events not heretofore

possible. However, a long record of observations is required to derive a clim-
atology of joint occurrences. Routine , hourly , surface weather observations may
he sufficiently concurrent to estimate joint occurrences among sites where such
observations are taken.

This paper w+1i’~describe~j a  model for estimating joint probabilities of
- weather events. The model was hpplied to 13 years of hourly winter and summer

precipitation observations taken at nine sites along the East Coast of the United
States between LaGuardia Airport , N . Y . ,  and Raleigh-Durham Airport , N.C.
It requires a knowledge of the unconditional probabil ity of the event , distances
between the sites, and a measure of the spatial correlation. Probabilities estim -

- ated by the model agree very well with relative frequencies of observed joint
- occurrences of precipitation.

- Satellite observations are needed to derive the parameters of the model
- and to test it in areas where surface observations are unavailable or unsuitable.

4’

- .  KEYWO R DS: Precipitation, Joint occurrences, Spatial correlation
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