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-; • The goal of the study was to find a hole-colPled resonator with good azimuthal
- -

~~. I ~ mode discrimination for ootèntial uses in ,Xlgh power laser applications. Two
con~uter programs were devØloped to aid ,Th the analysis of hole—coupled resona-
tors. The first progrmn ~ 1cu~ates t~~scalar eigenmodes , of circular cylind-

V

. rical resonators with exo~(~J&s)1 L I ) azimuthal variation and arbi trary
radical mirror figure. Grä~h~Thf t e radial mode eig nvalues (versus Fresnel
nunter) for the four lowest order azimuthal modes revealed that~ (o~~r)
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~~typ1cally, the larger the hole becomes In a hole-coupled resonator, the higher
the azimuthal Index of the dominant (lowest loss) mode (media gain saturation
not included) . Th. lowes t order azimuthal mode losses were almost Identical
In one negative branch toroldal hole-coupled resonator and In a positive

• branch resonator where both mirrors had on-axis holes. The second coa~uter
program calculates the radial mirror profiles by a non-linear multi ple regres-

• slon technique such that the eigenmode magnitude and/or phase profiles are
best, least squares, fits to use specified radial mode profiles. Tests showed
for exan le, that a field, uniform magnitude and phase, could be achieved In

• the hole for t — 0 of a hole—coupled resonator. In most instances however the
£ a o mode was not the dominant arbitrary azimuthal field variation so that
best fits to desired azimuthal is designed for the lowest loss mode.~~~~~
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SECTION 1

4 - INTRODUCTION

The objective of this study was to investigat, large moda volume

hole.coupled optical resonators for high. power laser applications . The

work program was divided into six tasks with the following primary ob-

jectives.

V Task. 1 — To determine tb~ usefulness of hole coupled rasonators a

computer program was to be developed to calculate and plot tha eigen—

values, the internal resonator fields the far—field pattern of the

output beam, and the sensitivity of length misadjustaent. Two specified

1: - hole—coupled resonators were to be analyzed .

Task 2 — A computer program was to be created to optimize the figure

of laser resonator mirrors such. that the dominant resonator mode would

be the beat fit , in a least squares sense to a desired , user specified ,

mode • The test case would be a unif orm amplitude and uniform phase

distribution over a circular aperture at the output plane of the resonator .

Once the mirror figures were found, the resonator was to be analyzed

using the tools developed in Task 1.

Task 3 — A study was to be made to determine the ratio of annular

to bole output coupling required to achieve good azimuthal mode discr im-

ination in a designated resonator configuration.

Task. 4 — A study similar to that of Task 3 was to be conducted for a

resonator with, holes in’ both mirrors.

Task 5 — An investigation was to be made of the possibility of using V

conf ormal mapping techniques to transform circular geometries to rectan—

gular geometries where the resonator eigenmode calculations could be V

expedited using the fast Fourier transform.

1
(
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Task 6 — The field fitting program of Task 2 was to be improved

and applied to various “desired” mode shapes while noting the effects

on the azimuthal mode discrimination properti es of the associated resonato r’s .

The results of Tasks 1 through 5 are presented in Sections ~~ 
V

through VI, respectively . Since the results of Task 6 primarily yielded

i.provmaents in the results of Task 2, they are included in Section III.

The capabilities of two computer programs developed during the

contract period are described in Sections II and III • Details related

to the calculation methods used in the programs are contained in V

appe ndixes A and B.

2
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SECTION II

-

‘ 
. 

TASK 1 — RESULTS

A. General Information

A computer program has been developed and used to analyze the sigen—

modes of several hole—coupled resonator ’s. The program can compute and

plot: 1) the eigenvaluee versus the outer resonator Fresnal number , 2)

the internal resonator fields (magnitude and phase ) , and 3) the far—field

patterns of circular cylinderical resonator’s having mirror’s of arbitrary

V radial figure in the Fresnel approximation.

The method of calculation used in the program is similar to that

described by Siegman and Miller in their article on the Prony method (11*,
V 

but with appropriate modifications to accoamodate arbitrary radial mirror

figures. To dispense with the problem of the “spurious” eigenvalues

which they described, the Prony calculation itself is iterated to insure

converged (or non—converged) solutions. The initial vector for each

Prony calculation after the first one is taken as the sum of the nor—

malized eigenvectors computed during the previous calculation. In cases

where convergence is not achieved after a specified number of iterations,

- V those eigenvaluee and eigenfunctions are discarded. More specific details

concerning the method of calculation and computer prograaming are contained

in Appendix A.

Two hole—coupled resonator’s were identified by the Air Force project

officer [2~ as test cases for analysis using the computer program. The

mirror profiles of these two resonator’s, designated HUR and HUR CC are

- depicted in Figure 1. The other two resonator’s shown in the same figure

V 
: :V

’ are considered “negative branch” versions of the first two. These four

resonator’s are confocal versions of a more general class of resonators

~ 1 *Numbers in brackets indicate references.

3
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~~ (N — Magnification , D and D are the radii of the
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:V .V focal rings of Mirror. 1 and 2, respectively.)
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in which the mirrors are conic sections with arbitrary off—axis spherical

curva ture. These are “con.focal” but not in the usual sense becau se the

mirrors have focal ring , rather than focal points . The radii of the

focal rings are designated D1 and D2 f or mirrors 1 and 2 respectively .

V - Both mirrors have an outer rad ius of A. Mirror 2 has a central output

apert ure , or hole , of radius H. A magnification N — A/(A—a ) is asso—
V ciat.d with the first two resonators , and a negative magnification

M — Al (H—A) is associated with the “negative branch ” configurations .
V The computer progr am was used to plot the radial mode eigenvalues

V versus the outer resonator Fresnej. number N A2/ (BA ) (B—mirror sepa ra-

tion, A—wavelength) for various magnifications and azimuthal mode indices
V 

L (where azimuthal variation of the form exp (± j24) has been assumed).

The program was also used to plot the internal resonator fields and the

V far—field patterns for’ various Fresnel numbers. Representative plots

are shown and discussed in the following subsections.

B. Analysis of Resonator 3. — HIJR

Figures 2 through 6 show the eigenvalue plots for’ resonator 1. of

Figure 1 for magnifications M — ,/~~ 5/3, 2, 3, and 8, respectively. The

• 

- 

eigenvalues intertwine in a slightly more complicated fashion than those

of the conventional unstable resonator (e.g., see reference 1). An even

more significant difference between the mode of this resonator and a conveVn—
V 

tional unstable resonator is that only for very small Fr esnel numbers

(N 1) is the 10 mode dominant . (The dominant mode at a given Fresnel

number is the mode with the largest eigenvalue magnitude jyf or lowest

losses i — Iv 2 ) For example, in comparing parts a, b , c, and d of Figure

2 for M — v’~, the R—0, 1, 2, and 3 azimuthal modes are dominant within

the approximate Fresnel number ranges 0—1.5, 1.5—5.5, 5.5—9.5, and 9.5—? ,

respectively .

I
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Figure 7 shows the radial aigenmode of field plots for the lowest

• order azimuthal mode £—O, for 14.2 and N” 6. The aigenvalues for the three
V radial modes can be found in Figure 4a at N 6 .  Figure 7a shows the

amplitude and phase of the three lowest loss radial modes in a plane

ju st after being reflected from mirror 1. Probably the most striking

feature is the rather sharp magnitude peak at th. center of the mirror
V (relative radial coordinate equal to zero). The phase of the lowest loss V

radial mode decreases approximately 900 from the center of the mirror to

the outer edge (relative radial coordinate equal unity). The phase of the

next lowest loss mode on the other hand increases to approximately 900

near the outer edge but then decreases to near zero at the edge. The

. phase profile of the third lowest loss mode has even more variation.

V 
Figure lb shows the same fields except plotted in a plane just

- incident on mirror 2. At this magnification the radius of the hole in

mirror 2 is one half the outer mirror radius. Since the fraction of

the field in the hole relative to that on the mirror increases for the

higher order radial modes it is easy to understand that the higher order

modes have more losses. Both the magnitude and the phase of the lowest

• I loss radial mode are fairly uniform in the output hole which results

in the near “ideal” far—field beam profile shown in Figure 7c. For

- comparison, the far—field pattern corresponding to uniform illumination

of the hole with the same power as in the lowest order radial mode for

V 
£‘.O is also sho’ . Finally the integrated far—field intensity associated

-. with the two far—field plots of Figure 7c are shown in Figure ld. Out to

the half—power beam width, the two plots are virtually identical. The

fact that there is slightly more power within a given beam angle larger
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than the beam width for the non’-uniformally illuminated aperture relative

to the uniformally illuminated aperture is probably not too significant,

since the power is reduced there.

Figures 8,9, and 10 show the fields for the same conditions as

Figure 7 for the azimuthal mode indices £ — 1, 2, and 3. For these

higher order azimuthal modes, the field is zero on the axis. Also, it

can be seen that the fields tend to “move” radially outward for increasing
V 

azimuthal mode index. In comparing the field magnitude profiles at

mirror 2 for the 1—0 and £ 3 dominant radial modes (Figure 7b and lOb),

it is understandable that the 1—3 mode has less loss than the 1—0

mode since there is relatively little field in the hole for the 1—3 mode.

V For all the magnifications considered , the 1—0 modes were dominant

only at very small Fresnel numbers. Increasing the size of the hole

from zero apparently increases the losses more rapidly for the 10 mode

than the higher order azimuthal modes. Thus, to obtain any significant

power output from this type resonator in the £~‘0 mode will require that

some method be devised which would discriminate against the higher order

V azimuthal modes.

C. Analysis of Resonator 2 — RUR CC

Figure 11 shows the eigenvalues for the four lowest order azimuthal
V 

modes for resonator 2 of Figure 1 with M—2. Only for Fresnel numbers less

- than 0.5 is the 1—0 mode dominant. The computer program has considerable

V - difficulties in achieving converged solutions for Fresnel ~iumbers greater

than N.6. A clue to the difficulty can be obtained by examining the

complex field structure for the 1—0 and 1.1 modes in Figures 12 and 13

at N 4 .  The large number of grid points required to delineate these
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“interference” patterns makes the calculations at Fresnel numbers larger

V. 
than about N’.6 prohibitively expensive. Even if the £—O were dominant

at reasonably large Fresnel numbers, this resonator would be objectionable

• - because of the poor far—field performance as seen in Figure 12d . From

these and other calculations it has been concluded that this resonator

configuration would not provide a high quality output beam.

~ 
D. Analysis of Resonators 3 and 4

- Even though resonators 3 and 4 were not specifically designated

for analysis, some preliminary calculations were made to determine their

potential for use as hole—coupled resonators. Figures 14, 15, and 16
-

~ 
show the eigenvalues calculated for resonator 3 of Figure 1 for inagni—

- % fications 14— —1, —2, and —3 . These plots are interesting in that the

V ~ 
radial mode eigenvalues do not cross as has been the case for all pre—

V • 
viously examined stable and unstable resonators. Another interesting

: and potentially more important aspect of these graphs is that the azimuthal V

V mode eigenvalues tend to become degenerate as the Fresnel number increases.

Thus only minimal azimuthal mode discrimination should be required to

achieve 2 0  mode operation. Hence if the theory of reference (31 about

~- 
I the role of mode volume with regard to mode discrimination by an active

, 
~ medium is correc t, then the £ 0 mode could be the dominant mode when the V

. 
- resonator contains a saturable gain medium since the L0 mode is the only

.~ - V

~ 
mode that does not have zero amplitude on axis. V

~ ~ . The excellent radial mode discrimination and the possibility that

; £—0 mode may be favored because of its mode volume make resonator 3 the
V . most promising hole—coupled resonator investigated to date. In addition

~ 

V to continued theoretical analysis, an experimental study of this type of

resonator should be conducted .
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A few calculations of the eigenvalues of resonator 4 (not shown)

1 revealed that the higher order azimuthal modes have lower losses than
- V 

the 1—0 mode. Therefore no further analysis of this configuration seems

~ 
. worthwhile, since we are primarily interested in only those resonators

~1V where the 2—0 mode would be dominant.

V

~
- 

~ 
E. Ssnaitivity to Length Misadjustaent

- one method to determine the sensitivity of the eigenmode character—

- V ~ iatica to length ‘aia*dju tmsnt would be to calculate the eig naodea for

I , differ nt distances between the mirrors with *11 other pareseters f ixed.

-

V 

~ A second method is to note that changing the resonator length a small

I- ~ amount, to first order , just cK.igss the resonator Freanel number. Hence,

: to determin. for aw~~ç1e the mansitivity of th sigenvalu. magnitude

V ~ I~I to mirror separation 3, one would compute

~
. S l~l . a a I~1 ~ B 4.lii V

~

- B W i a ’  •lV1- ~z

i where the ~ signifies a small change ix th* respective parameter . Note

since the Frssn.l n*mbsr N is inversely proportional to 3. Thus
V~ ~ ,YI N A 

_  ~l 
tr2l - h’11

- 

S3 
~~~~~~~~~~~~ 

— ]-;~jj  !12 — N 1

~ 
where (from the sigenvalue graphs) ~~ and 1121 are the eigenvalue

V V magnitudes at Fresnel numbers N1 -aNd N2 corre sponding to the mirror

~ 
separation. B and B + ~B, respectively. In a similar manner other sen— V

- I sitivitie.* reletod to Fr..sn mi num~er changes can be computed .

~
V 

~~~ 
V

1I~i~__ _~ V - V _ i~ V -V - - 

:4 

-V _ 
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SECTION III

V 
RESULTS OF TASKS 2 AND 6

V 

A. Introduction ~ -
V : A computer program has been developed which calculate s the resonator -~

: ~ . mirror figures to obtain an optima fit in a least squares sense to a

specified , or desired , radial eigenmode amplitude and phase profile. ~ 
V

A
~ 
description of the calculation technique used in the computer program 

V
V 

is given in AppaTld(Y B. The program vu to be tested by noting how well ~. I

it performed in trying to achieve: 1) a maximum mode volu , 2) uniform

amplitude and phase in the output of a bole—coupled resonator, and 3)

~ ~~~~~~~~~~ far—field on—axis intensity. Tests conducted during work on
~ ~ 

V

~ ~ ~ Task 2 ind icated that the program performed satisfactorily xc.pt when V

~ ~ 
tb~e resonator had little mode discrlmtnation . Later while working on

~ 

V 

• 

Task 6, the Prony method of calculating the fields , which was used in

~ V. 
Task 1, was incorporated into the program, and the program’s performance ~ V

V improved significan tly. The test cases were repeated , and hotter fits

~ to the desired fields were obtained. These latter tests results are

V 
V 

~ 
described following subsections, along with some additional test

~ results obtained during Task 6. V

Before results are described , the main limitation of this approach I

to designing resonators should be mentioned. The program calculates the V

! mirror curvatures, or figure, for an optimum fit of the lowest loss radial
V mode of a particular azimuthal mode index to the desired mode profile.

In all the test cases, the L—O mode index was used . After the “optimum”

. 
. resonator bad been found, it was analyzed using the tools of Task 1. In V

~

- 

~~ ~ 
almost s~U. cases, a higher order azimuthal mode was f ound to have fever

~ 

-

V 
b er n  than the L—O mode for which the resonator was designed. To

~:

‘ ~ 1~ assure tiiat th resonator is d~~ignad for the lowest loss radial and

~fr.
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I azimuthal mode, the one dimensional radial field propagator would

~ 
have to be replaced with a full mirror propagator. Neither time

V nor sufficient computer funds were available to make this important

I 
modification. 

S

V B. Maximum Mode Volume
V In an attempt to achieve a maximum mode volume, the program was

~ given the task of trying to achieve a uniform field magnitude over the

- V entire output plane of the hole—coupled resonator shown in Figure 17.

Maximizing the field in one “plane” does not guarantee a maximum mode

V 
“volume” but the program is currently structured to fit fields in only V

one plane. Since the least squares minimization procedure finds a

local minimum for the mean square error, it is best that the initial V

: - resonator configuration be one in which the fields are already close to

~: ~ the desired fields.

~ The beginning and ending resonator configura tions along with the

- eigenvalues for the two lowest order radial and four lowest order azimuthal
V modes indices (m’uO,l and 1—0,1,2,3) are shown in Figure ha. Figure l7b

I~ shows the desired , beginning, and ending field on the output mirror

I (2) for 2. — 0. Note that the ending field magnitude is a very good fit

~ ~; 
i 

to the desired field but that the eigenvalue for this mode (Iy o~!s0.656) 
V

I~ ~ 
is not the largest eigenvalue. For reference purposes the associated

~~ ~ 
fields on the other mirror (1) are shown in Figure l7c.

t~ I - It appears that the ending field on mirror 1 has less mode “volume”

~
V. 

than the beginning field, but the situation is somewhat distorted by the

~~

V

V 
csmtral peak since the fields are normalized by peak amplitudes rather V

Fi~ 
than average intensity as would be required for a fair mode volume corn—

~i 
:

1 

~ parison. Apparently the uniform fill on mirror 2 was obtained somewhat
. ~~~.-

V -a
~ V

It ~
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V 

V 

V
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~ at th~e expanse of the fill on. mirror 1. The far—field beam patterns of V

Figure lid were calculated for the fields in the output aperture nor malized V

to the same power level in the aperture. The relative peak values given . 
V

I are measured relative to the uniformly iU”~~” ted (uniform amplitude and

~ . phase) aperture f ield. The plot symbol + for the uniformly ill”—4natsd case

is somewhat obscured by the plot symbol 0 used for the initial field.

In any event , the far—field pattern of the beginning resonator is better

than that of the ending resonator. V

In an attempt to improve the far—field pattern while maintaining a

maximum mode “volume”, an additional constraint was imposed on the desired

field: that its phase be uniform in the output aperture. The beginning

V ~ (same as previous case) and ending resonator mirror configurations are

V ~ a~hown in Figure 18a. The desired , beginning, and ending fields on mirror

~ 
2 are shown in Figure ].8b. The final field magnitude, as might be

~ ~ 
expected, is not as good a fit to the desired magnitude due to the 

V

: additional constraint on the phase of the field in the aperture. The

V phase fit in the aperture is good and results in an almost ideal far—field

I~ pattern as shown in Figure l8d . Again , for reference purposes the be—

- 
V ginning and ending fields on mirror 1 are shown (Figure 18c). The

i~ i ending field “fills” the mirror very well except for the small region
V -

~ 

near the axis.

I ~ 
C. Uniform Magnitude and Phase in the Output Hole

~ 
I A test of the computer program was made in an attempt to achieve

~ ~ uniform magnitude and phase in the output aperture of a hole-coupled
_ ~ resonator. The initial resonator configuration was chosen as that of

~ ~ the HUH described in Task 1 (resonator 1. of Figure 1) . The beginning S
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~ 
and ending mirror profi1~~ are depict~~ in Figure 19g. Note that even 

V

~ 
though mirror 2 was initi*Uy convex with respect to the interior of

~
V

V the resonator , it nded as concave. The fields for the beginning and

~ 
en4ing resonators at mirror i, at mirror 2, and in the f r—tLsld art

~ sb.own in plots b ,c and d. As can be u n , the fit to tho d~~ired fiild

V on mirror 2 is excellent , the mode fill. is increased over that of the

V 

HUB. on. both mirrors, and tho f ar— field i~ virtually id~ itLcal With

~ 
that of the uniformly il1i~~(n~ted aperture case. The .a ociated in—

I- t.grated far—f ield intensities, “power in the buckst ” curves are

~ shown in plot 19e. The tot al power within the halE—POWSt beu width

~~

- - ! for tho two cases are about equal; however, for mu be.. ~ gie~ greater

~V ~ than the half-power beam angle, the HU~ integrated tntsmsity xceada

~ 
that of the uniformly illwuinated aperture . Tb. “tapsrsd” eagnitude

~ 
profil s reduces the power in the side-lobea relatiws to the main lobe.

Next , a teat was made to see if good rmau lts could be acbi.v d for

V a resonator with a Fresnel number of N 8  which was twice that used for

~ the previou s tests. The beg4”(”g sad smdtug resonator configurations

and the associated field plots are shown in Figures 20. through 20.. A.

can be seen th. result. are very good. For evon larger Freanel n~~ber

~ 
I calculations it would probabl y be nacessary to let tho progru calculate V

~ ~ 
the mirro r curv ature to hig~sr (than eacond) order.

I

D. Maximum On Axis Far—Field Intensity

~V 
Pro. an analysis of the far—field integral qnation for a circular

~

.- V 

~ 

aperture it can be shown that for given power flow through a fixed aperture V

-~ ~~~ the maximum on—axis far—field intensity is achieved when the field in the

I~ ~ 
aperture is uniform. Tharefore, it was d cided to have the program att~~~~ t

~ 
- to maximize the power within a given beam angi., rath er than to maximize the

V
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- 

V
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far—field on—axis intensity. The approach taken was to request that the

program find a resonator whose integrated far—field intensity was equal

to its ~~~~~~~~~~~~~~~~~ possible value over a specified beam angle . Of course
- 

the ideal far—field magnitude prof ile which would satisfy this condition

would be an on—axis delta function. The begfnnf ng and ending resonator

configurations are shown in. Figure 21a. Figure 2lb shows the resulting

• integrated far—field intensity, and it can be seen that the final intensity

• is a better fit to the desired intensity than that of the uniformly ill—
• 

“~~n~ted ape rture. This results in a significant decrease in the first

side lobe peak relative to the reference as shown in Figure 2lc. In

Figure 2ld it can be seen that the field magnitude in the apertur e of

mirror 2 is tapered and the phase is uniform. The fina l field on mirror

1 in. Figure 21e, although itself quite peaked on axis, is more slowly

• varying than the fields of the other hole—coupled configurations examined .

E. L “Hole—Coup led” Resonator with a Dominant L 0  Mode
• Many additional tests have been made of the program ’s ability

• 
to fit desired fields, and in most tests the program was able to achieve

a good fit. Once the resonator parameters were found, the eigenvalues for

the higher order azimuthal modes were calculated using the program developed

during Task 1. It was found that none of the hole—coupled resonators had

good £zflnutha l mode discri.In. tion . The only hole—coupled reson ators

found for which the L—O mod. was do~i’L.nt bad very high losses over the

outer edges of the mirror(s).

One “hole—coupled” resonator in which the L—O mode was dominant

is shown is Figure 22. The mirror profiles are extreme ly exaggera ted

to show their genera l shape . No R and D values are given because the

mirror figures were calculat ed to third order . The beginning configuration

87
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I 
_ _ _is actually the ei~d(ng conf iguration of a previous test where the

I desired field was specified as uniform phase In a plait. incident
- on sirror 2 out to r — Li where Li i. the radius of mirror 1. No

restriction was placed on the field magnitude. In this case the re—

quir~~~nt that the phase be *miform on the mirror was removed. Except

near the edge of th. bole where the field asplitude is relatively small,

the phase of th. final field is very close to the desired field phase .

The mode discrimination ratio

— _____ — 1.08

was th. largest obtained for any hole—coupled resonator ‘w2~4n.d, except
I where the Fresnei. number of the hole was trivia lly small. Even in. this

case the Fresnel number of the hole is only

NHi— (1/3)2N — l

I • and less than half of the total output is through the hole.
I

F. P’~—d Resonator Test

One additional test will be described to further illustrate the

utility of the program. The program was given the task of adjusting

the slope and curvature of the rim on one of the resonators described

by Lax et al. [3). They state that “...transverse mode can be suppressed

at high power levels, provided the ratto of the fund~w~ta1_mode_irradjance

spatial minimom to maximum exceed. a (n4~u~ value ”. Using the fitting

program the fwidaamntal mode irradian ce can be tailored very easily.

Th. beginning configuration (Figure 23a) was chosen w*thout regard to

their suggestion that the mirror and rim Frssnel numbers be non—integral

4 ~

‘ 
. or that N1 ~ N. We note that there is little azimuthal discrimination

sine
~t ~I .

, ‘00~ 0.985
0.974 — 1.01

I
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•
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U f or the start ing resonator . The field profile (Figure 23b ) of the

1.0 mode for the begim~4eig resonator is interesting in that the phase

in. the plane at the mirror(s ) i.e almost perfectly flat. Tb. desired

• sagi ttude was chosen to try to ask. the field amplituds mor. uniform

over th. mirror without increasing the losses too much, and the desired

phase is that of a spherical wave coming fro. the virtual focus (see

reference 1) of the g.omatr ic resonator mode with no rim. The final field

• magnitud. profile is “flatter ,” and the azimuthal mode discr imina t ion is

so.svhat Improv.d in the .“dfng resonator , but at th. expense of higher

• losses over the mirror edges. It appears that the magnitude fit is not

I as good as might be expected, probably due to the non—uniform magnitude

• and phase weighting functions of V and W~. Tb. magnitude fit could be

I improved at the expens. of the phase fit simply by increasing the W~ weights

- 
relative to the U weights. It is not understood , however, why the phase

• 

• profile is not an even better fit than that shown . It is interesting

1 that th. rim was virtually straightened out to conform to the curvature

- 

• of th. central portion of the resonator. In any event, the ratio of

the ~ (nt ~ ii. to the maximua field values is 0.5 and hence satisfies the

criteria stated in (3] for achieving good azimuthal mode discrimination.

G. Conclusions

In conclusion , the program is able to calculate mirror curvatures
• to fit a desired radial mode profile for no azimuthal. variations . It

has been found that requiring the field magnitude of the 1.0 mode to be

uniform in the output aperture virtually assures that the 1.0 mode will

. not be the lowest loss mode (i.e. that higher order azimuthal modes will

have lower losses in the san. resonator) . This suggests that possibly

• I
~~
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• the progra m should be required to achieve uniform amplitude in.

the hole f or the lowest loss azimuthal mod. to increase its losses

relative to the 1—0 mode . The “bru t. force ” way to obtain 1—0

ods operation would be to have the program adjust the azimuthal mirro r

profi le in. addition to the radial profile . This procedure , while stra ight—
- forward with regard to gsnsralizing the program to calculate the full

resona tor field, would be more costly with regard to the computer time

required.
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SECTION IV

TASI 3 RESULTS

The objective of Task 3 was to determine the required ratio of

annular to bole coupling such that the resonator of Figure 24 would
• have good azimuthal mod. discr{—(netion. , To facilitate the discussion ,

we define the geometric ratio of the area of the annular output region U

irA~2 - ii ~A3 to the area of the hole irE2
2

R — 
~~2 ~~2

Hz

In the limiting case where focal ring radius D 0 the resonator degenerates

into a conventional unstable positive branch conE ocal resonator which is

known to have good azimuthal mode di.scr4—tn-.tion. In thie case 
~~~ 

and

R — o. In another limiting case where D..A~ the resonator degenera tes into

resonator 1 of Figure 1, which was investigated in. Task 1 and found to

have poor azimuthal mode diecr{~(n*tion . In thu second case the area

of the annulus is zero so that R-O. As the area of the hole increases

and H decreases the azimuthal mode discr~mf natio n ratio (magnitude of

the ratio of the largest 2—0 eigenvalue to the next large st eigenvalue

for any 2) will decrease . Somewhere within the range 0 < H  <~~ the loss

for the 2—0 mode will equal the loss of one or more of the higher order

azimuthal modes, and the mode discr4 (n.tion ratio will be uni ty . It

was hoped that a large fraction of the output could be hole coupled (K << 1)

before this breakeven point was reached . To determ ine how much hole coupling

could be allowed , while aaint~in{ng acceptable azimuthal mode discrimination

th. computer program developed under Task. 1 was used to calculate the

U - 
eigenvalues of tb. resonator for variou s values of D. U

102

I



r ‘- v ~~~~~~~~~~ - 
~
-
~~~~~ --~~~

-- - -
~~~ 

-

~~ 

- • 
~~~~~~

—
~~

----••• -- —
~
--—-

- -_U - - • .•
~~
-

~~~
-
~
-- -

~~~~~~~
• -

~~
-

~~
_

~~~~~~~ 

—

,

____  

• j  ¶ 1

[1
~~~~~~~~~ 

—

MIRROR I MIRROR 2
0 _ A~-D

- M_ D_H2
_

A2 ....D
I

Figure 24 Resonator with hole and annular output coupling

I

103

~~~~~~~~~~~



— — •
~ 

-~-,-,•-— -:~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
U

Figures 25 and 26 show the eigenval.ues f or the case where D.0

• for —agnifications H - IT and 3. As is sean, at a fixed magnif ication ,

the 2—0 mode has the lowest losses (the largest eigenvalus), and the

• losses increase a t increases. It is evident in. comparing Figure 25a

and 25b that the mode discr 1~ 4~nation ratio decreases as the Fresnel

ni~~ er increases.

U 
Figure 27 show, the lowest loss sig.nvsLuss for D approxim ately

I 
one third of the radius of mirror 1 and for a magnification 11.3.0.

In thus case the radius of the hole H2 — 2/9A1 and the inner radius of

the output annulus £2 — (5/9) Al.. Hence
• 

~~_ ( 5J9)2
K — ((1/ 3) 2) — 14

which means that only about 1/14th the total output could be hole—coupled.
- 

A comparison of the different azimuthal mode plots shows that the

1.0 mode is do~{nnn t in the Fre snel number interval 0 < N  < 4 , the

2—1 mode i~ dominant for 4 < N  <15 , and the 1.2 mode is do (nan t 15 < N  <

a higher fresnel number than is on the plot.

The eigenvalues were also calculated for D — £112 for magnifications

H — /T and 3, as shown in Figures 28 and 29. As in the previous case

the azimuthal index of the dominant mode increases as the Fresnel number

¶ increases . Thus it is concluded that only for relatively small Fresnel

numbers could any of the resonator output be hole—coupled in the 2—0

mode . These Fr esna l numbers are too small to be of interest for high

power laser applications.
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- SECTION V
. 

. TASK 4 RESULTS

~ 

. 
The purpose of Task. 4 was to study the behavior of the eigenmodes

- of the resonator shown in Figure 30. This resonator is similar to the

one in Figure 24 which was analyzed in Task 3 except the centerline

has in effect been II
~~1O~~~~ up” into a circular cylinder of radius Hi.

• This resonator could be used ithen there is an on—axis obscuration

within the region r < A]. caused, for av~”ple, by the nozzle(s) of a

ch.aical laser . For para~eterization purposes the Fresne]. numbers

~ 
NH1 ~~2/ (~~) and ND — D2/(BA) were defined. The behavior of the

~ I
- eigeumodes was analyzed for various values of NE1 and ND as a function of

~ 2the outer resonator Fresnel number N Al 1(M) .

: Figure 31 shows the resonator eigenvalues for ND — 1, NH — 1, end

N 2. This choice of parameters results in a conventional unstable

~ 
confocal resonator whose centerline has been blown up from a radius

~— 
of zero to a radius of Hi which corresponds to a Fresnel number of 1.

~ 
1 

• As seen the dominant radial modes for £ 0  and L 1  have essentially

~; 

I ~ 
identical eigeuvalues over the range of Fresnel numbers considered

~ ~ 
• 2 < N ‘C 10. The losses of the L 2  and £ 3  m odes increase relative

~ ~ 
to those of the t 0 mode for increasing N.

~~ ~ 
Figure 32 shows the resonator eigenvalues for ND and NH]. incre ased

I~ ~ to a value of 2 for M 2. This increase in Hi results in less azimuthal

‘
U 

• m ode discrimination. it is apparent , that increasing the size of the

•
1 

- centerline (or H~l) tends to make the azimuthal mode eigenvaiues become

~~~ 

. degenerate.
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In an attespt to increase the azimutha l mode discrimination for

• NH1 — 2 an4 M 2, the value of ND was decreased to 1. Geometrically ,

U this decrease in D should increase the rate at which the fields are
- 

coupled over the outer edge of mirror 2. Since the hi*her order

azimuthal mode fields tend to peak further out radially then the lower

order azimuthal modes , the output coupling for the higher order modes

should increase more rapidly than for the L~ O mode. The calculated

eigenvaiue magnitudes in Figure 33 for this case are smeller than

those in Figure 32, indicating there is indeed more output coupling.

• However , there is no significant increase in the azimutha l mode discriim-

: 
ination.

:: . The eigenvalues were also calculated for larger ratios of Hi

I 

and D to Al, For these cases the plots for the four lowest order

•

I 
• azimutha l modes were very s1~i’ilar with the greatest differences being

between the L0 and L”3 plots. Since the £~l and L 2  plots lie between

~ the 9.—0 and £—3 plots, they are not shown.

Figure 34 shows the elgenvalues for Hi — Ai/2 and D Ai/2 at a

magnification M 3 Since D Ill this resonator is like that of a

I conventional unstable resonator except the centerline ~~~ been expanded

~ 
to a radius of Mi.

1 ~ Figure 35 shows the eigenvalues for Hi Ai /4, D £112, and M 2.

~~

. Figure 36 shows the eigenvalues for the sane conditions except D 3A1/4
_

Ui 
which ircreasea the area of the smaller annulus relative to the outer U

-~ 

- 

~ 
annulus. There is very little difference in the eigenvalues for the

-I - two cases .
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Figure 37 shows the eigenvaiu.s for Hi £1/2, D 3/4*1 and

~i
_ 

M — 2. Figure 38 i. for the same condition. except D — £1. For

~
j this last case where D £1 the resoustor is like that of resonator • ; 

-

~ 1 of Figur e 1 except the centerline is of radius £112. U

UU 
U 

Comparing all the figures in this section shows Increasing the -
~

.: hole sizes in tb* mirrors decreases the azi &tbal mode discrliaLnetion,

~ 

U 

but increases the radial mode discrimination. This suggests an

~ interesting relationship between the radial and azimuthal modes and

- also suggests the following. Since cutt ing a section out of the

reaouator along a line where the radial coordin ate is a constant increases

the radi al mode discr(a1nption, then cutting sections out *10mg lines

~ where azi~ ithal coord inate is a constant should lead to an incre ase Sn
: azi~ atha1 mode diacr(atnation. A study of “wedge—coupled” resonators

~ 
should be made to deter mine behavior of their sigen.odes.
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SECTION VI

U 

• TA1SL 5 RESULTS

The purpose of Task 5 was to investigate the possibility of

using conformal mapping techniques to transform circular geometries

to rectangular geometries where the resonator eigenaode calculations

could be expedited using the Last Fourier tran sform. The confor mal

transformation [5)

w — exp (Z)

U wherew-u+iv rexp (j$)

and Z - x + Ly

I maps. ring. in the complex W plane into - rectangles in the Z plane as
I 

• shown in Figure 39. It was hoped that the transform could be used to

~i I link the eige~~~da. of strip resonator calculations to the eigenaodes
r . of circular resonators. A problem arose which aborted the exercise.

Th.e transform dictates

~~ 

r exp (z)
I 

~ In cylindrical coordinates the field on mirror 2 at r2 for e~ample 
I

U

- 

~ 
~ depends in a complex manner on the field at each source point r1. In

1* 
I Cartesian coordinates the field at z2 depends on the field at each source

I I
~ I point x

1 but through a Kernel which is a function of the difference in

! ~ the coørd inates x2 and x1. Therefore a strip calculation can be made for U

~ I a fixed width strip resonator anywhere in the Z plane. For example,

~ 
S 

if the strip mirrors are translated a distance b in the x direction U

-

~~ :-~ ~ 
re lative to the origin , then the circular mirror. ar e scaled by a factor

U

I} • exp (b) in tha W plan.. The eig.nmoda losses for the resonator whose

~

. 

~ 
I

; 
mirrors are scaled by a factor exp (b) in tha W plane are not the same as

~~~~~i~~
U

• 

the losses for the ~mscaled calculation, assi~~ing the distance between

!
- :
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I the mirrors is not changed . A possible solution would be to scale the

~ distance between the mirrors and the wavelength by the same factor

U ~ exp (b) which would make the Yxesnel number of the circular resonator

I • invariant to transverse shifts of the strip resonator as should be the

- case. The point has not yet been resolved .

ill

- I

I .

~

I j j

U 

153

i 1 ~t~ 
I ~~ 

IUI I U  

.

I-— — 

~~~~~~~~~~~~~~~~~~~~~~~~~~ •



I U ~ III_SII~ U ~~II~~
I- U ~~ U _ ~ III :-—-

~
-
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

I_I_I U U U ~~~~~~~~~~~~~~~~~~~~~~~~~ U ~~~~~~~~~~~~~~~~~~~~ I~ S~S~~I~ _ II~III5 U_~ _ UI-I ~ 1~IIISSII_I II~~~~ ~

: SECTION VII U

U 
- U 

, CONCWSION , AND FUTURE VORX

~ 
A co~~uter program was d*velop.d during Task 1 for calculating

-~ the radial ejg.~~~d.s of circular cylindrical resonators where tb. . U

I azimuthal variation is of the form sxp (~ j S4) whir. L is any integer. 
-

I 
The program was used to analyze several con.foca]. bole—coupled resonator

configurations to determine whether or not the L 0  mode wóóld be the U

I 
doalnant or lowest loss mode in tbe ~~~~~~~~ resonator. ~o purely ioie—

coupled resonator was found in which the £-O mode was clearl y do (’~~”t

U except for the uninteresting limit of small Fr esnel numbers. One

resonator (Figure lc) was f ound in which all azimuthal modes had

approximately equal losses (i. e. , the modes were degenerate) . Loaded

~ U 
cavity analysis should be performed using a reasonable gain saturation

I profile to determine the “saturated ” mode profile. If these results

: are promi sing, an experi mental study of the resonator should be under—

~ 
taken. U

U -
U 

~ Also, a computer program has been developed which demonstrates the

I- ~ 
feasibility of a technique for calculating mirror figures to achieve

I ~ specified radial eigenmode profiles. The most serious limitation is

that the program considers only the radial mode profile, where in most

~b 
~ cases of interest , it is the azimuthal phase profile which is of

U 

I 

paramount interest. The program should be generalized to allow arbitrary
I 

radial and azimuthal field variation so that the radial and azimuthal U

~ 
mirror figure func t ions can be calculated to achieve hole—coupled output

•~I ~:; with min1~~ l azimuthal field phase variation.

I 
-

~ 
Analysis of resonators with boles in both mirrors has shown that , U

::~ ~ when both the holes are much larger than a Frensel number , there is U

~ 
U 

~ 
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U ~ S virtually no differenc e in the losses for the lowest order azimuthal

-~ 
eige~~~des, but that the radial mode discr {a(nation is excellent .

U j Since increased radial mode discr imination is achieved by cutting

~- I out sections of the resonator along line of constant radi al coordinate

U ~ 
(hole.) , it is likely that increased azimuthal mode discriainatioa

can be achieved by cutting out sections of the resonator along lines

: of constant azimuthal coordinate (wedges) . Therefore a study should

U
- ~ ~ be made of the eigenmodes of “wedge—coupled” resonators with higher

- ~ ~ 
order phase figures.

I

¶ ! ~

~~~~~~~~~~~~~~~~~~~ Ur-~g ~ ~ 155/156

~~~  
I 

Si

II U~~~ 
IIII ~~ I I~I-I  5 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ U ~~~~ - I ~~~~~~~~~~~~~~~~~~~~ ~~~~ ~



r-
~v~~

5
~~

1--—- - U IU • III-I
~~~~~~~~

1— 
~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~ ~~ U I S U~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~ 

III U U ~

U 

~: ~ 
APPENDIX A

~ 

I 

CALCULATION OF THE RESONATOR EIGEN*~DES

U ~ A computer progra m has been d.veloped to calculate the bars cavity

~ I scalar radial eigen.odes for exp (jL ) azimuthal variation in circular

cylindrical resonators • The resonator mirrors can have arbitrary radial

I ~ ; curvature witi~in the Fresnel approximation and arbitrary reflectivity.

The eigenmodea are computed numerically via the Prony method as described

- previously by Siegman and Miller [11 . Their *stb.od is modif ied to

~ allow for arbitrary mirror curvatures, and the procedure is iterated

~I 
to assure convergence and accuracy of the computed sige odes and eigen

~

U values . The following three subsections extracted from the user ’s

~: ~ 
• manual for the program discuss the relevant mathematical equations and

~4

_ 

~ ~ . 

some of the progremaing details.

~

- 1. WAVE PROPAGAIION

~ 
The basic resonator integral equations for the radial field functions

5

; are (6]

I 

‘ ~~~~~~~~~~~~~~ — f:~~ (ri,r2)R
~

2
~ (r 2),~~ dr 2 (Al) 

U

~ ~ ~~~R~~~(r2)/~~ - ~
:‘ K(r 1, r 2)R~~~(r1)/E dr 1 (*2)

U where the kernel

~4

U 

~~~ ~ • 

K(t1,r2) — j 2
~
1 
~ exp(—j ~~ (g1r~ + g2r~)] 

,1r1r2 (*3)

~
U 

I 
and

~~~~~ ~: 
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U — the subscripts 1 and 2 refer to mirrors 1 and 2, respectively

$i) _ the pbasor radial field on mirror 1., *ere the azimuthal

field dependence is a~sumsd to vary as exp Cjt$)

U 
r — radial coordinate 5

U 

k — wav.n* ber . 2w/A

A - wavelength

B — mirror separation U

Jt — Mssel. function of order I.
4 a — outer mirror radius

~U g — resonator parameter — 1 — B/B.

B. — radius of curvature S

~~~~~~~~~ — single pass eigenvalua

~ The complete field i. written as

I ~ 

E~~&) — R~~(r) exp(.~&$) (A4)

~ I~~~~~~ ~ where n .n~ ~ are the rad ial and azimuthal mode indices , resp ectively . —

~
- ~ 

The fields (eigenmodes) are orthogonal on the mirror surfaces and can
; 

1- 
be normalized such that

~r ~ 2 w a

~ ~~ ~ 
E~~&)E & (t~r drd ~ — 6iin6kL (AS)

~I 

: For computational convenience the integral equations will be written in

~ a different form. Let us define a constant

U 

I 

1*1 k Uc — I  — 6
U .1 3

~ ~ a spherical phase factor , . 

U

~ - ( kr 2 ’
~

t~ 
t~(r~) — ~~~~~~~~~ I (*7)

.

~~ 
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~ I

I ! an~ a “reflection coefficient”

- L  (~~~~2~~
U 

I ~~Cr~) - exp
1 ~c /

~~ S

~ 

U 
The latter is interpreted as a reflection coefficient (or function)

U ~ 
since r~

2/2R~ is the appro ximate distance the mirror surface is die—
I 

placed from planar and thus kr~
2/&~ is the total phase shif t the wave

I experiences at r~ upon reflection. For higher order resonators the re-

flection coefficient can be generalized to

! ~ 
U P~(r~) — exp (iZkd~(r~)) (.A9)

I ~ (arbitrary magnitude variations could also be included) share d1(~~) ~

i the distance the mirror is displaced from planar (the mirror figure

~ • uncio . In terms of the new var iables , the kernel can be rewritten as
U f k r r \  

_ _ _ _ _ _ _ _ _ _ _ _I
- L(r1,r 2) CJ~ ~ ~ 

2 j  /p1(r1)p2(r2)t1(r1)t2(r2)r1r2 (*10)

~ 
Then with the additional definition

i $t~(r j) I
: ~ 4 ~(r1) — ______ _ _ _ _ _ _  (All)

• ip j (r i ) lti (ri)

~ and the grouping T~(r~) a Pj(r j)t i(ri)r j the resonator integral equa—

tions may be written as

~~~~~~~ ~ ~ .4j.)s~J .) (!l) _ ~2 
~

. (icr.~r2) £,(r 2)s~
2
~ (~2)dr 2 (*12)

I 

‘ 

~(2~~(2)
( )  — 

~a1 
(br) T1(r1).~~~(r1)dr1 (*13)

$ 1
.
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or correspondingly in matrix form as

y101 — J T2S2 
(*14) 

I

I 

1232 — 3 T 131 
(*15)

where ~. is understood . Prom (All) it is seen that s~~ (~~) is the field

~ on a spherical surface of radios B just incident mirror i because miii- 
U

tiplying by~
(jkr~\

~ 
h~&~) - exp ‘23 1 (*16)

~ ~ 
transforms the field to a plane in front of the mirror and multiplying

~ 
by IP~(r ~

) tra nsforms the field to the mirror surf ace . Ther efore , the

~ 
product ~~(rj)t~(r~) transforms the field from the s~berical surf ace ,

~ 

I to the mirror surface , and back to the sp4ierical surfac e but propa gating U

~ in tb. opposite direction.
1 The radial. fields on the spherical surfaces , can be nor ~’1(zed such I

that

-

~ ~ I ‘~:~ 
Cr) a~~~ Cr) T(r) dr — 

~~~~~~~ 

(*17) -

U

where the integral is over the mirror surf ace.

~ 
Finally the composite matrix equation for , say the fields on mirror U

I 

1, say be written

-
~ 

-

~~ 

j 
~S1 — J T 2 J T 1 S1 

(Al8

- ~ 

I 
where the round trip cigenvalue ‘( • ‘rl V 2 For smell number of points

: . 
~ 

on both mirrors it is useful to form the roun d trip operat or matrix 
U

I ~ ~ 
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I M — 

~~2 ~~1 ‘ However , as the number of field grid points increases , two

I ‘
~ 

computational savings can be realized by not computing N. First , it takes U

one fourth the computer storage to store the the real symeetric matrix of

!II 
U • Bessel functions J as opposed to the complex matrix N. Second, the number

U 
U of mult iplications required to form M can exceed the number of multiplies—

U U tions required to find the dominant eigeneodea by the iterated Prony

I method shich will be described in the next section

U 2. ITW~TED PRONY METHOD U

: - The basic Prony calculat ion used is exactly as described by Siegman

I: I ~ and Miller [1] except the procedure iv repeated until convergence is

achieved and the number of eigenvalues is changed as required to facil-

: • itate convergence. The following discussion briefly describes the corn— U

U 

•

~ putational procedure .

~ Formali y, we wish to find the f irst a dominant eigeavectors U~ and

~ - eigeavaluea y~ , i — 1. to a of the matrix equation 
U

I M U — U y  (*19)

I where M is a complex symeetric matrix . In resonato r terminolgy the

~ 
aigenvectors are often referre d to as “eigen.odes , “ “modes , 

“ or “fields ~~11

~ ~ 
An initial. vector , or field distribution , V0 is constructed and propagated

I a times throug h. the re sonator using the wave propagation procedu re dc-

~ ~ scribed in the previo us section . The higher order modes , smaller eigen—

~ 

I I~ ~ 
• values , are attenuated more rapidly than the lower order modes , which

~ ~~ ~ have larger eigenvalu.s . The initisi f ield and sequence of propagated

I ; ~ ~ ~ 
• fields say be written as:

I 

~~ 
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U V0 — k1U1 +k2U2 +k3U3 + ...

I

U
- V1 -MV0 -k1y1U1 + k 2’r2U2 + k 313U3 + ... 

-

U

V 
~~~~~ ‘~I~~’i ~ k2y~U2 + k3T~U3 + ~~•• (420)

~

U 

~ where initially the ks’s ~~~ ‘rj
Ts are uuknoim. Two matrices of dot

U ~ products are generat ed U
-

-~ 
F — F01

Pu
. 

(*21) 
U

I

~: F 1 F 2 . . . F

I I  

. — 
I

- 

I~ I

~ 

I G a  F
U ~ 

2n (*22)

I FU 
U

~ 
¶ where r — n — 1. and the dot products are

I Fij ~ ~ (Vj)k ~~j~k (*23) ~

~ The F matrix is inverted and the eigenvalues are computed as the roots

~: ~~~ of the polynomial ~ 
U

•
~;:~ 

.Yn + ~~~n_ 1 
~ ~ ~ . QiT + 00 ~ 0 (*24) 

U

~
, 
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U 
~I where

: Q _  I

Q

I

I ~ 
0

U Qi
Pr S . ~ F 1G (*25)

Th.en a matrix

U 

~ 
L Y 1

~ ~ 
2 2 2

U 
~ ~ ~ i T 2 • • T0 (*26)

~I ~ ~ ~ 
~~ 

Y~ ...T:1.

: ~ : . 
is constructed where the eigenvalues ar e ordered such that

~ tY i+l l < ly i l 1 
~~~~ 

i ~~~. 
r (*27)

I

U ~ 
Upon inversion of the L matrix the square of the k values can be com—

~- ~ ~ 
puted

~~~~~~ I

~~~~~( ~2

U k
2 

• . _ L —:LF5 (*28)

I -
. :

: ~ ~ 
I k2

-: . 
• P fl

~H5H1 • 
whar.

-
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I ~ 

F01

; ~02 
,

~~~

F0 — . (*29)

U 
F~~ 

I

~ 

U Using the Itt
’s, ~r1

ts
~ 

and Vi’s, 1. — 1 to U, estimates jr’s of the

~ 
Ut ‘ a are computed from (*20) . Since there may have b.en components of

higher order modes than n in the orig inal vector , we do not at this U

I point know how accurate our computatio ns of the eige~~odes are . There— 
U

~: fore a nor initial vector is formed , using the just computed eigeunod e U

: ~ 
estimates as

~ ~ 

‘ U

~: ~ 

V0 - i~ 
+ U

2 
+ • . • Un

I 

where the U~ are normalized ~uch that

~ ~
“i~k~’i~k 

~~ 
(*31) U

I 
The procedure is repeated until the calculated expansion coefficients

U ~ 
k’ s are unity and the aigenvalues do not change from one calculation to

the next . Ideally if

U 

fr~~1I < lin t (*32) 
I

the procedure will always converge , but when
. II

~

- U

~ ~ 
fr~+1I ~ ~~~ 

(*33)

I
_

;~
’ T 

convergence can take a large number of iterations. Wh en this situation

-

~~~~~~ 

rs, it La expedient to change o. If the e.igenvaluss tend to separat e

-‘

U 

~ ~~~ 
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: - as n increases, as is the case in resona tor calculat ions , a should be in—

- ‘U ~ I. 
creased. However n carnt ot always be increased since the finite word

I

~ ~ 
length of the computer will eventually truncate components of the higher U

I ~: . order mode in V~ in equation (*20), i...,

~ n

. (
~
) (*34)

will become mealier than the resolution Hia tt of the computer.

3. FAR-FIELD CALCULATIONS

: By convention in the computer program ,, the output end of the res—

I 
onator is at mirror 2 . For diaplay purposes , the field incident on

U 

~ 
• mirror 2 is transformed to a plane via

: 
• u(~r2) — /t (r 2)s(r2)

II ~ The far—field pattern , f(r) , is computed by taking that part of uCr 2)

~: ~ } which exits the resonator, u~ (x 2) , and propagating it to the focus of

I ~ ~ 
a lense. For convenience the focus of the lense is B, the cavity length.,

! I so the previously computed Bessel function can be used . The field at

~ 
the focus of the lens is computed from

~~

- 
I 

fkrr \

~~ 

: fCr) — C f j~~(~ B) u~
(r
2
)r
2dr2 (*36)

! ~ 
where the integration is over the output plane . The integrated far—

k~ .~~ ~ -

~
I 

~ ~ • field intensity, p(r) , can then be computed as

;

U~ •~ 

• 
p(r) — ~~ !f(r’)12r’dr’ (*37) U

-

:~
-5:: S 
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APPENDIX B

TIASTS SQUARES METHOD FOR CALCUtATfl~G RESONATOR

PARAMETERS TO Ai aLEVE A DESIRZD EICENMODE PROFILE

A nun—linear regression algorithm has been utilized to calculate

radial mirror figures of open resonators such. that the radial profile

of the lowest loss eigenmode (for a particular azimuthal sy etry) is

the bes t fit in a leas t squares sense to a user specified , “desired”,

eigez~ ode pro file. The method used is that of Marquardt [7] which is

- a maximum neLghbort ~ood method for least squares estimation of nonlinear

~ 
parameters . It performs an interpolation between the Taylor series U

U method and the gradient method in an attempt to combine the best features U

;U 
of the two methods while at the same time avoiding their most serious

~ 
I lieltations. The algorithm described here for ease of reference is • -U

I identical. to that of reference (8] except for changes in nomenclature

~ 
and the inclusion of point error weighting.

The model to be adjusted to the data can be written in the form

~ 

U 
; — fC.r ;~1,82, . . . 8k~ (31)

~ 
where r is the independent variable(s) and 8~, B2~ . . . 8~ are the

~ 

I population values of the k parameters to be estimated and U is the

~ t 
dependent variable. In the context of the resonator problam U is the

i i lowest loss radial eigenmode profile (or intensity) for a particular

~ 
aximuthal symmetry , r is the radial field coordinate , and the B ‘ s are

~ I the resonator parameters which one wishes to vary . The observed points

will be designated as

~
p• 

UCr~) i — 1, 2, • . . N (B2)

166

~~~~~~~~~~~~~ —. — — — I~~~~__ __ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ ~ ~ 

U



r!._.

~ 

~5’y1 ~__I I_I_ lU
ll I

~~ II_ U__
~ IS~~~~~~•!IU_IIII ~~~~~~~~~~~~~~~~~~ U _I l l U__~~_III~

I IUUI_IUI_!SUI~U~ _I~ 
I__III~SIUI.~_ U_~I_U_SII~I ~~~~~~~~~~~~~~~~~~~ IS IUII_I~~I~~_UIIII UII_IIII~~US ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ •~ I IIUSUSI_SISI~ I~ _I~I _

__ I_ U~III__ U U ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I Which for the cases investigated to date are the desired radial field U

; ~I points in a plane adj acen t to one of the resonato r mirrors or desired U
I~ radial point.. in the integrated far—field intensity profile . S’andard

- ~ 
techniques can be used to calculate the radial mode pr ofile U at the

U 

specified coordinates for a given resonator geometry and radial mirror

U figures which are dependent o~ the B ‘a . The problem could be structu red -
even more generally so as to optimize azimuthal var iat ion in the mirro r

: figures provided the total field was calculated without restriction on

U the type of azimuthal sy~ net ry .
U The problem is to compute those estimates of the parameters which

I~ 
viii minimize

~ ~ 0 I~ 2 UI . — E W~(u~ — u~l (B3)
I i—l

~ where 
~
1i is the value of uCr~) predict ed at the L—th data point and W~ 

U

I is the associated weight for that point error . (u—magnitude and/or phase of U).

The Taylor series aspect of the combined Marquardt Method will now

be described. Writing the perturbed model in a Taylor series through

~ the linear terms gives
I k

U < u(r~~ b + 
~~~~ 

> — f ( r~ , ~) + E ~~~~~t (~~)j (34)
‘ 

j—l j

~ : or4
P

I < u > f + P ~~ (B5)

I 
II

;

~ :- In (34) , ~~~ is replaced by b , the converged value of b being the least

I ‘ squares estimate of B and f1 is the value of the func tion ~~~~~~~ ~
J. the i—tb. data point . The vector ~~ is a small correction to b , where

I : 167
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the subscript t is used to designate the 6 was calculated using the

Taylor series method , and P is an (n x It] matrix whose elamenti are

U af~/3b~ . The bracke ts <> are used to distinguish predictions based an

U the t~~~arj~ed model from those based on the actual non—linear model.

~ Therefore , the estimated sum of squares error (553) is designated as

U - 
U

I <.> — E V~[u f ~ <~~>j 2
i—i

U In order to ~~ ‘t~{ze <~ > the critical point(s) must be found, i.e.,

~ 

U 

~~.t. — 0, 1 — 1, 2, . . ., It (37)

~
iU
~~~~~

~ 
which requires from (B4) and (36) that . -

I U k
. ~ IC•> 

_ E Wjtui — 

~~ 
_ E ~~~ C&~

) ~2 (38)

~ i—i i—i . j  I S

and

~ ~~~~ 2 E W~(u~ — f~ — 

J!l ~~ ~~~~ ~~~ 
— 0 (B9)

~ 
or

; ~ 
wi [Uj  

_ f~1 ~~4 — 

~~ j—1 ~~ ~~~~~~~~ ~~~~ 
($s

~
)j  . 0 (310)

I or in matrix notation U

~~ 

~-:~ 

A~~~-t  (311) 
1:

~ 

I~ where U

~~
._

~
_

1 

AEk x k.] _ PTDP 
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:~ ~ 

En z k] — (
~k~
) ~ ~ — 1, 2, . . ., n; j  — 1, 2, . . ., k (313)

U 

II 
~Ekx 1J 1. ~ Wj(ui

_ f j3~~~
4. I j — l , 2 , . . •, k (314)

U ~ • i—I. 3

~ t~
- 

— PTD(u _ 
.L ) 

c$15)

U ~ and 6’ 
~ 

is the new perturbation as influenced by the weighting and
U ~ ~~ 

x n] 
~~ a diagonal matrix of the weights. In practice ~ is only

I ~ corrected by a factor of ~~ so that extrapolation does not go beyond
-: ~ 

~ 
the region where f is adequately descr ibed by (34) . Failure to do so

U 

~ would cause divergence of the iterates .
U I ~ 4 

Tha ateepest descent method takes a step in the direction of the

i ~ 
, 

negative gradiaent of ~ from the current trail value Thus ,

• 

—B ~ —(
~~

•

~~ ~~2 
• •‘ 

~~k) 
11 )

U Here again the step size requires careful cont rol to insure convergence .
: 

~ 
Raving noted the inadequacies of both. the Taylor and the steepest

; descent methods , note also that any proper method must result in a cor—

: 
rectian Vector that is within 900 of the negative gradient or else ~

U 

~ 
would increase with the iter ate. Marqu ardt ’s Method is an interpolation. U

~ ~: between j
~~ 

and ~~ for monotonic convergence of the procedure . This

U ~ method has its foundation in three theorems which will be stated without

~ 
proof. Proof of these theorems may be found in Marquard t [7] or Meeter

:I~ 

(8] . Master states and proves a somewhat stro nger version of Theorem 1.

U j 
II• ~ ~ Theorem 1: Let X>0 be arbitrary and let ~~ satisfy the U

~: ~ ~ equation

~ 
(*+~

AI
~ n~~~& 

(B17)

i 1: I::~ 
- II U 
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then 6 .int~ ~es <,> on the sphere whose
radiui° 

1 16 1 1  satisfies 
I

11 6 11 2 11 6 11 2 . (318)

Theorem 2: Let 6~X) be the solution of (317) for a given
~ value of A. Then I fj G ) I I 2  is a continuous
U 

decreasing function of A , such that as Xis.,
; I I~O)II2~O.
U~ Theorem 3: Let y be the angle between ~~ and 6 . Then y
~ I is a continuous monotone decreasinj~function of

A such that as Aic., yi()• Since 6 is thd.pen-
U dent of A , it follows that 6 roThte s toward

6 as ~~~~~~~ 
—0

U - -~~~

U Since the Marquardt Method combines both the Taylor series method

~ and the steepest descent method, it is necessary to note one relevant
I proper ty of these methods • The solution ~~ of (~11) is invarient under

II linear transformation of the b-space . However , the steepest descent 
•

solut ion is not scale m v .  It becomes necessary to scale the b—

~ 

U 

space in some convenient manner . The , the b—space is scaled in units 
U

of the standard deviations of the derivatives 3f~/ab3 , take.n over the
~I sample points 1. — L, Z~ . . •~~ ~~~. ThiS choice of scale causes the A

matrix to be transformed into the matrix of simple correlation coefficients

~ 
among the ~~~/ab3 

U

I Thus, the scaled matrix A* and the scaled vector g* become

~~ 

~I 

A* 

~~~~ 

_ 
(

Si~~~
,) (319) 

. 
-

~

I — (g
3
) — 

~ 
(320)

-4 -

~:‘

U 4U~
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- 
U and the Taylor seri es soluticu leads to

-
U - 

~ 
A*5*

t 
_ 1* (321)

I 

Thin
. 63 ~ ~;i /aj 1 (322)

Tb. algorithm is now clear. Specifically, at the r—th iter—

ation th$ equation

(A*(r) + ~(r) 1)6*(r) *(r) (323)

is constructed. This equation is solved for ~~~~~ .n~ (322) is used
I to obtain &__ new triai. par ameter vector

~ I 

b (~~1) _ b (r) ~ ~~~(~~~) (324)
;: 

, wiLl. lead to a new sun of square s error ~ ~~~~ , ft is essential to

~ ~ select A~~~ ~~~~ that
~ 

. 

•
(rI’l) < •

(r) (325)

It is clear from the foregoing theory that a suf f icientl$ large

~ 
U A Cr) always can be found such that (325) is sat isfied, except when

b (r) 
~~ already a mi”(m”~ of ~~. Therefore, a trill and error procedure

~ 
is required to find a valu. of A ~~ ~~~~ tha t (325) is satisfied and

r~ 
rapid convergence insured, i.e. ~~n~~~ ze ~ in the (approxi mately)

~ ~ 
ma~~4~~ s. neighborhood over which the linsari sed function Will give

~~~ 

I ~ adequate representation of th~ non—linear function. U

~ ~ The strategy employed ii as follows :

~ . !Atv>1 . I

Let ~(r—1) demote the valu e of A from the previous iteration

I 

•I~ Initially, let A~
0
~ — 10~~, for ezempi...

: Compute ,(A (T
~~~) ~~~~ •(A~~~

1
~Iv) (see note below).
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is If •(A~~~~~/v) .~~ •
(r), i.t A (r) _

ii. ti ,(A~~~
1
~/v) ). ~(r) and $(A~~~~ ) .•~~ 

~(r)
, let U

U 

1(r) 1(r—l)

U~ iii. If •(A~~~~~/v) > •
(r) .nA •(A~~~~~) > ~(r) increase A 

I

I by successive multiplication by V until for so.. smallest

~ 
1A)~ •(A~~ ’~v~) < 1(r) 

~~~ A~~~ —

U ~ 
NOT!: If ~~~~~~ is alr eady negligible by comparison with 1.0 to

U the number of s{gi~(ficant figures carried, then go to test

ii: or iii i ’ ~ fately without computing ~(A~~~~~/v) , end

ignore comparisons involving $(A~~~~~/V) .

~ 
On occasion in prob lems where the correlations among the parameter

~ 
estimates are extremely high ( > 0.99) , it can happen that A will in—

~ 
crease to unreasonably large values. It has been found helpful for

U ~ these instances to alter test iii. The revised test is:

b (t+l) _ 
~~~~ + ~(r)~~(r) , K (r ) 

< 1 (326)

Noting that the angle y ~~ is a decreas ing function of A (r) 
, select a

criterion agnle 
; 

< ~~. and take

~ 
K(r) _ l ~f 1(r) >~ 0 (327) U

, 
I However, if test iii is met passed even though A Cr) 

~~~ be~~

~ 
until 1(r) 

< .
~0, 

then do not increase A~~~ further, but tak e

?- ~ I 
sufficiently small so that •~~~1) < ,~~ ~~~ can always be done 

U

since ~(r) 
< 

~ 0 
~~~~~~~ (71.

~~~U ~ Tb. procedure is considere d converged wh en (I 63~~~I/ (t+ Ib 3~~~I ) < 
~~,

~~ 
for all 3 — 1, 2, ...,k and suitable choices for e and r, for example

—5 —3
~ 

IU~ 10 and 10 , respectively.
4
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