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Abetract proposed by Harris and Eo.rtigsb.r’q (71. In Sec-

tion 2 we discuss their findings and add others.
An infinit 4inS ISS*UA&1. sedsi is ;tven for we present an infi it.-dinensional state space

the generation of gyroacopic nois., whi ch .th ibit s s odel which gener ate. noise with the power spec-
power spectral density proportional to (1/f ) ove r t ral ~~operej .. ~f gyreacopic noise. we also
a wide frequency range. Tb. optiaal filter 1. diecuse the possibl.. relationship betw en eagnetic
given for aspIrating & stat tsticaily d.ecrib.d sig- diaacc~~~~dat ion a d  gyroscopic noise.
nat fran additive gyroscopic noise. using discrete— In Section 3 we introduce and solve the t ii—
tine observations. This filter is •spr.e.ed as a 

~~~~~ problen to be treated in the paper. Using
discrete-t ine infinit.-dimsnsiOnal ~~~wan-$uci discrete—ti.. observations. a statistica lly
fi lter, with an associated Riccati covsriance described gyro output sig nal (resulti ng free angu—
operator equat ion. Sufficient conditions are ~~~ lea notion inputs to th. gyroscope) is optinalty
cit led such that this Salman-lucy filter will separated free additive gyroscopic noise, —possess various desired properties. cause obsuvation. are made at discrete times, we

first detaraine a discrete-tins tisfin ite-dinen-
atonal lin ear syst en to generate samples of the

1. Introduction gyvoeccpic notes, as nod.1. d in continuous tins in
Section 2. the filterin g problee can be solved as a

Tb. gyro scope is an inst ri nt used to detect 
~~~~ filter in the case where

angular pove.ent. The probian of the renoval f roe the input signal ii Gaussian (this solution being
th. gyro output signal of nois, inherent to the equivalent to the niniw ~~ variance linear est ina-
gyroscope in a constant gravitatio na l field I. one tor for non-Gaussian input signals) . The resu lt-
which ha. received considerab le attstttiOPt in 

~~~ ing optimal filter is expressed as a dtscrets—ti.e
literature. Sutherland and Geth (11. for example, infini t —~~nensiona1 Salman fi lter with an aseo-
discuss an aided inertia l guidance syste M, where elated Liccat i covar isace operator equation. H.
periodic telescopic s ight ings are used along with not . hen, that steady-state fi ltering of a randee
gyro output to develop gy ro error obser vations. proc... with a (y-1 25) power .pectraa has been
The error observations aro used as the input tO a discussed by Pbran (81. However, the performance
ml... filter, which is used to estimate the gyro of Ibran s filter degrades as £ 0.
error at the observation tines. An estimate of We indicats bow th.orees concern ing Hilber t

• the true angular position is then obtained by ob’ •pace Xala.n filters and k.tccati operator equations
tractinq the estimated gyro error free the g~~~ can be applied to the gyro noise filtering prebles.
output samples. Mebra and Irysen (2) discuss 

~~ ~~~~~~~~~~ condition. on the systue generating
scoothing of the gyro output to obtain estimates -~ ~~~~~~ to be recovered, we are able to guaran-
of the input signal. tee a n~~~er of desirable properties for the Sal-Gyroscopic noise has often been sedated as 

~~either a first -order Gauss-Markow process (3) , or The optimal filter derived in Secti on 3 in-
as a Gaussian randea walk (integral of Gaussia n va lves integrations over a free tine constant pare-
white noise ) (4, 3). However, recent studies per— mater. In applications, these integrations nest

• formed at The Charles Stark Draper Laboratory ~~ • be irpte.ented discretely. This discretisationof the power spectral characteristics of the randca be ~d1•%ad by making a f inits-d.taensicnal
noise associated with various gyroscope. indicate approRimation to the infinite-dimensional gyro-
•~iat gyro noise is often characterized by a (1/f) scop ic not.. wd.l . The optimal filter bacon,, anbehavior in power spectra l density over a wide ordinary finite—dimsnaiona.i dtscr.te—t iw. Salman
frequency range . An exp lanat ion of the source of filt er, with an associat ed matr ix P.iccati equation.
this noise in the magnetic materi als of the gyro- be ~~~~ (19) then the asen-aquer ed estimation
scope (e.g. the gyro flo at rebalance torguer) is error incurred in using the Salman filter of the

f inite—dine.. tonal approximate sedel can be .e4~,
The research of th. firs t author was supported by through the use of & sufficient n~~~ er of dinen-
the Nat ional Science Foundation under a Graduate stone in the approximation, to approach the pea.-

J P.llcw.hi p. The research of the second author .quared esti mation error associated with optimal
was supported by the Air Io~ce Office of Scientific filter ing of gyro.c.pic noise.
Sas.arc h wider grant AF-AfO~R-72—2 273.
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The results found here for qyro.ccpic o1.. of the source of tItl e noise in the magnetic mater-

are applicable to any random process characterized isis of the gyroscope (e.g. the gyro f loat robs-

by a wideband (1/f) power spectral deseity , as lance tonquer) is proposed by Henri. and Sosnigs-

given in Section 2. (1/fl spectra are found, for berg 171. In this section we shall discuss their

eemxple in semiconductor flicker note. and in the finding. and add others. We first disc uss a medal

noise characterisilig the frequency fluctuations of for msgn.tic relaxation’ (disac~~~~~iaticn) . This

quarts crystal oeciilator.. nodel is then used to develop an infinite-dimen-

f sinai stat. space nodSi for the generation of
2. he InfinitrOimensiOnel ~~dal gywe.oapiC noise.

for Oyrouoopic Noise l~~~ nation of the lit erature on magnetic
relsxetton (e.g. nsf. ip)) indicates that the

Gyroscopic noise has often been modeled as response of iron to transients in applied magnetic

either a first-order Gauss-NarkoY process (31. or field can be charact.rised as the impulse response

as a Gaussian random walk (integral of Gaussian of a oontin~~~ of f ir.t rder linear syst~~~ with
white noise ) (4, 5) • The Gaussian nature of the a uniform voluse density distribution of tins
noise is inferred from histogres plots of gyro oo~atants. The term - uniform voluas density die-
output. A linearisad version on log-log scales of tnib utiod’ is used hers to an a epattal dictri-
the power spectral density of a first-order Gauss— button of syst such that each volome element

Harkov process is shown i. Figure 1. The random contains many syst~~~, and such that the sys tame
walk has a variance proportional to time, hence is in each voluse element have time constants distri-

~1 nonstationary. Thue in a strict sense the power but d according to the same probability density

spectral density of a random walk process does not functio n. Sack individua l system is characterized

exist. *len discrete samples of bandlimited white by a transfer function of the form:
noise are generated by J .,. .ter and .i ed (to t
resemble the integrat ion of white noise) • the no- — 

~j  4 1
eultiag noise is found to be characterized by a
(1/f 2) power spectral density over the baebvidth
of Sb, original bandlinited white noise. (The The prebsbtli ty density function of time constants

(T) I. given by (see insert in Figure 4) .

~~ sr spectral density is found throu gh evaluation
of Sb. squared ~~gnitudes of the mor tar cos ff i~ ~ (1/tall /I )) (l/T)~ 11 ~ 

I
cients of the output signal.) For the following
reason. we intuitivel y expect this result. The p4(

~ — 

~ otb ,n.ise
pewer spectral density, S ,,(f ) • of the out put of a
time—invariant linear sy.t~n (tranaf ir tw,ctiome (4)

lIt) ) to n iapHt signal of pso (sower spectra l den We shall demonstrate that the above density fwic-
city) Bax(C) is gi~~~ bye tion ii effecti ve in e~~ ainthq the gyro noise PSD

4 Iyy (f) $
ii ~ (f )  ‘ l(f)12 (1) in addition to magnetic relaxation , which is ob-

served when the gyro is operated in the pra.eflce

) 

lbs trans fer function of an integrator Is prcpor- of power siçcly transients. Incidentally, other

t’~~~’ to Cl/a) . hence we would have, poanth ls density for e (for aselastic relaxation
of strata 1* crystalline sol id., a related pheno—
mon) ars discussed by Wowiox and Berry (101.

I II(t)I~. Ij2vf) t-j2tf) The impulse responss of each linear system (Sq.
(3)) is given bye

lendlimited white, noise baa a P50 constant with
fno1.e~ !y (ovef its bend limits), so we would i.- h1(t) ~~~~~ (5)

tmitiwsly expect oar approzintion to rsndos. walk The magnetic relaxation of the materi al is then

to have bshe,iac proportional to (1/f 2). The PlO charecterised (see 1sf. (9)) by the weighted late-

resulting fro m the wip.t eT etmalation described grel of the impulse responses of the linear sys-

~~ ve is sheen in Figure 3. Notice that both ran- t~~~e with the tins constest density of (Sq. 4) *
processe. discussed nra eshiMt (1/f 2) behaw—

toe in PSI (slmps of (-2) on log-log scale.). miti ~ 
5j ’~’ p4(l)h1(t)dT (6)

nsoent stadies pertained at The ~ i&zlSI Stark o
Oespst Icheratssy 161 of the power spectral chara.-
tseistice o1 the rendon metses associated with • pobstituting Sq. (4) mad Hg. (5) into sq. (6) , we

veniess gyroscope. indicate that gyro meLee is find that:
often eharactetisad by a (1/f) behavior to power •

~~~~~ (1/i) (~~ t~’t )1ft (7)
upsetral density. (The gyro La set op an input mIt)
eat. iat.grator. with a blisasy torque r*el~~~
leap. The maLts of PSI ate limpet rats) ~/l~.) A
llassnta.d graph of the observed for m of gyro rwsr
ipsoteal densit y a given in tiger. 3, ~b, (f ) obseging variables, we obtains

psetice of this drapli 1. pdonnily sttnlbeted to ~ (e 7/y)dy IS)
• euasti$atiOs noise doe to the binary tacqua lchp. .(t) •

Ihie effect of guantisaties La wnemtly maSer La- 
tIt t3/i1) ~~~

usstLgstioa. Power spectral analyses of .epatsta
re rd l.agths of gyro asta. chew the power cpu.- whor e we have de the stdotitetiOns
teal density te be constent la ties. h~~ e we will
treat the gy melee as etattosazy. do .mplr tIo. p • S/I - 

(9)

, S
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Piaslly , we shtsia s
________ 

g(t) — 1 aCt , t)p (1)41 (17)
Im(*2/I ,~~i~~

9T

*
) - 51 / 11)) (10) • 

d
1 to mere rigorous form. Sq. (15) • (16) and

Weere H Cs) is the esponential int.grel , defined (17) are shorth and for.-
bps -‘ ~~

I (a) • I (~—)de (11) g(t) . J P~(T) 0 d~(T ,O)
1 11

We choose H to normalise mIt) to ~(t) • where we (13 (5
esquire for nomnslisation that : 

- + 3 3
• Ii $(‘~ • 0 (12) 0 (15)

We f where the first integral, the initial condition
& - 1 (13) propagatIon , is a Wiener integral and the second

flns , the magnetic dtescc- 15t ion (relaastion) is a too-dimensional Wiene r integral’ , defined in
‘LIed to ~~~~~~ix A. In this ~~~~~~~~ we also discuss the

* too—dimensional Wiener process OCt . .) whoss (for—
*(t) — 1 II I (S/I -s It/I )J (14) mal) mined dooble partial derivative is the ten—

BaIt/I1) 1 2 1 1 dime.eicnal white noise. w(t.s) , in Sq. (13) .
Further, as discuss ed in AneMia A, normalisat ica

Graphs of *(t) . for Ii — 0.01. 
~2 

— 1.0. on lth.az~’ of glt) so that the noise baa unit variance re—
linear. easilog, and log-log scales are found in
Figure. 4, s, end S, e..spa~tivaly. As diaoeea.d
in 1sf. (7), •It). with proper choise of and t~, V • Z*a(12/ t 1) (19
often lit , the tine record of gyro .,.t~at in the
prse~~~ of power siçply trans Lent.. 0110 cstP~~ •_ pomer spectral density of the noise is then
is the record of the torque. .ppli. d by the map- given by.
metic gyro torquer in order to keep the gyro float 

______ 
1 -1

~~~1e close to sate. For It) batseea 13. l,,(t) S 15A(t2/t ~ 
•

9(t) 1. proportional to (-ia(S)). a f~~ J.tsr resuLt 1
in the st*Ip of magnetic relaxation (sea 1sf. (11)). rmct - 1)  1
( toeldentally, 11 and 13 may be eottwed by eb— • i _—J -.-L. I (20)
serving the gyro output and using an anslytio I.~ • 

ISI’E’T ,  j
appesidmetiom (12) fee 9(t), toe S baunan 

~1 
2 3.

to s xy . th. tins constant density pious A graph of $..(f) is plottad in tig er. P. mote
In Sq (4) can be used to eaplain the determin istic that the (1/ir characteristic of gyro noise oh-
gyro us_ - s - s  to tzsnsismts The reader 5bssld b~ served eapieria.ntally is inherent is the linear-
ree. that we do sot have ~~ Lrice1 ..nh tsmaticn Lead version of chic plot. The Ct3) section of
tIeS the relaxation eshibited by gyro output in -

~~ Figure 3, the experimentally observed gyro noise,
of power .~~ lv treasisuts is :~~~rily doe to qumetiiatica ~~~~~~~~ over the C 1/f 2) line

engastic is origin. We cen ussly .....g gut this as a •~ viper. 7 at bi~~ fj: --iea. ~.nhiag that poe-
e.e*hl. source, and not. that this __•_ii ~ is Sloe of the gyro noise. teether, It La .1 alt that

eftestive in explaining the observed 5 I ~~ ipectil l the low frequency breakpoint of Figure 7 seers.-
chareot.riatiss of qyroeoopl. output iae. wh ich posSe to ti ne, longer than ths record length. moe-

* we shall - dI.~~ 5. nol ly ~~~loyed for observations of gyro output.
If a linear syet (Sq. (3)) wit h tIns ion- sco c ting for its messes tren riper. 3 (see cup-

et~~~ 
(I) is ted by as tepee function wIt. t) then tion of Figure 2). Ongoing esperimanta at The

ito npee.s, miT, tI • is eharestetmned by. øsaxles Stark Draper Laboratory with long record
- Lengths of gyro output indicate that the power

1— s(t, 5) • ~(&ia(t, t) + wit. 5) (15) ~~eut al density is flat at very low frI4usacLa.
it 1 (-1 ayoIo/tenth) for eons of the gyr:: ;:: being

Let the tapes function of ~~ veriables . vii . S) •

to the a~~tmee be obarsctoriaed by .svert sss Weneefoeth. we shell use the tern pyresespic
101.) La the Dis c delta fenstias) acMe to refer to the ct~~~~tic process generated

• £ by sue state specs modal. The wrc:~~~ c noise is
- 

s(v(t, UvCq, t-~ )) • W(t-y)8(s) (U) u 1  to have started at it.-.) , hence to be
ut$~~~~~y at (t-0) .

wit, 5) is ferell y a too-dlaeoni.nal slits tosidostally. alternative dels, in tore
lsV • The inpusa to ~. upuire vteh sMe sea- of ~~~~~~~ ~~~~~~~~ for e~~±~~tic pecz s.e

St~~
S I and y are t*1sgro~~ t if I p1 y . Sq. (12) 

~~. power spectral characteristics of gyro-
Is regarded as a st~~~ equation , where essgie ssise are dia~_ . ~~ La 1sf. 113) and 1143 .

alt, a) is a funution 0! 1 I (11,13) . 
~~~~~~~~~~~~~~~~ Asethar del,vith a (f l45) prer apectrun, is

noise is deled as the wsiØted i..Iagral Of dLss.sauI is 1sf. (15) . Wet. kw.v.ss that ~~the och~.ta of the filter s (where mIT. 5) iS -

~~ see gyro noise filter is a linear estimator only
a t,nt (at tins 5) of a filter with time eenst t — 

~~~~~~~~~~ pespertias of the gyroeoogio
1), -

~~ is pire by. enies iaflu.mee the filter .ean—equared error

• 
~~, - I I  t I

• I

• 
- I . .- • 4t~ $ - ~ •

3
• --—--—- —- —

~

- — — -- - - - - - -
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sequence. Thus all mathematical models which gee- for so.. (A
~
}. l.~ 0 with El~ee. coma orthenor-

erase stochastic processes with the s~~ POD as 
~~ sequence (e ) in U. We 1~all make use of the

gyro noise (hence the same second-orde r properties property that SAl Wiener procese W(t.w ) has uniq ue
as gy ro noise) will yield the s~~ optimal (.in i- re ent*tios
sea variance) filter. In the neat secti on we for- p
moist. the proble. and ind icate how it can I. 

~~ 
) • U. E 0 (t a

solved in en infinite dimensiona l cont est. W ~W 
•~ ~ I

3. Pilt.rtnp and Prepertise of the Filter (limit in L3D3. us xl

Tab. z,U real separable Nilbert spe ei. with the 9 s independent real valued Wiener pro-
~~. s. u a ccxplete pr bability space. _____ 

i

3.1 Separable RUlers specs-valued resides 3 3  ~~ wi~ne~ Integral
variable.

- $~~p~.e bif • 2 is locally essentially
The render I. referred to 1201 for acre do- ~~~~~

i
~~ • asasu rable and that S (t .5) is a real-

tailed expoeition of this ater ial. valued wiener process. Then the Wiener Integral
x,R• 2 Is Ca.U.4 an 2-valued random variable -

Ir.v . ) if it is a (weakly) measurable asp. The
linear apses of *—valusd r.v . ‘ 5 is denoted b(t) d0(t .t)
Wes( 0,u , R) . 0

ha 2-valued .tochsstic procass is a I. defined in the usual mamoer as a Limit in
• Noe l (3, us a). xi.) is a mucurable 100— L21Q,~, I) through a sequence of simple functions

~~~~ if the map (5,5) • *(t,u) is measurable w .r t . 
~ _ .od tlng I(S) in 1.2(0. Ti *1. Wow siçpoae

3 * ~ (u denotes L b.ogue measure on l~). ~Mt II.) i • C. (a, a) satisfies (i) I ~(.) I I
a r Js.s ( 0, ~a, a) is first order if is is~ai~~ essentia lly bo~adsd. measurable (ii)

s u L11g, u, xl and e0000do on i f* t L 2U3. rnxi t .R(t )s is meacurabla for e as h x l Z .  Tha wiesier
Fur a first order r.v . alic) we def ine the mean
s(sled), I1) ( • •  • • -

t(x(w)) *(w)du (aochn.r Integral) I s(t )do (t,w)
roe a second order r.v. s(W) , (1*. i~ • I(’*(w) - JO
11*1w)), h~ cahi) - $(z0II) )Th } s a cestinunus, is defined in thi, case as
epenetric bilinear for, which has osiqus rspree.n-
tattos throug h Q c L ( X ) , Q~~ O,Q ~~5 Q a s ( h,~~

4
0i~ E~. 9 is the covariance of a(s) . The cowan - him E I

p amos of a second ordil random variable xliii ) is nec- pen i—l JO
essarily nuclear. 2

Gives ~a a-valued second order r.v. ’e a(s) . (limit in 1. (0. Ti 23)
y(ip). (I. E~ •i(.uix(& L I) cy(~ ) - 

~~
. l1~} has

unique representation Ch.m ~ (II$,E~1 . A ~ L(*) .. where each sl.esnt in the sequence is evaluated as
A L. called the covaxias*ce of x(~i), y(w) and Is above. a • ~t .w) i — l w ,.. as in Sec. 3.2) FOr
written cow (a(s) , y(.p)J. IC.) m.es&rabl. w. r.t . the malfora operator tops—

~
(& i(s) C No.1 0. us 2) are ~~~~~~~~~ logy this definition coincides essentially with

P ii (I. a(s)’, i, yls)) are thdapav’.t for all that in (1201. p. 140 ot seq.). Settee that the
C 2. a I L20),usXI is Grussian if (i(S), h’ Wiener Integral ii defined modulo null-functions

is mormally distributed for each I c 2. is z,2(0, U, 23.

3 2 Wiener p ~~~~~ 
3.4 Inf inite Dimensional PO~~~laticn

• of the Filtering Problem
The li-valued stochastic process W(t, e) is a

_____________ 
if IL) for finite coflocttcns We first show he. equations Ill) and (17)

It*~ c ~ e~ c U, k(%~.& • ej ) is a fanily of 
• 
can be represented i~ the isfinite-dtennsio nal Ito—

real—valued is. r v ‘a (ii) WIt 5) is _ _ _
~ obestic setting just described. Let 2 — L~(t~,T,s

order for e . c ht )  0 and there exists cone aucl.ar ~ 
rn be the space of equsro-intageshin functions wltb

9 t C. a •~t~ - lee en 8. AlL random variables are con-
,b) 4w (t~.s) .~~~

) sUred with respect to son. fined couplet. proba-
bility specs (0, A. P)

• 4~1~~ ‘°~~l’~ 3~ 
Demote by 9 (5) — w(’ ,t) the I-valued Wiener

Jirosesa with soverianoe operator V cbtained from
..ab ~~~~ 0, INs (1. (iii ) 1(v(t,s) ) .0 for the sse dimensional Wiener process v(T,t).

sash S ~ 0. lee (Lao) . p. 147 et seq.) for proper- Ce.etdsr Aix • x ,*(T .t) • -L 2(1.5). Thu

Notice that sloe. 91o seslear, 9 ~ 0, ~ t
y

5~~~~~~~~~~~ l~~~~~~~~54 r.adom van-
~‘ 9 - iable, gives as the solution si the integral aqua-

~c j  •~~~2~
.1 (5t~ • I

I - -•  • - - - - ‘

T~J~~ ~ _ _



-
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tics ft costrol problom (in b.cleser d tine)

y(t) • e~~y0 + .‘‘~dSis) (31) 1t,l) • r~(t) • eelt ) , t —

(as)

thars y is i 2-val ued Gaussian random variable with cost functional of .the far,

with sePe mees end covsrlimce ep.ratoe I. It is e-i r (12
ai.si~~i that 10 ~ $ t  are t*ti e.i- t. it ~~ ~~~~~~~~~ • E~ i q(T)a(P.t ) 24T
be th~~ that U) y lt ) is a G.usel.n r s  veil- ~~1 IT

able. (ii) Ply(s) ) • 0 -
~~~~ liii ) writing Alt ..) •

svtylt) ,y(s)l, (A(t,s)IN’ . (e*tIeA’th.~~~. • a(t)’ Qelt ) • ais(t)~] (25 )

fndal.t.5) Cl...) denotes the natural scalar produce as

• .1. (.& (e 0)h .k lt ) hea, • IN s a. I * 95)

~* denotae the adjoiat Of *. - 
1t) — (y(t ) .a(t )) C * ’ ~ 9~

— ocopat equstiom of the ~~re,e4.e mode l ~ mIt C I

git) — P
~~~~

1(l,S
~~~ 

(22) • PSI ~ 9n • * ii the beusied linear a~~~ing

1

share p I.) is a beun~~ measurabl, function. She •i~ • I 95 is the ~~~~~~ linear -eppi.g

~~~ s &lase a ~==_~~ linear aper~~ r C.Z • 9. m (p(.)m,ke) where p1.) 15 = th le
(31) ~~ (32) oosstltnts the infinite ~~~~~~~~~ d I C ~~~, 1 5.. a posIt iv, operator , 9 is a sy.-

sspreeamlatiss of the ~~so andel. In pr tion , she metric pes&tivs s~~i’f*aite matrix. git) ) a ) 0

u. .utpst is e~~~led. Then, doing a N~~~ lsi~ is a ~ del -~~ab1. function s.d o ‘0 is a
dsta ~~~~ imatios to 121) end (32) we ste_aim the ~~ lar. Ideat is of interest is the ..syupt.tic
disrv.te—time ropr~~~~_ntion hWi .e of thia ~~~tzo1 problon (that is. the

L_ .,* ti c bobavio r of the f ilter ) .
17(5+1) . TrIal • 0(5) We ap that 120) Ia rsethshle if ther. en-

~y1O) • y -
. lots en integer y ‘ 0 and a const ant 0 a C e

S sush thm
(13 . •

gIS) — I 
~~~~~~~~~~~ 

~3~) I (
~~, Lr ’c .’T~~

i) ~~~~~~~~~~ ~ a

Il l 1st us theth whether this La possible for the I
a•  0,1,1,... pert Of the sy.t . We voshi require

_ _  

4 ~~~~ft3 -!
lere O C  L(s• *) is ~~~~~~pisg 1(1) •e  1(1) Ef I  p(T)a hf (T)d42
there 7)  0 is the a~~ is-tima ia...—I, and ol.) ioo IT
is i_is. u S ‘~

r—-
~ of *—val.ed ~~~ sien 1

r i e  variable. with usreriane. a,saM5E 9 (bAth
enhecs1en1nt.a f roSV ithe Up~lPT deSa1. 1 ~

and i(s) are w II I. t.l ~. a t .  - - a 
~ 

f (t ) IT far ~~~ a~~ 0
let a finite- - t a l  diseuse-tias

ilaaer ~~
- “-tic ,st ha given by 

______

• ~~ e f 1 L3fl1.T. 9) whit is clearly ieps,Ilhle.
a ... Se..., (2$) - s-pert of She .,,et a L..var .5th. . Urn,

ps(s) s h a(s) (3S) ft~
Pete a(O) is a ~~~~eI.an 1-valued tendon varishle Jr qma(1,t)’at. C/jT T *1’ .5) ,,cT:)*(.t)).
with sues 0 ss,eetomse P. u(s) i. a ‘thtt e 1

~~ eit a~~~~~ s with usas sate and os~~ i~~~ • the mopping u( ,s) • 4F)al ,t) -

~1’ 
$ —e matriuss of ae,.~...iiate sloe I I. tke_ght of as an obee~vethen squat is. I.e

a ~~~~~~~~ the I-part ii the systen. We 5~~ that who a-past
th.eavetlss ~~~~~~ ~‘ Of (35) with ~~ shave t.esvatis. equation i sh-

e(s) • P~(5) • gIn) • wIn), 127) uui~~~3. U P  lOsepar 5 ~‘ Sand a .esst~~IC I (~~ seth that
share v ia) i. a white q sies easIer ssgu.se with 5
sszo ms~~~~~~u.verianse Y ’ O .  Cu E ,esj ,i..11,blI.lIz 

• a
pjIal is tbe~ idoel ~~re noise .._.._~~~~ whit ‘ — “ “ * 1

suede ~~ he estimated. Ia arise to asti te it we
have to estitte ala) yin) . Thi , filtering r q(T) ~~.) 0 the s-pert of the sy.ts~
p~~~it can sue ha salved usia, etoedsid ~s1(sits- ~ tocS~~~1O. 115 *55 S(k+1) • Salk) •
iea icssl filtering *5Io (sue, for — e. I

Dy duality a.. ~~~~. it o be therm that 
~uI5) is s5til isshle *1 E•

sh9511 ) o  y
this fshlan is equivalent .1 the Isilosdag aptimel 

or eote 5.

~~

Ii

- Awiti.” II~ .~c psi ~~~ nwmh’.-’ nf ~au -
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It then fell ers from the results of Hager and Noro- (0, i, i~)
gits 1221. on the asyoptotic behavior of Discrete — ( ~ • i•l , 2, ... 1A-7)

~~ccsti Operator Iquatiase. that the isralting Iii- (1, 1.~ P
tar is as7.,totically stable. Vor the appropriate
.nrc~ sts of fil ter stability see the forthcom ing (~5.(t) ) . . ‘4~ •~~— 

~ •~tt )54 (t )dt •
peper by Vinter 1231. ~ Jo

(0, i,~j )
~~

s 1.1. 2, ... (k—I)
The Two-Dimensional Wiener Process (1, iu.j 7

Ia this appendix, we discuss the tee-disen- (Note that 1* It) ) and ($
~

(T)) may be the sass
.ts.at Wiener process, with covar tanoet set of functikns.) Pent, define a saquenc- of

l(0(t .t)0(sMl • P . a)j~~ ,5) nin(t,0) 
dcthly—thdsi’ d Gaussian random variables,

(A—i )

Not. that, formally , the mixed dothie partial is- 
(ai,} . . lta1~aQ •

rivntive of th is proceea will have the oovariance
of a too-o4-~~~ iomal white noisa becausa. f~xmaUys (isi , 2, .. . (A-9)

- 

$2 •
2 ~J—1, 2.

lis a)))
C there 6~~ is the Ireosdiar delta function, defined

• I(B(t.t)f(s.a)1 (A—2) (o, ~~~4. •1 (A—b )
d from Sq. IA—i) we hsve thati ‘ 

~l, i—s J
& 4

a u i  ~ 
We am. define a sequence of random processes

• V ut—i , %t 01 (~~(i,t)). lath random process is a function of
(A-i) variables, Ci) and it) . Th definition i•

We shall first she. the existence of a (Gaussian ) g1~~~ by,
raa&s pr~cses with the covaxiancI iii Sq. (A-i) . $‘(t t) - •We than shall give ~~s~inq to a two-diosnatonal ‘ .0 

aLl 0 0
Wiener integral (whore f C 1.31(0,.) a (0. •) ) ) .  (A—li)

(• (C Pin It) and It) . We claim that (a’(r ,t )} is a
I I f (T ,t )dl(T ,t) (A—i) quadratic s. Caucity convergent sequenc. of ran-

JO JO - dem variables. Cbsarve that. (say ii > I)

rinally. we shall the. that the model we have given 5” 0~’t ~ -
for gyroscopic noise in Sq. (lS) s

g(t) • 
‘

1~d
hT) 5

~~~~~~
T,0) • 

~~ ~• f J •t 
a

~Lt2 .1: ~~~~~~~~~~~~~~~~~ 
* 

k.~~l 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

IA—I)1 Dy Sq. (k- 4). we obtain.
is fact yislde the desired perot spectral isesity • 3
(Sq. 30). a((r It,t)-r (T,t) ) 3 •V.  -

I __ ~I2~f11 ~~ 1 [i-~~l O

~ ei(V)dY) 214,~~~
(f’,,u~

)d1)2]

J IA—I)’ (A—l3)
[l.srrt,T1 J Define the follming function.

11, o c y ± t I
Perther details .oaoeesisg the moltipar~~~.r Vie It IT) • (A-id)
mar ::: : d Pianos Integral axe discussed by ~0s q )  t .~~

Path 1 1. _
We first *5w the emistanos øf the too-dimes- We -~~~~~~ as. ~~~raee Sq. (A-l i in dot prodect moss-

stumal Wiener p.aosu. The ae~~~ant closely par- ties.
ah ab that of J.LC. ~ .ark 1171. ~~ese. sets ~$ a
of ~~~ h.te ert~ ma1 f .tisns in 1.21(0, ~9, 

1k, Itipt) W CT ,t)) ) •

(bar. (•.•‘ is sealer prsdect notation ) I N 1
W I

,~~~ 
(q~.z,n)’I. (4

~~~~~ •~ •Jo •a(t)~~
(t)dt • 

- 

1 1 J 1 1 (A-iS)

I ,  -~

• - - - • ~~ ~~~ -

S
__ -. —- -- ,--- , - —- - - - _____  _ _

_ _ _ _ _ _  . , -—--—~~~~~~ .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ----—- ------ . , .- - -  

.4 —~~~~~



sy she orthosermalitv of the .eqsesces (* IT) ) and tics of the rectangle 1a1,a3)a Ib1.b2), we eats .
we have that sack factor on the r~Øt of -

Us. (k-il) approaches sate as N • C. ~ I I f (t t)~~(t ,t)~~ (a1,a3,b1.b3) (A-fl)
(~~(t,t)) is a quadratic noan Cauchy convergent Jo Jo
eaqussca of random variable.. Call the limit a
$1r.1). We — deanestrate that l(t,t ) han cov ert- (3) If f —  E~~

fV. with functions as in (I).
esee as in 1g. (k-i) v—iI.

1($(t,t)l(s.a)) .w.IEc.i.Ita(4t.Ia 1ti—II..
IE ($j .It)iC•l.Ia)I 

. IA—hi) J f f IT . t)~~ (t .t). Ea
~fj f~(t .t )dl(r.t)

O~~ o v—i 0

‘C ?.

~~ per.eval’s thaoron, we have that . 

~ xs J J° ~f ( r t)—f(r.t) I2dTdt ~~0. Vs SetI
c2
~
.I )(I

~
.i.’

F. (C 
~.~4•_ (.(.

• v(J x t (Y)Ic I’v)uSY)() I~ tvu.rndY) I I f(t ,t)~$(t ,t).4in in g.m. 3 ~ f0)0 a’~ 0)0

it $(t ,t) l(s,O ))  • W•Rin(t , G) aiA(t ,e) (A—i?)
. (t ,t)~~ (T ,t) (A—fl )

We have thus established the existence of the too- Ths class of functions f (t ,t) for which this
dimensional Wiener process. is possible is i2(t O,.~)a(O,C)). In additio n, as

Vs now wish to define a two-dimensional Wiener in th. one-dimensional case in Wong (IS) , we f ind
integral. We first develop an analog of the
‘orthogonal incransnt property of Irmvnian notion.
0rairo nian antion, P(t) , it i5 w5U keUhm5 I~

?) I~~. li t”
thati ii IJ f(t,t)dl(t,t)J~ ~ 

g(t,t)dB(t,t)
0 LJO

(A ( )  denotes length) CL ”ltft,(t)—U (s))ftdq)—V (t))3K)(ts .t) fllr.g)) • f(t,t) (gi~~~)4t4t (k—3d)
(k—il)

Define the following function, over a box I (t1.t3) We shall n.h. usc of Sq. (A-3d) in showing

* (t1,53)) in the first quadrant (no generality is that cot model for gyroecopic noise (Sq. (k-I)
lest by defining ous process for t ) 0, t ~ 0) of yialde the desired power spectral density (Sq.
the ~2 plane. (A-i)). Pros Sq. (A-I) we have that (for a ~ 0).

p(t1,t 2.t1.52) 0  (t 2,t2) —g(t 3 .t1) —4 (c 1,t2) Ef21(q(t)qlt-O) 1 — p0(t)s dI~(T ,0)
• $(t~,t1) (A—lI) 

1
Note, incidentally, that if a deterministic fwic-
tics qIr.t) I C2 had it5 aimed dothia partial is— • ~~~~~~ 

pd(t)a ~~(t .s)) a
ravstive integrated over this ~~~~~~ we would

f ~aJ~a 
~~~~~~ t) itir. qtt 2,t 3) - g(t 3,t1) (ftz

‘a t
’

- ~It~.t~) • g(T1.t1) (A—20) 
ft3 

~~~ )1
is easily seen, using only Sq. (3.37) that. ~~

(.) IT1 JO 
p4~~~~ h(t 01 hI~

)
~~( 

(31-25)This can ho taken as motivation for Sq. (A-Il) • It

i~~ tas area)
The b(T .0) is Initial t—aids—.celsd’

l(l(1 1.t 2,t1,t3)P(T3,t4,t3,t4)1 I~~~~ian motion characteriaed by (analog of Sq.
(31.24) is one di ision (iS) .

• v.k((It3,Tz)aIt’.Y) 
r~ ((~3.~4)a(t3,t4))I 

((fT
a 

fCt)dP(t,O))(f
’

I(T)ISI~(T.O)
)JIA-Il) I

Squatiom (1—22) is the analog to Sq. (k-is). Using I
*i. ,...,.a rty, we psoesed, as Weng (17) does for a

s.dt~~~ iaeal aeths~~ a1 IacC t psuoms., to 2 —
define the ~~ -din.nalana1 PLanar integral. • f (i)p( r) (b(i)4T) (3-35)

U) U S • ~~~~~~~~~~~~~~~~~ the indicator ~~ o- (for acme hIT))

- •  

-

- 

.
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- 

•

~~~~~~~~~~~~~
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Ales, we have that $(T ,e) IT ‘0. e 0) is lade— (31 Nubra, 1.1. syyson, A l . ,  Jr.. ‘Linear
_ --“ --t of j*(T,0) (T ) 0). T~us we obtain from ~~~othi ag Using Naasur msnts Containing Cor-
Sq (31-25) that, related Noise with as Application to Inert ial
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I(q(t)g(t-S) 1 ~~ntxol, Vol. AC-là. No. 5. Oct. 1964, w.

496—503.

Navigator’, Ph.D. Thesis, MIT Dept. of hero-•
~~
j ” p~(T) e t-0)/T h(T)dT (~1 ~~~~~~~~~~~~~ V.?., “A oyroccopa.sing spacecraft

1 asutics and hatrosuntics, 1965, pp. 31—52.

ft 3 
~ -2(t-O)/T ( 3 5 /•~ (4) Wilki nson , 5.1., ‘A Stochastic Nodal for the
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Jo Instrunentation Laboratory hopost 1-2456,

(31—37) 1969.
Integrate in Sq. (31-27) to obtain (5) Wilkinson, 5.5., ~Ieasursssnt of Gyro Sto-
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Laboratory Deport 1—2467 , 1970.1(g(t )g(t -a) 1

(63 ?tuncale, A. Soeniqsberq. V. , Harris, L ,

• •
/T 

T2 
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