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Almost nothing can be deduced about a general SD surface given only Its
occluding contours Mi an Image, yet contour Information Ii easily and effectively used by us
to ~ fer the shape of a surface. Therefore, knplkit In the pircaplual analysis of occluding
contour must II. various assumptions about the view d surfaces. The assumptions that seem
most natural are (a) that the distinction between convex and concave segments reflects real
properties of the viewed surfac, and (b) that contiguous portions of contour arise from
contiguous paits of the viewed surface - Le., there are no Invisible obscuring edges. It Is
proved that, for smooth surfaces, these assumptions ar e essentially equiva lent to assuming
that the viewed surface Is a generalized cone. Methods are defined for finding the axis of
such a cone, and for segmenting a surface constructed of several cones Into, its components,
whose axes can then be found separately. These methods, together with the algorithms for
Implementing them devised by Vatan & Marr (11Th, provIde one link between an
uninterpreted figure extracted from an Image, and the 3D repreuntatlon theory of Mar r &
Nishihara (1177).

This report describes research done at the Artificial Intelligence Laboratory of the
Massachusetts Institute of Technology . Support for the lebsrssorrs artif icial Intelligence
research is provided In part by the Advanced I _ _ _ _ _ _ _ _ _ _  of the Department
of Defense under Office ci Naval 1 
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Int z’oduotlon

When we look at the silhouettes In Picasso’s work “Rites of Spring ” (figure 1), we
perce ive them In terms of very particuler S-D shapes. some familiar , some less so. This Is
quite remarkable, because the silhouettes could in theory have been generated by an Inf inite
variety of shape s which , from other viewpoints , have no discernab le similaritie s to the
shapes we perceive. One can perhaps attribute part of the phenomenon to a familiar ity
with the depicted shapes; but not all of It , because one can use the medium of a silhouette
to convey a new shape, and because even with considerable effort It Is difficult to Imagine
the more bizarre three-d imensional surfaces that could have given rise to the same
silhouettes.

Thls phenomenonisof quite generai lmportance for the analysis of an Image
The boundary of a silhouette Is simply one type of ocdudl*g contour (see e.g. Waltz 1973),
and such contours are an arti st s principal means of conveying Information about shape.
The paradox is that they apparently tell us more about shape than they should. For
example , neighbouring points on such a contour could In genera l arise from widely
separated points on the original surface, but our perceptual Interpretation usually Ignores
this possibility.

This means that Implicit In the way we interpret an occluding contour, there must )
lie some a pr iori assumptions that allow us to infer a shape from an outline If a surface
violates thes, assumptions, our analysis will be wron g, In the sense that the shape we assign
to the contours will differ from the shape that actual ly caused them. An everyday example
of this phenomenon Is the shadowgraph , where the appropriate arrangement of one’s hands
can, to the surprise and delight of a child, produce the shadow of an apparently quite
different shape, like a duck or a rabbit.

What assumptions li is reasonable to suppose that we make? I shall argue for
these two (a) that nearby points on a contour correspond to nearby points on the viewed
surface; and (b) that the distinction between convexities and concavities In a contou r
reflects real properties of the surface, not an artifact ci perspective.

Scene surfaces seen from some viewpoints will satisfy these conditions, and anne
will not. Our first task Is to understand what it Is about a surface that makes it satisfy these
assumptions, and the main resuk of the first part of the paper achieves this. Theorem I
shows tha t, If the assumptions (a) and (b) hold for all distant vantage points such that the
line of sight lies parallel to some fixed plene, then the viewed surface must be a gviur.lized
con.. (A genera lized cone is the surface swept out by moving a cross-section of fixed shape
but smoothly varying size, along an axis, as Illustrated In figure 5).

This result Is strong and surprising. It means that if one has a method for
Interpreting contou rs that relies on assumptions (a) and (b), then the method implicitly
assumes that the viewed shape Is a genera$ssd cone. One can think of such a method as
first throwing a generalized cane blonket reund the viewed shape and then describing the
shape of the blanket. This in tern means that the representation of SD  shap e that Is
avbosquundy used can, without fUrther loss of lnf~rmatIon, be based on generalized cones
(like that of Marr & Nishlhara 1977).
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I. RIces of sprlng by Picasso. Wi Immedia tely Interpr et the silhouet tes In terms of
- particular S.D surfaces despite the paucity of information In the Image. In order to do th is,

we must be bringing additional auumptions and constraints to bear on the analysis of these
contours ’ shapes This article inquIres about the nature of this a priori Information.
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Analysls of Contour . 4 Ma ir

The result Is of practical importance, because It can be used as a basis for methods
that intErpret occluding concouri This Is the point of the later sections of the artic le, where
we shall assume that the viewed object Is a generalized cone, and ask how to discover Its
specifications (Its axis and cross-section) using only the contours that are visible in its Image.
The second section deals with the Image of a single generalized cone, and the third with
objects that are composed of several cones joined together In various ways These methods
will be successful provided that no axis appears severely foreshortened in the image. Vat an
(1976) and Vatan & Marr (1977) exhibIt algorithms based on the theory, and the results of
apply ing them to a number of natural Images

The main body of this article attempts to set out the motives and results of this
research In plain English. I hope that It will be acceuible to the general reader. The
append ix contains precise statements of the restrictions and theorems, and gives their proofs.
Most of the arguments there are geometrical , and a specialized mathematical background Is
not necessary to understand them.

Notation
As tar as possible, I shall adhere to the following conventions. Surfaces, curves

and lines In three-dimensional space will be denoted by upper-case Greek listen CL 1’);
curves and lines In an image from viewpoint V will be denoted by suffixed upper-case
Roman letters (Sy Cy); and upper-case Roman letters without a suffix (P 0 denote
points, either In 3-space or in the Image. Lower -case letters obey the usual conventions, so
thatf. g. s and p are functions, a, O,~ and ~ are angles and r y ,  z are coordinate s

1: Tb. bail. hypot b..a sa and thu r lmpli oationa

Our discussion will centre on the four structures chat appear lii figure 2. These are
(fl some s-D surfac eL(2) lts lmage or tilhouecte Sya s seen from a vllwpolnt V; (3) the
bounding contour Cy of Sy; and (4) the set of points on the surfa ce Z. that project onto
the contour Cy. We shall call this last set the omtovr generator of Cy. and we shall dinois It
by l’y. 

_ _ _ _We express the assumptions, to which I referred In the Introdu ction, as restric tions
on portions of the surface Z or its Image.

Restriction RI: The rarf.ce Z Is sssostk

We make this restriction only because we need to be able to distinguish convex pieces of
contour from concave ones, and It is easiest to do this If the surfaces and contours in
question can be differentiated twice. (In fact, we could have allowed the contours In the
Image t be composed of stra ight line sogmenis, since the notions of convex and concave
have a well-defined meaning In such casee, but little Is gained by doing this).

RestrictIon P.2: Ea ch p etal on the contour generator ry proje cts to a dLfferent ,eiiut on

• 
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2. The three-dimensional airfaà 2 viewed from a point V. forms the silhouette Sy in the

V Image We the Imaging p.i~&ui s The boundary of Sy, obtained by die boundary operator a
C isd. d b y Cy a ndw e c a l ht b S d~UaWUr .(2The *ofP01flt1on2that1 maPs 0h1to

Cywe call thl contOuf generator of Cy. and *lS d100Iull bY l’V. The map fr omzto ry
Induced by a is denoted by 1
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Analysts of Contour 6 Marr

the contour Cy.

This means that each line of sight from V to the edge of 2 — that Is, from V to Fy
touches 2 at only one point, not at two points (as shown in figure 20) or along a line
1~~ffilflL The condition that seth line of sight touches 2 at one, rather than at two or a
finite number of points, Ii equivalent to saying that 2 is convex, as seen from this viewpoint
(is. figure 20). ThIs is not as strong a condition as It appears at fIrst sight because in
practise it will not usually be Imposed for all viewpoints (e.g. theo sm I), and there are ways
of ragalning the generality that It excludes (theorem 5). ForbIdding the line of sight from
touching 2 along a line segment (as can happen for example If one views a cube from a
direction parallel with on. of Its faces) Is only a technical restriction; one can escape It
without changing the situation In an Important way by deforming the viewed surface very
slightly.

Rntriction RI: N.ait, petals on the contou r CV arts, f r om nearS, p rints on the contour
generator Fy.

This condition Is a powerful one, and Is best explained by figure 3. Suppose that the
contour aS of figure S really arose from two hills but the dotted portIon of S happ ened to be
Invisible. Then the contour generator of .5 would be discontinuous at P. where It leaps
from one hill to the next. This Ii the situation that RI forbids , and It Is essentIally
equivalent to assuming that the Image contains no Invisible obscuring edges. Together . R2
and RI Imply that the contour generator Fy 11 a continuous curve across 2 —  i.e. that It
does not jump errati cally from place to plac. on 1. RI is a strong condition , but without It
one can say almost nothing about 2 and I know of no way to proceed without It.
Fortunately It is obeyed by most real-world Images.

Remark
In fact R2 and RI are not quIte Independent. since If one assumes that the

surfaceZls bcund.d, Rl lsaccnsequence of R2. To see thls, noclce that at points llke P ln
fIgu re 3 where RI Is violated , the viewing ray to P grazes both hills, and so causes a
vloletlon of R2. Nevertheless, the two restrictions have sufficiently different meanings to
make It worth stating them separately.

Using psuius Qf Illf leIdO*
The restrictions Ri-RI are very general, and guarantee only the integrity of Cy

and 
~v not their interpretability. Let us therefore suppose that a contour Cy, like that

shown In fIgure 4, was obtained under conditions that satisfy these restrictions, and enquire
what properties of Cy we can rely open. Clearly, no metrical properties of Cy can be used,
because Cy arises from viewing a surface 2 at an unknown orientation - I.e. through at
beet a linear operat or. and such operators di net preserve distances. The values of Cy’s
maxims and minima, and their .eparatlen, remain uninforma tiv, untIl substantially more is
ksi..~u about 2 and die perspective from which It Is being viewed. lut the qualItative
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* I
notions of maxima and minima on a planar curve are preserved by a linear operator — that
Is, the dIstInction between convex and concave Is Invarian t. This fact Ii captured by Lemma
lof the appendix.

Let us therefore suppose that we have been presented with a contour segment like
that shown In figure 4. Restriction RI guarantees that adjacent points on the contour arIse
from adjacent points on the surf ace 2, but no metrical features are yet reliable The only
straightforward feature that remains is the dIstinction between a convex contour segment
and a concave one, which rests in turn on the notion of an Inflexlon point. For a general
surface 2 and contour generator ry. even points of Inflexton In Cy wilt often be
meaningless, and to attribute sIgnifIcance to them is to make an additional assumption about
2. So we next ask, how exactly should we formu late the assumption that points of Inflex Ion
are signifIcant?

The restrictions RI-RI allow us to think of ry. the contour generator of Cy on 2.
as a smooth piece of wire bent In S-space Fo~ ~exion points on C~ to be significant
however, lemma I (see the appendix) tells us that we need two things, (I) the transfor mation

• due to the Imaging process thar produces Cy must be Unset , and (2) the curve on which that
transform acts must he in a plane. Because the general perspective transformatIon Is not
linear , condItion (1) tells us that our whole theory appl ies only to distant viewing points,
because only In these conditions Is the imaging process a linear projectIon. ConditIon (2)

• Informs us that the convex-concave distinction can be meaningful in Cy only If the bent
wire that Is ry lies In a plane. This gives us ~ur fourth condition.

R.strktlo* R4: The contour generator Fy of C~ is pl anar .

This condition is a strong one, and sharply delimIts the class of admissible surfaces I There
seems however to be no way of avoiding It If one wishes to use the distinction between

• convex and concave contour segments.

Implications of the four restrictions

A generalized con., Illustrated In figure 5, Is defined to be the surface swept out by
moving a simple smooth cross-sectIon along some axis, at the same time magnIfyIng or
contracting it In a smoothly varying way. This cross-section Is defIned by the function

• 
~(r. 0) • 0, and when the cross-section Is convex, we shall use cylindrical coordinates r -
p(O). The magnification of the cross-section at each point Is specified by the function Mz).
where z Is the distance measured along the cone’s axis. The axis ltsslI will be labelled A.
Nodce that in general the x axis need not be perpsndlcuier co the planex . Oof the cross-
section. These conventions are illustrated by fIgure 5.

We may demand that the reslrlctlons R2 - R4 hold for aff vlews, or for a subclass
of the possible views of 2. If we demand that they hold for only one (dIstant ) viewpoint,

I this Imposes no interest ing restr ictions on the nature of 2. Theorem I studies the two
dImensional case, when tI, restrictions are assumed to hold for all distant viewpoints whose

• ~~~~~~.• ~—-•~~~- — — ---•- -5------ .- . .-- - —---5--- - 
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z
lines of sight lie parallel to some fixed plane, and It Is the most Interest Ing result of the
section. Finally, theorem 2 studIes the consequences of assuming that the restrictions hold
for eli distant viewpoints.

The basic theorniu
EarlIer we defIned Sy t o b e  the Image of I as seen from the vanta ge point V

(fIgure 2). ThIs is equivalent to saying that Sy Is the perspective projection of I from the
point V. In theorem I , we shall make two sImplifyIng assumptions about the projection Sy;
fIrst that the projection Is orthogonal, which Is approx imated when the van tage point V ii
very dIstant from 2 compared to Its size, and second, that the viewing directions are
confined to a plane if round I and which intersects I. We deal In some sense only with
slde views of I, and are forbIddIn g end-on’ views. Such projectIons are completely

specified by the direction of the vantage point from I In the confining plane if, and we
denoce this by the angle +. We shall use tbe nat auon s~. C~~and r~~ln pI a ceofsy, C~
and Fy to indicate that the above restrictions are In effect The proofs of theorems I and 2
are set out In the appendIx. I give here their statements in plaIn English.

Thecreie I l l s  a genera lized cone with convex cross-section If and only If
RI is satisfied, and R2 - R4 are satisfied for all orthogonal projectIons O

( associated with some plane if, In the sense defined above. This plane lies
parallel to the cross-section of the cone.

Theorem 2.2 satisfIes RI and R2 - R4 for all distant vantage points V If
and only If I is a quadrat ic surface.

Remarks about Meernss I and 2
It is theorem 1 that allows the crucial step for the overall argument. It says that If ,

for distant viewpoints whose viewing directions lie parallel to some plane, a surface ’s shape
can successfully be Inferred using only the convexIt ies and concavities of its bounding
contour s in an image, then that surface Is a general ized cone with convex cross-section, or Is
composed of them. Hence If one assuaws that one can discover a sur face’s shape from such
Information, then this is equivalent to assuming that the viewed surface Is a generalized 

-cone. The assumption of theorem I, about orthogonal projections para llel to the plane of
the cross-section, Ii tolerable because as we shall em the methods to which the theory gives
rise usually degrade only slowly as one moves nearer, increasing the effects of perspective, or
out of the plan. of the cross-section. Furthermore there does appear to be something special
about the pa.i~.a~eUon of views that look down the s-axis of the figure (see the remarks made
by Marr & Nlshlhara (1577) about Warrlngson & Taylor ’s (l9fl) unconventlonal views ’).

Theorem 2 is Interesting, because It shows how very strong our restrictions are.
• On. can gain a feel for how the planp condition R4 fails for higher-order surfaces by

• (-  studying the behaviour of x2
~ ,2” ~~~~~~~~~“ • 1 (see fIgure 8) This surface is a sphere for n

•1.and tandi to a aibe as*grows largi The contour generator Fy whkh ls a clrcle for n
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• I (figure 6a), becomes the outline marked with thick lines In figure Sb for high values of
n. This contour-generator Is clearly nut planar; as n increases, the lower third of the contou r
generator is pulled towards the vIewer , and the upper third Is pushed away .

These results provide a fur ther argument for using somethin g based on
generalized cylinders (Blnford 1971) for the Internal representation of shape (see Marr &
Nishlhara 1977), an argument based not on utility, as most other just ificatIons are , but on the
assumptions ImplIcit In the decoding of an image. It Is Indeed extremely fortunate that
many Important three-dimensional structures can be closely approximated by a few
generalized cones, although It is not accidental that objects whose shap e was achIeved by
growth like limbs and stalagmItes, can be so approximated.

a: Izit.rpr.tlng th. im~g. of singi. g.n.z’aliz.d con.

Theorem I essentially tells us that, when crying to Infer the shape of a surface
from its bounding contours in an image we cannot avoid assumIn g that the surface Is a
generalized cone. We are now faced with an obvIous question. If we assume that our data
consists of contours In the Image of a generalized cone, how may we interpret them? To
specify a generalized cone, we have to specify Its axis A, cross-section p(s), and axial scalIng
function h(z~J~, how can we discover them from an Image?

The answer to this question commences with theorem 3, which shows how the
occluding contours in an image may be used to find the image of the cone’s axis for those
distant viewpoints that lie in the privileged viewing plane referred to In theorem 1. In
general, of course, our viewpoint will not lie in this plane , and so we have to examine the
stability of this result as the viewpoint moves out of the plane. This Is achieved by theorem
4, whIch Introduces a new concept called the skeleton of a generalized cone. The skeleton Is
nut a dlfflcuk Idea, however, since It is very like the set of lines a cartoonist draws to convey
the shape of a curved object. The idea of a skeleton allows us to extend the theory to
generalized cones whose cross-section Is not convex. RequIring the restriction R2 to hold for
all ~ -proJectIcns essentially forbids this class of cones, and I said earlier that one can
circumvent this restriction In practise. Theorem 5 shows how. Finally, there is a short
discussion about cases in which the cone is viewed from a nearby rather than from a distant

• point , and cases in which the axis of the cone is not a straight lIne.
The overall purpose of the sectIon is to give a set of methods for interpret ing the

Image of a single generalized cone. The methods derived here wIll not succeed for all views;
they will fall when the image of the cone’s axis Is substantially foreshortened. It Is pa rt of
the overall theory chat such views have to be handled differently (Mart & Nlshlhara 1977).

Finding the axis ftem ef tuoarabl. view
ProvIded that the viewed surface Is a generalized cone, and that the viewing point

satisfie. the conditions of theorem 1, the axis of the cone may easily be determined by the -
rough symmetry formed around It.

Theorem 3 (Axial S,usssm,). Let I be a generalized cone with convex cross-

• •~~~~ • • • • • • _ _ _ _
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section p(O), and let the cross-section scaling function Mx) contain at least
one concavity. Then for all viewing directIons~(I) the silhouette of I, C~ , decomposes into n >  2 contou r segments by
splittIng it at points of inflexlon;
(II ) the Image of the axis A of I establishes an axial symmetry between at
least (a - 2) contour segments, including all concave ones. Corresponding
segments are either both convex or both concave;
(Iii) the ratios of the dIstances of corresponding segments either side of the
axis of symmetry are all the same.

Cirali~rj : The image of the axis of I is uniquely determined If there exists only one such
axial symmecty.

This theorem Is best explained by lookIng at figure 7. Here , we see th at the
contour divides at Inflexion points into three segments, labelled to C3. The two concave
segments C

1 
and C3 are roughly symmetric about the image of the cone’s axis A, although

their distances away from the axis may not be equal The third clause of the theorem state
that, if C, is half as far from A as C3, then the same will be true of all other segments that

• correspond under the symmetry. We shall call the type of symmetry established by theorem
S a qua&alive symmetry. Its important feawres are (a) that It holds between convex or• I concave segments of a contour, and (b) that it Includes a scaling factor.

Although there is a point-wise symmetry between the contour on the two side of
the axis , unless the viewed surface is a right generalized cone and the contours are
faithfully diagnosed in the image, such symmetries are expensive to detect. A qualItatIve
symmetry, on the ocher hand, does not have to be found on a point-by-point basis. This Is
Important because It makes finding the symmetry, and hence its axis , a practical
computational proposition. By dividing the contour into convex and concave segments and
noticing that the symmetry preserves this distinction, we have greatly reduced the number of
Items that have to be examined and made the computational load acceptable.

There is one other point of Importance about this result and It comes from the
coronary, which says that If only one symmetr y exit s among the contours, the axis of Ils
determined uniquely. This means that the analysis of contour is self-checking, and one does
not have to appeal to the “famlllarlty of the deduced shape to know that one has a valid
Interpretation of the Image. This is of course essential If one Is to be able to analyze novel
shapes. The reader will observe that all of the theorems, that are directed at the analysis of
contour, have uniqu eness corollaries like that of th~u.wi 3. It is on these that the algorIthms

• themselves wIll rust most directly.

Viewing dlr.ctinu am .pl.w with a cone’s cross-section
We next ask what happens to the generalized cones of theorem S if the viewpoint

remains distant, but if the viewing dirwlen move out of in constraining plane II? As long
as the image S

y approximates an orthogonal projection parallel to the plane of the• generalized cone’s cross-section, variations in the silhouette of I are due to changes In the
scaling function I(s) along the cone’s axis A. as illustr ated by figure Ia. On the other hand,
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I: when the viewpoint Is moved so drastically that the viewing direction lies parallel to A, the

silhouette of I Is due entirely to p(I), Its cross-section functIon (figure lb) and Is In fact due
to the cross-section of I at the point where #1(z) achieves its maximum value.

At both of these extremes the contour generator rv of I is planar, but for other
viewing direction s It need not be. This is obviously true for a dumbell shape , or for an Ice-
cream cone, but theorem 2 assures is that it is more Insidiously true even for a surface as
simple as an egg, where the contour generator Is a circle for the end-view, a near oval for a
side view, and slides from one to the other in between (see figure lOb below). Another

-~ example is the surface shown in figure Ic; the contour generator from this view Is clearly
• not planar.

How are we to handle such views? For convex objects like an egg, where the only
occludIng contours arise from Its silhouette, there is very little more one can do to infer Its
shap e when seen from one of the intermediate views, unless one knows something about the
orientatIon of the egg relat ive to the viewer. For objects that are not convex, like the double
spike of fIgure 8, one can separate the contours that arise in the image into two classes;
those approx imately due to the sldes of the figure (the two spikes separated in figure Id),
and those approximately due to a cross-section, like the central ellipse in figure Sd.

This division give us our main tool for analyzing non-standard views, and it Is
best explaIned wIth the help of fIgure 9. Suppose that a generalized cone I is being viewed
from a distant point V and the line of sight Is not parallel to the plane of the cone’s cross-
section. The contour generator for viewpoint V ii approximated by two component s. One
ls easy to defIns; It hs the placms onlwhere the slzeofthe cross-secuon is stat&onary—tha t

• Is, where A(s) achieves a maximum or minimum. For an egg, it is the fattest cross-section,
and other examples are shown shaded in figure 10. We call these curves rad ial extremities,
and denote them by f — notice there is no suffix, since ? does not depend on the vantage
point. The ocher Idea we have to make as precise as possible is what we mean by the sldes
of I from a viewpoint such as V. and for this we mak. the construction illustrated in figure

1 9. We drop a perpendicular from V to VI, which does II. In the standa rd viewing plane.
• ~~~~~~

- Then the contour generator for viewpoint V Is approximately the projection of the contour
generator FyI for VI, which Is simply F~ for some angh . For example, in the case of an
egg of length I and diameter i, the skeleton (shown in figure lOb) has length l.st~u(*) and
wIdth d, when viewed In a plafle containIng the egg’s maJor axIs ax an angle~~ to $t For
angles where i sin(x) ~ d, this Is a reasonable approxImation , and when 14*(X) d, we

• have an unconventionar view.
• The reaion why the skeleton ls a useful construct for rrcognitton is that one can

detect Its presenc e In an Image by the many relationships that exist among Its parts. In fact ,
• we can use these relationshIps to set up constraInts on a set of occluding contours such that

If those constraints ar e all satisfied by a unique interpretation of the contours In the Image,
we can be reasonably certain tha t we have found a skeleton, and hence can interpret the
contours as ar ising from a genera lized cone I who., axis Ii then determined. The relations

‘ 
themselves consist of qualitative symmetries and parallelIsm, and are preserved by an
orthogonal projection. Hence provided that the contours as seen from vantage point V In
figure 9 are approximately the projection of the contours as seen from V’, she relations will
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10. Zzatnplus of skeletons of surface,, as dofIned In the seas and in fIgures 8 and 9. The
cross-sections responsIble for th. radial exv ltsss of the surfaces are shown shaded. The
skeleton ~ussei to be a reasonable approUnatlen to die contours that occur In the Image
whenever the viewing angle Is audi as to make die projection of the length of the cone less

~~
• ~~ than the orthogonal proj ection of its width. For audi viewe, the methods of this article will

falL
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still hold In she image formed from V.

Theorem 4 (Sh4.f on Theorem) . Let FyI ii T be the skeleton of I associated
with some vantage point V. Then provIded that Cy can be thought of as
being formed by the orthogonal projection of Fyi along the dIrection to
the vantage point V
(0 Cy Is qualitatively symmetric about the Image of ti, axis A of I. In the
sense of theorem S
(II) the Image of ? consists of one or more connected components, through
which A passes and between any two of which there exists a mapping that
is (1- 1), continuous and onto, that preserves the gradlent of the Image of
at each point.

Corolimr,: If I obeys the prerequisites of theorem 4, and If the Image of Its skeleton
decomposes In a unique way Into two components that satisfy conditIons (I) and (II) of the
theorem~ then these components are the Images of Fy and of T. The axis of symmetry of
the Image of Is the Image of the axis of I.

This theorem makes explicit the many relation s betw een the elements of a
skiletun ’s Image, and Its practical Importance Is Illustrated by figure IL The theorem states J
that the image of the “sldes obeys quite well the symmetry relation of theorem S. and one
can see from the figure that this is true of the sides of the bucket In the Image. The axis of
symmetry of the sides Is the axis of the bucket. The theorem also says that the images of a
cone’s radial extremities are all parallel to one another, and embrace the cone’s axis. In
figure II, there Is a clear parallel relationship between the Image of the bucket’s top, the
corrugations In Its sIde~ and the visible part of its base.

As In the case of theorem 5, the dlagnostlc power of this result lIes in the corollary.
It does not guarantee that a given set of occluding contours can be Interpreted , but If a
unique Interpretation exists that satisfies these conditions, then Is will be correct. In a real

• Imsge,many parts of a cone’s skeleton will be obscured, but this hampers the fInding of
relationships like parallelism and qualitative symmetry only slightly. One can devis, a
cooperative algorithm (Man & Pogglo 1976) that can operate on the description of a contour
so find relationships of this kind between Its pieces (Vatan & Mart 1977).

Oeeerellud tines nhosi cross-uction Is not conwx
We are now ready, to extend the theory to the case where the cone’s cross-section

contains concavities. The Important differenc, between this and the case where she cross-
section Is convex Is that occluding contours can now also ar ise from local maxima and
minima In the cross-section ~ For example, In the Image of a fluted pillar, there are many
lines running parallel to the axis of the p4~~r, uIuu~~.iing to the local maxIma or mInima
In the pillar s cisss-:::t’on.

This gives us the extra tool we need so extend she analysis of theorem 4.
Contours SIsal are due to convexItIes sad concavities In the aoss-~ cflon p behave like the - -

fluting on a pillar, so we cal them the cone’s fletlisg and denote them by the IiIter~~. The
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fluting on a cone with variable cross-section behaves rasher like the silhouett e of theorem S.
Convexities and concavities in th e fluting on one side of she cone’s axis are in qualitative
symmetry wish the flutin g on the other side (as seen by the v iewer). Th is means that
contours in the flutin g obey a set of qual itative symmetry and rough parallel relations
among themselves, similar but ortho gonal so those obeyed by the radial extremities. These
relationships can be used to interpret the contours in an image, in a way analogous to
theorem 4. The extension of theorem 4 to the case of a cone with flut ing is theorem 5.

Th.ouin 5. Let FyI u T ui be the skeleton and fluting of I associated with
some distant vantage point V. Then
(i) Cp and f obey theorem 4.
(Ii) The image of each portion ((h(z).p (01) . 0~, z). for fixed 

~i and varying
z} of the fluting is either a straight line , or it divides into convex and
concave segments that are In (1- 1) correspondence with the convexities and
concavities In that part of the image of Fv which lies on the same side of
its axis of symmetry.

Corciler,: If I is a generalized cone, and if the contours in its image decompose in a unIque
way into three par ts that satisfy the conditions of theo rem 5, then those parts are (I) the
image of Fy. whose axis of symmetry is the Image of the axis of I; (ii) the Image of ?. the j
radial extremities of I; and (Iii) the Image of 4, the cone’s fluting.

Once aga in this result enables us to set up a system of constraints on the contou r
present In an image such that , If the constraints are satisfied by a particular labellIng of the
contour, that labelling enables us to discover the axis A of I, and other informat ion about
Its cross-section p and axial scaling function A. The algorithms that implement this method
need only recognIse the properties of parallelism and quali tative symmetry between a small
number of elements. Th is result reaches slightly beyond the scope of this article since It
deals with contour that is not necessarily occluding. It also extends naturally to the case
where p contains creases (points of discontinuity in gradient ), which is helpful because
creases often give rise to edges and highlights In an image.

Nearby viewing p oints and curved axes
The methods dIscu ssed in thi s article are ill-suited to images that arise from

nearby viewing points, and are of little use for cones with curved axes unless their cross-
sections are simple. These points are best made by figure IS, which shows a serpent weaving
towards and away from a nearby viewer (figure ISa), who sees an image that resembles
figure lSb. The points of inflexion in figure Sb are caused by perspective, and to recognise
this one needs aches cues, like texture gradients and stereapsls.

3 If  one sees the contour that appears in figure lSc~, one can and does Infer the shape
of a snake. Cases such as figures l$c & d, where the scaling function h Is roughly constant,
are easy co deal wkh; so are other caaes where she qualltaclve sym.netry of theorem $ Is

t reversed (Le convex segments match concave segments not convex ones), but in general the
situation can be complex. I have been unable to derive any substantial results f rom
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(d)

13. The methods of this ankle are based on the distinction between convex and concave
contour segments They are therefore unsuitable for Images of nearby objects . For
e ample, If a v$swer Is clese t0asnake (Uinl3A the Im$Ee he Mes wIfl be 50m~thIflg like
!Sb. The convexities and concav ities In this are mostly due to the perspecti ve
transformation, and they do not reflect properties of the viewed surfact The figures in Sc
and d are generalized cones with curved we. It Is not known how to deal with these except
In Mmple cases like thow depictid here
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3
circumstances in which the surface I and its viewing point are unconstrained .

a: Surfaces composed of two or more general ized cones

We have hitherto been concerned with the appearance of a single generali zed
cone. Real-life objects are often approxi mately composed of several different cones, joined
together in various ways (see Marr & Nishihara 1977 figure 6). and we therefore have to
study ways of decomposing a multiple cone into Its components — for example , a human
body into arms , legs, torso and head. The way In which two cones join has a profound but
usually local ef fect on the contours produced by the resulting surface , and is can upset the
qual itative symmetry and parallelism on which our earl ier results depended by inte rfer ing
with she Inflexion points on which primary contour descri ption is based. Therefore, the
algorithms for Interpreting occluding contours in an image must incorporate a sensitIvity to
situations that can arise as a result of jo ins.

In this section , we study the common types of cone-cone junctI on, classify the
appearances to which they can give rise, and indicate how algorithms for their detection
may be constructed. In order to do th is, we once again have to place some restriction on the
way in which a j oin is configured . The one that I choose 1s

( Restriction 5: The axes of two jo ined genera lized cone: are coplanar,
which enables one to relate the silhouette of the junction between two cones to the angle
between their axes and their axial scaling functions. If the two axes are not coplanar, the
surfaces at the junction are rather uncon strained . In practise, R5 is not a severe restrIction.
Provided that the two axes approach one another closely relative to the width of their
respective cones, the coplanar condition will be satisf ied closely enough.

A: Side-to-end jo ins between two genera lized cones
The most useful common feature of the join between two cones is that It gives rise

to one or two deep concavities in the surf ace’s silhouette. This feature Is unfortunat ely not a
necessary concomitant of a cone-cone junct ion, and althou gh is plays a large part in our
algorithms for detecting such a junction (Vatan 1976), its role In the underlying theory Is
surprisingly slight.

It is convenient to divide the types of join that can occur into two classes, those in
which the end of one cone is attached to the side of the other , and those In which the two
cones are attached at their ends. The two types of join are illustrated in figure 14, and a
formal statement of the distinctIon between them Is given In the appendix. These two cases
are not quite exhaust ive, but the intermediate cases Introduce no new points of interes t.

From the point of view of diagnosing these joins , the important difference
between them is that these are often two concavities associated with a side-end join. (one on
each side of £

2 
as shown in figure 14*), but there need not be for end-to-end joins (figure

14b). We analyz. the possible configurations case by case.

I ( )
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Al: Both cones are convex
An Important clue for j oins between cones is the existence of deep concavIties in

the bounding contour. Figure 14* Illustrates this. Provided that the end of one cone joins
the side of the acher well between its ends, one cannot help forming substant ial concavities
in the outl ine. The precise result that establishes this for convex cones Is theorem 6, but the
details may be confined to the appendix without loss. It basically states that the total
concavity created by a join like that shown in figure 4* is nearly 1800, and this gives us a
method for detecting such joins. Since angles of 1800 are preserved by linear
tra nsformations , the effect of alterin g the viewing angle is entirely due to changes In the
angles ~~ that are caused by foreshortenin g Ii or of fIgure 23. This means that the join
will remain detectable until the projection of one cone’s length becomes comparable with the
projection of its width (when the view becomes “unconventional”), or until the junction Is
obscured.
A2: Cones not #Pdi~Where convex

If the generalized cones I~ and 12 are not convex — for example If their axial
scaling functions contain concave segments — the concavities that “ought” to arise at their
junction can be concealed, appearing as part of the concavities due to their axial scaling
functions. The simplest case of this Is shown in fIgure 15, where there Is no Identifiable
concavIty due to the join. Therefore , alth ough concavities provide our algorithms with
useful first places to look for joins, we need somewhat more solid results on which to base
the underlying theory of jo in detection.

The approach we take for diagnosing joins is similar to that of theorems 3 to 6.
We establish a set of constraints that are satisfied by the different types of join, and argue
that , if the contours in an image decompose Into segments that satisfy these constraints , then
they may be interpreted as two j oined generalized cones If there is only one decomposition
of the contours that satisfies these constraints, then the interpretation is also unique. The
relations Involved are usua lly quite sImple. We shall assume that R5 holds throughout this
section.

Suppose that an end of 12 joins the side of Z~, and that the resulting surface Is
viewed along the direction perpendicular to the planes of she axes. If the angle w (figure
14) between their axes is small, or If the line of sight lies too near the plane of the axes, only
one “side” of each cane may be visible (figure II). In such cases, there are no symmetry
relations In the image, and the canes’ axes cannot be found.

Provided that both sides of the cones remain visible (figure $ 7). convex and
concave segments that lie distal to the j oIn are uninfluenced by It and will obey the
symmetry theorem 3. In this way, the distal segments of the cones determine their axes,
whk can th enbeex tended backt ot he join (shown docted in figure rl) .

This diagnostic technique relies on the existenc, of segments distal to the junct ion,
so we now deal with the case in which there are none. If we assume that the jo in takes
place entirely within one segment of Z~ there ar. six possible situations and they appear In
the cop and bottom rows of figure IL Four arise when Z~ and 12 consist of just one segment
each, and It may be either convex or concave; the other two arise because 12 can straddle a
segment boundary In Z~ (column 3 of figure 1$). It is convenient to subdivide the cases
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• resuk of the junalon are hidden in cunsvkIs that a,. caused by the axial staling function.

This Is why stra ightforward methods for ftnd~~ joins between cones fall In the general
H 

_
—  . . • —-—~~~- . ~~

-- —-  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —---- -- . - -—- --— -



- 3 ;;/

t ‘0

/ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I ~~~~~~~ IDI!
IdI \ /

N.I IIIL
I a91

11111
+

o .

. -_ ~~~~~ _ _  

•— -—--- --—--- . _
~ 

. .~,~ -••.-- - -‘S .- -- ~~~~~~~~ . _________

— 5— .5 - .5-. .- . •-. . .—•—.. ..— . .
~—_—-S -.. .5,..5•.._ .~ - - - - -

- -- -.5 .5-- -



2;

I t 
_ _ _ _ _ _I ’

( ~1-~—------
\ ‘\ % I

\ t  I

(

17. If two joined cones are both long, which means that they both contain more tha n onesegment distal to the join, their axes an be recovered by methods based on theorem 3 thattak. no acnunc of the j oin. The axis fragments thus obtained, shown solid, can then beextended to their hnssnectioii point along the dotted lines, and the join Itself can be analyzedafter this.
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t
where 12 Is concave into those cases In which the value of h2 passes through a mInImum
and then Increases as one moves dIsta lly f rom Z~ (bottom row), and those in which the
mInImum value of £2 is achieved at the distal end of Aj 

(middle row). In Figure 18, th Is
minimum value Is zero, which produces a cusp-like 12 Notice that case 18* exhibIts the
situat ion described by theorem 8~ which guar anties the presence of the concave segments
joining Z3 and 12, for reasonable values of l~ and

We ar. now ready for the main result about aide-to-end joins. Figure 18 explaIns
what is happening. In each of the cases shown there, segmentation poInts P and Q can be
found that decompose the contour so as to satisfy a number of relati onships. Theorem 7
defines the segmentation points precisely by making these relationships explicit.

Theories 7 (SIã- to-.iid pins). Let 4, be a connected contour bounding the
Image of two generalized cones Z

1 
and 12 connected by a side-to-end joIn.

We assume that the Image Ii formed from a distant viewpoint chosen such
that the viewIng direction lies perpendicular to the plane containing the two
cones’axes A1and A2. Assume shat C~ is broken into segments at pointi of
Inflexion. Then there exist two pointsPand Q each of which Is either a
point of Inflexion or lies with in a concave contour segment such that
(I) The line PQ lies within the figure bounded by Cy
(II) PQ dIvides Cy into two parts C~ and C2, between the contour segments
or fragments In each of whIch there exists a qualitative symmetry whose
two axes are the Images of L~ and £2
(Iii) P and Q minimise the length of contour fragment left unmatched by
these symme~~es
(Iv) contour fragments In C1 left unmatched by the symmetry round Liwould be matched by contoun whose proximal parts, and possibly all of
which, lie In the Interlor of C2uPQ and sici eerie.
(v) the image of £2 lIfleTsiCtl PQ between P and Q

Carther,: If the points P and Q are unique , these constraints determine a uniq ue
decomposition of Cy from which Images of the two axis A~ may be recovered.

In practis e, Is doss not matter If P and Q are not unique provided that all possible choice.
give the same axes.

1: Two twr.srmitzed cons: plaid end-re-sad
If Z~ or 12 contaIns more than one convex or concave segment, that cons’s axis

may be found for segments distal to the join, just as th ey were found in figure 17 for side-
to-end joins Hence we need consider only the case where 1~ and 12 have just one si5ment
Once again, the main resuk depends on characterIzIng the segmentation points P and Q.
and figure II gives examples of segmentation poInts for end-so-end joins between the
various types of single segment con.. Theorem $ defines these points precIsely; It Is very
similar to theorem 7.

- .5--- 
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1$. If the joine d cones ar. short, th. m.thodoftlgurel7 cannot be used. This figure
Illustrates the types of slde-toind join that can occur. In the fIrst column, the left-hand 5-
cone II convex; In the ~nlr. column it I$ concave, and In the third column, it Is convex on
on. side of the join, and concave on the other. The other cone is convex In the top row,
and concave In the other two. $egmuntatlon depends upon findIng the points P and O~which are defined In the text by theorim 7 and Illustrated here for each case.
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Theories 8 (End-re-end pins). Lot Cy be a connected contour bound ing the
Image of two generalized cones X~ and 12 connected by an end-to .nd jo in.
We assume that the image is formed from a distant viewpoint chosen such
that the viewing dIrect ion lies perpendicular to the plan. containing the
axes of the two cones Ai and £2. Assume that Cy is broken into segments
at points of inflexion. Then there exist two points P and Q in Cy such
that:
(I) Either may be a point of inflexion. one (but only on.) may II. within a
concave segment, and one (but only one) may he with in a convex segment.
(II) The line PQ lies within the figure bounded by Cy
(Iii) PQ divides Cy Into two parts C, and C2. between the contour segments
or fragments in each of which there exists a qualitative symmetry whose
two axes are the images of A1and A2
(iv) P and Q mInImise the length of contour fragment left unmatched by
these symmetries
(v) contour fragments In C1 IVi unmatched by the symmetry round A~
would be matched by a contour whose proximal parts at least M in the
interior of C2 U P Q and stce eerie.
(vi) the Images of A~ and £2 Intirsect PQ betw.sn P and

Corolicr,: If the points P and Q are unique , these constraints determine a unique
decomposItion of 4, from which Images of the two axes Li may be recovered.

Extension to case: where zeus coluoxr uges.nt: as. strotgf d lines
The assumptions Ri - R4 that were made about Z~ and 12, eaduded cases where

these surfaces contained straight lines. Such cases are ?r.~~ in real Nt., however, and
same example are shown In figures l9e and f. 19. is a lImit of I~~, and in Mm. sense aim, Cf
1k l9t lsa limit of all of the cases. IN may be solved in the nndard way; Qt i th e ..lp
concave point In the contour, and It matches either the point P. or it Inderes two ‘Mantc
points P1 and P2 that separate the two arms of the figure from the rs~~nglu QP1PP2 $es~
segmentations are permissible.

Case 19. Is more difficuk. The only true inflszlon points are % and Q~ 
but the

line Q1Q~ lies outside the figure. If Qj and Q~ are used despise this, the segmunsatl.n to
which they lead corresponds to thinki ng of the figure as a rectangle with a piece incised (ct
Hollerbach I97~ p. ~6). This would be the preferred description if Q~ 

aaud Q~ 
he near P’.

Since 19. may be regarded as the limIt of 19.. the point P (a corner jo ining two ~~ight lInes)
can be regarded as a segmentation point, like the point P In ld .  P then Induces ISis point

as shown, which segments the figure in the same way as 19d. When designing aigorithms
for dealing wIth cases where some lines are nearly strai ght~ “convez corners often aoquwe a
dual status that arIses from regarding the stra ight lines as limits Cf concave rath er than
convex contour segments. ThIs means in practise that stra ight lines are somewhat more

( ) difficult so deal with than cur ves since, in the inItial state of the algorithms tsr
Implementing the methods defIned here, straight lines and the corners to which they lund
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19.1k to d enh~Ess she pniIlils typ. V end-W ind joins, for cones that contain only one
segment. Tb. segmentation points P and Q are defined by theorem L and illustrated here )
for she different esaus. They provide she bails for Inssrprotlng die join from an image. 59.
& I exhibit th. configurations that arise in limiting cases where some or all of the contours
becom, straight line. N ISC. this in lit. th, symmetry relations have degenerated Into
parallelism between the sides of each aim Cf the figure. Segmentation points P and Q may
still be found, akhough K is c c z ~ for ainbigulsius to arise in these circumstances.
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may be associated with several possible labellings.

C: J .lns between sure than two pnersUu~ cones
The principal difference between this and case I above is that a given point of

segmentation may have more than one match elsewhere. For example, in the silhouette of
an octopus, the deep concavity between each tentacle matches two others. Also in this case. It
is possible to have end-to-end joins In which both P and Q lie wIthIn concave contour
segments. The only straightforward result about the case of multiple jo ins holds when all
the joined axes are coplanar, which is a common but restrictive condition. In this case, the
relevant result is so similar to theorems 7 and 8 that I omit II.

4: DIscussion

The purpose Cf this artic le was to elucidate the assumptions that can reasonably be
made when Interpreting the occluding contou rs In an Image. The assumptions at which we
arrived were stated as restrictions RI - R4, and It was then proved that these restrIctions
have a close relatIonsh ip to the assumption that the viewed sur face is composed of
generalIzed cones. In the second and third parts of the article , we took this result as an
assumption and studIed properties of images of surfaces constructed in this way. We found
that many constraints hold among por tions of the contours in images of such surf aces, and
that rough symmetries are formed around the image of the cones’ axes. The importance of
these relations Is that one can use them to design algorithms for fIndIng the generalized
cone-based description of a cornour, and for extracting any axes that may be present. By
app lying these algorIthms repeatedly to the contours found in an Image. one can often
derive the S-D model representation (Mar s & Nlshlhara l97~) of a wrface!s shape without
prior knowledge of It. Methods based on the present theory will however fall for views In
which one or more axes are foreshortened (roughly, whenever the condition 14n(X) ~ d of

page 17 Is violated).
The theory presented In this article is a pure competence theory, or a theory at the

topmost of Mar t & Pogglos (1976) four levels. It Is concerned wIth ends not means. The
natural dIvisIon between means and ends is interestingly illustrated by the methods for
segmenting a contour into two component generalized cones (theorems 7 & 8) The starting-
point for our algorithms that actually find the points P and Q as defined by these theorems
Is the examination of deep concavities in the contour Cy (me. Vatan 19’$). This contras ts
strongly with the theory, because the concavities may be small or even absent, especially for
end-to-end joins. Only In certain circumstances does the underlying theory guarantee their
presence (theorem 8).
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£pp.ndix

Suppose that Z is an arbitrary three dimenslonal surface, and that S
1, 

Is Its Image

from vIewpoint V as produced by the projectIon iy. Z —~~ Sy (figure 2 In the main text).

Sy has a bounding contour CV say that corresponds to the silhouette of 1, and which we

an think of as having been obtained by acting on Sy with a boundary op.ra~ r a (see

figure 2).

Definition. Let Fy be the set of polnts onZwhose lmage iles on cy.

Then ry Is ailed the contour generator of Cy on Z.

Thatis Fy ls che set of poinu P on Z such chat .y(P) Ues cn Cy. We can now define the

operator 1: 1(Z) - Fy which is Induced by a, and which selects ry out of Z. This Is

P Illustrated in figure 2. where a Is defined Is such a way that the diagram In figure 2

commutes - I.e. tyd . &y. Notice that sy, C1,, Sy and rv all depend upon the vantage

point V.

A formal statement of the restrictions Ri - R~ Is now given:

Restriction RI: Z Is .w~wAore t~4ce dLfferenttaN. with continuous second d rtvative.

Restriction R2: The Inverse sy~
1: C1, —

~~ F1, is one-valued.

Restriction RI: The wmppdng sy:  F1, —~~ Cy Is continuous.

Restriction R4: The contour generator Fv ~f Cy U plaw

Restriction R5: The axes of two pined t neraldud cones are cop lanar.

Lou ses 1. Let fix, ,) -0  descrIbe a planar curve that is twice differentiable

I

- -- - .~- -- 
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)

with continuous second derivative. Let L :  R2 —> R2 be a non-singular

linear transform of the plane. Then L preserves points of Inflexion inf

Pro~~We define g -  LJ~ the Image of/under 1., by g(x, y) -ftL4(x, ,)). Since L Is lInear ,

non-singular, and therefore continuous, It induces a (I - I) correspondence between the

slopes of tangents to/and tangents t og .  We can represent the set of possible slopes by the

unlt ctrcie St1 and so L induces a map l.°: S1 — ’S1, whlch is (l - I) and onto. Hence L.° Is

monotonic (either increasing or decreasing) - that Is, If S~ lies between S1 and and

- 2~’ 
2v, then L°(S~) lies between L°(01) and L°(52). Now a point of Inflexion X on /

Is a stationary point for the siope of the tangents tof. Because L° is monotonlc, UX) Is

therefore a stat ionary point for the slope of the tangents to Lf — g. Hence L(X) Is an

Inflexion point on g.

I have used a geometric rather than an analytic argument because It Is clear how

the same argument applies to the case where / Is piecewise linear. In this situation, the

analog of an Influxion point Is a point where the sign of the change in gradient reveTses~

and the argument used here still applies.

DefinUic.. Lec~~(r. O) - 0 b e a sInip1e cIosed p1anar curve that Is twlce

continuously differentiable and let A be a twice continuously differentiable

posluve rial funct ion. L mA b ea IIn e at some angle~~ t o the plane ot p,

and denete posltlons alongAby the variable x. L .tZbe the wrfac shx p.

Then Z Is a genermilud cone with asIs A cross-sectIon p. sealing jIos ction h,

—--- - - -------— -----—-----—--— _________________________________
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U

- - 
and eccentrlcit,~~. If ~ - t12, Z will be called a right generalized cone. (See

fIgure S In the main text).

Definition. Let V be a distant vantage point for the generalIzed cone Z

such that (I) the image formed from V is an orthogonal projection, and (ii)

the rays In the projection all lie parallel to the plane of the cross-section of

Z Let the dIrection of these rays In the plane be denoted by the angle

When these restrictions are in effect, we shall denote th, contour generator

by F,.

Theorem I. Let Z be a generalized cone with convex cross-section r - p(O).

Then Z satisfies Ri everywhere, and for afl orthogonal projections paral lel

to the cross-sectlon p Ie sausfies che conditlons R2 - R4. Conveuely, If Ri

Is satisfied by the closed surf ace Z, and If R2 - R4 are satlsf led for all

orthogonal projections parallel to some plane II. then Z is a generalized

cone with cc~ ~x generating cross-section p that lies parallel to IL

Pr~~ Our definition of a generalized cone ensures that It satisfies RI. Since Z Is generated 4
by movlngpalang the axisA(see flgure 5), a glven radial pc .(p(9), o) sweeps out a

plane that contains A, as p Itself Is moved along A. As p moves, the radial PG maIntains Its

direction, but shrinks or expands in a maimer dictated by the scaling function Mx). As C

moves, it traces out a curve on Z~ which we shaft call Ly. and which lIes in the plane A.

_ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Furthermore, the tangent to Z at 0 that lies in the plane of p is the tangent CV to p at 0.

for all positions of C. Suppose that we represent the direction of CV In the plane of p by 
~~
.

If one views I from a great distance In the direction 
~~~
, the line CV is a line of sight to the

edge of the surfa ce I. Therefore C lies on the contour generator for this vIew of I. But this

Is true for all positions of PG as P moves along A, and so is a contour generator. In

f act It is 1’,. Furthermore , since p Is convex, the same will be true for ever y angle O and

c~..espondIng point C on p. provIded that the viewing direction s lie paral lel to the plane of

p. Hence I satisfies R2 - R4 far aft such orthogonal projections

The proof of the converse resuk Is longer , and we fIrst need to establish three

lemmas. -

Lnsma 2.1 n [I’ is convex for all planes Ii! parallel to the plane II of the 
- .

gIven viewing directions.

Proof Suppose that I n II’ were not convex. Then there would exist a line In II’ that was

tau,gentlal eozn l l l at two points C1and C2 say, as shown in flgure 2O. But the line G1C2

Is the ray that produces the edge of the image of I from this viewing angle, and 0102

therefore projects to a point P say, on Cy. So sy4(P) would contain both C~ and 02, and

so would not be singis-valuied. This contradicts R2.

Lemma 3. If two distinct contour generators on I interse ct at a point X.

then contour generators for all distant viewing directions in the plane II

pau throu gh X.

Pre~~ The tangent plane to I at X, which exists by RI, contains two distinct vectors that ll~

_ _ _  
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In a plan, parallel to IL Hence the tangent plane at X must Itself be parallel to if.

Lemma 4. Let F,1 and F,2 be contour generators for two different

viewing directions In IL Then F,~ and F,2 intersect on I.

Proof SlnceZIsaclosed surface. the F~~for any angle.divides z into fwo components.

This follows from the fact that if I is the surface defined by the equation fix .,. x) • 0. the

points on F, are solutions to the equatlons

Grsd(j) ( V -(x , -,.x)) — 0 (1)

fix, ,  xl • 0 (2)

where V Is a distant vantage point along the rays of the orthogonal projection F,. and the

two components correspond to points where equatIon (1) takes values ~ 0 and cO respectively.

Hence F,1 and F,2 each dIvide 2 into two connected components. Let if’ be any plane

parallel to if that Intersects Z in more than a point. I n if’ is a sImple closed convex curve,

which meets P,1 In C~ and 0~ and which meets F,2 In 02 and G~ as Illustrated in figure

21. The tangents to I at Ci and 0~ at. parallel, and so are the tangents at 02 and C4.

Clearly, the line 0~0~ divide the simple dosed curve I n II’ Into two parts, In one of which

lies O2,and In th. ocher of whIch leG. *ut 02 and O4 bcth Ue on F,~ whereas 0~ and

O~ both $1 on F,~ Hence 1’,, and F,2 mum Intersect somewhere an 2.

CoroUer,: F,~ and P,2 MltSfI~Ct twice or more.

We can new complete the proof of iha .um I. Let F,, and F,2 be two contour

generators for I for diff er ent viewing directions lying In IL Since F,~ and F~2 are both

plansr (by R4), thoir co itaining planes inslrsict inalineA (say) .  Iy lunwn& 4.1’,, and 

~~~~~ . . . ~~~~ ~~~~~~~~~~~~~~~~~~ 
•
~~~~

-. 
• - ~~~~ ~- -
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I

F,2 Intersect In at least two points, and these points must therefore II. along the In. A Let

Nb eaboundary polnt of the setofintersection poIntsofF~1and F,2 on A. and leeSbe

the next closest such point to N. This situation Is depicted In fIgure 22. By lemma 2. all

contour generators pass through N and 3, whIch we may therefore think of as north and

south poles of I, and therefore the planes of all countour generators for views of I from if

must contain N and S and hence the line A. That Is, the planes of all contour generators for

distant views from the plane if will inters ect in A.

Let II” be a plane parallel to if lyIng between N and 3, distant x from N. as

shown In figure 22a. Let ill intersect A at N I’,1 at 0~. and F,2 at 02. The

confIguration In 11’ is shown In figure 22b. The crucIal step In the proof Is to notice that

~~

• 

( 
up to scaler magnification, the geometry of figure 22b is independent of z, the position of

0! along the line NS. This follows from the following obeervatlons

(I) The angl. between HG1 and HG2 Is Indep endent el x, because it Is simply the angle

between the planes of F,1 and F,~ measured parallel to IL

(II) Thi direction of the tangent t o p  at Oi is independent o f ,, because as x Increases, C~

traces out the contour generator P,1. which is by definition the locus of tangents to I

paralleltofl for a given fixed viewing direction

We deduce that for .ach anglelln flgure 22b. the tangunt to the curvephas a

constant direction for every z That Is. for each z, the cross-sections p of $ In 111 are all

solutions of the sem. equation

f 

r4SMr • fit) (1)

wherefls some function of she viewlng angleOand ls lndspend.nt of z. Let R(O) b o a

— - —  - —

:‘i~I— —.—----— - . -
~ 

-— 
~
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-
~~~~~~~~~~

-- - - 
~
7_• ..

~ 
.- - . —--

L ..~



AppendIx 10 Marr

solution to (I). Then the cross-section function pof  I has the form

p(O, xl • Mz).R(O) (2)

where A Is a positive real function of x. Finally, I Is twice continuously dlfferenhlable~ by RI.

Hence A is a twice continuously differentiable function of x, and so is R of S. This completes

the prooloftheorimL

C.r.ilaryl:A .0 atNand at S.

C.rofje, 2: Th cross-semen p can change at the pole, where A .0.

Thesum 2. A nE.usry and sufficient condition for I to satisfy RI, and

R2~ R4 for all distant viewing positions. is that I be a quadratic surf ace~
Pv~~ If I is a quadratic surface, It satisfies Ri. R4. This follows from the following three

(I) A sphere trivIally satisfies RI• R4

(U) Any linear transformation or uanàsioui prwe Al - R4

(Iii) My quadratic surface may be dui~i~ from a spher. by a linear transformation and a

Conv.rsiI~,, suppos. that I satisfies Al - R4 for all viewing angle. Since the

conditions of shauti.., 1 hold for every viewing angle, I may be thought of as a generalized

cone with generating aessiections in any direction. Hence, iii, two parallel plans Intersect

I in airve that. If not null, have tie, same ships Suppose chat I Is the wfac~ epr&~~~1

by the p alfl xl. 0. Then amsf scidi parallel planes Is given by the family

a. ox ,. C, for var ying c. We 4iduia~~~~tM~urve

~~- f f t~:~~ :~~
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f tx,,.mx.ö,.c2) . 0

are Identica l, up to magnification and a transla tion. Hence the C1 cannot multiply terms of

second or higher order. Therefore, in the original equation, S cannot multiply terms of

second or higher order. Since the condition holds for arbitrary planes. It must also be true

of a and of ,. and it must hold IdentIca lly. Hencef is at most quadratic , and we have

already seen that quadratic surface satisfy the conditions of the theorem.

RnuerAs .1st the pro.p ~ Mmrns s I and 2

The premise of these theorems, and the way the premises are used in the proofs.

sesm genera lly reasonabl , with one possibl, exception. That Is the us. of *2 to show that

Z n fl1 is convex in lemma t ln fact. thts is how R2 forces the crouiecrionofltobe

convex, which Is a condition that holds ill through thee, results. On. might argue that this

t 

Is a somewhat artificial use of *2, whIch was Introdu ced mainly to exclude surface that

contain lines. The analysis gIven so far concern, only the silhouette ci the Image of I

however, and in these clraunsesnosi the convexity assumption for p is a reasonable one,

because violations cannot be dst.~~d from viewing direulons that lie parallel to the plane

of p. In pra ctise, one can apply the above analysis to all occluding contours In an Image,

provided that one eubsequendy relates the different cylinder descriptions Iliac emerge for

different parts of the same surfae. Figure S shows a simple .iasvçle of this.

Thenem .~ (Axi.i Symmetry). Let I -, x A be a genera lized con, with 

-
~
- -

— - - -- - - -.~- -- — - — --.-,——.---- -
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j

convex cro.e-s&tlon p. viewed distantly from Its associated viewing plane

II. and let the cross-section scaling function A(s) contaIn at least one

concavity. Then

(I) the silhouette of I decomposes Into * ~ 2 contour segments by splitting it

at points of Inflexion;

(II) the Image of the axis A of Z escablishes an axial symmetry between at

least 2 or (‘I - 2) (whIchever is greater) contour segments. Including all

concave segments, such that segments that correspond under the symmetry

are either both convex or both concav~
(III) If c~, and c12 are corresponding segments, and If d(c1) denotes the

average perpendicular distance from c1 to the Image of the axis, thin

d(c~Nd(Q is Independent of 1.

Pr.g~ Since I Is a generalized cone and p Is convex, the contour generators for Its Image

are the curves (A(x)p(lt). 4z) and (A(x).p(S~ 4 z) for fixed l~ and and variab le a,

as shown In fIgure 7. Hence as A(s) Increases , the distance from contour generator to the

Image A’ of the axis A increase on both sides of A’. Hence If A(s) has a concave portion,

It will generate two concave segments e, and c2 in C.. one either side of A’ and symmetrical

about A’ (with a possible lateral displacement unless I is a right generalized caste). Also,

d(c1)Id(c2) depends upon the value of ‘(‘a’p(’&. and not on the particular choic. of

cantour segment O.sot 4

These remarks hold for all convex sod concave segments of A ex~~~ possibly for those

at each end of Z (s.sflgur. 7). In fIgure 7. there is effectively only one end segment.

________ - - - - - — ,- ~~~~~~~ .-.
-

-

~~~~~~~~~-
- - -- -
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—
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3
namely c3. but In general Ihere may be 2. Hence the symmeIry establish.4 by c~~ uIs~~*

-
, 

- ; holds for at least (ii - 2) of C,’s contour segments, (or 2 of them If ,v • J) and It matches

up all contour segments that are concave, since the end segments must be convex. Finally.

there must be at least three contour segments, since the premises of the theorem require that

- there be 2 concave ones, and C, is a simple closed curve.

DØtttIois. The type of symmetry established by theo.em 3, whIch holds

between convex or concave segments of a contour and which includes a

scaling factor, we shall call a quolLtouie symmetry.

~: -( D.fl*ussn. Th. set ?of points ~~~~ (D) ?cr aJI Sand each vakie o( x
~ 

that

makes A(xi) a local maximum or minimum, Is called the rmdtai extremity of

I. Let V be an arbitrary distant vant age point, and let VI be the projection

from V onto a cross-section plane of I. as described in the main text and

Illustrated ln nguretTheset ryl u? g s ca1lsd the sAds,onof~~ ror ch.

vantage point V.

- - Theresa 4 (3~sI.t. * Therein). Let F~I u f be the skeleton of I associated

with some distant vantage point V. Then provided that Cy Is the projection

of PyI$V,

W Cv Is qsialisalively symme~Ic about the image of the axIs A of I In the
- s u n ol Ili. uiim $ -

-~~~~~~~~~

4 
_ _ _  - -
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(11) the Image of 1 consists of one or more connected components, through

which A passes, and between any two of which there exists a mapping that

Is (1- 1), continuous and onto, that preserves the gradient of the Image of T

at each point.

Pref ry1 oorr.ponds to a viewing direction that is coplanar with the cross-section p. Hence

the contours CyI in the image as seen from yl obey the conditions of theorem 3, and the

Image of the axis A induces a qualItatIve symmetry between Its concave and convex

~aenpoubents. Such relations are preserved by an orthogonal projection, and since It Is a

condition of the theorem that Cy coincides with the projection of ryl, It follows that Cy Ii

aho qualitatively symmetric about the b ag. of A~ Secondly, ? trivially consists of Ofli Ot

more connected components through which A passes since these components are just cross-

sections as the local maxima and minima of A. Finally, If A(s1) and A(s2) are local maxima

or minIma of A, the mapping between points on gIven by

(h(zt). (I).d, s1) ~ (h(a&.,(O),~ , ~
)

Is continuous, (I I), onto, and preserve the gradient of ? at each point. since the gradient

of both at l is p 4pI dO. This correspondenc, Is preserved by an orthogonal projection, and

hence the relations will still held In the Miag.of ?.

Dtjt *Wen. Let I be a generalized cone, and lse~~ be the set of points

(Mx).p(S~) 4 a) for all a, for each 
~ 

Jut make p a local maximum or

minimum. Then • is alled t h f lw l q o fx .For avl.wp.las V. lmr y1 u

be the hton of occurs In theorem 4 Wi define the espkt.

_ _ _ _  I -  . 
~~~~~~~ ~~~~~

-
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skeleton by adding the fluting to Z’~ skeleton, i.e. th. complete skeleton of I

from viewpoint V Is the set Ly’ U T u•.

Thiorni 5. Let I’y1 uT u • be the complet, skeleton of I associated with

some distant vantage point V. Thin

(I) Cy and the image of ? obey theorem 4

(ii) The Image of each portion {(Mz).p(Sj), 0~
, s) for fixed 0~ 

and varying

a) of the fluting of 2 Is either a straight line, or It divides into convex and

concave segments that are In (1- I) correspondence with the convexities and

concavities In that part of Cy which lies on the same sIde of Its axis of

symmetry.

p’t Part (1) follows from theorem 4. Part (Ii) follows because like the two qualitatively

symmetric components of Cy, each contour In the fluting of 2 is generated by variations in

A(s). I fs  h a  ur lles directly on the llne of sljht to the ax i sAofz ,It wln appear in

the Image as a straight line. Otherwise, Its concavities and convexities will follow those of

one component of Cy. although the depth of the concavities or convexities wIll differ In

generaL

D U N n. For I • 1, 2 let Z~ be a generalized cone with maxImum width

2w1and uls L4 of lengsh 4 Let!1 and 12 be jolned, and lst~~ be the

anglab nthelrax ee flpresHand 2* Then thejuluibutweIn the

cones will be called ad (the side of so the and of X~) provided

- - 
___
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)

that

(I) the two axes Interse ct between the ends of Al

(II) the whole of the joined end A8 of 12 lIes between the two lines

perpendicular to and passing through the ends of Li

(III) one of the points A and B of figure 14 doss not lie within the convex

hull of I~
.

The jo in is called .,td-to .isd If

(I) she two nearest ends of Li and £2 are within eisa (we, a2) of one

another, and

(Ii) the two furthest ends are greater than 
~~i • “2~ ‘P”~

TAeouei 6. Let Z~ and 12 be two convex generalized cones such that the

~~~ °~ 12 j oIns the side of I,,, and the join satisfies restriction R5. Let the

lengths of the cones’ axes LI be 1~, and let the diameters of their cross-

sections be bounded by 2.~ (1.1, 2). Then

(I) the only concavities that can occur In the Image are due to the junction

(U) viewed distantly perpendicular to the plane of Li and A2, the total

concave angle present In the Image is near 1,00 (In the sense made precise

in the proof) provided that the site of the jo in Is not near an end of Z~.

andth 12arern antheyarewlde

Pr~~ By lemma 3, all contours derived separately from Ii and 12 are convex. Hence any

concav* Mthe image of thwunonmum be dueso the way they ate jolnid. If Ii and Z~

— ~——-—-—-.- -——---— .—— —- ~~~~~~~~~~~~ — - - - -.-
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23. DIagra m for the proof of theorem 8. The Ides is to obtain lower bounds for the
conavities in the outllne thsi are dus to the join. The total concavfty Is (c~.m’). whlCh is
near 110°
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have coplanar axes and are viewed perpendicularly to this plane, the resulting configuration

Is as represented in figure 23. The contours shown In thick lines there represent cylInders 1~
long and a1 thick which, by the conditions of the theorem, bound the cones Ii (‘ — 1, 2). Let

P be one of the two points at which contours due to Z~ and 12 Intersect, and let PQ1 and

PQ2 be the tangentstoZ1 and~~~at P. Let w be the angle between the axes A1and A2o(

Ij id ~~ be that PQ1 and PQ2 make with £j and A~ Then

the angIe betwesn PQ1and PQ2 Isa.(1lO° .w .~~1-~~2). The corr espondlng angle at the

other Inte rsection Pl between contours of 2~ ~~ 12 is - (~ #3 4Q, as Illustrated in

j ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

In order to establish a lower bound for the total concavity1 we need to find upper bounds

for the angles # 1U .l to 4), and we can use the convexltyofZ1 and~~~to do this. Since

the scaling funct ions of Z~ and 12 are convex, the maximum possible value of is

(shown In figure 23). whIch Is exactly 5u 1w212(12 - a2.cet(&), and approxImately

t eew ¼a~I12). The maxImum possible value of ~~ Ii #i which Is approxImately tm,t ¼a1141)

(see fIgure 23). and similarly for 4’~ and 
~~~~~~ 

These approximations hold provided that the

cones are long relative to their widths, and d~ is not near 0 or ii —  I.e. the join Is not near

either end of Z~.

Theorems 7 and $ were stated precisely in the text and their proofs, which are

straightforward. are omitted.
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BLOCK 20 CONTINUED:

%- cortk. —~~i arise from contiguous parts of the viewed s urface--i.e. , there are no Inv isible
obscuring edges. It is proved that, for smooth surfaces , these assumptions
are essentiall y equivalent to assuming that the viewed surface Is a generalized
cone . Method s are defined for finding the axis of such a cone, and for

• segmenting a surface constructed of severa l cones into Its components, whose
- axes can then be found separately. These method s , tog ether with the algorithms

for implementing them devised by Vatan & Marr (‘$977), provide one link between- an uninterpreted figure extracted from an image, and the 3-I) representatio n
- theory of Marr & NI shihara (1971).
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