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FOREWORD

The work covered in this report was done in the Science and Mathematics
KRescarch Group of the Warfare Analysis Department at the request of Dr. Marlin A.
Thomas, Head of the Mathematical Statistics and  Systems  Simulation  Branch.

I'hie authors are indebted to Alfred H. Morris for carrving out a number of calcu-
lations for them using his algebraic routine, “Flap.”™ The authers are also indebted to

Michael P. Saizan tor computing some ot the coetticients given in Appendix €.

The date of completion was 30 January 1976.

Released by:

e
RALPH A. NIEMANN
Head. Warfare Analysis Department
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ABSTRACT

A method, made up of several algorithms, is given for computing the incomplete
gamma function ratio, P(a, x) and its complement Q(a, x) for all real arguments
a> 0, x =2 0. The difficult case when a and x are large is treated by a modified version
of Takenaga’s method. The resulting computer program is efficient, yields both P and
Q correctly to within | unit in the twelfth significant digit, or, at the user’s option, to
within one unit in the sixth or third significant digit. A FORTRAN listing of the pro-

gram is included.
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1. INTRODUCTION 3
The object of this report is to describe an efficient procedure for computing the :
incomplete gamma function ratio f

P(a, x) = y(a, x)/I'(a), a>0, x=20, (1)
and its complement ]

Qa, x) = I'ta, x)fI@), a>0. x=>0, (2)
] to within a unit in twelve, six, or three significant digits, where ]
: i yla, x)=f ¢ Tttt (3) 4
0 .
3 13 p
| :
i I‘(u.x)=[ ¢ ot e, (4) :
H Y 1
' y(a, =) =1'(a, U)=l‘1u)=[ et dt (5) ]
i V] 2

with
O0«P<1.0<«Q=1 P«

The computing program. m FORTRAN. designed tor the CDC-6700*, uses 7
different mathematical tormulations tor Pand Q. the asymptotic expansion (a - =) for
the complete gamma function. Utad. and a series expansion for its reciprocal. They are
all given in the next section with their domains of application. The algorithm used
with cach formulation is given in Section 5,

If the user desires 12 sigmiticant digats for P Q. or both, a parameter ¢ is set. in the
call to the program, to the value

c=c =510 Y =50 1Y) (6)

*The CDC-6700 is a large scale binary computer capable of one million arithmetic
operations per second. It has a 60 bit hinary word length of which 48 are used o
express the mantissa of 4 number.
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If, on the other hand, the user wants only 6 or 3 significant figures, then € is set,
respectively, o
e=62=5x10'7=5(—7). €=¢, =5x 10" (7)
Besides three available levels of accuracy for the output quantities P and Q, the
program also has the capability to determine, in most cases, if the input quantities a
and x are contained in “zones of non-computation.”  These are domatns in the
ax-plane for which P < ¢ or Q < ¢: 1or such (a, x), P is sct to zero and Q is set to one
or vice versa depending on the values of (a, x). Section 3 deals with the ways in which
the program senses on the above inequalities.

The average computing time per case, when e = ¢, (6 significant digit accuracy in
P and Q) is about | millisccond: for e = ¢ (12 significant digits in P and Q) the average
computer time per case is about 15 to 20% longer and for ¢ = ¢, about 10 to 157
shorter.

The validation of the program is described in Section 5. A complete FORTRAN
IV listing is given in Appendixs 1.

[here are many applications for the mcomplete gamma function ratios such as
computing the Poisson distribution, [ 1, p. 959]. Perhaps their most well-known use is
for computing the Chi=square distributions P(y? () and Q(y* [r) = 1 = P(x?1»). where

N

\
p(\lll.) = [:v‘: l'(l'!:)] ! ‘/(\, e U/ D14 (8)

By latting u = 2t in (%), the relationship between (47, ) and (x. a) becomes evident,

e,

2N

\ . N
PG ) :f RN AR dl/l"(! 2= Paef2 /) (9
0

*More precisely, one should state that in the case ot (6), P and Q are given correctly to
within one unit in the twelfth signiticant digit, and to within one unit in the sixth or

third significant digit in the case of (7).

12
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so that

=vf2, x=x!/2.

The extensive use of ihe Chi-square distributions in statistics is sufficient to warrant
a good machine program for their equivalent, the incomplete gamma function ratios.

Surprisingly, to the best of our knowledge, there is only one computer program docu-
b mented in the literature, [11]. In any case, the authors are not aware of a program for
P and Q that has the overall speed. versatility, accuracy, and range of the present

4 program.




2. MATHEMATICAL FORMULATIONS AND JOMAIMS OF APPLICATION

£y

In this section we summarize the mathematical formulations and state the domains N

on which they are used.

It i1s worth noting, since we require relative accu-acy, that it is necessary to com-
pute Q(P) if P(Q) is near one (and then find P(Q) from 1 Q(P)). Consequently, the
program is designed 1o compute ¢ il 1 = | and a = x, because in this case P cannot be
near one. Similarly, if 1 <a<x,x> {n 10. then Q is computed for it cannot be near

one. I, however, a < 1 and x << a then P may be r2ar one and Q should be computed,

although if x is sutficiently small P wili, of course, be near zero and should be com-
puted. This behavior of P near the origin of the ax-plane results from the nonexistence

é of lim P(a. x). a fact casily concluded from (10) below,
x-0
a0

Figure 1 shows the domains over which the various foralations are used. It and
the tlowchart on page 44 Complement the remarks that follow. It is assumed P > ¢ -
and Q > .

We proceed to specify the formulations and their domains of application.
4 Rea. ) = xh
( pe——— |1+ C1.p.263] (10)
a L, @t atk)
Rea.xr=¢ Y vla) (n
a- 100
f Iy l=<aa>x

2y 2ais not an integer when x 2 a

TE——

) lsaixvs nl0

by a< I, x< 1.5 1"<090

O oa< ., xS R>0000 x[(x+2  a)ix+ )] .

i a> 100 31> 4x
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R(a. x) Nota - D@ k)
Qax)=—— |1+ k oo (Lp263] ()
k=t X
a< 100

1 <a<x, .\>3l(e=el). x>l7(e=ez). x29.7(c=cj)*

a2 100 4x > Sa

Qk +g.x)=Q(k+tg 1. x)+Rk+g 1. x)(k+g 1), [l.p.262] (13)

‘ 1 ais an integer
&' ) )
1/2 ais not aninteger:k=1,2,---.a - g
(27 ¢ o du = erfe(vVx), g=1/2
Qe x) = v (14)
l\ * g=1
a< 100

2aisaninteger,a < x < 3i.17.9.7fore =€ .€,.€,, respectively.

Q(a, x) = R(a. x) —T_—a [10, p. 356] (15)
+
X 1
1 + ~
Y-a
X+ 3
| +
3 -a
X +
3
] +
X+,

a< 100

1. 2ais not an integer
a) 1<a<x, [nl10<x<31,17,9.7fore=¢ ,¢,.¢
respectively.

b) a<l1,x2 15 R<0.10l x(x+2 a)(x+1)

3

*See (6) and (7) for values of €,.€,,€5.
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Qa,x)=J ~-(H+L)+JH+L) - HL + JHL (16)
oo Lk
J= -2 _(_X)_
k-1 (@a+k)K!

Z (ain x)"

E 0<a< /2

(1/a) )+ Y Cla D! 1/2<a< 1.

The coefficients C,_ are given in Appendix A, also see (25).  Discussion of (16)
given below and on pages 10 and 11,

a< 100

a<l!, x< 1.5, P> 0.90.

G e i, il

The need for (16) arises when a < 1, since then it is not true. even though x < a,
that P cannot be near one. In fact, for a = x = 0.038, P = 0.90, for a = 1073,
x=10"* P=09913..- andfora=10-5 x=10"' P=0.9997---. Thus, in
such cases it is Q, rather than P, which must bc coinputed. This behavior of P near the
g o q &, 8 o o
origin of the ax-plane, as mentioned previously, can be accounted for by noting from
(10) that the double limit for P as x ~ 0, a » 0 docs not exist.

If a > 100 and 3a < 4x < 5a, none of the above formulations suffice tor comput-
ing purposes. (If 4x < 3a, is used and if 4x > 5a then @ is u.ed.) In this
main area of difficulty, we have found that Takenaga’s method {9], with appropriate
changes, works quite well. The final formulas are given by (17, - (24). T'ie mathe-
matical formalism is easily programmed into an accurate and relatively efficient proce-
dure for computing P(a. x) when x < a 1/3, or Q(a, x) when x > a  1/3. The
details for deriving (17)  (24) are given in Section 4.

IR, T e A todicrinon b natie d Sl i s ettt e e e MR
>
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Let

‘ P(a, x) fx<a-1/3
T(a, x) =
lQ(a,x) ifx>a-1/3.

Then Takenaga's analysis, after some changes, reduces to

! 1 1
Ta.x) = C |B B (B —B ) (17)°
[ © 12 P 18a® 4 e *
1 I ]
o (B Bt |
4
1 743 49 5
8 (BS o Bo t 5 B7 BB
30a 3024 4320 82944
i
I Y i
— (7& B,, -~ 2341467226 51062 x 10-* B,, ]
a“® 3
I A, A | 29 I 1
+ _—A: + — (—f —4) i (A4 = — A, +t — A6) 1
15¢° 3¢5 \7 60/ 27a 140 160 %
Lo 193 1187 i ]
+ = (— Ay At A, - Au) :
a? 133 22680 2268000 155520 ;
Al ,
+— (E A, --- 2.24780853745020x 10 ? AN)
a-

*The numernical coefficients ain (17) and (18) were computed by Alfred H. Morris
using his “Flap™ algebraic routine, [S). The complete computed sets of coefficients

are given in Appendix B. .
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wherc, withb=a - 1

1 31 3413 361733
C=1l+—0b"' b-%+ b3+ b~* (18)
36 2592 1399680 201553920
113888281 7565202533
S — b5+ -6 _ ,
50791587840 7836416409600

a=3a-1/3)'" (19)

The A, and B, for a given integer k, have different meanings depending on whether
x<a-—-l/3orx>a-1/3. Ifx<a-13,then

| S 2
A, = f 23441 =112 gy (20)
r4 —o00
l $ 3 21
Bk=\ﬁ_fz“e-1/2dz, k=0,1,---, @D

where

< 0. (22)

S=a

x 173
el
a-1/3

If x> a— 1/2, then (20) and (21) are replaced by

1 oo 2
A = — f z3ktl a-z 12 dz (23)
Y VI Js
B, = — [T et gy k=0,1,2, - (24)
k ’ y 1y, &, o 4
\/..;11 s

In this case also, s is given by (22), but now it is positive. We remark that the program
uses a slightly different form for {17). See (115).

The evaluation of R(a, x) (see (11)), which contains 1/I'(a), is carried out in two
different ways. If a < 30, then the factor x* e™* is computed in the forme=*"** In B

and subsequently I'(a) is evaluated as a separate factor by the recurrence relation

FG+AM=G+A-DILG+r 1), j=1,2,---,a—, A#0,

AR senkE e
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where A denotes the fracticnal part of a and a > 1. The procedure is initiated by com-
puting I'(A) from a series expansion for its reciprocal. The quantity 1/I'(x) is ccmputed
to 14 significant digits by the polynomial approximations, [13],

17
A ”Z Y 'l, 0< A< 1)2

k=12

/()= (25)

(

the C, s are given in Appendix A. By using the first equation of (25) and i"(\) =
r(l+y)=yr(y)wherex=1+y,sothat 1/2<rx< 1, 1/2 <y < 0, the second equa-
tion of (25) i; obtained. If A = 0, then the above recurrence relation is started with

2
L+ .0\ l)*"’, 12<a< 1,
k 2

) = 2 (instead of one) and I'(1) = 1.

If 30 < a, then the asymptotic expansion for {n I'(a), (a » =), {1, p. 257],

R 1
nr@=@ 1, ) na u+; (n2n+ 1 (a), (26)
where
1 ] 1 1 0
La)= —— —— + i . (~—,0<6< l) (27)
12a  360a® 1260a° 1680a’ 12

is combined with the logarithm of the numerator of (11) to give, after exponentiation,

(@ = SRl a) (28)

a

]
R(a, x) =2 — /a1 exp
n

It is easy to show that the argument of the exponential in (28) is always regative for
admissible values of a and x. Hence no scaling problems can occur due to the large

magnitude of a and x.

We do not give detailed derivations of the above equations except for (17) — (24)
which are developed in Section 4. Equations (10), (12), and (13} are easily obtained
using integration by parts on (1) or (2): (14) follows directly from (2) when a = 1/2 and
t = u?; (15) is derived in [10]. Equation (16) follows by substituting

10
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P o

S b

i —x)k
P= |x*/r@+ )| [1+a ) L0 (see (1, p. 262D) (29)
ke @+tk)k!
x'=]+E (_arI_X) (30)
k=1 K
i+ Z C, a* ', 0<a< 1/2, (See(25))
k=2
I/M@+ )= (31)

l o0
- l+ZCk(u-l)"‘|, 2<a< .
a k=2

in the expression | — P(=Q). The derivation of the series expansion for 1/I°(a) is
sketched in [13]. The asymptotic expansion for /n I'(a) 1s discussed in (6, p. 293).

Table 1 has been compiled to give some idea of the number of terms of (10),
(12). or (15) that are needed for various arguments (a. x) with ¢ = ¢ and ¢ =¢,. The
third column of the table identifies the equation that was used by its rmber in the
text. The fourth and fifth columns list the number of terms of that equation needed
fore = ¢ and ¢ = ¢,. respectively. Forexample a=7.1,x = 28 uses 12 terms of (15)
for ¢, and 7 terms of (12) for ¢,. No examples are given for ¢13) since the number of
iterations is always the integer part of 4. Also no data is given for (16). Since (16) is
used when a < I and x < 1.5, it yields an efficient algorithm. In the worse case. when
x > 1.5and ¢ = ¢, .no more than 18 terms of J ure needed: the evaluation of L requires
less thoa 12 terms and in the worse case of a = 1/2, no more than 17 terms of H are

used.

In the next section we show how, tor small ¢ > 0, advantage is taken of a property
of P and Q. Namely. if 4 is large, then x cannot be too tar from a, otherwise P < ¢ or
1 P = Q < ¢ depending on whether a > x, or x > a, respectively.  In other words,
there s a very limited region of the .x-plane for whic’i ¢ < P < | ¢ and for which
exrensive calculations, using one of the above formulations, is necessary. Inequalitics
will be derived which, in the case of equality, give very close approximations to the
boundaries of this region. Earlier, we referred to the oxterior and boundary of this
region as the “'zone of non-computation.”™ The computing time for any one of the
incqualities is relatively short. As a result, the average computing time per case is mark-
edly reduced, since the average computation time for computing P and Q. when (a, x)
is in the “zone of computation™ {c < P <1 ¢} is generally much longer than when it

is not.

T Ry

PO o TN

.;;.i




Table 1. Number of Terms used by Subprograms for Some {a, x)

: No. of |[No. of || No. of |No. of
1 a X Eq. Terms | Terms a X Eq. ITerms |Terms
r; €2 fl 62
l‘ '_ T
i . : s s > 1197 s .
] .
i 4 10 12 7 10 10 29 18
i l 10 16 | 10 | 15 15 28 20
N E 32 6 3 |25 e | 3 :
10 15 20 4 30 | 21, 20 12
s |13 ; 16 . 35 12 15 1
a5 12 . a0 | 12 15 10

o
o
wn
7V
=
>
<
*
=
*
e A Sk

3 21l 10 19 12 15 10 28 17
7 15 20 3 20 10 35 2z
0 ]
, 13 15 14 2 30 10 51 35
; T 12 < ] KR R 29 23
i LI 57l T so | 12| s | 17
3 5 A " 12 3
32 (12~ 12 £ 80 i .
| 7.1 5 10 10 6 99 99 so | 19~ 35 -
N 10 15 9 75 10 56 35
7.1 10 29 19 99.9 10 80 6l
E 1l
] 13 15 16 10 100 12 05 49
t
20 IS5 14 7 120 Ik 54 37
i % L0 a2 | 7 1so | 12 | 43 2
% 32 |12 10 . 18s | 12 35 .
* *
% *Indicates (4, x) not in “zone of computation™ (sce Section 3).
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3.  ZONE OF COMPUTATION

The function Pta. x) (Qa. x)) has the property that for a given ¢ > 0, there
exists & function x(a) (X(a)) such that P < ¢ (Q < ¢) for all x < x(a) (x = X(a)).
Of course x and X are also functions of . Figure _ siiows the curves x(a) and X(a) on
two scales for ¢ = ¢ and ¢ = ¢,. Referring to the figure, I' or Q is computed using
(100 (28)if (a. %) is contained between x and X. We call this region the “zone of
computation.” If (a, x) is asserted to be outside this region by the estimates given
below for x and X, then P is set to zero or one and QQ to one or zero. As can be seen
from Figure 2, the “zone of computation” makes up only a small part of the plane
region x 2 0,a > 0. Therefore, it is advantageous to obtain close estimates for x and X
which can be used efficiently by the program.

Two different approaches are used to find two ditferent sets of estimates for x
and X. Associated inequalities are given which can be casily incorporated into the
program to cffectively decide if (a, x) 15 not between x ard X,

Let the first estimates for x(a) and X(a) be denoted by x| and X . respectively.

The expression for il is denved in [1271. Itas given by

i 3
i,=a(1 —+V:V’0—u). : 215, (32)
04

where § satisfies the equation

erfe(y V2= 2¢ .

The constant § is determined once ¢ is specified.  For example, when ¢ = ¢,y =
71306 - - - i€ =€, ¥ =489 ¢ =¢,. ¥ =329053. A sct of correction factors to
improve (32) has been given in (8], and they show that X > X. Therefore.

Qa, x) < ¢ t'orallx?iI > X .

Similarly
3

az 15, (33)

5.=u(l ~ i'\/f)?)

where again ;° can be established from [8] that x < x. Therefore,

Pa, x)< e forallx < x, <x.
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In order to use these results in the program, new functions F and I are defined.
Using the fact that 7 is a decreasing ifunction of x and an increasing function of a. we

conclude from (32), for given (a, x). that it

- 1 S
F=x u(l —+y,'\/<')5) =20, a=15 (34)
9a

then Q < ¢. In the same wey, we conclude from (33), that af

(35

\
s

l _ 3
F=x a(l — y'v"_u) <0, a

then P < ¢. Clearly the quantities I and E are cheap to compuie. vequiring only a
square root and a few arithmaetic operations. However, they are only useful it a is not
small (a = 15).

The other estimates for x and x are der. »d by X, and x, . respectovely. We first
show for fixed a and ¢. that there exists a unigue positive value of x, say x, . such that

R@. x,r=all  x,/ta+ D A, < (Seetlhn, (36)
and
Pla. x) < ¢ forall x < x <a. (37)
Then we show that if ;‘: is determined (uniquly) tfrom
R(u.)'(z)=i2 [(§:+2 a)[(i: + Dje. O0<as<l, oraz=2, (38)
then
Qa.x)< ¢ forallx > )'(2 : (39)
For I < a< 2, it can be shown Q(a, x) > ¢ for all x < X, therefore, we replace
(38) by '
R(a,§2)=(§2+l e I<a<?2, §2>u (40)

and show that (39) holds.
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Let, for a given value of a and e,
f(x) = R(a, x) - afl —x/(a+1)}e, x<a.

Then for small e > 0, there exists a unique positive value of x which we identify as x,
such that f(x,) = 0, i.e., such that (36) is satisfied. Indeed, f(0) < 0, f'{x) > 0 for
x < a, and f(a) > O for small ¢ > 0. The last inequality on f follows from

e *at €

I'(a+l)‘ a+l

e ® a? a

I'(a) atl

€ = a

f(a) =

ffa<|l,thenl(a+ 1)< 1, and

flay>ale*a* —e] >ale! —€] >0, (e<lfe~ 0368)

If a > 1, then using (26) |

3

e *a - 4 12 i

4 f(a)>e_a YRV, AITET €= ; e — € (41) :

wher: the inequality follows by noting that an asymptotic se:ics with decreasing succes-
sive terms of alternating sign yields an approximation with an error less than the first
neglected term and of the same sign. The right hand side of (41) for a > 1 takes its ]

minimum value at a = 1, hence,

f(a) > = e /' _ >0, (e < 0.3067).
-~
' Now using (10)
' R(a, hind K
l P(a. x) = < i e ] (42)
a ko @+t )---(a+k)
R(a. x) = X \k
< 1+ (__)
a k=1 a+ 1
= R(a. x) a(l —X—)I = £(a. x)
a+1l




Consequently, since ¢ is an increasing function of x when x < a, . 37) must hold, i.c.,
P(a, x) < £(x,a) < (x,,a) =€, x<x,sa (43)
The following argument for the existence and uniqueness of )’(2 in (40) depends on )

the function
g(x)= R(a,x) (x+1 a)e, x>a, azl

where a and e are fixed. The proof is similar to the one for (36). Clearly g{ec) = — oo,
and it is casy to show pg'(x) < O for x = a. The proof will be complete if it can be
proved that g(a) > 0. We have, using (26) again with a > 1, that

a
g(a) =R, a) - ¢ > /—— e l/t2a _ ¢
2n

The expression on the right also appeared in (41). Therefore, g(a) > 0 provided
(IN2n)re Y'2 > ¢ e, for e < 0.367.

T
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We proceed to show that (39) holds for (40). From (2), with a — i < x,

l o0
Q(a.x)=—fcxp[ t+a - Ointldt, a1l (44)
r()’x
1 oo 1 +(@- 1)t i
<—f (a U exp [~ t+(a— 1) {nt]dt
I'(a) Jx 1 +( - 1)/x
e * x? _ R(a, x)

x>a-130.

’

_I‘(a)(x+l—a) _(x+l — a)

It is easy to show, by differentiation, that R(a, x)/(x + 1 — a) is a decreasing function
of x forx >a — 12> 0. Heace,

Q(a, x) < R(a,x)/ix + 1 —a)< R(a, x,)/(x, +1 ~a)=¢, O<a<Xk <x (45)

Next, we establish the existence and uniqueness of )'(2 in (38). Consider the
function

h(x) =[(x+DR/x(x+2 -a)] —e, 0<a<]l, ora. 2 and x> (a-2),
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so that

a -1
+a - (x+D(x+3 - a)(x+2 - a)

h(x) = [R/x(x +2 a)]

X

(1 a2 a

1 +
X(x +2 )’

(R/x)

Now if 0 < a < I, then h(0 +) =, h(=) = ¢ and h(x) < 0. Hence, there exists a
unique positive value of x, say ?(2 such that h(iz) = 0. Clearly this implies (38) is
satisfied by X, since x +2 - a> 0.

Ifa>2,x>a 2 thenh(a - 2+)=o, (=)= —¢and h(x)< 0. Hence, by the
same arguments as above, there exists a unique positive value of x, say X, that satisfies
(38).

For 0 < a < 1,itis chown in [4] that Q < h(x) + €.

This is casily established here by consiiering
M(x) = Qla, x)  (h(x) +¢)
and
M'(x) = (I - a)2 - a) R(a. x)/[x(x +2 — a)]?

Then if 0 < a< ! M(0+)=  w M(})=0,M(x) > 0. Cousequently M(x) < 0 for
O<a< . Similarly fora> 2, x>a - 2, M@ - 24)= o M(=)=0,M'(x)> 0 so
that M(x) < 0 for a > 2, x > a ~ 2 (note also that M(x) = O fora=1 and a = 2).
Finally, since W(x) < 0, h(x) + ¢ is a decreasing function of x, so that for all x > X,

Qa, x) < (x + D R/[x(x +2 —a)] < (%, + DRX,,a)/[X,(X, +2 a)] =€ (46)

This establishes (39) for iz satisfying (38) and includes the valuesa =1, a = 2. Inci-
dently, h(x) + € can be obtained as an approximation for Q from (98) with u = 1.

In [6, p. 70], the first inequality in (45) is derived in a different way. The
incqualities (34) and (35) can be sharpened [8). The same can be said for (43), (45),
[3], and (46), [4]. We did not feel that sharper estimates at the expense of more
computing time were justified since the above estimates were alreadv very good as can
be seen by looking at Table 2. The table also shows that (34) and (35) are better than
(43) and (46) for extremeiy large a.
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Table 2. Comparison of x(a), x.(a) with x(a), x(a),i = 1,2

St e B

o

2 SR

X, X, X a P(a, x,) P(a, x,) P(a, x)
15.010 1491 15.019 3795 [ 493 (-7) RB21(=7) [5(-T=¢,
25.012 24.92 25.023 5353 [4.94(-7) 443(-7) |5(-T=¢,
50.018 49.95 50.038 88.75 [ 492 (-7) [4.66(-T7) |S(-7)=¢,
75.021 74.97 75.049 [ 121.57 {491 (=7) |475(=7) [S(-T)=¢,
100.018 99.99 100.055 [ 153.15| 4.89(-7) |4.82(-7) [5(-T)=k¢,
250.03 250.05 250.102 | 331.68 | 4.88(-T7) [491(-7) |S(-T)=¢,
+500.02 500.10 | 500.147| 613.79 | 4.85(-7) [4.95(=7) |S(-T) =k,
1000.03 | 1000.18 | 1000.218] 1159.19 | 4.85(-7) [4.97(=-7) |5(-T) =,
5000.04 | 5000.48 | 5000.514| 5350.72 | 4.85(-7) [4.99(-7) [S(-T)=¢,
10000.02 [10000.67 |10000.715[10494.2 [ 4.83(-7) [4.99(-7) [S(-T)=¢,
15.001 14.73 15.003 50.49 | 498 (~13) |7.58 (-13) |5 (-13) =,
25.001 24.75 25.004 68.69 | 4.97 (~13] 13.18 (-13)|5(-13)=¢,
50.004 49.78 50.009 | 108.65| 4.97 (-13) |3.80(-13)|5(-13)=¢,
75.006 74.80 75.015 | 145.08 | 4.96 (—13) [4.08 (—13)|5(-13)=¢€,
100.005 99.82 100.015 | 179.69 [ 4.96 (-13) |4.27(-13)|5(-13) =€,
250.007| 249.88 | 250.029| 371.29 | 4.95(-13)}4.64(-13)|5(-13)=¢,
500.01 499.95 | 500.048| 668.09 | 4.94(-13)|4.80(-13)[5(-13)=¢,
1000.01 999.98 | 1000.074 | 1234.22 | 4.92(-13) |4.89 (-13)[5(-13)=¢,
5000.01 | 5000.10 | 5000.173| 5513.121 492 (-13) {496 (~13)[5(-13)=¢,
10000.04 |10000.30 |10000.380(10722.2 | 4.92(-13) [4.97 (-1 I5(-13)=¢,
19
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Table 2. Comparison of )_(i(a), )’(i(a) with x(a), x(a), i = 1, 2. (Conunued)
X, X, X a Qa, x,) Q@a, x,) Q(a, X)
T —

** 14995 16.38 14.994 1.15 499 (-7 [1.27(-7) [S(-T)=¢,
24992 2558 24.989 536 [499(-7) |3.05(-7) |S(-T)=¢,
49.99 50.25 49979 20.03 496 (-7) {421 (-T) [S(-T)=¢,
74.975 75.15 74957 37.17 495(-7) [451(-T) [S(-T)=¢,
99.975( 100.10 99948 | 55.57 494 (-7) [4.66(-7) [5(-T)=¢,

2499751 24999 | 249906| 177.02 490 (-7) [487 (-7 [S(-T) =,
499.975| 49992 | 499.860( 39490 ([4.88(-7) [4.93(-7) |S(-T)=¢,
999.97 999.83 | 999.781 | 849.49 |4.85(-7) [4.96(-7) [S(-T)=¢,
4999.99 | 4999.54 |4999.497 14657.97 4.83(-7) [498(-7) |5S(-T)=¢,
9999.97 | 9999.32 19999.277 {9514.47 14.83(-7) [499(-7) |S(-T)=¢,
15 b 14998(2.60 (-5) | 499 (-13) NA 5(-13)=¢,
25 36.73 24999 0.3075{4.99(-13) |3.10(-18) |5 (~13) =¢,
50 51.67 49.999 946 |499(-13)[1.23(-13)|5(-13)=¢,
74.994 75.95 74991 22.85 499 (-13)[1.39(-13)|5(-13)=¢,
99.985( 100.68 99980| 38.15 498 (-13)13.20(-13)|5(-13}=¢,
249.99 250.29 | 249970| 14642 [ 4.96(-13)|4.36( 13)[5( 13)=¢,
4999851 500.15 | 4999511 349.58 [495( 13)|4.70(-13)|S( 13)=¢,
999.98 | 1000.06 | 999924 783.43 4.94(-13)[485(-13)[5 (- 13)=¢,
4999.99 | 499992 14999.83] |4504.52 492( 13)14.96(-13)|5(-13)=¢,
9999.99 | 9999.83 |9999.751]9295.57 | 491(-13) (497 (- 13)|S( 13)=¢,

s Slo i ons g

*(34) not applicable fora=2.60( 5)=2.60x 10 %

**iz computed from (40) instead of (38).
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As stated before, the use of (34), (35), (43), (45) and (46) contribute significantly
to the overall efficiency of the program. Moreover, the computation of R(a, x) in
(43), (45) or (46) is not always wasted if these inequalities are not satisfied, because
this function is also needed for computing P from (10) or Q from (12) or (15).

i In the next section we give a somewhat detailed discussion of Takenaga’s method,
for use when a > 100, and the changes we made to it.

o . Y,




4. TAKENAGA'S METHOD AND MODIFICATIONS

In this section Takenaga’s method [9]) for evaluating P when a is not small is
summarized. Changes were made in his analysis in order to make it efficient for calcu-
lation. In addition, it was extended to include the direct computation of Q. These
modifications will be given in detail. Basically, the procedure is based on expansions
in terms of incomplete normal moment functions, [7]. and it works best when a and x
are close and large. Even though the method can be used for a as small as 20, it is
called in the program only when a 2 100, (and 3a < 4x < 5a). Therefore, it will be
assumed in discussing the method that a > 100.

Let

t=[(z +a)p)’, (47)

where a and § are parameters to be specified. With z as a new integration variable and
a replaced by b + 1, (3) transforms to

$3 yz+a, "2 z+a’
J(b+ 1. ")=f ¥ (__) oxp ( ) dz, (48)
r g i ¢
where
r=-a. s=8x"3 —a, b=a -1, (49)
We can also write from (1),
s
P(a, x)=P(b + 1, x) =f S(b, z) dz , (50)
r
where
S(b. 2) = f3 (Z “) e [E “) ' Fb+1). (51)
ls \ s Vs T
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Then

3
log S(b. z) ~ log = + (3b +2) log % +(3b+ 2) log (1 + z/a) (52)
6

(‘-1)3 l+3-z-+3 (E)z + (E)3
ﬂ a a a

I 1 —
- ‘(b*’;) logb--b+;|og21r+L(b)|,

where the quantity in brackets of the last line represents the asymptotic expansion of
log I'(b + 1) =log b + log I'(b), (see (26)). More specifically,

| 1 _
ngb+l)~(b+;)mgb b+~ tog 2 + L(b) (53)

with

1 1 1 1

- + - + (54)
12b  360b% 1260b5 1680b7 1188b°

L(b) =

(In (27,, we have denoted the first four terms of L(a) by L(a)). In(52), we make the
substitution

=
log(1 + z/a) = — Z l—((‘-z/u)", 1< zfa < L. (55)

k =1

This series can be used for the range of values of (a, x) for which the method is to be
applied. Indeed, taking

a=3(b+2/3)/2 (56)
B =3(b +2/3)!/¢ (57)
and noting from (47) that z is an increasing function of t, we have from (49)

| < z/a < (B/a) x'/3 — 1 = [x/(b+2/3)]'3 - 1=5s/a. (58)

ST POTPUWIN Y
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In the program, we use (50) only for cases when x < b + 2/3, (a corresponding expres-
sion for Q(b + 1, x) is used when x > b + 2/3 and will be discussed later in this section).
Consequently, for x < b + 2/3, (58) shows z/a < O so that the right hand inequality in
(55) is satisfied, (it is interesting to note that, regardless of the constraint on x,
z/a < 1 provided 0 < x < 8(b + 2/3) which aiways holds fora> 6 and e K P< | — ¢,
where ¢, < e. This follows from the results of the previous section).

The left inequality in (55), on the other hand, cannot be satisfied, because z takes
the value — a when t = 0. This difficulty is circumvented in the following way. Let

X
P(a, x) = P(a, X) +-I;( e”' t° dt/r(a), 59

where a = b + 1, as noted above, and

3
’

1 -
;g-a(l—;)——-?/3\/a_) y=110. (60)

Then by the results of the previous section (see (33) with ¥ replaced by y) P(a, X) <
4 x 10-28_ Hence, we can take the second term on the right hand side of (59 in place
of P(a, x) with an insignificant loss in relative accuracy. Under these conditions, we get

from (47), that when t = X, z = r, and

[ ratl (| al‘; _""/3\/3') ¥ (61)
=q :[a/(a 1/3)1/3 (l - Q—Ia- - V/3\/ﬂ_) ‘:

S R IR

so (e D) (1o WBVE) 1> S e 2e

Thus. since in our case a 2 100, we see from (61) and (58) that

9

L (| b4
3Va 9a 8la?

)<I/a<z/a<s/a<0.

R b S s e o




This justifies the use of (55), since for y = 11.0 and a > 100
vy 1 2
L (1 +_+_) < 037
3Va 9a 8la?

The choices for a and B, given by (56) and (57), were shown by Takenaga,
after using (55) in (52), to result in zero coefficients for the terms z/a, (z/a)?, log b,
b in (52). Thus, with

log a/f = (1/3) log(b + 2/3) = (1/3) [log b + log(1 + 2/3b)],

he founu
1 22 a? &
log S(b,z) =log C — = log 21 - — — — Y (1/k) (- z/a)*, (62)
2 ) o
where
log C = (b + 1/2) log(1 + 2/3b)  2/3 - L(b) 63"

= (b+1/2) Y (/K- 236 - 2/3 - Lib)
k =1

1 1 1 £ 691 16
+

+ + :
36b 8ib* 360b* 1215b* 306180b°% 15309b®

373 + 80 44069

3674160b7  177147b%  38972340b°

Then from these results, he obtained

2 a0
: et exp Z (1/k) (- z/a)* : (64)

Sb. 2= C | -l
| VIa 8 =4

*The coefficients in (63) and (65). or (68) and (80), were computed by Alfred Morris
with his *‘Flap™ Algebraic Routine, [5]. Additional coefficients are given in Appendix
B. In {9] there is a misprint in (14) and another in (19) of that paper.

saieSlan




Now expanding the second exponential function of (64) in powers of z/a, one gets the
power series in (65), namely

a? - 1 1 1
exp | - — (/K- zja) | =1 - 2* (z" o z“) (65)
3 kz;‘, 12a* 18a* 16
(e e,
24a® 225 432
]
— —l— (— ZEIO 2.3414 67226 51062 x 10 *2 748)
a2t \78

140 160
+ _l_ (__]_ ST 193 B +_”87 2 l z”)
a® V33 22680 2268000 155520
1 1
o f— (— z?7 ... 22478 08537 45020 x 102! z”) + o,
a®s \81

In order now to carry out the integration of (64), using (65), we need to evaluate
integrals of the form

=] s - S
B, =[ 2 Uz) dz, A =_[ 29 Z(z) dz. (66)
r r

where j is a non-negative integer (in the program ; < 24) and

1 2
2(z)= — e ¥ /%,
=N

In [9], the indefinite integration of (64), using (65), is carried out, and a cumbersome
procedure is suggested for evaluating the constant of integration. The approach below
is more direct and easier to apply.
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We express the integration of (64) in inverse powers of .

S K
f Sth, 21 dz = C Z t_lk a b, 67)
I howo

where

and in general fer k = 2,

h

DR (k even. Ny, 1)
(h » 22

d, = (68)

[N | _

oM AL (k odd) .

] J

(k + 1)/2

The constants NM. Mk; which result Trom the expansion in65) are given in Appendix
1

B. Somec particular values are N, = ™ M, = 29/27 x 140). If k is cven,

A

a typical term of the sum on the right hand side of (68). multiplied by « ~*. is given by

= Sl - IS
a * Nk B N a X [ V72 dz N u "f 2V 72 dz . (69)
I ky - 9] -
or in the case of k odd.
_ v T
a X MkJ Aj : M“ a "fmz-"' 7 dz MI\; a ¥ fwz“" Z dz . (70)

We want to show that the last term on the right hand side of these identities can be
dropped for b(= a 1) > 99 with no significant loss in relative accuracy. First, we

obtain an upper bound on r. From (61).

N e R (e B e A AN

EE e 9b+ 1) b+ 2/3
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Then

(b+l )llll 1 1
b+2/3 9 +1)

3(b+2/3)

| +

1/3 |
1 -
l 9(b +2/3)[1 + 1/3(b+2/3)l'

3\1/3 |
=(1+_) o
a’ a?(l+3/a?)

(71)

10 1 40 1
<l+— — —+— —<1+1/a*, (a=100).
a 3 a® 3 4t
Therefore,
< (b +2/3\l/e 1 -
< y( ) +— < 109938 (b>99, y=11.0),
b+ 1 a’

Now, letting v = 10.9938 and taking k =j = 0 in (69), we have

r oo o0
f’Zdz=f Zdz<f Zdz< 205x 102 (See [1.p. 972])
— o0 r v

Consequently, the last term in (69), with k =3 =0, can be neglected, (the constant C,
in (67), does not affect this conclusion, since it is always close to one, for a = 100, as
(18) or (63) shows).

New consider the absolute value of a particular term in (67) for k > 0 and even.

T oo
|Nkj|a""f- #12dz< Nyla [T 2z
—o0 v

Then with u = z2/2 and the use of (45),

e




k)

N.a"‘f 28 Z dz = N | 2 "f”uﬂ 12 e-u gy (72)
l kjl . ‘ le 3\/,; vz/:
) a b
=|\JM| — QG+ 1/2, v3/2)1rg+1/2)
= n

N ko .-v:/z (vi/2yit1/2
<| kll (;- L - / )J (See (45))
2\n [(ve/D)+1 -5 - 1/2]

5

AN VRN

VARVITE 2R B/

T

s

A similar analysis for k 2dd shows

2 :
k yov 2 V2)+2

M |a * [uz“" Zdr < M| — ~ (73)
l k,' Jv I kJI \/j-;r (V2 —2])

et oo

It can be shown for every case considered in the program, ie.. 0 < k < 24,
(k +2)/2<j< k(keven) (k+ 1)2<j<(h 1)k odd) that by bounding the right
hand sides of (72) and (73). the feft hand sides of these inequalities are very small.

For example setting b = 99 (for wiich « % takes its largest value), k = 23,j = 22,

Jalh Aaibaiais v ostioian oo

M = 3 x 1071 (see Appendin B). we have from (73)

23,22

M:J.!Z

oo N0 "Ml x 1034
u-“f 25 2de< o x 4.5 102! = O(10734).
v vV2n x 76.86

For the same value of k with j = 12.M =~ 00133 - - -,

14510 * x1.1x10 3

M,, ua-“f“zl-‘ 2 dz < _ X 6.7= 0(10737).
' v V2 x 9586

Thus, the second terms on the right hand sides of (69) and (70) will be discarded,

or equivalently the integrals ﬁj and .‘-\J in (66) are replaced by

by
)= f /M 7 dz (74)

S
A =f 29 7 az (75)

T TTTI————_— w— c
D e b i ) T T ”
e r—
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These integrals are easily evaluated on a computer by using the recurrence rela-

tions
Bj =2j- 1 Bj_l — 831 Z(s) (76)
A=UA L), (77)
with
5 |
B = [ Zdz= ; erfc (Ist/vV2 ), s< 0 (78)
A = L ‘—52/2 = Z(s) 79
0 E = s . (79)

There is no problem to compute B since a very cfficient and accurate error func-
tion routine is available. It is based on Cody’s minimax approximations, [2]. and it
yields 14 significant digits for erf or erfc depending on the magnitude of the argument.
For completeness. the particular Cody approximations that we use are specified in
Appendix A. A discussion of how s is computed is given on page 41,

Finally the quantity C, whose logarithm is given by (63), is expressed as a power
series in inverse powers of b in order to evade computing log C from the series in (63),
and subsequently C from exp (log C). Thus we obtain

. 1 31 , 3413 361733
C=1+—10b" b*+———>b?+——>b" (80)*
36 2592 1399680 201553920
113888281 : 7565202533
el I b ®
50791587840 7836416409600

Takenaga's procedure is extended to advantage by using the same approzch when
x>b+2/3=a- 1/3 tocompute Q instead of P. As noted carlier, ' in this case can be
close to one so that Q must be computed directly to maintain the specified relative

accuracy.

*See footnote on page 25.
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The computation of Q only requires changing the limits of integration in (74) and
(75) from — e« and s to s and <, respectively. Thus (76) — (79) are replaced by

B =(-1B_, + s#-1 Z(s) (81)
A=A+ s Z(s) (82)
Bl = . wc"z/z dt = 1 erfc (s/\/2 ) (83)
°VE s 2 )
- l —52/2 =
Ao = \/—i;- ¢ = Z(s) (84)

Certainly these changes are quite simple. We also note from (49) or (58) that s> 0
since x > b + 2/3.

In order to establish these results for Q(b + 1, x), we require the integration of
S(b, z) in (51) from s to =, with s > 0. Again this raises the question, when we pro
ceed as before, concerning the validity of using the expansion in (55). In order to
justify its use we must show that |z/a] < | for all z in the domain of integration.
Clearly this will not be the case if z e {s, =]. We get around this problem much like
before. Note that since x > b + 2/3, a lower bound on z/a is easily found, namely

(z/a) = sla = [x/(b+ 2/ 1>0

An upper bound on z/a is tound by considering

o X
Q(a.x)=Q(a.X)+fc‘t"dt, a=b+1, (85)
X

where X = a(l - Q‘-l;; +¥/3Va)?> x > 0. It follows from (46) and [1, p. 972] that for

:\7 =11.0, Q(a, X)< 7x 1072, Thus, we can replace Q(a, x) by the second integral on
the right hand side of (85). We get an upper bound on z/a by using t < X in (47).
indeed.

bty I . |
a a) X3 =a | - — 3 -1
z2< a [(B/a) X 1 Ab+:B, ( qa+y/¢a) ‘

b+ 2/3\'e_
—-—-~/—) v+ 1/a? < 109939 =v, (See (71)).
b+ 1
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Since b > 99, we have, by noticing that v/a is a decreasing function of b,
0< s/a < z/a < v/a < 0.37.

This rzsult allows us to use (55) whens> 0, (x > b + 2/3).
The algebraic procedures iich yield (65) in inverse powers of a, and the subse-

quent integration show that ina:vidual terms contain integrals of the form (after
dropping Q(a, X) in (85))

i, — Vo Vo
] B, =f 2 Zdz, A =f 22*! 7 dz, (86)
; b b

where

1

2
Z=__ e ¢ /2.
] 2n

Proceeding as in the case for x < b + 2/3, the expressions corresponding to (69) and
(70) are given by

e

1

a "N B = Nkj a ¥ f 24 7 dz Nkj a~X f 2 7 dz (87)
S \%

ki 7

a X Mk, K]. = Mkj a "j; 221 Z dz -Mkj a "j; 7239 7 dz. (88)

We note th_;_.’ the foct'ficicms of (68), Nkj and Mk;“ are unchanged and that (68)
] holds witl BJ and A’. given by (86). But, we have argued above (see (72), (73)) that
the second term on the right of (87) and (88) can be dropped or, equivalently, the
integrals EJ. and ;Aj in (86) can be replaced by

B =[ 729 7 dz A =f 73V 7 dz. (89)
J S ] S

; It is interesting to note tha* these integrals were obtained directly by formally integrat-

e

ing (64) from s to . They are evaluated by the recurrence relations (81) and (82).

3
The final integrated expressions for P(b + 1, x) and Q(b + I, x) are given by (17)
and again in (115) of the next section where the computer program is discussed. .
3
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DESCRIPTION OF PROGRAM

In this section we surmarize the equations and inequalities on which the CDC-

)

¥
¥
]

6700 computing program is based. In addition, the general features of the program are
described and a master flowchart is included at the end of this section as Figure 3.

£ The program requires as input S quantitics, the two locations where two argu-

ments a and x are stored, the twe output locations for P and Q. and a location which

: is used to specify whether ¢ (=5 x 10 ') ¢ (=5 x 1077), ore,i=5 x 107%) is to
be used.

It e, (¢,) [e;]is specified. then the output quantities P and Q are given correctly
to within onc unit in the twelfth (sixth) [third] significant digit. Of course, if (a, x) is
outside the “zone of computation™ P and Q may have no correct significant digits
since they are simply given as 1 and 0 or Oand 1. The absolute error in such cases, of
course, will atways be within the specified .

In order to give some estimate of the average computing time per case, two grids

of points in the ax=plane were used for ¢ = ¢ and two others for ¢ =¢,. The two grids

for €, are specified first. identifying them as A and B .

it
~

Grid A, ¢ Grid B, ﬂ

a = 0.0001 (0.001) 0.05 a = 0.0001 (0.001) 0.05 4
x=01(0.1) 126.1 x=01(0.1) X (a) ;

a=0.1¢0.1) 3! a=0.1¢0.131
x=0(0.5) 1260 x =0¢3.5) X (a)

a=31.0c0.5)99.5 4
x=0(0.5)12060

31.0(0.5)99.5
x, (0.5) X (a)

b4
I

a =100.1 {5) 1000.1 a = 100.1 (5) 10€0.]
x=0(10) 1260 x=x, (100X ()

§ X (1) minimum grid value of x. given a. such that Q < .

X valuce of x. given a. for which Pta. x) ~ ¢. See (33).
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. ¥ =7.1306, (7=4.892¢=¢,)
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All the grid points, (a, x), specified are considered.

Denoting the corresponding grids for ¢ = €y by A, and B2 , we have

Grid A, €=e. Grid B,
a = 0.0001 (0.001) 0.05 a =0.0001 (0.001) 0.05
x=0(0.1)117.1 x=0(0.1) X (a)
a=0.1(¢0.1)20 a=0.1(0.1)20
x=0(0.5)1170 x=0(0.5) X (a)
a=20.5(05)995 a=20.5(0.5)99.5
x=0(0.5)1170 x = x, (0.5) X (a)
a =100.1 (5) 1000.1 a =100.1 (5) 1000.1
x=0(10)1170 x = x, (10) X (a)

The major portion of the points, (a, x), in the A grids lie outside the *“zone of
computation,” whereas almost all of the points in the B grids lie within the “zone of
computation.” The A grids were designed to get a representative average time per case
in the situation where any point in the region 0.0001 < a < 1000.1 0 < x < U* (where
U denotes the maximum value on x) is cqually likely to occur as input. On the other
hand, the B grids were set up to obtain a represen: itive average time per case in those
situations where the input joint (a, x) is most likely to occur in the ‘“zone of compu-
tation.” In Tabic 3, the results for the various grids are summarized.

*We note for a = 0.0001 (0.001) 0.05 U is taken as 126.1 for e = ¢, and 117.1 for

€—€2.
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Table 3. Summary of Grid Results

AVG.
TOTAL |TIME
(10) [ (12) | A3) | 5 [d6) | (A7) k CASES  |(msec)

GRID A | 20021{39089 | 1891 | 17520 [ 769 | 5872 |1131595[1216757 | 0.75

GRID B, | 1995839155 | 1879 | 17512 | 769 | 5860 22741 87407 2.02

GRID A, | 1292020708 | 561 | 5606 { 769 [ 4020 | 876965 921549 |0.68

2

GRID B, { 12788120783 | 551 | 5598 | 769 | 3993 1687 46169 |1.59

The numbers in parentheses refer to the equations in the text, e.g., (10) was used
20021 times in Grid A . The column headed E gives the number of cases that were
recognized by the pregram to be outside the “‘zone of computation.” The average
time per case is given in the last column in milliseconds. The much smaller computing
times for the A grids are to be expected. since most of the cases were outside the **zone
of computation.”

The flow of the program, depending on the input, should be easy to tollow from
the flow chart at the end of this section. The circled numbers are used to denote sub-
programs for computing P or else Q, and the number itself corresponds to the equation
in Section 2 upon which the subprogram is based. For example, refers to that
subprogram which uses (10) for the computation of P; @ refers to that subprogram
which uses (12) to determine Q. The quantities F and F are defined by (34) and (35).
The term R(a, x) = ¢ * x*/I'(a), (sec also (11)), and ¢ refers to either €,,€,,0T€,,
(see (6) and (7)).

We continue with a brief description of the algorithm used with each subprogram.
It is assumed (a, x) is in the “zone of computation™ and that all the subprograms
except @ require a < 100, *

Ifa= 1, then is used if a > x. Also, is used when 2a is not an integer
provided | < a< x< [n10ora<1l,x<15and P< 090, ora<1,x>1.5and

*If a > 100, is used if 3a > 4x and @ is used if 4x > Sa.
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R>0.101 x (x+2-a)/(x+1). Let S, _1 denote the (n — 1) st term of the series
in (10), then the n** term is found from

(90)

i
—
=

H
—
9

. )
s = S 3 S
n (a+n n—1 0

The summation of the series is terminated at n = N when
sy < €/2 and x/(a+N+1)<2/3,
which assures a truncation error, Z s, < €, (see Appendix D).
N+ 1

Program @ applies when 1 < a< x,and x 2 3l ife = € x> 17ife=¢,;
x 2 9.7if e =€,. The (n+ 1) st term of the asymptotic series (12) for Q is given by

3
le:(a_L]) vn, Vo=l, n=0,1,---. ©1)
X
The summation is terminated when
Vsl < e 92)

Program @ is used when a < x < 3l fore= €,as<x< 17 for € = €,, OF
a< x<97fore=c¢,,and if 2a is an integer. The algorithm for computing Q from
(13) then is given by

Wk+g 1,x)= (;) Wk+g-2,x) 93)
k+g -1

Qk+g,x)=Q(k+g 1,x)+W(k+g-1,x), k=1,2,---, a —g, 94)

where g = 1 if a is an integer or g = 1/2 if a is not an integer. Also

Wk+g-1,x)= Rtk+g — 1, x)f(k +g — 1) 95)
(mx) Y2 e > g=1/2
W(g - 1,x)= (96)
lc X g=1
‘erfc (Wx) g=1/2
Q(g, x) = 97)
‘e"" g=1 (See (14)).
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Program @ is based on a continued fraction expansion for Q. It is used when
2a is not an integer and 1 < a< x with [n10< x<31fore=¢, (fn 10< x< 17 for
€=¢,,Of fn10< x< 9.7 fore =e,)ora<l,x> 1.5and R< 0.101 x(2 +x ~a)/
(x + 1). The algorithm for computing two successive approximates, based on (15), in
each iteration follows. Let

D|=D2=l, E|=x, E2=(x+l--a), n=1,2,---.

Then
‘DZntl S D2n +n DZn—l
l (98)
EZn*l = E2n *n E2n—|
Increase n ton + 1|
‘ Dzn = Dz -1 +(n -a) Dzn-z
(99)
(E2n = E2n—l A7 (n ‘) t2n--2
The procedure is stopped when
D D D
—2n 2n—1 < € Zn" (100)
EZn EZn -1 n

Program is used whena< I, x < 1.5 and P> 0.90. From (16), three series
are evaluated, J, L, H.

We have
R = o S S P (101)
Koy (at k) k! , .
then
T, = (- x/KT,_,, J =T /Ma+k) k=2,--, (102)
T, =—x J = —. (103)

s,




Mt ind

The iterations are stopped when
k
|Jk|<—eE ). (104)
=

For L, we have

L=a(nx l+2(a[nx)"/(k+1)!|=a[nx 1+2Lu|' (105)
k=1 k =1
Then
a(nx
L, = ( ) L. L =G@xp2 k=2 - (106)
k +1
These iterations are terminated when i
L)< €2 (107) 3
The H series,
17 1
C, ak ! 0<a< 12 ;-
H= (108)
17
(l/a) |(I1 a)+2(‘k(a l)"”'} 1/2<a< 1, -
2

YK, | , where K, =C, a*~!

k
2

f0<a< 1/2or Kk =Ck(a D vif1/2<a< 1, We note also that the H-

is terminated whin k = 17 or before if IKnl < (€/2)

serics make up part of the series that are used for evaluating 1/F(A) when 0 < A< 1,
(see (25)). Consequently, when 0 < a < 1, H is obtained during the computation of
1/r'(a) and stored. The evaluation of 1/I'(a) is taken up later in this section on page 42
and in Appendix A.
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Program @ is the only one used when a 2 100, and 3a < 4x < 5a. The indi-
vidual integrals A, , B, that appear in (17) are given by (20) and (21)if x < a - 1/3
and by (23) and (24) if x> a - 1/3. In case the first inequality is satisfied, P is com-
puted, and the recurrence relations for evaluating the integrals of (21) and (20) are
given by (76) and (77). In case the second inequality holds, Q is computed, and the
recurrence relations for evaluating (24) and (23) are given by (81) and (82).

We write again the basic equations for @ . with (76), (77), (81). (82) slightly
changed for greater efficicncy in computation. Let

i‘ l 2 .
! i Bj = Z(s) bJ AJ = 7(s) a (Z(s) = E ¢! ’-). (109)
Then
. (110)
: laj=2jayl 3
: replace (76) and (77) and are used wien x <a  1/3 with
i ‘ b, = [1/2Z(s)] erfc (siV2)
(11h
a5 = l.
If, on the other hand, x > a — 1/3, then using (109), (81) and (82) become
‘ hj=(3j l)b, \ g2 !
(112)
la]=2jaJ | sy
with
s b, = [1/2Z(s)] erfc (s/\/2)
(113)
I a, = 1.
3
1 In all cases
1 ' s=3@ - 1/3)' {[x/a /3> 1}, (See (22)). (114)
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Thus, in terms of a,, bk, instead of A Br (17) becomes

I !
b, — b (b —-b)
122 Y 18a* VY 16 ¢

b37b+lb
b

T(a, x) = 2(s) C

y
6 430 82944 *®

1 743 49
(b, b, +
3024

(115}

")

| I
_ (__ b ... 2341467226 51062 x 10 22 b )
(124 78 13 24
g l o 0 ] '_‘()
+ ‘l: PR (:l_l d—") 4 — (34 a -~ _I_ d )
15« 345 \7 60 Ay 140 ° 160 °
I /a 193 1187 I
t - (—< a, * 4, ua)
« \33  226%0 2268000 155520
! 4y, N : : \
. - (_a oo 2247808337 45020 x 10 3 a
(1‘5 Rl "
where, with b = g 1.
. I 31 i 3413 301733
C=1+—»bp ! b *+— b * 4 —m  ——— p ¢ (116)
36 2592 [ 309680 201553920

113888281 e 7565202533
50791587840 7836416409600

(Sce (18)).

The program uses no more terms than are shown for (115) and (116). The numerical

cocetticients in these cquations, and some additional - aes tor (1

program, are given in Appendix B.
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L | The right hand side of (115) is computed by the following algorithm:

{ (a) Compute a, b, [0 (=b,) (use (11D fors< Qor(113)fors> 0)
(b) Compute 1/a®, t/a (a =3 1/3)?)

(¢) Seti=2, ¥ =,y (¥ denotes accumulated sum)

3 (d) Compute b| b..a_ .a (by (110) fors < Q0 or (112) fors > 0)

1° 700 T

;‘ (¢) Compute [ = (Z N, bj)/ui, ey = (z M., aj)/a"'
3 1+4/2 1+1/2

4 (See (67) and (68).}
: () Add ( and [ | to accumulated sum, X, to obtain
]

1 |

— N r % r o=
E_Z lk+"|+‘|41 “l_O,

k 0
t
i (g) Isi/1<cby, and ([ 1< cby, orisi=24?

() If no in both cases then increase 1 by 2 and return to (d)

(i) If yes in either case, for (g). proceed to ()

(j)  Compute Z(s) CX and exit.

The calculation of s does not result in any significant increase in relative error in
computing P or Q. A simple analysis shows the relative error in P or Q is not greater
than twice the absolute error in <. Nevertheless, in order to minimize the absolute

4 error in s, it is evaluated by the algebraic equivalent of (114), nemelv
a X 1/3 X 2/3
[ ‘I + ( ) + ( ) ’ 4
H @ [ a  1/3 a  1/3 ‘
| 3
3
I where

b =(x a)+1/3.
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If (10), (12), (15), or (16) is used the function R(a, »), as defined in (11) is
computed. If a > 30 its computation is carried out by using (28) with L(a) given by
(27). This climinates any scaling problem with evaluating R(a, x) for 30 < &.

If a < 30, then R is evaluated by

R(a, x) = [e~**® fx ) /r(a). (117)

where the following procedure is used to compute I'(a). Let X be the fractional part
of a.
If A =0, then

fre+u=irG, =12 a-1 a>1.

(118)
| =1 a=1.

If x # 0, then 1/r(A) is found to 14 significant digits by the polynomials

17
A l+2(‘k)\“"] 0< A< I)2

1/roy) = (119)
17
1+) G- D! 12< A< 1;
2
the C,’s are given in Appendix A with the rule for terminating these series. Then

I'(a) is computed from

rGg+X)=¢G -1 +0rGg -1+0, j=1,---,a-2x, a>1l
I"(a)=r(\), a<1l.

(120)

For valies of a > 20 it was observed that the asymptotic series for {n I'(a), (26),
yielded a faster algorithm, in spite of evaluating I'(a) from efm (1) than the one
based on (118) — {120). However, the relative error was larger. In the procedur: above
1.5 more significant figures were obtained in some cases, for e = ¢, , than by using the

asymptoiic series.
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The error function, erf(x), and its complement eifc(x) are evaluated by Cody’s
minimax approximations, [2], (sce Appendix A). We note that the error function, or
its complement, is needed in (14), (111), (113).

This completes the discussion of the algorithms for the computer program. A
few final comments are in order regarding the checkout of the program.

The program was extensively checked by computing P (or Q) for a large range
of arguments, (a, x), such that both @ and @ could be used for the same
arguments. This overlapping procedure was also used with @ and @ , @
and @,and @,@and@,@and ,@and .
The subprogram was validated by comparing its results with those from a double
precision version of @ . A final check that was made compared the computation
of Q(x + 1, x) from @ , (x » 100), with an asymptotic expansion for this quantity
given by

1 2

1
Qx+ 1, x)=-+- [—
2 X

23 ' 23
180 x 2016 x?

1 -

+-'-|, (x*=). (121)

Values of x as large as 10® were tested and the computed values of Q by (17) and
(121) met the desired relative accuracy fore =€, ,€ = ¢, and € = ¢, i.e., correct to
within one unit in the 12, 6'" and 3" significant digit, respectively. For complete-
ness, the method by which (121) was obtained and its leading sixteen terms are given

in Appendix C.

The program, as noted earlier, senses if for a given (a, x) P or Q is greater than the
specified e(e, ore, or e,), ie., if (a, x4 is in the zone of computation. If the user
desires P or Q computed for values smailc than e, i.e., when (a, x) is outside the zone
of computation, this can easily be accomplished by changing one location (ACO) in

the program, (see page E-1).

A FORTRAN listing for the entire program is given in Appendix E.
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APPENDIX A

COMPUTATION OF THE ERROR FUNCTION,

AND THE RECIPROCAL OF THE GAMMA

FUNCTION OF a WHEN a< 1




COMPUTATION OF erf(x) AND 1/I'(a), a < |

£ The formulations for the computation of erf(x) or erfc(x), depending on x, are

taken from [2]. They are based on rational Chebyshev approximations.

If 1x1 < 0.5
3 3
erf(x) = x Z P, x“‘/ Z q, x* (A-1)
h 0 k 0
Py = 242667 9552305318 (2) q, = 2.15058 87586 98612 (2)
p, = 21979261618 29415 (1) o= 9.11649 05404 51490 (1)
p. = 6.99638 34886 19136 (0) q, = 1.50827 97630 40779 (1)
p,= 3.56098 43701 81539 ( 2) q,=1.0 (0)

o o . - s
I'he maximum relative error < 10 1305,

iwl<x<d0
(A-2)

3 7 7
I erftx) = erfe(x) = ¢ 2 Py Xk/ Z q, x*
k 0 k =0

p, = 3.00459 2610201616 005 (1) q, = 3.00459 26095 69832933 (2)

|
|

p, = 45191895371 18729422 (2)
p, = 3.39320 81673 43436870 (2)
p, = 1.52989 28504 69404 039 (2)
p, = 4.316222722205673530(1)
p, = 7.21175 82508 83093 659 (0)
p, = 5.604195 5174789739 711 ( 1)
1.36864 85738 27167 067( 7)

he)
-
|

The maximum relative error < 1071613,

A-]

q, =7.9095092532 78980 272 (2)
q, =9.31354 09485 06096 211 (2)
q, =6.38980 26446 56311 665 (2)
q, = 2.77585 44474 39876 434 (1)
q, = 7.70001 52935 22947 295 (1)
q, = 1.27827 27319 62942 351 (1}
q, = 1.00000 00000 00000 000 (0)




If x> 4.0

1 _x? 4 a
P, = 299610 70770 35421 74 (-3) q, = 1.06209 23052 84679 18 (-2) . ! 1‘31
p, = 494730 91062 32507 34 (-2) q, =1.91308 92610 78298 41 (1) 1
1 p, = ~2.26956 59353 96869 30 ( 1) q, = 1.05167 51070 67932 07 (0) ]
p, = - 2.78661 3086096477 88 ( 1) q, = 19873320181 71352 56 (0) ]
I Py = — 223192 45973 41846 86 (-2) q, = 1.00000 00000 00000 00 (0) j

The maximum relative error < 10-!3:¢!

The reciprocal of the complete gamma function I'(a), when a € 1, is computed
from (25), (see also (119)). The coefficients G; which occur are given in [13]. The
program uses at most the first seventeen with a maximum relative error in 1/I°(a) of
less than 5 x 10-'*. We have

c,= 10 C, =-0.11651 67591 85907 (-2)
C,= 0.57721 56649 01533 C,, = -0.21524 16741 14951 (-3)
C, = -0.65587 80715 20254 C,, = 0.1280502823 88116 (-3)
C, = -0.42002 63503 40952 ( -1) C,, = 0.20134 85478 07882 (--4)
C, = 0.16653 86113 82291 C,, =-0.12504 93482 14267 (-5)
C, = 04719773455 55443 (- 1) C,, = 0.1133027231 98170 (-5)
C,= 09621971527 87697 ( -2) C,, = -0.20563 38416 97761 (-6)
C, = 0.72189 43246 66310 (-2) C,,= 06116095104 48142 (-8)
C,, =0.50020 07644 46922 (-8)

It was stated on page 38 that H was obtained during the computation for 1/I'(a).

We have for

17

0<a<1/2, H= ) C a!
2

E e gl

A-2




which is terminated when k = 17 or before if k = n < 17 with

]
C a" "I <-¢
" 2

Then
) =afl + HJ.
l - 17
For -<a<l. H= Y Cla

-+

]
' H=-d

t(‘k ak “.
2

O<a<1/2.

a+ﬁ),

where H is terminated wnen k = 17 or before if k = n < 17 with

|
|(‘"(d ])n I‘ < Ee

~

Then 1/Ma)y=1+H

i‘: C l)“"‘ .

1
S

<a< 1.
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COEFFICIENTS IN TAKENAGA'S METHOD

In this Appendix, we list the coefficients associated with the modified Takenaga
procedure as used in (see (17) or (115)). Also the coefficients for (18) or (80)
are listed as well as those needed in (63). For (18) and (63) additional coefficients
beyond those actually stored in the program are given. All of the coefficients were
obtained initially in rational form by A. Morris, [5].

In ¢

The factor C, which appears in (17) is found from e , where the expansion

of {n C in terms of R = b is given by (63). The expansion of {n C to b='! is

[fnC=1/36b (b=a-1) (B-1)
-1/81b?
+1/360b°
+2/1215b*
691/306180b°
+16/15309b®
-373/3674160 b7
+80/177147b8
44069/38972340b°
+1792/9743085b'°
+114953857/63836692920b'".

From the expression (B-1), we obtain C in terms of inverse powers of b (see (80)) as far
as th: eleventh power, i.c.,

B-1

o e o




C=eln¢ = ( v-1) (B-2)
+1/36b
31/2592 b2
+3413/1399680 b*
+361733/201553920 b*
113888281/50791587840 h*
+7565202533/78364 16409600 b
81332300683/1974776935219200 b’
: +245886906474757/568735757343129600 b*
- ~11336175048324863533/10134871195854569472000 b°
+30902061509879955337/204319003308428120555520b'°
+4346156164844627985130999/2390532338708609010499584000b " *

We proceed to give the coefticients N, M, for (17) or (115). Also see
(68). We have from (115)

12 2k
Tia, x) = 7(s) € ’b() e Z a ( Z NN-J b))
0 ¢

[ I

1 12 2k
[, z Z“ m»n( z M:bl_,a,)\,
h 1 ) - ke )
The a. b are detined by (109) and (89). Then listing the N:k., first
N!Ll
E 2k=0 k=6
E 1=0 1.00000000000000 =4 0.41666666666665>7D 01
S 0.685185185185185D 02
2k =2
O 0.9645061 /2839506D -04
=2 0.833333333333333 01
] k=8
k=4
J=5 0.333333333333333D -0l
1= 3 (0.555555555555556D 01
6 0.819003527336861D 02
4 0.347222222222222D 02
7 0.378086419753086D 03
8 0.200938786008230D 05
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N (continued)
‘.’k.!

k=10 k=18
j= 6 0.27777777777777&D 0l i=10 0.166666666666667D -
7 0.869551524313429D 02 11 0.839280174173222D
8 0.661283803644915D 03 12 -0.140822229954083D -
9 0.130744170096022D 04 13 0.104859749386735D
10 0.334897976680384D 07 14 0.377869445383984D

18 0.657099645757853D
16 0.504835073886125D
17 0.134126541218996D
18 0.534079308498167D

k=12
=7 0.23809523R095238D 0l
8 0.88185926727<034D 02
9 0.906422925823279D 03

10 031S11IK21477562D 04 2k =20

b 0.3259673639659071 06 j=11 0.151515151515152D

12 0465136078722756D 09 12 0.816854779541828D
e 14 13 -0.151645284022835D

de ] Ty T I 14 0.130144560538248D -
9 0.875449995820360D 02 15 0571479941762549D

0 0.010974409279757]) 02 16 0.131587654927232D
1 0.543384163221759D 04 RIS IR
12 0.103601699095848D 05 [ERN A2 IBS0n (480055

19 0.155096631187868D-

13 0.632585067062948D 08

. .
14 0.553733427050900D 11 20 0.445066090415i39D

j= 9 0.1851851851851&5D 0l
10 0.859664255497589D 02
11 -0.1274420064638934D 02
12 0.792846219268942D -04
13 -0.219833248895504D- 05
14 0.256406041902548D- 07
15 -0.100262665858016D-09
'6 0.576805653178020D-13

i Qe T DAY Y

pracees e
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N

NZk.‘ (continued)

k=22
-0.138888888888889D--01
0.793794836275189D -02
-0.160397649389170D -02
0.154597809511729D-03
-0.793808101128600D 05
0.226017561582738D 06
0.355250664186741D -08
0.293512513022109D -10
-0.113515291507799D-12
0.157850106733903D -15
0.337171280617530D 19

Jdk+1=3
0.666666666666667D--01

2k+1=5
0.476190476190476D 01
—-0.555555555555556D-02

2k+1=7
0.370370370370370D-01
-0.767195767195767D—-02
0.231481481481481D-03

2k+1,)

j =

j=13

14
15
16
17
18

S O 00 9 O

-0.128205128205128D-01
0.770882874769910D -02
—-0.167472688827663D—-02
0.177919959495527D -03
-0.103838417905802D -04
0.349876079228262D--06
-0.6884470270713%4D -08
0.774945030060715D--10
-0.470327376028715D -12
0.136082899158372D--14
0.143410184689323D -17
0.234146722651062D 21

0.303030303030303D -01
-0.850970017636684D-02
0.523368606701940D-03
-0.643004115226337D-05

k+1=11
0.256410256410256D--01
-0.878921490032601D-02
0.789241622574956D—-03
-0.215681951793063D -04
0.133959190672154D—-06

T T e P
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M“” . (continued)

e e b

G b R

10
11

13
14

2k+1=13
—-0.880261713595047D-02
0.101291320868040D-02
—-0.425382944673068D-04
0.624377408713828D-06
-0.223265317786923D-08

2k+1=15
0.196078431372549D- 01
-0.868360035026702D 62
0.119614702703957D-02
-0.666557780571596D - 04
0.156175357088423D 05
-0.137999229755917D-07
0.310090719148504D 10

k+1=17
0.175438596491228D-01
-0.849851422913981D-02
0.134486033350672D - 02
0.920618640770127D 04
0.293982360735374D 05
0.477076358950073D 07
0.245414654868959D - 09
-0.369155618033933D 12

B-5

11

13
14
15
16
17
18
19

A+1=19
0.153730158730159D—01
~0.828215615367318D-02
0.146520693061439D-02
~0.117579268958914D 03
0.47065769907994D 05
-0.952012948298324D 07
0.920927302909851D 09
~0.364022597059366D 11

0.384537102118680D-14

0.144927536231884D-01
-0.805344609524176D-02
0.156253676162327D-02
-0.142498276043991D-03
0.679474426392697D-05
-0.175141331957715D-06
0.240079107041612D-08
-0.162881630964713D-10
0.462250219327808D-13
-0.356052872332111D -16




e

S G i e

MJk'I )

2k +1 =23

0.133333333333333D -
0.782287315947945D -
0.164123530554189D -

0.166412253953536D
0.913690962754997D
0.284271767098726D
0.503434278629405D
0.4911823691340311
0.243170716076481D
-0.512512677374051D
0.296710726943426D

(continued)

%k +1=25
0.123456790123457D

-0.759626377172480D

0.170482035596103D -

-0.189106579970833D

0.116720392056449D -

0.422734470127948D

0913761861504362D
0.116534009325387D
0.840151056535048D
0.313185291085580D
0.503843072514408D
0.224780853745020D




T

el i

T R e

T va—

AT LT p,

.

TR TRENTE YT ”
" R - : e gttt i oo e b L 0n04 e e et

ASYMPTOTIC EXPANSION FOR Q(x + 1,x) (x» <)

In this appendix we show how the asymptotic expansion of (121) was obtained.
The form of the expansion is given by

R /2L L,
QGHLMEE Y e /Xt (x- ), (C-1)

3 X g =90

w here

e, =1, ¢ =-23/180, e, =23/2016,

as shown on page 43. The ¢, for k = 0,1,:--,M=15 are given on page C-8 of this
appendix.

We start with
Qx+1,x)=T(x+1,x)/[T(x+1) (See(2),(4),(5)), (C-2)

where the asymptotic expansions for the two functions on the right hand side are given
by

-1 M -1
Ir(x+1)=1/xT(x)=e- fn x T(x) = ¢x (\/Z_nx"”“) Z f, /x*, (C-3)
k-0

with
1 i o B )
{nxI(x)= (x+-)fnx—x+-[n2n+ A} 100 , (x»e), (C4)
2 2 n = 2m(2m - 1)x?™ !
(B,_, the 2m' Bernoulli number), (See (11, p. 257, 810),
and
2M
Px+1,x)=e * x**2 J° b, P(k/2)/x*=112, (x»e). (C-5)
k =1
C-1

T

piiid ot s B 4Tk
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The coefficients b, I’ (g) and f, are constants. The multiplication of the series

in (C-3) and (C-5) to yield (C-1) was carried out by A. Morris using his “Flap’ routine,
[5]. In addition, he also used “Flap™ before hand to determine the f, and b, © ('-2‘)

in rational form. For completeness they are included on pages C6 and C-7, respectively.

The b, were computed independently by M. Saizan in decimal form and are given
below.

o70710€708118654752440004436210D+00
+66666666666666666666666606670+00
e 11785113013775792073347406040+¢00
~929629629629629629629629623620~-01
0 32736425054932755759298350060-02
e 146109367442680776014203347450-u2
010111917961412562334538023690°(<
03135410542817950225357632762D-03
~e2472552738937381420444359502U U4
«23604995371442559371228781380-004
1877 3314722352835450708456900-04
e565310L07576463453773952173490-05
0303562798575706299155%8755250D-06
«6567558261913749714726473326840-06
« 3966166 25158664334109105634%00~06
0117090554652630914997535840840-00
e4618562455125490416288491U00b8U=08
0e14926776659329088172708068980-07
«881939673073439370634256291640-08
e25741666714184579016143015190-08
o 79680309541185471304773765700-10
«34526855806906090273195036110-09
2 20163962557072502440885179830-09
¢e58639462516833163681724231240-10
e14884LL577884L9365808823385740650-11
«809053728536553178537429996UD~11
o 4691 76358130337419702825947300~11
013539257572473374162248894010-11
e29316941779305508465689639750-13
+1916788206765601028312774678L-12

(= =~ i~ - - i~ g~ i~
© ® DN D W N e

=0

oo o0 T oOCv0TITooCTIToTCTooTTo

wOROR N NN N NN NN e e e e e e e o

C C ® 9 NS W N =0 v ® WV S WN

[ T T | T T T | T T T | | (T [ | 1 | T A | I { | | A | N 1 Y N N | |

Ve note the first three terms of (C-5) are given in [, p. 263].

*The symbcls b, and a, are used in this appendix to retain the notation in [6].
They should not be confused with those in (109).




The derivation below for (C-5) is given for completeness and is based on the mate-

rial given in [6, p. 85-87].

We have

: -

1 - l‘(x+l,x)=f th et dt. (C-6)
X

Letting t = X(1 + u), (C-6) transforms to

Fx+1,x)=¢* x"'f e Mu Inaru)l gy (C-D
0

The integral on the right in (C-7) is treated in [6. p. 87]. lts asymptotic expansion
(X - =) is obtained by a series reversion. Indeed, letting

. o’
V=u m(l+uy=— —+--- ju<l, (C8)
2 3
we note that
dv | I
du l+u 1+u
or
! du 1 +u
—_— = (C-N
dV u
5
Then. assuming an expansion tor u of the torm
=42V + z: a, Vhi2 (a, =2 (C-10)

Lo
we have by differentiating (C-10) and using (C-9)

I +u Pk g,

1J)

u N

Calks RIIEL g ey

L, Sy

o
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It follows from this result that

o

k
b4 Y e, Vi=3 s VI Y —a V? (C-11)

k=1 k=1 k=|2

o k o k

Expressing the product on the right as a Cauchy product, (C-11) becomes

o0 i

2

j=1

(C-12)

L+ ) a VI=) vi®
k=1 1

t9 f—.
r
[~

which contains a linear set of equations for the a , k = 0,1, - with a, = 0. For
example, equating coefficients of like powers of V, we have

1 . -
v 0=-a uo=>ao=0,5111ceal=\/2
b
1
A4S l=-a*+a a =>a =v.
~ &f 2 % 1
VAGE a =lu a, +ta a, =>a =2/3
‘ I B i i %2 2 5

In general, by setting kK = n l.,i=n+ 1, (C-12) can be solved for a,. We get

_ ) _
d“'~z;", 3”, (JO—O)
3 | ~
or
Q n -1 J
3n=(—p—+l)u un 1 E ;ujdlﬂl i R n=3.4’. .- ((‘-13)
i 1 j= 2 <
Thus,
a,=2/3, a,=VI/18, a,= 2/135. a, =vZ/1080, a, = 4/8505,
ete.

4




The expression (C-13) gives the coefficients for the inverted series in (C-10). Therefore,
] following [6], the coefficients b, of asymptotic series (C-5) can now be determined.
i We have

v dv \5 ]G

3 ) d d o o ()
_P—z_ (Zak Vkl2\ =Z (5) a Vik-2)2

= Z b, vik-212 =
k=1
The b, are the desired coefficients that appear in (C-5). Thus, eg.,
3
a, =12, b, =a =2/3, b =say =, b, =2a, = — 4/135.

The a, are listed below for completeness.

014142135623730950488016387240+01
«6606666666666666666666666667D¢00
2+ 78567420131838613822316040230-01
-0 1481481408148164814814814814810-01
¢13094570021973102303729340030-02
«47031158142269253330364491490-03
¢28891.94175464L638129€8067690-03
«78385263570448755633940 31905004
e549345€16420830698232096877820-05
059329990742885118742457562760-05
0 34133299495186973546742648300-05
e94218614596405756289920289150-06
+46701969011647122947013469610-07
93822260884482816383247609770-07
«528622166676821911747880484620-07
e146363193331576864374691981050-07
«54336028883834225445704831380-09
«1658653073959254542414120076650-08
«92841761136252600667638201730-09
0257416b60714184579016143615190-09
+75886009086843306004546443530-11
«31388050733623718435632396460-10
e17533863093106523866856678110-110
+486995520973609€9734770192700-11
«119075662307349271058€8592680-12
0 622349021951194675272140768920~-12
«347536578746324014594685885890-12
«96680411231952672587492100070-13
0202168580537507247219923889430-14
«12765254711770673522085164520-13
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The rational coefficients fk for (C-3) are included in the expression below, (C-14).
The quantity T = 1/v/x. The coefficient of 1/x3, f_, is given by 139/51840.

3

1
-1/12%T##2
1/288%T**4 ]
139/51840*T**6 i
-571/2488320*T**8 ]
-163879/209018880*T**10
5246819/75246796800*T**12 ;
534703531/90296156 1600*T**14 i
(C-14)
-4483131259/86684309913600*T**16

-432261921612371/514904800886784000*T**18

6232523202521089/86504006548979712000*T**20
25834629665134204969/13494625021640835072000*T**22
-1579029138854919086429/9716130015581401251840000*T**24
~-746590869962651602203151/116593560186976815022080000*T**26

1571513601028097903631961/2798245444487443560529920000*T**28

The coefficients b, I'(k/2) for (C-5) are included in the expression below, (C-15).
The quantity T = 1/v/x. The coefficient of 1/x3/? b, I'(2), is given by ~4/135. The
coefficient of 1/x>, b_ 1'(7/2), is given by (- 139/103680) \/2r.

C6




S Cr i hdnd o bl il _al e e £ o e et T — c3
i v : ? T - = v'wr"“

1/722¢2(1/2)19p132(1/2)
IYERR! i
172592301 /2Y 9P+l /2)sTwsy
/1352223
17576222} /2)=Fla3(112) 1224 4
B/20352i:+5 !
=139/7105h00233(1/2)ck 13 {1/2) " T2h
le/85457%¢
=5717/497666u225201 /2 Ples )l fe) T %0
~a9Y9¢11¢6¢9925:1%+9
103079/6)c aTThu ¢ tvl sl e} sPias(/e) 1510
=334 96/692567075-T%2]1]
S5c¢habB819/15(491593000=as (1Pl 2e(]/2)T %)
698 i5¢/167T7101226%T9%,13
=,36T03531 /100852 5012%¢00-¢5x 0,/ eY-Rle~tlle)-T05)4

(C-15)
253690122¢6/3350546450299375%1%315
4683131299/ 173266¢162272L0-2 - 11/2)=rlcllle)~1%%10
=1357305243136/2255230h07066275:T2217
4522619¢1612771/10238U56C17735600L,0-220)/15r]2(172)+T5% 0
~031692499¢539¢/7676569c¢0uli931¢5~T%219
623¢5¢3¢7¢521089/1730080130979598c4ulux2s+()1/2) P isv(1/2)V5T124,0

87736950801 R816/70324312¢1 V08065705 1%-2)

=¢56366¢9L65)36¢06509/26G59,50063crl6T01GW 0025 (1 /21 5PT22()/2)0102¢
GyNL6eGT10¢2056606472100T76T5€663100u3126% 1022

R EREPYE LS VRS UNE LMY E L TAPIE IS FY VA IV L LT IR VEPL-EN S W BN PR B
17090 039235 T005R 180/ 00 126960557191 719%¢29507+29
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The coefficients ¢

k

i Ml Siadbedntada on ok s

for (C-1) are included in rational form in (C-16) below and
then ¢, , k = 0, are given in decimal form in (C-17). Again T = 1/7/x. The coefficient

of 1/x%? from (C-16) is ¢ 23/270)/\27.

172

2/39200 (-} /210D oc(=-]1/2)0T

=23/2700208(-)/2)5P]v0(~)/2)s]00e]3

25730240200 (~]1/2)0Plo®(=]/2)0]0"§

259/717602¢c0(=1/2)0P[00{-]1/2)2]207

~2016573/71867577A0C 200 (=)/¢)oPjov(-1/2)eT 009

-6568387/5C75868106C0%2%%(-1/cloplos(-1/))el00]]

67839,59/11¢R701952000200(=]/2)uP 00 (-1/2)0T00]]

113211961792R7/1208839790592CuN0°20(-]/2)1¢Ploe(=]/2)0T0e]§

=i760070460353/72647C5C28325376L092vo(~]/210P[s0(=1/2)0T00}7

=11093057¢2376011/7723572313351760L00%200(=]1/2)ePlesi-]/210100]9

6iB735606¢6335252233/064765823389097,009600000200(<-1/2)0plee(=-]1/2)eTee2]
16145 /3060264903202333/4068387506+9¢250521601C0200(~}/2)0P[0s(=1/2)0T0823
~432054v07C1186¢9164651563/1020193652636C47131463200C00200(~]/2)vPjos(-]/))sT0eel5

=9302¢993995952700027626859L07/75310525061762345600308u1280000u02e0(=-1/2)epjee(-1/210T0e27

(C-16)

233646U9624077295573040030641/1301186131686661255648612800000200(-1/2)0Plos(=]1/2)0T002y

Decimal form for ¢, . k= 0.

¢, = 1.00000
¢, = -1.27777
e, = 1.14087
¢, = 49914
e, = 1.63704
e, = =1.068125
e, = 901554
¢, = 1.40480
e, = 1.05651
e, = 2.15439
¢, = 210674
e,, = 5.24124
e, = 635254
¢, = =1.85264
€= 269132

00000
77777
30158
19753
05768
66626
11107
10663
27415
00162
16054
92389
25734
11158
88833

00000
77777
73015
08641
07166
29637
14762
69107
16873
97250
60398
44466
46898
31105
12297

00000
77777
87301
97530
31333
16667
01363
33117
01128
29517
61407
72838
69625
51190
39720

-8

00000
77777
58730
86419
91528
42037
03203
86737
36110
66213
67106
31327
71691
42883
54734

00000F

77777F -
15873F -

753081
45325F
11240F
87528F
76069F
56040F
75916F
91024F
57108F
54688F
84580F
83920F

00
Cl
02
03
03
03
04
03
03
03
03
03
03
02
02

(C-17

T ,v!'.ﬂ!‘
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i b
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CRITERION FOR TERMINATING THE SERIES IN (10)

In the main text of this report an expression {or P(a, x) is given by (10), i.c.,

& xd X x2 ,
Pla, x) = 1+ + to-ots vT ] (D-1)
al*(a) at+l (a+1INa+ )
where
s, - X"/[a+ )@+ 2)---(a+n) (D-2)
an —-Snol +Sn‘2 V0 (D-3)

The objective in this Appendix is to prove the statement made in Section S

dealing with (90). Given an ¢ > 0, if N is defined as the smallest positive integer for

. € . . 0 . .
which s < =, we wish to show the truncationerror, T | . associated with the series

in square brackets of (D-1) is less than e, provided x/(a + N + 1) < 2/3. The proof

requires only a few lines.

From (D-3)

5
<

Ty, = —— |+ - + - to
a+ N+ a+N+2 @+ N+2)a+N+3)

0

Y @3k =

K 0

w o

totm
.

where we have used the inequalities x/(a + N+ j) < x/(a+ N+ 1)< 2/3,)=2.3.---,

Lo macasiid Lia s,
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FORTRAN LISTING OF THE PROGRAM

Calling sequence to the Incomplete Gamma Function Ratio Subroutine.

CALL PAX(a, x, P, Q, IOP) where

X oo
P=f et 2! dt/f et 2! dt
0 0

Q=1-P

IopP
in the 12 significant digit of P and Q.

0 for 12 significant digi!s of accuracy with an error no greater than 1 unit

10p
in the 6'™ significant digit of P and Q.

I for 6 significant digits of accuracy with an e¢rror no greater than | unit

10P = 3 for 3 significant digits of accuracy with an error no greater than 1 unit 4
in the 3" sienificant digit of P and Q.

The routine is designed in most cases tosetP=0.Q=1iHP<ecandP=1,Q=0

if Q < & The gquantity € is ordinarily set to take the specified value e = 5 x 10 ', ,
Sx10 7, 0rS x 10 % whenlOP issetto 0, 1, 3, respectively. However, & may be set 4
internally to zero or any other positive value less than the value of ¢ specified by 10P. [
In the program € is stored in ACO. j

Restrictions: x 2 0 and a > 0. 3

krror Returns:  If either a < 0 and/or x < 0 then P is set equal to 2.

-1




SUBROUTINE PAX ( AyX,ANS,QANS,I0P3) [
OIMENSION VA (20),Va(20) 4ZAL30),2ZB(30) ,SA(20),SB(20) ;
DATA '
, 1 P /2.L266 79552 33532 E¢2 7/, . ;
3 2 P1/2.1979 261€1 82942 E+1 /., 3
i 3 P2/6.9963 €3LBR 61914 E¢0 7/, 1
3 4 P3/-3.5609 R&3TJ 18154 £-2 7/, ,
3 5 Q0/2.15(5 83758 69RBE1 E4¢2 /, . s
. 6 Q1/9.,1164 9L54 L5149 E+1 7/, 4
7 Q2/71.5082 79763 CuC78 E+v 7,
8 Q371. /,
9 C0/3.0045 92610 20162 E+2 /
DATA ]
i 1 C1/4.5191 83537 11873 E¢2 /7, ]
1 2 C2/3.3932 L8167 3JWu3LUWE$2 7y 3
3 3 C3/1.5298 928557 Le9L0 E¢2 7/, !
] 4 CL/W.31€2 22722 2.567 E+1 7/, 4
5 C5/7.,2117 53257 883.9 E+C /, |-
6 C6/5.6419 S5174 7R974 E=1 /7
7 C7/-1.3686 #4857 3 82T17E=7 /.,
8 ALPH)/-2.996% L7077 C3542 E=3/,
9 ALPH1/-4L,9473 19106 23251 E-2 / :
DATA 3
1 ALPH2/-2.2695 65935 39687 E-1 /, 3
2 ALPH3/-2.7866 13086 09648 E-1 /4 ]
3 ALPHL/=2.0319 26597 34L1RS E-2 7/, 1
& BETO0/1.Cb20 92325 28468 E-2 /s 4
S BET1/1.910( 89261 $7R3) E-1 /, 5
6 BET2/1.0(516 751°7 26793 /s ;
7 BET3/1.9873 32u1R 17135 /s
8 BETL/1. /
9 DC/3.,00L5 92639 56983 E¢2 /
DATA
1 D1/7.9G95 (9253 27898 E+2 /7,
2 02/9.3135 L. 9L8 S161° E#2 7/,
3 D3/7€.3698 02644 65631 E+2 7/,
& D&/2.7753 Sklbd? w3988 E¢2 7/,
S 05/7.70C) 15293 52295 E+} /.
6 06/1.2782 72731 96296 E¢t /,
7 07/1. /
c CS¥2=SP(DP34LL3./0P13996 Bia )
) c CST3=SP(OP3E1733./0P2.155 3€23. )
c CSTL=SP(OP (11383 8201./7DP50791 S8784 17, )
c CST5=SP(OP75652 02533./0P78364 16679 €00. )
{ DATA
1 CST5/.96539 05736 w6935E-3 /,
2 CSTW/.22422 6€67C 52012E-2 7/,
3 CST3/.17947 20737 75573€-2 7/,
b CST2/.24334 1LLOL4 TW1GBE=-2 /,
& GAMPTS/1.7724% 5385C 30552 7/,
6 RT2PI/2.5066 22274 63130 /
; ToRIPI/L.77C4 52350 90552 /
DATA ACCL/S.F-23/¢ACC3/5.E~7/4ALPHA3/ 4,892/,

1 ALPHLL/7.1376/, ACO/5.E-13/,
i X04/314.(C0/,x.3/17.00/,CEP/2,3325 85092 99405/
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sUX1/71.5366/7,UX3/2.924L5/
sRT2/ 10142 13562 37310E¢1/,ABAR/1D0./
sALPHAS5/ 3429053/ 9X05/9.77,UX5/3,887/4BCC5/5.E~L/

ASAV=A
INO=0
ANS=0.
IF ( IOP3.NE.O ) GO TO 1105
ALPHA=ALPHAL
X0=x31
ACC=ACC1
UX=UXt
GO0 TO 1111
1105 CONTINUE
IF ( IOP3.NE.L1 ) GO TO 1147
ALPHA=ALPHAZ
ACC=-ACC3
X0=x03
U./=Ux3
GO 10 1111
1137 CONTINUE
ALPHA=ALPHES
ACC=ACCS
Xu=x05
Ux=uxs
1111 CONTINUE
IF ( AcLE«.Ce0 +OReXo.LT40.0 » GO TO 1131
IF ( XeGToCo0 ) GO TO 1151
1124 CONTINUE
GO T0 1171
1131 CONTIHNUE
ANS=2.
RETURN
1154 CONTINUE
IF  AsLT 15, ) GO TO 1331
RTA=SORT (&)
IF ( ACO.LT.ACC1 ) GO TO 115°¢
IF ( ReGEsXx ) GO TO 1161
FP=1.=1.71(9,%A) ¢+ALPHA/(3.,*RTA)
FP==FP*FP*FP®AsX
IF ( FP.GE.Q.C » GO TO 1191
1155 CONTINUE
IF ( A.LT.ABAR ) GO TO 1331
IF € (o75%A) o GT o XeORG(1,25%) (LT X ) GO TO 1331
G0 70 S01:
1161 CONTINUE

IF

( XeLE.UX ) GO TO 1171

F"=10'1 ./(9.'-\)°ALPHA/(3.'RTA)
FH==FM*FMOFM® A0 X
IF ( FM.LE.0.0 ) GO TO 1121
60 T0 1155
1171 CONTINUE
ANS=0.
QANS=1,
RETURN
1191 CONTIMUE
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1314 CONTINUE
ANS=1.
QANS=C.
RETURN
1331 CONTINUE
IF ¢ AJLE.X ) GO TO i6é6d
1341 CONTINUE
IF ( A.GEL3G. ) GO TO 1343
ALGX=ALOGEX) . i
Ti==XeA®ALGX
CALL GAMCOJY ( AyHyACC,yGANS )
R=EXP(T1)/GANS 1
60 T0 1549
1343 CONTINUE
AISC=1./(A®%h)
TL=A-X4¢A®ALOG(X/A) ¢ (((ATSO-1,3333 33333 33333)%AISQe4.666 66566
1 66€667)*:ISQ-1uC.)/7(1680.%A) {
R=RTA®EXP(T1)*,.3689 228CL 01433
1349 CONTINUVE
IF ( A,GToXx) GO TO 1351
1350 CONTINUE
IF ( A.LTel. } GO TO 1659
IF ( keGEeXxX } GO YO 311
GO TO0 3005
1351 CONTINUE
GO Y0 1254
1461 CONTINUE
IF ( XeGEeXl )} GO TO 1341
THWOA=2.%A
J=INT(TWOA) 4
T1=ABS(FLOAT (J)-TWOA)
IF ( T4.6T.0.)0G0 TO 1361
I=J/2
AF=A-FLOAT(I)
IF ( AF.GT.0. ) GO YO butl
GO TO 6071
1459 CONTINUE
IF € XeiTele5) GO TO 1461
TL=(2¢X=2)/ (1a42)
IF ( RJLE.(ACO®X®*T1) ) GO TO 12118
IF  R.GTo(4101°%X°T1) » GO TO 2011
GO TO 7011
1461 CONTINUE
INO=1{
GO 10 3C11

e ¢ B e ol

s s &

c THIS IS PART F

2011 CONTINUE
ACC7=.5%*ACC
£ Y7=A%ALGX
CEE=2.
T=T7/CEL
SUM=T




CONTINUE

CEE=CEE+L.

T=(T*T7)/CEE

SUM=SUMeT

IF ( ABS(T).GT,ACC? ) GO TD 2031
T2=T7%(1.¢SUM)

TK==X

CEE=1.

AJK=TK/ (A+CEE)

SUM=AJK

CONTINUE

CEE=CEEe+1L.

TK==(X®*TK)/CEE

AJK=TK/ (ACEE)

SUM=SUM¢ AUK

IF ( ABS(AJK) .GE.=-ACC*SUM) GO TO 2071
T3==A*SUM

TizH

Toe=TLeT2

T6=74°T12

QANS=T3-TL4T3I*(TL+TS)-TS

ANS=1.-QANS

RETURN

CONTINUE 1
IF ( X.LE.CEP ) GO (0 301t ]
IF ( X.LT.X) ) GO (0 7011
IF ( A.LE.2. ) GO TO 3006

IF U (R®(X#1.)).LE.(ACO®X®(2.¢X=A)) ¥ GO TO 1311 3
GO TO 911

CONTINUE

IF ( R.LE.(ACO®(X¢1, =A))} GO TO 1311

GO T0 9011

i A i

THIS IS PARTY A

CONTINUE
HAVACC=ACC*. 5
ROVA=R/ & 1
SNP1:=1, 4
SUM=SNP1
CEE=A
| 3031 CONTLNUE
CEE=CEE+1.

3 T1=X/CEE
; SNP1=SNP1°*T}

SUM=SUM¢SHPL

IF ( T1.6T..66666 66666 66667 ) GO TO 3Dt
3041 CONTINUE

R NPT F

e

5 3 IF ( SNPL1.LE.HAVACC ) GO TO 3051
f CEE=CEE¢1,
4 . SNP1=(SMHFL*X) /CEE
1 SUM=SUM# SNP1
GO TO 3Cut

3051 CONTVINUE

B T




W-WF v

OO0

5011

53614

5374

5381

5389

at s s e e

Z S “ T
ANS=ROVA®SUM
QANS=1.~-ArS
IF ( INO.EQ.1.AND.ANS.GT.C<9 )} GO TO 2011
RETURN

THIS IS PART Et

CONTINUE

ASAV=4A

AzA-1.

ALPHY=3 . ®*SOXT (0e2./73.)

ALPINV=1.,/7ALPHY

A2THRD=A+,66666 66666 66667

DELTA=(X-L)-.666EH 66666 66667

S2=0ELTA/L2THRD

ZEXP(. 33333 33333 33333*ALOG(X/A2THRD))

SO=(ALPHY*SZ)/( (2¢L.)%7¢1.)

XSAV=X

X=(Sa*S0)rs2.

RTXx=ABS(SZ)/RT2

TS=EXP(-X)

IF € X.GT.0.25 ) GO TO 5361

T1=((PI*X+P2) *X+P L) * X¢PL

TI=0(Q3*x+02)*x+CL1)*Xx+Q0

DEL=RTX*(TL/ T

CERF=1.-0D€EL

GO T0o 5381

CONTINUE

IF ( XeGTe16e) GO TO 53712

T1z=CO4RTX®(CLORTX® (C24RTX* (CI4RTX* (CL4RTX®(CS4RTX* (COH+C7*RTX)II))
)

T3=00¢RTX*(DL+RTX*(D2+4RTX* (DI ¢+RTX®(DH+RTX*(DS5+RTX*(D6+RTX*D7)))})
)

CERF=TL/T3

DEL=1.-CEKRF

GO YO 5381

CONTINUE

T=1.7X

Ti=ALPHO ¢T*(ALPHI ¢T* (ALPH2+T ® (ALPHI+T*ALPHL)))

T3=BETC ¢T* (BETL+TC(BET2¢T*(BETI¢T*BETL)))

CERF=IL./7TX)% (1 +/RT PI¢T1/7(T3%X))

DEL=1.-CERF

CONTINUE

ZAD=¢1.

IF ( XelFe0a25 ) 230=1.S*CEPF*RT2PI)/T5
IF ( X.0TeCe25 ) 28C=.5*CERF*RT2PI

IF ¢ SC.GE.Ce ) GO TO 5389

ZAO=-1.

CONTI'WE

X=XSAv

Ib(1)=20

ZA(LY =24

SCSA=SL*5

T7==1./ (A35(S))

ToL=ACC® 00

I-6
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00 5391 (=2,5
K=2*(L-1)
T7=17%S0SQ
: 8(L)=-17
1 +(FLOAT(K'~-1,)%Z2B(L-1)
ZA(L)==T7 SSO0+FLOATIK)I®ZA (L ~1)
53914 CONTINUE
veti1)=26(1) 4
VB(2)= -,83333 33333 33333E-1°28(3) b
VA(1)=,66€E66 666€6 66667E-1*2A(3) 1
SBls1)=vB(1)
ALPHSQ=ALPINV®ALPINY
ALPHCB=ALPHSQ®*ALPINY
‘ S8(2)=VB(2)*ALPHSQ
- SA(L)=VA(1)*ALPHCS
: T15=SB(1}¢SB(2)
T17=SA(1)
VB(3)= -(Z6(4)=-.0625%IB(5))* .55555 55555 E£5656E-1
VA(2)=,47619 Q4761 90476E~-1*ZL(L)~-.55555 55555 55556E-2%ZA(5)
T23=ALPHSQ
15=3
MF=0
5395 CONTINUE
17=15-~1
T23=T23*ALPHSQ
SB(IS)=va(I5)*T23
SALI7Z)=VAC(I7)*T23*ALPINV
] T15=T15+SB(I5)
T17=T17+SA(17)
! IF ( ABS(SBU(IS)) oL ToTOLANDSAES(SA(IT)) LT.TOL ) GO TO 5431
I3=2+*15
I5=15+4
T7=T7*S0sQ
T25=4.*FLOAT(I5) -7,
IB(13)=-T7+725*7B(13-1)
ZA(I3)==T7%S04(T25+41.)%ZA(1I3~-1)
T?7=77*S:SQ
ZBLI3¢1)==T7+(T2542.)%28(13)
ZA(I341)==T7*S5+(T254¢3.)%2A(13)
NF=MFe¢1
GO TO ( 5397,5399,5L401,54:3y5405,5407,54609,5411,5413,5415,531),MF
1 F
5397 CONTINUE
VBILW)==(Z5(5) = 160bl LLLLL LG LL®*ZB(H)+,23148 164814 B814E81E~2%28(7
1 )) ®.L1666 66EHE 6666TE-L
VA(3I)=(ZA(5)=.20714 28571 L2BST%ZA(6) +,0CE25%2A(7))*,37037 03703
1 7C370E-2
GO TO 5395
5399 CONTINUE
VB(5)==(2B(o)-,24570 10S82 01058%2B(7)+¢.11342 59253 2592€E~-1%728(8)
1 J=ob6U2BL €3587 24E9tE-4L*Z23(9))*.33333 33323 33333E-1 i
VA(L)=4372(3 0373 36303E-4*2A4(6)=-.15:97 9017¢€ 3663#ﬁ"2‘2ﬂ(7)
1 +.523306 80067 H19LCE~3*ZA(8)=,6L30C 41152 26337E-5*2A(%)
60 T0 5335
S404L CONTINUE

i ke ek st
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5403

[N d

5405

W -

(27N ]

5407

Wi N -

[Z RN

5409

& W nore

& LN

5uLi1

nNE&EWN

VB(6)=-(22(7)-,31303 B85L87 52636%2B(R)+.2387E 21693 121€9E-1%28(9
V-oW7L67 S0123 4SETYE-3*781(10)+.12056 3716 (4338E-5%28(11))°
217777 77777 ?7778E-1

VA(5)=.250C41 22504 10256E-1°2A(7)-.87892 14900 32601E-2°28(8)¢

«78924 16225 76856£-3%24(G)-.21568 19547 C3(63E-42A(1J)
+2A(11)%.13395 91906 72154E-6
G0 T0 5395
CONTINUE

VALB) =#.22222 22222 22222€E-1%7A(8)1-.88126 17135 95547E=-2%2A(9)¢
+10129 13208 68C4CE-2*ZA(10)-.42539 20446 T7306UE-4®24(11)¢
62637 TLL 37 13929E-6%ZA(12)-422326 53177 B8€923E-8%ZA(13)

VB(7)=-.25909 5c337 S5238E~1%29(8)¢.A818S 926172 75934LE-2°28(9)~
297662 L9258 23270E-3%20(1004.31511 18214 775€2E-4%28(11)-
«32596 73639 68907E-6%ZB(12)+.46513 60787 22756E=¢*28(13)

GO TO >39;

CONTINUE

VA(7)=4,.6627 84343 72565c=-1%ZA(G)-,8€83€ 00350 26702E-2%2A(1 )¢
11961 477127 Y39STE=-2*ZA(11)-.66655 77805 T1596E~4L*24(12) ¢
e15617 53575 BBu23E=-5%2A(13)-413799 92297 5591 7E-7*2A(14)¢
«31069 07191 48504E=-10%2A015)

VB(8)=z=,.27333 335333 33332C-1"ZB8(9)+.87544 99958 2. 3€6E-2%28(10)~
211092 LL5Q2 79237E~2*ZR(11)+,54338 L1632 21759 ~4*2B(121)-
.1036C 16990 95°48E=-5*ZE(12)+.63258 S0670 62948E-8%28(14)~
«55373 34270 SL90GE=-11%28(15)

G0 TO 539%

CONTINUE

VA(8)=¢.175643 85964 91228E-1%ZA(15)~.94L985 14229 13901E-2"ZA(11) ¢
13668 E0333 SC672E=-2%2A(12)1~-.92061 86407 7C1275~-4*24(13)¢
229398 23607 3537LE-5%ZL(16)=-.4L2707 63589 SQC73L-7*24(15)+
e24541 LES54B HBOYSIE-9%Z2(.6)~-.35915 5619C 217972 -12°*7A(17) :

VB8(9)==-,1P518 51851 A51B5E-1%2B(1)¢.35C6€ 42554 C758%E-2*2B(11)- 1
12744 20646 38236E~2*2Z81(12)+,792%% ©21S2 699L2E-L*23(13) - i
221983 32488 9550LE-5%20L(14)¢,25640 60419 02548€-7*28(15)-
«10626 2¢658 58316 E-9%ZB(16)+.5756AC 56531 78.2.E-13%Z8(17) :

G0 TO 5395 3

CONTINUE '

VA(9)=¢,15873 01587 3[159E~-1%2A(11) -.B82821 SEL153 67318E-2*2A(12)

$,14652 (6930 61LIE=2%22(13)-.41757 92689 SROLILE=-3%ZA(14) ¢ ;
L7065 76990 7995LE~5%*Z2L(150-.95271 29482 9QB3ZLL-T7*ZA(16)¢ ]
.92092 73029 9351E-9%ZA(17)~.36402 25970 S5C36EC-11%Z48(18)¢ 1
«38453 71021 18680E~-1L%241019)

VB(10)=-,16€666 66666 €6667E-1°23(111¢.83928 01741 72222€-2°28 (12)

-o14(82 22299 54 EIE=-2%ZB(23)#.10L85 Q7LCT BE?ICE~3%2B (Lu)-
«37786 4453 R3IG8LE-5%2G(1514,65779 6457 STARS3 -7%78(16)~
«S0LB3 50738 86125E-9%2Z0(17)1+4136412 65612 18996 -11°ZR(18) -
«5340L7 93684 9816TE~15%28(19)

GO YO0 5395

CONTINUE

VA(1))=¢,16482 75362 31BBLE-1%7A(12)-.8(53% WECQS 24L176E-2*2ZA(13)

2015625 36761 €2327E-2%2A014)-.24249 32760 4I901E-3%24(15)¢
679467 4el63 92697E-S*ZA(L161-,17514 12310 S57715c-6%7A(17)¢
02407 GIC77 L1612€-8%28(12)=,16288 L€379 €47136-10%2ZA(1Y)¢
« 46225 (2193 27808E-13%2A(C()=435605 28723 3I2131E-1€%2A(21)

VB(11)=-,15151 51515 151S E-1%2B(121¢.R1€95 47795 41828E-2%28(13)

“e15164 52840 22835E~2"20(1h)+.13514 €675 3 E2LBE-3%2B(15)~

b b do

b8 ]




e et o s

S413

5415

5431

S4bl

5451

OO0

6011

FLWNON - O E LN V& W EFEWnN

A P K 7N S

«S5TLLT G9L1T
«15385 S6544
«15509 66311
GO TO 5395
CCNTINUE
VA(11)=+,13333
+.16412 55326
«21369 (9627
«50343 42785
26317 (7161
«29€71 T7¢69
vB(12)=~,13338
-+16L39 764933
«7380 610112
«35525 (6541
«11351 €2915
«33717 12806
GO0 TO 5395
CONTINUE
VA(L12)=+,12345

6254L9E-5*ZB(16)+.13158 7E549 27232E-6*20(17)~
T4373E-8%20(18)+,82135 07414 B8CUSSE-11°%7Zb(19) -
87868E-13%28(20)¢.404506 6C3C4 1513GE-17%2B(21

33333 33333€E-1%2A(13)-,78228 7319 LIGLSE-2*ZA14)
SL1B9E-2%728(15)~,16641 22539 53536L-3%IA(16)+
S4397E=S%Z2 (17 )~,23L27 17€70 CET2€z-*2A 112)+
2OLTS5E-8%Za(19)-.49118 23691 34031E-101*2A(20)¢
TOLBLE=-12%Z28(21)1-.51251 26773 TLISLE-15*2A(22)¢
LIL26E-18%2A(23)

6588483 88839E-1*201{131+.73379 48362 75139E-2%2B (14)
8917CE-2%28(15)+.15L59 780¢S 11729c-3%*23(16) -
CB8HLLE-5%ZB(L7)+.22571 75615 82738E-6%28(13)~-
36°L1E-8%2ZE(19)+.29351 2°137 2217GE~1U*1B(Z.)-
07799€-12%2ZB(211+.15785 01067 339C3E-15+Z8B(22)~
17530E-19%28(23)

67201 23457E-1*7A(14) =-.759€62 63771 724E0E-2*7A(1

5)¢.17.48 20355 961C3E~-C*ZA (10)-.1891C €S79C 7.833€E-3%2A(17)¢

11672 1392C
«91376 18€15
«84C15 10565
«50384 31725
vB(13)=-.1282"
- 16747 683 =
«10383 RLLITS
L6B8LL TL2TH
W7032 73761
«14341 1846
GO 710 5395
CONTINUE
T=1./4

S64LOE-L¥ZA(L8)-.L2273 WA4TYY 279L3E-6%722(19)+
J4362E-8%2A(2C)-.11€53 L0093 2€3372-G*ZA(21)+
357L3E-12%ZA122)1-.31318 5210 E5S8.E-1L*ZA(23)¢+
146U BE=17%2A(<cL)=-4220L78 NBEIT 45520E=-2 *ZA(25)
51282 CS5128E-1%723(16)¢ 77088 28747 6CS310E-2%2B(1°5) -
27563E-2%7B(16)+.17731 9959, 95527E~3*73(17)~
(5BL2E-Lb*23(18)+.34987 60732 282€25E-6%23(19)~
7138LE-3%23(2J0)¢.770L30 50309 69715t ~10%72P(21) -
28715E-12%28(22)+.13608 28591 fR372E-14*ZB(23)-
B9323E-17%(B(24)+.23L14 £722¢ E1(62E-21°28B125)

CST=(((((CSTS®PT-CSTL)I®*T+CSTI)*T+CST2)*T-.1195¢ 87654 32CQCE-1)*1
27777 TTT7TT T7T78 E-1)°%Ve1,
PAPLX=(CST*(T15¢T17)*T5)/RT2PI

A=ASAV

IF  SCelTele )
QANS=PAPLX
ANS=1,-CGaNS

GO TO 5451
CONTINUE
ANS=PAPL1 X
QANS=1.-8NS
CONTINUE
RETURN

THIS IS PARY

CONTINUE
N=(
RTX=SQRT (X))
TS=EXP (=-X)
RN=TS5/(RTX*GAMPTS)

GO TO Suu1l

81
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T P

I TER SN L MR 3

N

OO0

6031

6C71

6091

6101

6111

OO0

7011

7C31

THIS IS PART Bi SUPPLEMENT

IF ( XeGT.16.) GO TO 6031

T1=CO+RTX® (CL4RTX®(C24RTX*(CI ¢RTX* (CL ¢RTX*(CS4RTX®(COH+CT®RTX))ID)
)

T3=DO4RTX® (DL +RTX® (D24RTX* (D3 +RTX® (DL +RTX®(DS+RTX* (D6+RTX*07))})) )

)
DEL=(TS *T11)/73
60 T0 6091
CONTINUE
T=4 /X
T1=ALPHO+T*(ALPHL1+T* (ALPH2¢T * (ALPHI*T®ALPHL)))
TI=BETC+T*(BETLeT*(BET2¢T*(3ET3I¢T*BETL)))
DEL={ TS /RTX)IS (L ./RTPI ¢T1/(T3%X))
GO TO 63591
CONTINUE
N=1
RN=EXP(=X)
DEL=RN
CONTINUE
PNC X=DEL
CEE=AF+FLOAT (N) -1,
CONTINUE
IF ¢ N.EQ.I ) GO TO 6111
N=N¢1
CEE=CEE+1,
RN=(X*RN)/CEE
PNCX=PNCX#RN
G0 TO 6171
CONTINUE
R=X*2N
QANS=PNCX
ANS=1.-CANS
RETURN

THIS IS PART C

CONTINUE

A2NM1=1,

AZN={.,

B2NML=X

B2N=X+1.-A

AN=1,

CONTINUE
A2NMLz=X*AZNeAN® L2NML
B2NM1=x*B2H¢ AN®*B2NM]L
AMC=AZNML/ B2NML
AN=ANel,

SAZ2N=AN=-A
A2ZN=A2NHML+SA2ZN*L2N
B2N=BZNM1+SA2N® Q2N
ANG=ACN/B2N

IF { ABS(ANI ~AMD - ,GELCACC*aND) ) GO YO 7031
QANS=R* AN,

bt e

R s ek i

2o ol




ANS=21.-0ANS
RETURN

THIS IS PART O E

CONTINUE

SNPL1=1,

SUMzSNP1

CEE=A

CONTINUE
CEE=CEE-1.
SNP1=(SNPL®CEE) /X
SUM=SUM+SNP1

IF ( &BS(SMPL).GE.ACC ) GO TO 9C31

QANS= (R® SUM) /X ]
ANS=1.°QANS
RETURN

END
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AT

T

.

-

|

3011

3031

3051

3071

3091

NOWVE W O N NS N -

SUBROUT INE GAMCO3 ( A.H, AC LT71 )

CIMENSION C(30)

DATA ( C(I),I=3,18 ) /
+.57721 5€ne3 01533 E+0

’

-+65587 83715 20256 E¢0
~.42002 63503 6033952 E£-1
+.16653 86113 822731 E+0
-.62197 73455 55643 E-1 ,
-e96219 71527 A7037 £-2
+,72189 43246 56310 E-2 ,
-+.11651 67591 85307 E-2,
-¢21524 167641 {LISLE-TD,
¢,12805 02323 848116 E-3,
-.22134 85478 07332 E-& ,
-412534 33482 16267 E-5 ,
+.1133C 27251 98173 €-5
-.20563 38416 37761 €-6 ,
+.61160 5104 L9142 E-8
+.50020 Dibus 4BI22 E~-8 7

ACC=.5"%AC

I=INT(4)

AF=A-FLOATI(])

IF ¢ AFEQ.0 ) 50 TO 3094
CtE=AF-1,

IF ( A&FoLT.065 ) CEE=AF
PHI=CEE

K=3

ARK=C(K)®*CZE

SUM= ANK

CONTIHNJE

CEE=CEE*PHI

K=K ¢1

ANK=C(K)®CEE

SUM=SUMe ANK

IF ( ARS (ANK) LT, (ACC*88S(SU4) ) ) GO TO 3031
JF t K.EQ.18 ) 50 TO 3031
GO TO 3311

CONTINUE

H=SUNM

IF ( AF.GE.045 } H=(le=A4+SUM)/A
T1=1.4¢5UM

IF ( AF.LT.0.5 ) Ti=AFeT 4
Ti=1./T1

IF ¢ I.EQ.D0 ) RETJRN

AJz AF-1,

J=0

CONTINUE

NENEDE

AJ=AJ¢el.

Ti=A4*T1

IF € JoLT,I ) 6O TO 3051
CONT INUE

GO TC 3151

CONT.NUE

J=0

E-12




= 3131

3151

Ti1=1.

IF ( I.EQ.1 )
I=I-1

CONTINUE

NENEDY
T1=FLOAT(J)®*TY
IF ( JoLT.1 )
CONTINUE
RETURN

ND

RETURN

GO TO 3131




