
-, MOS- P. oJt-

"U ~OOV LDBRA COPy

THE ITERATIVE
"DETERMINATION

OF MODELI "< PARAMETERS

BY NEWTON'S

METHOD

NOVP , )rD1976 Jf
67TMP-64

Allk,; "IGENERAL ELECTRIC COMPANY
j;Np, e . SANTA BARBARA
g.r, CALIFORNIA

AwpzovWc fox public !ee1aw,

-Lii u" U -• be t

i]



Copy no.

(_6 (THEJTERATIVE DETERMINATION Or MODEL
c: •YARAMETER5'BY NEWTON'S MEfT'O D

jQ• Henry P./Kramer\

- ',1'67 TMP- 96L7-

Prepared for
Naval Ships System

Department of the Navy
Washington, D.C.

__._--------. 
.

ContractNoN0 -10

e• ~ ~TEMPO i .

GENERAL ELECTRIC COMPANY 
ll"!'l

SANTA BARBARA, CALIFORNIA

j _ _-_-
_..._ __-_ "JI.



67TMP-64 2

THE ITERATIVE DETERMINATION OF MODEL
PARAMETERS BY NEWTON'S METHOD

The problem that we would like to solve is to determine numbers
al. a2 , ... , a, and A,, 62, .-1 so that, with regard to an ob-
servation e(t) and for unknown N , the equation

N

e (t) = I a, s(t-•) (1

is satisfied.

Let us define

N

y(t;x) = xI s(t-x,+K)- e(t). (Z)

K =1

In keeping with the spirit of Newton's method for finding the root of
a function of one variable, we are lookin,- for a -:ectorial increment
6x such that

P N

y(t;x+67:) = y(t;x) +1 •y 6x, + terms of higher order z 0.
aXK

K=1

Thus we have an equation

ay 6XK = -y(t;x) (3)ax,(

K -

from which to determine the incremental vector components 6xK .

At this point it is important to recall that both members of Equation 3

- 4- - - - - ..- _ . . . . _ . ,
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are functions of t. In order to eliminate t and obtain 2N equation
in 2N unknowns we could, for example, choose 2N values of t,
txa t 2 , ... , t,, and evaluate both members of Equation 3 at these
t values. In a real situation this procedure has the drawback that
the demands for accuracy placed on the values of y and its partial
derivatives at the special t points would be too great. In the presence
of noise (due to inaccuracies in measurement, in the model, round-off
errors, etc. ) the above method of creating 2N equations in the 2N
unknowns should be rejected as being unstable.

Actually, however, this method is just one realization of a general
method of deriving 2N equations in 2N unknowns from Eqnation 3.
The aeneral method postulates that ZN linear functionals be chosen

"Ys Y2# *..-, Y2N and applied to both members of Equation 3. The
result is then

2 N

-- " L [ Ox = L-y L (y). (L = 1,2, ... ZN). (4)
K-1

We now have a non-homogeneous linear system of equations in the
unknown 6x, (% = 1, 2, ... , 2N) and this system has a unique solution
only if the matrix M with elements

ML K = -/L ( 1YK) (5)

is non-singular and the vector g with elements

"YVL (Y) (6)

does not vanish.

It is necessary to say a word about the notion of a linear functional
y. y associates with each member f of a class of functions a
number y(f) in such a way that if f and g are any two functions in
the class, a and P are any two numbers, and that if the function
ai + Pg also belongs to the class, then

Y (af + Pg) o y (f) + vY(g).

V

1.0
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If the class of functions consists of all those which are square in-
tegrable over the real axis, then by the celebrated Riesz-Fischer
theorem' every bounded functional y has the representation

y (f) i(x) h (x) d::,

where h is a square integrable function corresponding to the linear

functional y and the bar denotes complex conjugate.

After this brief digression let us return to Equation 4 to see how
it can be used to approach a solution by iteration. Suppose at the it
step an approximate solution ZR has been calculated. To determine
the next, hopefully improved, approximant ZR, we set

6 xR =Z +1 _ZR

and let

MLg K 'L 'y and (7)

Then

MR ZV+I = MRZR.-gA (9)

and if MR has an inverse, then

ZR+1 = ZR - (MRV t g9. (10)

It can be shownt that if the initial guess Z0 is sufficiently close
to a solution, then the sequence of approximants Z°, Z', Z2 , ... con-
verges to the solution.

* Halmos, Paul P., Introduction to Hilbert Space, Chelsea
Publishing Company, New York, 1951, p 31.
t Stern, M. L., "Sufficient conditions for the convergence of Newton's
Method in complex Banach spaces", Proc. Amer. Math. Soc., vol 3,
(1952) pp 858-863. 4

$'5
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It is apparent that one of the major problems with the method is
the selection of a good initial approximant Z0 . Two methods have been
been devised to obtain approximate solutions for Equation 1. The
first will be called the Fourier method. 'faking the Fourier transform
of both members of Equation 1, the result is(N

E(f) = a, e 2ifAK S(f). (11)

K=J

This expression is, however, -alid only for those frequencies for
which S(f) and E(f) do ncA vanish, that is, only for the frequencies
that lie in the common band in case s and consequently e are
bandlimited. If in Equation 11 we divide both members by S(f) and
then take the inverse Fourier transform of the result, we obtain

N

d(t) = IaK f eif' AKdf , (12)

where a represents the pertinent band of frequencies.

If f = f g-•- f '-- , then

d(t) -K sin yrw(t-AX) (13)d It it a (t AK)

K =1

.- and the values of A4, A2, ., AN can be estimated as the position
of the maxima of d(t). The values of a,, a2 , ... , a, are approx-
imated by the magnitudes of d(t) at the observed maxima. The limit
of resolution of this method is about 1/w, i.e., if Ai - Ai+. < I/w,

then the corresponding two maxima will have moved together so as to
yield only one maximum.

If C f f !C w wf - w+w
4 4 4

MR,

Wl- W. W WPA
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then

d N)s (2wC+w/2)(t-,K)-sin f (2w,-w/2)(t-A) 1(14)

K

or

d(t) 2 a, cos Zw int-A) s w/2 (t-&, (15)

K--I

Again the same method for estimating the A's and a's can be used.

If Q f w, - S f ! we +

then

d1)4~ a e21riW,(tAK6) SinlrW(t-Ax)
-" ef(t-AK) (16)

and the real part will again have maxima near the points t=A and the
magnitudes of these maxima will be close to a,.

The second method, based on correlation, can also be used for obtain-
ing first estimates. Let us multiply both members of Equation 1 by
s(t-z) and integrate over all values of the variable t . We can then write

N

Rs0E (z) = a av, , (z-AK), (17)

where

Rrc (z) f f(t-z) g(t) dt (18)

J-1 If the A, are sufficiently separated, i.e., by more than I/w, then
'.he position of the maxima of R1, • (z) provides first estimates for
&I, A2, ... AN and the magnitudes of the maxima divided by R 3 , S (o)
provide estimates for a,, ag, ... , a,.

15
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Having found first estimates of Al,A, ..... A2 and al, a 2 ,

a,, we must now seek to improve them by iteration. The requirements
for a good iterative method are:

1. Improvement of resolution. If one maximum actually
corresponds to two separate components, the method should
be able to resolve the two components.

2. If some secondary maxima have been confounded with
primary maxima the iteratlve method should be capable of
eliminating them.

3. Finally, an improvement in accuracy in the evaluation
of A,. ... , AN should result from the application of the
method.

Once the initial estimates have been made we turn to Newton's
method for their improvement. To this end we must choose functionals

o .. , 2aN"

Let

I1+•i If) = flt) E'%c-x+) dt .

and

yi." (f) = ff(t) -xi s' (t-x. )) dt
Yi+N M .f 1+N

where s' denotes the derivative of s. The matrix M', defined by
Equation 7, takes the form

MLX1 = f s(t-X÷N) s(t-xL+N) dt

, .

M!+NK =f- S(t-X +1) (-X'L 8'(t-XL +',)) dt

55 -4,

NORUE
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M + = f t-x s'(t-j+,) S(t-X s+N) dt

for L = l,2 .... N and K=l, z,..., N.

I, - •' ,. -•otioj. .)f convolution or correlation we can write the

above n;'.. . .eXments more conveniently as

MtL Rs, (XR + -

+" K=-0x• .4, (x +N - x

MR
LMK +N x = xft R51,s (4 +N - XLN)

L+NK = x %` R 5, 5  (x, +,, XL +N)

for L= 1.2,, ... , N and K = ,2, ... , N.

But

3R,,(r) - s'(t-,r) s(t)dt =-Rs',s (r)

and

ýR RS s'(t-'") s'(t) dt = Rs' ,'(')"
I"0.

iN
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Therefore,

MR R., (rT)[

MeNK = .#*S ''

ML +N, X x• L 3"

~~'k+N.K+ +N xLR +N~3

j T = (x+N -xL+ N)

for L = 1,2, ... , N K = ,2,..., N K = 1,2 ...2, N

The vector g' whose components are given by Equation 8 takes
the form

g! e(t) s(t-xL+N)dt = RSE (xt+,)

(20)

- e(t) f -xL s'(t-x'L+N) ) dt = XL •I • E L
g•+N=.,. • I 1"=XN

Equations 19 and 20 show that the only data that we require for the

application of Newton's method are the correlation functions Rs,,
and R., .. If these are furnished by observation, numerical
differentiation will yield the remaining matrix and vector elements.

In the course of iteration it is necessary to update the matrix

M and the vector g at each step. This, however, is very easily
done since it involves no more than a table look up of the values of

functions and their derivatives at new values of their arguments.

To test the ideas presented above by means of an example, the

choice was made of

sin (vt)
S(t) = (Irt)

'O 0
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This choice is motivated not only by the desire to generate a test,
but also by the notion that upon transformation by the Fourier method
Equation I takes the form of Equat'ion 13 which is the same as that
of Equation I when the above choice is made. Therefore, with this
choice we can proceed to solve Equation 13 directly by Newton's
method.

To determine the matrix elements coneider

R, 7 n f T (t-r) sin IT tf I r (t-T) irt

S2 sin ITT
= e X(f) df =

where X(f) = 1 for - 1/2 : f ! 1/2 and X(f) = 0 for If> 1/2.

= xcosx - sinx

172 1:6'r x3Ix = 'n'T

2R.s 2 -2x2 cos x + x(Z-x 2 ) sin x
72 X4 I -x =I TT

A program (listed in the Appendix) was written to carry the cal-
culations through numerically. 'lests were performed on a weighted
sum of delayed and truncated replicas of six lit/irt. Then tests showed
that convergence, when it occurred, was rapid. We had numerical dif-
ficulties in high dimensions because of the many matrix inversions
invclved. The program was, however, a1 e to resolve two pulses that
were separated by 0. 2, that is, by 0. 2 of the normal resolution limit.

In order to facilitate decisions as to ýhe best value of N, the mean
square difference between the function e and its approximant was
calculated and that solution was adopted as the final one which had a
number of components yielding the smallest mean square difference.

A possible improvement might be had by evaluating the gradient
of y, i.e., f by/bx, ), at some point other than the last approx'AlMant
to the zero. Work to realize this idea is going on at present and will
be reported subsequently.

1-4-

-• . . .... ..... .
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CONCLUSION

A method for solving the functional equation

e(t) = a• s(t-A)
i=1

is presented. The method adapts the idea of Newton's method to the
case at hand which differs from the classical situation in that the
functionL whose zeroes are sought are themselves elements of a
function space. To illustrate the method a program was written
that demonstrated a marked improvement in resolution for pulses
of the form sin(fft) / (irt). One of the drawbacks of the methoc is that
initial guesses have to be close to the actual solution. Another
difficulty arises from the fact that since N is unknown, solution
must be attempted with various values of N.

t4'

'*4

_ I
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APPENDIX

IT-1 0tis SB MON 04/05/67

I FILE X-R
10 DIN E(256)
20 DIM M(20,i20),WC20,20),F(20.I).Q(20a1),A(10)DD(tO)
25 READ TOpAO&BOB
30 FOR tat TO TOREAD FILE 1,ECI)\NSXT I
40 Plu3.14I5927
60 FOR Sal TO 100\INPUT TI.L2
76 Tw2*Tl
119 FOR Inl TO TI\INPUT AC1)*DDt)\NEXT I
120 FOR LI %I TO 1.2
130 MAT MuZER(T*T)
140 MAT VNZERCT,-T)
150 14AT Q=ZER(Tol)
200 MAT FinZER(T*I)
210 FOR Julz TO Tl\FOR 1=1 TO TO
220 A1=P1*CAO*I-80-DCJ))
230 IF ABSCAI)4=.000001 THEN 270
240 FCJs I)=F(J, I ),E( I)*SINCAI )i (AI*B)4

960 00 TO 280o
270 F(J,1)uFCJp 1)+ECI)/B
260 NEXT I
285 F(?I*Jpl)=ACJ)*FCTI+J*1)
290 NEXT 1
295 MAT F-(,tO)*F
300 FOR tat TO TI
310 FOR Jai TO TI
320 KmPI*CDCJ)-DCI))
325 IF ABSCK)-c=.0OOOI THEN 400
330 MC3,#J)aS1NCX)/CK*B)
340 H(T1+IDTI4J)=AC1)*A(J)*CPIS?)*B*(2uX*COSCK)*CCK?2)-g*SIN(K))/()C13)
350 NCI.TIJ)=PI.A(J)*CK*COSCK)-SIN(K))/C1Ct2
380 GO TO 490
400 M(I#J)ul/s
410 NCTI*lTIeJ)uACI)*A(J)*B*CPI12)/3
420 MfI*ITl*J)=0
430 MCTI+I*J)=0
490 NEXT J\NEXT I
495 FOR Ir-I TO TI'.FOR, Jai TO TI\M(I+TI*J)=MCJ*T14I)
496 NEXT J\NEYT I
497 FOR ta1 TO T\FCR .3=1 TO T\IF ABSCMC1,*J)):010 E-11 THEN 500
498 H(lsqJ)3O\NEXT J\NEXT I
500 MAT W=INVCH)
510 MAT Q=W*F
520 FOR Jul TO T1
530 ACJ)uQCJ*1)
540 D(J)=D(J)+QCTI+.JIl
550 NEXT JI
560 NEXT LI
600O FOR tat TO TI
610 PHINT IJA(l)3O(t)
620 NEXT I
630 NEXT S
700 DATA 1O0eeI.SoI
9999 EN!)

1-7.
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