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Effect of Multipath on the Height-Finding
Capability of Fixed-Reflector Radar Systems
Part 2: Application to an Air Search Radar System

L INTRODUCTION

In Part 1 of this report we developed the theory necessary for determining the
error (due to multipath) 1n the altityde measuring capability of a reflector radar
which is modified so as to operate in a monopulse mode, In this portion we will
present detailed caleulations specifically for an air search radar system, which
iz modified by adding a second feed horn, and then operated as a monopulse sys-
tem, as is indicated in Figure 1,

2 THEORETICAL REVIEW

Refore going on to present results for the altitude verors due to multipath, we
ghall first diseuss the operation of the modified air seareh radar when multipath
{3 abeent, Lot us considor the veflector in Figure 1 and assume that in the absence
of multipath the far<field patteen due to the primary horn s rﬁ(m exp )i t‘)n(z?),@
where @ iy the elevation angle and rhm) 18 real,  Algo asswne that (n the absencs of
multipath the far-tield pattern due to seeondary hotn is (@resp (i 0,19) !+ Then
the output voltage of the log amplifiers in Piwgure § is
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Figure 1, Medifieation of a Reflector Antenna so as to
Obtain Altitude Information -

£,y 1° . .
'\*o L N 104 r;m‘] ¢ K logw B, N : : (!)_

wiere K 18 a ronstant and
wtiiy s ; 2
¥id) = [flw)l rgmn K

Then, neglecting system noise, we #xe that the target clevation angle 418
v o“‘ ]
| j o
where !’.-l 19 the inverse of the function ¥,
We have caleulated the vacuum radiation patters {1 nmuz = N dm) fog the air

FEE S 10 +]

search radar system, Tae resulls of sur caleulations are presentod in Appendix A;
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we show there that our computer calculations for the radiation pattern are in
excellent agreement with the pattern measured using the actual air search reflec-
tor system. We have also performed calculations of the vacuum radiation pattern
N1 = [1‘1(9)]2 when only the secondary horn is excited. These results are pre-
sented in Appendix B for a number of different locations and types of secondary
horn.

Next let us consider the effect of multipath on our ability to measure the target
elevation §, It we refer to Figure 2 we see that the far field at the target (when
multipath is included) due to the primary horn only is

0 _(8)
E =f(0)e ° 4 Dfo(-O") exp % i¢°(-9")+ ikAR{ , (3)

where 4R 1s the path difference between the direct and multipath ray, k is the sig-
nal wavenumber (27/1), p 15 the reflection coefficient of the earth at the reflection
point, and D.s the spherical -earth dispersion factor, The field at the target due
to the secondary horn is

iOI(O) }
E, = r,w) e +pD fI(-f)') exp Ji ol(-é?“) +ik AR; . (4)

Figure 2, Geometry of the Divect and Mulupdth Links

By using Eqa. {(3) and (4) along with Figure 1 it is clear that when multipath ¢ in=
cluded the output voltagy VM of the log-amps 0 Figure | is

9
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2
FJl
Via = Klogyo | £
o
, 2
£.(-8") b "l
2 1 1
£,(0) LoDy e
= Klogyg | rym | *Klogyg T 1o ®
° t+p Dpgy— e °
o
where
lboa Oo(-9 ) - 00(9) + kAR
and
9% 0,(-87) - 0,(8) +kKAR.
Upan comparing Eqgs. (8) and (1) we see that
Vi, sV + AV ©

M O

where AV is the errvor voltage due to the multipath, and is given by
2
f,0-8% ey
Lo p Dy ¢
AV = Koy, TS N TN ' Xy

Lo p Dpgy—e ©
[»]

-1t is interesting to nete from Ee, (T) that if the reflector design and horn locations
are such that ¢ = Py and
t’l{-i* ) fnt-(? )

' {‘!’(‘ - = r@w:

A8

then from Eq. (7} we have AV = 0, and the gvstem operates procisely as it would if
mulsipam were Bol prosent, 1 past analvies, suthors have ignored the fact that
¥, may oot be equal to . Ay we ghall soe in the gext sectiaon, t“n d v}:’ for the
reflector system, and this leads to some itervsting conclusions,

10
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The error voitage given by Iq. (7) can be readily used to deduce an equivalent
error in target altitude H, This error AH is

AH = a—\‘}i— (N

o
3 H

H

where in Eq. (9) we replace 8 and 8" by their definitions in terms of H, These
are given by Egs. (€2) and (36) in Part 1 of this study.

We have now completed our theoretical review, and can begin to studv some
results computed using Egs, (7} and (9) for the altitude error of a modificd reflec-
tor. We will first consider onlv the error in altitude deduced on the basis of a
single radar 'hit", and will later consider the improvement {decrease in altitude
error) which occurs when the altitudes deduced an multiple rudar hits are averaged.

3 SINGLEHIT ERRORS

In this section, we will present results for the altitude eprar, on the target
altitude deduced from a single radar hit, for a modified radar svatem, \x dis-
vussed previously, we are considering an antenna that is moadified by adding o
second horn in the foeal region, as indicated in Figure 1. We shall present pes
sults for faur different cases for the secondary horn pattern and lacation, These
are tabulated in Table 1, The funetion I"h.\‘) ig the radiastion pattern of the secund-
ary harn in the x-v plane, where g g 1! ts itg pattern in the v=2 plane (v s norms)
to the plune in Figure 1Y, The altitude error ©8 netusl target altitude ifor fixed
vange) far several af the easer tabulated in Table 1 arve presented i Pigures ¢
to C4 in Sppeadix Co We note that the ervor 18 an oseillatory fanctinn of target
altitude, The same 13 trae of the plots of target altitude error vs target ratige
tfoy fixed target altitude) shown in Figures C5 to UR in \ppeadix ¢, ' 4

In this soction we predgeit the enveloprs of the curves presented in Pigures €}
to C4, and w i1l 1abel these envelopes ar the “manimum alttude error”,  These
resulig, for the cases listed tn Table 1, are presented in Figueed 70 6, Vithoggh
we have prcswmﬁ! the makimum error in targetl altitnde a5 fafetion of actua)
taritet altitude 1, one could @lso relate the error to the elevation angle 5, by re-
fereing to Tatle 2. Thete are 2 sumber of ohscers ations we should make rogarding
the results presented in Figures 310 8, These are:

i

We have avtuwallv studied oo moee than four easen, but far ¢cotcisenvse we will
present only those which are typical,

"
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(a) The sharp peaks in altitude errer in Figure 3 occur where d \’old H= 0.
This means, that even in the absence of multipath there is likely to be a large
error in target altitude (due to system noise).

(b) The worst altitude error (excluding those cases when d \'O/dH = 0) occurs
when the elevation angle § is about 0.6°. This poin! can be seen using Table 2 to
relate the target altitude to 6.

{c) The location and radiation pattern of the secondary horn can have a very
significant effect on the »» mitude of the maximum altitude error,

(d) The results in 7  res 3 to 6 are rather insensitive to the height d of the
reflector above the g .. Calenlations for d = 0, 01 miles and d = 0. 03 miles
gave substantially the -ame results as for d = 0. 05 miles, except very near to the

horizon.
Table t. l.ocation and Pattern of the Secondary Horn
Case X, lin, ) zl(iu. ) Fig)) gin l)
' 2 4 2
A 51,47 201,15 1"“92"’1 - .\..‘m.l expl-1 w».-%n! )
9 .
B ~57.43 200, 32 expl=18, 058, )
¢ -51,47 201, 15 Y N
I}] -55,63 200, 588 1.0 "

In addition te the nforementioned, there is another point which requires further
detailed comment,  The case labeled D in Table 1 and Figures 3 to 6 {s one for
whivh the primary and secondary radiation patterns very nearly fulfill the require-
ment expressed by Bq. (8), Thix ean be seen by comparing Figure A in Appendix
N with Figure B in Appendix B, Therefore why iz the altitude evror so large™ The
answer is that the phase «‘21 = ol(-a') - alun * R AR doeg not equal ¢, e (\ﬂ(-f*“l
o <) ﬁm) +« k AR, A comparigen of the phase ungle tﬁuml of the primary horm with
0, 1 of the secondary horn is shown in Figure 7. Bocause oﬁw) and o,uﬂ ary
neither congtants, nor linear functions of # with the same slope, it is clear that
o‘(-ﬂ") - Oim) eannot equal c\“i-.ﬂ") - “o( 8 3'; consequently z‘l §y¢ o Unfortunately,
must analvges of monopulse reflector sysiems neglect the phare distribution of the
viadinted field,  If the phase happens to be aearly linear over the range of 9 of
interest this may not lead to incorree! results, but in general it does leud to incor-
rect vesults, (o Figurees 8 (0 11 wé have compared the eosnits for the altitude
errer one woitld ablain b assuming fysE with the correct resnits, For the cage
fabeled T4 i Table 1 thic agsumption does not lead to radical ditferences, because
the radintion patterns do not satisiy the requivement expriressed by Eq, (8), st for
Case 1D it is elear that the erroneous agsumption that ¢ ot %y leads to completely

12
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spurious results, Therefore the phase distribution of the radiated fields must
be accurately included in any evaluation of a monopulse reflector system. Of
course, we have included the phase angles 00(9) and 01(9) in all of our calcula-
tions.
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Figure 3, Maximum Altitude Error for Hefleetor Elevation,
d = 0. 05 miles and Target Range, R = 50 miles

? T T Y 1 T T T =

®»
-
]

[ e ». ¥ )
¥ 3 T T
1

NA WSS ALTITUDE ERROM (MILES)

L]

Q F K i 4 - ) L

: i
7] 1 3 4 8 6 4 [] w0
ACTUAL YARGEY ALTITUDE (MILES)
3 Figure 4, Maximum Altitude Hrror for Refector Elevation,
3 ' d = 0,05 miles and Turget Range, R ¢ 100 miles
) 13




B I Ie o o SR S S S R R et e R R o e L S b i T

i ——re

)
RS

o
T

(7]
T

MAXIMUM ALTITUDE ERROR (MILES)
~
T -1

1 ; i 1 ] | S | 1 1
3 4 5 6 7
ACTUAL TARGET ALTITUDE (MILES)

Figure 5. Maximum Altitude Evror for Reflector Elevation,
d = 0, 05 miles and Target Range, R = 150 miles
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Table 2.
d = 0,05 Miles

Relationship Between Altitude H and § for a Spherical Earth, and

r = 200 miles
6 'degrees)

R : 150 miles

8 (degrees)

R = 100 miles
0 (degrees)

R = 50 miles
8 (degrees)

-2 Q 2
CLEVATION ANGLE v {DEGREES)

10 1.76 2.98 5.13 10, 97
9 1.47 2.60 4,57 9. 87
8 1,19 2,22 4,.0C 8,76
7 0. 90 1. 84 3.43 7.64
6 0.62 1.46 2. 86 6,51
5 0.33 1,08 2,29 5.38
4 0, 046 0.69 1.72 4,24
3 -0, 240 0. 31 1. 15 3.10
2 below horizon -0.069 0.57 1,96
1 helow horizon 0. 0017 0. 82

0.5 helow horizon 0. 244

960
480 - —
Ra00}- -
g
2320 -
§240L- .
l60-= ey
(o] of -
/
ol w4 : ] i 1
4 -8 £ 4 6 o

1ystee 4, Phase Angle of the Radiation Field for the Primary
Horn 104! ans the Secondary Horn (04) for the Conditions of

Care D of Tabte 1
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4. MULTIPLE-HIT ERRORS

Since the altitude errors for the modified radar system are reasonably large,
as is clear from Figures 3 to 6, we inquire whether there is some way of proces-
sing the radar return so as to lessen the error in targetaltitude. One technique
comes to mind when we observe Figures C5 to C8 in Appendix C. We observe that
the altitude error is an oscillatory function of target range R, Consequently, if
we sampled the error curve at a number of sufficiently widely spaced parts we
would expect to reduce the error in our estimate of target altitude. The radar
system scans at a rate such that there are six target hits per minute, For a tar-
get approaching the radar at 600 mph this means that there will be six hits for
every ten miles of range covered by the target. We now suppose that the radar
system estimates the target altitude on each of the six successive hits, and then
averages these six values, Does this lead to a better estimate of true target
altitude® The answer is yves: This can eusilv be seen by sampling the altitude
ervor in Figure 5 of Appendix € at 6 equally spaced points teach point is 1,67
miles in range apurt), Nete that for some samples the altitude errvor is positive
whereas for ethers it is negative, so that we expect that the altitude errors will
decrease when we average in this fashion,

In arder to be quuntitative, let us consider sax successive radar hits heginning
at time t | {for o turget approaching at 680 mules per hour esch it will be 1, 67
miles in range apapt! and let us wssume thit the altitude errar on each of there hits
iz A Nl the 1, 60 Then the uverage sititude error derived by averaging these 6 hitg
s ’

6
1y

anit) . an,. ' (o
=1

However, the sturting time ‘a of our 6 pulve average con be a bitrary 4o we must

also average over ty e denote this average hy « A Hy, and thig ix the average
altitwde error v~ are HKEIv to huve when we vstimate the target altitude on the
basis of 8 six hit average, Unfortunately, it (s not sufficient to compute simply
the average altitude error © AHS, beeause for situations such as shown {n Figures
Co and '8 in Appendis €, the dverage altitude vrror - A HSs i nearle rero, wheie-
ay o single xample average A Ht n! might differ greatle fram sera, depending on
the initial start t o of the averago. ‘"l'!wrm‘orc it t9 also necessary to compute the
standard deviation of our average, &M ¢t ) This is given by
142
2 2
T [-:Ali » - <All>» ] . an

11}

TN A, SN AT
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; where < > denotes an average over the initial time to. We can now define a
maximum likely altitude error ¢, as

€y = \<AH>| +204. (12)
This means that when we estimate the altitude by a 6 hit average as indicated in

Eq. (10), there is only a 4 percent chance that the error will exceed € ;. In Fig-
ures 12 and 13 we have plotted this maximum likely error along with the error one
would obtain on the basis of a single hit (no averaging). The values of ¢,; have been
denoted by "averaged'', and these have been plotted for three different reflector
elevations, d = 0.01 mile, d = 0,03 mile and d = 0,77 mile. From Figures 12 and
13 we note that averaging leads to significant reductions in altitude error, and
consequently a much more accurate estimate of the actual altitude of the target.
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Figure 12, Effect of Averaging on the Maximum Altitude Evvor
for a Target Flying at 3 Miles Altitude, for Cuse C of Table |
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Figure 13, Effect of Ayeraging on the Maximum Altitude Errer

for a Target Flying at 6 Miles Altitude, for Case C of Table 1

3. CONCLUSIONS

(a) The radiation pattern and location of the secondary feed horn can have a
stgnificant effect on the altitude ervor {due to multipath) of the madificd radar,

{b} One must be careful to properly include the reflector phase distribution,
o8), in evaluating the altitude ervor due to multipath,

{e) The error in altitude, or deduced on the basis of a single radar hit, can
be roduced by a factor of 2 or more by averaging over a number of hits.



Appendix A

Element Pattern

\We study here the radiation pattern of the reflector when fed by a single
(primaryv} horn located in the focal region, This is the normal tnon-monopulsel
operating moda of the radav. We shall also assume here that the earth is absent,
50 that we will study the radiation pattern in the absence of multipath,

We have shown that the reflector of the air search radar can be modelled by
the approximate analyvtical form (see Figure Al),

b ey o3 L8 3 :
2 e aix) s 31X ¥+ piind yT - 35,161 , (A1)

where X, ¥, 2 are measured in inches and a(x), J(x), and wix) are given elsewhere,
The coordinate s'at:) describing the projection of the boundary of the dish {see Ly,
(19} in Purt 1) onto the 2 = 0 plaae is given elrewasre, The radiation pattern
{see Part 1) of the feed horn can be approximated by

. 2 4
-d.8 \] @ he] b
Heo) # 1 - 4,02 Uy * 3 82 "“’o {Ad)
9 .
g(no) 2 exp - 1,644 N, {(A3)

where ¢, {8 the angle (in radians) measured in the x’ 2’ plane in Figure 3 of Part 1,
snd N, is the angle in radiang in the v’ « 27 plane, The lovation of the primary
facd horn is takento be x 2 34,0 in., Yo £ 9, and 2 = 202, 830 in, and the assumed
frequency of operation is 1350 Mz, A comparison of our theoretical radiation

21




pattern (obtained by using Eqs. (A1) to (A3) in Eq. (84) of Part 1) with experiment-
al data is shown in Figure Al, It is quite evident that the agreement is excellent,
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Figure Al. Radiation Pattern for the
Reflector for the Case When the Primary
Horn is Located at x, = 34.0, y5= 0,

25 = 202,838, It is aysumed that the
secondary horn and the earth are absent,
Computed results are indieated by the
solid line and experimental values by O
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Appendix B

Radiation Patterns far Various Types and Locations
of the Secondary Horn

in Figures Bl through B4 we show the radiation patterns of the aiy search
radar (with the earth absent) vhen only the secondary hopn in excited,
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Figure Bl. Radiation Pattern When
the Secondary Horn is l.ocated at

xy = 51,47%, 2y = 201, 15" and had
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Figure B2, Radiation Pattern When
the Hecondury Horn ix Located at

x‘t B 57,43", L = 200, 32" and has
Flg)) = oxpl-14, 05812), (denoted by
Case B in Table 1)
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Figure B3. Radiation Pattern When
the Secondary Horn is Located at

xy = -51.47", zy = 201, 15" and has
Fldy) = exp(-18. 05&&12). (denoted by
(Case C in Table 1)
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Appendix C

Altitude Error Plots

In Figures C! and €2 we show the computed altitude error vs target altitude
for different secondary horn tacations when the target range is 100 miles, In
Figures €8 and C4 we show the computed altitude error vs target altitude when the
range 18 150 miles. Figures C5 te C8 show the altitude eprror v range when the
target flies at a constant altitude, for several different radar dish elevations, In
all! of these results we have considered only apecular veflections from the earth's
surfacs. ’
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Figure Cl. Altitude Error (miles) vs Figure C3. Ailtitude Error (miles) vs
Altitude (miles) for a Target Range of Altitude (miles) for 150 Mile Target

100 Miles. Also, d = 0,05 miles and Range. Also, d = 0, 05 miles and
the reflector system is given by Case A  reflector system is given by Case A
in Table 1 in Table 1
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Figure C2. Altitude Error tmiles) vs  Pigure €4, Altitude Ervor {miles) vs
MMtitudes (miles) for 100 Mile Target Altitude (imiles) for 150 Mile Target
Range., Also, d = 0,05 miles and Range. Alxo, d = 0, 05 miles and
reflector system ig given by Case B reflector system (8 given by Case B-
in Table 1 in Table 1
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