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SUMMARY

~~~~ An attempt is made to evaluate the unsteady response of a flat plate airfoil to
large nonpotential flow disturbances in the form of a translating rectangular grid of
eddy—array. A suitable streamfunction to represent the translating nonpotential vor-

~~~~ tex—array is chosen. The method of analysis adopted is the singularity distribution
principle in combination with the time-marching technique. The problem is solved in
two stages , namely, (1) auxiliary solution and (2) time-marching solution. By auxiliary
solution is meant the solution of the problem which completely neglects the presence of
the wake vortex sheet and treats tine as a parameter; this results in a stea4y flow type
of analysis. The time-marching part of the analysis increments time by equal steps
starting from zero time , makes use of the auxiliary solution , keeps track of the shed-

~~~~ ding and growth of the wake vortex sheet, evaluates the unsteady response , and continues
along the time-axis up to any specified maximum time limit. Preliminary numerical re-
sults from a computer program are presented .

~~~~~ ( 4 ,

SYMBOLS

b Semicho rd length ‘
~~~~ sTATE$~~!L.&

~~~~ C1 Lift  coefficient , , +~~ pubhc !eleaSe;
Cm Moment coefficient “ 

j’ ~it ~OL~_Unlunited
g Eddy intensity parameter __

~~~~—
—‘- ‘ —

~~~~~

g Strength of ith youngest wake vortex p T’~’~~”
G5 Kernel function defined in text COPY ~\‘~flJ~1.~ T~ ~~~ ~~~h,k 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ PE~ 1T Ft ILY 1E~1~.1E ~~
K(~~,x) Kernel function defined in text _ ...

~ \ c;
L Lift force (+ve up)

t4 Moment about leading edge (+ve clockwise) r , \ ’L’ i~~n Time step number; summation index \ ~

‘ ‘ 

~91B
N Maximum number of wake vortices handled by program ,,~ r~C.’~ ~~‘

p Pressure r
r e  Polar coordinates \~~ç~jjS Arc length along wake C

Location vector associated with S

t Time
T Period

u,v x- and y—components of velocity

U,V Mean translational velocity components of freestreain

V Total ~‘e1ocity vector
w Complex velocity potential

U Mean freestream velocity; wake vortex sheet .s 
,

x.y Space fixed coordinates t~ ~~~~~~ ‘ ‘ I
Initial location coordinates for (~~,~ )—coordinates LI

a Complex variable x+iy
Zi,. . ,Z6 Variables defined in text

Direction of mean freestream veloc ity
Bound vortex strength ~~~ A . ,i~~

Wake vortex distribution L,:~. ~ .
~ ,

r Bound circulation strength
Strength of a general vortex
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A small value (<<1)

Complex variaole ~+i’
Incl inat ion of eddy—array with foi l
Translating natural coordinates; transformed plane coordinates
Fluid density

Variable defined in text

Stream function A
SUBSCRIPTS :
A Auxiliary

E Due to eddies

1 Due to ith youngest wake vortex

ii xed
n n th time step

r Radial component
S Due to steady t rans la t ion
U Unsteady
13 Tangential component

SUPERSCRIPTS :

Nondimensional quanti ty ; dummy variable
1 Due to ith youngest wake Vortex
- Complex conjugate

BACKGROUND

The unsteady aerodynamic response of a irfoi ls  due to a time—variant incoming flow
field leads to many undesirable results. Some of these deleterious effects are : (1) loss
of aerodynamic performance (2)  structural failure due to aerodynamic overloading (3) vi-
bration wh ich leads to other problems like fatigue and wear (4)  noise due to the acoustic
dipoles which always accompany sucn fluctuating forces (5) laminar-turbulent boundary
layer transition (6) cavitation and the attendant pitting and erosion of working sur—
faces. A second class of unwanted phenomena originates when the unsteady response and
tne resulting direct effects such as physical movement of the foils start interacting
strongly with tne incoming flow thus establianing a closed feedback system . These phe—
nomena could be collectively termed as loss in stabili ty.  Classical f lu t t e r , stall
f l utter , surge and rotating stall are some of the well known members of this  group.

Toe type of t ime—variant  inlet flow dealt with will depend on the engineering ap-
plication for tne tneory . In an axial  turbomachine tho flow disturbances excit ing the
olades of a particular row are either due to gross inlet distortion , to wakes from the
blades of the preceding row and structural members like struts, or to turbulence . All
these three types of flow disturbances could be assumed to consist of eddies having
definite wavelengths. The wavelengtns associated with these eddies in terms of the
blade chord length stay be taken to ~e very large for gross inlet distortion , of unit
order for wakes from preceding blade rows , and very small for freestream turbulence.
Since the effects of viscosity and turbulence in fluid flows is to make the flow ro-
tational these eddies in all likelihood are nonpotential. The flow velocities associ-
ated witn them could range from very small to the order of the mean flow velocity. Since
one is mainly interested in short durations of these flows such as the time to travel a
few cnord lengths distance these eddies may be taken to be ‘frozen ’, stable , or havii:g
no mutual interference. In the present work an attempt is made to formulate a reason-
able model for such time-variant , rtonpotential , incoming flows and the attendant unsteady
response of a single thin airfoil is evaluated.

PROBLEM STATEMENT

Consider (Fjg . 1) the two-dimensional , unsteady , rotat ional flow field of a ‘frozen ’
f .  rectangular grid of eddies with alternating signs of equal circulation strength trans-

lating at a constant velocity U ,V witit respect to a System of space-fixed coordinates
x ,y. The fluid involved ~~F assumed to be incompressiole and inviscid . The field of
velocity components associated with the eddies alone , neglecting the constant transla-
tional motion , ii represented uy the streamfunction

i~r, -n
• g COS-~~ CO~~—~~

wj;ere .~~~~ i is a system of natural coordinates translating with the grid at the constant
velocity U ,V; g is an intensity parameter for the strength of tne nonpotential eddies;
K and ii are parameters representing the unequal lengths of the sides of the rectangle

— —a-—- _ _ _
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wnic n de f ines  one eddy cell .

Let a f l a t  plate a i r fo i l  of chord length 2b be placed along the x-axis with the
midchord point at the origin of the x ,y—coordinate system. If e is the angle of rota-
tion of the E~, ri-coordinates with respect to the x ,y-coordinates and x 0 , y0  is the loca-
tion of the ori g in of the £~,n— coord ina te  system at zero time , then the unsteady rota-
tional incoming flow to which the airfoil is subject to is represented by the stream—
func t ion

~(x ,y.t) U>’ - * g cOS~ [( x _ x 0_Ut )co5 6 • (y_y
0
_Vt)sine~ cos~- {_ x_ x

0
_Ut )sin~ + (y.y 0

_Vt)cose]

Tne problem under consideration is to evaluate the unsteady response of the flat plate
airfoil subject to sucn an incoming flow. Furtner assumptions made in solving the
problem are : (i) the flow about the foil remains attached (ii) the introduction of the
foil  into the incoming flow does not change the total circulation of tsie whole system
and ( i i i )  tne foil  remains s tat ionary.

STUDY OF STREAMFUNCTION

In order to oDtain an idea of the streamline pattern represented by the assumed
st reamfunct ion one can assign , without losing any essential fea tures , zero values for
the  orientation parameters x0,  y0 and 8, and choose to plot the instantaneous stream-
line pat tern  at zero time . On normalizing the result ing streamfunction with respect to
the semichord length b, and the mean velocity components with respect to the eddy-inten-
sity parameter and the semichord one gets

Ub y Vb x I b x l  I b y
= - 1~

• s’ + ~~~~ ES. j cos ~~ 1~ b

Using a computer program the stencils for the streamline patterns of ~~~
‘ have been plotted

in Figs. 2 and 3 for two sets of parametric values. Fig. 2 represents the st reamli n e
pattern for nontranslating eddy—array flow . For this case the streamlines are also lines
of constant vorticity .

It can also be snown that the assumed streainfunction: (i) satisfies the continuity
equation for the flow of an incompressible f lu id  ( i i )  represents a f low f ield which is
in general rotational (iii) involves rectangular eddy cells each of total circulation
strength equal to 4g(k/n + h/k) (iv) represents streamlines with 2k and 2h as the wave-
lengths (the stencil sides) of the distance in the x- and y-directions respectively and
(v) the upwash created uy the inlet flow streamfunction is periodic only when the direc-
tion of the mean inlet velocity satisfies the constraint

k .  h
(m+n)~ sin8 + (m-n)-~ cosO

T s n B =  k
P (m+n)F cose 

- (m-n)~- sine

and when B satisfies the above constraint the nondimensional period of the upwash is
given by

TT~~~~~~
1ff
(n+n)~- cose - (m-n)~ sine a 1~ n

2~~~cose m~~~n

PROPOSED METHOD

The method of solution adopted to solve the present problem is the singularity dis-
tribution principle in combination with a time-marching technique . The problem is solved
in two stages , namely, (1) auxiliary 8olution and (2) time-marching solution . By ‘aux-
iliary ’ solution is meant the solution of the problem which completely neglects the pres-
ence of the wake vortex sheet (which is always present in such an unsteady flow situa-
tion) and treats time t as a parameter; hence in solving for the auxiliary solution the
unsteady terms Ut and Vt in the incoming flow streamfunction can be lumped with the ori-
entation parameters x0 and y~ respectively. The time-marching part of the solution
increments time by equal steps starting from zero time , makes use of the auxiliary solu—
tion at every t ime step, keeps track of the shedding and growth of the wake vortex
sheet , evaluates the unsteady aerodynamic responses (lift and moment)at every time step .
and continues along the time-axis up to a specified maximum time limit.

The question arises as to whether one is justified in solving the problem of an
airfoil located in a rotational flow field using the method of singularities. Since it

- ______  ~~~~~~~~~~~~~~~~~~ - -~ - -  -~ 
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is assumed in the present theory that the fluid is inviscid it is not possible for the
airfoil to exert any nonconservative force on the fluid particles and thus change the
rotationality of toe incoming flow . Also, since it is assumed that the flow about tne
foil, remains always attached , the only way other than pure convective effects , by which
the rotationality of the fluid particles in the flow field can change is due to the
shedding of wake vortex sheet which arises solely due to the unsteadiness of the total
bound circulation around the airfoil. Since the time—marching technique employed takes
complete care of the unsteady wake vortex sheet starting from zero time the use of con-
ventional method of singularities (satisfying the nonpenetration and Kutta conditions)
is justified in the present work .

AUXILIARY SOLUTION

According to the earlier stated definition of auxiliary problem ’, assuming no wake
vortex sheet to be present and considering time t only as a parameter , the upwash along
the airfoil is to be calculated from the streamfunction

*A (x.y) Uy - Vi * g cos~ [(x-x0)c0s8 + (y_y
0)sine] cos~- [_ (x_x 0)sine • (y-y~)CO5O)

where suffix A denotes ‘auxiliary ’; x0 and y0 incorporate in them the temporal terms Ut
and Vt also. For the sake of simplicity it is chosen not to indicate by symbols in the
foregoing and following expressions the fact that time t is a parameter.

The upwash (normal velocity component) along the foil becomes

= - 

~iy.0

~ V . gj.cose sin~- [(x.x0)cose - y0sinej cos~- [_ (x_x 0)sinS - y0cose)

- g~sine cosj’ [(x.X0)cOsO - y
0
sine) si4 [.(x.x0)sine - y0

cose]

Decomposing the upwash into one due to steady translation (denoted by suffix 5) and one
due to the presence of eddies (denoted by suffix 5) as VA S V5 + 

~E 
one gets after con-

siderable simplification

vs (x ,o) U V

vt(x.o) fr [Z2cosZ5Sin Z2 ~
) - Z2sinZ5cos(Z2 ~~‘) 

+ Z1cosZ6sin(Z2 ~~
‘) - Z1sinZ6cos(13 g.)]

The new constants involved in the above equation have the following expressions

b b b bZ1 w (~ cosO + K sine) Z2 = cosO - K sine)

• cosO • sinO) ~os8 - sine) -

r
~0~ 

(~~1 r~0i
- [K jZ2 + [K113 = - ~~~j Z 4

Using the Söhngen inversion formula (Ref. 1) to solve the singular integral equa—
tion

~ I 
~~

—
~~

—
~~ ‘ 

dx ’ • v(x,O)
-b 

~

the expressions for the bound vortex distributions become

- 2 
~ 

{. ½ (Z2J0(Z2)sinZ5 + Z1J0(21)slnZ6
) i

• { Z2J1 (Z2)cosZ5 • Z1J1(12 )cosZ8} si n4

* ~~ (.1)
k{~2J

~~ (1 )c*~2 . ZjJlk+l (Zl)cosZ6) sin ~~i$

. ~~ (1)k{_ J (2 )5.~ 1 Z;Jlk (Zl)sinZ6} sin 2k.]
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2V/~ : :::
where the variable • has been defined by the expression x S b cos4. It may be noted that
even though the expression for the auxiliary bound vortex distribution involves infinite
series its zeroth and higher moments about the midchord have expressions wnich involve

- . only finite number of terms. Only these moments are needed in the time-mar.ching solu-
tion.

TIME-MARCHING SOLUTION

In the present analysis the unsteadiness of the resultant flow field has three ori-
gins: (i) unsteady nature of the incoming flow; this is taken care of by the streamfunc-
tion assumed (ii) unsteadiness of the bound vortex distribution and (iii) unsteady na-
ture of the shedding and growth of the wake vortex sheet. In order to take care of the
unsteadiness of the bound vortex distribution and the wake vortes sheet a time—marching
scheme can be devised as follows .

Decomposing (Ref. 2, 3) the bound vortex distribution and the total circulation in-
to two components , namely , one due to auxiliary solution (solution of flow entirely
neglecting the presence of wake) denoted by suffix A and another due to ‘unsteady ’ solu-
tion (solution of flow entirely due to the presence of wake) denoted by suffix U

r(t) rA (t) + r0(t) (1)

where

rA (t) = 

b 
dx

r
~
(t) 1

b 
dx

Making use of the condition that t~ie presence of the foil (and hence the presence of the
wake) do not change the total circulation of the whole system one gets

r(t) + f y~ (S) dS = 0 (2)
W(t)

where W(t) denotes the entire instantaneous line element representing the wake vortex
sheet; S is the arc length along the line element W(t) measured from the trailing edge
of the foil ; and y~~

(S) is the wake vortex distribution (Fig. 4).

Rearrang ing Eq. (1) and using Eq. (2 )

I’A ( t)  = -r (t )  • r~(t)

b
= I y pj (S) dS I Y u , t) dx

W(t) -b
b

1 
~~~ 

dS f F f X (~,x) ~~~ 
d s l dx

W(t)  -b LW(t) j
where K (~~,x) denotes the bound vortex distribution along tile foil due to the presenceof a unit vortex at vector distance ~ f rom the t rai l ing edge ; ~ is the vector from
trailing edge associated with a point on the vortex sheet whose arc length is S (Fig. 4).
Changing the order of integration and grouping terms

_ r A (t) I [i+GslY w (S) dS

~~(t)

after defining a new kernel to be Gs K (~~,x) dx where G5 means the total circulation

around the foil due to a unit vortex located at vector distance ~~ . The general expres—
siona for K (~~,x) and are derived in Appendix A.

The above integral equation for wake vortex strength will be solved in a time-
marching fashion making use of (i) the concept (Ref. 3) that the wake which is a con— 

- - - -— - _  -.—-- -U-- --- ----- --.U---—- —— - -- — -- -- -U-— ’
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tinuous distribution of point vortices may be approximated by an equ ’..~alent discretedistribution of point vortices; the discretization scheme adopted in this work is to
represent the elemental wake vortex sheet shed during any one time step by a single
point vortex of strength equal to the total circulation around the element and posi-
tioned at a meanpoint of the element ; (ii) the condition that the wake vortices are
free in the sense that they move with the fluid element to which they are ‘attached ’ .
The details of the solution scheme follows.

At time t+~,t denoting the far end (Fig. 4) of the wake vortex sheet (i.e., location
- 

; at time t+At of the fluid particle which marked the birth of the wake vortex sheet at
time t = 0) by S0 (t+At) one gets from the wake vortex integral equation

b
rA (t+At ) — j’ fi  * C ) 

~~~~ 
dS

S0 (t *At )  ~

Measuring time in steps of equal length At and dividing the wake vortex sheet into seg-
ments formed during each time step (Fig. 4)

~ 
S1(i~ IAt) b

‘A~”~ 
At)  = I [i + G5)Y~(S) dS + f [i + Gs)Y w (S) dS

1=1 Slj (~~iAt ) 
S~(ñ ’1At)

where S1(~~T At) denotes the location at time ~~T At of the f l u id  par t ic le  which marked
the birth of the wake Vortex sheet at time hit.

Disc re t i z ing  the wake segments, that is , replacing each segment of continuous vor-
tices by a single vortex

_ r A (
~~l At)  = ~~~~ [i + G~ ]g 1 + {i +

where g1 denotes the constant circulation strength (equal to the total vorticity of the
fluid particles constituting the elemental wake segment formed during the time interval
T TAt’zt<lAt) of the lth youngest discrete wake Vortex which is located at a mean point
of the wake segment it represents. Thus

_ r A (n+l At ) - 

~ 
{i + G~ } g 1

g0~1 n+l —

2 •

where G~ represents G5 when the arc length involved in the evaluation of G5 is the one• with respect to the location of the lth youngest wake vortex.

The location vector ~~ (i~
’
~T ~t) for the ith youngest wake vortex at time ~~T Ct may

be found by the following predictor-corrector scheme adooted from Ref. 3

~~(n A t)  + At

= ~1 ( n A t )  + A t [ h 1  2
_•

• where V1 is the convective velocity for the ith wake vortex. Obviously, such a predictor—
corrector scheme is necessary due to the fact that the val of the convective velocity
keeps chang ing with the convection. The convective velocity 

~~ 
for the lth wake vortex

is composed of the f o l l o w i n g  components

~~~~~~~~~ * 

~
“auxiiiary bound ~11 

~
‘k * 1’unsteady bound

vortices vortices

- 
~~~~~~~~~ where the summation index k stands for all wake vortices except the lth. The term ‘free-

stream ’ includes the steady t r ans l a t i on  and edd y - a r r a y  components. Assuming that  the
elemental portion of the wake vortex sheet being shed does not contribute to the con-

- - vection of the wake all the i n f o r m a t io n  needed to calculate V1 is known , In the l imi t
of small time steps this assumption is valid.

Due to the limitation of the computer memory it is not possible to represent the
wake vortex by more than a reasonably large number of discrete free vortices. This

~~ - ~~ calls for a scheme by which one will keep track of only a finite number of wake vortices
and allow for a rational “overflow ” of the remaining wake vortices. Such a scheme fol—

•~~~
- • lows. It may be seen from the results of Appendix A that for large values of the loca—

tion vector ~ the ke rne l  G~ appsoaches zero. Hence if it  is agreed to handle a maximum
— of , sa y,  only N number of wake vortices and it is expected that , in general, the older• wake vor t ices  would have been swept away f a r t h e r  from the foil the time-marching equa-

t ion for  the s t r eng th  of ( n + l ) t h  nascent  wake vortex becomes

- -
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UNSTEADY RESPONSE EXPRESSIONS

Starting from Euler ’s equation of motion it can be shown that foi~ the flow of an
incompressible , inviscid fluid about a flat plate airfoil the loading, lift (positive

• 
u p w a r d ) ,  and moment about the leading edge (p osit ive clockwise) are given by

x
Ap(x,t) = o [u(x ,t)-y(x,t) + f 

~
-
~~

- dx ]
-b

L(t) = 0[
b
i x,t~~~~x ,t)  dx * b~~ -b

1 dx - 
~~~

fxY(x ,t) dx]

M(t) = [ 5 )  dx ~~b2 

~~ b
1 dx - 

~~ b
J 2 dx]

where u (x ,t) is the resultant tangential velocity along the foil position and -y (x ,t) is
the bound vortex distribution .

Decomposing the tangential velocity and bound vortex distribution into steady trans—
lation (suffix S) , eddy—presence (suffix 5) and unsteady ( s u f f i x  U) parts and grouping
the response expressions into auxiliary (suffix A) , unsteady (suffix U) and mixed (suf-
fix M) contributions one gets after omitting to indicate the dependency on independent
variables

~ 
L~ U 5 y 5 dx • f u ~Y~ 

dx + b
~~~f dx - 

b 

dx dx , f

b

uEyS dx

b 

dx * bki~~u dx - 

~~ b 
dx

- 
~~~ 

dx * 1

b 

dx * dx + 1

b 
dx

b b b b 2
! MA -U 5 (x+b)y s dx - f (x+b)u E-Y E dx - ~~- b2 

~~~
- 5 dx • L f 

~~~ 
+ bx) Y E dx

b b
U J’ (x+b)y r dx - I (x*b)u FYs dx

-b -b -

b b b

- 

b 

dx - 

b 
~~~~ t~u dx * 

-

~~ ~ bx)~~ dx

- 5 x*b)u,~~ 
• - J (x+b)u~y~ dx - U f (x .b)v u dx - J’ (x+b)uEYU dx

Defining the lift and a sent coefficients to be

• c c
~ ~pW

U 2b m ½rW 2 (2b)2

one gets the different contributions to be

C1 — CIA + CIU * Ci~

where 

C U C
~~~

+ C u + C
~~

—- 
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C1~ - C 1~ 1 • + C
iA3 * C 1M • C 1~ 5 • C1~~

- C 1~ 1 ~~i2  * ~lU3

C 1~, = C 1~~ * C 1,~, * C 1~ 3 + C IM4

• c - c  • c  . c  • c  •r +~~~~mA - sAl mA2 rnA 3 mA4 mAS mA6

c
mU cm;.,1 • c1i1U 2 * C5U3

C~~ = C~~11 * C~~2 * C~~13 * C~~14 -
•

Nondimensionalizing the time t , d istance x , bound vortex strength y ,  and the tan—
gential velocity u according to the following definitions

• _ tU _ x , yb , ub
t = K —

~ 
x ’ =~~- ;  Y = — ;  U 

~~~

- —

I-’ -one gets after arranging each of the expressions involved to be the product of nondimen-
sionahized terms

1 1

c ~�. i& 12 f y ’ d x’  c ~~ ~ — ( ‘ d x ’
- • 1A1 g LbWJ S - 1U2 g IbWJ It ’ ‘1 ~U

c 1~, - ~L_I
2

f dx ’ 
1 

c
~~3 = - [F]2 a 

~ dx ’

C iA3 U 

~~~~ ~ 
i—., f Y~~ 

dx ’ C 1MI F]2 
~~~~~ dx ’

CIA4 - - 

~~ 
~~~~~
: 

~i;_{ 
x ’-y~ dx ’ C1M2 = [F]2 

f u ~ y~ dx ’

C
1AS 

= ~ [~w1 J dx ’ C 1M3 
U j••• [~tj J I ~~~ dx ’

2 1
C iA6 - [~. w1 J u~ y~ dx ’ C 1M4 = F]2 f 

~~~~ dx ’

2
C ia; - [

~
] f u,,~ y~ dx ’

c~~ = - 

~~~ 
]
2

[
1 

dx ’ + 

;

{Y ~ dx ’]

= - 

~
{
~

] [ I  X ’U~ ’V~ dx ’ • f u~y~ dx ’]

3Ub r I  11
CmA3 11 [bid 1~i’ ~ 

dx

- • 
CmA4 

~~~~~~~ [~]~a IX ,2
~ dx ’ : ~~~~ ‘ 

J x ’ y~ dx ’]

~
•mAS = - 

~

- 

~~ [1  X ’ -y~ dx ’ * f v~ dx ’]

II~ cSM = - 

~1b~WI
2 [ I x ’u~y~ dx ’ * J u ~~ dx ’]

cmiii - - 1[~~.]
2 

F i x ’u
~ yó 

dx ’ * J uóvó dx ’]

- 
3~~~~~

]

2

[
~ 

f~Y~ dx ’]
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— - - ~[k1 [ x ’u,~i~ dx ’ 

~~ 
dx ’]

C
~,,2 

= - 

~[~K] {{ ~~~~~~~~~~ dx ’ + I ~~~~ dx ’]

- ~~~ [~~] j f x ’~~ dx ’ * I v~, dx ’]

- 

~~ [ f
’x ’u~~~ dx ’ f u ~y~ dx ’] 

-

~~

Using the results of the auxiliary solution for the bound vortex distributions and
the following expressions for the tangential velocity components

Ub
U — —S g

= ½ [Z 4cos26si~ (21x ’) - Z4sinZ6cos (Z1x ’) - Z3cosl5sin(Z2x ’) + Z3sinZ5cos(22x’)3

one gets after carrying out the integrations involved

~ 
dx ’ = 2s

I x ’y~~dx =

dx ’ = s[22J 1(22)cosZ5 + Z131(Z1)cosZ6 - Z2J0(Z2)sinZ5 - Z1J0(Z1)sinZ6J

f x ’y~ dx ’ - stJ 1(Z2)sinl5 + J1(Z2)sinZ63

f
l ,2 y~ dx ’ = [((Z2- ~~)J1(Z2) + 2J0(Z2))cosl5 + C (Z1- ~~)J1(Z1) + 230(Z1))cosZ6

- Z2J0(Z2)sinZ5 - Z1J0(Z1)sin26]

~3. y~ dx ’ = ~ ti Z2J0(12)sinZ5 + Z1J0(Z1)sini6} C Z4cosZ6sinZ1 - Z3cosZ 5sjnZ2)

+ S (Z2J1(Z2)cosZ5 + Z1J1(Z1)cosZ6 (J0(Z2)Z3sinZ5 — J0(Z1)Z4sinZ6
}

• { Z2J1(Z~)cosZ~ 
+ Z1J1(11)cosZ6} { Z~sinZ5cosZ~ - Z3sinZ5cosZ2} - -

+ 2 {Z2J0(Z2)sinl5 * 11J0(Z1)sinl6) {30(Z1)Z4sinZ6 - J0(22)Z3sinZ5))

J x ’u~y~ dx ’ (2  (Z2J0(12)sinZ5 + Z1J0(Z1)sinZ6} {Z3cosZ5sinZ2 - Z4cosZ6st nZ 1}

+ (Z2J0(Z2)sinZ5 + 21J0(21)sinZ6
) {J0(Z2)Z3sinZ5 - J0(Z1)24s1n26)

+ { Z2J0(Z2)sjnZ1 
. Z1J0(21)sinZ6} {Z3sinZ5cosZ 2 - Z4sinZ6cosZ1) ~

dx ’ = . !~. (- Z 4 cosZ 6 si nZ 1 - 2J0 (Z 1 ) Z 4 s1n2 6 • Z3cosZ5sinZ2 • 2J0(Z2)Z3sinZ5)

fx ’u~v~ dx ’ = j- Y~ l2Z4cosZ6sInZ1 + Z4sinZ6 CJ0(Z,) • cosl1
) - 2Z3cosZ5sinZ2

- Z3sinZ~ (J0(Z2) + co~Z2) J

Other integrals involved in the expressions for the various components of the re-• ‘ a see coefficients cannot be evaluated in closed form ; they have to be obtained by
scheme tc 1 scheme to handl, in closed form the integration
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over a small region around the leading edge which is a singular point. Adopting such a
scheme based on the fact that close to the leading edge (x’ = —1) one can approximate
y j  by C/j~~~I where C is a constant and making use of the following expression for the
unsteady component of the tangential velocity along the foil position

- 

~~ Wake 
- 

~~ - x ’) 2 
+

vortices

one gets

1 1
f y~j dx ’ 2e y~(-l+~) + f y~ dx ’

— l —l÷e

1 1
f x ’ y,~ dx ’ = - ~

- t(3-~) y~ (-l+E) + f X ’y
1~ 

dx ’ • -

-1 -l+€

f
1 2 

dx ’ ~~ ~(15-lOE+3c 2) y~ (-l+c) + f
’x~

2Y~ dx ’

1 
~ ‘v” 2~ 

y1~(-1+c) 1 dx ’I ~~~ dx ’ * - ~~ ~~ g~y~ (x~+l)
2 

+ y’2 _ i~~(x,_x ,)
2 

+ y ’2

f
l
x , t dx ’ - ~~~~~~~~~~~~ g~y~ [ : 3 : ~~~~~~

1
~~~ 

~1L (x~~x~)2 + , 2 dx i]

J~ dx ’ - 2-1 n x ’ + y ’

• 1 
~~~~~~ 

g ’y~
f x ’u~y~~dx ’ U ______

1 1 ~5Y~~~1 I
f ~~~ dx ’ - 

~~~ 
~ + ~.2]J 

y~ dx ’

Ix ’uóY~ 
dx ’ - 

~~ 
x~~ : y ~2] ~~x ’y~ dx ’

fu ~y,~ dx ’ ey~ (-1+E)[( -Z 4sln(Z 1+Z 6) + Z3sin(Z2+Z5)}]+ I u~’r 1~ dx ’ -

I x ’u~y~ dx ’ - c (3-c) yo(~
l+c) [( -Z 4sin(Z 1+Z6) + Z3sin(Z2+Z5))]. fx ’u~y~ dx ’

where c is a small number very much smaller than unity.

LIMITING CASES

In the present theory if the eddy-intensity parameter is made zero it is possible
U to get the classical result for the case of a flat plate airfoil in a uniform parallel

flow. By assuming the length of one side of the rectangular eddy to be very large the
- iT present work can simulate stratified flows over thin foils. It can be seen from the

assumed inlet flow streamf unction that the freestream velocity components along the foil
position for the case of R=0 , x~ -0, yo=0 and V=0 becomes

v(x,O ,t) — gj sin~-(x-Ut)

u(x,O,t) — U

Thus for this special set of parametric values the upwash is that of a sinusoidal gust •
and if the quantity g~T /k is relatively small in comparision with U then the formulation
is exactly the same as that of the classical transverse sinusoidal gust problem. How—
ever it should be noted that the present theory does not (i) limit itself to a perturba-

~~~~~~ tion type of analysis ( ii )  assume the spatial location and temporal variation of the
- —U- ~~~~~~~~~~~~~~~~~~~~~~~ ‘-U • • •U~U-~~U- ~ =_~•U - L .  ~~~~~~~~~ - ~~~~~ ~~~~~~ U— - ~~~~~~~~ - - - • •
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wake vortex sheet (iii) assume the temporal variation of the bound vortex distribution;
these are some of the modeling assumptions in the existing theories for sinusoidal gust
problems. Another important difference to be noted is that in the sinusoidal gust the-
ories nothing is said explicitly about the velocity distribution of the freestream flow
field except the specification of the upwash whereas in the equivalent limiting case of
the present work the flow field continues to be that of a translating rectangular grid
of nonpotential eddies. Hence it is not expected that the results of this limiting case
will be identical to those of the sinusoidal gust theories even after allowing for the
modeling simplifications noted.

RESULTS AND RECOMMENDATION 
-

A computer program has been developed to obtain numerical results for the response
coefficients making use of the expressions derived in this theory . The results of this
program is compaced with the linear theory of Sears (Ref. 6) in Table 1. k is the re-
duced frequency and v0 is the gust amplitude. In Table 2 the effect of large amplitudes
of sinusoidal gust on the response is given. It has been checked that the program gives
satisfactory values for uniform parallel flow response when the eddy strength is made
very small. Figure 6 shows the shape of trailing vortex sheets at the instant when the
foil has traveled through four sinusoidal gust wavelengths. It is intended to develop a
similar analysis for the case of a cascade.

APPENDIX A

Consider a flat plate airfoil of chord length 2b to be located at the origin (Fig.
5) of Z-plane along the real axis in the flow field of a vortex of strength r ’ located
at a general point Z0. The expressions for the bound vortex distribution and the total
circulation, subject to nonpenetration and Kutta conditions, may be derived as follows .
The conformal mapping function

2
2z ~ +

maps the flat plate into a circle of radius b as shown in Fig. 5. Let be 1-he mapping
of Z~ . Consider a vortex of strength —I” to be placed at the ‘image ’ point b2/to. The
complex potential for the system in the transformed plane is

b2
w ( t )  = i ~~‘— l o g ( t — t 0) - i ~~~~ log(t— ‘r— ~5 0

Making use of the following expression for the complex conjugate velocity

• dwU~~~ i v = a.~.

and the fact that on the circle under consideration ~ = b(cose + i sinG) the expressions
for the Cartesian components of velocity can be shown to be

= !~.. ! 
+ n~ - b2) sinG

It) =b 2w b 
~~ 

+ + b - 2~0b cosG - 2n0b sine)

2 2 2r ’ i ~~ 
+ ‘
~0 

- b ) cose

—b 
2w b 

(C2 + + b2 - 2C0b cosG - 2~0b sinG)

Measuring 8 anticlockwise from the 1 — axis the polar componen ts of velocity are given
by

V — U cose • v sj n8

V8 = -u sine + v coS$

and hence

~~~~~~~ 2 2 2

~ 
_ ....r..~ 

C0 + n 0 - b
- - e 2ab 2 2 2

+ + b - 2C
0
b cos9 - 2n0b sinG )

- .  - This proves that the circle IcHb is a streamline and hence the satisfaction of the non—
penetration condition.

At the point  8=0 corresponding to the ‘trailing edge’ Z=b the tangential velocity is

r ’ 
______________V

91 
— 

~~~~ • b2 - 2C0b

_ 
_ -— - - -— s-- -- -S ~~ - ~~~~~~~~~~~~~~~~~~~~ •L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ U•~~U-U- -m - - -~~~ -~~~- -
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Adding a circulation to make the tangential velocity vanish at the trailing edge (Kutta
condition) and resubstituting b cose=C; b sin8=r~

r 2 2 2 2 2 2

t r ’ I  C0 + n 0 b c0
.~~0 - b

V
~ 

- 

~~~~~ 
+ + b2 

- 2C0~ 
- 210n 

- 

+ b 2 - 2~0b

From page 46 of Ref. 5 one gets the relation between the bound vortex distribution and
4 the tangential velocity component, after noting the difference in the transformation

functions used, to be
2V 2bV• y (~~;r )  - 

~T~e = -

Hence, using the relation n = 1b 2_ C 2 for the upper half  of the circle , one gets for b 1

r C0 ÷ l o _ h I  1 1
~~~~ jj

~~~-~ ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
The kernel function K (~~,x)needed in the time-marchinq solution takes the form

~ _______ 

1 1
K ( ~ ,x) — 2 I 2 2 — 2 2

~ + 1 - ~~ ~o 
* 
~o 

* 1 - ~~~ - 2no~
/1 -

where ~ corresponds to x0 1- iy0 and by inverting the mapping function one gets

/ 2  2 2 2 2

* r R - %/(x0 
- y

0 
- 1) + 4x 0y0

~ 
x0 ~ COS

2 2x
4~~~Tan

1 00

10 = y 0 +rRsi4 x~~ - y ~~ - 1

where Tan 1 stands for principal value.

For the particular case of n~=0 the result for the bound vortex distribution re-
‘ duces to

= 

1 * ~~ - 2 ~0C

r ’ / iT~’ 1 
____

This agrees with the result reported in Ref. 2.

The total circulation around the flat plate foil for b=1 is given by

r(C0.n0) = f ~(C) d~

~ + f l  - 1 -, 2~r 0 - 1 - — Tail 0

Hence the kernel function Gs needed in the time-marching solution becomes

2 2
+ - 1 2 1 

___________Gs = 
~~~+ n ~~+ l - 2 C 0 

-—Tan

For the particular case of ~~=0 one gets from above result for total circulation

[~, + i
= r’ - 1

°

w..ich also entirely agrees with the result of Ref. 2.
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Table I

Sears Function S and Fundamental of Present Result P for v0/U .01

k S(k ) I L~ LI~1 IP(k) I
0.02 0.96583 — 4 . 4 3 9  0,96498 —1.906
0.05 0.91431 — 8 . 0 6 0  0.91867 — 4 . 2 8 9
0.10 0.83735 — 11.258 0.85440 — 7 . 3 6 8
0.50 0 .52647  — 4 . 7 9 7  0 .56922  —19.385
1.00 0.38957 18.861 0.29153 — 3 2 . 9 4 7
5.00 0. 17820 —117 .097 0 .69366 2.331

-
‘ Table II

Effect  of Gust Amplitude on Response

(v /U) A0 + A1cos wt + A2cos 2wt + A3cos 3~ t + A4cos 4wt
0 

+ A5C0$ 5wt + A6cos 6wt + B1sin wt + B2sin 2wt
+ B3sin 3~ t + B4sin 4wt + B5sin Swt

7U~ 0.01 0.05 0.10 0.50 1.00
‘
~~~~

_“ —o .o p o93 o.pOlI1 0.00679 0.0~ 73l 0 .00383
A° 0.68843 0.6886 1 0.68932 0.70759 0.73617
A1 — 0.00090 —0.00400  —0 .00783  —0.03637 — 0.06334

- :  A2 —0.00013 —0 .00041 —0.00116 —0 .02216 —0.07056
A3 —0 .00012 —0.00017 — 0.00019 0.00083 0.00613
A4 —0 .000 11 —0 .000 19 —0.00030 —0 .00734 —0 ,05103
A~ —0.00011 —0 . 00020  — 0.00036 —0.01065 —0 .0716 9

- • B —5.32406  —5.32486  — 5 .32668 —5.354 15 —5 .38706
B’ —0 .00063  —0 .00254  —0 .00488 —0.02338 — 0 .0 4 2 6 3

•
~ 

B2 —0 00008 0.00016 0.00 107 0.03087 0.12100
~ 3 -0.00005 —0 .00013 —0.00029  -0.00441 —0.01860

‘~~~• - B4 —0 .00001 —0.00009  —0.00026  — 0.00534 —0.02 160
________ ________ ________ ________- ________

~~~~ - g~4~:

4

- —~~~~~— -— -—~~~~~~~ ~~~~~ - — ~~~~~~
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