
- .

I ~ AD—A 031 ‘f96 BOSTON COLL CHESTNUT HILL MASS SPACE DATA ANALYSIS LAB FIG 9/2
A FORTRAN FOR SOLVING SYSTEMS OF COUPLED SECOND—ORDER DIFFEREN T——E TCCU )
AUG 76 U M FORBES, H B GARRETT F19628—76—C—0059

U N C L A S S I F I E D  BC—50AL 77 1 A FG L— TR — 7 6—O205  NL

____ I_
_ 

- irr_____ 
It ’

L~~~~~ . 
_



:0
A FORTRAN PROGRAM FOR SOLVING SYSTEMS OF

~ COUPLED SECOND-ORDER DIFFERENTIAL EQUATIONS
• WITH TWO-POINT Bo:NDARY CONDITIONS

Jeffrey M. Forbes
Henry B. Garrett. 1 Lt.. USAF

SPACE DATA ANALYSIS LABORATORY
BOSTON COLLEGE

Chestnut Hill. Massachusetts 02187

Scientific R port No. 1
1 August 1976

COPY AVAILABLE TO DDC DOES NOT
PERMIT FULLY LEG!BLE PRUDUCTION

Approved for public release;
Distribution Unlimited ID

PREPARED FOR B

:~ 
AIR FORCE GEOPHYSICS LABORATORY

AIR FORCE SYSTEMS COMMAND
UNITED STATES AIR FORCE

HANSCOM AFB. MASSACHUSETTSO173I

~~~~~~~~~~~~~~~~~~~~ 
~~.nr-n *.. .a. •2 ~t-s ..-’a.4~a.s_e.e. a.~



4

Qual ified requestors m a y  obtain additional copies from the
Defense Documentation Center. All others should apply to the
National Technical Information Service.



UNC LASSIFIED
StCURITY C FICATION OF THIS PAGE (W7i .n Daa. Enf.r.d)

DEDfl
~~

T uIuI~~IyAfIebu DA 1~~ 
READ ZNSTRUCTIO74S-

- 
u
~ 

i~~~~fl i i’~~~~~~~ n~~~ u’ 
,~~~ I WIT ’ ~~~~ BEFORE COMPLETING FORM

,~ 

UM.t~~ 2. GOVT ACCESSION NO 3. RECIPIENT°S CATA LOG NUMSER(
~/~ 

AFGL R- 76- 2 5 _____________________________
lYLE (Id SublII t .) S. TYPE OF REPORT S PERIOD COvERED

A 1~)RTRAN PROGRAM FOR ,~OLVING SYSTEMS OF Se~enttfiC Report No . 1

COUPLED SECOND.QRDER DIFFER ENTIAL EQUATIONS ( B. Pl aNNING ORG. REPORT NUMBER
WITH TWO-POINT BOUNDARY CONDITIONS 1 I BC SDAL-77-1

- CONIRACT ON GRANT NUMSCR(.)

• 

~~~~~~~~~~ /4~~7]~~~~~ISAF (
~ 

)~~~~28 76 c,døs~~~~~~~
• B. PERFORMING ORGANIZATION NAM E AND ADDRESS 10. PROGRAM ELEMENT. PROJECT . TASK

AREA & WORK UNIT NUMSERS

Trustees of Boston College 62lO1F
Chestnut Hill, Massachusetts 02167 669003 427M0001

It. CONTROLL ING OFFICE NAME AND ADDRESS 1*. *E.-..,,.T 
~~~~~~

Air Force Geophysics Laboratory / 1 Aug~~ •76J
Hanscom AFB, Massachusetts 01731 ~J. JIUMakP~ yP p’AI1ES / o’

Contract Monitor, Ms. D. Gillette (LKB) 32
TI. MONITORING AGENCY NAME S ADDRESS(SfdUt.,.nt Ito., Conf,oIlln~ Oh io.) IS. SECURITY CLASS. (01 0,1. r.porf)

Unclassified
is.. DECI. ASSIFICATION/OOWNGRAO~NO

SCHEDULE

IS. DISTRIBUTION STAT EMENT (of ff1. RoparI)

Approved for public release; Distribution unlimited

‘7. DI$T~~*BWTTo,. ~TATtMEN T (of A. .bit,ach .flrqr.o • .1 ... JUr TI k J~~~ ij

I
i

L ~~)1. -
, / 1 —

IS. SUPPLEMENTARY NOTES

IL KEY WORDS (ConSJsIu. on t,v.r.. .ld. II n.c... y ~ ed ldinlShy by block numb.r)

Differential Equations, Solution of

Two-Point Boundary Conditions

20. ABSTRACT (Con ff ieu. on ~~~~~~~ .Sd. U a.c...&.y and SdontIly by block numbir)

A computer program suitable for use on the CDC 6600 computer has been
developed that solves a system of second-order ordinary differential
equations with two-point boundary conditions. The program is highly
adaptable and can readily be altered to solve a wide variety of second-
order partial or ordinary differential equations. The method is that
outlined in Lindzen and Kuo (1969).

DD , ~~~~~~ 
1473 EDITION OF I NOV SS IS OSSOLETE UNCLASSIFIED

/ /~ 
SECURITY CI.ASSIFICA?ION OF YNIS PAG E (BRan D.i. Ent.r,d)



UNCLASSIFIED
%~~CURITY CLASSIVICATION OF THIS PAGE(W~~.n D.*a ~.i~~~d)

UNCLASSIF IED
SICURITY CLASSIFICATION OF THIS PAGEflTho. D.t. Zo.o..d~

ii

—~~~~—



I
I

TABLE OF CONTENTS

!~1e
INTRODUCTION 1
METHOD OF SOLUTION 1
PROGRAM 4
EXAMPLE 5
REFERENCES 

/ 
7

APPENDiX I 8
APPENDIX II 21
APPENDIX III 27

*ccEs~IoN lit
NTIS ShIll $.cfln
INC mn secu,. o
UNIN ~OV$C(I o

I~~I C *TI ~~

IISTNIIV TII ,/Ø&J U ,ILply eisa

____ - . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --



A FORTRAN PROGRAM FOR SOLVING SYSTEMS OF COUPLED
SECOND-ORDER DIFFERENTIAL EQUATIONS WITH TWO-POINT

BOUNDARY CONDITIONS

INTRODUCTION

Systems of second-order ordinary differential equations with two-point

boundary conditions are invariably encountered in problems of applied physics.

Lindzen and Kuo (1969) have published an algorithm for solving such systems

by the method of Gaussian Elimination. The method was found to be of particular

value in the solution of various thermospheric tidal problems currently under

investigation at Boston College and the Air Force Geophysics Laboratory.

The following is a description of a computer program developed for the CDC 6600

computer which uses this technique. With the addition of a suitable user-

supplied subroutine, the program can solve a wide variety of second-order

ordinary and partial differential equations.

METhOD OF SOLUTION

A system of N coupled, second-order ordinary differential equations can

be written in the following form:

2
e’( x) ~—2. P( x) + X’ (x) ~..- P(x) + ~‘( x) ~(x) =

dx X

Where ~~
I , ~~~~ and e~ are NxN matrices and ~ and ft’ are N-dimensional vectors.

To solve this system of equations numerically, we first change to finite

differences. Letting x~~n6x (n=l,2,...):

•2
1



— - - —- — -

(I F~~1 - F~~11— F( x ) - 2 5x

and

2 F - 2 F + Fd ... n+l n n-i
2

4 dx

the new finite difference equations become:

1) A P +~~~ P +~~~ P = Rn n-l ii n n n+l n

where

C ’( x )  A’ (x )
A~~= 

(óx) 2 - 2~~x

= 
-2 CI(x ) 

=B~~= 2 + B ’ ( x )
(ISx)

C ’(x ) A’(x )
C - _ _ _ _  + 

n
n 2 2 6 x(ox)

= f~’(x )n n

Boundary conditions at x1 and X
N 
are assumed to be of the form:

2) C’ (x1) ~~~~~

. 

~ ‘ x + A’ (xl) P(x1) = f~’ (Xl)

3) C ’ ( X N) 
~~~~~~~~~~~~~~~~~ 

+ A’(x~) P(xN) = 
~
‘(XN)

where x1 is the value of x at the lower boundary and is the

value at the upper boundary. In finite difference form, these

are:

2



4) ~ 1
P

1
+~~~1~~~2

z f t
1

5) N~~N-l~~~ N~~N~~~ N

- e ’( x )
A = A ’ (x ) -  1 x..1 1 5x 6x

_____  

C ’(x N)
B1 = óx BN + A’ (xN)

f t
1 

= ft’ (x~) =

The solution (Richtmyer, 1957) is as follows. Assume:

6) 
~n

an~~n+1
+
~~n

where 
~n 

and B are to be determined. Then:

7) 
~n-l 

= an l  ‘~n 
+ Rn 1

Equation 7, when substituted into 1, yields:

~ n %-l 
+ 
~~ ~n 

+ ( C )  
~n+i. 

= ~~~ - A Rn 1)

Comparing to Equation 6 yields:

8) an = 
~~ n %-i 

+ 
~~~~ ~n

9) = 
~ n %-l + 

~~ )  
~ n - ~~ Rn i )

At the lower boundary, using Equation 6:

Therefore:

I — —— —. 
— —-~~ -- — -———-.—- - ~~--— -~~ .-~ —--~ -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~
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10) &~ = — (X 1y’ ~

11) B 1 = (X1)~~ 
f t~

Likewise, Equations 5 and 7 can be solved to give:

12) FN 
= 

~~N %-l ~~~~~~ 
- ~ RN_i)

We now have the means of solving the equations.

To review, we first calculate the finite difference form of the

equations. i~ and B 1 are computed. Then we generate the other and Bn~
using Equations 8 and 9, through &~ and RN (note: ~~ is not needed and

= 8N~ 
The cx and B , with Equation 6, generate the 

~~~~
, completing the

solution.

PROGRAM

The computer formulation is straightforward (see Appendix I for listing).

The main program, TIDE, calls subroutines ABCR, ABCRN, ALPBET, and SOL which

perform the steps outlined in the previous description.

Subroutine ABCR is to be supplied by the user. This program calculates

matrices A’, ~~ ‘ , and C’ and vector f ’  for a given value of x. By proper

manipulation of this subroutine, a variety of ordinary and partial differential

equations can be solved.

Subroutine ABCRN calculates the matrices A , 
~~ 

and and vector 
~n

in the finite difference forms given in Equations 1, 4, and 5. Note that the

matrices A, B, and C and vector R are reused. As the typical dimensions of

such matrices are 40 x 40 or greater for our applications, this is a necessary

process.

4 H
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Subroutine ALPBET calculates and from Equations 8, 9, 10, and 11.

They are stored on TAPE 4. TAPE 3 is necessary as a work tape for otherwise

twice as many matrices would be required. If the matrix dimensions permit,

this tape could be deleted and replaced by storage matrices, with substantial

savings in computer time.

Subroutine SOL uses Equation 7 to obtain the final solutions which

appear in FNC . The output, in FNC, is printed, but it could be stored on a

tape, plotted , or punched.

EXAMP LE

Appendices II and III contain the results of a sample calculation for 3

ordinary, second-order differential equations . Appendix II is the exact

solution while Appendix III contains the numerical solution.

The example was defined as follows :

0 o 0 0 0

A’(x) = 0 x2 0 ~‘(x) = 0 0 0

O 0 0 o

2 0 0 (4_3 x3) + i(4 x6)

= i x3 x2 0 ~.‘(x) = i(8 x3 + 3 x4)

0 0 0 (4 x5 
+ x6) + (3 x2 + 3 x3)i

i = ~ri

The boundary conditions are, for x = 0 and x =

5

-

~ 

-
~~ 

,. -. .—rn .. ——— - -,..~~~- —~~--~~~~~ —--— .‘------—--
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0 0 0

X’(O) 0 0 2 8’(O) = 0

0 3 0

1 0 0 0

0 0 1 ~‘ (O) = 3i

O 0 0 0

For x T:

1 0 0

A’(T) = 0 0 1 B ’(T) = 0

o T2 0

0 0 0 T2

4 C ’ ( T)  = o o o ~~~‘ ~T) = T4 + ~ T i.

O 2 0 i(6 T2 + T 5)

The solutions to this system of equations are:

2x

P( x ) =  i x ~
x4 + (3 x)i

6
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C IN S 1 L P S  CJF
C

( X .O1

C NUM~J~~ OF T F D S  ~ ILL J:

t~~(S ’4 — S i ) / O X + 1 . 0 0 L
131 F J-~M~’~1 C .( 1.( ,  - 13. .H

LO I 1 1 , N
)~~t iX~~F L O A T ( I - 1 ) + S t

EEl  UP i~ T~ I3 E S

CALL ABOP (A ,3,C,R , I,~~,X,IR,I 3I

0 C OMP U T E  M AT~ I1.,FS ~,3,; A NJ  v~~~TO~ ~ IN FIN ITC 1 TF F F ~~~NC~ F O~~
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14 FNGi. (I)~~~ET ( I)
1’J F~~It- ,1 1u~~,F~4 - -

[0 i I~~’,N
£ A C’~~ f ’A C 1 

~
+C , f~~CK PA~~ -.

£-~~A J ( 4 )  A ,13E1

3 C OM PUT E FuN3r 1o~
( A LL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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[0  J=i ,I~

- FN( ;1(J )=F~ C ( J~(
~0 T O  ~7

3 i  PRINT 13C , ]EP- R:1
.7 13~~~j~~ J~

S TOP
tND
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