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P REFACE

In this work, a previously developed solution , based on a higher

order finite element simulation , is extended to treat the problem of a

composite laminate containing an elliptical cavity. Loading conditions

consist of axial tension plus a uniform temperature change. This class

of problems is fundamental to an understanding of local failure mechanisms
which prevail  in the vicinity of cutouts or cracks in composite laminates,
wh ere the influence of lamination geometry must be recognized. Furthermo re,

the inclusion of thermal stresses in the analysis allows the calculation

of curing stresses induced in the fabrication process. Computer program

listing and input data instructions for this stress analysis routine may

be obtained from Dr. N. J . Pagano (AFML/MBM) , the project monitor for
this program.
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SECTION I
INTRODUCTION

One of the unique characteristics of laminated composite materials

is the delamination mode of failure that occurs at free edges. This behavior

has been investigated experimentally and by mathematical stress analysis

models for laminates with straight free edges. Experimental studies by

Pipes, Kaminski, and Pagano~~l* have shown that the laminate stacking
sequence can affect the static strength of laminates. Similar effects of

stacking sequence were found by Foye and Bake r12’ for fatigue loading
conditions. Mathematical stress analyses of straight free edges of laminate

plates have shown that Changes in stacking sequence can change the behavior

of the interlaminar stresses. In particular , investigatorst3~
41 have found

that the sign of the transverse normal stress a
~ 
changes from tension to

compression as the stacking sequence is changed. Furthermore , Pagano and

pipes16 ’~
1 have shown that high tensile stresses are associated with the

decreased laminate strengths reported in References [1] and [2]. These

observations point to the importance of understanding the stress behavior

of laminates near a free edge. Through such an understanding , Lackman and

pagano~
81 have successfully reduced interlaminar stresses at the free edge

to alleviate the effects of the delamination mode of behavior.

While the straight free edge can be studied as a problem with

two-dimensional variations in stresses and displacements , the curved free

edge is inherently a three-dimensional problem . Thus , the ci rcu lar hole

problem is more difficult to treat in terms of a stress analysis than the

straigh t free edge problem . Dana and Barker 191 have investigated the

three-dimensional stress analysis of four-ply (O/9O)~ and (45 I-45)~
laminates with circular holes and found that the sign and magnitude of the
0~ distribution around the hole can change with changes in stacking sequence.

Rybicki and Hopper~~
01 have developed an analysis for the interlaminar stress

distributions for a six-ply symmetric laminate containing a circular hole.

Exper imental investigations by Daniel , Rowland s and Wh iteside~~~
1 on the

effects of stacking sequence on the strength of laminated plates with

holes indicated that variations in stacking sequence effected the laminate

strength and failure mode. Other studies for example by Greszczuk~ 
121

Waddoups , et ~~~~~~~ and Wasz czuk and Cruse U4J have predicted failure

of a composite plate containing a hole and made comparisons with experimental
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data. These studies are a first step toward understanding the behavior of

laminates containing a circular hole. The stress analyses for these studies

did not include interlaminar stresses. Two basic three-dimensional problems

that can provide insight into understanding laminate behavior near a curved

free edge are considered here . One problem is the state of stress that

exists around a circular hole. The other problem is the behavior around

a noncircular hole such as an elliptical hole.

In the following, a description of an analysis procedure to

treat stresses around a circular or elliptical hole in a laminated plate

due to a uniform loading distant to the hole is described. The analysis

procedures have been implemented into an existing three-dimensional finite

element stress analysis~~
0] and numerical results for example cases are

presented.

SECTION II
METHOD OF STRESS ANALYSIS

The method of stress analysis is based on the equilibrium finite

element analysis described in Reference [10]. The details of the analysis

are given in that reference. A summary of the analysis is given here as

background information and extensions are described in detail.

In the analysis, each ply is modeled as a homogeneous orthotropic

material with linear stress-strain behavior. Symmetric laminates are

considered with applied stress loading conditions distant to the hole.

The analysis is based on a three-dissensional equilibrium finite element

representation for the stresses. Three Maxwell stress functions are associated

with each element to satisfy equilibrium exactly within each element.

Equilibrium between contiguous elements is satisfied exactly by equating

unknown coefficients between elements. All stress boundary conditions are

satisfied exactly. In the equilibrium approach, displacement boundary

conditions and compatibility are satisfied approximately.

The following sections contain a description of the extensions

of the existing analysis to treat an elliptical hole in a laminated plate.

The results of interest for the elliptical hole problem are the interlaminar

stresses.

2
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In Reference 115], Rybicki and Hopper examined an approach to

transform the problem of a plate containing an elliptical hole into a

problem of a plate containing a circular hole. This is accomplished by

starting with the conformal transformation for mapping an ellipse into a

circle. The transformation is applied to the governing equat ions of the

elliptical hole problem. The result is a description of an equivalent

circular hole problem with different material properties and loading

conditions. A transformation of the circular hole solution, back to

the elliptical hole problem , is obtained based on the inverse of the

original transformation. This approach was extended to the three-dimensional

case. The procedure is given in the following.

A typical lanina is shown in Figure 1. The stress-strain relations

for each lamina of the laminate have the form

— s11
c,~ + 

~12° + sl3~ + S16T + c~1~T

• s1~a + s2~a + S23c~ + S26i + cy2AT

£ -S a +S a + S  a + S  Tz 13x 23 y 33z 36 xy ,

(1)
S44T)(~ + 545~yz

S r  + S iyz 4S xz 55 yz

Vxy Si6a~ 
+ 
~26°~, 

+ + S6&~X,. 
+ a6AT

where the Sij ’s are the compliance coefficients, a’s and T ’~ are the stresses,
and ai~

T’s are the strains due to temperature change. The stresses are
related to the Maxwell stress functions X1, X2, and x3 by

2 2a x 2 ôx.~ 2
a a x 2x 2ôz ôy xz ax~z

2 2 2a x 1 a x 3 a xa 2 +_T 1~ •_ ____ k 
2ax ) P Z ~~~P a Z

2 2 2
a x 1 a X 2a •— +-— — - -

a 2 2 X)~ ôx ~ y
ay ax
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FIGURE I. PRINCIPAL MATERIAL DIRECTIONS (I, 2,and 3),
(x , y, and z), AND (r, 9, and z) COORDINATE SYSTEMS
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The first step is to express the strains of Equation (1) in terms

of the stress functions , xi, by combining Equations (2) and (1). Next, the

compatibility equations are expressed in terms of the stress functions.

The transformation

x = x ’

y = ~~y
’ (3)

z — z

was applied to all the equations. One axis of the ellipse lies along the

x-axis. This axis has a length of 1.0. The value of ~ is then the length

of the axis of the ellipse in the y-direction. The (x’,y ’,z’) system
pertains t~ the equivalent laminate with a circular hole and different

material properties. For brevity, only the results of the transformation

are listed. The material properties for the circular hole problem (S~~
and o~) are related to those for the elliptical hole problem (Sij and cii)
and to ~ as shown in the following equations.

Sj ~1 — S11/~~

s~2 — S22
S12/9

2

S 13 f B~

S~6 
— S 16/~

3

S~3 
— S23 /82

~ s26 /~ (4)

2 4
— S33 • S~~ /~

S
:6 

S36/~
3

eq (1 /8 s~4 s44 /84

I 3
(Y~ a6 /8 S45 •

5

~66 S66/8

The stress functions are transformed as follows.
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‘
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/

/

x~ = x 1 /
= (5)

x~~= x 3

where the primes denote the circular hole problem. j
The rela tionship be tween the stresses for the circular hole

problem and the elliptical hole problem are

/

a — a

— °
‘~~~~~

— T;~~/~

i~ ‘r ’ /~xy xy

where the primed stresses refer to the circular hole problem and the unprimed 
~

stresses refer to the elliptical hole problem.

The stress boundary conditions around the elliptical hole were

transformed to boundary conditions for the equivalent circular hole problem.

The algebra for th is  step is given in Appendix A while Appendix B summarizes
the constraint equations to satisfy the stress-free conditions at the

circular hole.

The procedure for including these transformations into the t
computer program starts with the elliptical geometry, the material properties

and the loading conditions. Through Equations (4) and (6) the program

t r ans fo rms  the properties and stress boundary conditions to those of an

equivalent circular hole problem. After the solution is obtained , the

stresses for the equivalent circular hole problem are evaluated in the

rectangular (x’,y’,z’) coordinate system. These stresses are transformed

to the stresses for the elliptical hole in the (x,y,z) coord inate system by
using Equations (6). Additional transformations of the Mohr 1 s circle type
were included in the program to obtain the tangential and interlaminar

stresses around the elliptical hole.

I
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The stress analysis has the flexibility to include thermal stresses

and also to evaluate energy release rates i. This can be done by solving

the problems with different flaw lengths and evaluating b from the change

in stored energy of the system per unit area of extension in flaw . The

procedures for do ng the thermal stress analysis and the energy release

rate calculations are outlined in Appendices C, D, and E. Appendix F contains

description of the input data for the computer progran..

SECTI ON III
RESULT S

Several problems were run wihh the equilibrium finite element stress

analysis program. These problems involve a four-ply (9O/O)~ laminate. The
configurations and loading conditions were a laminate containing a circular

hole under inpiane loading and a laminate containing an elliptical hole

also with inpiane loading.

The principal material properties for the plys are

E1 30. E2 E3 — 3.0

V = v
2 — v 23 = 0.336

and

G 12 
= 013 G23 1.

The radius of the hole was 1.0. The thickness of each ply was

0.2 inch. Stress boundary and conditions were applied at a radius of

12 inches from the center of the hole. These stresses were evaluated

from a laminated plate theory representation for a uniform resultant stress

in one direction.
The f i rs t  configuration was a (9O/0)~ laminate containing a circular

hole and inpiane load ing in the x-direction. A reference solution for this

problem was obtained by three-dimensional displacement finite-element

computer program called SAP IV. The obtained solution and the reference

solution for the inte rlaminar stress , O~. around the circular free edge

are shown in Figure 2. Figure 3 shows the O~ distributions along the

x and y directions for the equilibrium finite-element analysis.
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Next the problem of an elliptical hole in (90/0) 2 laminate was
considered. The ratio of the minor axis to the major axis was 0.5. The

loading condition was inpiane loading parallel to the minor axis as shown
in Figure ~~. The interlamina r stress distribution for O

~ 
at the midsurface

is also shown in Figure 4.

SECTION IV
SUMMARY AND DISCUSSION

The problem of the three-dimensional stress behavior around holes
in laminated plates is considered. This problem is inherently three-
dimens ional and , as discussed in Reference (10], the characteristics of the
interlaminar stress , c~ , cannot be inferred from equilibrium considerations

alone as has been shown to be possible for the straight free edge problem .
Experimental studies and mathematical stress analysis studies addressing the

free edge problem are found in the literature. Experimental studies show

that stacking sequence has a pronounced effect on laminate strength and
fa tigue life , indicating a dependence on the sign of the interlaminar stresses.
However , there is a need for a better understanding of the basic behavior

of the interlaminar stress distributions around holes in laminated plates.
Two problems that can provide insight into the behavior of the

interlaminar stress distribution near a curved free edge are considered

here. One problem is to determine the stresses around a circular hole . The

other problem pertains to a laminate containing an elliptical hole. A mathe-

matical stress analysis procedure, based on the three-dimensional finite

element equilibr ium model of Reference [lO~ , was developed to handle the
problems of an elliptical hole.

The first problem was that of a circular hole in a (90/0)~ laminate

loaded with a uniform inplane extension in the direction of the x-axis.

Here a reference solution was available. The reference solution was obtained

by a three-dimensional coi~~atible finite element stress analysis called

SAP IV. The comparison of the interlamina r stress distributions around

the circular hole was good . The equilibrium element stress analysis gave

higher stress gradients and higher peak values of O~~ but both analyses

revealed a changing sign of a
~ 
around the circular edge.

10
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The next problem was that of (90/O)~ laminated plate containing

an elliptical hole with a ratic of minor axis to major axis of 1/2. The

loadi ng was in the direction parallel to the minor axis or in the y direction.

No reference solution was available, but the stress distribution for

around the e l l ipt ical  hole appears reasonable if one considers th i s  case is

similar to loading a (0/90)~ laminate containing a circular hole with

inplane loading in the x direction.

The agreement between the solution generated here and the reference

solution gives a degree of confidence that the computet program for the

analysis is in working order. This program can be used to generate a

catalogue of solutions for various lay-up angles and stacking sequences
to provide a basis for a combined analytical/experimental program to obtain

a better understanding of the interlaminar stress and strain behavior in

laminates containing holes.

12
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A PPE NDIX A

TRANSFORMATION OF BOUNDARY CONDITIONS BENEEN
THE C IR C ULA R AND ELLIPTICAL HOLE BOUNDARY

The t r ans fo rmat ion  of stress boundary condi t ions between the c i rcular
and elliptical hole problems can be represented by

~Y
E1

N9Z 
[ci (A-i)

whe re
C

I° N
E C

0
9 ~ 8
E C

(7 (7
Z C Z

4(7 eq
- Nez E ‘ ‘N 9Z C

The T
NO

E C
T NZ

E CT 91

and [c i is a t rans format ion  mat r ix .

Let [Ti re present the transformation matrix which relates stresses

in polar coord inates to stresses in cartesian coordinates.  For th c ircular

hole ,

~ [-r ~~1 1
C

1 , (A- 2)

and for the ellipt ical hole ,

~ [T~1 f (7E 1 . (A-3)

The mat r ix  [ci in Equat ion (A - i )  can be derived fr om Equation ( A — i ) ,

Equation A-3 , and the transforma t ions which relate cartesian stresses of

the circular hole problem to cartesian stresses of the elliptical hole

problem . These transformations are

13
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E C 2  £ C
eq Ox/B 

.r
xy 

eq

E C C C 2
eq eq T~~~ /B (A-4)

E C 2  E C
eq 

~~
/5 TYZ 

eq

where B is def ined  by the cartesian coord inate transformation,

E CX .X

(A- 5)

E CZ e q Z

From Equat ion  (A-2 ) ,

c C1 [T~~~~~ ,
C

3yez (A-6)

where

T~ /9 2

C , 2T.,~ $
[T ’~ 

) L  (A- 7)
T~ /8

2

T6 /8

and T~ denotes the 1th row of (T C I_
~ .

Usi ng Equat ion (A-6) and Equation (A-3) ,

eq [T E l ~~E
1 (T E ] L T C ) l fo C ) Nez . (A-8)

Thus,
[Cl eq [T E I E T C ]_ l

From Equation (A-8) it can be shown that the boundary conditions

for the elliptical hole problem are 4(T,e,Z) eq T~ z (r , 8 ,Z) eq TNB
(?,e,Z) eq 0

when the boundary conditions for the circular hole problem are c (7,B,Z) eq

— 0

14
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APPEND IX B

SATISFYING STRESS BOUNDARY CONDITIONS BY

PRESCRIBING A PPRO PRIATE F~~ ?~ VALUE S

The three-dimensional finite element model used in the analysis

of the laminated plate is shown in Figure B-l. The stress boundary conditions

applied to th is model are listed below,

Table B-i

Location Boundary Conditions

r r
0 ~r~

’
~o’

8’~~ 
eq 1

~~9
(r0,e,Z) eq ¶

rz~~ 0~ 8~
Z) eq 0

r eq r 5 Uniform Stress Field

Z — 0 Te z , e,Zo) 
eq ¶ er (

~~9 Z o) eq 0

Z az , 8,zs) ¶8~
(r,9,ZS) eq T er~~

,9,Z s) ~~O

The following sections describe how these boundary conditions are met by

prescribing appropriate ~~~~ coe f f icien ts which a ppear in the expressions

for the stress functions, x1. These stress functions have the form

eq E E E F
~~~

Pl
(r)Q

J
(9)Rk(Z)

where I — 1, 2, or 3.

Boundary Conditions at R —

On the inner hole surface, p1 
eq P~ 

eq 
~~, while all  othe r Pj’s

are zero. The expressions for r (r ø), ¶r~(V O), and ‘rrz(r0) and there fore

— E E (F~~i~Q~R~
’(1_cos 2e) + F~~~ Q~R~’cos2 e +

(B-i)

+ F~~~~(Q
.~
/r 2 )Rk + F ~ (Q

3
/r )R~J 

eq 0
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T
0
(r

0) — E E {F~~~Q~R~
’cose ‘ sine - F~~ ?~Q~R~ cos9sinB +

(B-2)

- F~~ ?~
(Q

~
/ r )R k + F ~ (Q ’/ r 2 )R 1<f ~ (3

~
r
~~

(r ø) 
eq 2 Z {-F~

’ Q~R~sin
2
e - F~~~ (Q~ / r )R ~cos8 sin9 +

(B-3)

+ F~~~ ( Q / r )R~cos9 sin9 - F ~Q
1

R~cos 2
eJ- 0

Set t ing the terms containing F~~?~ in Equations (B-i) and (B-2)
to zero gives

2 2 F~
3
~ (Q ”/r2) R + 2 2  F~

3
~ (Q /r )R 0 , (B-4)

k ljk j  k k 3j j  k

-E 
~ 

F
~~

?
~
(Q
~

/ r )R
k 

+ F
~~~

(Q
~

/r2)R
k 

— 0 . (B-5)

Two sets of constraint equations are generated by using symmetric
and antisyninetric Q~ terms, respectively. For example, the expansion using

syriznetric terms y — l,3,5,...,ll is

{F~~~ +F~~~}cos
2
B + {_F ~ + F ~ + F ~~~J cos~~ +

+ {-F~ + F ~ + F ~~~} cos 6
~ + f _F~~~~+ F~ + F ~~~J cos8

~ + (B-6)

+ {_ F  
~~~~~~~~~~~~~~~~~ 

cos ’08 + 
~~~~~~~~~~~~~~~~~ 

cos’29 — 0

k eq 1,2,3,4

Therefore, the set of constraint equations is

16
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F (U 
+ F~

2
~ — 0

33k 31k

F~ ’~ + F~
1
~ + 

(2)  
~— 

33k 35k 
F3)k

F~ ’~ + F~
1
~ + F~

2
~ 035k 37k 35~~~

(B- i)
-F~ ’~ + F~ ’~ + F~

2
~ — 037k 39k 37k

F~
1
~ + ~~~~ + F~

2
~ — 0- 39k 3,ll ,k 39k ‘

_F
~~~.l,k 

+ F
~

2
~ I k  0 k 1, 2 ,3,4

The expansion using antisymmetric terms y eq 2 ,4 ,6, ... iO gives the

owing set of constraint equations.

F~’~ + F~
1
~ + F~

2
~ 0- 34k 36k 34k

+ ~ (i) 
+ F~

2
~ 0- 36k 38k 36k

(5- 8)

F~
1
~ + F W + F~

2
~ — 0- 

38k 3,iO,k 3,18,k

+ F
~
2
~O k  — 0 k — 1,2,3,4

Bounda ry Conditions at R —

The following conditions satisfy the uniform stress boundary

conditions at R Rt.

a , a ‘~~~~ and ¶ T

where 
~~~~~~

, 
~~~~~~

, and 
~~~ 

a:e pres:ribed. By letting 

xy

— 
~ ~,~

R~SIn
2B + ~ ~~,R~cos28 - 

~xyF~
co88sinO

the uniform stress requirement at R is met by prescribing the following
(3)F
lik 

values.
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(3 ) ,(3) 1 —  2
— F — ~ R F~

3
~ — F~

3
~ — ~~ RF 2 11 212 2 x F 411 412 x F

(3)F 231 ~~~~ -
~~ 

R ( ~~ -~~ ) ~~~~ — ~~~~ —

(B-9)

F~
3
~ F~

3
~ -~~~ R 2 F~

3
~ —

221 222  xy F 42 1 ~~~~ -2 
~xy RF

F~
3
~ 

(3)
2 — F  — 0  f o r k — 3 ,4jk i jk

The prescribe d values of ~~~~ and ~~~~ are obtained b y the same
ana lysis that was applied at the inner radius , except that at R R t ,  P P2 u
while  a l l  other P 1

t s and P t ’ s are zero . At R — R t the ana lysis gives the
fol lowing prescribe d F ’ value s and const ra int equa t ions .ijk

(1) (2)F jj k ~ ~~~~ — 0 for all j  and k

F~
1
~ + F~

2
~ 0 FF~

1
~ +43k 41k ‘ 44k ~~~ — 0

+ F
~~?( + ~~~~ . 0 _F W + F~

1
~ + F~

2
~ ~44k 46k 44k

+ F~
1
~ + F~

2
~ 0 _F U) +45k 4 7k 45k ‘ 46k ~~~~ + F~~?~ — o (B-b )

+ F~
1
~ + F~

2
~ — 0 —F~’~ + F~’47k 49k 47k ‘ 48k 4,i0,k 

+ F~
2
~ - 0

48k

+ F~
1
~ + ~(2) — — F~~~ + F~

2
~ — c.49k 4 , ll ,k 49k ‘ 4,10,k 4,l0,k

(1)
i l k  

+ F
~
2
~Ik 

0 , k 1,2,3,4

IThese equations and prescribed Fjjk values apply to elements 2,4, and 6 of

the finite element model.
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b oundary  C o n d i t i o n s  at Z — 0

On the lower plate s u r f a c e , R 2 R~ ~ 1 w h i l e  a l l  o ther  R k ’s and

R~~’s are zero.  These condi t ions  and the r e l a t i o n s h i p s

— -P~ , P~ -u~ -P~
’ 

, Q; — Q~’’. 0 , ( B - I l )

give the following prescribed conditions for elements 1 and 2.

— F (U  F~~
1
~ ~ o113 213 j > I , i — 3,4,5,6 (B-12)

-
* (2 F~

2
~ 

(2)  
aF 113 2 13 i j 3

Boundary Condi t ions  a t  Z —~~~~~

On the uppe r plate s u r f a c e , R 2 R~ 1 w h i l e  a l l  o the r  R k ’ s and
R~~’ s are zero . These c o n d i t i c s and ~qua t ion  (8-11) give the fo l lowing

prescr ibed condi t ions  fo r  e lements  5 and 6 .

~ ~~~~ , ~~~~ — 0 , j > I , I ~ 3,4,5,~

— ~~~~ , ~~~~ — 0 , j  > I , i — 3,4,5,6

(5—13)

~~~~ , ~~~~ 0 , j  > 1 , I 3 , 4 , 5 , 6

~~~~ — ~~~~ , ~~~~ 0 , j  > I , I - 3,4 , 5 , 6

A comparison of the appropr iate equat ions  developed in t h i s  append ix

shows the spec i f i ed  F
~~j k values to be compat ible  in e lements  which are

bounded by more than one surface.
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A P P E N D I X  C

ThERMA L STRESS ANALYSIS

This  append ix  descr ibes  how therma l s t resses  due to a constant

uniform temperature were included in the laminated p late analysis. The

procedure  is l i s ted  in terms of the fo l l owing  three s teps.

Step 1. W r i t e  the express ion for  the pa r t  of the

complementary energy d e n s i t y ,  u~~, due to

thermal  s t ra ins  and ob ta in  an expression

for  the therma l s t r a in s  in the (r ,e , z)

re fe rence  coordinate system.

Step 2 . Express u~ in terms of the s t ress  f u n c t i o n s

and the therma l s t r a in s  of Step 1.

Step 3. List  the i n t eg ra l s  of r , B , and z that  are

required and determine how to eva lua te  them.

rn Step 1 , the expression for the comp lemen tary energy dens i ty

due to the thermal strains is denoted by u~ and can be w r i t t e n  as

T T T T T T T
U €~~~ + €~~-~~ + 5 z~~z + ‘

~
‘rz 1 rz + ‘

~~z ~ç~z 
÷ 
~~~ 

T
9 

( C -l )

The m a t e r i a l  is assumed to have three  p r i r ~c ipal  c o e f f i c i e n t s  of therma l

expans ion  t ha t  coinc ide wi th  the pr inc i pa l  m a t e r i a l  d i r ec t ions .  These are

denoted b y 
~~~ ~ 2 ’  and 

~~~~ 
Figure  1 shows the pr incipal  ma te r i a l  d i rect ions ,

the (x,y,z) and (r,B ,z) coordinate systems for a typical lamina . Expressions

for the therma l strains in the (r,B ,z) systems are needed for the analysis.

To obtain these expressions , the therma l strains are f i r s t  t r ans fo rmed  from

the (1 ,2 ,3) system to the (x,y,z) system and then to the (r,8,z) system.

T r a n s f o r m i n g  the therma l s t r a ins  f r o m  the (1 ,2 , 3) system to the

(x ,y , z) sys t en- g ives

— (- -v~ cos 2
Ø + ~y 2 sin 2t~ ) ~T , (C-2)

— + cy 2cos~~~) P~T , (C-I )
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eq.-

(C-4)

— (2a 1c o sØ s i n ~~~- 2~y 2c o s Øs i n~~~) AT , (C-5)

T Tand 
~q ~~~~

j  — O  (C-b)
xz yz

where ~ is shown in Figure 1 and AT is the temperature change. Since ~~~,

AT , a1, a2, and a3 are constants for any lamina , the strains in Equations (C-2)

through (C-b ) are also constants  for  any lamina .

The result of t ransforming Equations (C-2) through (C-6) to the

(r,B ,z) directions is

T T 2  T 2  T
~ €x~ 

+ + 
~~~~~~ , (C-7)

T T 2  T 2  T
— €

~
n + ~~~ - 

~xy
mm (C-8)

T T
(C-9)

- 2€~mn + 2e Tmn + (m 2 -n 2
) ~~T 

, (C-10)

and eq (3 , (C-Il)

where m cos e (C-12)

and n — sin B . (C-13)

The strains in Equations (C-7) through (C-li) are functions of B. Combining

Equations (C-i) through (C-li) with Equation (C-i) gives an expression for

the complementary energy due to the thermal strains in terms of stresses

and strains in the polar (n.9,z) coordinate system.

In Step 2, the stresses that are needed to evaluate u~ in Equation

(C-i) are ar~ 
a8, 

~~ 
and T B. The stresses and TBz are not needed because

- 0 from Equation (C-il). The expression for u~ in terms of the

stress functions and the thermal strains is obtained by expressing the stresses
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in E q u a t i o n  (C- i)  in terms of the s t ress  func t ions  and s u b s t i t u t i n g  E qu a t i o n s

(C-fl through (C-l3) into Equation (C-i). The result for a lamina is

T 2 T 2 T
u — ( € c  e 4- e~, sin e + .y~ 

cosqsin P) x

~~~ P .( r )  Q (n )  R ” ( z )  +

i j k  i j k 1 k

- ~~~~ P .( r )  Q . ( 8 )  Rj ~(z)  2
e +

+ ~~~~ P .( r)  Q ( c ~) R~ ( z ) cos
2

ü ÷

+ ~~~~ (P . ( r ) / r
2 )Q~~(8) R k

(z)  ÷

+ ~~~~ (P~ (r)/r) Q~ (e) Rk(z)} +

+ (€
T s in 2 

~ + c~ cos
2 

~ - cos 0 sin ~)

2~I .[F~~i( 
P~(r) Q.(O) Rj~(z) cos

2
~ +

+ ~~~~ P .( r )  Q~ (O) R~(z) ÷

- ~~~~ P .( r )  Q~ (~ ) Rj~(z)  cos ÷

+ Fc~~ P’ ( r )  Q~ (9) Rk(z)} + 
T x

fli ~~~ P ’( r) Q~ (R ) R k (z)  +

- F~~~ P~(r) Q~(e) R k (z)  COS
2
~ +
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+ 2F~~~ (P~ (r)/r) Q~;(e) Rk(z) COB ~ sin 8 +

-~~ 

+ F~~~ (P~(r)/r
2) Q

~ (9) R
k

(z) ~~~~ +

÷ (P’( r)/ r) Q~ (~ ) Rk
(z)  ~~~~~ +

- 2F
~~?( 

(P~ ( r )/ r2) Q~;(q) Rk(z) cos Bsin 8+

+ ~~~~ P~ (r ) Q~(A) Rk(z) c~s
2
~ +

- 2F
~~?~ 

(P~ (r)/ r) Q~(4) Rk(z) cos 8sin~~+

+ ~~~~ (P~ (r)/r 2) Q~ (8) R
k
(z) +

- F~~~ (P~ ( r )/ r2) Q
~ (9) R

k(z) cos
2
B +

+ ~~~~ ( P ( r)/ r) Q
~(B) Rk

(z) +

- ~~~~ (P~(r)fr) Q~(e) Rk
(z) 2 

+

+ 2F
~~?1 

(P~(r)/r
2) Q (e) R

k
(z) co se si n~~ J~ +

+ (_2.~ cos~~sin8+ cos8sin4- (2cos
2
O-l)V

T
)

fli ~~~~~~~ P1
(r ) Q (~ ) R~(z) c.~sA sin c~+

ijk~~ 
-~

- P~ (r ) Q
1

(q) Rj~(z) c o e B s i n c~+

- ~~~~ (P (r ) / r )  Q (8) Rk(z) +

+ ~~~~ (P 1(r) / r 2 ) Q (e) Rk (Z)} (C 14)
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In E q u a t i o n  (C-l -~~ , P 1( r ) ,  Qj (B) ~ and R k (z)  are the assumed func t i ons  for

the- f i n i t e  e l e m e n t  r e p r e s e n t a t i o n  of the three s t ress  f u n c t i o n s .  The

F~
9’s are the  unknown c o e f f i c i en t s  for  the s t ress  f u n c t i o n s  associatedlj k

w i t h  P . ( r ) , Q
1

(o) , R k (Z)  and the Lt h  s t ress  f u n c t i o n .  In solving therma l

stress problems the value of uT
dv }  must  be evaluated and

~,,(L) u-i a c
or ijk V

-,‘ibt r ~icted from the  r i g h t - h a n d  s ide of the system of equations. It can

be seen from E q u a t i o n  (C-14) that  the foibowing integrals are needed to

- - V I  l ua t e  these  terms .

r2

j P .(r)rdr

r 1

r2
P~(r) 

_____r d r — J  ~ drrr
1

r2

~ P1
(r)

r 
rdr — P~ (r 2 ) - P

i(r1
)

r 1

r2
~ P’j(r)rdr — r 2P~ (r~ ) - r

1l’~ (r 1. - P~ (r 2 ) + P 1(r 1)

r 1

82

~ 
Q~ (~~) f (9 ) d ~

1 2 4 2 2where f (e)  — 1, cos
2
e, sin e, COB A , ccc ~ sin 9,

COB ~ sin e, cos
3
A sin e

~ Q~(e)g( 9)dA ,

1 2where g(~~) — 1, cos ~ sin ~ , coS2O, sin ~~~,
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8
2

2 2
where h(A) 1, cos9sin A , cos l~ , sin ~

Z 2

J R~(z)dz

Z I

z
2

and J R~ (z) dz — R.~(z~ ) - R~ (z
1)

2:
1

The integrals in r can be evaluated by using the existing procedure for

j P~ (r)  P
L
(r)f(r)rdr and setting P

L
(r)  1, f(r) 1. Value s for the

integrals of ~ can be obtained with the existing procedure for evaluating

0 Q i (8 m~~~~~
(8)d8 by set t ing Qm (8) 1, f(e) equal to the expressions

d d2
listed above for f(s), g(8), and h(s), and setting — I, as

needed. Similarly, values for the z-integ~als can be obtained with the

existing procedure for fRk
(z )R

n
(Z)dz with R~(z) — 1.

The effect of the thermal strains is to change the right-hand

side of the system of equations to be solved by subtracting the vector of

values given by ~/oF~~?,jSS$
u
~
dV). A subroutine to evaluate the thermal

contribution to the right-hand side of the equations was written and added

to the program.
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APPENDIX D

ThROIK R CRACK PROBLEM

An extension to the analysis was made to handle the ;robiep of

a through c rack from a c r icu la r  hole. Two cracks of equal length , along
a diameter were considered. The approach taken here is to add the stress-free

boundar y cond itions for the cr ack faces and compute an energy rel ease ra te
for the configuration. The requirements for stress-free boundary conditions

are given in Appendix E. The energy release rate, 4, is the amount of energy
per unit of length that the laminated plate would give up if the crack were

to extend a small amount . The expression for 4 is

- 
E(C+AC)-E(C)

- liiii tAC (D- ~AC~0

where C is the crack length, AC is an assumed change in crack length , E (C+AC)
and E(C) are the strain energies for the laminate with crack lengths C+AC

and C, respectively, and t is the laminate thickness.

For linear elastic materials, the strain energy is equal to the

complementary energy of the laminate. The expression for the complementary
energy of the lamina te can be writ ten as

— -
~~ E F ,F~,I [C

11 C
12]1F ~

C2 1 C22 Fp

where F is the vector of unknown coefficients, 5 is the vector of prescribed
coefficients , and [C

11] is the syninetric flexibility matrix. Multiply ing out
Equation (D-2) gives

~ [F
TC11F + 2FTC12F~ + F C 22 F J (0-3)

The solution of the problem, F*, is obtained from th. equation

V
F

11
C 

- C11F* + C12F~ 0

~~~~~::~~_ :~~:~~
-:-

~~~~~~~



In Equation (D-4) the term C12F~ is the right-hand side , RIIS , of the
equa tions to be solved . Thus, from Equation (0-4)

C11F* -RHS (D-5)

Substituting Equation (D-5) into Equation (D-3) and putting the solution

F* for F gives

~ [F*~~_RHS~ + 2F T (~~ 5) + FTC22 F
T

or 

~ [~ *~~~~s + F~C22 F~ J (D-6)

The first term in Equation (0-6) is the vector product of the solution vector

and the right-hand side vector. The second term in Equation (25) is

contribution due to the prescribed coefficients 5. This term can be

evaluated before the solution vector F* is solved for.

Since the strain energy E is equal to the complementary energy,
n
~ Equation (0-2) can be written as

4 u r n
Ac- 0

This procedure for evaluating 4 was included in the program.

A description of the computer program and the input data is given

in Appendix F.
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APPENDIX E

FORM U LATION OF SEVE N CRACK PROPAGATiON PROBLEMS
BY IM POS ING ADDITIONA L STRESS BOUNDARY CONDITIONS

ON ELEMENTS i 3, AND 5

A crack originating at the inner plate radius is included in the
f i n i t e  element analysis by applying the boundary conditions

1~ — O
81 8 1 , 00 r8 8 _ 0 0 8z 8 0 0

8 — 1 8 0 ° 8 . 1 8 00  8 — 1 8 0 °

to elements at the crack location. For each of these elements, the above

boundary conditions reduce to

E E E {F~~~ P1QJ
R~
’+ F~~~ P~~~R1J~ 

~~ 

eq 0 (E-l)

180°

E E ~ {_F~
3
~ (P ’/r )Q ’R + F~

3
~~(p /r2)Q

~Rk}~ 0 (E-2)
i j k  I ii I e — o °

~ 180°

E E E F~~i~(Pi/r)Q ’R
~ 

eq () (E-3)
i j k  8.0°

8 — 180°

Where
R U 4 ~~

. -P~
’ R~

’ .

I I odd i values
_ 0° 0 even J value s

8—18 0°

f 1 even j  value s

• 
1~ 0 odd J va lues

9—180°

- - 

_ _ _ _ _ _ _  
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-

Equations (E-l) through (E-4) give the following prescribed

values which are appl ied to each element at a crack location .

F~~J~ • 0 , k : -  3, a l l  I and j

~~~~ eq ~~~~ , all i and j

~~~~~~~~ , all j and k, i . 3

, i . l ,2 , 1 > 1

— F~~~1~ , all k
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APPE ND IX F

INPUT DATA FOR ThREE-DIMENSIONAL
EQV IL1BR IIJM FINITE ELEMENT ANA LYSIS

The ana lys i s  consis ts  of fo ur programs , PROA , PROB, PROC, and PROD.
PROA read in the data to describe the problem and generates the integrals

of the products of polynomials in the r and z directions. “KOA also integrates

the theta modes and stores them on tape. There is an option not to evaluate

these integrals if they are already evaluated and stored on the tape . PROA

also identifies the prescribed , independent and dependent coefficients of

the stress functions.

PROB has no card input . Data is transferred to PROB from the tape.

The purpose of PROB is to set up the ma t r ix  and r ight-side for the system

of equations to be solved. PROC requires data to describe constraints or

independent coefficients that are associated with the same element. These

constra ints arise from satisfying the stress-free boundary conditions at

the free edge around the circular or elliptical hole. Constra ints also

arise in the case of the through-crack problem. The form of the constraints

is given in Appendices B and C. The purposes of PROC is to solve the system

of equations generated by PROB. This is done with extended core storage

or with mass storage.

PROD evaluates stresses and strains at selected points in the laminate.

These points are identified by input data . PROD also rece ives input data

from the tape.
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PROCRAM PROA

Variable Format

JKEY , NCP

JEE? — 1 for temperature problem

NCP [ ~ : 
] . If temperature problem is required , \~ead

TEMPC 1410.6
TEMPC — Temperature change
and ALP1(3) , ALP2(3) , ALP(3)
ALPI(3), A2P2(3) , A2P (3) are the coefficients of expansion 3~3FlO.7/)

BETA

BETA • 1 for circular hole problem. Otherwise a/b. Fl~ .9

OPT 13\

OPTQ — I for the Q’s to be generated. If Q’s need to be generated ,
read

NTRE 13

NTR E is the size of the Q matrix.

RNX , RN? , RNXY. These are estimated stresses. 3X,3Fk.3)

IPRNT , ECHR , ICHZ 312

If (ITRNT .NE.O) program prints check information. This is
used for checking operation of program and transfer of data .
ICIIR and ICHZ determine s whether the integrals of K and 2
should be recalculated. Both ICHR and ICIIZ should have the
same value . If a problem with the same element R and Z sizes that
are on Ta pe I is being run, the integrals  need no t be recal cu la ted
and ICIiR — ICHZ — 0. Else set both — 1.
RB(l), A(l) 2P10.0

RB (2) ,  A(2) 2F10.0

RB(l), A(1) — Inner radius and R length of inner elements
respectively. RB(2), A (2)  — Thne r rad ius and K length of
outer elements respective ly. RB(2) — RB(l )  + A(1)

W4P(l), PQ1P(2) 212

)IiP(l) and )CIP(2) are minus the starting powers of K in the series
for the inner and outer elements r-’spectively. Generally
)IIP(l) — 2 and !41P(2) 2 or 0 are used for circular holes.
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Var  j i l t  Format

LNR (set equa l to ze.o) 12

NTZ (set equa l t i~~ur) 12

Ml-IR(l), MMR’2)~ 1~-’h (3) 312
M M R ( l ) , M~’R ( 2 ’) and ~*!R(3) are minus the starting powers of the
z-scries term s going from the center to the outer plie s respectively.

LNRZ (set ~-qua i to zero) 12

Z B ( l ) , 11(1) 2F10.0

ZB (2) , 11(2) 2F10.0

ZB(3) , 11(3) 2F10.0

ZB and H are the starting local coordinates for the s-axis on the
element and the thickness of each ply (starting with the center
pl y ( l )  a nd going to the outer ply(3)) respectively. If
MNR (I) .GT.0, then ZB(I) .GT.O.

The following data describes the theta terms in the series. In the
following description , the relation between N and the theta terms is

N � 1 and odd N � 2 and even

Q(i
~
) — (cos 9) N_ l Q(8) (cos ;) N_ l sin ~

These data are read in for each stress function , and for the theta
variation at (1) the hole , (2) between the inner and outer elements,
and (3) at the outer edge of the outer element.

The order is

Stress ~unction No. 1 • variation
Locailon A. Around the hole { ø~ variation

ør r variation
~ variation

Location B. Between inner and outer elements 
~ 
0r variation
ørr variation

r • variation
Location C. Outer edge of outer element j  ø~. va r iation

rr variation

Stress Function No. 2

Same order as Stress Func t ion No. 1

Stress Funct ion No. 3

Same order as above
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Variable Format

For each stress function and each location and each 0, Or and 0rr’ two
cards are required. These are

NTV 12

NW is the number of terms in the theta variation series.

NTV < 18 and (IDT (ISF,I,J) , J 1, NW). 2412

IDTI (ISF,I,J) is the value of N described in the preceding.
1SF 1, 2, or 3. I goes from I to 6 and denotes ~ 0~, or 0rrvariations.

These two data card formats will be re peated a to ta l  of 31SF-s x
3 locat ions x 3 (variations on 0, 0r’ or — 27 times.

The next set of data describe s the strain-stress relations and the
ply singles. For each ply, starting with the center and working to
the outer ply, the following data are needed.

PHI F10.O

PHI is the ply angle.. with respect to the 0 equals zero line.

PROGRAM PROB has no input data .

PROGRAM PROC

The data for PROC is to put constra ints on the stress function
coefficients that could not ezsily be handled elsewise . These
constraints  are of the form , X~ — Y j  ± Z~ , or X~ — -Y~ . Othe r
constra ints  of the form A j  — B j are handled au tomat i ca l ly  w i t h i n
the program. The data read in are (1) the numbe r of equations of
the form X~ — Y j ± Zj or Xi — -Yi, and (2) identifiers for Xi,
± Yj, and ± Zj. The input is as follows.

NEQ 12
NEQ is the num ber of eq ua t ion s of the f orm X j  — Y j ± Z i or

— -Y 1 t o be sa t i s f i ed .

(J ,DEP( K) , IN I(K) , 1N2 (K) , K — 1, NEQ) 12 ,8X ,3(16 ,4X)
.J is not used by program . It is a means to number the input data
cards. DEP, [HI , and 1112 have the value K + lOJ + 1001 + 10001SF
+ 10000 EL where the e lement num ber is EL, the stress function
ntsuber is 1SF and th , coeff ic ient  is F 1JE of the term ~IJK PI (R) QJ ( 9 )R K(Z).
A minus sign in front of TNt or 1142 indicates there is a negative
sign in the equation. DEP is always positive . INI may be positive or
negative but not zero. 1142 may be positive , negative or zero.
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Variable Forma t

PROGRAM PROD

IREA D , IPUNCH 212
TREAD — 1 if sol ut ion vector is suppl ied on cards , else
TREA D 0. IPUNCU eq 1 if so lu t ion  is to be punched out on
cards , else IPUN CH 0.

If TREAD — 1, then supply

NC 110
NC — Number of coefficients in solution

(SV(I) , I • 1, NC) (2X ,4E16.8)
SV(I) solutions vector .

Comment: The following is data describing locations in the laminate
tha t s tresses are to be printed out .

L 12
L Element No. 1 < L < 6. If L • 0, program stops.

NRBAR 12

NR BA R — Num be r of radi i  to ca lcula te  stresses a t  1 ( NRBA R < 11.

(RBAR( I ) ,  I • 1, NRB AR) l lFS.O

NTBAR 12
NTBAR eq Numbe r of thetas to calculate  stresses at 1. 5 NTBAR 5 21.

(TMR(I) , I • 1, NT BAR) llF 5.O
Value s of theta , no more than 11 per card .

NZBAR 12

NZBA R — Numbe r of 2 locations to ca l cu la t e  s t resses at I < NZBAR 5 11.

(ZBAR(I) , I — 1, NZBA R) 11FS.O

Z locations.

All  six stresses are calculated at the each of the K, 9, and Z po ints
described by input. To compute stresses for anothe r set of po ints ,
repeat input , starting with L. Last card in data for PROD should be
a b l a n k  card .
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