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SCALING LAW S FOR WASTEWATER TREATMENT SYSTEMS EMPLOYING .COAGULATION

AND SEDIMENTATION

Michael A. Delichatsios and Ronald F. Probs tein

Mechanical and/or chemical coagulation followed by sedimentation

is one of the oldes t methods still employed in water purif ication and

wastewater treatment systems . Chemical coagulants and coagulant aids

tiave been studied extensively and optimum dosages have been established

for a wide variety of dispersions with different  physicocheinical

properties (e .g . ,  zeta potential , concentration , etc.) ”2 .

It is also well understood that flow in a dispersed system en—

hances coagulation over that due to Brownian motion alone . In general ,

this fact has been applied in an empirical manner to the enhancement of

coagulat ion in practical systems3. The reason for this empir ical approach

is that there is at present only an incomplete understanding of the

relationship between particle coagulation , breakup and sedimentation

when the flow of a dispersed system in either an agitator tank or a pipe

is turbulent.  This stems in part from the fact that although turbulence

increases the coagulation rate of micron size particles , it also breaks

the la rger size particles (‘~ 100 ~m) and impedes sed imentation in an

ag itator tank .

In this work develop scaling laws that delineate the regimes In

which coagulation , breakup and sedimentation are predominant ..~ It is

these processes which are fundamental to most wastewatetk t reatmen t

syste ms. ”A lthough the details of the interactions between the particles

or between the particles and the continuous phase are examined for  an
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idealized isot ropic turbulent flow , it is shown how the results which

are obtained can be applied to dispersed systems in agitator tanks and

in tu rbulent pipe flows.

Based on this analysis and a knowledge of the physicochemical

properties of a dispersed system , wh ich can be gained by in situ measure—
-~~ ~~

. . ~~~~~ 
f _ s

• ments , me show how a wastewater treatment or water purification system

can be rationally designed . Coagulation of the solid particles in the

proposed system takes place ~~~a turbulent pipe flow prior to discharg-

ing the wastewaters into a sedimentation tank . A similar suggestion

for the use of pipelines as aerobic biological reactors has recently

4appeared in the literature

A specific design is proposed for a small community (e.g., a ship)

where space is at a premium. Such a system, which may be classif ied as

a chemical and mechanical one will remove efficiently the settleable

and suspended solids content in the wastewaters to the degree required.

Experience with land operations3 has shown that approximately 60% of

the BOD
5 
will also be removed simultaneously .

The present sys tem, when combined with carbon reactors for the total

removal of organic wastes remaining in the effluent after coagulation

and sedimentation, may have several advantageous applications in ship-

board or land wastewater trea tment 5.

SCALING LAWS

To examine the fluid dynamic aspects of the basic processes in a

separation system , i.e., coagulation , breakup and sedimentation, it is

assumed in what follows that the dispersion is destabilized through

the addition of appropriate amounts of coagulants and/or coagulant aids.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~-
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We also confine our attention to dilute systems in isotropic turbulent

f lows.

Coagulation. Turbulent flow coagulation will be more effective

than coagulation due to Brownian motion, when the characteristic time

for relative diffusion between particles in the turbulent flow is less

than the characteristic time for Brownian diffusion.

The characteristic time for Brownian diffusion is6

2
tBr~~ D (1)

Br

where the B rownian diffusivity

u (2)Br 3ir ij d

and where d is the effective diameter of the particle, which we shall

generally consider to be spherical . Here , k is the Boltzmann cons tant ,

and T and u are the absolute temperature and viscosity respectively of

the continuous phase.

The characteristic turbulent time for relative particle diffusion

is

dT t b

where U is the root mean square relative particle velocity during

collision. Two physically important cases have to be considered , namely ,

_ _ _ _ _ _ _ _ _  —-- -~~~~
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when the particle size is less than or greater than the Kolmogorov micro—

scale of turbulence characterizing the scale of the turbulent eddies.

The Kolmogorov microscale is given by

3 ‘4A — (~
) ) l f (4)

where v is the kinematic viscosity of the continuous phase and C is the

rate of turbulent energy dissipation per unit mass. Depending upon the

particle size compared to this scale, the relative velocity U
r 

is given

. 7
Dy

u %  v’~7~~d for d < X (5a)

u ~ (~~)
l~3 for d > A (Sb)

Coagulation induced by turbulent flow will dominate when

TBr (6)

Since Brownian motion is important at the very small particle sizes it

is evident that the relevant comparison as to the importance of tur-

bulence in inducing coagulation is measured by the ratio of the Brownian

time scale to the turbulent time scale calculated on the particle size -:

being small in comparison with the microscale. From Equations 1—3 and I ~5a the time scale ratio takes the form 

-----•- ---•-- -_ _ _ _ _ . __ _ _ _ _ •~;_ _ __ _ .-•_ 
-~~~ ---~~~- ------
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331r14d /~i~ ~ (7)
kT v

Break up. A particle will break in a turbulent flow field either

from the forces resulting from the unsteady turbulent pressure fluctua-

tions across the particle diameter or from the shear forces associated

with the relative motion of the particle with respect to the continuous

f lu id .  For particles dispersed in water the forces due to the pressure

fluctuations are larger than the forces arising from the relative

motion .

Following h aze 8 we estimate that for dilute dispersions the

maximum particle size is determined by the phenomenon of breakup alone.

In this case the maximum particle size will be determined by the

criteria that the mean pressure forces across a particle diameter are

of the same order of magnitude as the particle’s material strength .

The mean pressure forces across the particle diameter are9

f o r d < A  (8a)

~ p( cd) 2
~
’3 for d > A (8b )

where p is the density of the continuous phase. It should be pointed

out that for particles whose sizes are less than the Kolntogorov micro —

scale it is viscous shear forces which dominate as implied by Equation

8a, while for particles larger than the Kolmo gorov microscale pressure

fluctuations from inertia effects are more significant as implied by

Equation 8b.

-

_ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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The condit ion for breakup fo r each of the above cases is then given

by

for d~~~A 
• 

(9a)

2/3
— 
)(Cd) 

b for d > A (9b)

where a is the particle strength, which in the case of a floc we inter-

pret to be the ultimate shearing or tensile strength10. If the par—

tid e is a liquid drop , and internal motions are neglected, then the

strength of the drop may be interpreted in terms of its surface ten-

sion8, wherein

(10)

with y the surface tension. The proportionality constants a and b are

empirically determined.

Settling. Gravitational effects will be of importance when the

settling velocity of the particle is of the same order of magnitude as

the roo t mean square fluctuating velocity of the turbulent flow . With

u5 the settling velocity and (u~
2) 1h l2 the root mean square turbulent

velocity we may express this condition by

U

~ .1 (11)

(u 1 2) 1/2

—• —•-~~~~~~~-~ -~ .-
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For Stokes flow the settling velocity neglecting concentration

effects is2

~ — p  2
~_s — L ~ (12)
8 18 p v

where p is the particle density and g the gravitational acceleration.

The root mean square velocity in an isotropic turbulent flow is given

by11 (cf. Equation Sb)

(~~2)
l/2 

~t (CL)
1/3 (13)

where L is the Eulerian macroscale of turbulence . The macroscale L is

proportional to the scale of the apparatus and expressions for it in

particular cases are given below.

ReZimes. Based on the foregoing analysis the domains of turbulent

coagulation, breakup and sedimentation are plotted in Figure 1. Since

several time and length scales are involved in these processes dimension-

less co—ordinates can not be used . For this plot we have assumed a

destabilized system consisting of particles dispersed in water with

~P — p 1  3 —2
typical physical properties ~ ———-- — 0.2, p — 1 grf cm , v 10

cni 2/sec and L 1 cm or 10 cm.

Curve A calculated from Equation 7, delimits the region where tur-

bulent coagulation begins to dominate over Brownian coagulation. Curve

B gives the Koluiogorov microscale. Curve D calculated from Equation 11

characterizes the domain where gravitational effects dominate. The

curves C and E are for liquid particles and flocs, respectively , and
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define the domains where breakup of these types of particles becomes in—

portant.

In practice12 the stable size for drops is larger than the Kolmogorov

microscale of turbulence and so Equation 9b is used to draw curve C in

Figure 1. The surface tension is taken to he y 40 dyne/cm and the con-

stant of proportionality in Equation 9b is taken equal to .04, as deduced

from the experimental results of Sprow~
2
.

For flocs (which consist of particles loosely held together) larger

in size than the Kolinogorov microscale, Equation 9b giving the maximum

floc size may be written

(14)
C

where the constant c — (ba/p) 3’12 and a is the ultimate tensile strength

of the particle. From the experimental results of Parker at al.1° the

constant c is determined to be equal to .71 cm3/sec3 for ferric floc.

Breakup of flocs less than the IColmogorov inicroscale may be im-

portant as Equation 9a shows when, 
- —

ao 2 1
C — (i—) 

; 
— constant (15)

This result shows that for this case the breakup condition is indepen— - -

dent of floc size. For floes larger than the Ko1mogorov microscale, 
-
~ 

-

curve F. has been calculated from Equation 14. For flocs of a size

smaller than the microscale the criterion indicated by Equation 15 of
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a breakup condition dependent only on energy has been used to draw the

lower po rtion of curve E, with the energy set equal to that correspond-

ing to the intersection of the upper portion of curve E and the curve

defining the Kolmogorov microscale.

The drawing of the domains of Figure 1 for any given dispersion is

useful in the rational design of a separation system in that it allows

a flow path to be chosen to increase the efficiency of coagulation by

minimizing breakup or sedimentation effects . The above results can be

applied to practical cases of turbulent flows in agitated tanks and pipes.

The spatial distribution of the rate of turbulent energy dissipation per

unit mass and the macroscale of turbulence in an agitator tank have

been measured by Lattke13 for some typical tank geometries . If the

geometry is such that the flow field is approximately homogeneous, the

average rate of energy per unit mass supplied to the agitator tank which

may be used in conjunction with Figure 1 is given by

(16a)

where P is the impeller power input and V the effective tank volume.

With U t~ie tank diameter the turbulent macroscale is found frotn
13

L — 0.04 D (l6b)

The turbulent characteristics of fully developed turbulent pipe —

flow are well known
14 . Recent experiments on the coagulation of micron

i-i
L -• 

______
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size particles in turbulent pipe flows
15 have shown that the effective

rate of energy dissipation per unit mass is that rate corresponding to —

the co re of the pipe flow 14

3u
*

~ ~~D (17a)

where u,,~ is tu e friction velocity and D the pipe diameter. The reason

for this is that more than ninety per cent of the particles at any

given cross—section are to be found in the core of the pipe where the

flow is approximately isotropic and has constant turbulent charac-

teristics . The macroscale of turbulence for this case is given by16

L — 0.05D (l7b)

SEPARAT ION SYSTEMS EMPLOY ING COAGULATION - A NEW APPROACH

To ensure the rational design and operation of a treatment plant

employing coagulation and sedimentation, in addition to the physico—

cnemical properties (quality) of the system (e.g., viscosity , zeta

potential, pH, optimum dosage of coagulants and coagulant aids for de-

stabilization) it is also necessary to understand and utilize the informa-

tion concerning the fluid mechanical regimes of coagulation and breakup

depicted in Figure 1.

In existing technology17 coagulation generally takes place inside

agitator tanks after the addition of the proper amount of coagulants

and/or coagulant aids and the product settles in sedimentation tanks1.

A disadvantage of coagulating the dispersed particles in a flocculator

— ~~~~~~~~~~
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is that  the flow f ield is not homogeneous . In the present paper we pro-

pose a new design concept18 in which coagulation of the suspended solids

takes place in a turbulent pipe flow transporting the dispersion directly

to the sedimentation tank. To reduce the length of pipe required , floc

is recirculated from the sedimentation tank to a poin t near the inlet end

of the pipe. The recirculated dispersion will consist of large floes but

still of a size smaller than the stable size corresponding to the operat-

ing turbulent conditions in the pipe flow (see, line E for floc breakup

in Figure 1). In order to achieve this condition the diameter of the pipe

used for floc recirculation is selected such that the steady floe size

corresponding to its turbulent flow conditions is less than the floe

size corresponding to the flow conditions in the pipe where coagulation

takes p lace .

Tue configuration of the proposed system
18 is shown in Figure 2.

Following a conventional screen and grit chamber
3
, not shown in the

figure, the proper amount of coagulant and/or coagulant aid is injected

into the pipe flow. A sufficient length of pipe is allowed subsequently

to enable the complete mixing of the chemicals with the flow, after which

the recirculated floe is added to the flow. The pipe in which the coagula-

tion takes place is long enough that the requisite degree of coagulation

of the dispersed solids is achieved prior to discharging the effluent

into the sedimentation tank.

WAG1JLAT ION AND BREAXUP IN TU RBULENT PIPE FLOWS

The two questions which must be answered to implemont the suggested

approach are (1) the extent of coagulation of the dispersed particles in

1~
— ~~~~~~~~~~~~~~~~~~~~~~~~~ - •-—--~--• — ---— —•—
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tube pipe flow, and (2) the maximum stable floe size for specified tur-

bulent pipe flows. In the discussion which follows complete destabiliza—

tion of the dispersed particles is assumed subsequent to the addition of

the proper coagulants and/or coagulant aids~~.

The coagulation of particles smaller than the Kolmogorov microscale

of turbulence has recently been measured in turbulent flows through a

circular pipe
15
. The measured coagulation rate for a fully destabilized

dispersion of monodisperse latex particles was found to be expressible

by the relation

(18)

where u is the coagulation frequency . Here,

— (V)l /2 (19)

is the Ko lmogorov time scale corresponding to the turbulent microscale

A of Eq ua tion 4 and • is the volume fraction of the dispersed phase,
with the rate of energy dissipation per unit mass t given by Equation ha.

Equation 18 verifies a simple kinetic model for the rate of coagula—

tion of particles of diameter d1 
and number density n1 

with particles

of diameter d2 and number density n2 as expressed by the classical 
binary

collision hard sphere collision frequency

d + d
CA)12 — fl

2 ~ 2 
2)2 ~ (20)

- - - -~~~~-—— -—~~
-—- - - - -~~- --~~~~~
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where as before is identified as the roo t mean square relative

velocity of the particles during collision. When the effective collision
• d

1 + d
2diameter 

~ 2 ) is less than the Kolmogorov inicroscale, the root

mean square velocity is7 (cf. Equation 4)

U — ,/F (1 
+ d

2) (21)

For a monodisperse dispersion (d
1 

• d
2 d) the right hand side of

Equation 20 becomes ~ nir d2u , where the factor of is required to

ensure that each collision is counted only once. Assuming spherical

particles the volume fraction of the displaced phase is given by

— 

•..
*

nlTd3 (22)

Combining Equations 19—22 leads to the experimentally determined result

of Equation 18 but with the constant equal to 0.77. The almost exact

agreement with experiment should not be taken literally in view of the

approximations involved in this simple theory.

In the presently proposed scheme coagulation takes place in a dis-

persion with an approximately bimodal particle size distribution ; the

primary particles having an average particle diameter of the order of

one micron while the recirculated floe may have an average floe size

approximately two orders of magnitude larger. For a practical domestic

wastewater system the rate of turbulent energy dissipation is selected

such that the ef fec t ive  collision diameter between primary particles and
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recirculated floe is less than the Kolmogorov microscale of turbulence.

Only the coagulation of the primary small size particles with the larger

flocs are of interest inasmuch as two large floes coagulating Into

one will form an unstable floc (see Figure 1), which will in general

break in a time shorter than their coagulation time. From Equations

20 and 21 with d
1 

<< d
2 dF we have

W1F — n~1T (~!~
3 / T ~ 

• 

(2 3)

where the subscript 1 refers to the primary particles and F to the

floes. The volume fraction of the floc dispersion •F 
is given by

Equation 22 with n n~ and d ~~ from which Equation 23 may be

expressed in the form

CA) ClF 
— 0.2 (24)

The rate of removal of primary particles is then given by the kinetic

equation

dn1 (25)

where we have neglected as small the generation of any particles due to

breakup. No experimental results for floe breakup in a pipe flow exist

but it is reasonable to assume that it is essentially the flow condi-

tions at the core of pipe flow which determine the stable floe size.

_______ 
_______ 
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The selection of the floe size and the recirculation flow rate for the

proposed system is based on the criteria of minimum breakup and efficient

coagulation. It should be noted that floe deposition on the pipe walls

during coagulation is not probable in the proposed system as may be

seen from Figure 1.

SHIPBOARD WASTEWATER TREATMENT

As a specific example of the application of the proposed system we

consider the treatment of the wastewater from a cargo or naval vessel

with a population of 200 persons and an average sewage flow3 of 80

gal/person/day (3001/person/day) . The corresponding steady pipe flow

rate is approximately 12 gpm (45 1/mm ) and the concentration of solids

for dry weather conditions is taken to be3 480 mg/I. In the calcula—

tions to follow we take the maximum content of suspended solids in the

treated wastewater to be 150 ppm , consistent with present EPA standards.

Assuming the density of the solids to be not much different from that of

water and their size distribution to be not too broad, then the required

reduction in total number of particles compared with those present

initially is approximately 4.

The volume fraction of recirculated floe Is taken to be 3% of that

in the main pipe flow and the flow rate in the recirculation system

approximately S gpm (19 1/mm ) of a 107. (by volume) floe dispersion with

an average particle diameter of approximately 90 urn. The rate of tur-

bulent energy dissipation per unit mass in the core of the pipe is

selected to be near the maximum allowed for a typical ferric floe,

60 erg/sec . gm (see Figure 1), so that breakup is ~ieg1igible.

——- ---- ----- .- -- --- -

~ 
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The friction velocity appearing in Equation h a  may be found in any

standard fluid mechanics text and is

— U / f/ 8 (26)

where U is the average pipe velocity and f the turbulent friction co—

efficient for a smooth pipe

0.316
— 1/4 

(27)
Re

Here, Re is the Reynolds number based on the pipe diameter.

Knowing the required flow rate (17 gpm), from Equations lla, 26,

and 27 the pipe diameter and average pipe flow velocity are calculated

to be

U — 76 cm/sec , D — 4 cm

Under these conditions the coagulation rate from Equation 24 is

- 0.5 sec
1

Integrating Equation 25 the time necessary for the required degree

of coagulation is

n
t 1n (28)

C W1p fl10

• 
— — —•-—---—..

~~~~~~~ 
_
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where n
1 
is the final and n

10 the initial particle number density of

• the primary dispersion. For the present requirements (n
1
/n
10 

1/4)

the coagulation time and the required pipe length are then, respectively ,

t 3 sec , 1 220 cmC

The size of the sedimentation tank is determined by the size of the

large floes to which the primary particles have stuck and the flow rate

of the discharged mixture. Assuming t.ie relative density difference to

be hp /p — 0.2 and the minimum size of the floes to be 80 urn, the settl-

ing velocity is calculated from Equation 12 to be

u — 0.07 cm/sec

For an effective sedimentation tank height of 50 cm the required residence

time and tank volume would be , respectively ,

t — 12 mm , V — 0.8 in3 (28 ft3)res

The diameter of the pipe used for re irculating the floe from the

sedimentation tank is determined to be equal to 2.7 cm for a flow rate

of S gpm . The rate of energy dissipation per unit mass will then be

equal to 70 erg/see . gin and the corresponding stable floe size in the

pipe is, according to Figure 1, less than the stable floe size corres—

ponding to the operating conditions inside the pipe where coagulation

takes place.

_ _ _
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The total volume of the present system is approximately 0.85 in
3

(30 ft 3) or almost an order of magnitude less than conventional systems

• 19in use

TABLE I. — Shi pboard Wastewater Treatment System

Requirements Characteristics

• Population 200 persons Pipe diameter (D) 4 cm

Sewage flow rate 17 gpm (64 1/mm ) Average velocity (U) — 76 cm/sec

Solids content 480 mg/I Reynolds number (Re) — 32,000

Suspended solids Pipe length (I) — 220 cm
in effluent 150 ppm

Flow rate of 5 gpm (19 1/mm )
recirculated floe of 10% floe volume

Pipe diameter for
floe recirculation — 2.7 cm

Volume of sedimenta— 3 3
tion tank (V) — 0.8 in (28 ft )

Volume of entire 3 3
system — 0.85 m (30 ft )

We have summarized in Table I the engineering requirements and

des ign characteristics of the example discussed.

CONCLUS IONS

The case study presented illustrates how a knowledge of the fluid

mechanical aspects of the separation process, as represented in Figure

1, when taken together with the physicochemical properties of the dis-

persed phase, can be applied to the rational and efficient design of a

physicochemical wastewater or a water purification system.

~ 

-a —  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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The general advantages of promoting coagulation in a turbulent pipe

flow with recirculation instead of in flocculation tanks are:

1. The turbulent flow in a pipe system is almost homogenous

so that system control and effectiveness is enhanced.

2. Deposition and breakup of floes can be prevented by

proper system design thereby increasing the efficiency of coagulation.

3. Piping and energy required for wastewater transport can be

employed for coagulation.

For the particular limited populatior shipboard system examined ,

the volume requirements were considerably reduced in comparison with

present systems employing flocculation tanks. No economic comparisons

were made but the power required for the floe recirculation is com-

parable with the impeller power of a flocculator tank so that we may

expect the overall system cost to be comparable.

It should be noted that the turbulent pipe flow coagulation system

considered for the removal of suspended solids can be readily combined

with carbon reactors for the removal of residual organic wastes to form

an integrated physicochemical wastewater treatment system5.
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Figure 1. — Domains of turbulent coagulation, breakup and sedimentation

for different particle sizes as a function of rate of

turbulent energy dissipation per unit mass.
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