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ABSTRACT

This report deals with the problem of pitch and heave damping

of a catamaran with small—waterplane—area—twin—hull (SWATH) con-

figuration. A computer program has been developed to compute the

pitch and heave damping coefficients of SWATH including forward

speed effects based on the thin ship theory developed by Newman

(1959). Calculati’,ns of the damping coefficients for several

Froude numbers are compared with Lee’s (1974) experiments. The

results show that damping is greatly affected by the Brard para-

meter , wV/g when the forward speed effects are considered . The

effect of hull distance variation on damping is also considered .

The results show that damping is an oscillatory function of hull

distance. The oscillatory p henomenon dies out as the hull dis—

tance increases, and also as the Brard parameter increases. ~~~~~~~~
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I. INTRODUCTION

Due to the advantages of large deck area and stable motion charac-

teristics in heavy seas, sniall—waterplane—area—twin—hu ll (SWATH) type

of catamaran has become an interesting subject recently.

In recent work on the prediction of catamaran motions in waves,

Lee (Pien and Lee [1111 ) extended the strip-theory to catamaran configu-

rations . A fundamental assumption in the strip—theory is that the hydro—

dynamic characteristics of a ship can be inf erred from the two—d imensional

stripwise characteristics of each section along the length. The effects

of forward speed are included in Lee ’s work by the strip—theory synthesis

rather than by a rigorous introduction of forward speed effects into the

hydrodynamic boundary conditions.

The results based on the strip—theory are generally in good agreement

with the experiments, except for a pronounced resonance effect in the

theory at a critical frequency. At the corresponding wavelength the

motions are substantially overpredicted compared with experiments. This

resor.ance seems to be a consequence of the presence of near—zero damping

at zero forward speed and the use of the zero—speed hydrodynamic coef-

ficients in a strip—theory manner. This problem ..ccurs only for hull

forms where bulbous cylindrical sections, having a small waterplane

area and a large submerged volume, are dominant.

To be more specific, let us first consider a two—dimensional thin—body

section with a shape y ±h(z) . Then it Is known that the damping

1 Numbers in brackets designate Reference at end of paper .
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coefficient is proportional to the square of the integral

0
r Kz dh
j e  —~-~—dz

where T is the draft and K is the wavenumber . (See Section 2.1). It

seems apparent that for a bulbous form where dh/dz changes sign , the

above integral will vanish for a suitable combination of the wavenumber

and hull shape. This phenomenon has been investigated earlier by Motora

and Koyama [71. They did experimental work on two—dimensional wave—

excitationless faring, which have similar forms to the SWATH demi—hull.

Frank [4] did some computations on heave damping for various bulbous

cylinders. In both studies, it was shown that there is a critical

frequency at which the damping coefficients vanish.

In three dimensions with zero forward speed , the situation is changed

because the damping coefficient depends on an integral, with respect to

the waveangle 0 , of the square of the surface integral

e
1
~ 

+ 1~~ co~~ ~~~~~~ dz dx

where L is half length of the body. Since the damping integral is

positive—definite for all 0 , zero—damping seems impossible. However ,

it can be anticipated that there might occur near—zero damping for long

cylindrical vessels having essentially the appropriate-two—dimensional

form because there will be a dominant waveangle ~~
- as suggested by strip

theory or the stationary phase approximation of the three—d imensional

damping integral for KL >> 1.

Finally, if forward speed effects are included , the possibility of

— 8 —
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zero damping is even less. In this case, the three—Jiinensional damping

coefficient is again proportional to the square of a surface integral

similar to that shown above, but now the wavenumber K is no longer a

single constant , but , depending on the value of the Brard number wV/g

takes on either two or four discrete values, each of which depend s on

J ‘See Newman [8]). Thus, since the square of the surface integral is

integrated over a continuous spQctruln of K, the probability of zero

damping is greatly reduced .

Calculation of the three—dimensional damping coefficients , includ ing

forward speed effects without the assumption of strip theory is so compli-

cated that some alternative simplifying assumptions are required . Newman

[8] presented such a theory for “thin” mono—hulls , including illustrative

calculations for a mathematical hull form for which experimental data

had been obtained by Golovato. Subsequently, Gerrltsmn&, Kerwin and Newman

(5] presen~~d comparisons of the same theory with experiments for a Series

60 hull form . In both cases the comparison was qualitatively useful.

In this report ,Newman ’s thin—ship theory is applied to the catamaran

hulls , especially with SWATH configuration, in an attemç t to avoid the

deficiency of the strip theory at nonzero forward speed . The fundamental

assumption of Newman ’s thin—ship theory may be valid for these hull forms,

since they are thin in the important region near the free surface. Moreover ,

to extend the practical validity of the present results, the submerged

cylindrical hull portion will be treated by a modified thin—ship approach

as described in Section 2.3. Based on Newman’s work [8], pitch and heave

damping coefficients are calculated for the NSRDC Model MODCAT. The reH,11t8

are compared with Lee’s [6] experiments for various Froude iiumbers.

— 9 —
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p
IL . DAMPING OF TWO-DIMENSIONAL BULBOUS CYLINDERS

2.1 Dam1iing of a Two—Dimensional Thin Body

‘unsider a thin vertical body which is in an oscillatory heave

motion on the free surface with velocity ~ V con ~~t . The fluid is

assumed rO be inviscid , irrotational and of infinite depth. Assume the

body is symmetrical about the z—axis , z is positive upwards and its

hull function Is given by y = ± h(z) for —T < z < 0 , where T is

the draft of the body. Then the velocity potential which satisfies the

the linearized free surface condition , in the region of positive y , is

known to be [10]:
0

2e~~~ V sin (Ky—ut) f —~4~— e~~ d~

c . 0
2 dh —ky

- ----~— v c o s wt f ~~~~~~~
0-T

• (k cos kz ÷ K sin kz) (k con kC + K sth 1c4) 
dC dk

k(k 2 + K2)
(2. 1

where the first term on the right hand side is related to the outgoing

waves and the second term , to the local disturbance .

From Bernoulli ’s equation , the total hydrodynaniic force acting on

the body in z—direc tion is obtained as follows:

0
Z ..2 fpc os (n,z) ds

~~~~~~~~~~~~ —~ -~~
-

~~~~~~--, ,- --~~-- - - - -  ~—-— --- - .
~ 

- ---~~~~~~ 
.
~ 

- . .
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~~~~~~~~~~~~~~~

r 2
0
p d h  Kz

= 4wp V cos wt j —
~
j----- e dz

-T

12

_ ±wp V 5in
~~

t 
7[~~~
*(k cos kz+Ksin kz)dzJ

1 dk
k(k 2 + k2)

b 33 V cos wt — a33 Vwsin ü~t

(2.2)

where b 33 is the damping coefficient and a3 3  is the added mass coef-

ficient. From the relation (2.2) we have a formula for the damping coef-

ficient:
0

Kz dhb 3 3 = 4 ~ p f e  —~-~-- dz
-T (2.3)

2.2 Extension of Thin Ship Result to Bulbous Cylinder

As a means to check the validity of thin ship theory to find the

damping coefficients of SWATH configurations, a two—dimensional model

(Fig.l) is considered . In this section , damping of a heaving circular

cylinder with a thin vertical strut is examined by using (2.3). Define

a polar coordinate system (r ,8) with the origin at the center of the

cylinder , U being positive clockwise starting from z—axis. Let h(z)

be the hull function, r0 the radius of the cylinder, and 0
~ 

the angle

between z—axis and the bottom of the strut. If dh/dz = 0 for z > —T

+ r0(l + cosG 0) the integral in (2.3) becomes :

— 1 1 —
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-H
~~ r Kz dhe ~

-—-— dz = c e — dzdz dz
-T

0 Kr cos 0 — K(T—r )
= j e 0 0 r0 cosO dO

11

71
—KT , Kr 0 cosO— r 0 e O j e cosO dO

—KT , Kr cosO
— r0 e ~ {T1 11 (Kr 0 ) — j  e 0 cosO dO~

0
(2..-)

where 12 (z) is the modified Bessel function defined by

‘IT
1 r z cos011 (z) = - - —  j  e cosO dO

0

z

_ _ _  — —  _ _ _ _ _ _

- C . -
K

T0

I Geometry (~~‘ bU~~~JC’U8 Cy linder

—

S .  ~~~~~~~~~~~ -
- 

--— 
_ _— --s--



Assuming Kr 0 sinO 0 << 1 , the integral in (2.4) becomes :

0 0

I ~~~~~~~~~ cosO dO ~ 
0~ ~~~ + O( O~ 2)

Hence, the integral in (2.3) is reduced to be:

J e~
(Z 

—
~~

-
~~-- dz — irr 0 e~~ T o 11 (Kr 0 ) + c e

_K 0 —r 0 ~ (2 .5)

In a sense, the f i r s t  term on the right hand side of (2.5)  represents

the e f f ec t  of the ci rcular cylinder and the second term , the e f fec t  of

the thin st ru t .  As an extreme case where C is negligibly small and

Kr~ 0 , then I 1 (Kr 0 ) 
~ 4 

Kr~ and (2.5) is approximated by:

0
r Kz dh 1 2 —KT
j  e dz dz “.. — 

~~
- irr~ K e ~ (2 .6)

-T

which represents only the e f fec t  of the submerged cylinder . Then the far

field behavior of the velocity potential from (2.1) , using (2.6) , becomes:

“..‘ 2V e’~ sin (Ky - wt) (— 
4 

iir~~
2 K e~~

(T o) (2 .7 )

Based on (2 .5) ,  the damping coefficients are calculated f or several

cylindrical forms . The results are compared with Frank’ s [4] in Fig . 2

and with Lee ’s [6] in Fig . 3. Agreements are good for only low frequency

range . Poor agreements in the frequency range of practical importance

indicate that we need to modify the thin ship results for the circular

cy lindrical part which is actually not thin and for which the thin ship

assumption may break down .

— 13 —
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2.3 Correction for the Submerged Cylindrical Part

In order to accoun t f or the discrepancies in damping coef f icients

resulting from the thin ship approximation , Eqn. (2.5) will be modified

fo r the e f f ec t  of the submerged cy lindr ical part by comparing the far

field behavio r of the velocity potential (2 .7 )  with that of the known

solution of the circular cylinder . Consid er a circular cylinder of rad ius

r 0 located at z = —T0 which is oscillating with veloci ty  ~ Vcoswt

Assuming T0 >> r0 and using the same coordinate system as in Fig. 1,

the velocity potential is known to be:

• — —v r0
2 cOSL,)t 

COB 8 (2.8)

It is known (e.g. (13.31) in Wehausen & Laltone [13]) that the velocity

potential of a two-dimensional source —b-- log r located at (0,—c)

behaves at infinity like Qe~~
z+t+i

~~ where Q is the source strength

and K is the wave number. The corresponding behavior of the potential

of a vertical dipole —h-— ~~~~~~~~~~~~~~ 
will be QKe

K +iY) since the velocity

potential of a vertical dipole can be obtained by differentiating the source

potential with respect to ~ . Then it can be readily shown from (2.8) that:

• 4” —v r0
2 coswt • 2r K eK T o+i~~ (2.9)

Comparing (2.9) with the limiting case of the thin ship result (2.7), they

differ by a factor of 2 • Thus it is reasonable to modify the thin ship

results (2.5) by doubling the effect of the circular cylindrical part:

~ e
L
~ ~~ dz ~ —2ir r0 e~~

To I~ (Kr 0) + ee
_
~~
To

_r
o) (2.10)

Note that the last term is unmodified reflecting the Importance of the

— 14 —
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- vaterplane area in the low frequency limit . The same arguments will also

apply to the three—d imensional case when we perform the integration of

the hull function which has the similar form t0 that in (2.5) . Damping

coefficients based on the modified thin ship result (2.10) are plotted

in Fig. 2 and Fig . 3.
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—.—.— Modified Thin Ship f / ~ \ dfT — 4/5

_________  i~~~~~~~~~~
)

.50 1.00 1.50 2.00 F d ....
~-

g

1

0.20 B/d — 1/2

0.10 2 
~~ 

d/T — 2/3

—

~~ 

~~~
.—f-

~~~~~~~
.50 1.00 1.50 2.00

0.20 B/d - 1/4

0.10 - ~.<~ :i: 
d /T - 4 / 5

.50 1.00 1.50 2.00

0.20 B/d - 1/4

d/T — 2/3
O.1O 2

—~~—--

.50 1.00 1.50 2.00

Fig. 2 Comparison of Thin—Ship and Modified Thin—Ship Results wi th  Frank ’s [4 1
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.20 
Lee ’s ~

j_4’ B 1.90”

.10 .: :

- w 2 ~
g 2

.20 fl B 1.28”

d — 4.00”
.10 

~~~~~~~~~~ 
T - 7.40”

.20 — 

fl B — 0.65”
d — 4.00”

.10 - 

~

• 
•
~ (

~ 
‘

~\ 
T - 7.40”

.20 - fl B — 1.28”

I I d — 4.00”
.10 - 

) L T — 9.25”

- r - ~-p~-.- ~~~~~
.1 .2 .3 .4 .5

Fig. 3 Comparison of Thin—Ship and Modified Thin—Ship Results wi th Lee ’s [6]
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I I I .  EXTENSION OF THE THIN-SHIP THEORY TO CATAMARAN

3.1 The Interaction Effects Between the Two Hulls

Consider now three—d imensional catamaran hulls with cross sections

• having essentially the same as two—dimensional bulbous cylinders

separated by a distanc~ 2b described in Fig.4 .  Newman [8] developed a

theo ry of the damp ing of a thin ship by the analysis of energy radiation

in surface waves . Af t e r  an asymptotic expansion of the Green ’s function ,

pitch and heave damping coefficients of a single hull , by separation of

the energy components, were found to be:

jMq~ 
— 

2pwv~
2 7 + 

~1l  (TK—1) ”sgn(TK—l ) 
dK

lzwJ 1
’
~

2 
+ 

~2 J ((tK—l)” — K2]+

(3.1)

where Mq is the pitch damping coefficients and Z~ , the heave damping

coefficients in the linearized equations of mo t ion. Based on (3.1) the

interaction effects  between the two hulls of the catamaran will be included .

In order to simplif y the problem , only a f i rs t  approximation to the hull

Interaction ef fec ts  in considered; i.e. the source distributions of each

separate hull are linearly superposed as in the wave—resistance theory

for catamarans [3] .  Then the expansion of Green ’s function , equation (66)

in [8],  is slightl~, changed by the effects of the twin hulls

in the form of ~
‘exp (—iA 1 

b sin u) + exp (Vt1 b sin u )} . Then the inte—

gration of the huli. function (P1 ,Q1) , equation (69) in [8], is mult i—

pl~~d by the same factor for catamaran hulls:

(P ,Q ) = (P ,Q ) • 2 cos(X b sin u) (3.2)
I I catamaran I i single hull i

— 18 — 
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Fig . 4 Geometry of SWATH Catamaran
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3 .2 Ja cn~ i t i~~ ~t SWATH Ca tamaran

Us~~~ the same notation as [8], the damping coefficients of p i t ch

.Jiid -~~v~ in  the linearized equations of motion for  catamaran hull

Incorpora ted  w i t h  (3 .2 )  wil l be:

{MJ 
- 
2p~v~

2 
~~ 

+ 
, 

(TK-l)~’sgn(TK-1) 
{4COS 2 [vb~~(TK_1)~ _K2]}dK

71 2 Q2 J [ (tK—1) ” — K2 ]T

(3.3)

wher e N pitching moment

Z = heave force

q pitch angular velocity

w — heave velocity

p = f luid density

circular frequency of oscillations

T = wV/g

V = w 2 /g

= beam—length ratio

b = half hull separation distance

= J f {~ ~~~~ 

— 

~~~~ J ~~“~(vKf ) e (TK—l)2 d~ dC (3.4)

= II —n-- :~~(vK~) e
t~~~ )

2 
d~ d~ 

(3.5)

The prime in equation (3.3) denotes that only the Intervals of

( ‘rK— 1)~ - K2 > 0 are to be included in the integration . The intervals

K 1 < K ‘ K 2 and K 3 < K < K b are omitted , where

— 20 -
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K1 1 I
_ _ _  

-
= R e1  2

1
2 [(2T—l) + ( l_ 4 T ) i] J .  (3.6)

= 
2T2 

[(2T+l) ~ (l+4t)
+1 (3.7)

Thus the integral In equation (3.3) can be decomposed in the following

forms according to the values of T

K3

f F(K) dK If 1—0
K2 (3.8)

— K1 K 3 ~
f F(K) dK= f + f + / F(K) dK — 12 + 13 + I~ if

.co -
~~~ K K2 ‘. (3.9)

K3
f + f F(K) dK = 15 + 16 if

—
~~~ KI. (3.10)

where F(K) denotes the integrand of (3 .3) .  Numerical procedure to

evaluate the integrals in equations (3.8) , (3.9) and (3.10) are descr ibed

in the subsequent chapter .

3.3 The Effects of Hull Distance on Damping

It can be easily anticipated that the damping of a catamaran is

affected by the hull separation distance as well as the forward speed due

to the interactions between the generated waves and hulls. The equation

(3.3) shows that damping is an oscillatory function of the hull distance.

For a simple case of heave damping with zero speed , the asymptotic

— 21 —
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-
~~~~r af  t - ~~ u:1 l~~~,~~~~a~~ when b is ~~~~~ t r .id~~i ’~ •~ i~~’~ d.

From ( 3 . 3 ) ,  the !ie~~.-e . ~~1!n~~i i ~ i~ integral .he: ~~~

Z = - ~~~~~ I (it ’ + Q 2
2
~ ~~~~~~~~~

-
~~~

-- -  2 - ~~(2~~ i -
~~

‘
~~~~) 

-:- 
~ J dK

(~~.i l)

ifl ar~1~~ to ex: i l .ic L~~~~~ ~L . -~L~t~t O ti C  1iZ~~~1C~. ~ .L ) -
~ ~‘~~± b

cU~ sid ~~r 011 L y  o~. . - .i t o ry  in r c g r a i  .~a i vuL’~ Lug ~~e cu~ term :

11 = f .. ~~~~~~ u~ (3 ~~~

Fr om (~ .S), (P2
2 o~2 , 

~~~~~~ ac shc~in be a~ eVei l  ~~~~~~~~ it t

Then (3.i~~ oec :

-~~ + .~ 2 )
I = 2 •~~i__ _~.~ 2.-_-—— ~~~~~~~~~~ 

‘,l ~ ‘)  ( 3 . 1 3 ,

By a i a i ~~~ ~ th~ ‘~cr~ ~LJe , x =~fi—K ~

1 . 2 + 2
2 •~~~~~

_
~
L _  cos (2 \~~~) dx

o

2 r ’ I  Q2 2 ) cc3(2 ~ t.r~)

-~ 4-~ •~ 1~ •~~

-= I ~ 
_12~~~~ X .

• 
~1—x ‘i.i4~

where (x) is a ~u~ ar  j u n c t i o n  betwee:- (O~~~) ~~~‘ a ccess~ v~

integration by rarts Cs .~e Copson ~2 ] ) . , i t  car 1~, : e~~r~ t l : i t  tI:e

leading order asymptotic behavior as b -
~ +~ ‘ - w i l l  be:

1 1 
‘\~ ~~~~ cc.s(2vb — 

~~) (3 . 15)
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IV .  NU MERICAL PROCEDURE

4.1 Zero Forward Speed Case

When i=O , K2 and K3 become —1 and +1 respectively. Thus

equation (3.3) is reduced to the following simple for m :

~ Mq l~ 
- 

2p~ v~
2 ~~‘ 

dK~~ 
+ Q 2 21 (_l~ {4COS

2[vb~ l_K
2
1}

~ 
z~j ~~‘ 

+ Q2 2j ‘i-K 
(4.1)

-rhe integral in (4.1) is easily evaluated using the Gauss—Chebyshev

quadrature formula:
+1

j F(K) dK = W~~ F(Ki) + ( 4 . 2 )
-1 ‘fi—K 1=1

wher e K1 are the roots of the mtF
~_degree Chebyshev polynomial, so that

K1 = cog (21—1)71 
, i=l,2,...,m ; wj = 11/rn ; and E~ is an error term .

Then (4.2) is simp lified to:

F (K) dK —f--- 
~ F.[cos ~~~~-.l)7T 

(4.3)
_

~~ 
\Jl—K2 

m i=i ~ 2txi j

Damp ing coefficients are non—ditnensionalized by the quantity pV~Jj7t for

heave and by pVLVjt for pitch where V is a displaced volume . Based on

(4.1) and (4.3), pitch and heave damping coefficients for a single and

twin hulls are calculated for the NSRDC model MODCAT . Results are plotted

in Fig.6 and Fig.7.
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4.2 Nonzero Forward Speed Case

if the forward speed effects are included , nol only the finite

integral but also the semi—infinite integrals should he evaluated . The

semi—infinite integrals are quite involved due to the highly oscillatory

cosine term. Consider the two cases separately according to the values

of T

(a) 0 < t < 1/4

In this case , the d amping integral is decomposed in three different

ranges as in (3.9). The finite integral I~ can be treated in the same

manne r as the zero speed case by an appropriate change of the variable of

the integration . Rewriting the finite integral:

13 = 
~~~~~ 

+ 
~~~~ 

(TK_l)bsgn(TK_1) . 4cos2 [vb~~(TK—l)~ -~~~ ] dK

K2 
\ J ( iK— l)~ — K2

- jTp
2 + Q 2 ) (TK_ l) b sgn (TK _ l )  

• 4cos2 [~ b~~~ K_l)~~
_

K 2 
T 2 \J~k~,~~K) (K—K 1 ) J V

’
~ K - K - , ) ( K 3 -K

~

( 4 . 4 )

Denoting the expression in the braces above by F3 (K)

K3 F3 (K)
13 = / —dK (4.5)

K 2 
V~~~-K 2 ) (K 3 -K)

By a linear change of the variable of integration ,

(K-K3 ) + 1

(4.5) reduces to:
f fK 3—K2~ fK 3+K2

1 F 1~~ j x + ~13 — / 3 ~ 2 2 dx (4. 6)
-1
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where we can use Gauss—Chebyshev quadrature formula.

The semi—infinite integrals in (3.9) and (3.10) can be treated

essentially in the same way . In order to facilitate the integrals , we

man ipulate in the following way :

12 = f ( ~~~~2 + Q 2 ) (iK-i) sgn(TK -l)  . 4cos2 [vb~~~~~~ )
k_ K ~ J dK

-~~ J7~K-l)~ - K2

= J ( p 2 + Q 2) ( iK-l)~~sgn( iK -l )  
.2[cos(2~b~~~~~ l)~~ ~~7)  + l]~~ -~ - -

-~~~ 

- T 2~~(K~ _ K ) ( K 3 _ K ) (K 2 _ K) V K 1 -K

— 2 ~(p 2 + Q 2
) 

(TK-l)~~~ n(TK-l) cos[2~ b~ (TK_1)~~- KZ]~ 
dK

—w i ~(K~—K)(K 3—K)(K 2—K) J ~Ti~—~

+ 2 f (p 2 + Q 2
) 

(TK_l)k sgn(TK_l) dK
j  I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

= 2(1 + lL
b
) (4.7)

where I denotes the first integral with an oscillatory integrand in (4.7)

and 1
b 

the second one. Concerning only the first integral ,

‘a 
= f

~~~(p 2 + Q 2 ) (TK-l~~sgn (TK—l) [2b~~~~~1)
4 K2]~ 

dK

.-cx
~t 

T 2
~/(Kk K ) ( K l _K)(K 2 K) J ~ K1 K

(4.8)

Dominant con t r i bu t ions  to 1ie in tegra l  come from the v ic in i ty  of K 3 since

the oscillations get faster as J K J increases , thus cancelling out effectively.

Equation (4.8) can be written In the simp le form :

K 1 F2 (K) ~ 
I

a \T~~~K 
dK (4 .9 )

1
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wh ere F 1 (K) denotes the expression in the braces in (4.8). Then by a

change of the variable , x =

‘a 
2 f F 2 (K 1 — x2 ) dx (4.10)

The semi—infinite integral Is subdivid ed into an infinite number of finite

ones of an interval A , so t h a t :

w A(n+i)

‘a 
2 f F 2 (K 1 —x 2 ) dx = 2 

~

‘ f F2 (K 1—x
2) dx (4.11)

0 n o A n

However , due to  the osc i l l a to ry  n a t u r e  of the integrand in ( 4 . 8 ) ,  we shou ld

be very careful In choosing the size of the interval A . In order to

account .  for  the  change in period of an oscillation , the interval A is

chosen as the period of cos (2vb\ft~~—1)~
’— K2) . Then the sub—integrals

in (4.11) are performed over these periods. As n increases, the contri-

bution of the sub—integral gets smaller . Thus the integration can be

performed to a desired accuracy by controlling the upper limit of n

Afte r the value of A is determined , the sub—integral I~ in (4.11) b r

a given value of n , becomes :

b

= f F2 (K 1 —x
2) dx (4.12)

where a and b are the lower and upper limits of the sub—interval.

Then b y a change of the var iable  of in tegra tion to:

2x — _ ±k)~ (4 . 13)

Equation (4.12) reduces to:

1 - 
b ; a 

~

1 
F
2{K 1 - 

[z ( b_ a )  + ~a+b ) 
]
2}d (4.14)
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We now have an appropr Ia: e integra l form for which we can use the Gauss -

i,egv:idre quad r -i t 1 rc  f o r m u l a :

F ( z )  d z  

~~~ 

w1
F( z~ ) (4.15)

where w . are weight f a t ~~’~ : -. given b y:

1 n 
~~~~~~~~~~~~~ ~

w . f if ~~~~~~~~~~~~~~~~~~~~~~ dz (4.16)
1 

_
~~ ~~~~ ~1 — ~j j

j~~l

and z 1 are the roots of t n e  Legendre Polynomial P~~ 1 (z) . The roots

z~ -and tI:e ~,‘~~1g h t  f actors  fur several values of n are listed in

Table 1.

For the i n t eg ra l  I~, , the same proced ure can be used as in 12
except for a different change of the variable of the integration . From

(3.9),

= f F~ (K) dK 
( 4 . 1 7 )

where

F~ (K) = (P~
2 + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

~ :~~~(K-K 1)(K-K 2)(K-K 3) J
By changing of the variable , x =\I K —

(I,

= 2 J F 4 (K~-fx 2 ) dx (4.18)

Analogous to (4.11), we subd ivide the semi—infinite integral into finite ones:

~ A ( n + i )
I~ = 2 

~ 
f F

~,
(Kb+x 2) dx (4 .19)

An

By the same change of the variable (4.13), each sub—integral in (4.19) re-

du’p i, to:
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1 = 
b - a f FjK~ + [ z(b—a) ± (a+b) j 2 }  ( 4 . 20)

wIi . ~r t ~ the (auss—Legendre quadrature formula (4.15) and (4.16) may be : s t • ’~ .

(b) >~~~~ 1/4

When T -> 1/4 , we have two In tegrals 15 and ‘6 simila r to 1 2

and I~ . Br ief l y repea ting the same pr ocedure as in 12 and I ,,

I / F (K) dK 
(4.21)

~

and

16 = f F 6 (K )  ~~ ( 4 . 2 2 )

1K~,

where

F 5 (K)  = (P .2 + Q 2 ) ~ (TK—1)~ sgn(TK—l) ~ 
I4 2

~ vb~~(TK l ) ~ K 2]}

• ~ t~~[(iK-1)
2+ K](K~-K) J I (4 . 2~ )

and

F~ (K) (P
i

2 + Q 2 ) ~ (T K 1 ) ~~sgn(TK 1) ~

t T~i~~K-l)~ + K](K-K 3) J ~
By chang ing the variables , x ~K 3 — K for (4.21) and x — ~~ iou

(.-
~.22), (4.21) and ( 4 . 2 2 )  reduce to:

= 2 f F 5 (K 3-x 2 ) dx (4 . 2 5 )

and

= 2 f F6(K~—x
2) dx (4.  2b

where we can use the Gauss—Legendre quadrature formula for each s u b - t n t  t~ ’’ aI

after dividIng the semi—Infinite integrals into finite ones as done for

12 and 1~
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F (z)  d:

I(outs 1: , ) iLUfl S (u ,)

Two—Poi,, i I-~’rnni Iu
‘I I

( I . S i  7 1 ) 2 ( 9 1  89: 26 1.00000 00000 00000

71,,ec—l’ o,nt I u, m u m
ii ~— 2

0 (~
pono (~~

)(
~~H) ( 4 4 N ~~) 0. 8~ S~c~ )~8 88889

-~ 0.77 ~~ ( ( ( ( 2 4 l4 8 ) 0.55555 55555 55 55 6

F our—P oint I
n~• 3

0.33’VI~ n ’ ~ ~ - l ~~~~ 0.652)4 51548 62546
-~ 0 861 Ii i~ ~-I ~ ) 0.34785 484 5 374 54

I —n - c—poin t m i  mon/ a
n 4

(I (~~m 1H) ((I1)1( ( ) l $ )00 (1 S6~~t~X 88888 88889

0 5 ( 8  tm 9 II t ( ‘ -~~~~ 1 0.47862 8671)4 99366

- f 0.906)7 98159 38(64 0.2369? 6885(3 56 )89

Six—i’ omni Im. i, /1)1,/ti

u s
•~ 0.2 38hl  91860 83 97 0.46 79 1 3934 5 72 (91

~ 0.66) 2)) 97 8~4 66265 ((.36076 15730 48 l39

~0.93246 951 42 03152 0 . I 7 132 44923 79 1 70

Ten-Poisit lo i m u m
ii 9

- . 0.14887 433 89 8 1 6 3 1  0 29552 42247 147 5 3

~~0.43339 57-/ l I 29247 1) 2 ( 92 )  67193 09996
0.67940 ‘) 5 ’ 82  99024 0.21 9U8 63625 1 5982
0.8f~5O(, 31666 ~.89$S 0.1494 5 1 349 1 50581

-
~~ 0.97390 65285 17 172 0.0666 1 1 344 3 08688

J ,j ieen_I’oint l oumnu la

0.0(~X)0 (X8W (0 1 )O)~~ ) 0 21)257 824 )9 25561
0.70I l~ .;‘~ / ;9 974 35 0. 19843 14853 2 7 1 1 1
0. 394 IS 13470 77563 0 .186 )6  ((00 ) 15 5 6 2

:1 0.5709 7 2 1726 (1853’) 0. ) (~~2(~ 92058 I (u994

-~ 
1) 72.14 1 7 7 3 13 (~() 70 (11 3957 ()677~) 26154
0.8482:) (5~ tI 104 27 0 .107 15 ‘(220- 1 ( 7 1 7 2

- t 0.95727 3~924 (10706 o niomn l-u. 17.5 m~ 08

0.08799 25180 2~ )% 5 03)3075 12 . 19  961 17

Table 1. Roots of the Legendre Polynomials Pn+l
(Z) and the Weight
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4.3 The Integration of the Hull Function

In section 3.2, (P
1~ Q~) 

were defined as:

= 

~ 
{ i~ ~~~~~~

-

~~~~

-- - 

~~~~ 
eVCCTK_ 1 2

d(~~
8
~

fl

(VK~ ) d~ ( 4 . 2 7 )

and

P L 0 2 lsin2 
= 

~~ 

-

~ ~ 
_-~~~~ -- ~~~~~~~~ d~~ (vK~) d~ ( 4 . 2 8 )

1~2J —L ~ —T 
J
cos

where i = 1 is for pitch and I = 2 , for heave. Since the integrals

in the braces are functions of K, i and ~ , they can be easily evaluated

numerically for given values of K, T and for a given section . After the

sectional integration , integrations along the length of the hull are performed .

If the values of v , i and K are given and if we let the inner integrals

in (4.27) and (4.28) be f~(~) , then :

4 p4 L 
f1(~)~~~~~~~~~~ ~: ~

; (4.29)

L ~i —L coscxE
j

where ~a is some constant. The integral of the form (4.29) can be evaluaied

using the concept of the Filon—Trapezoidal quadrature [12]. The basic

idea is to approximate f~~) by a linear function (ai~ 
+ b

1) , say ,

between the intervals and . Then (P.,Q 1) can be approximated :

fP  1 N ~i+i 1sincZ~1
..
~ 

~~ ~ 
f (a~~ + b) ~ ~~~ (4.30)

I. Qij i=~ [cosc~ J

where —L and E
~N+l 

L
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V. RESULTS AND DISCUSSIONS

A computer pr ogram in Fortran IV , based on the analysis of this

report , has been developed, and calculations have been performed for the

sample model (Fig . 5) for several Froude numbers using the IBN 360/370

computer at the HIT Information Processing Center .

As input data , we must supp ly the offsets of each section of the

hull. If there is a parallel middle body, we need to give only the offsets

of the beginning and ending sections of the parallel middle body. The

offsets of the remaining sections in the parallel middle body can be

omitted . For instance , the offsets of the stations 9 and 11 are sufficient

to take care of the parallel middle body in the sample model (Fig. 5).

The most time—consuming computer operations occur when evaluating

the semi—infinite integrals , especially due to the highly oscillatory

cosine term for twin hulls. Numerical convergence of these integrals

becomes slower as the Froude number increases.

Calculations were made for Froude numbers 0.0, 0.2, and 0.4. In

Figures 6 through 11, theoretical heave damping coefficients are compared

with Lee’s experiments (6]. In Tables 3 through 5, computer outputs of

theoretical pitch damping coefficients are listed . It is to be noted in

par ticular that the p itch damping coefficient for Froude number 0.4 at

low frequencies becomes negative (Table 5). The negative damping in the

present study is not easy to explain . But if it is physically realistic ,

it implies that the ship will be unstable in pitch at high speed . The

presence of negative damping was noticed for an oscillating ellipsoid

— 31 —

~~~ ~~ 1
- — ,--—-- . —~~ - -~~—-~~~--.- -- ~~~~ - —~~~.- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~.



-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

p
near a ire .~ su r f a c e by Newman [91 and by Gerri tszna , Kerwin and Newman [5J

b r  the  Se r i 1s  60 hull forms . In the prese nt case , where the hull geometry

ia such tha t zero or minimal damping can occur at zero speed , one antici-

pates that negative damping may occur sooner than was observed in [5] and [9].

In both Figures and Tables , it is to be noted that when the forward

speed effects are considered there are peak values of damping coeff icien ts

at crit ical frequencies; 1.25 at F~ = 0.2 and 0.625 at F~ = 0.4

for which T = 1/4 . Althoug h the qualita ’ive agreement is good , the

theoretical predictions are seen to be somewhat lower in the higher

frequency range and higher in the lower frequency range, especially near

the critical frequencies at T 1/4

In Figur es 2 and 3, thin—ship and modified thin—ship results for

two—dimensional cylindrical bodies ari~ compared with Frank’s [4] and

Lee t s [6] works. Correction factors in the modified thin—ship approach

may vary depending on the hull forms and the frequencies. At high

frequenc ies the modified thin—ship results with a correction factor of

2 give excessive damping, but in the frequency range of practical importance

this modified theory agrees better with Frank ’s and Lee’s resul ts than

does the pure thin—ship theory.

In Figures 12 through 14, damping coefficients are plotted against

hull distance variations for Froude numbers 0.0, 0.05 and 0.4 at a

f i xed non-d iinensionalized frequency 4 .0 .  In order to investigate the

Brard parameter influence on damping as well, Froude numbers are chosen

such that t = 0.0, 0.2 and 1.6 for each case. In Figure 12 it is

verif ied tha t heave damping coefficients at zero forward speed oscillate

— ‘32 —
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with a period of X/2 and the mean amplitude of oscillations decays

almost like (2~b)_h/2 , which was derived in (3.5) by the asymptotic

analysis. As the hull distance and Brard parameter increase, the oscil—

lato ry phenomenon dies out faster . The diminished interference e f fec t s

at higher Brard numbers can be explained physically by the fact that

the waves in this case are confined to progressively smaller angles

downstream . Hence the waves will not impinge upon the opposite hulls

if the Brard number is sufficiently large. The minimum hull separation

distance at which the interaction effects cease can be predicted by

finding the generated wave angles from Fig. 1 in [8].

_ _ _ _  - - -~~ 

-
.
~~~~~

— 

~~~ 
.1:~

.:
~~~~~~; . . . ..-TT ~~~~~~~~~ ~~~~~~~~~~~ . ,



~~~~~- -  -~~~- - - -., - - . -~~~~--- ~~~~ -~~~- —- .-~~-
— - 

.
~~~~~~~~~~~ ‘~~~- - ~~~~~~~~~~ ..) PML~ 

. ~~~~~~~~~ 
- L... . -....-_.. . _ f ,  _ •

~~~

___
~~

_•

z

-x _

-

~~~~

__ _ _ _ _  

57.04 ’

Stat ion 1 9 10 11 19
Number ______

Parallel Middle Body
(308’)

520’

I 

-

_ _ _ _ _  _ _ _ _ _ _ _

_ _ _ _  
_ _ _ _ _  _ _ _ _ _  - -

a — 2b-l 75 ’ a

~ E. — 8.53’
T0—41.68’

T~57~~~~~~~~~~~

f

)

15.36

Midship Section (Station 10)

Fi g. 5 Dimensions of SWATH Catamaran for the Sample Program
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SflJ x(I) EPS(I) T0(I) R(I)

1 —261.00 0.00 41.68 0.00

2 —250.00 0.00 41.68 5.46

3 —240.60 0.00 41.68 11.16

4 —230.00 0.00 41.68 13.38

5 —220.00 1.52 41.68 14.27

6 —209 .00 3.04 41.68 15.19

7 —198 .00 5.19 41.68 15.36

8 —176.00 7.85 41.68 15.36

9 —154.00 8.53 41.68 15.36

10 0.00 8.53 41.68 15.36

11 154.00 8.53 41.68 15.36

12 176.00 9.72 41.68 15.29

13 198.00 5.12 41.68 14.37

14 209.00 2.87 41.68 13.48

15 220.00 1.44 41.68 12.32

16 229.80 0.00 41.68 10.62

17 239.50 0.00 41.68 8.09

18 249.50 0.00 41.68 4.61

19 259.00 0.00 41.68 0.00

Table 2. Offset Data for the Sample Program
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Froude Number 0.0

B 5 5  = Pitch Damping Coefficient

- 
Damping

- 
pVL~~t

V = Displaced Volume

Encountering Frequency — w at F O.O

B55 B55
weV~

7i Single Hull Twin Hulls

0.5 0.10851E—05 0.2l689E—05 
__~~~ . ~~~ . . ~~~~~ . ~~~~~~~~~~ ~~ . - 

~~..i- ~~ ,.a ~ — t...~ ~ ‘ .~~ ~

1.0 0.64874E—04 0.l2846E—03

1.5 0.17057E—03 O.32428E—03

2.0 0.l0922E—03 O.l432lE—03

2.5 0.25516E—02 0.15228E—02

3.0 O.96l72E—02 0.37951E—02

3.5 0.17570E—Ol 0.l3984E—C1

4.0 0.203l6E—Ol 0.35164E—01

4.5 0.l8057E—0l 0.19299E—0l

5.0 0.14401E—Ol O.334OlE—02

5.5 0.9558lE—02 O.l4782E—Ol

6.0 0.54997E—02 0.56590E—02

6.5 0.28302E—02 0.l3O68E—02

Table 3. Theoretical Results of the Pitch Damping Coefficients
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Froude Number 0.2

B55 = Pitch Damping Coefficient

- 
Dampin

— 
pVL g

V = Displaced Volume

i~~= Encountering Frequency

B5s B55
- . We~~~~ Single Hull ~~~n Hulls

1.00 0 .78276E — 02 O.39l47E—02

1.25 O.l8242E—Ol 0.23052E—Ol

1.50 0.91238E—02 0.58606E—02

2.00 O.80448E—02 O.57695E—02

2.50 0.93458E—02 0.70857E—02

3.00 0.l07l6E—Ol 0.l384lE—0l

3.50 O.ll544E—Ol 0. 145l8E—Ol

4.00 O.11595E—Ol 0.71407E—02

4.50 O.lO893E—Ol 0.l2743E—Ol

5.00 0.970l6E—02 0.l3490E—Ol

Table 4. Theoretical Results of the Pitch Damping Coefficients
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Froude Number 0.4

B55 Pitch Damping Coefficient

Damping
p VL~~~t~

V Displaced Volume

w = Encountering Frequency

B 55 B 5 5
Single Hull Twin_Hulls

0.250 —0 .8 1562E—02 0.66851E—03

0.500 —0.64218E—02 —0.30374E—02

0.625 —0 .l2086E—02 0.29785 —02

0.750 —O.243l3E—02 —0.38668E—02

1.000 0.20595E—02 —O.21786E—02

1.500 0.78046E—02 0.51413E—02

2.000 O.84687E—02 0.lOl73E-”O!

2.500 0.88749E—02 0.1l627E—Ol

3.000 O.88978E—02 0.95881E—02

3.500 0.73347E—02 0.60902E—02

4.000 0.58270L—02 0.46028E—02

4.500 O.54560E—02 O.54672E—02

5.000 0.54788E—02 0.63667E—02

5.500 O.52273E—02 0.60154E—02

6.000 0.47029E—02 0.49008E—02

6.500 0.39953E—02 0.37948E—02

7.000 0.31860E—02 0.29722E—02

7.500 0.24l67E—02 0.23651E—02

Table 5. Theoretical Results of the Pitch Damping Coefficients
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APPEND IX A

INPUT AND OUTPUT

INPUT DATA

DATA CARD 1 - FORMAT (rio, 2F10.2)

NST The number of offset stations of the hull.

AL = Length at the waterline.

B = Half hull separation distance.

DATA CARDS 2 — FORMAT (4F10.4)

Data cards 2 consist of NST number of cards , on each of

which the values of X, EPS, TO, R should be punched according

to the above format.

X(i) = An array of the x—coordinates of the stations.

EPS(I) — An array of the half—beam at the waterline.

TO(I) — An array of the distance T
0 

. (See Fig . 5)

R(I) An array of the radius of each section .

DATA CARD 3 - FORMAT (2110)

NFR = The number of Froude numbers to be tested .

NON The number of non—dimensionalized circular frequencies

to be te~ited .

DATA CARD(S) 4 — FORMAT (8F10.4)

FR(I)  An array of NFR number of Froude numbers.

OM(I) — An array of NOM number of the non—dimansionalized

circular frequencies .
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Besides the input data cards, we must supply the roots of

the Legendre polynomials and the weight factors for the Gauss—

Legendre quadrature in order to evaluate the se.mi—infinite

integrals , 12i I4~ 
1
5 and In the sample program , the ten—

point Gauss—Legendre quadrature formula 1~. .tsed .

OUTPUT

Major outputs are pitch and heave damping coefficients of

a single and twin hulls . However , we can get various i’~termediate

results for checking purposes .

DP1(I) = An array of the pitch damping coefficients of a single hull.

DP2(1) An array of the pitch damping coefficients of twin hulls .

DH1(I) = An array of the heave damping coefficients of a single hull.

DH 2 (1) = An array of the heave damping coefficients of twin hulls.
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A P P E N D I X  B

PROGRAM DESCRIPTIONS

Main Program

The main program handles input and output , calculates various

parameters and perform s six integrals in (3.8), (3.9), and (3.10)

call ing subroutines PIQI and ROOT . Gauss—Chebyshev quadrature formula

is used fo r  I~ and 13. For the rest of the integrals, the subroutine

ROOT is called in order to determine the size A for the sub—integrals.

(See Section 4.2.)

Subroutine PIQI

This subroutine integrates the hull function in (4.27)

and (4.28) for a given section first and then integrates along the

length of the hull. It gives the  values of {P 1
2 (K) + Q~

2 (K) } for

g iven values of ‘~ v, and i.

Subroutine ZET IN

For given values of v , T , K and for a given section (i.e., ~~~,

T0, r ) ,  this subroutine evaluates the integral,

—H

-T 
h(~ ,c)e

(TK fl d~ (A.l)

by using Simpson ’s rule and re turns  the  resulting value through the

var iable Z. The y in (A.1) is the correction factor for the cylindrical

part exp lained in Section 2.3. This subroutine is usea for both (P11Q 1 )

and (P 2 , Q 2 ) .

- -~~-~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 
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Subroutine ZETINS

This subroutine evaluates the integral:

f h ( c , eV T K_
~~~~d~ (A.2 )

by using Simpson ’s r u le , wh ich is similar to that in ZETIN. The

r e s u l t i n g  values are returned th rough  the variable ZS which is used

~u I v  fu ~ (P 1 ,Q 1 ) .

Subroutine ROOT

l i d ,  s u b r o u t i n e  evaluates tia zeros of cos (2 b J ( TK — l ) ~~— K 2 ) 0 ,

f rom which we get a polynomial equation:

~~~ 
2

ttK—I Y — K2 = 
~ 7-b (n = 1,2,3 )

(A.3)

The roots of  t h i s  pol ynomial are fou~J by calling the 13M Scientiii..

S~ brou~ Ine Package POLRT . The subroutine ROOT is used in evaluating

the semi—Infinite integrals.

Fu n ct i u n  ~S

‘Ihis function calculates the submerged area of a given section . It

is used in evaluating the disp lacement of the hull in the main program .

Fun t ion  F

This function evaluates the  integrand In (A.l) for the purpose

of Simpson ’s rule.

Function S

This function evaluates the Integrand in (A.2) for the purpose

of Simpsor ~’s rule .
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/ INPUT /
/ DATA

_______________________ MAIN

13 b  13

I i , i 
_ _ _

L_ •--
~-:”

;-1•~
---IJ

FUNCT ION
SS

/ OUTPUT / SUBROUTINE
/ / ROOT

/ 
DPl , DP2

/ DILL , DH2

CALL POLRT
IBM

Scientific

~~~~~~~~~~~~~~~~~~~~~~~~~ Subroutine
Package

SUBROUTINE

_ _ _  _  _  

-t

SUBROUTINE SUBROUTINE F FUNCTION
[ ZETIN ZETINS FS, PC

I __
FUNCTION FUNCTION

F S

Fig. 15 Flow Chart
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APPENDIX C

PROGRAM LISTING
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IF  (Zi.!I.O.) ~1=O. M A T N O 1 a S

~ R 0 2 . *3  NU* i ’ * SQ R T ( 7 . 1 )  MAI NOI ’ 46
C N A I N0 1 t 4 7

CJ !. L Pl C! ( Z K 1 , 7 N D , ° T A U , 1’~Q, HP Q) M A I N O 1 ’ R
C M A T N O 1’4 9
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C ‘T T ~~(’ , 2 1) (K I .A~3r,.PDC. hPO MAINO1S1
C 2 3  F O P IA T  (2 F 1 0. L4 , 3i , 2r16.~~) M A I N O 1 S 2
C !1A 1N0153

1P 0 — T ’ PQ M A 1 N 0 1 5 4
FPQ — R P C M A T N O 1 5 S

C M A T N O 1S6
PI 1= PT 1 , P P ’ )  M A I N O 1 8 7
PI 2 = P T ? . r F Q e 7 . ~~ ( C O S ( A R G ) + 1 . )  P IA I N O I S A
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C P I A I N O 1 A B
N 7, 1 N 0 159

‘-‘l” 1 — 1 4 1 )  ,“7-’P  MA1N 0191)
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A T I = 0 K 1 _ * F 9 A R . * 2 11*1)30289
I! ( I I A U.F c . 3)  *1(1 =R X 1 — A K P A R * * 2  11*1)30290
I? ( T I A U . F ’).1) C.C TO 71 C 13*13402 91
? 1 = f T f t U ’ ’ 2* R T ( ( a K 4 — ~~1 ( j ) $ ( R x i — - A F 1 ) * ( R k 2 — . 3 K I ) )  P1* 1)3 029 2
GO ‘I f) 7 2 C  1 1* 1) 3 0 2 9 3

710 7 1— : 7 ; ’ * S c R T ( ( ( T~~U *)KI— i.)$*2 .)KI)*(Rk4— .3KI)) 11*1340294
720 z2-4 (r-IA U*AKI—1.)* .4 13A 13402 95

C P1A134 0296
!CN= i . 11*1340297
SGNX = !TA tI +A 1 (I— l . 11A 1N029 13
IF ( S G NX .  LI. 0 . )  SGN — 1. 11* 134 0 29 9

C 1 1* 1 3 4 0 3 0 0
Z 3 ’ 7 2 — .) N t ~~~2 fi*IP)0101

C 23 SHOUL D  NOT RE M F G A T I V E  VALUE. 1 1* 1 3 4 0 3 0 2
C H C W F V E I 3 , N U R E R I C A L  ERR C F PlAY G I V E  V E R Y  SMALL  ‘—$ VALUE. 11 * 1340303

IF (73.L1.0 .) 71=’ ) . 11*1340104
Z4”COS (2. ’ANt:*B *SQRT (Z3)) 1 1 * 1 3 4 0 3 0 5
7 .Z i=72*5GF /Z 1 1111)30)06
zZ2=zZi’(2.~ z4.2.) P 1 * 1 3 4 0 3 0 7

C 11*1340108
CA L L  P1CT (AK I ,A N rI,13T3U, PPQ, HPC) 11* 1)30109

C P3* 114 0310
P I1 P 11+X1’1* W I* PPO* 721 11 * 1 )30)11
F1 2= P! 2 ,x 1’J ” WT SPI’)* ”)Z2 P1* 1140 3 1 2
HI1 ” 9 I l , X I N * W I * H P ’ ,,* 7 7 1  1 1 * 1 3 4 ) 3 1 3
141 2 H 12 ,X I 3 4 ’ U I ’ H P , ) * Z Z 2  M A I N O ) 1 ’ )

700 C C N T I N L J F 1 1 * 1 3 4 0 3 1 5
C 11 * 1140376

SU ’~P1 SU•F 1 + F T 1  M A I M - ) 317

S C M P 2 = S U I P 2 s  017 1 1 * 1 3 4 0  4 1 A
50MM 1 = 5 U ~~~ 1 .4411 M A I N ) J l 9

5U1331 2 51J P2+33 12 11*1340 32’)
C 1 3 * 1 3 4 0 3 2 1

EF O F P = A I S ( P t 1 / S t J T M P i )  P1*1140 322
E F O P t =  A N  (HI 1/S0!’11) 11 * 1340123

C 11*1’)-) 32’I
4 c ! T ’  (‘ ll) PT1 ,;’l””1 ,~~~oPp ,rI2.1r 1M r2 
‘- - 7 k  ~~ 7~~~ )3 - “~~~1 7 ;  ‘ ‘ N  71 l ’T’:lF! T I  0 r S t t ~7!

- 4 4  ~( ‘ I - Y. , ‘3 1’~~~ -- 1? . .., ‘4T , ‘1 3 7  1’ ’ , 3 1 8. “ ,U ~ .1 3  RON’ = ’ • 10. 1, M3 1’- 1 3 ‘7c 1 x • ‘ r I?’ ‘ , 1 _ 1 , - 4 V , 7 )” .’ 2” ‘ 13. - / )  I I ~- I 4 1 - C

C 44R1  1’ (‘,3 4 4 )  CII 1 .5111:- i ,! H0RU ,’112 ,S IIM H2 13 *1 N) 3 2 4
C 3ts FGP1 ,’T (€ :f ,’!I11=’ ,E11.6 ,4 3 4.’ S : J ” 1 - l = ’,f 1 3 .6 ,4 X ,’ FRORR ~~’.!1O.3 , 1 1 A 1 N 0 1 3 0
C 1 41X ,’14I2= ’,Ei).6,4X ,’SIIMH2 ’,!13.6/) 13* 1 5 0 1 3 1
C ~“ A I N 0 3 3 2

11*1 3 4 0 3 3 3
IF ( FRO3 - I .LT.iO .7—0S.AI~t.FRO TtH.LI .1O .E— 05) GC TO 800 11)134033’ )

650 C C N T T N U E  1 1 * 1 3 4 0 3 3 5
800 C C N T T N U F  M A I N O I 3 6

C 11*1140337

P l 1 1 ’ -5 11 C1P1 1 1 * 1)301343
P 1 1 ” S U ” 1 2  11*1 )30339

Hi! 1=53)’)- 1 MA I N O I 4 1 O
1 1 2 1 1 = S U I I I 2  11A1N0 J 41

C 1 3 A 1 N 0 3 4 2
C •**0 0 0 0 0 0 0 0 0SS* *S*0 0 0 0*0 S * * S * * * * * *** * 0 0 0 0 ** * *** *  M A I N O J 4 1 1
C • T~~l l)0. : NTF C !1*TTCN F R O M  K ’) TO I N F I N IT Y  • 11 *1 )33341 ’)

c • •* . . . . . 5* . * $ . S. * *a 0 0 0 0 0 0* * *S * * ** S $ $ $* + * * 0 * * *$ S S  P I A I N O ) 1 4 5
C r .* 1 N0144 6

501P1 0. M A 1 N O 3 ~41
S U R ! ’2 = C.  11* 1 ) 3 0 3 4 4 4 4
5013 411= 0. MAI N OI 44’)

P1* 1)3 0 153)
A A = 1 . P4* I N O l ’ ll

C 1 1 * I N O I r,2
DC A S’) I 1 P f l ’ 1 ,NI . 2 1 1 * 1 3 4 0 3 5 3

c 13*1 1403 5 ’)
C A T Y  RCC I ( I T F R , ’-T I l l , ) Il Ii ,?) I IA IN’ ) ISS

C M A I N O l ’ ,4,
1? (: ‘C 0TQl 1) . Cr.~ ’’<4.AFC.NC O TI (l ) .EC .0.J CF1=R COTR (1) 131.1 )30357

IF V C C ’T  1. (2) .01. ‘‘(44. IN C . I.(.flIt ( 2 )  • F~7. C . )  C X X EOOT R (2) 1 3 * 1 1 4 0 1 5 4 3
I~ ( ‘ 1CC)i-  (1 3 .- ‘~1. 3- ~ -4. A A C  • FC.) IT ( 3 )  . FC . O . )  C X X FCOI F (3 ) 1 1 * 1 3 4 0 3 5 9
IF ( C O  ~ 4 ) . 0T . 4 4 . N ” . F0OT 1 (4 ) . F ~~. C .)  CX X = F C 0 T R ( 4 )  1 3 * 1 3 4 0 3 6 3
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C 11*1340361

E !=SORT (CAN — RN ’ ) ) PPA IN O3 62
X I N = ~~P — I A  11 *134 03 63

C 1111 34036 ’)
C . !NTTRMF!17I? R? S)JLTS C lii 8E PRINTED 1? DE SIREE 11*1340365
C 4FIVt (1,4 0)  I T F R  11 *13403 66
C 40 F C R F ! T  ( 3 X ~~’I’NR= ’,r 3/ )  1 1* 1 3 4 0 3 6 7
C 341)113 (13,4 1 )  ( R O O T R ( I 2 ) . t 2 1 ,’ ) ) , ( RC O I I ( 12 ) , 12 = 1,’)) 13* 134036 8
C Il l F C R M A I  (8X , ’l 4 1 ’ . V t 3 . 6 . 5 X , ’ R 2 ’ ,Z i 3 . 6 ,SX , ’ R 3 ~~S ,!13.6 .5X , ’ f t 4 * ’ , 11*13403 6 9
C 1 E i h6 ,’Il X ,’ Ii~~’ ,E13.ó ,’x ,’I2= ’.E13.b .5x ,’I3=’,E13.6,5x,’I4~ ’, 11*1140370
C 2 113 .6/) 13*11403 71 

4

C W *Y T ’~ (1 ,42) AA ,39,CXI 1311 140312
C 42 A C R I A T  (8X ,’A A = ’,E13.6,4X ,’Ef ’,t13.6 ,’)X,’CXI~~’.E13.6/) 111134 0373
C 13*1140374

P1 1-0. 13*1340375
F12 0. 11*1140376
431 1=0. ‘ 1 3 * 2 1 4 0 3 7 7
H 12 0. 11*1140373
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