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Abstract

Solutions were obtained for hypersonic flow over sharp cones at
high angle of attack which include the viscous effects present in experi-
ment. These solutions were obtained by integrating the Navier-Stokes
equations subject to a conical symmetry assumption. The integration
technique used was MacCormack's method with boundary conditionms chosen to
match available experiments. The experimental conditions were:

(1) Those of Tracy for a 10° half angle cone at angles of attack of 0°,
"8°, 12°, 20°, and 24° in M = 7.95 flow at Re = 4.2 x 10°. (2) Those of
Stetson for a 5.6° half angle cone at 10° angle of attack in M = 14.2
flow at Re = 7.9 x 105. (3) Those of McElderry for a 6° half angle cone
at 12° angle of attack in M = 6.05 flow at Re = 1.5 x 106. A physically
based technique (normal stress damping) was demonstrated for controlling
starting transients and for reducing or eliminating numerical oscilla-
tions occurring at shock discontinuities during the integration.

The general features which appeared in experiment were shown to
appear in the results of the integration, including the proper behavior,
in laminar flow, of the viscous layer and the vortical singularity. The
results agreed quite well with the experimental data of Tracy (hypersonic
similarity pafameter Y =1) except for a discrepancy in pitot pressure
in the viscous layer evident in a small region near the leeward center-
line of the cone. The agreement with the experimental data (¥ = 3) of
Stetson was less adequate., Surface pressure agreement in this instance
was quite reasonable. However, a somewhat thin lee side viscous layer
resulted in a calculated bow shock wave position 277 closer to the cone
surface at the lee centerline. It was concluded that the lee side
viscous layer discrepancies at both experimental conditions were

xi



primarily dve to lack of any mechanism in the present technique to model
the non-conical flow near the nose of the cone. A solution obtained just
upstream of the beginning of boundary layer transition at the experiment-
al conditions of McElderry agreed well with experiment when conically
projected far into the turbulent regime. The adequacy of the conical
symmetry assumption is therefore indicated for the turbulent regime on
conical bodies.

In summary, the results show good agreement with experiment for
values of the hypersonic similarity parameter (§'5_1.0) and less
adequate agreement at higher i: Angle of attack limitations encountered
in previous inviscid cone flow calculations were not encountered in the

present study.
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I. Introduction

Supersonic flow about cones has been a subject of interest to
aerodynamicists for many years. Cones compriséd one of the earliest
attempts to streamline such items as fuel tanks, weaponry, and fuse-
lages, with locally conical nose shapes still in use on todays modern
high-speed aircraft. The missile era has also seen the use of cones
as a primary or partial shape for re-entry vehicles in current ICBMs.
This study is directed toward the latter application and is in response
to the need for more accurate aerodynamic prediction techniques in
this area.

The two primary elements which dictate the-need for increased
prediction accuracy are the current high cost of wind tunnel testing
and the difficulty of simulating the re-entry vehicle flight regime.
The advent of the high-speed, large-capacity computer in recent years
has opened up a means to reduce cost both through reducing unit compu-
tational cost and through reducing the amount of experimental verifi-
cation required during the systems acquisition process. The remaining
task is the research necessary to develop the required numerical tech-
niques and the verification of these techniques through comparison of
numerical results with those obtained experimentally.

Particular solutions to the complete governing equaticns of fluid
flow are available for very few sets of boundary and initial conditions.
It has therefore been necessary in nearly all cases to reduce the
complexity and scope of the equations through neglect of the viscous
effects and/or by reduction of the number of dimensions to be consid-

ered in the problem. Prior to 1973, most attempts to solve the flow



about conical bodies used inviscid forms of the governing equations.

The two primary difficulties that have been encountered with these solu-
tions are the failure of the inviscid equations to model properly the lee
side flow in which viscous effects predominate and the occurrence of
numerical instabilities which are encountered at high angle of attack.

If the goal of reducing the amount of experimental verification is to be
attained, then'imptoved numerical techniques must be developed to over-
come these difficulties. The present study will present and compare with
experiment a technique which resolved both of these difficulties.

This report contains first a brief description of the developments
in the solution of flow over conical bodies. The solution approach used
in the present ctudy is then presented in four parts. First a discussion
of the general features of conical flows is given, with particular
emphasis on the circular sharp cone at angle of attack. The governing
equations are then presented and changes due to the conical symmetry
assumption are discussed. The application of MacCormack's numerical
integration scheme to the equations is given in the third rart. Fart
four describes the details of the finite difference mesh and the manner
in which the integration was accomplished. The results of the numerical
integration are then compared with experiment for selected conditions
for which previously published experimental data were available.
Conclusions drawn from these comparisons are presented to complete the

study.



II. Background

The history of the solution of supersonic cone flows has been
greatly affected by and dependent on the development of high-speed
digital computers. It is generally agreed that the Navier-Stokes
equations in their complete form provi&e sufficient knowledge of the
physics of the flow for non-reacting gases. However, the scope and
coriplexity of these partial differential equations required great
simplification of the set in order to obtain solutions prior to the
development of the digital computer. These simplifications led to
poor agreement of the solution with experiment except for restricted
conditions. Although the testrictioﬂ; have.been considerably relaxed
in more recent studies, a fully three dimensional solution of the
complete governing equations is still not practical for general config-
urations. This section will provide a brief description of the more
important supersonic cone flow solutions published prior to the
present study.

The history of solution techniques for supersonic cone flow began
in 1933 with the publication by Taylor and Maccoll (Ref 1) of an
ordinary differential equation solution for axisymmetric inviscid flow
about a sharp cone. The next significant event occurred in 1947 with
publication of tabulated Taylor-Maccoll solutions by Kopal and Asso-
ciates (Ref 2). These tabulations were extended to include angle of
attack in Refs 3 and 4. Ferri (Ref !)) obtained first order solutions
for cones at small angle of attack in which he noted the properties of
the vortical layer about the cone and shoﬁed the existence of a vortical
singularity in the lee side flow. With this publication by Ferri, all

3



important features (except for the lee side imbedded shock waves) of
the inviscid conical flow fields were known and defined. Since Ferri's
solution was demonstrated only for a/6c < 1.6, it remained then to
increase the angle of attack for which a solution could be obtained and
to account for imbedded shock waves and viscous effects present in
experiment.

Improvement of the digital computer in the middle 1960's allowed
the solution of the non-linear Euler equations in more complete form.
Babenko, et al (Ref 6) obtained smooth-body solutions for the inviscid
Euler equations in supersonic flow without further simplification.

This work is an early example of the use of finite difference tech-
niques to integrate the three~dimensional flow equations in their non-
linear form. Another example of this approach is the work of
Bohachevsky and Rubin (Ref 7).

The finite difference scheme used in the present work can be
traced back to that of Lax and Wendroff (Ref 8). This second order
scheme, when applied to the flow equations case in conservation law
form allows shock discontinuities to form without special provisions
during the integration process. MacCormack's (Ref 9) variant of the
Lax-Wendroff scheme as applied by Kutler (Ref 10) extended the angle of
attack range for which inviscid sharp cone flows could be obtained.
Further applications (Refs 11-13) of this technique to inviscid flows
were made by Kutler, et al to allow for real gas effects, varying
geometries, and passing through shock fronts. However, the inaccuracies
due to neglect of viscous effects were not effectively dealt with until
the work of Lin and Rubin (Refs 14,15) and Lubard and Helliwell (Ref 16).

Lin and Rubin solved a boundary layer equation set modified to account

4



for centrifugal force and cross flow diffusion in the weak interaction
region and a parabolic set in the hypersoni. tip region to obtain
solutions including viscous effects up to twice the cone half angle.
However, the former approach requires input of surface pressure from
experiment or other source. Lubard and Helliwell utilized an implicit
finite difference technique similar to that of Lin and Rubin to solve
the flow equations subject to a parabolic assumption for the stream-
wise syear stress terms. This space marching technique required an
accurate initial surface for the integration to proceed. The lack of
such a surface required that the integration be started at zero angle
of attack and that the angle of attack be gradually increased until
the desired value is reached. The solution must then be carried far
enough downstream for relaxation of the effects of this procedure to
occur. The comparison with experiment for this technique at a given
physical point on the cone surface is therefure uncertain.

As noted in this brief survey, solutions of viscous flow over
cones have only recently been attempted (1973). The present study
seeks to illustrate a teciinique which includes viscous effects in cone
flow calculations and removes limitations present in the inviscid
calculations. The details of this te<hnique are given in the

following section.



III. Approach

This section presents the details of the solution approach used in
the present study. A brief description of the general features of coni-
cal flow is presented in part one. This is followed by a discussion in
part two of the govgrning equations of fluid flow and the changes in
these equations which result from the conical symmetry assumption. Part
three describes the application of MacCormack's numerical integration
scheme to the equation set obtained in part two. Part four then gives

the details of the solution procedure.

Description of Conical Flow

As noted in the introduction to the present study, supersonic flow
about conical bodies has been of considerable interest to aerodynamicists.
Supersonic inviscid conical flows appear at first inspection to be fully
three-dimensional. However, they are in reality only two dimensional
with no gradients in any quantity occurring along the third dimension.

A mdre detailed description of these flows is presented here to promote
understanding of their unique properties.

Truly conical supersonic flows are steady state solutions to the
Euler equations (Navier-Stokes equations with viscous terms neglected)
for a particular set of boundary conditions. These conditions are a
uniform supersonic outer flow and a body generated by rays passing
through a common vertex. To ensure that the flow is completely conical,
the additional condition of a bow shock wave attached to.the vertex of
the body must be imposed. Examples of bodies which generate these flows
are: (1) circular cones, (2) elliptical cones, (3) delta wings,

(4) delta wing/conical body combinations, and (5) axial corners.



Many variations/combinations of these bodies are possible which produce
conical flows. Also, conical bodies which appear as nose shapes in more
general configurations will produce locally conical flows. The
characteristics of these flows are examined below.

The dominant feature of conical flow is that all fluid quantities
are constant along rays passing through the vertex of the conical body.
By noting that these rays are equivalent to the spherical radius r with
origin at the cone vertex, conical f}ow can be mathematically described
by stating that derivatives of all fluid quantities with respect to r are
identically zero. The physical implications of this statement are
illustrated in Fig. 1. This figure shows a plane cut of an axisymmetric
supersonic cone flow. A conical flow exists when the flow quantities at
point A (along streamline ¢A) are identical to those at point B (along
streamline wB). The flow at both point A and point B can be completely'
described in terms of the single angle 6 for this two dimensional cut.
What is apparently a two dimensional flow is then in reality only omne
dimensional (sometimes referred to as 1-1/2 dimensional, since two
velocity components are still present).

Although somewhat more difficult to visualize, conical bodies at
angle of attack in supersonic flow also produce conical flow fields. By
analogy with the above discussion, these flows can also be described
completely in terms of the independent variable 8 and a circumferential
angle ¢ (these angles are illustrated in Fig. 2). All natural features
of the flow; such as imbedded shocks, bow shocks, slip lines, etc.; form
surfaces composed of rays passing through the conical vertex. An example
sketch of this flow is shown in Fig. 3. The streamlines shown in Fig. 3

show the manner in which the flow crosses the bow shock, expands around



the body, and then is turned back along the cone by the imbedded shock.
It is instructive to view flow features on a spherical surface through
the field.

Figure 4 illustrates the approximate cross flow streamline pattern
on the spherical surface and shows relative location of the shock
waves. The point at which the cross flow streamlines converge is the
vortical singularity first noted by Ferri (Ref 5). The streamlines
all have different values of entropy which implies that density and
entropy are discontinuous at the singularity with pressure being
continvous. This singularity rests on the cone surface (in fact,
Melnik (Ref 17) has shown the possibility of two singularities on the
surface) at low angles of attack and 1ifts off as angle of attack
increases.

In summary, conical flows can be completely described in a
spherical coordinate system by only two independent coordinates (8, ¢).
All natural features of the flow are also conical surfaces. These
facts tend to render a very complex flow more amenable to solution by

presently available techniques.

The Fluid Flow Equations

In this section, the basic equations of fluid flow are presented
in complete form and the conical symmetry assumption is applied. The
resulting equations allow integration to take place on A single
spherical surface. The non-dimensionalization of the equations and

the physical meaning of the assumptions are discussed.



The Navier-Stokes equations which describe flow of a perfect gas,
can be written in conservation law form (Ref 18) for a spherical
coordinate system as follows:

-+ -+ -+ -+
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The stress tensor terms Tij and 44 will be defined in detail later.
Solution of the equaéion set in the form shown above would require
very large amounts of machine time even for simple aerodynamic config-
urations. This has led researchers in the past to simplify the
equation set through neglect of the stress terms (inviscid flow)
and/or by reducing the number of dimensions to be considered in the
problem. One class of flows which has been extensively examined,
(Refs 10,19,20) through neglect of the viscous terms, is that of
inviscid conical flow.
A conical flow, as noted in the previous section, can be
described as an inviscid steady flow in which all flow quantities are
constant along rays passing through the vertex of the conical body.
If a body fixed spherical coordinate system (Fig. 2) centered at the

vertex of the conical body is used to describe the flow, then all

spherical surfaces must have the same vector and scalatr values of the
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flow quantities for a given (6, ¢) point on each surface. Therefore
all derivatives of flow quantities with respect to the spherical
radius (r) of these spherical surfaces from the origin must be zero.
This has the effect of reducing the number of independent variables in
the problem by one.

Examingtion of experimental studies of supersonic flow over
conical bodies (Refs 21;23) reveals that these flows exhibit approxi-
mate conical behavior downstream from the nose region even though
relatively large viscous regions exist. Cross (Ref 21) determined
that the viscous layer grouth on the lee side of a delta wing in super-
sonic flow was essentially conical. The oil flow separation traces for
sharp cones in the experimental study of Stetson (Ref 22) are approxi-
mately straight (but the conical vertex of these traces is displaced
downstream by nose effects). Therefore, in concert with an idea first
broached by Anderson (Ref 24) for axial corner flow, the coaically
symmetric flow approximation 6%; = 0) is applied to all terms in
Eq (1).

The resulting equation set is:

> >
D . aF . 3¢ =+
-aT+—a€+-a—¢'+H =0 (2)

where:

(a) 3, f, and E are unchanged except in the definition of the

stress terms.
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T31
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-(pvi-022) - (pw?-033) + 2pu?-0q,
-cotf (pwz-dgg) + 3puv-21;2

cotf (pvw=Tz3) + Jpuw-2T,3

29ue - udy; = Vvlyi2 -~ Wl13

. B

These equations are non-dimensionalized as follows, with dimensional

quantities denoted by primes:

u=_u’ ve v~ w= w

\' v

max max max
p=p~ p=p t=t" T =T°

Pro 0 r7vmax T
e s Re = 'max Pro’

Vmax X

% 1)
_[2x rt; k = (3)

vmax [y-l § te Y

Equation 3 indicates a notational change from this point onward.
Hereafter, units will be specified where dimensional quantities are

used. The quantities used for non-dimensionalization are due to
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Kutler (Ref 10). It is significant that when time is non-dimension-
alized by the parameter r/Vmax, the r dependence in Eq (2) is contained
in the Reynolds number. The net effect is that the calculation is
carried out at a single (6, ¢) spherical surface with the distance of
this surface from the cone apex determined by the Reynolds number.
Therefore, all spherical radius scaling is now contained in the

Reynolds number alone.
The non-dimensional stress terms for this equation set are

defined as follows:

Ti2 = T21 = %; (%% - V)

1 du

T13 =T31 = _Re sin9(3_¢ - w 8inf)

T23 = T32 = i;l;Iﬁﬁ'[%E'(w sinfB) -2 w cosf + 5!]

o, " ARe [2 u sin6 + —6 (v 8inf) + 3¢J
2

ARe ~ 3Re

U
O11 = = ikpt sine

(o}

2 ,0v n

022--kp+-ﬁ(%-+ u)+m—e'
2 0

033--kp+m(a¢+usin+vcose)+—i-£ﬁ (%)
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The heat transfer terms are defined as follows:

S e e OT & amilia OE (5)
%9 2RePr 36 ° q¢ 2RePr 3¢
uc
where Pr = —KR

At this point, it is prudent to examine further the physical
implications of the approximations applied to the above equation set.
It should first be noted that the only approximations now inherent to
the equations are that a perfect gas is required and that conically
symmetric flow is assumed at all points in the field. Figure 5
depicts a cross section through an axisymmetric cone flow with a some-
what exaggerated boundary layer thickness shown by the dashed line.
The thesis 1is that at a given calculation surface, the wviscous layer
thickness will be properly scaled by the Reynolds number based on the
spherical radius to that surface. The only error then would be in the
local gradients of the flow quantities and would be of the order of
the angle be:ween the spherical radius and the edge of the boundary
layer at the calculation surface. The same statement could be made
concerning a calculation at any point along the cone downstream from
the non-conical nose region. Therefore, since the growth of the
viscous layer thickness will not in general be linear, the assumption
in reality only implies locally conical flow,

In order to test the above hypothesis, calculations were carried
out using the above equation set and the method set forth in the
following sections applied to axisymmetric cone flow. The cone surface
pressure resulting from these calculations is shown in Fig. 6 and

compared with hypersonic weak interaction theory for axisymmetric cone
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flow (Ref 29). The agreement shown in Fig 6 between the calculations
and the weak interaction theory is quite good with divergence noted
(as expected) toward the nose of the cone. In order to fully verify
the hypothesis, two dimensional calculations compared with appropriate
experimental data are required. The remainder of this report will
present the results of calculations carried out at selected conditions
for which experimental data are available. Comparisons are made and

conclusions are drawn concerning the adequacy of the hypothesis.,

The Numerical Integration Scheme

This section discusses the choice of MacCormack's finite differ-
ence scheme as the integration method for this problem. The scheme is
illustratively applied to the one-dimensional wave equation as an
example. The equations to be integrated are cast in MacCormack's
predictor-corrector form, and the finite difference representation of
the derivatives is shownm.

The utility of MacCormack's (Ref 9) finite difference scheme for
the solution of inviscid supersonic flows has been demonstrated in
numerous studies (Refs 10-13). More recent studies have also shown it
to give excellent results for two-dimensional viscous flows with sepa-
ration (Refs 25-27). The scheme can be described as a second order
accurate predictor-corrector sequence for the integration of partial
differential equations. MacCormack's scheme is a variant of the Lax-
Wendroff scheme (Ref 10) and can be shown (as applied to the linear
wave equation) to reduce to Lax-Wendroff form when the predictor is
substituted into the corrector. Since second order difference schemes

generally give better results with fewer mesh points than first order
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schemes, MacCormack's proven differencing scheme is chosen for the

present study.
If an Euler predictor followed by a modified Euler corrector is

applied to the 1-D wave equation %H-+ cgg-- 2;

Predictor: 81+1 = Ui - cAt (Ux)i (6)

» =l -
Corrector: U1+1 2[U1 + ?’{i+1 cAt ('l‘f )1+1] (7)

MacCormack's scheme resuits when forward first spatiﬁl differences are
used in the predictor and backward Iirst differences in the corrector.
The predictor corrector sequence is then (with 1 representing time

location and j spatial location):

i+1 i cAt
Predictor: ﬁ& Uj T, (Uj+1 U;) (8)
Cotragtor: U1+1 1y 'l\,i+1 clt ("\ji+1 _ '1\114-1)] (9)
3 2 j Ax
The two equations collapse, when the appropriate substitutions are
made, to the following Lax-Wendroff form:
i+l i rAt i i
U = U, -7 -U +
PR R M R D
25,2
cAtt, 1 i i
ax? U = 2y Uy =

The leading error terms which are truncated through use of this finite
difference equation representation are of the form (with the derivatives

evaluated at an undetermined point within the range of interest)

AtAx? AtAx? At?
= G o ER L

H 6
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which illustrates that when At and Ax are of the same order, the
estimated truncation error must be of 0(At?) and the method can be
said to be second order accurate. The stability of MacCormack's
scheme is examined in Appendix C.

When the scheme is applied to Eq (2), the resulting MacCormack's
predictor-corrector steps are as follows (the + used previously to

indicete vector quantities is omitted here for clarity).
3i+1 i

i
Predictor 1,k Dj,k = KE(Fj+1,k - Fj,k) =
i -
A¢( 1, k+1 G, k) -4t Hy, (11)
i+1 1 1, yi+l i+1 i+1
Corrector Dj,k = E-[Dj K j 0= (? ? j-1, k =
i+1 i+1 A+l
s - 8l - o ﬁj,k ] (12)

where v indicates that the flow quantities are evaluated at the

predictor level and D implies D(iAt, jA6, kA¢). The presence of

j,k
the H’ matrix in these equations indicates that they are in so called
"weak" conservation form (Ref 28). Numerical results in the present
study reveal that no significant error in total temperature occurs
across shock transitions through use of this form of the equations
(implying that energy must have been properly conserved).

Since Eq (2) contains derivatives in the stress terms which
remain as an integral part of the matrix terms, a value of the deriva-
tives must be obtained at each of the mesh points used in the primary
differencing. These values must be obtained in a manner which will
maintain both consistency and accuracy of the differencing equation.

This was done in the present study by evaluating the interior derivative

terms with respect to the same independent variable using first order
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difference approximations of opposite sense to the exterior differences.
An illustration follows for the predictor.

Consider the vector ¥ which consists of functions of the flow
quantities and their derivatives. The finite difference representa-

oF
tion of 30 is

-+
oF 1 = >
3~ 28 Fyer,e " Fy,id 13)

Assume that the vector f contains the derivative %%, values of which

are therefore required at mesh points j,k and j+l,k in the difference

representation. These values are obtained by %%4=%§ (uj+l k" uj k)
’ 4

du_1
at j+1,k and ae--KE-(uj’k uj-%,k) at j,k. The resulting finite

difference representation for %3% is the standard second order accurate

difference centered at j.

When a cross derivative term is involved (say a %% term contained
>
in %g). second order centered first differences are used. With %%
du 1
represented as above, % 16 (uj+1,k+1 uj+1,k-1) at j+1,k and

du 1 _
3% - A0 (uj,k+l uj,k-l) at j,k. This results in the standard second

2
order accurate second difference for the %$%§ difference centered

at j+s.

This procedure is also used in the corrector step with all differ-
encing reversed in the 6 direction. The resulting differences, when
combined with the p;edictor into the Lax-Wendroff form, are correct
and centered at j.

This essentially completes the application of MacCormack's scheme
to Eq (2). It should be apparent that throughout the analysis of
MacCormack's scheme, careful prescription of the first order differen-
ces 1o the individual predictor and corrector results in a second order
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accurate scheme for the entire cycle. The details of the integration

procedure are described in the following section.

The Solution Procedure

In this section, the.details of the integration procedure are
discussed. The finite difference mesh is first described, followed by
the initialization used for the initial value problem and a brief
descripticn and discussion of the physical boundary conditions.
Finally, the convergence criteria for determin‘ng when the sought-for
steady state solution has been reached is described.

As stated earlier in this section the calculation takes place on
a spherical surface located at a distance r from the vertex of the
cone. The distgnce r is determined by the distance along the cone at
which correlation with experiment is desired. It then appears as the
characteristic length in the Reynolds number and scales the viscous
effects at the calculation surface. The integration procedure, as
with all finite difference techniques, requires values of the fiuid
flow quantities to be known at discrete points labeled as mesh points.
For the present study, these points are arranged on the (6, ¢) calcu-
lation surface as shown in Fig. 2. The mesh points are evenly spaced
in the 6 and ¢ directions with A8 # A¢. It should be noted that con-
siderable advantage for viscous calculations can sometimes be obtained
by varying mesh point spacing to cluster points near the surface.
However, only uniform size mesh is considered here since the present
study 1is primarily concerned with proof of an untried assumption for
the flow equations, Therefore, the additional complexity involved in

obtaining the uneven mesh spacing was not desirable and was not made
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a part of this study. The mesh spacing used was designed to give
entirely adequate results on the lee side of the cone in the large
viscous regions present there.

The finite difference mesh is initialized to free stream values
of the flow quantities except for surface points at which the three
velocity components are set identically to zero. This is physically
equivalent to bringing the cone from rest to the free stream Mach
number instantaneously. As might be expected, the initial transients
associated with this procedure are quite large and require numerical
damping at the higher angles of attack. This is not, however, comsid-
ered detrimental since the damping is required continuously for most
of the solutions obtained for reasons which will be discussed later.
Also, a comparison between final results obtained with the impulsive
start Qnd with a solution obtained by changing slightly the boundary
condition representation (thereby perturbing the flow) of a converged
solution revealed no essential difference between the two solutions.

The boundary conditions, which are maintained throughout the
calculation, are:

(1) All velocities identically zero at the surface.

(2) Surface temperature constant and equal to the value for the
experimental case.

(3) Free stream values of all flow quantities are maintained at
the outer edge of the mesh. Since the bow shock wave was very close
to the con; surface on the windward side for the high a cases, an
ellipse was used to provide a dummy outer edge of the mesh which would

be close to the bow shock and therefore save computer time.
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(4) Lateral symmetry of the flow quantities is maintained across
the ¢ = 0° and ¢ = 180° lines.
The values of pressure and density at the surface are determined during
the integration. A discussion of this matter, plus a more complete
description of the boundary conditions, appears in Appendix A.

In this study, the predictor and corrector are swept through the
(¢, 6) mesh in turn, beginning at the ¢ = 0°, 6 = ec point. A complete
traverse of the predictor and corrector coustitutes one time step.
Step by step, the procedure is as follows:

(1) The predictor is swept through the mesh from @ = ec to § = Oy
and from ¢ = 0° to 180°.

(2) The 3 matrix is decoded to obtain updated values of the flow °
quantities.

(3) The corrector is swept through the mesh, using the updated
flow quantities where appropriate.

(4) The D matrix is decoded to give values for the flow quanti-
ties at the end of the time step.

(5} Boundary conditions are applied where necessary during the
integration.

As implied in the stated outer boundary condition, no special
provisions are included to handle the bow shock wave or any imbedded
shock waves which may arise. These shock waves are "captured" through
use of the conservation form of the governing equations (Refs 10,28).
This procedure is considered adequate through use of numerical damping
for reducing spurious oscillations arocuad che shock waves (Appendix B).

A criteria for determining when the steady state has been reached

(1.e. "convergence'") is considered an integral and necessary part of
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this study. Previous unpublished experience by the author with
inviscid flows reveals that instabilities in the calculation can arise
even after changes in the flow field pressure become small as seen on
a plotter or CRT display device. Therefore, a stringent convergence
criteria is used in the present study in order to insure that the
solution 1s stable and that the results obtained are repeatable. The
convergence criteria that was used required computation of differences
in pressure, density, velocity, and energy between time steps and
stopped the calculation when these differences reached the fifth signi-
ficant figure for all points in the flow field. At the time step
sizes used for runs reported here, convergence of the solution typically
occurred at the physical time required for the outer flow to move 4 to
5 times the length from the nose to the calculation surface. By
reducing the number of significant figures input to the convergence
routine, it was found that the fifth-place criteria gave run times
nearly twice as long as would have been required to obtain values of
surface pressure accurate to engineering standards (Changes of less
than 3% occurred in surface pressure during the last 502 of the run).
The numerical stability of the present calculations is therefore assured.
The present 'study did not make continuous use of a stability
limit criteria to determine allowable step size. Instead, the time
step size for each computer run was frozen at a value which would
insure no difficulty with normal stress damping (described in Appendix
B). Based on experience gained in the study, a stability criteria was
postulated and confirmed by numerical experiment. This entailed
repeat of a previous run withtime step size automatically determined by

applying the criteria noted below at each time step. This stability
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1imit criteria is described in cetail in Appendix C. The criteria is

summarized here:

At = m MIN (Atcfl’ Atnsd’ Atvisc) (14)
wherem <1 | At _.< 1
=7 0 Tefl- vl Tul + [20Z + (sinBA9)?7)
AS (8inbA¢) AB(sin6A¢)
Re 4782

Atnsd D L) 212 + BAI
u

482 (pRe Pr)

s 2y

tvisc " MIN
In this instance, MIN implies the minimum value of the quantity
found by searching all mesh points in the flow field. Although m is
theoretically limited to 1.0 (the CFL conditicn), it was found that a
value of m = 1.2 could be used once the initial strong transients
were past. Instahility of the solution occurred at m = 1.4.
The operation sequance used in the computer code was the
following:
(1) READ input data
(2) Initialize mesh
(3) DO time steps, 1 to input number
(4) Calculate local Reynolds number
(5) Calculate local damping coefficients
(6) DO predictor for all but free stream boundary mesh points
(a) Calculate coordinate metrics
(b) CALL boundary value subroutine
(c) Define finite difference representations
(d) CALL vector load subroutine (creates f, E, and B” 1in

Eq (2) according to the requirements of (c) above)
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(e) CALL integrations subroutine (creates predicted value
of 3 at new time level by application of Eq (11)
(f) CALL D vector solver subroutine (decodes flow quanti-
ties from calculated D vector at new time level)
(7) CALL symmetry boundary condition subroutine
(8) DO corrector for all but free stream boundary mesh points
(This is an exact duplicate of step (6) except for changes in finite
difference representations and flow quantity time levels. The code
used the same subroutines for both predictor and corrector sequences.)
(9) CALL symmetry boundary condition subroutine
(10) Test for convergence. If not converged, return to step (3)
and continue until convergence criteria is met or the input number of
time steps 1is completed.
(11) Store results
(12) Print and plot results of calculation
(13) sTOP
This sequence of operations may be used to integrate (by use of
MacCormack's scheme) other three coordinate versions of the flow
equations by appropriate changes in steps (6) (b), and (d). The
restrictions are that weak conservation form be used and that the
independent variable of integration be time or a coordinate direction
in which M > 1.
This completes the description of the approach used in the present
study. The following section describes and compares with experimental
data the numerical results obtained through application of this

approach,
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IV. Numerical Results

This section presents a comparison between results obtained with the
present technique, the numerical technique of Lubard and Helliwell, and
selected wind tunnel experiments. The first comparison is with the
experimental study of Tracy (Ref 30). This study has been a standard of
comparison for other techniques (Refs 14-15} and is very well documented
in the open literature. The second comparison is with the experimental
study of Stetson (Ref 22) and the third with that of McElderry (Ref 31).

The validity of any heretofore untried assumption applied to the
governing equations can only be determined through comparison of the
results obtained by calculation with results of experiment. To test the
validity of the present technique, experimental data were chosen which
had been published and which provided a Mach number range of six to
fourteen. The experimental cases chosen were for sharp cories within the
limits reasonably obtainable by standard machining techniques (0.00l to
0.002 in. nose radius). Reynolds numbers, except for that of McElderry,
were in the range for which laminar flow could be expected. Transition
onset in McElderry's data was at approximately Re = 2.4 x 106. The
cases all have flow field probe data available for selected Reynolds
numbers and angles of attack. The remainder of this section will

present a detailed comparison of the results of the present calculation

with the chosen experimental data.
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Tracy's Data
Tracy (Ref 29) ~onducted an experimer’al study using a 10° half

angle sharp 0.002 nose radius) cone in M = 7,95 flow. The wind tunnel
working fluid was air with total pressure and temperature of 259.3

psia and 1360°R for the runs of interest. The resultine free stream
Re was 1.25 x 106/Ft. Data were taken at angles of attack of 0° to 24°
in 4° increments. Measurements of surface pressure at x = 4.0 in. and
surveys of picot premsure at x = 3.45 in. (and perpendicular to the
cone surface) were rielected for comparison. The configuration of the
model and instrumentation privented the acquisition of both types of
data at the same x station on the cone surface.

Calculations were performed at the following conditions:

M= 7.95 Re, = 4.2 10° (x = 4.0 in.)
Pcuo = 259.3 psia

= Q - ’
T, = 1360°R T /T, = 0.41

o} o} [o] (4] (o] (o]

Pr = 0.72

The finite difference mesh contained 48 x ) points except for the
a = 24° case in which a 48 x 70 mesh was used. The circumferential
(¢) step size was 4° Zor all runs with the 6 step size varying depend-
ing - the angle of attack and number of mesh points used. All runs
in this study were converged to the fifth significant digit of the
flow quantities. Computer run times for these solutions ranged from
1.4 hours (a = 12°) to 1.6 hours (a = 24°) on the CDC CYBER 74
(equivalent in CPU speed to a CDC 6600). The numbe:s of time steps
required ranged from 1860 (a = 8°) to 2480 (o = 120). The fact that
the highe~t angle ¢i attack 1un did not take the largest number of

time steps is due to variance ‘u the actual CFL condition at which
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each calculation was made. More consistent results are obtained
through use of the stability criteria set forth in Appendix C. 1In
order to provide comparison of both flow field and surface quantities,
comparison with experimental data is showr for surface pressure and
pitot pressure surveys. In addition, velocity vector plots are shown
for the calculations and ﬁictorial displays of cross.flow field fea-
tures are shown in order to compare the overall agreement of the
calculation with experiment. (These data were also reported in Ref 39).
Figures 7 through 10 compare the numeri;al results of the calcu-
lation with the surface pressure data of Tracy. At this point it
should be noted that, unless otherwise stated, the discrete points
shown for Tracy's data were obtained from continuous curves in Ref 30
through use of a digitizer. Figure 7 gives this comparison for
a = 8°, The calculated value can be seen to fall just at the edge of
the symbols for the entire circumference of the cone. This corresponds
to a local difference of 1.6X at ¢ = 0°, the windward centerline of the
cone. The surface pressure comparison for o = 12° 1s given in Fig. 8.
The agreement in this case is somewhat better near the leeward center-
line (¢ = 1800) but the local difference has increased to 2.5% at ¢ = 0.
The same type of agreement exists for the a = 20° (Fig. 9) and o = 24°
(Fig. 10) cases with the local difference for o = 24° becoming 5% at
¢ = 0°. To provide a further comparison, the surface pressure at ¢ = 0°
obtained-by Lubard and Helliwell (Ref 16) for the o = 12° case 1s
identical to that obtained in the present study. The first possible
reason for the discrepancy between calculation and experiment on the
windward side is that Tracy noted an approximate 0.5° uncertainty in

angle of attack in the wind tunnel used for the experiment. In order
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to test this possibility, the a = 20° run was reconverged at a = 20.50.
The surface pressure at ¢ = o° regained only 1/2 of the 4.7% difference
between the experiment and the o = 20° solution, indicating that not
all of the discrepancy could be due to the uncertainty in angle of
attack. The second possibility which should be considered is the fact
that the surface pressure taps used for the experiment were somewhat
large in relation to boundary layer thickness on the windward side.
In any case, an error band of at least 5% is present in most experi-
mental studies.

Sample circumferential pitot surveys are presented in Figs. 11
through 13. The angle in the 6 direction for comparison with experi-

ment is defined by

" g s
6 =0+ ten [3.45..] (15)

where y is the normal distance above the cone surface in inches. The
Reynolds nuuwber for the calculated results is 4.2 x 105. Since the
pitot surveys were made at constant height above the cone surface,
they will in most cases intersect the bow shock at some poini in the
circumferential traverse. This appears in the pitot pressure plots as
a sharp rise from the free stream value (8.7 x 10—3) to the maximum
value for each trace. Probe effects cause the character of the rise
of experimental pitot pressure to appear remarkably like that of the
rise of pitot pressure through the captured shock waves obtained in
the present study, with decrease in transition slope and loss of peak
pressure in the calculations caused by the necessary damping present.
Note that the pitot pressure transition centerpoint (the shock location

criteria used by Tracy) of the captured shock in all of the calculated
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results is virtually the same as would be determined from the experi-
mental pitot survey and that the calculated pitot pressure quickly
returns to the proper magnitude on the high pressure side of the shock.
For the a = 12° case (Fig. 11), the uppermost survey (y = 0.4 in.) is
entirely in the inviscid flow region for both calculation and experi-
ment. The survey nearest the cone surface (y = 0.05 in.) 1is in the
viscous layer for more than 90° of the circumference of the cone.
Agreement with experiment for both of these surveys is good. The
calculated center survey (y = 0.2 in.) departs from the experimental
value near the lee centerline (¢ = 1800). This departure is due to
the smaller viscous layer present in the calculation as compared to
experiment.

The a = 20° case (Fig. 12) has esseantially the same degree of
agreement between the calculated results and experiment with the excep-
tion that the departure near the lee centerline is concentrated in a
region of approximately 6° (¢ = 174° - 1800). Agreement outside this
region is generally good. Figure 13 illustrates that essentially the
same agreement and region of discrepancy exist for the o = 24° case.

The pitot pressure discrepancy near the lee centerline can be
evaluated more clearly from Figure 14, which compares pitot pressure
along the lee centerline for the a = 24° case. The discrepancy, as
noted above, extends for approximately 6° to either side of the lee
centerline for this angle of attack. It is attributed to a combina-
tion of locally large pitot pressure drop due to finite model nose
radius and to nose effects resulting from the non-conical region at
the nose. Any persistent experimental nose effects would tend to be

concentrated along the lee centerline as they are swept back along the
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cone. This phenomenon can be observed in the experimental study of
Stetson (Ref 22) through examination of the oil flow pictures presented
therein. For instance, Fig. 12 of Ref 22 shows a near conical cross
flow separation originating at approximately 16Z of the cones length
from the nose. As can be observed from the oil flow traces prior to
this point, the flow originating at or near the nose has been swept
around the cone to the lee side by the time the 16Z point has been
reached. Since th: flow is primarily axial on the 1ée side after the
cross flow separation begins, the results of the effective blunting
and the non-conical region near the nose remain at or near the lee
centerline as the flow continues along the cone.

f; demo;strate the pressure distribution obtained through the
shock layer, Fig. 15 shows static pressure in the 6 direction at 60°
intervals around the conme for the a = 12° case. The elevation above
the cone surface is given in radians in this and subsequent computer
generated plots. As noted in Appendix B, the damping was not tailored
in the 6 direction for these runs, so excess smearing of the shock is
evident on the free stream side. No appreciable harm is seen to
result from this smearing.

The velocity vector plots in Figs. 16 through 18 provide an indi-
cation of cross-flow streamline patterns and illustrate the relative
magnitude of cross-flow velocity for all but the lowest momentum
regions. The reverse flow region is thin in the o = 12° case (Fig. 16)
with the vortical singularity (defined for this study as the cross
flow stagnation point toward which streamlines converge) occurring
near the e&ge of the viscous layer 3.2° above the cone surface. The

cross-flow separation point is at ¢ = 163° with the experimental point
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occurring at ¢ = 156°. This difference is attributable to lack of
resolution of the reverse flow region at this angle of attack in the
present study, as both Lin and Rubin, and Lubard and Helliwell obtained
a separation point nearer that of the experimental data. This was
supported in the present study by the fact that the separation points
in the higher o runs (with more mesh points in the reverse flow
regions) were virtually identical to those of experiment.

At a = 20° (Fig. 17) the extent of the reverse flow region and
~ the position of the cross-flow separation point have reached limiting
values, as no substantial changes in these can be seen in the a = 24°
run (Fig. 18). This was noted for the separation point in both experi-
ment and theory by Lin and Rubin (Ref 15). However, the extent of the
viscous region and the location of the vortical singularity (as deter-
mined in the present study) continue to change as a increases. The
vortical singularity is near the edge of the viscous layer for all
cases in the present study in which it 1s lifted off fhe cone surface,

Although agreement with experiment so far has been shown to be
good, perhaps the best evaluation of the validity of the conical flow
assumption for engineering solutions can be made through a pictorial
representation of the flow field features. Figures 19 and 20 compare
the overall results of the present study with the calculation of Lubard
and Helliwell and Tracy's data. As shown in Fig. 19, the position of
the bow shock and viscous layer edge of the present study for this
case are essentially those obtained by Lubard and Helliwell. Both
numerical studies result in a shock position too near the cone and a
thinner viscous layer at this a when compared with experiment. This

is considered to be primarily due to the failure to account for nose
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tip effects as noted above. A weak supersonic region is present in
the cross flow plane and is shown by the solid lines between viscous
layer and bow shock. The vortical singularity position is shown by
the open oval symbol on the lee centerline. The structure of the

a = 24° case is more interesting (Fig. 20). Supersonic cross flow is
seen to exist over most of the field and is terminated by a complex
sonic line/shock wave. The position of this line is nearer the lee
centerline than shown by Tracy. The small amplitude oscillations
present on the imbedded sonic line/shock as it nears the bow shock
can be seen (through careful examination of Fig. 18) to be caused by
oscillations (in velocity) propagating through the supersonic cross
flow region from the vicinity of the bow shock. The ¢ grid spacing
used in the present study did not give sufficient resclution to deter-
mine the existence of the lambda portion of the imbedded shock, as
shown by Tracy. However, its signature may be surmised in the hump
present in the calculated viscous layer edge at an angle of approxi-
mately 30° from the lee centerline. The curious flat top present in
the calculated viscous layer edge as compared to experiment 1is again
attributed to the failure of the numerics to model non-conical nose
effects.

In summary, the present technique 1s seen to model all features
present in the experimental study, with the exception of the non-
conical nose effects. The computer times are not excessive since they
are based on a very stringent convergence criteria and represent an
increase in time per mesh point calculated of only 40% over a compar-

able inviscid computer program.



Stetson's Data

Stetson (Ref 22) conducted an experimental study using a 5.6°
half angle sharp (0.001 in. nose bluntness) cone in M = 14.2 flow.
The wind tunnel working fluid was air with total pressure of 1600
psia and a total temperature of 2050°R. The resulting free stream Re
is given as 0.62 x 106/Ft. Data were taken at angles of attack of 0°
to 140 in 2° increments (plus a run at 5°). Measurements of surface
pressure were made at a number of stations along the cone, and pitot
surveys were made perpendicular to the free stream velocity at x/L =
0.87 for a = 10°,

A calculation was made at the following conditions:
5

M= 14,2 ' Re = 7.9 x 10 (x/L =0.75,
P:m = 1600.0 psia L = 15.37 in.)
: o
Ttw 2050°R Tw/T:w 0.29
Pr =0.72

The finite difference mesh contained 48 x 50 points with the circum-
ferential step size being 4° as for the previous calculations. The
computer run time (with convergence criteria as before) was 2.2 hrs.
of CDC 6600 time for 2700 time steps. In order to provide comparison
of both flow field and surface quantities, plots of calculated results
versus experimental data are shown for surface pressure and selected
cuts through the pitot pressure surveys. Also, a velocity vector plot
of the calculated results is shown. A plot of surface pressure
compared with étetson's data comprises Fig. 21. The agreement with
experiment is quite reasonable with the maximum d;fference of approx-
imately 16Z (an compared with local static pressure) occurring in the

vicinity of the pressure minimum. Pressure scale expansion in Fig. 21
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and the low absolute magnitude of pressure in this region make the
agreement appear less adequate than actually exists. The complete
circumferential pressure distribution is qualitatively comparable to
that of Fig. 9. The surface pressure scale of Fig. 21 is equivalent
to 0.0 to 0.6 on Fig. 6.: The calculated cross flow separation point
(26o from lee centerline) agrees quite well with the experimental
value (27o from lee centerline).

_Pitot pressure comparisons at three ¢ stations on the lee side
of the cone are given in Figs. 22 through 24. The first comparison at
¢ = 180° (Fig. 22) shows a large difference in position (approximately
27% at the bow shock) between given levels of pitot pressure for the
calculation and experiment. Although the same phenomenon was noted in
Tracy's a = 24° case (Fig. 14), the difference was small at the edge
of the viscous layer and the calculated bow shock was displaced very
little from the experimental position. However in the present case,
the bow shock is displaced nearly as much as the edge of the viscous
layer. This displacement can be seen to persist (although much smaller
in magnitude) through ¢ = 160° (Fig. 23) until by ¢ = 140° (Fig. 24),
the agreement is nearer that expected from previous results. In all
three plots of pitot pressure, the trends as shown by the calculation
are essentially correct. The remaining question then concerns the
possible reason for the discrepancy between the calculated and experi-
mental viscous layer thickness.

Several possibilities for the cause of the viscous layer discrep-
ancy should be examined. It should first be noted that the perfect
gas assumption results in a somewhat higher Reynolds number than is

quoted in Ref 22 (0.83 x 106 vs. 0.62 x 106). Since this would result
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in a somewhat thinner viscous layer for the calculation, the Reynolds
number was lowered 202 and the run was reconverged. The change in
shock position on the leeward side was a maximum of 0.25o (as might
have been expected for this small change in Re). The resulting small
change in shock position indicated that a change in Re of at least an
order of magnitude would be necessary for better agreement. A more
likely candidate for at least part of the discrepancy in viscous thick-
ness is the effective viscous nose blunting present in the experiment.
This is clearly shown in Fig. 25 (taken from Ref 22) and would account
for at least one-fourth of the discrepancy (assuming no change in bow
shock angle, which of course could not be guaranteed).

The value of Y for this calculation was 3.22. Without further
information concerning the source of the viscous layer discrepancy,
this higher value of X must be viewed as an indication that the
discrepancy will be encountered. (According to Fig. 6, divergence of
the present technique from weak interaction theory was noted at
X = 1.55 for Tracy's conditions). .

To illustrate the features of the flow, a plot of cross flow
velocity vectors comprises Fig 26. This plot illustrates that the
lee side vortices and the vortical singularity which existed in Tracy's
cases exist here also. The vortical singularity occurs near the edge
of the viscous layer as before.

In summary, the calculation is seen to model the features and
trends present in Stetson's experimental study with the only apparent
difficulty being the failure to correctly predict lee side viscous
layer thickness and shock position. The maximum difference of approx-

imately 272 occurred at the lee centerline (¢ = 1800).
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McElderry's Data

McElderry (Ref 31) analyzed experimental data taken for a 6°
half angle sharp cone 38.06 in. in length in M = 6.05 flow. It shouid
be noted that these data also appear in Ref 32 by Rhudy and Baker.

The wind tunnel working fluid was air with total pressure of 280.0 psia
and a total temperature of 850°R. The resulting free stream Re was
given as 5.0 x 106/Ft. Data were taken at angles of attack of 0° to
12° in 3° increments. Surface pressure measurements were made at
several locations along the cone with pitot surveys made perpendicular
to the cone centerline at x/L = 0.75 and 0.97. Heat transfer data were
taken on a thin walled model and were used to locate the boundary

layer transition region on the cone. Réferences to transition contained
in the remainder of the discussion of these data are based on the
transition location analysis presented in Ref 31. At the experimental
free stream Reynolds number of 5 x 106/Ft., transition was essentially
complete on the lee side by x/L = 0.3. Since the surface pressure
measurement nearest the tip was at x/L = 0.31, nearly all lee side
pressure data were taken in the turbulent flow region.

The first attempts made to calculate this case were at a Reynolds
number of 15.0 x 106 which corresponds to the fully turbulent flow
region near the base of the cone. As expected, the very thin boundary
layer present at this Reynolds number created extreme difficulty in the
vicinity of the interaction with the lee side imbedded shock wave
(The flow at this Reynolds number, when considered without provision
for turbulence modeling, could be characterized as nearly inviscid and
therefore contains some of the difficulties encountered with the

inviscid solution). No combination of damping and step size was found
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which would lead to convergence at the above Reynolds number. The
Reynolds number was then reduced by a factor of tem to 1.5 x 106 and
the run was successfully completed. This reduced Reynolds number
corresponds to a station on the cone just prior to the onset of transi-
tion (as determined in the experimental study) at the noted angle of
attack and therefore was in a region where the laminar flow eq&ations
were still valid.

The conditions for the successful run were:

M= 6,05 Rex = 1,5 x 106 (x = 4 in.)
Pt_m = 280.0 psia Tw/th,, =061

T .= 850°R Pr =072

a = 12°

The finite difference mesh c&ntained 48 x 50 points with the ¢ step
size being 4° as before. Since considerable experimentation with

time step size and damping factor was necessary during this run, the
computer time of 2.3 hours was more than would be required for a rerun
of this or a similar case.

The initial behavior of this solution was essentially the same as
that for the higher Reynolds number mentioned above. That is, the lee
side imbedded shock 1is strong until very near the cone surface (due to
the thin viscous layer). This resulted in a strong compression in the
vicinity of the cone surface which was then followed by an over-
expansion and then a recompression to the cone lee centerline point
(¢ = 180°). Although this appeared to be a persistent solution to the
governing equations as numerically approximated, the overexpansion
became strong enough to drop pressure (and thereby temperature) below

zero which then destroyed the calculation. Since normal stress damping
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was found to be effective in damping starting transients in the lee
side region for Stetson's data, it was also tried here. After some
experimentation, it was found that the overexpansion could be controlled
(and eventually made to disappear entirely) by a damping factor of 225.0
in the 6 direction and 100.0 in the ¢ direction. These factors are
scaled by the Reynolds number and therefore correspond to factors of
63.0 and 28.0 respectively at Tracy's Reynolds number. In contrast to
the use of damping to control starting transients, the damping in this
case could not be removed as the overexpansion would then reappear.
The above damping factors were then maintained until the solution con-
verged. Since the maintenance of normal stress damping in the.viscous
layer may shift the density distribution through the layer somewhat,
changes in the agreement with experiment might be expected.
Unfortunately, experimental measurements were not made far enough
forward on the cone to provide comparison with the calculated solution
at the same Reynolds number. The first surface pressure measurements
were at x/L = 0.31 at which point transition was essentially complete
on the lee side at 12° angle of attack. The dual lee side separations
associated with turbulent flow were present in che experiment at the
x/L = 0.31 point indicating that the comparison could not possibly be
exact as the calculation only had the single cross flow separation
which is generally associated with laminar flow. However, this cal-
culation provides a unique opportunity to examine the adequacy of the
conical symmetry assumption for turbulent flow. It can be postulated
that if the conical symmetry assumption is to be valid in the turbulent
regime, an examination of the flow field just prior to the start of

transition would differ only in the details of the viscous layer when
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compared conically with a measurement far downstream of transitionm.

To test this hypothesis, a comparison of the calculation (x/L = 0.10,

Re = 1.5 x 106) to the experimental surface pressure (x/L = 0.955,

Re = 15.0 x 106, Ref 31) and selected pitot surveys (x/L = 0.75,

Re = 12,0 x 106, Ref 32) is shown in Figs. 27 through 29. 1In this
instance, a conical comparison implies examining flow quantities at two
distinct spherical radii (points A and B of Fig. 1) on each of a series
of rays passing through the vertex of the cane. If the flow quantities
have nearly the same vector and scalar values at points A and B on a
majority of the rays, then the flow is essentially conical in charac-
ter. In the present comparison, point A corresponds to the calculated
vaiues at a point on the cone upstream of transition and point B corre-
sponds to the experimental measuremer.ts downstream rf transition.

The experimental surface pressure at x/L = 0.955 is shown conically
compared with the calculated values in Fig. 27. The agreement is quite
good in both trend and absolute value until the vicinity of the experi-
mental primary separation at ¢ = 126° is reached. From this point on
toward the lee centerline, the absolute value of the pressure shows
varying agreement with experiment. The.calculated separation point
(¢ = 1630) is near the experimental secondary separation point
(¢ = 1660). To place the conical comparison in perspective, the agree-
ment of the present calculation with experiment is far better than is
obtained by the inviscid techniques shown in Ref 31.

Pitot pressure surveys for both calculation and experiment normal
to the cone centerline are presented in Figs. 28 through 30. The

first survey is at ¢ = 180° (Fig. 28). Both experiment and calculation

are characterized by very high speed flow prevailing nearly to the cone
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surface. For exaumple, the first two mesh points above the surface in
the calculation have local Mach nvmbers of 5.0 and 5.9 respectively.
The oscillations occurring tLe<tween 1.0 and 2.0 inches in the calcula-
tion are numerical. Howevzr, the apparent oscillation in the calcula-
tion occurring betwee. 0.0 and 1.0 in. is in reality the solutions
reflection of the fact that a high speed "jet" of flow occurs (as |
evidenced by tbz high local Mach numbers noted above) on the lee center-
1ine under the contra-rotating vortices. The existence of this jet is
confirmed by examination ~€ Fig. 31 which stows the calculated Mach
number distribution along lines of constant ¢. The vor:ex structure
is seen to be centered et ¢ = 170°. The local Mach numzber clearly
increases at the first two mesh points above the surface as the lee
centerline (¢ = 1800) !s approached. The apparent oscillation on the
¢ = 180° line between 0.0 and 1.0 in. is in reality an iIndication of
vortex position., Tu.is region of high speed flow can also be readily
seen in the pitot maps in Ref 32 at x/L = 0.97. However, the resolu-
tion of the lines of constant pitot pressure is insufficient for the
x/L = 0.75 surveys in Ref 32 to be able to plot with certainty this
"jet" in the experimental data on the graph shown here. The pitot
survey at ¢ = 160° (Fig. 29) shows much the same trend as the ¢ = 180°
survey except for lower momentum flow near the surface and a slightly
thinner viscous layer in the calculation than in the experiment. At
¢ = 140° (Fig. 30) the conical agreement of the calculation with
experiment 1. very good.

The global conical agreement with experiment can be examined
through the characteristics of the cross flow velocity vector plot in

Fig. 32, One immediately obvious feature of this plot is that the
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vertical singularity is not lifted off the surface even though the angle
of attack is twice the cone hal. angle. This is in relaity evidence of
the fact that the viscous layer instead of having a large hump on the
lee side now has a 'cusp" at the lee centerline with a nearly sharp local
minimum in viscous layer thickness. The experimentalist have observed
this behavior of the viscous layer edge and it has been noted in vapor
screens and pitot surveys taken in turbulent flow on cones in Refs 31,
33, and 34 (see Fig. 33 taken from Ref 33). Also, comparing the extent
of the lee side vortices present in the laminar region calculation with
the pitot maps in Refs 31 and 32, it is apparent that the essential

size and character of the primary vortices are maintained through
transition and beyond.

The differences in the characteristics of the viscous layef and
surface pressure distribution with increased Reynolds numbers are
graphically and pictorially shown in Fig. 33 which 1is taken from Ref 33.
The "cusp" viscous layer structure shown in Fig. 33 for Rainbird's
experimental results has been considered to be primarily a turbulent
flow regime phenomenon on conical bodies. However, the calculation
made at McElderry's conditions in the present study demonstrates that
the "cusp" 1is present in the viscous layer upstream of transition. The
viscous layer structure of Rainbird shown in Fig. 33 is therefore a
phenomenon oc:urring in the laminar flow regime which persists into the
turbulent regime.

In summary, the golution at a location on the cone just upstream
of the boundary layer transition location is shown to exhibit features
previously associated with turbulent flows over conical bodies. The

agreement of this solution with experiment is amazingly good when it
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is compared conically with experimental measurements made far down-
stream in the turbulent flow regime. The adequacy of the conical
symmetry assumption for turbulent flow is therefore assured if a

reasonable means can be found to model viscous layer turbulence.
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V. Conclusions

Inviscid computations for hypersonic cone flow have proven
to be unstable at angles of attack greater than twice the cone
half angle. In addition, previously obtained solutions including
the effects of viscosity have required input of experimentally
obtained data and/or have not been demonstrated for a/6c>2.0.

In order to resolve these difficulties, solutions have been
demonstrated for the complete flow field around sharp cones in-
cluding viscous effects. These solutions were obtained by applying
a conical symmetry assumption to the complete Navier-Stokes equations
and numerically integrating the resulting equation set by use of
MacCormack's finite difference scheme. Integrations were performed
at selected sets of boundary conditions for which previously pub-
lished experimental data were available. The solutions obtained
were for a Mach number range of 6.05 to 14.2, a local Reynolds
number rarge of 0.4 x 106 to 1.5 x 106, and angles of attack from
alec = 0.0 to 2.4. Stability of the solutions was demonstrated
through use of a stringent convergence requirement. A technique
(normal stress damping) was developed and used to reduce or eliminate
the numerical oscillations which developed during the integration in
the vicinity of strong shock waves. The results of the integration
were compared with the experimental studies of Tracy, Stetson, and
McElderry. The following points are presented concerning the conduct
of the integration and the comparison with experiment:

(1) Agreement with the experimental data of Tracy was gen-

erally good. The major features of the experiment (shock waves,
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sonic lines, and viscous layers) were present and essentially
correct in location and magnitude in the results of the integra-
tion. The primary discrepancies noted in the comparison with
Tracy's data were an approximate 5% difference in surface pres-
sure near the windward centerline and an error in pitot pres-

sure in a small region near the lee centerline for the a/Bc > 2.0
cases. The latter discrepircy was concluded to be due to failure
of the present technique to account for non-conical nose effects.
Agreement of the results of the integration with the experimental
data of Stetson was less adequate than was shown to exist with the
data of Tracy. The agreement with Stetson's surface pressure
measurements was quite reasonable. However, the position of the
lee side shock wave in the results was 277 nearer the cone surface
at the lee centerline than in the experiment. This discrepancy was
concluded to be primarily caused by inability of the present tech-
nique to model the effective nose blunting existing in the experi-
ment which resulted from viscous effects at this high Mach number
(14.2). The apparent effect of this nose blunting was much greater
in extent in Stetson's case (hypersonic similarity parameter,

X = 3.0) than in Tracy's cases (x = 1.0).

(2) The present technique removes the aﬁgle of attack limita-
tions present in inviscid calculations. The instabilities associated
with the point where the high strength lee side imbedded shock wave
reaches the surface are removed by the inclusion of viscous effects
in the physical modeling of the flow field.

(3) The adequacy of the conical symmetry assumption is indi-~

cated for the turbulent regime on conical bodies. A solution obtained
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just prior to the beginning of boundary layer transition at the experi-
mental conditions of McElderry agrees well with experiment when coni-
cally projected far into the turbulent regime.

(4) Normal stress damping 1s shown to provide a physically
based means to provide the necessary control of spurious numerical
oscillations around shock waves without additional computer time. It
is also very effective for control of overexpansion and for control
of starting transients due to ill-suited initial conditionms.

In summary, the present technique was shown to be a viable
means of calculating the flow over cones at angle of attack including
viscous effects. Agreement with experiment was quite good for § § 1
with some discrepancy encountered in the lee side viscous layer as'i
increased. Angle of attack limitations encountered with the inviscid
equations were removed., This technique should therefore be considered
as an alternative to the use of the inviscid flow equations for future

calculations of flow over conical bodies.



VIi. Recommendations

Three primary directions are seen for extension of the work
presented in this report. The first is the confirmation of the tech-
nique for more general conical configurations, such as delta wings.

The second is the extension of the Reynolds number range for which the
calculations can be accomplished through inclusion ¢f a turbulence
model in the formulation of the equation set. .-e third is the inves-
tigation of the adequacy of the conical symmetry assumption for lower
supersonic Mach numbers.

A further item pointed out by this study is the need for re-
examination by the experimentalist of the techniques used for collection
of experimental data. As the numerical computation capability improves,
heretofore undetected discrepancies in data collection techniques may
be pointed ocut. An example is the underestimation of surface pressure
on the windward side of the cone in the present study. This under-
estimation in past inviscid studies was attributed to failure to include
viscous effects. However, two studies (the present study and Ref 16)
are available which exhibit this underestimation even though viscous
effects were included in the calculated results. A third study (Ref 14)
matched the windward surface pressure for Tracy's data only at a much
lower Reynolds number than existed in the data. This is considered to
be a clear indication that the details of the use of surface pressure
taps where thin hypersonic boundary layers exist should be further
studied. This also points out the need for cooperation and collabora-
tion between the experimentalist and the numericist in the effort to

improve overall aerodynamic prediction techniques.

46



1.

10.

11.

12,

13.

Bibliography

Taylor, G. I., and Maccoll, J. W., "The Air Pressure on a Cone
Moving at High Speed," Proceedings of the Royal Society (A),
Vol 139 (1933), p 278.

Kopal, Z., "Tables of Supersonic Flow Around Cones," M.I.T. Center
of Analysis Technical Report No 1, 1947.

Kopal, Z., "Tables of Supersonic Flows Around Yawing Cones," M.I.T.
Center of Analysis Technical Report No 3, 1947.

Kopal, Z., "Supersonic Flow Around Cones of Large Yaw,'" M.I.T.
Center of Analysis Technical Report No 5, 1947.

Ferri, A., "Supersonic Flow Around Circular Cones at Angles of
Attack,'" National Advisory Committee for Aeronautics Report No 1045,
1951.

Babenko, K. I., et al, "Three Dimensional Flow of an Ideal Gas Past
Smooth Bodies,'" NASA Technical Translation TT F-380, 1964.

Bohachevsky, I. 0., and Rubin, E. L., "A Direct Method for Computa-
tion of Nonequilibrium Flows with Detached Shock Wavas,'' AIAA

Journal, Vol 4, 1966, p 600.

Lax, D. D., and Wendroff, B., "Systems of Conservation Laws,"
Communications on Pure and Applied Mathematics, Vol 13, 1960,

p 217.

MacCormack, R. W., "The Effect of Viscosity in Hypervelocity Impact
Cratering," AIAA Paper 69-354, 1969. .

Kutler, P., and Lomax, H., "A Systematic Development of the Super-
sonic Fliw Fields Over and Behind Wings and Wing-Body Configurations
Using a Shock Capturing Finite Difference Approach," AIAA 9th Aero-
space Sclences Meeting, Wew York, AIAA Paper 71-99, 1971.

Kutler, P., Reinhardt, W. A., and Warming, R. F., "Numerical Compu-
tation of Multishocked Three-Dimensional Supersonic Flow Fields
with Real Gas Effect,” AIAA S5th Fluid and Plasma Dynamics Confer-
ence, Boston, MA, AIAA Paper 72-702, 1972.

Kutler, P., Lomax, H., and Warming, R. F., "Computation of Space
Shuttle Flow Fields Using Noncentered Finite Difference Techniques)
AIAA Journal, Vol 11, No 2, Feb 1973, p 196-204.

Kutler, P., Sakell, L., and Aiello, G., "On the Shock on Shock
Interaction Problem," AIAA 7th Fluid and Plasma Dynamics Conference,
Palo Alto, CA, AIAA Paper 74-524, 1974.

47



14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

Lin, T. C., and Rubin, S. G., "Viscous Flow Over a Cone at
Moderate Incidence - 1 Hypersonic Tip Region," Computers and Fluids,
Vol 1, 1973, p 37-57.

Lin, T. C., and Rubin, S. G., "Viscous Flow Over a Cone at Moderate
Incidence, Part 2, Supersonic Boundary Layer,'" Journal of Fluid
Mechanics, Vol 69, Part 3, 1973, p 593-620.

Lubard, S., C., and Helliwell, W. §S., '"Calculation of the Flow on a
Cone at High Angle of Attack," AIAA 6th Fluid and Plasma Dynamics
Conference, Palm Springs, CA, AIAA Paper 73-636, 1973.

Melnik, R. E., "Vortical Singularities in Conical Flow," AIAA
Journal, Vol 5, No 4, April 1967, p 631-637.

Kuethe, A. M., and Schetzer, J. D., Foundation of Aerodynamics,
New York: John Wiley and Sons, Inc., 1967, p 340.

Kutler, P., "Numerical Solution for the Inviscid Supersonic Flow in
the Corner Formed by Two Intersecticg Wedges," AIAA 6th Fluids and
Plasma Dynamics Conference, Palm Springs, CA, AIAA Paper 73-677,
1973.

Fletcher, C. A. J., "GIT Method Applied to Cones at Large Angles of
Attack," Proceedings of the Fourth International Conference on
Numerical Methods in Fluid Dynamics, Lecture Notes in Physics 35,
Berlin: Springer Verlag, 1974, p 161-166.

Cross, E. J., Jr., "Experimental and Analytical Investigation of
the Expansion Flow Field Over a Delta Wing at Hypersonic Speeds,"
ARL 68-0027, 1968, Aerospace Research Laboratories, Wright-Patter-
son AFB, OH, February 1968.

Stetson, K. F., "Experimental Results of Laminar Boundary Layer
Separation on a Slender Cone at Angle of Attack at Me = 14.2," ARL
71-0127, Aerospace Research Laboratories, Wright-Patterson AFB, OH,
August 1971,

Feldhuhn, R. E., "An Experimental Investigation of the Flowfield
Around a Yawed Cone,'" AIAA Journal, Vol 9, No 6, June 1971,
p 1074-1081.

Anderson, D. A., "Comments on Numerical Solution of the Axial
Corner Flow Problem for Laminar Flow,'" Private communication.

MacCormack, R. W., and Baldwin, B. S., "A Numerical Method for
Solving the Navier-Stokes Equations with Applications to Shock-
Boundary Layer Applications," AIAA 13th Aerospace Sciences Meeting,
Pasadena, CA, AIAA Paper 75-1, 1975.

Hung, C. M., and MacCormack, R. W., "Numerical Solutions of Super-
sonic and Hypersonic Laminar Flows Over a Two Dimensional Compres-
sion Corner,”" AIAA 13th Aerospace Sciences Meeting, Pasadena, CA,
AIAA Paper 75-2, 1975.

48



27.

28.

29.

30'

3l.

32.

33.

34.

35.

36.

37.

38.

39.

Shang, J. S., and Hankey, W. L., Jr., '"Numerical Solution of the
Navier-Stokes Equations for Supersonic Turbulent Flow Over a
Compression Ramp,' AIAA 13th Aerospace Sciences Meeting, Pasadena,
CA, AIAA Paper 75-4, 1975.

Vinokur, M., "Conservation Equations of Gasdynamics in Curvilinear
Coordinate System," Journal of Computational Physics 14, 1974,
p 105-125.

Cox, R. N., and Crabtree, L. F., Elements of Hypersonic Aerodynamics,
London: The English Universities Press Ltd, 1965, p 195-200.

Tracy, R. R., "Hypersonic Flow Over a Yawed Circular Cone,"
California Institute of Technology, Aeronautical Laboratories Memo-
randum Number 69, 1963.

McElderry, E. D., Jr., "An Experimental Study of Sharp and Blunt 6
Degree Cones at Large Incidence with a Turbulent Boundary Layer at
Mach 6," Air Force Flight Dynamics Laboratory, AFFDL-TM-74-170,
1974.

Rhudy. R. W., and Baker, S. S., "Surface and Flow-Field Pressure
and Heat-Transfer Measurements on a Yawed 6 - Deg Cone at Mach
Number 6," Arnold Engineering Development Center, AEDC-TR-72-199,
1972.

Whitehead, H., Jr., Hefner, J. N., and Ras, D. M., "Lee Surface
Vortex Effects Over Configurations in Hypersonic Flow," AIAA 10th
Aerospace Sciences Meeting, San Diego, CA, 1972.

Rainbird, W. J., "The External Flow Field About Yawed Circular
Cones," AGARD Conference Proceedings Number 30, AGARD Specialists
Meeting on Hypersonic Boundary Layers and Flow Fields, The Royal
Aeronautical Society, London, 1-3 May 1968, p 19-1 to 19-19.

Ames, W. F., Nonlinear Partial Differential Ehuations in Engineering,
New York: Academic Press, 1965, p 478.

MacCormack, R. W., "Numerical Solution of the Interaction of a
Shock Wave with a Laminar Boundary Layer," Lecture Notes in Physics,
Vol 8, New York: Springer-Verlag, 1971, p 151.

Richtymer, R. D., and Morton, K. W., Difference Methods for Initial
Value Problems, 2nd Edition, New York: Interscience Publishers,
1967.

Roache, P. J., Computational Fluid Dynamics, Hermosa Publishers,
P. 0. Box 8172, Albuquerque, NM, 1972.

McRae, D. S., "A Numerical Study of Supersonic Viscous Cone Flow
at High Angle of Attack," AIAA 1l4th Aerospace Sciences Meeting,
Washington, DC, AIAA Paper 76-97, 1976.

49



o0 = © 3' 3u0) Inoqe moTJd PFOSFAUL

(S

..__.__r_..l..
S

..-J_..I.W_r.m._.__..-..._.u..

OFuosaadng jJo uo}3oag

8801) T °*8F14

AV

AJOHS Mmog

50



51

al Mesh Shown in Relation

System and Computation

Fig. 2 Coordinate

to Cone



0 Y3TH 3e |uc) 3noqe moTg
P¥Oo8TAu] dfuosiadng 103 syied a[dF3aeqd TeIFdLR Buimoys Supmeaqg Lemein) € 314

JAJ0HS MO8

AJ0OHS MO8 NI
AVY ONIL123SH3INI
SHIVd T10114vd
40 SNJ01

S30wl
TDINVd aIn

ALIIYININIS
TVILIHOA

NJ0HS a30a3awi

52



VORTICAL
SINGULARITY

IMBEDDED
SHOCK

SONIC LINE

Fig. 4 Approximate Crossflow Streamline Pattern for Cone

at High a

53



snypey (eorasyds pue a8pg 194e] SNOOSEA JO
dyysuogieray Bujieaisnyyl uojidunssy Lxjowmig TedFuo) jJo suofIedf[duy Fedrsdyd ¢ ‘874

3903
¥3IAVI SNOISIA —

AJ0HS M09

54



£109YyJ uoFIOoBIIIUT HEIM .
dFyuosiad{H woij paurelqQ ILYl YIjm IINSS83ld 208JANG JU0) PIIINOTE) jJo uosfiedwoy ¢ ‘Bz

65" =X GG T=X
« ( SIHONI ) I2v4UNS INOD INOIY IINVISIC «
6 8 L 9 G p ¢ 2 I 0
[ | 1 1 1 1 1 1 1 1 No
0
w
_lm. —
9
8
W
||||||||||||||||||||||||||| 5,
O -O- O—
L m ¢
INVA QIDSIANI =——=— oH - Ww
NOILYINDIVD INISIYd O (D) <2 .mc. 14y

9

A4O3HL G6°L= W

e



L5 ¢

M= 7.9
6. 1€
o QLN
Req 4 2x 10°
C —— CALCULATION
Lo} O TRACY'S DATA
)
>
.8
n.ln:‘
5k
0' 1 1 I g

0° 30° 60° 90° 120 150° 18C°
CIRCUMFERENTIAL ANGLE, §

Fig. 7 Comparison of Calculated and Expetimegtal Surface
Pressure at Tracy's Conditions, a = 8

56



X 10

Ps
Pt

2.0 -

LO}

0.5

'

1

M = 1.9
ec 2 10°

o - 2

Re = 4.2 X 10

o)
—— CALCULATION
O TRACY'S DATA

i 1

0.0
00

Fig. 8 Comparison of Calculated and Experimental Surface

30° 60°

900

120° 150°

CIRCUMFERENTIAL ANGLE,

Pressure at Tracy's Conditions, a = 12°

57

180°



3.0 o M - 7.95
o = It°
X = 20°
b Re = 42X 1
2.5 DD —— CALCULATION
a O TRACY'S DATA
2.0}
™ L5}
>
2| 8
a. 10}
0.5}
o.n Il 1 1 1 |

0° 30° 60° 9¢° 120° 150° 180°
CIRCUMFERENTIAL ANGLE, ¢

Fig. 9 Comparison of Calculated and Experimental Surface
Pressure at Tracy's Conditions, a = 20°

58



3.5 ¢

M= 7.9
'Bc o 100
Pa o 28
3.0 L°g Re. = 4.2 X 10°
(o o]
- —2 CALCULATION
o TRACY'S DATA
2.5 }
2.0
Y
S
rg s
n.ln:'
10 |
05 |
0.0 : : -

0° 30° 60° 90° 120° 150° 180°
CIRCUMFERENTIAL ANGLE, ¢

Fig. 10 Comparison of Calculated and Experimental Surface
Pressure at Tracy's Conditions, a = 24°

59



M=179

35 _ e.= 10°
o = 12°
—— CALCULATION
3 0Y=-01 rracy's
oY=".2 1t ‘hara
aY= .4

(Y IN INCHES )
25

20

10

0 ! L 1 L .
° 30 60° 90° 120 15° 180°
CIRCUMFERENT IAL ANGLE, ¢

Fig. 11 Comparison of Circumferential Pitot Pressure Surveys
at Constant Height Above the Cone Surface at Tracy's

Conditions, o = 12°

60



M=79

5 r 6 = 10°
o = 20°
——CALCULAT ION
u] -
3 - OY=.2 | rpacy's
o oY-.4 e
5 AY=.6
(Y IN INCHES )
2 |
20 |
B
x 15 L
d.8
|
10 b
5 L
o - | ] 1
0 W’ o 12° 15 18¢°

CIRCUMFERENTIAL ANGLE, §

Fig. 12 Comparison of Circumferential Pitot Pressure
Surveys at Constant Height Above the Cone
Surface at Tracy's Conditions, a = 20°

61



M=179

_ OC - 100
3. e
—— CALCULATION
3 F % avid | macys
0o aves | oA
o Ag Y IN INCHES)
2. 0
20t
=
o> 18]
1} /
O
5F
u L

18 30° 60° 90° 120 150° 180°
- CIRCUMFERENT IAL ANGLE, ¢

Fig. 13 Comparison of Circumferential Pitot Pressure
Surveys at Constant Height Above the Cone
Surface at Tracy's Conditions, a = 24°

62



10~ M=17.9
8= 10
o= 20
—CALCULAT ION
O TRACY'S DATA

=
1

L L 1 ]

0 .2 4 6 .8 LO L2 L4 L6
Y (IN.)

Fig. 14 Comparison of Pitot Pressure Survey along Lee
Center%ine (b = 180°) at Tracy's Conditionms,
a =24

63



M =7.95
8
3l THETAC =10.0
ALPHA =12.0
<1 . RE =420000.
= P/¢ =9,
EI
g
Z,;-/W
™y
.
8 ¢ = 60°
o ',;ff"
g
o
g o = 120
[ s (a]
— =
5
%. 00 0.04 - 0.13 0.17 0.22 | 0.26

0.09 .
ELEVRTION (RD.)

Fig. 15 Calculated Static Pressure along 8 at 60° Circumferential
Intervals at Tracy's Conditions, a = 12°

64



j//:
f
0105

L] L}

0.21

—
0.16

0.31

0.26
ELEVATION (RD.)

0.10

0 (g0 1€'0 sz2'0  1z'0  ei'o 01°0 30
({ "0¥8) NOILHA3N3

0 00"

%.00

s Conditions, a = 12°

Fig. 16 Cross Flow Velocity Vectors Plotted as Seen on Spherical
Surface at Tracy'

65



0.41

0.34

0.27
ELEVATION (RD.)

6.20

14

0.07

PP D

“““ ‘0, t2'0  02'0°  ¥r'c  L'0 00
ﬂomuzo~h¢>u4u

%. 00

's Conditions, a = 20°

Fig. 17 Cross Flow Velocity Vectors Plotted as Seen on
Sp..erical Surface at Tracy

36



0.45  0.53 0,60

)
0.38

(ROD.

ELEVARTION

0.23
ke

+ Ef::.—
- . =
i 1§ F §F F F £
: 3 2 £ 2 2 £ £
s 4 = = -
N B I S O O
S 2 I S T T F & =
R s S
I I S R S
.“'\‘\\.\é‘-ﬁ
PFISSITES S $"§§
EEEERNRRIRIRISE S
IS fES S
. “'Q“§'{? PO S 5

L A LY TIrIT

0.23 0.30 0.38
ELEVATION (ROD.)

Fig. 18 Cross Flow Velocity Vectors Plotted as Seen on .
Spherical Surface at Tracy's Conditions, a = 24

67



M=7.95 6 =10
c

Re
x

Shock Waves,
Sonic Lines

Viscous Layer

Separation

o

Tracy

3.6 x 10

L 4

Vortical Singularity

Projection of Free
Stream Velocity Vector

Lubard,
Helliwell

- 15°

BOW SHOCK

Present
Calculation

4.2 x 10°

Fig. 19 Comparison of Calculated and Experimental
Flow Field Features at Tracy's Conditions,

a=12°

68



o=28° BOW SHOCK

Fig. 20 Comparison of Calculated and Experimenta; Flow Field
Features at Tracy's Conditions, a = 24° (Legend Given
in Fig. 19)



3.0

2.0

1.0

Pe 1P

0.0

- M = 14.2
ec-s.eﬁ
o= 10°

O R, *7.9 x 10

—* CALCULATION
O STETSON'S DATA

5

CALCULATED
SEPARATICN C
0o—

EXPERIMENTAL
SEPARATION

1 1 | | | | i
110° 120° 130° 140° 150° 160" 170° 180°
CIRCUMFERENTIAL ANGLE, ¢

Fig. 21 Comparison of Calculated and Experimental Surface Pressure

at Stetson's Conditions

70



8 b
P
o
IF O
O
L =
6 - a
5 E o
D M=14.2
6" 5 6:
4+ 0 o~ 10 5
Re =7.9x10
X
3 8 ¢ =180°
— CALCULATION
2+ Q 0 STETSON'S DATA
1k | @
ndﬂ:g i
0 o0 o 1 L )
0 1 2 3 4

DISTANCE FROM SURFACE ( IN. )

Fig. 22 Comparison of Pitot Pressure Surxey at Constant ¢

at Stetson's Conditions, ¢ = 180

71



X 104

too

| P

P

8 ks
. EXPERIMENTAL
7k SHOCK
POSITION
6 0O
2 O
M = 14.2
4 | %-if
. 5 :;0:) X 105
3 F Re, ™ "
o ¢ = 160°
2 L — CALCULATI ON
0 STETSON'S DATA
1 L O
0 ‘jﬁl 1 . ]

0 2 3 4
)

1
DISTANCE FROM SURFACE (IN.

Fig. 23 Comparison of Pitot Pressure Surveg at Constant
¢ at Stetson's Conditions, ¢ = 160

72



M = 14,2
ec'5.6

o = 10°
5

Re * 7.9 X 10

¢ «140°

— CALCULATION
A O STETSON'S DATA

2 3 4
DISTANCE FROM SURFACE (IN. )

Fig. 24 Comparison of Pitot Pressure Surveg at Constant
¢ at Stotson's Conditions, ¢ = 140

73



(ZZ 3°d woly uaje]l) SUOFIFPUO)
8,u08323§ I® Buyjunyg ISGN IAFIVAIIA 8upmoys uoylIFsod HOoys pauTwaIaIaq ArTejusuwriedxy ¢z 314

NOI11SOd NIOHS

74



NOILUA3T3

0.2¢6

-

o~
g~
*
o
(1 4
L)

o~
—~Zz
LS
DI
—
ac
o
=]
lnuE

0.04

.00

26 Cross Flow Velocity Vectors Plotted as Seen on

Fig.

75

Spherical Surface at Stetson's Conditions



M =605
al P 6°
=12
— CALCULATION
3.0L O MCcELDERRY'S DATA

u.u [ 1 1 1 [ 1 L L J
0 20 40 60 8 100 120 140 160 180

CIRCUMFERENTIAL ANGLE, ¢

Fig. 27 Conigal Comparison of Calculated (Re, = 1.5
x 10°) and Experimental (Rey, = 15.0 x 106)
Surface Pressure at McElderry's Conditions

76



xlO2

‘-8 1.0 T

P IP

3.0

2.0}, /o
Q M-&g

(] ec =6

ldo ot =12°

¢ -180°

— CALCULATION

[ 1 1 i 1 [ ] [l N

o MCcELDERRY'S DATA

D.Uu 2 3 4 5 6 1 8 9

)

DISTANCE FROM SURFACE (IN.)

Fig. 28 Conigal Comparison of Calculated (Re,
x 10°) and Experimental Re, = 15.0 x 1
Pitot Pressure Survey at Constant ¢ at
McElderry's Conditions, ¢ = 180°

77

- 1.5
0



3.0

g ¢
x - 17
¢ = 160°
— CALCULATION

8 o McELDERRY'S
DATA

(]
o
20 - /@o M = 605
o
a
o

x 10°

o
Bo

0 1 L1 1 L1 1 1 J
0 1 2 3 4 5 6 7 8§ 9
DISTANCE FROM SURFACE (IN. )

Fig. 29 Conigal Comparison of Calculated (Re, = }.5
x 10°) and Experimental (Re, = 15.0 x 10°)
Pitot Pressure Survey at Constant ¢ at
McElderry's Conditions, ¢ = 160°

78



PpIPt xlo2

APPROX.
EXPERIMENTAL
SHOCK POSITION

M =6.05
ec = 6°
o =12°
- 140°
— CALCULATION
L5 O MCcELDERRY'S DATA
1.0
.3
1 I 1 L 1 L 1 1 J
0 1 2 3 4 5 6 1 8 9

DISTANCE FROM SURFACE (IN. )

Fig. 30 Conical Comparison of Calculated {Rey = 1.5 x 106)
and Experimental (Re, = 15.0 x 10°) Pitot Pressure
Survey gt Constant ¢ at McElderry's Conditionms,
¢ = 140

79



MACH NUMBER, M

w
v

~N
T

- CENIEROOF voooRrEx
=176° | $-1 IS AT® 17
¢-m'.’ P -

[

W —
01 2 0 1 2
MESH LINES ABOVE SURFACE

Fig. 31 Calculated Mach Number Distributions at
Constant ¢ at McElderry's Conditions

80



g.:n

LS

9.21 0.26
ELEVATION (RO.)

\
0.16

L o
L

L

2’0 te0  1e0  ez'0__ 12’0 st'0 O
(*0¥) NOILHA3T3

otted as Seen on

Spherical Surface at McElderry's Conditioms.
81

Cross Flow Velocity Vectors Pl

Fig. 32



All Measurements Have Been No-malized by the Corresponding
Zero Angle-of-Attack Value.

p/po 1.6
YT,

0 - | | J | | |
0o B0 1% % 120 o 10 180
TRACY RAINBIRD |
M_=8.0 ;a8 =16 M_ =425 ;al8 =2.1
- - . _ - _ ' _ 6
¥ =081 iR, =4xI0 i =003 R, =6x10

Fig. 33 Comparison of Experimental Laminar and Turbulent
Viscous Layer Features (Taken from Ref 33)

82



P/PINF

2,00 3.00 4.00 5.00 8.00 7.00 8. 00

1,00

M =7.95
THETAC =14.0
ALPHA =0.0

RE =420000.0

UNDAMPED
1 o~ — «==— DAMPED

0.0z

0.03

0.08 0.06 0.08 0.09 0.11 0.17
ELEVATION (RD.)

Fig. 34 Demonstration of the Effect of Normal Stress Damping
on Calculated Static Pressure Along 6, a = °

83



APPENDIX A

Boundary Conditions

The solution of the Navier-Stokes equations by numerical methods
is in reality a boundary value problem subject to the same require-
ments and constraints as the solution of the set by analytic tech-
niques. However, the mathematical theory concerning existence and
uniqueness of solutions for this equation set has not been resolved
(Ref 35). This statement is especially true for compressible flows.
The only course then open to the engineer is to presume a well posed
problem exists when the known physically derived auxiliary conditions
are imposed. If the integration of the equation set subject to these
conditions yields a steady state solution (which of course is not
guaranteed), then experimental results for these same conditions must
be used to verify that the solution obtained is indeed the correct
one. When this is done for several related sets of conditions with
good results, confidence in the adequacy of the solution technique
for use where experimental results are not available is increased.
However, the user of the technique for this purpose must always take
care to examine the solutions obtained for non-physical features, as
it is never possible to completely define initially the limits of
usefulness of an equation set in any meaningful sense. The above pro-
cedure was followed in this study. The rest of this appendix will
preéent the auxiliary conditions used and the manner in which they
were imposed.

Examination of Fig. 2 reveals that the finite difference mesh is

a spherical surface with the inner edge bounded by the cone and the
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outer edge free. The mesh shown is 360° circumferentially in extent.
Since two known lines of symmetry exist at ¢ = 0° and ¢ = 1800, the
extent of the surface can be readily reduced by one-half. This
reduction can be made without increase in the number of boundary
values necessary to the calculation by specifying an additional line of
mesh points in the 8 direction and at the required value of ¢. The
results of each sweep during the integration are then reflected
symmetrically to these lines about the lines of symmetry. This causes
the integration (at the line of symmetry) to perceive that a mirror
image of the solution is evolving on the other 180° of the mesh (as it
would be if the sweep were actually 3600). This procedure therefore
requires no a priori knowledge of the flow quantities at the lines of
symmetry and implies that the following conditions are being imposed

at these lines of symmetry:

at ¢ = 0° and ¢ =180°
g% = ( -g-% = 0 Note that these two conditions
are imposed only at one line
- 3 of symmetry. They are then
-a—¢- = 0 3‘% = 0 derivable from the governing
equations at the other.
3T
w 0 3 0

Two boundaries therefore remain which must be dealt with.

Examination of the six equations (the Navier-Stokes equations,
the continuity and energy equations, plus the equation of state) as-
modified reveals that all three velocity components and temperature
appear as second derivatives in 0 and ¢ with pressure and density
appearing as first derivatives in 6 and ¢. A solution should then be

obtainable through the specification of two boundary conditions for
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each of the velocity components and temperature and one each for
pressure and density. (In reality, the algebraic equation of state
eliminates the requirement for specifying both pressure and density.)
This was done in the present study in the following manner:
at the cone surface 0§ = ec, ¢ = 0%+180°
usryv=w=0
T=T, (9
at the outer boundary (physically, the free stream)

6 = 6 outer, ¢ = 0°+180°

u=u_ (¢) P = Py

. a uniform free
vev_ (4 P =Py, stream is assumed
wvew (¢ T=T,

Note that although the quantities are specified along a line of
constant 6, the ¢ distribution is completely specified also. It
should also be noted that the total internz' energy was used in place
of the temperature as ‘a dependent variable. The connection is simply

2
e= Cv T+ = . These conditions are now sufficient to allow solution

2
of the problem.

Since pressure and density at the cone surface remain free (and
indeed must do so to prevent overspecification of the boundary condi-
tions), they must be determined during the integration process. This
was done in the present study by analytically evaluating the 8

momentum equation at the cone surface conditions. The resulting

equation in non-dimensionalized form solved for %%-is:



|
9 __1 41 cos@ 1. ]a_v
26 " & sin9[3[ Re T o170 3RS %6

88in6 3u _ 4 sind 3v _ga_(___)
T Re 3 " 3 Re 962 3 30 Re 3¢

Qr

k|

This equation is approximated by one sided second order accurate
finite differences about the surface mes.h point of interest. - The
resulting difference equation is solved for the surface pressure, the
only quantity in the equation which has not been updated when the
equation is applied after a sweep through the mesh of either the

predictor or the corrector. This equation can be represented by:

4 1 1.1
3 Ps41,n 73 Py4z,n

i - 240

PJ o7 - 3k sin6

f (u,v,w) + =

with j = 1, and { and n indicating time level and ¢ position in the
mesh respectively. The density at the surface is found via the equa-
tion of state and all flow quantities are then known or have been
determined at the cone surface.

To complete the specification of the auxiliary conditionms,
initial values of the flow quantities are required at all points in
the mesh in order to begin the calculation. In the present study,
this was done by setting the mesh to free stream conditions including
the mesh point above the cone surface with true surface boundary condi-

tions plus free stream pressure and density imposed at the cone surface.

The calculation was then begun which resulted in a so called "impulsive"

start up. (i.e., the cone is brought from rest to free stream velocity
instantaneously). The outer and inner boundary conditions were main-

tained throughout the calculation.
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In summary, a means of reducing the field of calculation by half
through symmetry has been discussed. The requirements for boundary
conditions were shown and the manner in which these requirements were
satisfied in the present study was presented. The use of the 0
momentum equation to obtain the cone surface pressure was demonstrated

and the initial conditions utilized were leo discussed.
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APPENDIX B

Normal Stress Damping

Previous studies (Refs 13, 25) using shock capturing finite
difference techniques have encountered oscillations in the vicinity of
strong shock waves which can cause solution instabilities. To overcome
this difficulty, artificial terms have been added to the governing
equations to provide necessary damping. In the present study, using
the viscous equations and shock capturing, oscillations were again
encountered. This indicated that the natural viscous terms are inade-
quate to overcome the series truncation error at the existing mesh
spacing. To damp these oscillations without additional programming
complexity, the normal stress terms (which are in general large only
near shock waves) were altered by increasing the second coefficient of
viscosity (A> - 2/3u). This resuited in elimination or reduction of
the oscillations where desired. 1In addition to improving the shock
structure, it was found that normal stress damping was extremely
effective in removing instabilities caused by starting transients which
result from ill-suited initial conditions. The details of implementa-~
tion and conditions for proper use of this technique are given below.

As shown in Eq (4), the normal stress terms contain:

- o-’ -_l y . .a— a—w.
On ARe (Vv 3Re[ 2u sinb + ae(v sinf) + 50 ] (B1)

Normal stress damping results when 2u sinf is removed and the
remainder of the term is multiplied by an empirically determined factor
B, where 8 is negative (i.e. Bon). (A positive B does not produce the

damping effect and makes the calculation unstable except near B = 1).
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The damping terms occur both in the energy equation and in the i
matrix resulting from the coordinate transformation. It was found that
the most accurate solutions resulted from use of the damping multiplier
in the derivative term only (fé or E@) of the momentum equation most
nearly normal to the shock wave for which damping is desired. Inclu-
sion of the multiplier in the i e matrix or the energy equation produced

some displacement of the solution. Also, it should be noted that in

the steady limit,
o = £(V+T) = f&-z%) (82)

(through use of the continuity equation). This implies that noimal
stress damping cannot be used in the vicinity of compressible flow
boundary layers without regard for possible changes in the density
gradients.

An example of the use of normal stress damping is given in Fig.
34 for axisymmetric cone flow as calculated by the technique of this
report. The plot is a comparison of the calculated static pressure in
the 0 direction at Tracy's free stream conditions with and without the
inclusion of normal stress damping. In this case the damping is
tailored in the 6 direction by:

P
B=1-GDAL- G A (33)

vhere the pressure ratio multipliers were empirically determined to be
Al = 9 and A2 = 2. The use of the damping multiplier (Fig. 34) resulted
in the reduction of the numerical oscillations near the shock wave.
Although a small offset in pressure occurs outside the boundary

laye:", the surface pressure and shock position do not change
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appreciably when damping is applied.

For Tracy's cases, the damping multiplier B was unity over the
lee 40° (¢ = 140° - 1800) of the flow, where viscous effects predomi-
nate. It was then varied smoothly around the cone from ¢ = 140° in

accord with the equation:
b

P | P I o
B . =1-p8"|=2 ¢ - slp = 140 ] =%
¢ Pslo = 0° - Pslo = 140° B

where s indicates body surface values and B was empirically varied

from 15 (a = 80) to 130 (o = 240). B8 was ccustant in tﬁe 6 direction.
For Stetson's case, the very strong lee tide expansion during

start up made it necessary to use normal stress damping there.

However, the damping in this region was removed after the solutiomn

development was sufficient for the expansion to become less strong.

For the rest of the field (¢ = 0°+140°), a more sophisticated tail&ring

of the damping multiplier was used:

col
s wq-|lsle Pslo = 140° ] [qua-o ]_
8,0 | Polo = 0° - Pslo = 140° Plp = 140°
| co2
Pl .8 ]
Peo (B5)

The value of col was 1.6 and of co2 was 1.1. This equation was based
on experiments with the use of normal stress damping which showed that
the effects could be improved by tailoring according to the local
value of static pressure. An improvement was noted in the damping
effect, but it was found that this equation did not always increase
the magnitude of B quickly enough during initial start up. This was

overcome by using a high initial magnitude of B for approximately the
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first 100 time steps of the run. The above equation was used for
McElderry's case also. However, the value of B necessary on the lee
side was more negative than the output of the above equation. The high
initial magnitude was therefore used everywhere in the flow field.

In order that others who use normal stress damping may benefit
from experience gained in the present study, the following observations
and rules concerning this technique are offered:

(1) The most valuable and recommended use of normal stress damping
is to reduce starting transients from ill suited initial conditions. No
permanent history of the use of damping for this purpose is seen in the
flow after the removal of the damping and subsequent convergence.

(2) Normal stress damping has been used to allow capturing of
shock waves with p2/p1 as high as 32. The cnly practical limit to
shock strength which can be captured through use of this technique
appears to be number of mesh points available for the smearing to
take place over.

(3) Tailoring of the damping based on local static pressure was
found to give reasonable results. Tailoring based on other quantities
(such as temperature) gave unnecessary offset in the viscous layer.

(4) Large shifts of surface pressure or of static pressure behind
shocks when damping is applied usually indicate that the magnitude of
B is too high in that locale.

(5) The best results are obtained behind the shock wave when
some oscillations are allowed to remain in the free stream.

{(6) Care must be taken to insure that the viscous stability limit
is satisfied with B included in the manner shown in Appendix C.

(7) The items noted below are observed to cause undue displacement
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of the solution at high values of B:

(a) Inclusion of the 8 multiplier in terms resulting from
coordinate transformations (i.e., the H~ matrix).

(b) Inclusion of B in the energy equation.
The above observations and rules should not be considered as axiomatic
but are offered as guides for the use of this technique in other
compresssible flow problems.

Normal stress damping is a physically based technique which has
proven beneficial in damping out starting transients and smoothing
numerical oscillations in the vicinity of shock waves. The B contouring
equations and levels used for the various cases were presented. Rules

and observations were also given to guide future use of this technique.
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APPENDIX C

Stability Criteria

In order to maximize computational efficiency, criteria should
be used to determine the maximum permissible time step (At) as the
integration progressea. As noted in Section III, criteria were not
used during the calculations presented elsewhere in this report.
Instead, At was fixed during each complete integration at Tracy's condi-
tions and was fixed for the later parts of the integrations at Stetson's
and McElderry's conditions. The value at which At was fixed was at
first determined by increasing At until instability was encountered
during the starting transient phase of the run. The run could then be
continued to convergence by reducing At 10Z to 15X from the unstable
value. As experience was gained with the technique (and more was
learned about the effect of normal stress damping on stability), it was
found that for Tracy's conditions, stable values of At could be set
initially without resorting to trial and error. These values were in
general 0.6A0 to 0.7A8. The above procedure did not, however, allow
for any possible increase in allowable At after the large transient phase
of the calculation. Difficulty in determining allowable At was also
encountered for Stetsors and McElderry's conditions due to use of normal
stress damping in predominately viscous regions. To correct these two
deficiences, stability criteria for use during the integration were
postulated and confirmed Sy a repeat of previous calculations. The
remainder of this appendix will present this procedure and the observed

changes in computational efficiency.
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A complete stability analysis for MacCormack's method as applied
to the Navier-Stokes equations has not been accomplished. However, use-
ful estimates of allowable step sizes can be made through the use of
linear theory and physical arguments. Claiming that the physical propa-
gation of information (i.e. fluid signals) cannot outstrip the numerical
propagation results in the following Courant-Friedrich-Lewy (CFL)

condition (Ref 36):

b, < 1.0 :
T v, Ll + oL28% + (sinb 49)?]
26 * “sin® 8¢ 28(siné A¢) (c1)

This expression essentially determines allowable At in regions where
viscous effects are negligible. The remaining task is to determine the
effects on'stability of the stress terms and of normal stress damping.
The maximum stable At in viscous regions is normally a function of
the smallest physical step size there. In the present study A6<<A¢
for all cases calculated. This implied that the stress terms in the 6
coordinate direction were the main determinant of allowable At and there-~
fore that the stability analysis due to the stress terms was essentially
a one dimensional problem. In the case of finite difference operator
time splitting, the stability analysis also has been shown to be a one
dimensional problem (Ref 25). An analysis similar to that of Ref 25
was therefore accomplished and is presented here.

Equation (2) is first written in non-conservation form:
(1)(z], + (M2 + ON)(2] , + [W)(2) g +(ed2)

+ (s}(z] oo * [xi[z] 00 +[8°] =0 (c2)
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vhere [z] = [p]

u and the subscripts indicate differentiation.

w

P

- -

The remaining matrices will be defined as they are used. The

final equation results when [L] = is found and the coefficient matrices
[L]-l [MJ , etc. are formed By declaring the coefficient matrices

to be locally constant, it can be shown that (Ref 37, 38) when each

dimension is considered separately v -ﬁ% < 1.0 (inviscid effect) and
v 2—;; _<_-]2—' (viscous effect). The symbol v is in each case the maximum

eigenvalue of the appropriate coefficient matrix (for example [L ] -
[4] ). Equation (Cl) above accounts for the inviscid effect on stabil-
ity so that it is only necessary to consider the second inequality

and obtain values of Vv for the coefficient matrices of the second deriv-
ative terms involving 6 in Eq (C2).

The matgix [L] = [W] 1s as follows:

(L]71[w] =To 0 0 0 0 i :
0 p% 0 4 O 0
0 0 : tEs 0
0 0 0 = 0
5 om0 O 0 o 1 (c3)

The maximum eigenvalues of this matrix are y/(pRe Pr) and (2 + s—}‘) / (pRe) .
The second eigenvalue 1is included due to the undetermined (and sometimes

large) value of the damping coefficient 8.
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Arguments must now be made regarding contribution of the €¢ and ¢6
cross derivative terms in the equation set. The goel 1is to demonstrate
that the eignevalues of[L]—l[W]give a minimum At, so that the 08¢ and ¢0
terms can be dropped from consideration. First assume that the contri-
bution of these terms is v %%r‘§~%. This effectively increases the
contribution (results in a lower ht) of these terms since A0<<Ad. As
an example, the matrix[L]-l[x]is
(g =0 o o o 0
0 0 0 0 0
o o o & 0

Re

1 c
0 0 m 0 0 .
0 0 0 0 0 (C4)

L .
The maximum eigenvalue of this matrix is (Bk/u)s/(pRe) and is clearly

less than the eigenvalue due to normal stress damping of the[L]-l[w]
matrix. Since the[L]_l[S]matrix i1s similar, it can be concluded that
sufficient information is known to postulate a complete stability cri-
teria. By substituting the eigenvalues intc the appropriate stability
criteria and labeling each resulting At as to its source, the following
complete stability criteria is postulated:

At = m min (At A ) (C5)

cfl’ tnsd’ Atvisc

where =m < 1.0, Atcfl = min of results from Eq. (Cl)

Re 462
8% g = Mn 5 | (+ED)]
5 2
At = min PRe Pr 46
visc 2y

wvhere min implies the minimum value of the quantity found by searching

all mesh points in the flow field. The factor m is theoretically

97



limited to a value of 1.0. However, uncertainties and approximations
in the stability analysis sometimes result in an actual maximum value
of m greater or less than 1.0.

The above procedure was tested at a = 0° for Tracy's conditions
with good results. However, the real issue was whether the criteria
would be adequate for high a with the use of large amounts of normal
stress damping. Therefore the o = 20° case at Tracy's conditions was
repeated with the above criteria for determining At in continuous use.
Use of the criteria reduced the number of time steps necessary for
convergence to the fifth significant digit from 1700 to 960. The
factor m for this run was 1.0 for Fhe first 300 time steps and 1.2
tl.ereafter. Instability of the solution occurred for m = 1.4. The
values of the normal stress damping coefficient (B) were comparable
with those used in the original run. In order to insure that the
viscous stability limit would not be violated when using very high
values of normal stress damping, a run was made at Tracy's conditions
and & = 0° with B = 4000. This set of conditions was unstable at a
value of At determined from Eq (Cl). However *‘'ie use of the above
criteria reduced the value of At sufficiently to allow the run to be
continued (although at a very low At).

In summary, stability criteria were postulated and confirmed which
reduced the number of time steps required for convergence by 442 iz an
example calculation. The procedurewas also shown to account for the

effects of normal stress damping on stability.
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