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1.0 INTRODUCTION 

Zienkiewicz (Ref. I) and a number of other investigators (Refs. 2 
through 5) have noted that the finite element,method (FEN[) is suffi- 
cientiy general to be applied to a wide class of problems, including 
fluid mechanics. Within recent years, the FEM has been applied to the 
study of certain fluid mechanics problems. For example, Baker and 
Manhardt (Ref. 2) have applied the FENI to prediction of low-speed 
flows, and Chan, et al. (Ref. 5) have used the FEM in the solution of 
the small disturbance equation for transonic flow. 

It is the purpose of this report to present results of a study of the 
application of the FENI to the compressible flow equations in the non- 
conservative Eulerian form. The flow over an airfoil in the transonic 
regime is a problem of current interest and was chosen to demonstrate 
the power of the method. The choice of the Eulerian equations as the 
governing equations, rather than thin airfoil theory, was made to 
alleviate the restriction to thin airfoils and to allow for extension to 
other fluid mechanics problems. Although solution to these governing 
equations requires a longer convergence time and additional machine 
storage than does solution of the one equation of small disturbance 
theory, this generality will be of future advantage. Choice of the non- 
conservative form of the governing equations was made for computational 
convenience as the FEM algorithm for the conservative form is more 
complex and requires additional calculations. 

Numerical results are presented in this study for subsonic and 
transonic inviscid flow over two-dimensional noniifting airfoils. The 
results of the predictions are compared to experimental results and to 
other numerical solutions. 

2.0 ANALYSIS 

2.1 GENERAL DISCUSSION 

The Galerkin method of weighted residuals was used with the un- 
steady Euler equations to obtain a system of ordinary differential 
equations in time. The elements used in the study were parametric, 
bilinear quadrilateral elements (Ref. I). During this study various 
difficulties were encountered with the straighforward application of 
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f i n i t e  e l e m e n t s  to t h e s e  e q u a t i o n s .  One of the  f i r s t  p r o b l e m s  e n c o u n t e r e d  
was  the i r r e g u l a r  b e h a v i o r  of the  s o lu t i on  n e a r  the  l e a d i n g  and t r a i l i n g  
edges .  T h i s  was  c a u s e d  by  the  d i s c o n t i n u i t y  in  the  d e r i v a t i v e s  of the  
b o u n d a r y .  The  fo l lowing  m e t h o d s  of i m p r o v e m e n t  w e r e  eva lua ted :  
a l t e r i n g  the  g e o m e t r y  to s m o o t h  the  d i s c o n t i n u i t y ,  e n f o r c i n g  s t a g n a t i o n  
cond i t i ons  a t  t h e s e  p o i n t s ,  ' sp l i t t ing  the  d i s c o n t i n u o u s  b o u n d a r y  cond i -  
t i ons  and  app ly ing  t h e m  s e p a r a t e l y  to c o r r e s p o n d i n g  e l e m e n t s ,  and  
a l t e r i n g  the  f u n c t i o n a l  f o r m  of the  i n t e r p o l a t i o n  func t ion .  

Another problem encountered was instability in the time integration. 
I n i t i a l l y ,  an  a r t i f i c i a l  v i s c o s i t y  t e r m  was  u s e d  in an a t t e m p t  to r e m o v e  
the i n s t a b i l i t y .  S t e a d y - s t a t e  s o l u t i o n s  w e r e  ob ta ined ,  but  a s m a l l  e r r o r  
was  p r e s e n t  b e c a u s e  of the  v i s c o s i t y  t e r m .  The  nex t  m o d i f i c a t i o n  was  
the  p e r i o d i c  a l t e r i n g  of the  so lu t i on  b y  u s e  of B e r n o u l l i ' s  equa t ion .  
A l though  the  t r u e  t r a n s i e n t  b e h a v i o r  was  l o s t ,  the  s t e a d y - s t a t e  so lu t i on  
was  ob t a ined  wi thou t  u s i n g  a r t i f i c i a l  v i s c o s i t y  fo r  s u b s o n i c  c a s e s .  In 
the  t r a n s o n i c  c a s e s ,  wh i l e  v i s c o s i t y  was  s t i l l  r e q u i r e d ,  a s t e a d y - s t a t e  
so lu t i on  cou ld  be  ob t a ined  u s i n g  a v e r y  s m a l l  v a l u e  fo r  the  v i s c o s i t y .  
In add i t i on  to the  n e e d  fo r  the  a r t i f i c i a l  v i s c o s i t y  t e r m  in  the  t r a n s o n i c  
c a l c u l a t i o n s ,  a f ine  g r i d  n e t w o r k  in  the  r e g i o n  of the  shock  wave  was  
r e q u i r e d .  

2.2 BASIC EQUATIONS 

The unsteady Euler equations are 

+ p u x + u Px*  + p v * + v p y *  
t Y 

• * * * ** ; / p *  
ut* + u Ux* + v Uy + P * = 0 

v t*  + u v x + v Vy + P y  p = 0 

= 0 

(t) 

The  v a r i a b l e s  a r e  n o n d i m e n s i o n a l i z e d  by  
* * */ */ * 

t = t / t ,  u = u ~u  o, v = v :uo~ , p = p : p ~ ,  P = p IP~o, x = x / L , y  = y / L  

and  

t = L/u 

giving 
P t  + PUx + UPx + pVy + V p y  = 0 

P ~  P x  
u t + u u  x + VUy + 2 p - 0 

~oo Uoo 

Pc~ P y  
+ V t -r- UV x + VV y 2 p 

Poo Uoo 
- 0 (2) 

\ 
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U s i n g  t h e  i s e n t r o p i c  r e l a t i o n  i n  n o n d i m e n s i o n a l  f o r m  P = p T ,  E q .  (2)  

becomes 

Pt  + PUx + UPx + pVy . Vpy = 0 

Y P ~  
u t + uu x + VUy + ~ p y - 2 p x  = 0 

P~Uo0 

Y Po~ 
v t + uv x . VVy + ~ py-2py 

PCmO 11~0 

= 0 

(3) 

The density p is replaced as a dependent variable with T = pT-1 

yielding 

T t + (y _ l)Tu x + uT x + (y-l)Tvy + vTy = 0 (4a )~  

7 P ~  
u t + uu x + vuy + T x = 0 (y_ 1)pu2 (4b) 

7 Po~ 
v t + u v  x + VVy + Ty = 0 

( y -  l)pu~ ( 4 c )  

These are the equations which are used in this report. In cases 
where a shock occurred an artificial viscous term was needed to obtain 
stability. The basic equations become 

T t + (y- l)Tu x 

u t + US x + VUy + 

V I + UV x + VVy  q- 

+ uT x + (y - 1)Try + vTy = 0 

I 

(Y - 1)M2 T x = aV2u 

(y- I)M2Ty 
= a V2v (5) 

2.3 FORMULATION OF THE ELEMENTS 

The domain is divided into small quadrilateral elements, e.g., see 
Figs. 1 and 2. Two numbering systems are used. One is a global sys- 
tem which assigns a sequential node number to each node in the domain. 

7 
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The  m e t h o d  u s e d  to a s s i g n  the  g lobal  s y s t e m  wil l  not  a f fec t  the  r e s u l t s  
but  is  a s i g n i f i c a n t  f a c t o r  in c o m p u t a t i o n a l  e f f i c i ency .  The  o t h e r  i s  an 
e l e m e n t a l  s y s t e m  w h e r e  the  four  nodes  of each  e l e m e n t  a r e  s e q u e n -  
t i a l l y  a s s i g n e d  wi th in  each  e l e m e n t .  The  o r d e r  u s e d  by the  a u t h o r s  
was  c o u n t e r c l o c k w i s e  s t a r t i n g  wi th  the  l o w e r  l e f t  node .  T h r o u g h o u t  
th is  r e p o r t  the  n u m b e r i n g  s y s t e m  u s e d  wi l l  be  ev iden t  by  the  p r e s e n c e  
of an u p p e r  l i m i t  of 4 o r  N. Wi th in  each  e l e m e n t ,  the  v a r i a b l e s  a r e  
a p p r o x i m a t e d  as a func t ion  of the  v a l u e s  at the  fou r  n o d e s  ( c o r n e r s )  
in the  fo l lowing  p a r a m e t r i c  f o r m  (Ref.  1): 

4 

U = i~l ui ~ i ( ¢ ,  r#) 

4 
v = 2 vi~if[,r/).=. 

i= l  

4 
T = 2 T i ~'I i (~:,r/) 

i= l  

4 
x = 2 x i f l i  (~:,r/) 

i= 1 

y = 
4 
X y~ fl ~ (~:,~) 

i= l  ( 6 )  

w h e r e  (-1 < ~_< 1 a n d - 1  < - n  <I) and 

f l  1 = (I + ~(I + N)/4 

n 2 = (1 _ ~)(1 + ~)/4 

~l a -- (1 - £)(1 _ ~7)/4 

l l  ¢ = ( ]  + ~)(1 - ,7) /4 (7) 

The dependent variables can therefore be approximated over the entire 

domain as a linear combination of values given at the nodes. 

Partial derivatives within an element may be obtained from Eqs. (6) 

and (7) as follows. Consider for example 

%, = u~:~: x + Ur/~V ~ 
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where 

~x = Yr//J , 7/x = -v~:"J 

J = x~:yr/ - xr/y ~- 

g i v i n g  

Ux = ( ~ -  ur/:~)/J 

' ' o )t = 5~ u i Yk k 1 ~ Yk ~=1 k ] f~r/ - fir/ k=] 

(k 4 k 4 4 ~) 
Xkf~} k~lY k - ~ Xk k =1 Qr/ k=l ~ k=~l Yk f~ 

(8) 

T h u s  the  p a r t i a l  d e r i v a t i v e s  a r e  a l i n e a r  c o m b i n a t i o n  of  t h e  n o d a l  
v a l u e s .  I t  i s  n o t e d  t h a t  w h i l e  t h e  d e p e n d e n t  v a r i a b l e s  a r e  c o n t i n u o u s  
b e t w e e n  e l e m e n t s ,  t h e  p a r t i a l  d e r i v a t i v e s  a r e  d i s c o n t i n u o u s  a t  t h e  
b o u n d a r i e s .  

T h e  t i m e  d e r i v a t i v e s  a r e  t r e a t e d  a s  f o l l o w s :  

U t = 

V t = 

4 
ui ~i 

i=l 

4 

i=l 

4 
T t = X T i l l  

i=l (9) 

2.4 GALERKIN METHOD OF WEIGHTED RESIDUALS 

Substituting the approximations given by Eq. (6) into Eq. (4) for 
each element in the domain gives equations of the following form: 

N 

E ai'i? i = FI(T J, uj. vj) 
i= 1 

N 
aiui 

i=l 
= F2(Tj, uj, v]) 

N 
?E a i r  i = F3(Tj, uj, v]) , j = 1, 2, 3 . . . .  N 

i=l (1o) 

9 



AEDC-TR-76-86 

w h e r e  ai and F i a r e  i m p l i c i t  func t ions  of the  i n d e p e n d e n t  v a r i a b l e s  x 
and y o v e r  the  d o ma in .  The  above  c o n s i s t s  of t h r e e  c o n t i n u u m  s e t s  of 
equa t i ons  wi th  a f in i t e  ( t h r e e  t i m e s  the  n u m b e r  of node  po in t s )  n u m b e r  
of unknowns .  S ince  a l l  of the  i m p l i e d  equa t ions  cannot  be  s a t i s f i e d ,  a 
s e l e c t e d  s e t  of w e i g h t e d  i n t e g r a l s  of t h e s e  e q u a t i o n s  was  chosen :  

N 
f ~bk i~lai'i'idA = f FI(T j, uj, vj)d~kdA ( l l a )  R R ' 

N 
fR~k i~lalU, dA = fR F2(Tj' uj, vj)~bkdA ( l l b )  

N 

fR~bk ~-~1 ai~'i dA = fR F3(Tj' uj, vj)~b k dA (11C) 

w h e r e  j , k  = 1 ,2 ,  . . . ,  N 

The  ~k 'S a r e  the  b a s i s  func t ions  f o r m e d  f r o m  the  e l e m e n t a l  f2's. 
T h e r e  is a b a s i s  func t ion  a s s o c i a t e d  wi th  each  g loba l  node ,  such  tha t  
the  func t ion  is  un i ty  at th i s  node  and z e r o  at a l l  o t h e r  nodes .  The  b a s i s  
func t ion  is  a c o m p o s i t e  of the  e l e m e n t a l  ~ ' s  as fo l lows .  F o r  a poin t  
in the  d o m a i n  tha t  l i e s  in an e l e m e n t  con ta in ing  the  k th node ,  the  va lue  
of $ k is  de f ined  as the va lue  of the  ~2 in tha t  e l e m e n t  which  has  a uni t  
va lue  at the  k th node .  The  t e r m  4k is de f ined  as z e r o  at al l  o t h e r  po in t s .  

In ac tua l  c a l c u l a t i o n s  the  i n t e g r a t i o n  r e p r e s e n t e d  in Eq.  (11) is done 
s e p a r a t e l y  fo r  e a c h  e l e m e n t  and then  a s s e m b l e d  to f o r m  the  equa t i ons .  
When  the  i n t e g r a t i o n  is  p e r f o r m e d  o v e r  a s i n g l e  e l e m e n t  on ly  four  b a s i s  
func t ions  wi l l  g ive  n o n z e r o  r e s u l t s .  Wi th in  th i s  e l e m e n t  t h e s e  four  
b a s i s  func t ions  a r e  i d e n t i c a l  to the four  i n t e r p o l a t i o n  func t ions  f21, f2 2, 
f~3 and ~4.  The  e l e m e n t a l  s y s t e m  is  t h e r e f o r e  de f ined  as 

4 
fRm ftj Y bi "Fi dA = fR GI(TI' uj, vj)f~J dA 

i=l m 
4 

fRmflJ i~l bi ui dA = fR G2(Tj' uj, vj)f] jdA 
m 

4 
fRm ~l i=lX b i ;¢i dA = famG3(Tj, uj, vj)f~J dA , j = 1, 2, 3, 4 

(12) 

w h e r e  b i and  G i a r e  i m p l i c i t  func t ions  of the  i n d e p e n d e n t  v a r i a b l e s  x 
and y o v e r  the  e l e m e n t a l  doma in .  The  above  is a s y s t e m  of twe lve  

10 
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equations in twelve unknown derivatives. A more detailed analysis of 
Eq. (12) is shown in Appendix A. During assembly, the elemental 
systems are combined to form Eq. (11). This is done by summing 
together corresponding elemental equations such that the O's in 
Eq. (12) form the ~k'S in Eq. (Ii). At the same time, terms that 
correspond to the same unknown are combined, enforcing continuity 
between elements. This assembly process converts the individual 
elemental system of Eq. (12) into the globs/ system given by Eq. (II). 

2.5 BOUNDARY CONDITIONS 

T h e  e x a m p l e s  u s e d  in  t h i s  r e p o r t  a r e  f l o w  a r o u n d  n o n l i f t i n g  t w o -  
d i m e n s i o n a l  a i r f o i l s .  T h e  b o u n d a r y  c o n d i t i o n s  f o r  t h e s e  p r o b l e m s  a r e  
a s  f o l l o w s .  C o n s i d e r  F i g .  I w i t h  t h e  t op  b o u n d a r y  a f a r - r e m o v e d  w a l l  
a n d  t h e  u p s t r e a m  a n d  d o w n s t r e a m  b o u n d a r i e s  b e i n g  s u f f i c i e n t l y  r e -  
m o v e d  to  a s s u m e  f r e e - s t r e a m  c o n d i t i o n s  a t  t h e s e  b o u n d a r i e s .  T h e  
b o u n d a r y  c o n d i t i o n s  a r e  

u = 1, T = 1, v = 0 at  the ups t ream and dox~nstream b o u n d a r i e s  

v = 0 at the upper boundary and along the centerline 

v = u tan 0 along the airfoil (13) 

T h e  b o u n d a r y  c o n d i t i o n s  a r e  a p p l i e d  in  t i m e  d e r i v a t i v e  f o r m ;  t h a t  
is, Eq. (13) is differentiated with respect to time, obtaining 

{, = ;., = ;I" = 0 at the ups t ream and downs t ream b o u n d a r i e s  

;,' = 0 at  the upper  boundary  a long  the c e n t e r l i n e  

~r = h tan O a long  the airfoi l  

If Eq. (13) is satisfied for the initial conditions, then Eq. 
enforce Eq. (13) for all time. 

(14a) 

(14b) 

(14c) 

(14) will 

W h e n  Eq .  (14a)  i s  a p p l i e d  to  a n o d e ,  t h e  c o r r e s p o n d i n g  e q u a t i o n  
f r o m  E q .  ( l l b )  i s  r e m o v e d  f r o m  t h e  s y s t e m .  L i k e w i s e  w h e n  Eq .  (14b)  
i s  a p p l i e d  a t  a n o d e ,  a c o r r e s p o n d i n g  e q u a t i o n  f r o m  Eq .  ( l l c )  i s  r e -  
m o v e d .  In  t h e  c a s e  o f  E q .  ( 1 4 c ) ,  t h e  e q u a t i o n s  i n  E q s .  ( l l b )  a n d  ( l l c )  
a r e  r e p l a c e d  b y  E q .  (14c )  a n d  a c o r r e s p o n d i n g  l i n e a r  c o m b i n a t i o n  f r o m  
E q s .  ( l l b )  a n d  (11c ) .  T h e  l i n e a r  c o m b i n a t i o n  i s  b a s e d  on  t h e  g e o m e t r y  
a t  t h e  p o i n t  a n d  i s  o f  t h e  f o r m  

(Eq.  lib) + tan 0 (Eq.  l l c )  

II 
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The  po in t s  at  the  l e a d i n g  and t r a i l i n g  edges  r e q u i r e  s p e c i a l  h a n d -  
l i n g  in  o r d e r  to t r e a t  the  d i s c o n t i n u i t y  of the  s l o p e s  a t  t h e s e  po in t s .  At  
t h e s e  po in t s  the  b o u n d a r y  cond i t i ons  a r e  app l i ed  to the  e l e m e n t a l  e q u a -  
t i ons  tha t  f o r m  Eq.  (11) b e f o r e  a s s e m b l i n g .  In th i s  m a n n e r ,  a d i f f e r e n t  
v a l u e  fo r  the  b o u n d a r y  cond i t ion  m a y  be app l i ed  to each  s i d e  of the  s a m e  
point .  B e c a u s e  of the  d i s c o n t i n u i t y  in  s l ope ,  a d i s c o n t i n u i t y  in  u and  v 
a l s o  o c c u r s  a t  t h e s e  po in t s .  ,r T h e  a s s e m b l y  p r o c e s s  i s  a l t e r e d  at  t h e s e  
po in t s  to e n f o r c e  c o n t i n u i t y  of T and W. T h e  above  p r o c e s s  i s  e a s i l y  
a c c o m p l i s h e d  as  fo l lows .  The  c o l u m n s  c o r r e s p o n d i n g  to u and v a t  the  
s i n g u l a r  po in t  a r e  c o m b i n e d  in to  a s i n g l e  W c o l u m n  b y  

W column = cos 0 (u column) + sin 0 (v column) 

T h e  r o w s  fo r  u and ~v at  the  s i n g u l a r  po in t  a r e  c o m b i n e d  into  a s i n g l e  
W row by 

~irow = (~ row) + tan @ (:vrow) 

T h e  p r e v i o u s  o p e r a t i o n s  r e s u l t  in  a new e l e m e n t a l  s y s t e m  of e q u a -  
t i o n s  wi th  one l e s s  equa t ion  and unknown.  In o r d e r  to m a i n t a i n  a 
s i m p l e  a s s e m b l y  p r o c e s s  a d u m m y  equa t ion  and unknown a r e  added  to  
the  e l e m e n t  s y s t e m .  T h i s  t r a n s f o r m e d  e l e m e n t a l  s y s t e m  is  then  a s s e m -  
b l ed  wi th  the  r e s t  of the  e l e m e n t a l  s y s t e m s .  The  r e g u l a r  b o u n d a r y  con -  
d i t ions  a r e  then  app l i ed  a t  the  o t h e r  b o u n d a r y  nodes .  When the g loba l  
s y s t e m  i s  so lved ,  the  unknowns  a t  the  s i n g u l a r  po in t s  c o r r e s p o n d  to T ,  
W, and a d u m m y  unknown tha t  i s  i g n o r e d .  A va lue  fo r  W i s  g iven  at  the  
s t a r t i n g  t i m e  and  W i s  i n t e g r a t e d  in  t i m e  fo r  the  s i n g u l a r  po in t s .  T h e  
v e l o c i t y  c o m p o n e n t s  a t  the  po in t  a r e  ob t a ined  by  u s i n g  the  va lue  of t an  e 
c o r r e s p o n d i n g  to the  e l e m e n t  u n d e r  c o n s i d e r a t i o n .  The  v a l u e s  of u and 
v wi l l  be  d i s c o n t i n u o u s  a t  the  s i n g u l a r  po in t  and a long  the  l i n e  s e g m e n t  
c o n n e c t i n g  the  two e l e m e n t s .  T h e y  a r e  con t inuous  a t  the  o t h e r  node  
c o m m o n  to bo th  e l e m e n t s .  

*The actual solution to the equations gives u=v=O at these points 
with singular derivatives. Imposing u=v=O as boundary conditions re- 
quired either a large number of extra node points in the vicinity of the 
discontinuity or the inclusion of a special singular function for the fit 
at these points. The method described in the text gave comparable 
results with less computational effort. 

12 
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2.6 CALCULATION OF TERMS IN THE ELEMENTAL SYSTEM 
OF EQUATIONS 

T h e  e l e m e n t a l  s y s t e m  of Eq .  (11) c a n  be  o b t a i n e d  in  a s t r a i g h t -  
f o r w a r d  bu t  t e d i o u s  m a n n e r .  F o r  t h o s e  r e a d e r s  no t  f a m i l i a r  w i t h  t h e  
m e c h a n i c s  of t h e  f i n i t e  e l e m e n t  m e t h o d ,  t h e  s t e p s  f o r  o b t a i n i n g  t h e  
e l e m e n t a l  e q u a t i o n s  f o r  a x i a l  m o m e n t u m  [Eq .  (4b)] w i l l  b e  o u t l i n e d .  
T h e  o t h e r  two  e q u a t i o n  f o r m s  can  b e  o b t a i n e d  in  a s i m i l a r  m a n n e r .  

i s  
T h e  a x i a l  m o m e n t u m  Eq .  (4b) w h e n  w r i t t e n  in  d e t a i l  f o r  an  e l e m e n t  

4 .  4 f l i }  . ¢ ~ 4 
Y-" h i~*  = Y-" ui ~Jx - y_. v i f l i  i 

i=l i=l } 1 uj i=l J lUj~Jv  - K X T i ~  x , ~=1 (15) 

M u l t i p l y i n g  by  f2 k and  i n t e g r a t i n g  o v e r  t h e  e l e m e n t  r e s u l t s  in  

4 4 4 
X u i f  R f l i f ~ k d A  = ~' X u iu  j fR Q i Q j ~ k d A  

i=l m i=l j=l  m 

4 4 4 
-- ~ ~ Viuj fR m QiQ~ ~k  dA - K i~lTi fR fllxf~k dA 

i=l j=l " m (16) 

Note that while the right-hand side is a function of the dependent vari- 
ables, the integrals are not; they can be evaluated on a one-time basis. 
This is true for the last term because T is used as a dependent variable 
instead of p. The above integrals are integrated in the parametric 
coordinate system (~, W ). The integrands are polynomials of degree 
three or less in either ~ or W . Consider for example the first term 
on the right-hand side for i=j=k=l: 

1 ffAm i~lf~lxflldxdy = f fR  fllf~}~x + fir/ qx)flldxdy 
i n  

+I +l fll[(f~}v ~ 1 = f f , - flr/v~)'JlnlJd~d~ 
-1  -1  

+1 + l  
= f f [(1 + +  1,,41[(1 + ,7)y,7 - (1 + 

- 1  -1  

( i 7 )  

[(I + ¢~(I + ~)/4]d~d~ 

1 +I (1 
= ; ; f  

- l  - 1  

+ ©2(116 - 7)2 [(I + ~)y~ _ <1 + ¢3y ] d a,7 

13 
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w h e r e  

YT/ = Yl (1 + ~:) - Y2 (1 - ~)  - Y3 (1 - ~:) - Y4 (1 + ~:) 

y ~  = y l  (1- + r/) - y2(1 + r/) - y3(1 - r/) + Y4(1 - 7/) 
(18) 

T h e  i n t e g r a l s  a r e  e v a l u a t e d  u s i n g  a t w o - p o i n t  G a u s s i a n  q u a d r a t u r e  in 
each  of the  c o o r d i n a t e s .  By  l e t t i n g  k = 1, 2, 3 , 4 ,  Eq.  (16) g ives  fou r  of 
the  equa t ions  in the  e l e m e n t a l  s y s t e m .  The  o t h e r  e igh t  a r e  ob ta ined  
f r o m  E q s .  (4a) and  (4c). 

A r t i f i c a l  v i s c o s i t y  t e r m s  w e r e  i nc luded  a t  t i m e s  in  o r d e r  to m a i n -  
t a in  s t a b i l i t y  in  the  t r a n s i e n t  so lu t ion .  S ince  the m a g n i t u d e  of the  t e r m s  
was  kep t  s m a l l ,  the  e f fec t  on the  f ina l  s t e a d y - s t a t e  so lu t i on  i s  a s s u m e d  
to be  m i n o r .  Thus ,  i t  was  a s s u m e d  tha t  an  a c c u r a t e  e v a l u a t i o n  of the  
v i s c o u s  t e r m s  was  not  r e q u i r e d  as  l ong  as  s t a b i l i t y  was  m a i n t a i n e d .  
The  fo l lowing  d e s c r i b e s  the  e v a l u a t i o n  of the  v i s c o u s  t e r m s  as  u s e d  
in  t h i s  r e p o r t .  C o n s i d e r  the  v i s c o u s  t e r m  in  the  a x i a l  m o m e n t u m  e q u a -  
t ion  wi thou t  the  c o n s t a n t  m u l t i p l i e r .  U s i n g  G r e e n ' s  t h e o r e m  r e s u l t s  in 

ffamf~kV2udxdy = - ffftrn t~k " V u d x d y  + J ;3Rm~kn  v u d s  

The l ine i n t e g r a l  was  i g n o r e d  g iv ing  

- [ f R m V f l  k • VudA = _ i~21ffRm= (f~x~xk i + G z )a ay. 

4 +1 +1 k 
= - i~,u,_ f, _,f [(f~Yr/ - f4/ Y~:)(fZ~Yr/ - fir/ Y~') (19) 

(fZkx~ fZ~xr/)(fZix¢~ a / , + - - f~:x,/)l [(X~r/ - Xr/Y~)ld~:dr / 

T w o - p o i n t  G a u s s i a n  q u a d r a t u r e  was  a l s o  u s e d  to a p p r o x i m a t e  t h i s  
t e r m .  The  q u a d r a t u r e  is  not  exac t  in t h i s  c a s e  b e c a u s e  of the  J a c o b i a n  
in  the  d e n o m i n a t o r .  

2.7 INTEGRATION IN TIME 

E q u a t i o n  (11) i s  a l g e b r a i c a l l y  l i n e a r  in  the  t i m e  d e r i v a t i v e s .  T h e s e  
d e r i v a t i v e s  w e r e  ob t a ined  b y  u s e  of C h o l e s k y  f a c t o r i z a t i o n .  

14 



AEDC-TR-76-86 

Since  the m a t r i x  c o e f f i c i e n t s  a r e  not  func t ions  of the  d e p e n d e n t  v a r i -  
ab l e s ,  the  f a c t o r i z a t i o n  n e e d  be  p e r f o r m e d  on ly  once .  The  so lu t i on  of 
the  s y s t e m  of equa t ions  r e s u l t s  in eva lua t ion  of the  t i m e  d e r i v a t i v e s  
which  can be u s e d  in a n u m e r i c a l  i n t e g r a t i o n  t e c h n i q u e .  The  m e t h o d  
u s e d  by the  a u t h o r s  was  f o u r t h - o r d e r - a c c u r a t e  R u n g e - K u t t a .  

Initial conditions were obtained from a potential flow program. 
The program solved the Cauchy-Riemann equations using a finite ele- 
ment method. The elements used were the same in both programs. In 
the case of the Cauchy-Riemann equations, the resulting FEM system 
is a linear algebraic system which can be solved directly without iter- 
ation. The solution to the Cauchy-Riemann equations gave initial con- 
ditions for u and v. The initial conditions for T were obtained by using 
Bernoulli's equation in the following form: 

(20) 

at each  node  in the  f low f ie ld .  

Direct numerical integration of the system gave unstable results. 
From observation of the transient solution, it was noticed that the 
dependent variable T was the first to go unstable. The integration pro- 
cedure was modified to reset the variable T after a specific number of 
integration steps had been taken. The u and v variables from the last 
integration step were used in Eq. (20) to obtain the T variable for a re- 
start. This modification will not affect the converged results since 
Eq. (20) is valid at steady state. For the subsonic cases, this procedure 
resulted in a stable convergence to the steady-state solution. The best 
results were obtained using about five integration steps before resetting 
T. 

In the cases where a shock was present, the above modifications 
were not sufficient. For these cases an artificial viscosity term was 
added to the momentum equation. The viscosity term was kept as small 
as possible without causing an instability. Best results were obtained 
by systematically reducing the amount of viscosity as the solution 
started to converge. In these cases the steady-state conditions were 
recognized as a steady cyclic pattern occurring with the resetting of 
the initial conditions. This behavior is caused by the inconsistency 
between the viscous term in the momentum equation and the inviscid 
assumption implied in Eq. (20). 

15 
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Although only  the banded  p o r t i o n  of the  l i n e a r  s y s t e m  of equa t ions  
i s  r e q u i r e d ,  the s t o r a g e  of t h e s e  c o e f f i c i e n t s  can  be an o b s t a c l e  for  
l a r g e  g r i d  n e t w o r k s .  The  l i n e a r  s y s t e m  was  m o d i f i e d  by u s i n g  only  
the  c e n t e r  t h r e e e  d i agona l s ;  the  o t h e r  c o e f f i c i e n t s  a r e  s e t  equal  to z e r o .  
The  r e s u l t i n g  t r i d i a g o n a l  s y s t e m  not  on ly  r e q u i r e d  I e s s  c o r e  but  
r e s u l t e d  in f a s t e r  c o n v e r g e n c e  to the  s t e a d y - s t a t e  so lu t ion .  T h i s  
m o d i f i c a t i o n ,  wh i l e  a l t e r i n g  the  t r a n s i e n t  so lu t i on ,  r e s u l t s  in the  s a m e  
s t e a d y - s t a t e  so lu t ion .  

3.0 RESULTS AND DISCUSSION 

Several selected problems have been solved in order to verify the 
numerical scheme discussed in previous sections. Subsonic and tran- 
sonic flows over two-dimensional airfoils were investigated. The air- 
foils chosen were (I) a 6-percent biconvex circular arc, (2) an 
18-percent biconvex circular arc, and (3) the NACA nonlifting four- 
dig i t  s e r i e s  (NACA0012 and NACA0024) of Abbot t  et  a l .  (Ref.  6). 

The method was implemented on an IBM 370/165 digital computer. 
Storage requirements for the grid networks used in this report were 
155K bytes of core. A heuristic approach was taken in determining 
when convergence was obtained. Integration was continued until the Cp 
along the center streamline held steady within plot accuracy (approxi- 
mately _+0. 001 to _+0.01 depending on the case). For subsonic cases 
about three minutes were required. When a shock occurred, twenty to 
fifty minutes were required, depending upon the strength of the shock. 
Several cases were run for additional time to confirm the authors' 
judgment in determining when steady state occurs. The final value 
of the artificial viscosity, a, used was the smallest value that did not 
give wiggles in the region ahead of the shock. 

The predicted pressure distributions for various free-stream 
Mach numbers have been correlated with experimental data and with 
available numerical solutions. Figure 3 shows the predicted pressure 
distribution along the axis and over a 6-percent circular-arc airfoil 
with a free-stream Mach number, M®, of 0.7. A summary of pre- 
dicted pressure distributions, compared to the experimental data of 
Collins and Krupp (Ref. 7) and Knechtel (Ref. 8) for three subcritical 
free-stream Mach numbers (M= = 0. 710, 0. 809, and 0. 826) and a 
slightly supercritical case (M® = 0. 857), is shown in Fig. 4. Further 
increase in free-stream Mach number to M® = 0. 903 produced a super- 
critical case and a shock as shown in Fig. 5. For the cases where 
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M® = 0. 857 and 0. 903, r e s u l t s  ob ta ined  by M u r m a n  (Refs .  9 and 10) a r e  
a l so  shown.  F o r  the  l o w e r  Mach  n u m b e r s  the  d i f f e r e n c e s  b e t w e e n  the  
p r e d i c t i o n s  a r e  too s m a l l  to show in the  f i gu re .  In t h e s e  s u p e r c r i t i c a l  
c a s e s ,  an a r t i f i c i a l  v i s c o s i t y  (~ = 0. 005) is  r e q u i r e d  to a c h i e v e  s t ab i l i t y ,  
wh ich  has  an e f fec t  of s m e a r i n g  the  d i s c o n t i n u i t y  (Ref.  11). The  p r e -  
d i c t ed  shock  l o c a t i o n  b e i n g  u p s t r e a m  of C o l l i n ' s  data  is  a t t r i b u t e d  to the  
f ixed  wal l .  

C o m p u t e d  Mach  n u m b e r  c o n t o u r s  fo r  the  6 - p e r c e n t  c i r c u l a r - a r c  
a i r f o i l  wi th  M® = 0. 903 a r e  shown in F ig .  6. The  rough  c o n t o u r s  a r e  
a t t r i b u t e d  to p o o r  p l o t t e r  r e s o l u t i o n  and l i n e a r  i n t e r p o l a t i o n  o v e r  the  
s p a r s e  g r i d  shown in F ig .  1. 

The  c a s e  of t r a n s o n i c  f low o v e r  an 1 8 - p e r c e n t  c i r c u l a r - a r c  a i r f o i l  
fo r  M= = 0. 741 is  shown  in  F ig .  7. The  p r e d i c t e d  p r e s s u r e  d i s t r i b u t i o n  
o v e r  the a i r f o i l  is c o m p a r e d  to the  e x p e r i m e n t a l  data  of McDev i t t  
(Ref.  12). A v e r y  weak  shock  is  p r e d i c t e d ,  which  r e q u i r e s  only  a v e r y  
s m a l l  a r t i f i c i a l  v i s c o s i t y  (~ = 0. 001) fo r  s t ab i l i t y .  

App l i ca t i on  of the  s c h e m e  to two non l i f t ing  a i r f o i l s  of the  NACA 
f o u r - d i g i t  s e r i e s  (NACA0012 and NACA0024,  Ref .  6) i s  shown in 
F i g s .  8, 9, and 10. P r e d i c t i o n s  fo r  the  NACA0012 a i r f o i l  w e r e  c a l c u -  
l a t e d  f o r  the  c a s e s  of M® = 0 .72  a n d M ®  = 0 .80 .  F i g u r e s  8 a n d 9  show 
the  c o r r e l a t i o n s  of the  p r e d i c t e d  p r e s s u r e  d i s t r i b u t i o n s  wi th  the  e x p e r i -  
m e n t a l  data  of Vida l  et  al.  (Ref.  13). F i g u r e  2 shows  the  g r i d  u s e d  fo r  
the  NACA0012 a i r fo i l .  

A low Mach n u m b e r  c a s e  fo r  the  NACA0024 a i r fo i l  i s  shown in 
F ig .  10 fo r  the  c o m p a r i s o n  of p r e d i c t e d  v e l o c i t y  d i s t r i b u t i o n s  wi th  the  
t h e o r e t i c a l  c a l c u l a t i o n s  of Abbot t  (Ref.  6}. 

The  g r i d  n e t w o r k  u s e d  fo r  t h e s e  p r o b l e m s  is  not  i dea l  f o r  b l u n t -  
l e a d i n g - e d g e  c o n f i g u r a t i o n s .  The  w i g g l e s  p r e s e n t  in the  NACA wing  
so lu t i ons  a r e  s t ab l e  in t i m e  and could  be i m p r o v e d  wi th  a m o r e  r e f i n e d  
g r i d  n e t w o r k .  

4.0 CONCLUDING REMARKS 

The finite element method (FEM), based on the Galerkin weighted 
residual approach, has been used to compute flows over airfoils. This 
method was found to be sufficiently accurate and reasonably fast for 
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subsonic  flow over  c i r c u l a r - a r c  a i r fo i l s .  However ,  d i f f icul ty  was en-  
coun te red  in obtaining s t ab i l i t y  when a shock o c c u r r e d  in s u p e r c r i t i c a l  
c a se s .  In the p r e s e n t  approach ,  the p r o b l e m  was solved through the 
use  of an a r t i f i c a l  v i s cos i ty .  An i n c r e a s e  in comput ing t ime  and the 
s h o c k - s m e a r i n g  effect  were  obse rved  (Ref. 11). Also,  the NACA a i r -  
foi ls  with blunt  l ead ing  edges gave dif f icul ty  and r e q u i r e d  l a r g e r  con-  
v e r g e n c e  t imes .  

This  is  a p r e l i m i n a r y  effor t  on the appl ica t ion  of the FEM to the 
Eu l e r  equat ions in the t r a n s o n i c  flow r eg ime .  Addi t ional  ef for t  wil l  be 
r e q u i r e d  to e s t ab l i sh  this  s cheme  as an eng inee r ing  tool fo r  so lu t ions  
of f l u id -dynamic  p r o b l e m s  of the type cons ide red .  The convergence  
t ime  mus t  be r educed  fo r  s u p e r c r i t i c a l  cases  which r e q u i r e  an a r t i -  
f i c ia l  v i s cos i t y .  Also,  in fu ture  work,  the a r t i f i c i a l  v i scous  t e r m  
should be r ep l aced  with the c o r r e c t  v i scous  t e r m  and the ene rgy  equa-  
t ion should be added to the sy s t em.  
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APPENDIX A 
FINITE ELEMENT ALGORITHM FOR THE EULERIAN EQUATIONS 

F o l l o w i n g  the  s c h e m e  ou t l ined  in  Sec t ion  2 . 0 ,  the  f i n i t e  e l e m e n t  
a l g o r i t h m  i s  deve loped  f o r  the  E u l e r i a n  equa t i ons .  The  G a l e r k i n  
m e t h o d  of w e i g h t e d  r e s i d u a l s  i s  u s e d  to ob ta in  a s y s t e m  of o r d i n a r y  
d i f f e r e n t i a l  equa t ions  in  t i m e .  

E q u a t i o n  (6) i s  s u b s t i t u t e d  in to  Eq.  (5) and then  w e i g h t e d  i n t e g r a l s  
a r e  f o r m e d  o v e r  the  d o m a i n  

{(,: ) ~ (~ :) ~ (:o) ffRm 4 f~iTi - ( y - l )  N f~iTi  y f l i  u + ~, f l i u .  i T i 
1 t i=l i=l  x i=l ~ i x 

+ ( y - l )  X f l iT .  X [~i vi + X ~ i v i  x f l i  Ti 
i=l x i=l Y i=l =1 y 

k dxdy = 0 ( A - l a )  

l (  4 i ) 4 (i 4 i i /  4 ( i :  ~i t £ f ~  , ui + y f~i ui X ~  u + y ~ i  v i  u 
ffRm i =1 t i =1 =1 x i =1 =1 y 

Y ~i ai T ~k dxdy = a ffRm V 2 Xlai u dxdy 
( y -  1)M 2 i _  = 

( A - l b )  

4 t 5'1fll v 
i =  t 

4 
+ X fl~u. 

i=l 1 

Y 

(y - 
14 

I)M 2 - y 

4 t4 
Efl l  v + z ~ i v i  Z ~ i v  

i=l x i=l =1 y 

4 t ~  k f~k dxdy = af fR V2 E f~i v 
m i=1 

dxdy ( A - l c )  
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w h e r e k  = 1, 2,  3,  4 

Equation (A-~)  can be rewritten as 

! ~fRm~ ~ 4 4  i 1 i f~k dxd "Fi = - ( Y -  1) i=lX j=IETi uj ffRmfli(f~J)xflk dxdy 

4 4 
5" X T i uj f fR flj (~i)xf~k dxdy 

i=1 j=l  m 

4 4 
(y - 1) i=l y j=lY~ Ti vj f fame2 i (fl j )yflk dxdy 

4 4 
X Y.T 

i=l j=l  
i vj ffRm~2 j (f~i)yi)k dxdy 

(A-2a) 

~1/ffR m ~ i ~ k  dxdy~ ui 
i= 

4 4 
~, ~, u i u j ffri fl i (f] j ) xf ~ k dxdy 

i =1 j =1 m 

4 4 

Y Y viuj  f fR ~ i ( ~ j ) y f l k  dxdy 
i = l ] = l  m 

4 
Y X, T i ffR (ni)xflk dxdy 

( y -  1)M2 i=1 m (A-2b)  

X f~i~k dxd 6. = - 
i=l l 

4 4 

X 5' u iv  J ffRmfli(f~J) ~k dxdy 
i = l j = l  x 

4 4 

x ffR n <nJ)y nk dxay 
i = l j -  m 

4 

Y E 1TI f fR (f~i)yf~k dxdy 
(y - 1)M 2 i= m ( A - 2 c )  

The above is a system of twelve equations in twelve unknown de- 
rivatives; the coefficients are evaluated for each element and then 
assembled to form Eq. (11). 
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NOM ENC LATU R E 

C h o r d  L eng th  

P r e s s u r e  coe f f i c i en t  

J a c o b i a n  

- 

Reference Length 

F r e e - s t r e a m  R'iach N u m b e r  

N u m b e r  of node po in t s  

Uni t  n o r m a l  v e c t o r  

P r e s s u r e  

Domain  

E l e m e n t  doma in  

A r c  l e n g t h  

T e m p e r a t u r e  

T i m e  

Ax ia l  c o m p o n e n t  of v e l o c i t y  

T i m e  d e r i v a t i v e s  at  the  i th node 

V o l u m e  

T r a n s v e r s e  c o m p o n e n t  of v e l o c i t y  

~u  2 + v 2 

Ax ia l  c o o r d i n a t e  ( m e a s u r e d  f r o m  l e a d i n g  edge) 

T r a n s v e r s e  c o o r d i n a t e  

A r t i f i c i a l  v i s c o s i t y  coe f f i c i en t  

Ra t io  of s p e c i f i c  h e a t s  

Body  (a i r fo i l )  ang le  

P a r a m e t r i c  c o o r d i n a t e s  

D e n s i t y  

B a s i c  func t ions  
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~2 

V 

aP n 

I n t e r p o l a t i o n  func t ion  

Del  o p e r a t o r  

E l e m e n t  d o m a i n  b o u n d a r y  

SUBSCRIPTS 

t 

X 

Y 

GO 

P a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  to t i m e  

P a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  to x 

P a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  to y 

P a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  to ,? 

P a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  to 

F r e e - s t r e a m  cond i t ion  

SUPERSCRIPTS 

':'- Dimensional parameter 
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