
U.S. DEPARTMENT OF COMMERCE 

National Technical Information Service 

AD-A025 887 

A STATISTICAL MODEL OF THE LOWER IONOSPHERE 

Defense Communications Agency 

January 1976 



««I» 

1771OÇ 

COMMAND AND CONTROL TECHNICAL ! 
CENTER 

MEECN TECHNICAL PAPER 

0 “A STATISTICAL MODEL OF THE 

LOWER IONOSPHERE ” 

D D C 
r?CT?nnniz 

JUN 22 BTB 

isEtnns 
D 

JANUARY 1976 
reproduced bv 

I NATIONAL TECHNICAL , 
; INFORMATION SERVICE 
» u S DE PUREMENT OE COMMERCE ' 
; SPRINGFIELD, VA. 22161 

DgnHgyK?lf STATEMENT A 
Appxovad foe public ralMUNg 

DirtributLop Unlimilsd 
-, ■ HBCÜH ..i. f MililiimMaátfe.¡iii¡ii¡ ¡iiiiniiii 



pv- !111 "'Miw;1' ..wyNw il i i 

iÉlliifc. ....., 
' :_ .... ..!I"" 

I :• 

m. 

DEFENSE COMMUNICATIONS AGENCY 
WASHINGTON. O.C. 10305 

TECHNICAL PUBLICATION C600-TP-76-2 

TITLE: A STATISTICAL MODEL OF THE LOWER IONOSPHERE 

ABSTRACT: This report analyzes, as a group, measurements 
of the electron density profile in the lower ionosphere. 
Approximately 15 years of measurements were analyzed and 
an effort is made to develop a preliminary time-varying 
ionospheric model for use in determining VLF and LF pro¬ 
pagation predictions. 

FOR THE DIRECTOR: 

OFFICIAL: 

WILLIAM S. KREMIDAS 
Captain, USN 
Asst, Deputy Director 
Systems Directorate 
Command Control Technical Center 

ACCESSIftH far_ 

*l»to .MIm 
£W lirtf bciton □ 
f?i[«estis3 □ 

:5HIM.. 

t^jkZifLËS. 
SV 
ciiTuggrtw/MMuaiuTT hmb 
ttist tun. m/m traut 

D D C 
EEEIMEl 

J UEISEir 
D 

I 
^CAN^ 

DISTRIBUTION STATEMENT A 

Approved for public release: 
Distribution Unlimited 



ÍHRíéiiiii^. 

ACKNOWLEDGEMENT 

This report was prepared by Leslie A. Berry and Robert M. Davis, Jr., 

of the Institute for Teleconmunication Sciences, Office of Telecommunications, 

U. S. Department of Commerce. Editorial and technical review was provided 

by Defense Conmunications Agency, Naval Research Laboratory; Naval Electronics 

Laboratory Center; Rome Air Development Center; the U. S. Army Electronics 

Laboratory; and Cambridge Research Laboratories. 

U 



TABLE OF CONTENTS 

PAGE 

EXECUTIVE SUMMARY ES-1 

ABSTRACT I 

1. THE NEED AND POTENTIAL FOR A MODEL OF THE LOWER IONOSPHERE 1 

2. SELECTION AND VALIDATION OF DATA REDUCTION TECHNIQUES 3 

2.1 The Exponential Profile 3 
2.2 Scaling Rules 5 
2.3 Validation of Scaling Rules 7 

3. DERVIATION OF THE MODEL 15 

3.1 Selection of Regression Variables 15 
3.2 The Regression Model 22 

4. COMPARISONS OF MODEL VARIATIONS WITH VLF PROPAGATION EXPERIENCE 24 

5. CONCLUDING REMARKS AND RECOMMENDATIONS 26 

6. REFERENCES 27 

APPENDIX: D REGION DATA BASE 29 



* pur'«™ ■ oiMiwiiriiiimaiiihi- lii ni 

■ . 

EXECUTIVE SUMMARY 

1. THE NEED AND POTENTIAL FOR A MODEL OF THE LOWER IONOSPHERE 

In order, to estimate the performance of the Minimum Essential Emergency 

Communications Network (MEECN), it is necessary to determine the time-avail- 

ability of each individual link. Some links in the system are LF-VLF radio 

communications systems, whose time availability depends primarily on the 

temporal statistics of the signal-to-noise ratio (S/N). The variation of 

LF-VLF S/N is not sufficiently well known for good system design and analysis, 

so the Office of MEECN System Engineer has organized the Tri-Service Propagation 

Program to develop the required information. 

The main uncontrollable determinant of LF-VLF signal strength is the 

profile (height variation) of the electron density in the extreme lower iono¬ 

sphere, because it is here that the VLF radio waves are reflected. Most of 

the sophisticated computer programs that have been developed for computing LF 

and VLF field strength require a model of the lower ionosphere as input. The 

accuracy of the field strength prediction (and through it, the accuracy of 

the link time-availability calculation) depends on the accuracy of the iono¬ 

spheric model used. 
There is no available model of the lower ionosphere which depicts realis¬ 

tically the variation of the ionosphere with hour, season, latitude, and 

sunspot number. However, during the past 15 years, many measurements of the 

electron density have been made at various locations and times. These measure¬ 

ments have not been analyzed as a group, nor incorporated into a synoptic, 

statistical model useful for LF-VLF communications link analysis. This 

report analyzes the available data, assesses its usefulness, and provides a 

preliminary time-varying ionospheric model. 

2. SELECTION AND VALIDATION OF DATA REDUCTION TECHNIQUES 

Previous experience has shown that a simple exponential model of the 

electron density in the lower ionosphere is adequate to describe LF-VLF radio 

propagation in most cases (see equation (ES-1) in section 3). Rules for 

scaling the parameters for such a model from measured electron density profiles 

were developed. They were validated by comparing propagation parameters 

computed for a sample of ten representative measured profiles with the same 

parameters computed for the scaled exponential approximation. For these ten 
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profiles» the magnitude of the principle reflection coefficient errors averaged 

less than 1 dB for the important angles of Incidence for LF-VLF propagation. 

This resulted in an average error of about 1 dB in field strength for a 5000 

km path. The error increases with path length. An error of this size from 

the scaling procedure is acceptable because it is smaller than the random 
variation of signal strength. 

3. DERIVATION OF THE MODEL 

Four hundred and seventy measured profiles of electron density in 

the D-region were retrieved from the report and journal literature, and were 

scaled to determine the statistical distribution and correlation that could be 
derived from emperical data. A multi-parameter linear regression of the 

model parameters on significant geophysical parameters was performed 
using a standard statistical approach. The resulting model has the 
form: 

N(h) = N0 exp (a (h - hw) (ES-1) 

where 

No = 1.43 (107) exp (-0.15 hj 

so that hw is the standard reference height. The gradient, a and hw will 

depend on time (hour and month), latitude, and solar activity. 

“ = “c * Vl + a2x2 + “3X3 + “4*4 and (ES-2) 

hw = hc + hlxl + h2x2 + h3x3 + h4x4 

The a.j and h^ are coefficients determineJ by a multidimensional linear 

regression on the independent variables x^. These variables are: 

x1 = cos (-2tt), where t is the local time (hour), t = 1,24. 

x2 = cos (L), where L is the latitude (radians). 

x3 = + cos (--^/^ 2ir), where m is the month (January = 1» ... 

December = 12.) 
(Use + for northern hemisphere, - for southern hemisphere.) 

X4 = S, where S is the sunspot number (12 month running average of 
Zurich sunspot number). 

ES-2 
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The analysis was also done for x] * cos (sun's zenith angle) but the 

residual error in both h and a was greater (slightly) for this set of 

variables. Table ES-1 gives the resulting values for a. and h^. 

Table ES-1. Values of Coefficients for Statistical Electron Density Model 

i c_1_2_3 4 

ht 71.8 3.83 6.85 0.085 0.047 

»i 0.210 0.036 0.082 -0.050 0.00045 

Statistical tests show that all coefficients except h3 are significantly 
different from zero. 

4. COMPARISONS OF MODEL VARIATIONS WITH VLF PROPAGATION EXPERIENCE 

The model predicts a day-to-night variation in reference height, 

h0, of less than 8 km. Measured VLF propagation data suggests that this 

variation should be about 15 km. This is the biggest deficiency of the 

preliminary model. It appears to be caused by too few, or too Inaccurate, 
nighttime profiles. 

However, the 

- variation of reference height with sunspot number, 

- variation of reference height with latitude, and 

- the day and night values of the slope parameter, a, 

are all consistent with LF-VLF propagation experience — at least 
qualitatively. 

5. CONCLUDING REMARKS AND RECOMMENDATIONS 

The dependence of lower ionosphere reflection properties on sunspot 

number, season, and latitude shown by the analysis in this report will be 

useful for predicting LF-VLF field strength (and thus VLF link time availability) 

The apparent poor quality of the measurements of electron density at low 

altitudes at night resulted in unrealistically small day-to-night change in 

reflection height. To make a practical model useful for LF-VLF signal-to- 

noise predictions, the following steps are recommended: 

ES-3 
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and 1. Remove local time from the list of independent variables, 

Instead put in a fixed variation with time wnich has the 

required day-to-night variation, as determined by propagation 

data. 

Filter the data by making subjective, but careful, judgments 

about the quality of the data, indicated by the experimental 

method and controls. Discard the profiles judged to be unreliable. 

Continue to add high quality profiles to the data base as they 

become available. 

Then recompute the coefficients for the remaining variables, 

separately for day and night. 

A realistic time-varying model of the lower ionosphere is necessary for 

reliable calculations of the time-availability of LF-VLF links in the MEECN 

system. 

APPENDIX 

2. 

3. 

4. 

The profile data, and sources of the profiles used in the report 

are listed in the Appendix. 

ES-4 



A STATISTICAL MODEL OF THE LOWER IONOSPHERE 

ABSTRACT 

Four hundred and seventy measured profiles of electron den¬ 
sity in the lower ionosphere were retrieved from the literature. 
Scaling rules were developed for fitting the profiles with an 
exponential approximation, and were validated by comparing LF-VIF 
field strengths computed with the approximations and the full 
measured profiles. The coefficients for a multidimensional 
linear regression on the parameters of the exponential model were 
calculated using standard techniques. The seasonal, latitudinal, 
and sunspot number variations of the reference height are consistent 
with long-path VLF measurements. The day-to-night variations of 
reference height and gradient are qualitatively correct, but are 
not large enough. This discrepancy is traced to the nighttime 
profiles. Further analysis to improve the model is recommended. 

1. THE NEED AND POTENTIAL FOR A MODEL OF THE LOWER IONOSPHERE 

In order to estimate the performance of the Minimum Essential Emergency 

Coranunications Network (MEECN), it is necessary to determine the time-availability 

of each individual ’ink. Some links in the system are LF-VLF radio communications 

systems whose time availability depends primarily on the time distribution of 

the signal-to-noise ratio (S/N). The main uncontrollable determinant of LF- 

VLF signal strength is the profile (height variation) of the electron density 

in the extreme lower ionosphere, because it is here that the VlF radio waves 

are reflected. So most of the sophisticated computer models that have been 

developed for computing LF and VLF field strength require specification of a 

model of the lower ionosphere. 

Since the computer field strength is to be compared with the noise, the 

ionospheric model should vary realistically with the same parameters which 

affect the noise -- the time (hour, season) and geographic location. No 

satisfactory time-varying, worldwide model of the lower ionosphere exists. 

Several attempts have been made to develop ''average" profiles for day and 

night (see, for example, Bain and May, 1967). Berry and Jones (DCA, 1974b, 

Appendix) made a preliminary attempt at a time-varying model. More recently 

(DCA, 1974a), Morfitt prepared a table recommending "descriptive electron 

density profiles" for various latitudes and seasons for day and night. These 

profiles "describe the limited amount of propagation data to varying degrees 
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of exactness.’* However., the table Is incomplete, especially at night,, and it 

is clear that the recommended profiles will not reproduce the known seasonal 

variations in LF-VLF signal strengths. 

During the past 15 years, a number of experimenters have attempted to 

neasure the electron density in the lower ionosphere. The measurement methods 

include direct measurements of electron density by rockets and indirect radio 

sensing techniques using rockets or ground-based "radar”. Two ground-based 

techniques use HF radio waves: the partial reflection technique (e.g., Gardner 

and Pawsey, 1953; Bel rose, et al., 1967) and the wave interaction or cross- 

modulation technique {e.g.. Smith, 1967). Multi-frequency VLF sounders are 

used at both steep (e.g., Gossard, 1967) and oblique (e.g., Morfit, 1973) 

incidence. Finally field strength as a function of distance from the transmitter 

can be used to deduce the electron density profile (e.g., DCA, 1975). The 

Appendix lists many more references for each experimental method. 

The low values of electron density in the lower ionosphere make its 

measurement difficult (Booker and Smith, 1970). None-the-less, there have 

been enough sur!» attempts to make it worthwhile to try to analyze all 

measurements and integrate them into a. synoptic quantitative description. 

In this report, all applicable measurements that were found are used. 

The usual hopeful assumption is made: if the sample is large enough, errors 

nade in individual measurements will '"average out'" so that the resulting 

sample mean represents the true mean ionosphere, and the distribution of the 

lata about the 'mean approximates the true distribution. That assumption 

should eventually be tested by comparing calculated LF-VLF field strengths 

with measured values for particular paths. 

This appears to be the first attempt to organize all the data into a 

quantitative 'model. The usual reasons given for not doing it are that the 

data are not sufficiently accurate, have not been validated by replication 

(various experimental methods may give different results), have not been taken 

in enough different points in space and time, and do not extend low enough in 

altitude to be useful in long-path VLF propagation studies. Most of the 

reasons except the last can be testei and perhaps circumvented by statistical 

analysis. The last reason is the most inhibiting — but can be tested only 

after the model has been developed -- by comparing theoretical propagation 

calculations made with the model with actual measurements. 

2 



2. SELECTION AND VALIDATION OF DATA REDUCTION TECHNIQUES 

Two measured D-region profiles are shown in Figure 1 (Profiles 70 and 

167 of Appendix). The fact that measured D-region electron densities are 

usually shown in this format emphasizes that the most important variation is 

with height. Given a large number of profiles like those shown in Figure 1, 

which were measured at various geographic locations and times, how can the 

average profile and the variation of profiles with important causative geophysical 

parameters be summarized? That is the problem being addressed. 

A brute force approach might be to consider a four dimensional grid 

(latitude, longitude, altitude, and time) and to fit some function to the 

data values we have, recognizing the important time cycles (diurnal, annual, 

and sunspot cycle). Even a cursory examination of this approach shows that 

it requires orders of magnitude more data than are available. 

A more refined approach is to choose a mathematical form whose values 

depend on parameters, determine the values of these parameters for the 

measured data, rnd analyze the geophysical dependence of these parameters. 

Berry and Jones (DCA, 1974b) used a model which consisted of an exponential 

function of height, plus a Chapman layer. This model required six pamieters, 

and could be fit quite well to profiles like the one labeled A in Figure 1. 

Scaling the parameters from profiles is quite difficult, especially if the 

shape is like that of profile B in Figure 1. 

2.1 The Exponential Profile 

A much simpler model for theoretical purposes was suggested by Wait 

and Spies (1964). Calculations show that the parameters which most affect 

VLF propagation are the height of reflection and gradient of electron density 

at that height. These two parameters are explicit in the "exponential profile" 

N(h) * Noexp [a(h - hQ)] (1) 

where N0 is the electron density at height hQ and a is the slope on semi-log 

paper. The rationale is that the lower edge of most profiles can be approximated 

by a straight line on the semi-log paper for a height range of several kilo¬ 

meters. Theoretical calculations have shown (Crain, 1970; Gambill and 

Rutherford, 1971) that most of the contribution to reflection of LF and VLF 

waves occurs within a height range of perhaps 5 kilometers. 

3 





The Naval Electronics Laboratory has had considerable success matching 

theoretical propagation calculations to measured field strengths by using 

such exponential profiles. Thus, this simple model, which requires only 

three parameters for complete specification, was selected for a first attempt. 

If it does not prove satisfactory, more complicated models can be tried 
later. 

As will be seen, even profiles such as profile A in Figure 1 can be 

fitted with an exponential. The argument is that, even for these, the 

oblique reflection often takes place well below the nose of the profile, so 

that the departure from an exponential higher up is not significant. Of 

course, there will be times when electron density in the reflection region is 

considerably non-linear, but if these times are sufficiently rare, they will 

not invalidate a statistical model. 

2.2 Scaling Rules 

Having chosen to fit the profiles with a straight line (on a log 

scale), the choice of the proper height at which to determine the slope of 

the line becomes critical, because the slope is an important determinant of 

the reflection coefficient magnitude. For theoretical work, Wait and Spies 

(1964) chose to fix NQ so they could deal with only ‘•wo parameters — hQ and 

a. They chose the height Ir. at which 
W 

<*>r(hw) = 2.5 (105). (2) 

Here, ^(h) = 3.18 (109) N(h)Mh), (3) 

N is the electron density, and v is the electron neutral collision frequency. 

It is important to notice that tor a truly exponential profile, such a 

choice is entirely aroitrary: given one set of N0, h0> and a, the same 

profile can be represented at any other height h] by finding the corresponding 

N| using formula (1). 

However, for determining an exponential electron density profile which 

adequately represents an experimentally measured profile for propagation 

calculations, selection of the height at which to determine the slope can be 

critical, because this slope may change considerably in a distance of 10 or 
15 km. 



Gambill and Rutherford {1971) have made a number of calculations which 

show that most of the energy of a VLF or IF wave incident at an angle <f> on 

the ionosphere is reflected near the height where 

tüw 
PT 2 cos $ , (4) 

where u = Ztt f is the radio frequency. This was originally suggested by Field 

and Engle (1965). Unfortunately, this criterion is a function of radio frequency 

and angle of incidence, and the ionospheric model should not be a function of 

these parameters. In the next paragraph it is shown that the dependence on f 

and <j> is sufficiently weak that average values can adequately represent the 

range of interest to IF-VLF. 

An adequate approximation for the collision frequency is (Wait and Spies, 

1964) 

V = 5 (106) exp [-0.15(h-70)] = 1.8 (1011) exp (-0.15h) 

Assume v = d exp [-.15(h - h0)] and that N(h) 

reflection height, hr, is found by solving (4) using (3): 

(5) 

N0 exp (a (h - hQ)). The 

3.18(103) N0 exp (a (h 

2irf d exp (-0.15 (h 
ho» 

vr ■fit cos 4> , or (6) 

exp [(a + 0.15) (h - h )] = 2.8(10-9) f d, 
"o 

Taking the natural logarithm of each side and rearranging yields: 

ln(f cos2 
a + 0.15 

h = h + _!_ ln 2-300-9½ + l"(f c°s2 ») 

(7) 

a + 0.15 N. (8) 

The radio frequency and angle of incidence affect only the last term on 

the right. The denominator of the term, a + 0.15, varies from 0.3 to 1.2 

(DCA, 1975). Choosing 0.5 as a typical value, the reflection height variation 

with f and -j) is 2 In (f cos2 ¢) km — a factor of 2 variation in f cos2 

changes the reference height only 1.4 km. For example if f = 30 kHz, the 

height would be within 1.4 km of the correct height for frequencies from 15 kHz 
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to 60 kHz. Similarly, if = 81° will cover angles from 77° to 84° — and these 

are by far the most important angles of incidence for long-path VLF-LF propagation. 

Therefore, equation (4) with f = 30 kHz and <(, * 81° was used to determine 
the scaling height. The scaling procedure was as follows: 

1. If the lower portion of the profile shows electron density 

increasing, or constant, as the height decreases, discard the 
profile. 

2. Otherwise find the lowest height that satisfies equation (4). 

If this height exists on the measured profile, use it and go 
to 3. 

If the height is below the measured profile, 

a. if there is an established slope to the profile near 

the bottom, extrapolate it to the height that satisfies 
equation (4), and proceed to 3. 

b. Otherwise, discard the profile. 

3. Record the height and N at the required height. 

4. Fit (by observation) a straight line tangent to the profile at 

the selected height. Determine a for this straight line. 

2.3 Validation of Scaling Rules 

Since the ionospheric model is being developed for use in propagation 

predictions, the salient test of the adequacy of this procedure is comparison 

of propagation parameters computed for the entire measured profile and the 

exponential fit. From some 280 profiles collected at the time of the test, a 

stratified sample was selected: one night and one day profile from each 

season (winter, summer, equinox) from each of three latitude zones (high, 

medium, low). There were not enough profiles from low latitudes to do this, 

so the test was made with 10 test profiles (numbers 70, 159, 167, 169, 247, 
2E0, 300, 317, 343, and 372 from the Appendix). 

The electron density and the parameters for an exponential fit were 

scaled from each profile using the rules above. Then ionospheric reflection 

coefficients for both representations of each profile were computed for radio 

waves with frequencies of 20, 40, and 60 kHz incident on the ionosphere at 

angles of 50°, 60°, 70% 75% 78% 82% and 84% The three larger angles in 

this list are the most important for long-distance VLF and LF propagation. 

7 



The values for the measured profile and its exponential fit were compared 
to determine the error caused by the exponential approximation. For the 
amplitude of the reflection coefficient, the error (in dB) is 

20 log lR (for exponential fit) I 
|R (for measured profile)! 

where R is the computed reflection coefficient for each case. 
The phase error was defined to be 

<()(exponential fit) - <|>(measured profile) 

where <p is the computed phase of the reflection coefficients. The errors 
were computed for each frequency as a function of angle of incidence. To 
determine if there were any consistent bias in the scaling procedure, the 
errors were averaged. The results for the most important reflection coefficient 
(il R h ) are shown in Figure 2. The fact that the overall average of the 
error is small indicates that there is no bias in the scaling procedure. 

For estimating the effects of the errors on field strength predictions, 
the average of the absolute value of the errors is more important. This 
average is shown for each frequency in Figure 3. In general, the errors are 
larger for smaller angles of incidence. This could be expected from the 
scaling rules, since the height at which the electron density gradient was 
scaled was the "correct" one for an angle of 81°. The errors are also larger 
for the higher frequencies than for the lower frequencies. 

The large errors for small angles of incidence are not too disturbing, 
because the model is to be used for calculation of field strengths at long 
distances. For these calculations, angles between 80° and 85° are most 
important, since the limiting grazing angles for wave hop theory are about 
81° or 82° and the real part of the eigen angles of the important wave guide 

modes are greater than 80° also. 
The probable error in field strength can be estimated from the error in 

reflection coefficients using notions from the wave hop theory. In this 
theory, the reflection coefficient (in dB) is multiplied by the hop number, 
so the error in a hop would just be the hop number times the error in the 
reflection coefficient. The first hop is usually the largest for distances 
from 1000 to about 3000 km, so the error in field strength in this region 
should be about the same as the error in the grazing reflection coefficient. 

8 
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From about 3000 km to 5000 km, the second hop predominates, and the error 

should be twice the error in the reflection coefficient. Between about 5000 

km and 7000 km, the error should average about 3 times the error in the 

reflection coefficient, etc. 

Three of the profiles were selected for further testing. One was the 

profile with the smallest errors in reflection coefficients (profile 167). 

The second was a profile whose errors most nearly matched the average values 

(profile 70) and the third was the profile with the largest errors in reflection 

coefficients (profile 300). The field strength as a function of distance was 

computed for these three profiles for frequencies of 20, 40, and 60 kHz using 

the wave hop theory program (Berry and Herman, 1971). The results for 40 kHz 

are shown in Figures 4, 5, and 6. 

Figure 4 is the best case; the field strength curve for the exponential 

profile can barely be separated from that for the complete profile. The 

average case is shown in Figure 5. The separation between the two curves 

gradually increases with distance, but even at 6000 km the difference is 

acceptable for many practical purposes. The worst case is shown in Figure 6, 

where the two field strengths are far apart from 5000 km onward. 

Notice that in all three cases, even in the worst case, the locations 

of relative maxima and minima in the two curves are nearly coincident. 

The magnitude of errors in field strength can be easily seen in Figure 

7, where they are given (in dB) as a function of distance for all three 

cases. Recall (Figure 3) that the average error in reflection coefficient for 

grazing incidence was under 1 dB. Thus for the average case (profile 70), 

the error in field strength from 1000 to 3000 km averages less than 1 dB. 

From 3000 to 5000 km, the en-or is between 1 and 2 dB, and so forth. The 

error in the worst case increases quickly with distance to over 5 dB beyond 

5000 km. 

The errors in field strength at 20 kHz and 60 kHz are shown in Figures 8 

and 9, respectively. These calculations show that the errors in field strength 

can be estimated accurately from the reflection coefficient errors. 

It is interesting to go back and look at the profiles which produced the 

best, average, and worst results. Profile 167, the best fit, is shown in 

Figure 10. It is easy to see why the exponential fit (also shown in Figure 

10) is an adequate approximation, especially when you note how closely it 

11 



Figure 4. 40 kHz field strength as a function of distance for 
measured profile 167, and for the exponential 
approximation to it. 
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Figure 6. 40 kHz field strength as a function of distance for 
measured profile 300, and for the exponential 
approximation to it. 
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imation to a measured electron density profile for a t-equency of 
20 kHz. 
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frequency of 60 kHz. 
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follows the measured profile for many kilometers on each side of the reflection 

region (marked by an X on the profile). 

The fit which produced average errors is shown in Figure 11. The measured 

profile departs significantly from the straight line fit above 73 km, which 

leads to larger errors in reflection coefficients for more sharply incident 

radio waves. 

The worst-fit profile is shown in Figure 12. It is obvious that this 

profile is very unlike the exponential profile also shown on the figure. If 

all, or even very many, real profiles had the shape of profile 300, the selected 

scaling process would clearly be inadequate — and the model would probably 

need to be more complicated. However, the statistical test conducted with 10 

profiles indicates that profiles like the one in Figure 12 a^e rare. 

These tests showed that the exponential model and the scaling procedure 

are sufficiently accurate, since the average errors in field strength are 

less than or comparable to the natural variation of VLF-LF propagation over 

paths less than 6000 km long. 

3. DERIVATION OF THE MODEL 

The journal and report literature yielded 470 profiles which could be 

scaled according to the rules in the previous section. The Appendix contains 

a list of the sources of the profiles, and lists the parameters scaled from 

the profiles and other necessary information about them such as location, 

time, and experimental method. 

Standardized computer programs exist for performing sophisticated 

statistical analyses of data. OMNITAB II, produced by the National Bureau of 

Standards (Hogben, et al., 1971), was used. The analysis is essentially a 

multidimensional linear regression. The independent variables must be chosen 

so that, to the extent possible, their influence on the model parameters is 

linear. Physical reasoning and previous studies of the D region provide 

clues to the appropriate variables. A final choice follows experimentation 

with various combinations using the OMNITAB program. 

3.1 Selection of Regression Variables 

The daytime D region is produced by direct radiation from the sun. 

Theoretical analysis (Davies, 1965) and experimental analysis (Reid, 1969) 

have shown that the electron density correlates well with cos x» where x is 

18 



Figure 10. Measured electron density profile 167, and the scaled 
exponential approximation to it. 
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Figure 11. Measured electron density profile 70, and the scaled 
exponential approximation to it. 
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Figure 12. Measured electron density profile 300, and the scaled 
exponential approximation to it. 
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the zenith angle of the sun. The zenith angle depends on local time, latitude, 

and season, so it incorporates in one variable many of the things that influence 

the D region. 
An alternative choice for representing the diurnal variation is the 

local time. In order to keep the variable cyclic, let the independent 

variable be cos (2n(t-l2)/24) where t is the local hour. This choice has the 

advantage of being independent of season and latitude, other potential 

independent variables. Tests with OMNITAB showed that the residual error was 

smaller if local time rather than sun's zenith angle was used to represent 

the diurnal variation. 
LF-VLF propagation also varies with season, which indicates that the 

lower ionosphere depends on season. Numbering the months from 1 to 12 

beginning with January yields a numerical variable which represents the 

seasons. A complication is that the year is a cycle, but the month numbers 

have a discontinuity between December and January. That is, in nature, 

December and January are very much alike, but in the numbering scheme they 

are as different as possible, being numbered 12 and 1 respectively. This 

difficulty is avoided by choosing + cos (2Tr(m - 1/2)/12) as the independent 

variable instead of the month number. The plus sign is used in the northern 

hemisphere, and the minus sign in the southern hemisphere so that the seasons 

will be similar in behavior. January 15 is winter in the northern hemisphere 

and the variable has the value +1. In order that winter in the southern 

hemisphere (June 15) have the same value, use the negative sign. 

Watt (1967) suggests that VLF phase velocity varies like the cosine of 

latitude. This also has the advantage of treating north and south latitude 

the same. So cos (latitude) was chosen as an independent variable. 

Following the practice at high frequencies, the 12 month running average 

of the Zurich sunspot number was used as an independent variable. 

It was necessary to choose carefully the height at which the parameters 

were scaled as discussed in section 2.2. However, once the three parameters, 

N , hr, and a, are known, one of them can be discarded by transforming 

to the standard reference height hw(the height where uy/w = 2.5 (10 )). 

This also makes it easier to compare the results with the literature. 

3.2 The Regression Model 

The model is therefore to have the form 

22 



(9) 

where 

N(h) = N0 exp (c. (h - hw) 

N0 = 1.43 do'} exp (-0.15 hw) (10) 

so that h is the standard reference height. The gradient a and h will 

depend on time (hour and month), latitude, and solar activity. 

and (11) 

(12) 

a = ac + a.j x-j + a2x2 + a3x3 + a4x4 

w hc + hlxl + h2x2 + h3x3 + h4x4 

The and h^ are coefficients determined by a multidimensional linear 

regression on the independent variables . These variables are: 

t - 12 
x-j = cos (—23— 2ir) , where t is the local time (hour), t = 1, 24. 

X2 = cos (L), where L is the latitude (radians). 

x3 = ± cos (" 2ir), where m is the month (January = 1, 

...December = 12. 

(Use + for northern hemisphere, - for southern hemisphere.) 

x^ = S, where S is the sunspot number (12 month running average 

of Zurich relative sunspot number). 

The analysis was also done for x-| = cos (sun's zenith angle) but the 

residual error in both hw and a was greater (slightly) for this set of 

variables. Table 1 gives the resulting values for a. and h^. 

Table 1: Values of Coefficients for Statistical Electron Density 

Model. 

hi 

1 

71.8 

0.210 

-3.83 

-0.036 

6.85 

0.082 

0.085, 

-0.050 

*0.047 

0.00045 

What is the significance of a and h ? They are the values of a and h c c w 
at 0600 and 1800 hours on March 15 and September 15 at + 90° latitude if the 

sunspot number is 0. 
23 



4. COMPARISONS OF MODEL VARIATIONS WITH VLF PROPAGATION EXPERIENCE 

The implications of the regréssion analysis are shown in Tables 2, 3, 

and 4. The coefficient of the month term for height is small (not significantly 

different from zero). 

Watt (1967, p. 265) estimates that the phase velocity of a 16 kHz 

signal increases about one part in 10”^ as the sunspot number goes from 0 to 

100. This corresponds to a 5 to 10 km decrease in reference height (Wait 

and Spies, 1964). Coefficient h^ above would cause a reference height decrease 

of 4.7 km, which is consistent with the propagation data. 

Table 2 shows the values of hw as a function of hour and latitude. The 

variation from midnight (t = 0) to noon (t = 12) is only about 8 km. The 

mid-latitude noon values of 70 to 72.5 km are consistent with those determined 

for long path VLF propagation; namely, 70 km (DCA, 1974a) to 75 km (OCA, 

1975). However, the nighttime heights are 7-10 km lower than heights deduced 

from long-path propagation data (DCA, 1974a, 1975). This may be caused by 

the much smaller data pool for nighttime profiles, by less accurate measurements 

at night because of the high noise level, or by smoothing of the data in the 

statistical analysis. 

Figure A3 of the Appendix shows the distribution of scaled heights h for 
W 

the nighttime profiles. The mean value is 77.2 km — much lower that is 

suggested by VLF propagation data. Measurement of low-level electron density 

is notoriously difficult. These difficulties are compounded at night by high- 

noise levels, and perhaps by a more variable (in space and time) lower 

ionosphere. It is likely that the lower parts of the nighttime profiles used 

are inaccurate. 

Watt (1967, p. 365) estimates an increase at 10 kHz of about 2(10"3) in 

phase velocity relative to the speed of light as latitude increases from 0° 

to 90°. This corresponds to about 7 to 12 km decrease in reference height 

(Wait and Spies, 1964). Table 2 shows about 7 km decrease in reference 

height between 0° to 90° latitude. 

The other model parameter, a , is equal to ß -0.15, where ß is the 

parameter most often mentioned in the literature. Propagation measurements 

lead to daytime estimates of ß that range from 0.3 to 0.5 (DCA, 1974a, 

1975); that is, a is estimated to range from 0.15 to 0.35. The daytime 

(t = 12) values in Tables 3 and 4 are mostly in this range. The winter 

24 



Table 2: Values of h computed using equation (4) and Table 1, assuming 
W 

it is equinox, and that the sunspot number is 30. 

Latitude ° 

0 

30 

60 

90 

Local Time (hours) 

6 12 

81.1 

80.1 

77.7 

74.2 

77.2 

76.3 

73.8 

70.4 

73.4 

72.5 

70.0 

66.6 

13 

11.1 

76.3 

73.8 

70.4 

Table 3: Values of a computed using equation (3) and Table 1, and 

assuming that it is January, and that the sunspot number is 30. 

Latitude 

Table 4: Values of a computed using equation (3) and Table 1, assuming 

that it is July, and that the sunspot number is 30. 

0 

30 

60 

90 

0 

Local Time (hours) 

6 12 18 

0.376 

0.365 

0.335 

0.294 

0.340 

0.329 

0.299 

0.258 

0.304 

0.293 

0.263 

0.222 

0.340 

0.329 

0.299 

0.258 

Latitude 0 



mid-latitude value of o is about 0.2» and the summer noon value is about 

0.27. 

Nighttime values of ß determined from propagation itieasurements range 

from 0.3 to 1.2, corresponding to values of a between 0.15 and 1.05 (DCA, 

1975). The (t = 0) values in Tables 3 and 4 range from 0.21 to 0.38. 

5. CONCLUDING REMARKS AND RECOMMENDATIONS 

Summarizing, the multi parameter regression analysis results in variations 

of the model reference height with latitude and sunspot number that are 

consistent in direction and magnitude with those deduced from propagation 

data. However the day-to-night change in reference height is. only about half 

as large as the diurnal change indicated by propagation measurements. The 

model values for the gradient of electron density, a, are consistent with 

the most-often-used propagation values, but do not have as large a range. 

It is likely that the small number, and/or poor quality of the night¬ 

time profiles caused the day-to-night variation of hw to be only half as 

2. 

large as is indicated by propagation data. The following recommended steps 

would probably improve the model: 

1. Remove local time from the list of independent variables, 

and, instead, put in a fixed variation with time which has 

the required day-to-night variation, as determined by 

propagation data. 

Filter the data by making subjective, but careful, 

judgements about the quality of the data, indicated by the 

experimental method and controls. Discard the profiles 

judged to be unreliable. 

Continue to add high quality profiles to the data base as 

they become available. 

Then recompute the coefficients for the remaining variables, 

separately for day and night. 

3. 

4. 

A realistic tir.ie-varying model of the lower ionosphere is necessary for 

'eliable calculations of the time-availability of LF-VLF links in the MEECN 

ystem. 
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APPENDIX 

D-Region Data Base 

Table A2 lists the lower ionosphere electron density profiles used in 

the analysis, along with the parameters N0, hr, and a scaled from the profiles 

using the scaling rules in Section 2.2. Other relevant data is also listed. 

(Table A1 defines the column headings cf Table A2.) The last colimn of Table 

A2 contains a reference to the source of the profile. The full l.st of references 

follows Table A2. 

Figure A1 shows histograms of the scaled parameter a and the reference 

height hw (height satisfying eouation (2)) for all the data. 

Figures A2 and A3 show histograms of the same parameters for day hours 

only and night hours only. For figures A2 and A3, sunrise and sunset data 

have been deleted. 

Table Al: Definition of column headings in Table A2. 

Column Heading 

A Profile reference number 

B Year of observation 

C Month of observation 

D Day of observation (00 means unknown or irrelevant) 

E Reference height for scaling a 

F Electron density (electrons/cc) at reference height 

G Exponential profile slope parameter, « 

H Geographic latitude of observation, degrees (south is negative) 

I Local time of observation (hour = 1, 24) 

J Sunspot number for month of observation 

K Methods of observation: 1 = partial reflection 
2 = rocket 
3 = wave interaction 
4 = LF-VLF reflection 
5 = other 

L Magnetic disturbance indicator: undisturbed * 1 
disturbed = 2 

M 

N 

0 

P 

Solar eclipse indicator: no eclipse = 1; eclipse = 2 

Collision frequency profile applicable to observation 

Geographic longitude of observation (degrees east) 

Reference to source document 
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Figure Al. Distribution of scaled a, and reference height hw for all 
470 profiles used in the study. The number of observations, 
N, the mean, m, and the standard deviation, o, are shown on 
the figure. 
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Figure A2. Distribution of scaled a, and the reference height h for day¬ 
time profiles used in the study. The number of observations, 
N, the mean, m, and the standard deviation, a, are shown on 
the figure. 
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Figure A3. Distribution of scaled a, and reference height h for night¬ 
time profiles used in the study. The number of observations, 
N, the mean, m, and the standard deviation, a, are shown on 
the figure. 
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