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METHODS FOR SOLVING THE VISCOELASTICITY EQUATIONS FOR CYLINDER
AND SPHERE PROBLEMS

This report describes techniques used to solve the field equaticas of
dynamic viscoelasticity in two geometries, two viscoelastic models, and & dozen
different situations of interest. This information is needed to study acoustic
scattering from sound-absorbing structures of cylindrical and spherical shapes,
which are cases presently under study by the author. This report sets up most
of the theoretical viscoelasticity foundations needed to deal with the other
sound scattering problems under study.

This work is continuing and it was done as part of an NSWC project entitled
"Acoustical Properties of Ordnance Materials", Task No. MAT-03L-000/ZR00-001-010,
Problem 127, which deals with acoustic scattering from objects covered with

viscoelastic materials. This is a progress report describing work done during
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I. INTRODUCTION The basic viscoelastic models.

The deformation of a viscoelastic solid under any kind of external loads is
usually studied by means of viscoelastic models. Two basic models commonly used
are associated with the names of Kelvin‘-Voigtz and Maxwell’. In the Kelvin-

Voigt model, the elastic and viscous properties of each material point (or par-

ticle) of the body, which can be respectively represented by a spring and a dash-
pot, are assumed connected in parallel. In the Maxwell model they are assumed
connected in series. We reyeat that this description applies at each point in
the viscoelastic solid and it is as if the body contained a continuous distri-
bution of damped oscillators, (viz, elementary mass-spring-dashpot systems) one
at each one of its materisl points. As if it were not clear enough already, the
entire "Kelvin-Voigt solid’ can not be replaced by ONE spring connected in paral-
lel with ONE dashpot. This simplistic view of a deformable solid as a single
particle, may be useful in some other elementary context such as that used when
cne treats e body as a particle, but it is of no use in viscoelastizity. Other-
wise viscoelasticity could not be viewed as a field-theory capable of describing
stress and displacement fields at each point in a8 body, since by thet oversimpli-
fication, tihe body has been reduced to a particle. We emphasize this rather
trivial, but quickly forgotten point, because it is common to find authors who
try to use, say, the "Kelvin model" as a single spring in parallel with a single
dashpot, only to find that the model is "no-good" and that they must go to "more-
degrees-of-freedom systems", such as three "Kelvin-models" in series, or other
similar configurations, to obtain meaningful results. It is clear that this ap-
proach does not give the Kelvin medel, as it truly is, even a chanrce to Work".
These authors have replaced the continuous field-equations of viscoelastieity“.
by a set of three ordinery second-order differential equations of the simple

! Willian Thomson (Lord Kelvin), b. at Belfa.., .92 ; d. near Glasgow, 1907.
Professor at Glascow Univ, 18L6-1889. Buried at Westminster Abbey, London
(near Newton's tomb).

Woldemur Voigt, b. at Leipsig 1850; d. at Gottingen 1919. Professor of
Mechanics at Cottingen Univ, Germany.

} James C. Maxwell, b. Edinburgh, 1831; d. Cambridge, 1879. Professor of
Physics at King's Ccllege and at Cambridge Univ, 1860-1879. Founder of the
Cavendish Lab at Cambridge.

ie, a set of three scalar partial differential equations hcpelessly coupled
and non-linear, governing the displacement-field in the body, which can be
linearized for small deformations and small deformaticn~gradients, and the
"linear" theory of viscoelasticity then results. These equations are called
the liavier equations of viscoelasti-ity.
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damped-oscillator type. This replacement is, in no way, equivalent to solving the
field-equations of Navier.

The basic point of the continuum field-theory approach to viscoelasticity is
that the model assumptions, that the spring and dashpot are connected in series
or in parallel at each point in the body, are immediately reflected in the fact
that the field-equations resulting from either one of those models turn out to be

different. To fix the ideas we now give the linearized form of the field-equations

for both these models.

1) Relvin-Voigt Model (parallel):

2+

¥ 9 2+ xe+ue )‘v+uv 3] > 1 3u
1+~ = v u+ 12— | TF Q) ==

[ Ve at] ( " xe"'ue it C: atz

e

11) Maxwell Model (series):

A+ 2+
1 3 2> e e\l FT .1 33 ul 30 g2
[“’za ac] [v‘”( b ) V- ¥ atz] 28 | ¢

]
2 2 + 2 2 VY
i@ -5 L L s a8 8-
C. ot Ca at Ca

Here 0 1is the materisl density, A , U are the elastic Lamé constants,

U is the vector-displacement field, and €A % (or a, B in the Maxvell model)

are the viscosity coefficients. As given agovef in differential operator form,
these equations hold in any coordinate system. These are the Navier equations one
must solve in the viscoelastic body. It is possible to derive eqs. (1) and (ii)
starting from the basic i{dea that the spring and dashpot at each material point

are connected either in parallel or in series respectively. Once the displacement
field components are found by solving (i) or (ii) vith suitable boundary conditions,
one can then {ind the stresses from thex,

In the absence of viscosity (ie, A =0, u =0 for the Kelvin model or
a =0, B=0 for the Maxwell model) both field es‘\;uations (1) and (ii) given above
reduce to,
i) The Field equations of linear dynanic elasticity:

A +u
92; ...(eu .._".) 6(’6.'{{).L 3
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since now there are only springs and no dashpots at each material point. The
scalar components of this vector equation are the Navier equations of elasticity
in the absence of body-forces as found by Navier® for the elastic body. Equations
(1) and (ii) are also called the Navier equations (of viscoelasticity) by exten-
sion, since Navier never worked with viscoelastic solids.

In most materials of interest, the "constants" Ae’ My and the "coefficients"
>‘v’ uv are really not constants, but frequency~dependent parameters. Thus, few
materials are completely describable by the Kelvin or the Maxwell mcdels in the
continuum sense of egs. (i) and (ii). The material behavior of viscoelastic sub-
stances tends to follow one or the other model in different regions of the para-
meters invclved, say, frequency among others. This means that in general, these
models of field-equations (i) and (i) are quite "good". Rubbers at low frequen-
cies are known to be well descTibed by the Kelvin medel (i). Pulse-tube measure-
ments exploit this factual observation. Since these models are not perfect, re-
searchers in this field have proposed more complicated models.

It is not hard to see that various Maxwell elements in series at each point
in the body have the properties of a single Maxwell element with equivalent spring

n

and dashpot constants given by l/keq - l/ki aud 1./!1eq 'Z llni
- =]
respectively. Various Kelvin elements in parallel at each point in the body have

the properties of a single Kelvin element Vith keq ": k, aud Neq” ; ny.
- -

On the other hand, Kelvin elements in series, or Maxwell alexments in parallel,
have mare complicated properties. In their desire to gereralize the basic models
(1) and (ii), researchers have invented the so called "standard visccelastic

medel". It consists of a Maxwell element in parallel with a Kelvin element at

each polint in the bedy. The linearized field equations vhich result in this model
when two springs end tvc dashpots ere connected as described above Bust be very
complicated and rare, since I can not find one single reflerence to thets, I wvas
able to derive the particular subcase which results vhen the tvo dashpots are
described by one single viscous constant n and both aprings by the seme two
elastic constants le and Mo The resulting field equations in this still very

$ ¢. L. Navier, (1827) Mémoire sur les lois de l'equilibre et du couvement des
curps sclides élastiques. Né&z. Acad. Sci. Paris 7.
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general case are,

u
2+ __e ] .
V) ug [1‘ - 6:;1:2} Vu + [Xe tuem3 % LURRS

172
' 2o +2 )367’-3)-9: +ut -a-{vzh-l-"’("?"ﬁ)}'
+c13t e 3 VYe u e 23t 3
L d
->
- pyg
vhere Gt . 1s the Kronecker delta equal to one (zero) for t, = t, {or t; # t,).
1% 1 2 1 2

Further t, (or t2) equal n/ue. For ¢, =0 andt, = n/u_ (here n = uv), eqs.

(iv) reduce to the Kelvin model equations (i). When t. = t, = n/u_ (which amounts
to setting 28 = /nand -3a = 1/n), equations (iv) re&uce fo the Maxwell model
equations i) with 3a + 28 = 0. The quantities t, and t, are the retardation or
relaxation times of the Kelvin and Maxwell models respec%ively. The constitutive
(ie, stress-strain) relations of this viscoelastic model are also given in ref (6).
I know of no viscoelastic boundary-value-problem that has ever been analytically
solved using this model, which many agree is more realistic than (i) or (ii),

since it can describe wider material behaviors and a wider variety of materials.
Since the "standard viscoelastic model" is so hard to handle, we must realistically
conclude that all analytical viscoelastic problems we are bound to see solved in
the near future will be based on either the Kelvin or the Maxwell models of field
equations (i) or (ii) respectively.

Qccasionelly ve find a reference in the literature vhich contains e very
complicated network such as a dozen "Maxwvell elements" in parailel. Such a come
plicated network {mmediately implies that this is not a continuum field-theory
approach, but rather that the body has been replaced by twelve coupled damped-
oseiilators. Work of this nature happens to be mostly experimental, chemical, and
containing little mathematical analysis. These complicated networks are basically
intended as pictorial descriptionu without much physico-mathemstical discussion
of the response of the tvelve coupled-oscillators, which, per se, is far from
being 8 trivial problen. Scmetimes one comes &eross an entire textbook dealing
with vdaricus aspects of viscoelasticity without a single reference to the contin-
wum approach, or the field-equations for the visceelastic zmodels. This old fashe
ioned tendency is cut-deted today. Mechanics of deformable media has become more

ighly =athematized nov-a~days, than ever before.
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II. SOLUTION OF THE FIELD EQUATICNS. (Tables 1 & 2)

We will now present a way to solve the field-equations of linear dynamic
viscoelasticity (i) and (ii). The technique we will follow is common in other
field-theories (ie, electro-dynemics) but we believe it is novel in viscoelastjcity.
Et consi;&s af intrgducing scalar and vector potentials ¢ and Y such that u =
Ve + T x Yand V+ ¢ =0, By splitting the displacement field u into irrotation-
al and solencidal parts in this fashion, it turns out that the field equations of
each model (i) or (ii) are automatically satisfied provided that the scalar and
vector potentials satisfy certain scalar and vector telegraph-~type equations.

The vector gotenqgal has three scalar components, bubt since the solenoidal gauge
condition * ¥ = 0 must be satisfied, only two of the three scalar functions
are independent. Those two (Y and X where ¥ is not [$|) together with the scalar
potential ¢, form the three independent scalar potentials that can be used to

solve the problem. If these three independent scalar potentials satisfy three
scalar teiegrsph-type equations then it can be shown that the field equations are
automatically satisfied.

It is then possible to express all the stress and displacement components in
terms of these independent potentials, which are determined first by solving the
telegraph-type equeations they must satisfy. In this {ashion ve can deteruire all
the stresses and displacements in the body needed to completely solve the problenm.

To discuss these sclutions for the Kelvin-Voigt or Maxwvell solids we have
constructed two charts, (Tables 1 and 2). Table 1 desls with these viscoelastic
zodels for the gereral case cof arbitrary time-dependence. Table 2 covers the im-
portant case of hartoniec time-dependence of the form exp (-iwt). The coordinate
systems covered {n those tables sare the cylindricel and the sgherical., The
cylindrical systesm is studied in general in columns B and € Por the Kelvin eovr
Maxwell zcdels respectively. It {s alsc studied in the (z-independent) piane-
sirain subcase, which 13 applicable %o infinitely long cylinders, in columng D and
2, for the Kelvin and Maxwell models, respectively. The spherical systes is alsc
presented in full gemerality in column F for the Kelvin model. It is alse given
in column G for the exi-syemetric case vithout azimuthkal dependence &, again for
the Xelvin model. The Maxwell model is not covered for spherical coordinates in
these tables, The basic result of these tables, particularly Table 2, for har-
zonic tize-~dependence, s that if ve introduce independent sceler potentials
vhich satisly the Holmholtz's equations with comxplex propagetion constants given
in itex {10), then the field eguations given in items {7) are automatically satis-
fied Tor each of the ¢ases considered. Furthermore, the displacenent and stress-
field components are Sound from the prtentisls by the reisilicns in items {&) and
() respoctively. MNotice thet the complex propagation comnstants given in item
{10) are related to the elastic and viscous constants ¢f the viscueliastic zmaterial
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b« o LB 28R -2 B - [ bRl
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) &, - O3 - Vi A { cYUNDRICAL COORDS. ONLY], D e Ba [Ox i Rin o] w - d VRN
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+08+ 2 2y _Ue ., & U] o[+ + J,: = 2
eripe bl - L %f‘&(zpﬁ * TR A S AT N
-l ¥ + -2 + B ’
Ll(urap+Z) Tl - 2P 2P 3¢ @) [Ar2fesGar2p) ] VOO0 - [+ o] Vn (Fx0) = °3&
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in & more or less complicated fashion depending on the model being used. For
example, the relation is more complicated for the Maxwell than for the Kelvin
model, in any coordinate system. These tables provide us with the methodology
and information needed to solve houndary-value-problems of viscoelasto-dynamics
for spherical or cylindrical geometries, in-the Kelvin-Voigt or Maxwell models.
The approach and materiasl covered in these tables seems to be rovel as applied to
viscoelasticity. The reader familiar with electro-magnetic theory will quickly
notice the analogy of the presentatiq% in, this table to that of electrodynamic
theory in the less familiar Coulombd (V ¢ Yy = 0), rather than Lorentz (ie, V ¢ ¥
N L 0) ga

¢ ot gauge.

To verify that all the entries in the tables check with each other, we will
illustrate the use of the formulas by analyzing one example. We arbitrarily
select column D, which desls with the Kelvin-Voigt model in c¢ylindrical coordi-
nates for the subcase of _ .ane-strain,

1. Definition o. lanc~Strain

In plane-str-in, the strain tensor is two-dimensional and all strain compo-
nents with a subirdex z (axial cocrdinate) vanish. The stress-tensor is not, and
there is a nonvanishing normal stress T__. Another equivealent way to define this
situation is by stating that the axial &fsplacement u_ vanishes, and that the
other twe displacement components u_ and u, are z-independent. Plane-strain is a
partisularly useful approximation for bodlés which are very long in the z-direc-
tion. .

2. Constitutive Relations

These are the relations between the stress and strain field components,
There are three normal and one shear-stre:s: components related to two normal and
one shear-strain components. Stress and strain are independent concepts. Only
when these two notions are linked through constitutive relations, is that a visco-
elastic theory is formed. The first of these four relations is,

T = Ae . iwkv) 4+ ?(ue - imuv) €

rY rr

where A is the trace of the strain tensor (ie, € oy +‘eee) and it is called the
dilatation. The other three relations are shown in Table 2.

3. Strain-Digsplacement Relations

Since the elastic or viscous congtants do not appear in these ralations,
they are tue same as in =lasticity, numely,
3u

g = , €
rr owo 86

1 5u . EE ‘ Qere
r

= =2

* 39

all other strain-components vanishing by definition of plane-strein,
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L, Displacement - Independent Potential Relation

These relations are intimateiy linked to the solencidal solution of the
vector Helmholtz equation in plane polar coordinates which is discussed below in
item (11). The relations can be written as a single vector equation as follows,

T=Ve 4+ (Wz) x 2

2

where ¢ and ¢, are the two independent scalar potentialseneeded in this plane-
strain formuwlati®n. It is shown in item (11) that g = %5 X» whare x is a

solution of tvhe scalar Helmholtz's equation ( 7+ Ky ) X = 0.

5. EStress - Dispiacement Relations

If the strain-dispiacement relations (3) are substituted intc the constitu-
tive relations (2), the result is the Lwress-displacement relations. The first
such relation is,

Ju,
= L - - —
T [ne imkv] A+ 2 [ue iwuv] =

wvhere the dilatation A 1s now expressed in terms of the displacement components
as foliows,

A = i?—!:- + -J:- E:.lg- + i‘. i
ar r 98 r

6. Strain - Independent Potential Relations

If the displacement-independent potential relations (4) are substituted into
the strain-displacemen: relations (3), the result is the strain-potential relation.
The first of these three is,

]
3 af.@.\*.a_(.l.f_"iz)

rr 3r2 ar \r 96
and analogously for the other two. Here ¢ eand Y are the two independent

ﬁcalar potentimls. Note that Wy, 915 the axial component of the vec¢tor potential
¢. Further, Kg“ X = - V X where X is arnother independent scalar poten-
tial vhich can ﬁﬂso ve“used here. (See {tem (ll) below)

T. Field Equaticns

These are the Navier equations given initially ir {i). Feor harmenic time-
dependence they can bte written as follows,




: - ) . Eoxy)
o 1o - —————
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A -iwA '
v2:+[1+ : v]mv-:a)m?::o

ue—lwuv 2
2 2 -1 - _-5’ >
where K2 = pw [ “é - imuv] ,and A = dilatation = * u. For plane-

strain ir cylindricals, the quantities v2'§ and 'V A take on the following
simplified forms,

V23={V2u~fr_-z.._af‘i}€r+{veue - Yoz el
r 2 2 39 2 2 36
r r r r
. 24 L 34 ¢
grad A = oy €r * = 5 8
and also we hsave,
-’_ I\+ "
u—urer ueee

2

2
and, V2 = o+ 1 %{-’ + _%_ §_2 U, (r,8).
¥ ar T r° 86

8. Stress - Independent Potential Relations

If the strain-potential relations (6) are substituted into the constitutive

relations (2), we obtain the stress-potential relations. One form of the first of
these relations is,

2 . N
. - i, 9 + 3 [_l_ __.z.]
Trr [Ae m'\v] a + 2 [ue i“mv] {31‘2 ar r d6

where, A=3'3='§-[5¢¢'§x§:]=ve¢=-K12 $.

The second form can be found by setting, wz u Kee y¥. The formulas for the
other three stresses present in this case can be found in Table 2.

9. Helmholt:'s Equations For The Scalar And Vector Potentials

Sutstituting u = grad & + curl @ into the Navier equations written in %
the alte.» ¢ 've fora, 3

hel
[

e ) TG WD -t s T xS U0 §
» * » 2 2 - é‘i
vhere A% = Ae - WA, ute v, - fwn, and L% k% = ou® ve eventually fing, i

15 4

- R .o 8 ot BRI . ¥ . . CIR T . N e . N
T T S AR S 1o Sy M i s Aol a 'y e o S T SN PRSI e
SRR T G R SRS b v S R N G Sl T o e SR e o g



NSWC/WOL/TR~T6-20

(A* + 2u*)'$ {V2¢ + K12¢} + p* ¥ x {V2$-'§ (5 -‘@) + K22.$} = 0 where

2 2 - -1 2
K=o [ke *eng - iw (A, +2uv)] and K,~ is as we defired it above in

item (7). It is obvious that the above expression is satisfied if,
Vo o+ K12¢ = 0 and vy + K22 ¥ = 0  provided that
v "E = 0 (ie, "Coulomb" gauge).

10. Helmheltz's Equations For The Independent Scalar Potentials

Since in this case, ‘ﬁ = éz wz then, V2'$ = éz 7@ wz , and <he result is,

2 2
0, (V" + K, ) wz = 0

R=3
U]

11. Solenoidal Solution of The Vector Helmholtz Equation

2

It is not hard to show that the solenoidal solution of (V2 + K )-E = 0

2

is given by, @ = ¥ x fﬁ x (ﬁz x)]= éz K22 X where x (r,8) is s scalar
function satisfying the scalar Helmholtz's equation (V2 + Kae) X = 0. In compo~-
ent form, the above relation is wr = Q, we = 0, and wz = :éa X+« These are the

relations between the three cylindrical components pf the vector potential @ and
the scalar function X (r,8). Note that, indeed, « = 0. Note that in the
absence of viscosity (ie, A =0, y_ = 0) the complex propagation constants «
and X, become real. Thus viscous demping is accounted for in these models by
compl&x propagation constants, related to the material "comstants" as shown above
in items (7) and (9).

12. Remarks

a) In cylindrical coordinates the plane-stress results are :derivable from
the plane-strain results by replacing the elastic constant A in <he plane-strain

e
results, by the fictitious "constant" Xe defined to be, Ae = 2Aeue ](le + 2ue)-

In spherical coordinates there is no way to define the plane-stress subcase. In
plane-stress, the stress tensor is two-dimensional, which means that all stress-
components with a subinrdex 2, vanish. The strain-teasor is not twvo-dimensional
and there {5 an €©__ nonvanishing strain. This case is ideally suited for bodies
which are very thfﬁ in one direction, the z-direction.

b) Plane-strain (or plane-stress) with axial-symmetry about the z-direction
can be obtained from the regults in the eleven items above by merely setting u, =

0and 9_ [any variable] = 0. There is only radial depeadence in this situaticu.
ad
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¢) All the above applies to the Kelvin-Voigt model in cylindrical (actually,
plane polar) ccordinates, for the plane-strain subcase. This is Column D of Table
2. There are twelve cases covered in Tebles 1 and 2 and this one was intended as
an example to show how the various entries are derived from the others, how they
check with each other, and how cne could proceed to drive any other cese. We have
used the information in these tables to rigorously set up and solve acoustic scat-
tering problems where the scattering bodies are elastic cylinders and spheres with
their outer surface coated with layers of viscoelastically absorbing meterials.®
One reason to have written this report is to gather these fundamental viscoelastic-
ity relations, which are not available elsewhere to this degree of detail and
approach, in one document that we could refer to in future work as <he place where
the theoretical background is derived and presented, in the form in which we will

‘use 1it.

d) Some authors have stated that in order to solve problems iavolving absorp-
tive bodies one must desl with Helmholtz's equation with a complex propagation
constant K. This is indeed correct but there is much more to it than Just that.
Just with a complex K we would not know how the real and imaginary parts of K are
related to the elastic and viscous material constants of the solid in the various
viscoelastic models that one could use. In fact, we would not know this relation-
ship in any model. Furthermore, we would not know how to relate the stresses and
displacements in the body te the solution of that Helmholtz equaticn with a com-
plex XK. Hence, although the idea is correct, in practice one really neecds to de-
rive all the detailed information contained in these tables, and that is why we
developed them. Careful examination of these tables shows that the problem is
really harder than anticipated, since we must solve not one but several (ie, three)
Helmholtz's equations with various (ie, twe) complex propagation ccmstants which
are different, and then go through various other sets of equations {ie, & and 8)
to obtain the displacements and stresses from the solutions of those Helmholtz's
equations. We finally point out that this procedure yields different results in
each one of the varicus models and cases preseanted there.

e) Column A, Table 1 shows some general formulas valid for all coordinate
systems. Note, however, that since the solution of the vector telegraeph equatiocn
varies with the coordinate system, not majny genersl entries can be filled in that
¢olumn.,

¢ G. C. Caunaurd, "Scund Scastering from an Elastic Cylinder Covered With a
Visccelastic Coating”, JASA 58, S101, 1973, Also, Proo. of III, U.S.-Fed.
Republic of Germany, Hydrecacoustics Eympesium, Munich, Germany, Vol 1, Fart II,
pp k=131, May 1975 (U)
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2

e+ Kx+iwt )

or also, d(x,t) = A where, K2 = -

> (3)

cp (1 + {iwP)

Here C_ is real and the z signs in front of kx describe waves travelling to the
right 81' left of some origin. (If one were interested in time-dependence exp(-iwt)
we would replace i by -i in all these results.)

Now let us consider the standard one-dimensional wave equation,

P =1 2% (4)
3x°  c° at?

The sclution of eq. (4) for harmonic time-dependence exp(iwt) can analogously
be written as,

+ 2
d(x,t) = A ei[' KX + wt] where WO
o2 (5)
+ Kx + iwt e m2
or also, d{x,t) = A e~ where k- = = -
C

It is obvious,that,solutions (2) and (5) and also (3) and () can be made
equal by setting ¢ = ¢ (L + {wP). It is clear that we can solve the telegraph

equation with a real propagation speed C_ by ignoring the Jamping verm, ie, by
solving the wave-equation with a suitabl§ chosen complex propegation speed. Com-

plex speeds are artificially produced by fictitious complex elastic constants that
one can introduce for this purpose.

Let us now look at the case of shear waves in & solid. Define a complex
shear modulus u* = u' + {p'* = u' (1 + i§), where § = ptt/u',

The equations of linear viscoelasticity are the same of those of elasticity

(ie, no viscosity) ir Xe and ue in the elasticity equations are replaced by the

\ » : | ] Y
quantities, A% = A+ fwd Wt =L dun {'t)

NOTE: This is true only in the Kelvin-Voigt viscoelastic uodel with assumed tire-
dependence of the form exp(iwt).

Clearly My = u' and b, = u"/w.  Thus, for shear waves,
U 1]

pgxa_y. ,«U_' ,_..6_ and C*Cvjl"‘imﬁ.nv}j—.—:—i&—' =}l_’_ (§)
ue wi w s Y )
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Hence, for harmonic shear waves in the Kelvin model, by solving the wave~
equation, with & complex shear modulus, we have the solution of the telegrapi
equation. This can also be done in the Kelvin model for longitudinal (or dilata-
tional) waves.

It turns out that the Kelvin model with harmonic time-dependence assumed, is
the only case where the viscosity coefficientsA , u_ of the viscoelastic solid are

linearly proportional to the imaginary parts A", u" of the "complex elastic con-

stants” A*, u*, the proportionality factors being 1/w. It is also the only case
where the elastic constants Ae, My of the solid are just the real parts A', u' of
the "complex elastic constaats."

To show this, let us now consider the Maxwell model, where the springs and
dashpots at each material point are now connected in series. I% can be quickly
shown that the field equations and constitutive relations of the Maxwell solid
are the same as those of elasticity, provided that the elastic constants Ae’ ue

of the elasticity equations are replaced by the operators,

9 9 9
3% JAe(28 + 5p)- 2o, Yo W%
)\e he 3 a ’ Ue b a (9)
BB L RrEBrgy S

where @, B are the viscosity coefficients of the Maxwell model (which are analo-
gous to A_, u_ of the Kelvin model). For time-dependence of tha form exp(-iwt)
we can call tHese operators by the name "complex elastic constants" A%, u* e,

A (28 ~ {w) - 2au U iw
» iw e e a 2
i TerT: { % + 28 - 1o z v W R TTEE (10)

It is obvious that if there is no viscosity (ie, a = 0,B = 0) these quantities
A%, u* yould reduce to A, U respectively. It i{s also clear that a and B are
nov not proportional to the iﬁaginary parts of A* and u* respectively. Further-
zore, Ae and U, 8re rot the real parts of A* gnd u* anymore. Thus the "trick" of

the complex elastic constants does not work here at all. The trick" also fails
for the standard viscoelastic model, or any more complicated model which contains
at least cne Maxwell element. In fact it fails even when there i5 neo Maxwell
element in the modal provided there is more than one Kelvia element. Thus, only
for one single Kelvin elexent will it "work."

For the reasons given above we believe that the most clear, systematic and
patural wvay to handle viscoelastic problems of this sort is to measure the (real)
elastic constants of the material independently from the (real) viscous coeffi-
cients and then use those numerical values in the rield-equations when analyti-
cally solving theam. Of course, we must Keep the damping terms in the field equa-
tions. The final result wvill be -~omplex, but this fact is due to the presence of
the damping terms rather than because ¢f any “complex moduli" we want to ficti-
tiously introduce because of our insistance on ignering the dampirg terms insteai.
We have seen that the complex moduli "trick" becomes exceedingly difficult, in fact
impossibie, in any case other than the Kelvin-Voigt model with harmonic time-depend-
ence,
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1. The Correspondence Theorem

A very useful theorem that permits us to relate solutions of elastic problems
to those of viscoelasticity (in any model) is the Correspondence Theorem. This
theorem has & conceptually very simple statement, but it is very difficult to
apply it to actual cases. The theorem basicully says that if we want the solution
to a viscoelasticity problem (static or dynamic, and in any model) we should first
solve the "corresponding'" elastic problem without viscosity. Then we Laplace-
transform the solution. Then we replace the elastic constants appearing in that
Laplace-transformed solution, by certain "memory functions" (which vary with the
viscoelastic model being used). The result of this replacement is the Laplace
transform of the solution of the "corresponding" viscoelastic problem. Inverting

it, we have the sclution of the viscoelastic problem we wanted to solve. We here

recall the Laplace Transform pair,

F(s) = gm £(t) eStat R £(t) = %?1 [oHe P(s)eStds

g-iw

The prescription given by the Correspondence Theorem is very straight forward.
It turns out in practice that when the elastic constants are replaced by those
"memory functions"”, the resulting laplace-transformed solution that must now be
inverted is quite formidable in most cases oi interest (ie, dynamic cases). We
should point out that the memory functions depend on the Laplace transform variable
s in a more or less complicated manner depending on whatever viscoelastic model one
uses. See equations (T) or (10) with iw replaced by s, for the Kelvin or the
Maxwell model respectively.

I don't really want to discuss the Correspondence Theorem or its applications.
My point is that those "memory functions" mentioned in i{t, are precisely the
equivalent or the analogue of those "complex-elastic constants” that some authors
try to introduce fictitiously in real-space rather than Iin the Laplace-space, be-
fore inversion to the real time-domain. Hence, the way to use those "complex
elastic constants" in a way that Works," is really in the light of the correspond-
ence theorem. Unfortunately, that is quite a difficult task.

We have alresdy pointed out that another method which "works" is to measure
the (real) elastic and viscous constants of the material, each set independently
of the other, and then solve the field-~equations with the damping terms included,
with those numerical values measured for the constants., This method is also
general and vorks for any viscoelastic model and it is, incidentally, the way
viscous flow problems are attacked in Fluid Mechanics.

? gee A. Cemal Eringen, "Continuum Mechanics," John Wiley and Sons, Inc., 1967,
Article $.12, p. 368.
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Observation of Table 1 and 2 shows why the telegraph-type equations we have
discussed here are so important in viscoelasto-dynamical problems. Note that the
telegraph-type equations for the potentisals ¢, Y, X are of the type given here in
eq. (1), for the Kelvin-Voigt model only. Note, for exmaple, that for the Maxwell
model they are substantially different. (Table 1, eqs. C-10). The equation for

¢ is, 5

C .
s 3 2, _ 1 3
[284»’40:-—2- +a—t] Vo = = {[3a+he+-—at]

2

3% 3
5 + 28 (3a + 28) gg} (11)
Cd d

32

vhich is of the same "type" but not quite of the form given here in eq. (1).

We can conceptually always introduce complex moduli (as in eqs. (7) or (10)
or their analogues tor the "standard” model) provided we work in Laplace space as
prescribed by the Correspondence Theorem., If we introduce them in the real time-
domain and then try to physically identify the real (or imaginary) parts of these

complex constants with the real elastic constants (or the viscous coefficients),

then the process only "works" in the Kelvin-Voigt model. In this sense, "works"
means that the equivalence of both approaches can be established.

One way to experimentally measure the absorption losses of material samples
is the impedance tube or pulse tube. It is customary for the literature on this
technique to report measurements of quantities such as E' and E" or u' and p" ete...
This technique is a good source for the popularity of "complex moduli". We should
note that the lossy samples tested in this fashion are always characterized by the
Kelvin-Voigt viscoelastic model with harmonic time-dependence, an assumption that
may not always be Justified.

2. Conclusgions
We summarize our points as follows,

(a) The continuum (infinite number of degrees-of-freedom) aﬁgroach to visco-
elasticity as a field-theory is the only way to go today. Discrete approaches
leave much to be desired and are simplistically unrealistic.

(b) It looks like for some time to come, we will te dealing with the Kelvin-
Voigt and Maxwell modeis, since any other model presents too many analytical
difficulties.

(¢c) A systematic way to set up viscoelastic boundary-value-problems and
solve the field equations in these two models, {s presented here for cylinder and
sphere problems. This approach is shown i{n Tables 1 and 2 vhich are self-
explanatory.

(d) The most general method available to solve static or dynamic¢ problems
of viscoelasticity in any model is by means of the Correspondence Theorem. Here
ve nust work {n laplace-space and sthe inversions are hard. This appreoach is
totally equivalent (at least for the Xelvin and Maxwell models) to our approach
described atove in (3) and in Tables i and 2.

[ 5
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(e) Another technique, which holds for any model, is also given here, It
consists of solving those resulting "telegraph-type" equations for the scalar
potentials keeping in them the demping terms, but using real values for the
elastic and viscous constants which are t¢ be experimentally measured as it is
done in Fluid Mechanics.

(f) We claim this technique is more systematic and less confusing than to
ignore the damping terms introducing instead "complex elastic moduli". The
complex moduli "trick" only works for the Kelvin model wvith harmonic time- .
dependence anyway.

(g) It seems clearer to us when talking about elastic constants, say,
Young's modulus E, to think of the slope of the stress-strain curve as found in a
tension test, than of that "complex Young's modulus" which contains the "loss" in
its imaginary part, all because some want to solve wave equations rather than
telegraph equations, particularly in the only situation when oae is no harder to
solve than the other.

(h) The determination of the solid's elastic constants should be kept sep-
arate and independent from the determination of the viscosity coefficients. I
know this can be done in some instances, but I am not aware of how plausible this
recomnendation can be in all instances.

(i) Finally it is vorth stating that the pulse tube measurements implicitly
describe the viscoelastic "losses" {n the sample by the Kelvin-Voigt model, an
observation that escaped me (and perhaps others) until recently.

(J) Equation {10) can be used to express the complex shear and dilational

moduli for the Maxwvell model in terms of the viscosity coefficients and the elastic
constants of the model as follows,

U
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These relations may te useful when trying to interpret "losses" in the light
of the Maxwell model if one day one wishes, or the need arises to do so. It is
obvious that these relations are considerably zore complicated than the analogous
ones for the Kelvin model, which are,

woeu o [Lesan] e tura(x e [ +1y]  where,
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(See Table 2, column A, item (9).} .
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