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ABSTRACT

Research Performed by Robert J. Gorak

Under the Supervision of Dr. John M, CoVan

The availability of a system can be upgraded if the usual downtime
allocated for performing calibration tasks is redu;ed or eliminated. The
objective of this paper is to study the feasibility of performing the cal-
ibration of system parameters while the system is in an operate mode. To
this end, a calibration technique exhibiting this feature was developed
and studied for a marine inertial navigation system. The errors irtro-
duced by the calibration technique were examined and problematic areas
were outlined. |

Although the report is directed specifically towards the calibration
of certain parameters of a particular system, the ideas and concepts
presented in the development of the report's calibration technique should
be applicable to other systems for the elimination of all or some of
their calibration downtime. The formulation of a similar type of
calibration procedure is especially desirable for systems whose unavaila-
bility at a time of critical need could result in a catastrophic loss of

men, materjal and tactical advantage.




R

ACKNOWLEDGMENTS

The author wishes to express his appreciation to Dr. John M. CoVan,

" Assistant Professor of Industrial Engineering, under Texas A&M University,
for his guidance and assistance throughout the preparation of this paper.
During the course of this work, the author was employed by the
Department of the Army as a career intern in the AMC Maintainability

Engineering Graduate Program. He is grateful to the United States

Army Materiel Command for the opportunity to participate in this program.

>

The ideas, cencepts and results herein presented are those of the

author, and do not necessarily reflect the approval or acceptance of the
Department of the Army.




st

X

$

5

|

i

TABLE OF CONTENTS ‘

|
| | Chapter Paje
; I - IHTRODUETION < < s o v @ a0 a6 % 6 o0 66 @s@ el !
Statement of Problem. . v v v v ¢ ¢« ¢ ¢ ¢ ¢ ¢ ¢ ¢ o 1 i
] Method of Approach. . « « ¢ ¢ ¢ & v o & o« B A e w il l
] Calibration Technigue Example 0w e ek B D 1
F Chapter SUMMAry . . v v v v v v o o v oo v v v vl ;%
II BACKGROUND.---..--ooo--oonoo-oo-oll ‘Ir
{ Gyro Calibration. . . . .. .. S I O e - |
Fourth Gyro Utilization. . . . . . R . 11
Inertial Platform Positioning. . . « ¢« ¢ ¢ « « ¢ o 12
. Continuous Platform Rotation . « « « ¢ o o & o « o 12
F : Relationship of Report's Calibration
Technique to Existing Techniques. « « ¢« ¢« ¢« ¢« ¢« ¢« « « 14
i Integration of Report's Calibration .
Technique with Existing Techniques. . . « « « ¢« o « ¢ 15 |
] i
4 111 MARINE INERTIAL NAVIGATION SYSTEM, . . v ¢ ¢ ¢ ¢ ¢ o . o 17 ?
General Description « « v ¢« ¢ ¢ ¢ o o o 0 0 0 0 .o o 17 I
Major COmponentS. o« o ¢ o« ¢« o« ¢ ¢ o o o o o o o o o o 18 "
Accelerometers . . « v ¢ ¢ ¢ o o ¢ ¢ ¢ o o o o o o 18
] Gyroscopes . . . . N I I R ;
- A Damped Inertial lavigation System . . . . ... . .22 3}
Platform Stabilization . . . . . .. . ¢ ¢ ¢ o« . . 22 {
System Funetion. . « « « 55 5 5 ¢ 5 o o & © 0 @ @&
EVEoR MOBEY, .5 5 5 5 5 5 5 0 0o B 6 B 6B R a ke
System Disturbances. . .« « « ¢ ¢ ¢ ¢ o ¢ o o o . o 28 RS
Navigation Errors. . & ¢« v ¢« o ¢ o ¢ o o o o o o o 28
Need for Calibration. . « « ¢« ¢ ¢« ¢ ¢ ¢ o o o o o o + 29
! v CALIBRATION TECHNIQUE. . « v ¢ ¢ ¢ ¢ o o o o o o o o« o o 31 '
Al
3 Source of Perturbation. . « « « ¢ v ¢ ¢ ¢ 0 0 0 04 .33
¥ Generation of Perturbation Signal . . .. ... ... 34
3 Development of Model. . . & . ¢ ¢ ¢ ¢ ¢ ¢ ¢ + o o o o 39
} Perturbation Effects . « « v ¢ o ¢ o o o o o o o + 39
1 Observation Errors . . v . v . ¢ ¢ ¢ ¢ o o oo o o 41
E Outside Disturbances . . « « ¢ ¢ ¢ ¢ ¢ o ¢ o « . . 42
1 Confidence Limits and Statistica1 Tests « o« o o o o« o 45 |
Additional Estimate Efficiency. « « « « « o & .47
Calibration Technique Summary . « « « « « o« « « « « o 49
Discussion of Calibration Technique . . . . « « « . . 51




R T T T - T T P ey P T T TS A R TR Y T A

Chapter
v

Vi

e S o el

ERROR ANALYSIS . . . . . 33 G333 aa 3
Uncalibrated Parameter Error. . . . . o
Calibration Induced Error . . . . . . .
Error in Calibration Results. . « « « .

CONCLUSIONS. o v v v v e v e e e e w .

REFERENCES & & ¢ ¢ o o o o o & e

APPENDIX A . . ¢« ¢ ¢ ¢ ¢ & & . o e .

APPENDIX B [ ] *® @ e e © o * ¢ © - = o o

vi

. . L . .
. . . . *
» e & o o o
L] L] . . .
oooooo
* . .

* . *

L] . .

Page
54
54
56
58

64

66
68
78




Figure

1.1

1.2
1.3

3.1
3.2

3.3
3.4

3.5

4.1
4,2
4.3

4.4
4.5

4.6

4.7
5.1
5.2
A.l
A.2
A.3

LIST OF FIGURES

Page

FUNCTIONAL DIAGRAM OF EXEMPLARY

AMPLIFICATION SYSTEM . . . . . v . v v v o v . ... 4
SQUARE WAVE PERTURBATION SIGNAL . « v v v v o o o o « & 5
FUNCTIONAL DIAGRAM OF THE IMPLEMENTATION

OF THE EXEMPLARY CALIBRATION TECHNIQUE . . . . . . . . 8
TORQUED-PENDULUM ACCELEROMETER. . « v « o « o & .. 19
SINGLE-DEGREE-OF -FREEDOM

INTEGRATING RATE GYRO. & v v v v o o o o o o o o o » . 21
THREE GIMBAL CONFIGURATION. + « v o « o o o ¢ o o » » . 24
FUNCTIONAL DIAGRAM OF MARINE

INERTIAL NAVIGATION SYSTEM . . & v v o o ¢ o « o o o o 26
ERROR MODEL FOR MARINE

INERTIAL NAVIGATION SYSTEM . v v ¢ v v o o o o o o o o &7
GYRO INPUT AXIS MISALIGNMENT ANGLES . . . . . .. 3
EXCURSION ANGLE & & v v o o o o o o o s « o o s o o o o 36
THE PERTURBATION SIGNAL

(X'AXIS ACCELERATION)- e & 8 o a « 6 5 8 o 8 s s s s » 37
A=VELOCITY LOOP ERROR MODEL + v « « « o o o ¢ o o o o » 38
VELOCITY OUTPUT CONTAINING
MISALIGNMENT ANGLE INFORMATION . « & v o v o o o o » » 40
TYPICAL VELOCITY OUTPUT DATA
FOR ESTIMATION MODEL & « & & « o o o o o o o o o o o o 44
STUDENT-T DISTRIBUTION (3 DEGREES OF FREEDOM) . . . . . 48
ACCELEROMETER AND GYRO DRIFT RATE ERRORS. . o o o o . o 97
CROSS AXIS GYRO DRIFT RATE ERRORS &+ & & v ¢ o o o o » o 99
REFERENCE VELOCITY RESOLUTION . & « v v v o o o o . . . 69
VELOCITY ERROR MUDEL. « & v « o ¢ o o o o o & L.
ACCELERATION ERROR SIGNAL &« + v v v v o o o o o0 o .. /4
vii




. - Sl — ‘
[T

Table

. 5.1

5.2

5.3

5.4

5.5

5.6

5.7
5.8

LIST OF TABLES

NAVIGATION ERRORS - UNCALIBRATED PARAMETER ., . .

NAVIGATION ERRORS - UNCALIBRATED PARAMETER
OF ONE ARC MINUTE AT A LATITUDE OF 45 DEGREES .

NAVIGATION ERRORS - INDUCED ACCELZRATION
D I STURBANC E . . L] . . L] L . L] . . L . L] L] L] L] L]

NAVIGATION ERRORS - GYRO DRIFT RATE
D I STURBANC E L] L] L] L] L] L] L] L] L] . L] L] L] L] L] . L] .

NAVIGATION ERRORS - CROSS-AXIS GYRO DRIFT RATE
(INDUCED PLATFORM ROTATION) . A 5 6 6 R

NAVIGATION ERRORS - CROSS-AXIS GYRO DRIFT RATE
(EARTH ROTATIONAL RATE) ® o o o & o o o o o & 0o

TOTAL NAVIGATION ERRORS - CALIBRATION TECHNIQUE. . .

TOTAL NAVIGATION ERRORS - CALIBRATION TECHNIQUE
(e =1ARC MINUTE; L = 45 DEGREZS ). . . . .

Page

55

55

60

60

.61

61
|62

, 62




N\

CHAPTER T -
INTRODUCTION

Calibration in many systems is needed during a corrective maintenance
action when a major system component is reﬁlaced. In other systems,
calibration is done on a periodic basis for prevent{ve maintenance pur-
poses to insure that system accuracy is maintained. In both cases this n
{ normally requires that the system be kept or brought down into a non-
operate mode for the duration of the calibration procedure. If the requir-
ed downtime for calibration is significant with respect to the mean opera-
tional time between maintenances, the operational availability of the ;
system is reduced consequently. However, many systems such as the Polaris
marine inertial navigation system require the maximum attainable availabi-

; 1ity during a mission. The availability of a system can be upgraded if

4 the downtime required for calibration is eliminated by a technique which 3

performs calibration swiftly and accurately while the ‘'ystem is in an

operate mode.

é It is the objective of this report to study a formulation of such a
technique for a precision marine inertial navigation system, This system
was chosen not only to investigate the feasibility of performing system |
calibration in an operate mode on a practical system but also to study

the applicability of the technique to a system whose mode of operation re-

quires the need for a profound investigation of the calibration errors and

of the system errors from such a calibration technique. '

Statement of Problem

The principle purpose of an inertial navigation system is to provide,

L‘ il 1
‘E L, o . i e e - =




independent of any external sources of reference, positional data for a
vehicle. This is accomplished with the employment of three accelerometers
and three single degree-of-freedom gyros along with their associated
electronics. The three accelerometers are aligned such that their sensi-
tive axes are mutually perpendicular to each other fprming a three axes
coordinate system, Each gyro sensitive axis is then aligned along one

of the three axes of the coordinate system. Any initial misalignment of
the gyros with respect to this coordinate system will produce an undetec-
table error when the system is operational and deqrade system accuracy.

A calibration scheme is therefore necessary to compute these misalignments.

Method of Approach

Simply, the teclinique proposed in this report requires the inducement
of a signal of prescribed frequency and amplitude into the system (a sys-
tem perturba’ ion signal) and the determination of the gyro misalignments
by filtering the outputs of various system components.

There are two mzjor sources of error, when the aforesaid technique is
used, One is the arror produced by the initial qyro misalignments over
the time in which the calit=itiun scheme is calculating them., The second
is the error introduced into the system by the proposed calibration tech-
nique of perturbation. Both of these errors can he minimized by minimizing
the time required by the calibration technique. It is proposed that this
minimization can be accomplished by a proper selection of the perturbation
cignal periocd and amplitude. Bearing irn mind the dynamic limitations of
the system, a relatively high frequency can be st chosen to permit an es-
timate of the gyro misaligrments in a short period of time. These results

at the option of the responsible engineer can then be systematically
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applied to the system every signal period thus reduc{ng the errors due to
possibly large initial gyro misalignments. The short perturbation signal
period also allows for the collection of several sample estimates thus
increasing the precision of the calibration. A median must be reached,
however, between the total number of estimates obtained and the amount of

error introduced by the perturbation to the system.

Calibration Technique Example

Since the purpose of this report is to investigate the feasibility
of performing system calibration in an operate mode, it is vital that the
reader have a clear understanding of the basic processes involved in this
calibration technique. To this end, a simple example is now presented and
a calibration technique is devised. In addition, the introduction of this
example affords the author the opportunity to preview the various proble-
matic areas of his calibration technique to be presented and discussed in
the latter chapters of this report. |

The example employs a system whose function is that of amplifying an
input signal. The amplifier's gain constant, K, is an unobservable, in-
tegral part of the system and the sole parameter of the system, It is
assumed that this system parameter does not remain constant over time but
changes in discrete steps, aK(t), over extended periods of time. It is
also assumed that the system has a means of correcting for these changes
once they are known. Thus, the function of calibration is to determine
the present value, Kp(t). of this system parameter and to correct it by
inserting a correction factor, Kc. to the system, A functional diagram of
this system is presented in Figure 1.1.

A possible calibration procedure would be to introduce a known
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constant input te the system and observe the output. The present value of
the system parameter would equal the output divided by the input. However,
this procedure requires that the system be placed into a non-operate mode
for some period of time. This downtime may be substantial if the total
downtime is considered. The total downtime, in general, consists of the
time to: '

1) remove the system from an operate mode,

2) place the system in a calibrate mode,

3) calibrate the system, and

4) replace the system in an operate mode.

This total downtime can be eliminated by using a technique whereby

calibration is performed while the system is operating. For this example,

such a technique can be formulated provided general knowledge of the input

H signal is available. To simplify the technique for the example, it is
assumed that the input signal which is of arbitrary form can be described
accurately by a linear equation (Eq. 1.1) over a short period of time, T.
x(t)=a+bt 0<t<T (1.1)
Under the above assumption and the additional assumption that the system
parameter remains constant over the time of calibration, the calibration

of the system parameter can be accomplished while the system is operating

by:
1) the superposition, on the input signal, of a square wave

signal (the perturbation signal) of amplitude, A, and the
period, 2 T/ 3, for a time period equal to T (Fig. 1.2),

2) the observation of the output at the times t b and ts
shown in Figure 1.2, and

3) the calculation of the present value of the system parameter,

Dl e ik it i diini - A e P y 7
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using the information obtained in step (2), by Equation 1.2

and the calculation of the correction factor by Equation 1.3,

Ko = (¥(t) - 2y(t,) + ¥(t3))/ an (1.2)
K. = K- K, _ (1.3)
Following the Procedure as outlined above, the outpqts at times tl' t2
and ty are described by Equations 1.4,
y(tl) = K(a + btl) + AK(a + btl) + A(K + aK)
¥(ty) = K(a + bt,) + aK(a + bt,) - A(K + aK) (1.4)
y(t3) = K(a + bt3) + aK(a + bt3) + A(K + aK)
In substituting the known relationships between the times t, and t, and
the time t1
t2 = 3t1
t3 = 5t1

into Equation 1.4, the present value of the system parameter and the
required correction factor are obtained as follows:
+ (a+ btl) (K+aK) + A (K + aK)

Kp = -2 (a+ 3bt1)(K + aK) + 2A (K + aK) |+ 4A
+ (a+ Sbtl)(K + oK) + A (K + aK)

K = K+ 4K
K. = K - Kp 4 <aK

Thus, insertion of this correction factor (-ak) into the system (Fig, 1.1)

provides the desired result, namely that of proper system operation. The

calibration technique for this example 1is functionally presented in
Figure 1.3,

This example presents the two errorg existing in the system during

calibration as referred to earlicr in this chapter. The second terms in

Equations 1.4 represent the error produced by t!

€ system parameter error,
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The third terms of Equations 1.4 represent the error due to the perturba-
tion signal. These errors must be investigated and minimized to the
extent that they fall within the particular system's error specifications.
In addition to these errors, the fo119wing general problematic areas
arise when this report's calibration technique is employed.
* Is additional hardware needed? If so, can 1; be justified?
* How accurate can the input signal be described by the proposed
model? Should a different model for the input signal be employed?
* Is it physically possible to observe the output signal at the times
required by the calibration technique?
* Will the dynamics of the system prevent the insertion of the
perturbation signal?
* How often does the system parameter which is being calibrated
change?
* In what way will measurement errors affect the calibration results?
* At what magnitude of the perturbation signal amplitude will system
operation deteriorate? '
These problematic areas will be discussed in the following chapters with
regard to this report's proposed calibration vechnique for a marine iner-

tial navigation system,

Chapter Summary
Chapter II explores existing calibration techniques use& to calibrate
the gyro parameters of a marine inertial navigation system. Discussion
is focused on the Navigate Theta-D technique and the SEASCAN technique and

their relationship to this report's calibration technique.

The marine inertial navigation system is examined in Chapter III.




Its function is defined and its major components are investigated. Its

overall operation is described and an error model for the system is pre-

.sented. The need for calibration is also explored.

In Chapter IV, the proposed perturbation technique for the calibra-
tion of certain gyro misalignment angles in an opet?te mode is presented
and a number of problematic areas outlined previously in this chapter are
discussed. The source of the perturbation and the generation of the
perturbation signal is presented. The method for determining an estimate
of the gyro misalignment angle is developed considering observation
errors and outside disturbances. Confidence limits are evclved under
certain assumptions for the estimator and an example of a possible
statistical test for parameter confidence is developed. A procedure
to obtain a more efficient estimator is also suggested.

Chapter V discusses the errors present while calibration is being
performed. Discussion is centered on the effect of gyro misalignments
during calibration and the errors introduced by perturbation.

Chapter VI summarizes the author's op1n16n of the report's technique
of calibrating system parameters and presents conclusions and recommenda-

tions for future analyses.
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CHAPTER II"

BACKGROUND

This chapter presents various techniqyes used to calibrate gyro
parameters of a marine inertial navigation system. These parameters are
the gyro drift bias, the gyro scale factor and the ;isalignment angles
of the gyro input axis. A discussion of these parameters is deferred to
Chapter III where a full treatment of the marine inertial navigation sys-
tem and its components is presented. These gyro calibration techniques
are presented as a background for this report's calibration scheme.

It should be noted that this report's calibration technique draws
its basic concepts from these existing techniques and that the development
of the technique via modifications to these existing schemes was promoted
by the author's desire to maximize system operational availability by

reducing the downtime needed for calibration.

Gyro Calibration
From the author's literature survey, the techniques for calibration
of gyro parameters employ the following three approaches:
(1) utilization of a fourth gyro,
(2) inertial platform positioning, and

(3) continuous inertial platform rotation.

Fourth Gyro Utilization

The researched technique using the first approach calibrates the
gyro drift bias and gyro scale factor parameters for the three gyros of
the marine inertial navigation system, Calibration is accomplished by

aligning the axes of the fourth gyro with the axes of the gyro being
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calibrated and measuring the effect on the fourth gyro of the application
0° a known disturbance to the gyro to which it is aligned. References
(11), (12) and (17) provide a detailed description of this calibration
technique. This type of calibration can bg performed while the vehicle
containing the inertial navigation system is at sea, but the system i

unable to perform its navigation function while the calibration is in

process. Calibration time is approximately two hours.

Inertial Platform Positioning

The techniques employing the second approach usually require a
lengthy amount of time. Reference (8) describes such a technique for a
marine inertial navigation system which has a fourth gyro. The technique
known as the Coarse Align Theta D Calibration Technique calibrates the
1 | gyro scale factor and gyro input axis misalignment parameters for all

the gyros. Calibration is performed by positioning the inertial platform,

——

on which the three gyros are mounted, to various orientations. At each
orientation, information is obtained from the four gyros and is used to
calculate the gyro parameters. The technique requires approximately 28

hours to perform and can only be used dockside in a non-navigate mode,

Continuous Platform Rotation

The techniques using the third approach are based on the principle
that rotation of the inertial platform while in the navigate mode intro-

duces navigation errors which are known functions of the various uncali-
brated gyro parameters. Reference (8) describes the Navigate Theta D
Gyro Calibration Technique. This technique calibrates the gyro scale
factor and gyro input axis misalignment parameters for the gyros of the

marine inertial navigation system. During calibration, the inertial
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platform is continuously rotated about its vertical axis at a rate of 25

degrees per hour until it has completed one full revolution. This rota-
tion is accomplished by the application of a constant torque to the verti-
cal gyro via the navigation system computer. As the platform rotates,

the position of the vehicle as determined by the nayigation system under
calibration is obtained at specific times and compared to the position as
determined by a simultaneously operating marine inertial navigation system
or by some other reference source of position (such as the stars or orbit-
ing satellites). The resulting difference in the determined vehicle
positions is used by a computer program in solving a set of matrix equa-
tions using least squares estimations to yield the gyro parameters of
concern. The calibration technique takes approximately 14.4 hours and cun
be performed while the vehicle is at sea. During the calibration the
inertial navigation system is operated in a "Navigate Theta D" mode

which is a pseudo-operational mode; that is, although during calibration
the system is in a navigation mode, the navigation data Secured from the
system under calibration is not used due to tﬁe possibly large navigation
errors introduced by the calibration technique. For further details on
these errors, the reader is referred to Reference (10).

A second technique employing platform rotation is the SEASCAN
(Simultaneous East Angular Sensor Calibration and Mavigation) technique
described by Reference (6). This technique calibrates the east gyro
drift bias parameter of a marine inertial navigation system while the
inertial navigation function continues uninterrupted. Calibration is d
accomplished by rotating the inertial platform at a fixed rate, r, or 60
degrees per hour via the vertical gyro torquer. The inertial platform

is rotated 180 degrees at the rate r, then back 180 degrees at the rate
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-r. During platform rotation, the east velocity output is continuously
monitored and differenced with the east velocity as determined by an
external velocity reference such as the electro-magnetic 1og or by another
simultaneously operating marine inertial navigation system. The east gyro
drift bias parameter is determined from this differenced velocity. The
time for calibration is six hours. Details concerning the navigation
errors present while calibration is being performed were not presented

in the reference.

The author will mention two other calibration techniques which employ
confinuous inertial platform rotation. However, since they are classified,
the author was unable to obtain detailed information concerning their
implementation. Both calibration techniques were developed by Sperry
Systems Management located at Lake Success, New York and are performed
on a marine inertial navigation system which employs a fourth gyro. The
first technique calibrates the level gyro input axis misalignment abcut a
horizontal axis (either X or Y), the vertical gyro scale factor and other
system parameters by rotating the inertial plafform about the heading axis
in a prescribed manner. Calibration time is approximately 6 hours. The
second technique calibrates the level gyro input axis misalignment about
the vertical axis and a fourth gyro parameter by rotating the inertial
platform about the pitch axis in a prescribed manner. Calibration time

is approximately 1 te 1.5 hours.

Relationship of Report's Calibiation Technique to Existing Techniques
The technique formulzted in this report was developed from the
schemes presented in this chapter. In particular, the technique employs

the rotation of the inertial platform via torques applied to the vertical
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| | gyro in determining the gyro parameters of interest. In addition to
. bound the navigation errors resulting from the uncalibrated gyro para-
meters, the technique employs the procedure of rotating the platform a

few degrees from its normal operating position while in a navigation mode.

Integration of Report's Calibration Technique with Existing Techniques
The system parameters of interest in this report are the X-qyro
input axis misalignment about the Y-axis, and the Y-gyro input axis mis-

alignment about the X-axis. The underlying motive for the formulation of

T

a calibration technique for these prarmeters was the maximization of the
system operational availability by the reduction of the time needed for
1 f calibration. The time required for calibration of these parameters using
this report's calibration technique is approximately 25 minutes which is

{ a 12 : 1 improvement over the minimum time required by the existing tech-
? niques.

However, in the event of a level gyro failure during a mission, full
calibration of the replacement gyro is needed;. namely, the calibration
of the gyro drift bias, the gyro scale factor and the two gyro input axis
misalignment parameters. Calibration of the gyro drift bias and the gyro
scale factor parameters may be accomplished by a modification of the
| technique described by Reference (17). As noted earlier the calibration
of these parameters for all the gyros requires approximately 2 hours. By

restricting calibration to one gyro the author believes that the two

gyro parameters could be calibrated in approximately 40 to 60 minutes.
The calibration of the gyro input axis misalignment about the vertical
axis may be obtained via the earlier mentioned technique developed by

Sperry Systems Management. The time required for calibration is 60 to
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90 minutes. Finally, the calibration of the gyro input axis misalignment
about the horizontal may be performed via this report's calibration tech-
nique requiring approximately 25 minutes. This full gyro calibration
procedure results in a total time of from 2 to 3 hours which is a 3 : 1
improvement over the best procedure resulting from a combination of the
existing techniques. ’

Before presenting this report's calibration technique, Chapter III
will orient the reader with the operation of a marine inertial naviga-

tion system.




CHAPTER 111

THE MARINE INERTIAL NAVIGATION SYSTEM

The overall operation of a marine inertial navigation systen is
presented in this chapter. Discussion is focused on the inertial naviga-
tion system's major components and their role in navigating. The dis-
cussion of the navigation system will be general; however, the reader may
refer to References (4), (18) and [19) for a more detailed description
of the system. A particular navigation system is selected and an error
model for the system is presented. This selected system is employed
in the formulation of this report's calibration technique for a particu-
lar system parameter. The need for a techninue to :alibrate this para-

meter is also explored.

General Description

Inertial navigation is concerned wfth establishing the position,
attitude and velocity of a vehicle, through measurements made by inertial
sensors. In moving from one point to another, the vehicle executes a
combination of linear and angular motions. The two sensors which are
utilized to measure these motions are the accelerometer and gyroscope,
respectively. These two devices are the only measuring instruments in a
pure inertial navigator. The remainder of the system is essentially
computational, converting the measurements into position, velocity
and attitude in the desired reference frame, The marine inertial
navigation system is a self-contained system, It doesn't depend on

outside sources of information to perform its navigation function and
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thusly free from enemy interference, the necessity for cooperative ground

stations or the uncertaihties of the weather,

Major Components

Accelerometers

Craft position is determined from a double integration of directly
measured acceleration by measuring reaction forces sensed entirely
within the craft., This property of acceleration, that is, its direct
proportionality to reaction forces as expressed by Mewton's Second Law,
is the fundamental principle of the accelerometer. The essential element
of an accelerometer is the test mass or inertial element. The force re-
quired to hold the test mass stationary relative to an accelerating craft
is used as a measure of the acceleration of the craft in which the acceler-
ometer is mounted. A simple exemplary accelerometer, the torqued-
pendulum accelerometer, is depicted in Figure 3.1. In the presence of
acceleration along its sensitive axis, the pendulum tends to swing off
the vertical due to a reaction torque proportional to the acceleration,
A voltage proportional to the vertical angular misalignment is generated
by the error-detecting coil and amplified by a high-gain amplifier. This
amplified voltage is applied to the terminals of a torque-generating motor
which generates a counteracting torque proportional to the applied voltage.
At equilibrium, the torque generator voltage is proportional to the craft's
acceleration and is the output of the accelerometer. The velocity of the
craft in the direction of the sensitive axis of the accelerometer is ob-
tained by the integration of the acceleration and the displacement of the
craft, by a double integration.
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Gyroscopes

The fundamental principle of all gyros lies in Newton's Second Law

of motion in angular form; namely, the rate of change of angular momentum
in inertial space is equal to the applied torque. A gyro is composed of a
rigid body which is rotated at a high angular rate and is supported by
gimbals. The angular momentum vector of the body l;es in the direction

of the axis about which the body spins. Angular motion which tends to
change the orientation of the angular momentum vector results in the
production of a torque which causes the gyro to precess (move) about an
axis perpendicular to the spin axis. The precession is sensed by pickoff
devices and they give an indication of the original angular motion.

In a high precision marine inertial navigation system, a particular
type of gyro is employed because of its desirable characteristics. This
gyro is known as a single-degree-of-freedom integrating rate gyro and is
11lustrated in Figure 3.2. The gyro consists of a symmetrical rotor
which is rotated at a high constant rate (typically 500-1000 revolutions
per second) about the spin axis. The rotor is supported by a single
gimbal which is free to move about one axis, the output axis, within its
case. A linear first-order viscous restraint is provided at the output
axis to give the gyro its integrating rate characteristics. The gyro
furnishes an output signal to rotation about only the input axis by
precessing about the output axis. The precession angle (the angular
movement of the spin axis about the output axis) is proportional to the
angle of rotation about the input axis and is sensed by the angular pick-
off device by the detection of relative angular displacements between the
gyro gimbal and the supporting case. Since the precession angle is the

integral of the angular rate of the case about the input axis, the qyro is

s
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called an integrating rate gyro. This gyro also pos§esses the character-
istic of orderly precession, that is, under the application of a torque to
the output axis via the torque generator the spin axis will precess about
the output axis at a rate proportional to the applied torque. In summary,
a high precision integrating rate gyro can be considered as a "black box"

with its input-output relationship described by Equation 3.1.
Wop = A Wpp + D Top (3.1)
where
wOA = output angular rate about the output axis,
NIA = input angular rate about the input axis,

TOA = control torque applied via torque generator,
A

gyro gain factor,

D = reciprocal of the viscous damping term.

A Damped Inertial Navigation System

A marine inertial navigation system may have various configurations.
This author has selected the one most commonly employed, namely a damped
marine inertial navigation system which has a level, north-oriented plat-
form. In this system, the platform which physically holds the inertial
sensors is constantly maintained horizontal to the earth's surface with
one of the accelerometer's sensitive axis directed north, the second di-
rected east and the third directed normal to the earth's surface. The
input axes of the three gyros are also aligned in this manner on the

platform. The coordinate frame which the inertial sensors form is called j

the Geodetic Frame.

Platform Stabilization

To maintain this orientation of the sensors against craft's angular
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motion of roll, pitch and yaw, the inertial platform is supported by three
gimbals each having a servorotor drive. An illustration of the three
gimbal configuration is presented in Figure 3.3. To describe the mechan-
ism of platform stabilization against craft's angular motion, the author
will consider craft's motion about the Z-axis (heading axis). The iner-
tial platform is supported in bearings so that rotation about this axis is
unconstricted. If the bearings were ideal, that is frictionless, the
platform would remain unaffected by the rotational movement of the craft
about the heading axis. Since this is not the case, a gyro mounted on
the'platform is used to sense the tendency of the platform to move about
the heading axis. By employing a single-degree-of-freedom gyro with its
input axis aligned along the heading axis, then any torque it receives due
to the tendency of the platform to move about the heading axis will cause
the gyro to precess about its output axis. To prevent platform motion,
the gyro's pickoff device is used to detect the tendency of gyro-precession
and to furnish a signal, properly amplified, to the heading gimbal servo-
motor which provides a compensation torque to‘the platform about the
heading axis. The angle at which the heading gimbal forms with the craft's
longitudinal axis yields the craft's heading angle.

In addition to platform stabilization against craft's angular motions,
it is necessary for the maintenance of a level, north-oriented platform
to consider craft's motion over the earth and the rotation of the earth,
The angular rates acsociated with the craft's motion over the earth are
acquired from the level accelerometers. The rates are obtained by divid-
ing the north and east velocities by the proper radius arm and are used,
after being appropriately scaled, to torque the proper gyro. The resul-

tant gyro pickoff signal is applied to the servomotor which drives the
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platform to maintain it horizontal. In the same manner, the navigation
computer supplies the information needed to torque the gyros for the
required angular rates associated with the rotation of the earth. In both
cases, a high precision, linear gyro torquer is required for the proper
operation of a marine {nertial navigation éystem with a level, north-

oriented platform.

System Function

The primary outputs of a marine inertial navigation system are craft's
heading angle and craft's position given by the latitude and longitude
angles. Secondary outputs are crafi's north and east velocity, roll and
pitch angles and vertical velocity. Figure 3.4 presents the functional
diagram of a marine inertial navigation system. The heading, roll and
pitch angles are obtained from the angles at which the gimbals form with
the craft's deck. The function of the heading and pitch resolvers in
Figure 3.4 are to calculate electronically the proportional torques requir-
ed about each axis and to supply the necessary instructions to the gimbal

servomotors.

Error Model

In this report, a standard error model for the marine inertial navi-
gation system was employed. Since this model can be found in much of the
current literature on inertial navigation and extensive information con-
cerning its development and its acceptability have been recorded else-
where, References (5) and (19), this author will not expound on these
topics, but will accept the model as an accurate mathematical error model

of the marine inertial navigation system. The model is presented in

Figure 3.5.
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f X System Disturbances

‘_“ Disturbances to the marine inertial navigation system can be classi-
1 fied as:
(1) improper initial conditions of east and north velocities, lati-
: i ' tude, longitude and heading angles; .
% ' (2) initial platform tilt about the north and east axes;
i (3) reference velocity errors; .
(4) accelerometer errors;
(5) gyro drift rate errors.
] A1l sources of error can be expressed in terms of the above distur-
] i bances. For example, the gyro drift rate error is actually composed of

errors due to gyro drift bias, gyro scale factor error and gyro input axis

misalignments, Gyro drift bias arises from unwanted torques from numerous

sources (such as, unbalance torques, friction torques, thermal torques,
{ etc.). Scale factor drifts are the result of any deviation in the pro-
' portionality constant relating the applied gyro torque to gyro output

rate. Drifts arising from gyro input axis mi§a1ignments are due to the

gyro's tendency to sense rotational rates about other axes.

Navigation Errors

The resulting errors of interest from the above disturbances are

velocity errors, tilt errors, position and heading errors. From the
error model of Figure 3.5, the response or transfer functions of these
output errors result in the presence of two oscillatory modes. One mode
is associated with the requirement of a level platform and has a period
of approximately 84.4 minutes. This period is known as the Schuler
Period. The secord mode results from the daily rotation of the earth and

has a period of approximately 24 hours. The navigation system under study
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provides damping for the first oscillatory mode. However, due to the
dynamics of the navigation system, damping is not provided for the second
mode. In the following chapter, the author refers to these oscillatory

modes as Schuler disturbances and earth rate disturbamces, respectively.

Need for Calibration

As mentioned in this chapter as well as Chapter I, the marine inertial
navigation system is composed of six major components, namely three accel-
erometers and three gyros. This paper will focus on the calibration of
the input axis misalignment angle in the vertical plane of a Tevel gyro
(either the X-gyro or the Y-gyro). If such a misalignment is present the
level gyro will sense a portion of the rotational rates about the vertical
axis. As noted earlier, in order to maintain a level, north-oriented
platform, torques must be applied to the gyro to take into account the
earth's rotational rate. The torque applied to the vertical gyro in this
case must be such to rotate the platform about the vertical at a rate
equal to -He sin L. Thus the misaligned level-gyro will sense an error
rate equal tc -Ne sin © sin L where 6 is the input axis misalignment in
the vertical plane. If © equals 4 arc minutes and latitude equals 45 de-
grees, the gyro drift rate error would be 0.0124 degrees per hour. This
drift rate error results in an error in latitude which oscillates inde-
fini.ely at the earth rate with an amplitude of 2.83 arc minutes (1 arc
minute of latitude equals 1 nautical mile) and errors in headina and
longitude which oscillate indefinitely about offsets of 4 arc minutes and
2.83 arc minutes, respectively at the earth rate with amplitudes of 4 arc
minutes and 2.83 arc minutes, respectively (1 arc minute of longitude at a

latitude of 45 degrees equals 0.7 nautical mile).
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Chapter IV will present a calibration technique to determine the
above gyro input axis misalignment angle. The technique requires approxi-
mately 25 minutes and can be executed while the system is performing its

navigate function.
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CHAPTER IV
CALIBRATION TECHNIQUE

In this chapter a calibration technique is presented for the east
gyro (y-gyro) misalignment angle about the north-axis (in y-z plane)
and for the north gyro {x-gyro) misalignment angle about the east-axis
(in x-z plane) of a level, north-oriented inertial navigation platform,
These misalignment angles are illustrated in Figure 4.1. The author wiil .
restrict his attention in this report to the east-gyro misalignment ungle
about the north-axis, 0

yx
dure is equally valid for the other misalignment angle. In the ensuing

. However, by symmetry the calibration proce-

discussions, the notational subscripts will be dropped and the misalign-
ment angle will be denoted by ©.

It has been noted in Chapter II that other calibration techniques
have been developed to perform not only the calibration of these mis-
alignment angles but also of other system parameters. The drawback of
these schemes is the amount of time needed to‘obtain calibration results.
In contrast, the calibration technique proposed in this report can be
accomplished in a relatively short period of time, approximately twenty-
five minutes, while the system is operating. The advantage of this re-
port's technique becomes evident when the failure of either or both of
the level gyros during mission operation is considered, namely the elimi-
nation of the downtime required by these existing schemes to calibrate
the above system parameters. In addition during a long mission, calibra-
tion of these system parameters using this report's technique can he donc
on a periodic basis in an operate mode to insure that these parameters

have not changed. This periodic procedure, however, is conditional on

31
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the need for it, namely the rate of occurrence of pérameter shift.

Before proceeding to the formulation of the calibration technique,
~an assumption must be made that there exists a duplicate marine inertial
navigation system in operation along with the system upon which calibra-
tion is being performed. The author believes that'this assumption is not
too prohibitive, since many missions require active redundant systems to
provide uninterrupted mission operation., This is the case with regard
to the marine inertial navigation system on board a United States Navy
Polaris submarine. In fact, the requirement of maximum availability
enforces the need for a calibration procedure in which downtime can be
minimized or eliminated.

The author notes here, however, that this assumption of a redundant
system may not be necessary for another calibration technique which em-
ploys the ideas presented in this report. However, further research and
possible access to a marine inertial navigation system and its special
operating conditions may be necessary to formulate such a calibration
technique since detailed knowledge of how the input signal varies as a

function of time is required.

Source of Perturbation
In Chapter III, it was noted that craft angular motion is sensed by
the gyro and causes a tendency for the qyro to precess. This precession
is detected via optical or electro-magnetic hardware and an electronic
signal is generated, amplified and applied to the gimbal servo motor
which prevents platform motion in inertial space. If a torque is applied
to the vertical gyro, the effect is the same as if the gyro sensed craft

motion about heading except that the platform does move in inertial space
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about the nominal heading axis. The word'“nomina1“‘is used because if

the level gyros are misaligned with respect to the horizontal plane, the

_horizontal stabilization mechanism of the marine inertial navigation

system will keep the level gyros in whatever plane their sensitive axes
form and platform rotation will be about the perpenqicu1ar axis to that
plane. As the platform rotates about this non-vertical axis, the level
accelerometers will begin to sense gravitational acceleration. If a con-
stant torque is applied such that the rotational rate is & and there
exists a y-gyro misalignment angle, ©, about the x-axis, the accelera-
tions sensed by the level accelerometers are (ignoring centrifugal
effects)

x-accelerometer: a(t) = -g sin(o sin 4t) (4.1)

y-accelerometer: a(t) = g sin(o (l-cos dt)) (4.2)
By restricting the excursion angle, dt, to small values and for small
misalignment angles we obtain

x-accelerometer: a(t) = -go sin 4t (4.3)

y-accelerometer: a(t) = 0 . (4.4)

Generation of Perturbation Signal

Restriction of &t to small values is accomplished by periodically
applying a positive constant torque for some relatively small fixed
period of time and then applying a negative constant torque for the same
fixed period of time. The author has selected a torque which will provide
a platform rotational rate of 120 degrees per hour. According to Refer-
ence (6), this torque is the maximum allowable torque which can be
applied to the vertical gyro without incurring deteriorating effects.

Thus initially applying this torque to the vertical gyro for two minutes
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and then periodically applying negative and positive torques for four

minutes results in the angle, &t, being restricted to +4 degrees

- (Figure 4.2). The periodic application of positive and negative torques

is the perturbation mechanism of this report's calibration technique.

Based on Equation 4.3, this pertufbation procedure gives rise to a
x-axis acceleration wnich has a nearly triangular waveshape (Figure 4.3)
and which contains the desired misalignment angle information. The sys-
tem considers this acceleration as an error input, since the vehicle is
not experiencing this acceleration due to actual movement. Thus, the
erfor model presented in Chapter III can be utilized to determine the
resultant velocity output. Figure 4.4 presents the portion of the error
model (the x-velocity loop) now being considered. The velocity output
of the model due to this "error" acceleration was determined by

(1) decomposing the acceleration input signal into a Fourier series,

(2) transforming the Fourier series into Laplace transforms,

(3) obtaining the Laplace transform of the output velocity signal by
multiplying the Laplace transforms of step (2) by the Laplace
transform (the transfer function) of the error model, and

(4) finding the inverse of the Laplace transform of step (3).

In addition to the velocity output due to the "error" acceleration,
there is a velocity output due to errors in the external reference
velocity, VR, used to damp the system (see Figure 4.4). In the analysis,
it was discovered that an undesirable input reference velocity error
signal is generated by this report's perturbation procedure. However,
the author found that a correction term could be calculated and added to
the system's output velocity to negate the effect of this signal. The

output velocity signal resuiting after the application of the reference
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velocity correction term is given by Equation 4.5 an& illustrated in

Figure 4.5, The detailed work performed by the author in arriving at

_Equation 4.5 is presented in Appendix A.

V(t) = -83.043 e cos(2nt/T) + g(t) (4.5)

where T equals eight minutes (the perturbation period).

The second term in Equation 4.5 is composed of sec;ndary effects which
can be treated as deterministic errors in the estimation method (to be
presented later in this chapter) for extracting the desired misalignment
angle from the velocity data. Their resultant error contribution and the
method of correction is discussed in Appendix A. For the present, the
author will ignore this term and only consider the first term in Equa-
tion 4.5 in the following model development for the estimation of the

misalignment angle.

Development of Model
Perturbation Effects '

Velocity data is readily available from the navigation computer which
records and displays the data at the end of some time interval. In this
report, it is assumed that this time interval is one second. If the
velocity data from the computer is sampled and stored every four minutes,
a time interval equal to one-half of the perturbation period (see Fi-
gure 4.5), the velocity ideally will be equal to +83.043 o knots., Since
this observed velocity is directly proportional to the misalignment angle,
it is only necessary to multiply the velocity data by a constant, K, to
obtain the misalignment angle. This constant is normally referred to as
a conversion factor. For example, if it is desired to obtain a value of

the misalignment angle in arc minutes, we would proceed as follows:
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4 radians

1 min (arc minute) = 2.90888 x 10~
© min = 83;043 o knots x K min/knot
1/K knot/min = 83.043 x 2.90888 x 10

K min/knot = 41,397 min/knot .

-4

Thus by multiplying the observed velocify data by the above conversion
factor, the result is the desired estimate in arc minutes of the mis-
alignment angle. In the remaining discussions, the misalignment angle

is considered to be in arc minutes unless otherwise stated.

Observation Errors

The author will now examine this estimate under practical considera-
tions. This estimate is computed from computer samples of velocity. Let
us assume that a computer velocity word contains 13 information bits as a
result of resolution. Let us further assume that the most significant
bit of this word is equivalent to 40 knots and therefore the least
significant bit is equivalent to 0.0097656 knots (40/212). Therefore the
resolution that may be obtained on one estimate of the misalignment angle
is 0.40 arc minutes or 24 arc seconds. Depending on the accuracy require-
ments of a particular system, this may be undesirable for a precision
marine inertial navigation system. For example in Reference (8), typical
values for the misalignment angle rangea from 9 to 12 arc seconds.

From Figure 4.5, we notice that velocity values in the vicinity of
the half period velocity point are nearly constant. Thus, additional
velocity data may be taken before and after this half period value and
averaged to obtain a better estimate of the misalignment angle. If
computer velocity data is taken over the time interval +12 seconds from

3 half period value, t,, (see Figure 4.5) resulting in 25 velocity data
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values, the average of this data would result in an estimate of 0.99555 o

which can be corrected by multiplying with a correction factor of 1.00447,

_This correction factor may be incorporated into the conversion factor, K,

which results in a new value of 41,582, |

To clarify the reasoning for the need of additional velocity data
values the following example is presented. Suppos; the true misalignment
angle equals 3 arc minutes. This results in a velocity due to perturba-
tion of 0.0724 knots. However, the computer velocity data word can only
take on either of the following binary values:

0 000 000 000 111 corresponding to 0.068 knots
0 000 000 001 000 corresponding to 0,078 knots

These values would result in calibration errors of 10 and 14 arc seconds
respectively.

Adding to this resolution probiem is the inherent noise present
in the accelerometer output and correspondingly in the velocity output.
Averaging the velocity data reduces the effect the random noise has on
the resulting calibration estimate. In addition, the author feels that
the noise presence takes on a desirable characteristic. In the presence
of sufficient noise randomly distributed with zero mean, the author
pdstu]ates that the expected value of the computer velocity word tends to
be the true velocity. In the above example if approximately 0.007 knots
rms uniformly distributed noise is present, the author states that on
the average 56 percent of the time the computer velocity word will be
0.068 knots and 44 percent of the time the computer word will be 0.078

knots resulting in an average of 0.0724 knots, the true velocity.

Qutside Disturbances

Under normal operation, the vehicle containing the marine inertial
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navigation system experiences accelerations in moving from one point to

another. In addition, there may ba schuler or earth rate discurbances

. in the velocity loop. To eliminate the effect of these disturbances from

the velocity data, a second marine inertial navigation system is required.
By subtracting the velocity of the second system ftom the ore on which
calibration is being performed, the resultant velocity is composed of
the velocities due to:

(1) the misalignment angle (Equation 4.5),

(2) the differences in the two system's schuler and

earth rate disturbances, and

(3) the random errors present in the observed velocities.

To develop a workable model for the resultani velocity, the author
states that the velocitv due only to the differences in the schuler and
earth rate disturbances can be approximated by a linear equation over a
20.4 minute time interval. A discussion of this approximation and its
errors is deferred to Chapter V. The model for the resultant velocity
is (Figure 4,6a) .

v(t) = 83.043 0 cos(2nt/T) +a +bt +e(t) (4.6)
where 3.8 < t < 24.2 minutes

Following the earlier presented procedure of observing and averaging
the velocity data over the time interval +12 seconds from a half period
value of the perturbation signal, the model can be represented in the
following discrete form (Figure 4.6b)

v(j) = (-1)3*1 81,678 0 + A + b + e() (4.7)
where j=4, 8, 12, 16, 20, 24 minutes

e(j) = random error averaged over the time interval

J £ 0.2 minutes
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v(j) = observed velocity data averaged over the
| time interval, j + 0.2 minutes
Over the proposed calibration time period of 24 minutes, six aver-

aged velocity values are obtained. From this data, the method of least
squares was used to obtain an estimate of the misaligmment angle. This
estimate is unbiased if the mean of the error term is con:tant over time
(a stationary stochastic process) or if it varies linearly with time
(a special non-stationary stochastic process). Further if the error term
is statistically independently distributed, the estimate is a minimum
variance unbiased linear estimate of the misalignment angle. The
calculations involved in obtaining the estimate are presented in Appen-
dix B. The result of these calculations for the estimate of the misalign-
ment angle is given by Equation 4.8,

0 = K/48 (SV, - 11V, + 8Y5 - BY, + 11V - 5V) (4.8)
where V,= the 1% averaged velocity value i=1,2,3,4,5,6

K = conversion factor

Confidence Limits and Statistical Tects
To establish confidence limits for the misalignment angle and to
perform statistical tests on its estimate, the author makes the assump-
tion that the random term is an independently distributed variable.
Under this assumption and by reason of the employed averaging process
for the data, the author can also state that the averaged random term
tends to be normally distributed due to the Central Limit Theorem of

statistics (Reference 13).
If the model is correct, the 100(1-a)% confidence limits for the

misalignment angle are given by Equation 4.9. The detailed work in
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arriving at this equation is presented in Appendix B.
0 =0t t(3,(1-0/2)) 5, (4.9)
_where t(3,(1-a/2)) is the.(1-a/2) percentage point of

the Student-t distribution with 3 dégrees of

;

freedom,

A TR

s. is the estimated standard deviation of 6 and

can be obtained by Equation 4.10,

: a5(v3 + v vE vy ca(vyvg 4 V) ]
‘ s2 = .00506K° W8(VE + V2 L vV, - VoV, = VaVe = VL) (4.10)
: e = 3t Vg - VyV3 - Vol - VgV - Vg :
| -6(VyVy + VglVg - VoV - V)Vg) )
i

Statistical tests can also be performed on the calibration results
to ascertain the statistical confidence in the calibration estimate of
¥ the misalignment angle. An example of a statistical test is now present-
f: ed,
| It is determined that the absolute difference between the calibration
estimate and the true value of the misalignment angle should be no greater
than 0.10 arc minutes with a statistical confidence of 20%. This state-
ment is expressed in statistical terms as

Pr(-.10min < 6-6 < .10) > .90 (4.11)

In other words, it is desired to have the probability of both events,

(5 > 6 -,10) and (5 < © + .10), being equal to or greater than 0.90.
Pr(o - .10 < 6 < 0 + .10) > .90 (4.12)

Introducing the estimated standard deviation of o and dividing it into '
the terms inside the parenthesis, we obtain:
Pr(-.10/s, < (0-0)/sy < .10/5,) > .90 (4.13)

It has been shown in Appendix B that (6-0)/5e has a student-t distribution
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with 3 degrees of treedom. Therefore we have:

Pf(-.lO/se <ty 5_.10/56) > .90 (4.14)

. Noting the symmetry of the inequality (see Figure 4.7), it can be stated

that for the above probability expression to be true we must have:

Pr(t; > .10/s,) < 0.05 . (4.15)
From the student-t distribution table it is observed that
Pr(t3 > 2,353) = 0.05 (4.16)
Therefore ’
.10/s, > 2.353 (4.17)
or
Sg < 0.0425 min (4.18)

Thus to have the stated confidence as given by Equation 4.11 in the
calibration estimate, the test would require that the estimated standard
deviation of the estimated misalignment angle be less than or equal to

0.0425 arc minutes.

Aliitional Estimate Efficiency

Up to this point the author has considered only cne estimate of v
the misalignment angle. However, the calibration procedure may be con-
tinued further in time to obtain additional estimates of the system
parameter. As mentioned in Chapter I, these estimates when obtained may
be applied to the system to reduce the effects of large initial gyro
misalignment angles. The criteria whether to apply these estimates
or not can be developed from statistical tests mentioned in the preceding
paragraph. These estimates may also be accumulated into a new estimate to
gain better confidence in the calibration result.

For example if the calibration process were to be continued for a

o _ ) O TR IOP: TRy J05- N GO -ﬁ'*"&iﬁ‘“‘mﬂ
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period of time equal to 24n minutes, where n is some integer, there would
be available n estimates of the misalignment angle. These estimates could
-be combined into a new estimate as given by Equation 4.19. The new
100(1-a)% confidence limits for the misalignment angle are given by
Equation 4.20). The calculations for obtaining these equations are
contained in Appendix B.

0,/n (4.19)
1
6 =5+ t(3n,(1-a/2) 5, (4.20)

op

ne-13

g

where
t(3n,(1-a/2)) is the (1-a/2) percentage point of a

student-t distribution with 3n degrees of freedom

E sgi (4.21)

s =1/n
8 i=1

Calibration Technique Summary
The report's calibration technique for a marine inertial navigation
system is presented below in a step-by-step format:
(1) Commencement. Initiate the calibration procedure at some time,
T, while the system is operating.
(2) Inducement of a Perturbation Signal. Initially apply a positive
torque (causing the inertial platform to rotate at a rate of 120
degrees per hour) to the vertical yyro for a period of two min-

utes and then periodically apply negative and positive torques




(3)

(4)

(5)

(6)

(7)

(8)
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to the vertical gyro for a time interval of four minutes each.
Observation of Perturbation Signal Effect. At times equal to

T + (3.8+t) minutes, where t = 0,4,8,12,... observe the output
of the north/east velocity of bpth navigation systems at one
second intervals for a period 6f 24 seconds. The misalignment
angle is contained in the rorth velocity if the east gyro is
misaligned and in the east velocity if the north gyro is mis-
aligned.

Removal of Reference Velocity Effect. For each velocity data
value from the system which is being calibrated, compute the
reference velocity correction term and add this term to the
velocity data value of that system.

Isolation of Perturbation Signal Effect. Compute the difference
between the two systems' velocity data values and average them
over the 24 second time interval.

Estimation of Misalignment Angle. After six averaged difference
velocity terms have been collected, compute the estimate for the
misalignment angle by Equation 4.8.

(Optional) Enhancement of Estimate. If increased efficiency

is desired, obtain additional estimates via steps 3, 4, 5 and

6. Compute the more efficient estimator by Equation 4,19,
Termination. After the desired final velocity data value has
been observed, apply a torque to the vertical gyro to bring the

system back to normal operation and insert the calibrated system

parameter into its proper location in the navigation computer.
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Discussion of Calibration Technique
The author now directs his attention to some of the general proble-

. matic areas presented in Chapter I.

First, is any additional hardware needed to accomplish the calibra-
tion procedure? As observed from the preceding summary section, the
procedural steps require data observation, data computation, timing con-
] trol and the capability of applying torques to the vertical gyro. A1l of
§ these operations are already performed and/or directed by the on-board
k

navigational computer. However, a computer program is required to direct

the navigational computer to complete these specific tasks.

Second, is the model for the observed velocity data correct? The
author believes that the model presented in this report will accurately
represent the observed data and will lead to the proper estimation of
the misalignment angle. However, to confirm the validity of the model,

actual velocity data is required. This data need not be obtained during

the actual application of the calibration technique but can be acquired

under normal operating conditions. Statisticﬁl tests to confirm the

YNNI

validity of the model are presented in References (3) and (9). Orce the
validity of the model is confirmed, the "goodness" of the estimate may be

ascertained by analyzing the random error term to determine its distribu-

tion and possible correlation function. References (14) and (16) may be
employed to assist the analyst in this task.

Third, how often does the system parameter which is being calibrated
i change? This report's calibration technique obtains an estimate of the
misalignment angle in approximately 25 minutes. However, continuation
of the procedure for a period of from one to two hours may be necessary

to obtain a better estimate. In any event although the rate of occurrence
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of parameter shift is unknown to the author, it is evident that this
report's calibration technique is superior with regard to possible

. parameter shift to the calibration procedures presented in Chapter 1I,
in that the time for parameter calibration is significantly reduced.

Fourth, is it physically possible to observe the output signal at the
times required by the calibration technique? As noted earlier in this
chapter, one of the functions of the navigational computer is to peiodi-
cally observe and display the velocity data which, for this report's tech-
nique, contains the misalignment angle information. The frequency of
observation is dependent upon the equipment capabilities and the actual
needs of a particular navigation system. The author has assumed that the
navigational computer possesses the capability of observing velocity data
every second. This he believes is a reasonable assumption, but if for a
particular system it proves false, reduction in the number of velocity
data values used in the averaging process may be required.

Fifth, will the dynamics of the system prevent the insertion of the
perturbation signal? At what magnitude of thé perturbation signal will
system operation degenerate? The application of torques to the vertical
gyro is the perturbation mechanism of this report's calibration technique.
The author selected a torque whick provided for minimum calibration time
while maintaining the gyro torquer in its linear range of operation.

This selection was based on gyro torquer evaluation studies performed

in Reference (6). According to their studies "no gyro torquer has been
more non-linear than 0.06% RMS, with many torquers exhibiting non-
linearities of less than 0.01%" over a range of platform rotation rates,
t 120 degrees per hour.

The author also performed investigations into the centripetal and
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tangential accelerations resulting from the induced angular velocity and
angular acceleration, respectively, of the rotating inertial platform.
The velocity signals generated by these accelerations in addition to being
small were mitigated by the estimation process by reason of their 90 de-
gree phase relationship with the velocity signal containing the misalign-
ment angle information. Their resultant error conéribution to the esti-
mation of the misalignment angle was negligible.

The period and amplitude of the perturbation signal (Figure 4.3)
for his report's calibration technique was selected after proper consid-
eration was given to the time of caiibration, the perturbation resultant
velocity, the error produced by the perturbation signal and to the capa-
bility of ideally detecting a one second misalignment angle. The accepta-
bility of this selection is addressed in the following chapter where an

error analysis of the calibration technique is formulated.
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CHAPTER V
ERROR ANALYSIS

The chapter presents the errors developed in the primary marine

inertial navigation system outputs when this report's calibration proce-

dure is employed. The errors are divided into two categories, namely

é | the errors caused by an uncalibrated gyro input axis misalignment param-
: eter and the errors induced into the system by the calibration technique.
An investigation into possible sources of error in the calibration re-
sults iz also presented. The feasibility of the proposed calibration

technique is primarily dependent on the results of this error analysis.

Uncalibrated Parameter Error
g As noted in Chapter III, the error due to an uncalibrated level

gyro input axis misalignment in the vertical plane is equivalent to a

level gyro drift rate error of (15 0 sin L) degrees per hour, where o

is the misalignment angle and L is the latitude pvsition of the vehicle.

For example, if © equals 1 arc minute and latitude equals 45 degrees,

then the level gyro drift rate error is 0.0031 degrees per hour. Employ-
ing the error model presented in Chapter I1I, the author calculated the

primary output errors resulting from this system disturbance using Laplace

Transforms. The errors (as a function of latitude and the uncalibrated

parameter) developed in the primary marine inertial navigation system

outputs 25 minutes after the system has been placed into an operate mode '
are presented in Table 5.1. The table is divided into two sections since

the system error: developed are functions of the particular qyro (east or

north) being calibrated. Table 5.2 presents the system errors for a gyro




TABLE 5.1

NAVIGATION ERRORS -
UNCALIBRATED PARAMETER

East Gyro North Gyro
Calibration . Calibration

oL 0.0431 o sin L " 0.0013 0 sin? L

[ 0.0013 o sin L tanL -0.0431 o tan L

SH 0.0011 o sin 2L -0.0431 o sinL tan L

+0.0038 o tan L

TABLE 5.2

NAVIGATION ERRORS -
UNCAL IBRATED PARAMETER
OF ONE ARC MINUTE
AT A LATITUDE OF 45 DEGREES

East Gyro North Gyro

Calibration " Calibration

sL 0.030 min 0.001 min
8 0.001 min -0.043 min

&H 0.005 min ~0.030 min

55
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misalignment angle of one arc minute and a latitude 6f 45 degrees. After
conversion, the maximum developed error for the above case results in a

.positional error of 183 feet. The author believes this error is tolerable
for a precision marine inertial navigation system for two reasons. First,
the developed error besides being small is present for a relatively short
period of time, 25 minutes. Second, since the error is deterministic upon
knowledge of the gyro parameter, the developed error may be removed upon

completion of the calibration procedure.

Calibration Induced Error

The system error disturbances resulting from the calibration techni-

que fall into three categories:

(1) accelerometer disturbance,
| (2) gyro drift rate disturbance, and

(3) cross-axis gyro drift rate disturbances.
The accelerometer disturbance is the 1ﬁduced perturbation signal used by
the calibration technique to calibrate the desired gyro parameter. The
gyro drift rate disturbance is similar to the drift rate error caused
by the uncalibrated parameter. It originates from the periodic applica-
tion of positive and negative toiques to the vertical gyro causing the

platform to rotate at the rates of +120 degrees per hour. These two

system errvor disturbances are illustrated in Figure 5.1. The cross-axis
gyro drift rate disturbances result from the other gryo which is not
being calibrated being driven out of the horizontal plane by the cali-
bration technique in the same manner as its corresponding accelerometer
which produces the perturbation signal. This causes the gqyro to sense

a portion of the platform rotational rates, namely the earth rate and the
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calibration induced rate of +120 degrees per hour. These cross-axis sys-
tem error disturbances are illustrated in Figure 5.2,

The calibration procedure induced errors developed in the primary
system outputs after 25 minutes are presented in Tables 5.3, 5.4, 5.5
and 5.6, Table 5.7 presents the total navigationa[ errors resulting from
the calibration technique. Table 5.8 presents the navigational errors
for a gyro misalignment angle of one arc minute at a latitude of 45 de-
grees. These errors are of the same magnitude as those caused by the

uncalibrated parameter and for the same reasons are believed to be

tolerable,

Error in Calibration Results

When the author in Chapter IV developed the velocity model for
obtaining an estimate of the calibration parameter, he assumed that the
differences in the schuler and earth rate disturbances could be approxi-
mated by a Tinear equation over a 20.4.m1nute time interval. Considering
the earth rate disturbance, this approximation is extremely good since
earth rate disturbances, as noted in Chapter III, oscillate with a period
of 24 hours, The maximum error which a one knot uncommon earth rate
disturbance could contribute to the calibration result based on this
report's model is 0.004 arc seconds. However, this is not the case with
the schuler disturbances which for our system have a damped oscillation
with a period of approximately 90 minutes. Depending on the time of
origination, a one knot uncommon schuler disturbance could contribute as
much as an 8 arc second error in this report's calibration result. Two
courses of action are open if a large uncommon schuler disturbance is

present in the systems and if a change in the calibration technique is
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TABLE 5.3

NAVIGATION ERRORS -
INDUCED ACCELERATION DISTURBANCE

East Gyro - " North Gyro
Calibration Calibration
0.0062 o 0.0
0.0 -0.0062 o tan L
0.0 -0.0062 o sec L
TABLE 5.4

NAVIGATION ERRORS -
GYRO DRIFT RATE DISTURBANCE

East Gyro North Gyro
Calibration Calibration

0.0052 0 sin L 0.0003 o sin® L

-0.0052 o tan L
-0.0006 0 sin 2L

-0.0045 0 sin L tan L

0.0003 o sin L tan L

0.0001 o sin &
+0.0003 o tan L
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TABLE 5.5

NAV IGATION ERRORS -
CROSS-AXIS S GYRO DRIFT RATE

(INDUCED PLATFORM ROTATION)

gast Gyro . North Gyro
calibration Calibration
0.0209 © sin L 0.0015 o sint L

sL
2 0.0015 © gin L tan L -0.0074 © sin 2L
. .0.0150 o tan L
& 0.0008 o sin 2L L0.0299 @ sin L tan L

+0.0015 o tan L

TABLE 5.6

NAVIGATION ERRORS
ROSS-AXIS GYRO DRIFT R ATE

(EARTH ROTATIONAL RAT TE

East Gyrc North Gyro
calibration Calibration

0.00002 © sin L

0.0004 © sin L
-0.0004 © tan L

6L

0.00002 © ginL tanl

S\
-0.0004 © sin L tan L

sH 0.00002 o tan L
+0.,00001 © sin 2L
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TABLE 5.7

TOTAL NAVIGATION ERRORS -
CALIBRATION TECHNIQUE

East Gyro
Calibration

0.0062 o
+0,0355 0 sin L

0.°Zi8 0 sin L

0.0018 o tan L
+0.0009 o sin 2L

TOTAL NA

North Gyro
Calibration

0.0020 o sin? L

tan L -0.0268 0 tan L
-0.0080 o sin 2L

-0.0062 o sec L
-0,0348 0 sin L tanL

TABLE 5.8
VIGATION ERRORS -

CALIBRATION TECHNIQUE

0=
L =

East Gyro
Calibration

0.031 min
0.001 min
0.003 min

1 arc minute
45 degrees

North Gyro
Calibration

0.001 min
-0.035 min

-0,033 min
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not desired. First, the initiation of the calibration technique could be

delayed until the magnitude of the uncommon schuler disturbance is miti-

‘gated by the system damping. second, the calibration procedure could be

continued until four estimates of the system parameter have been obtained.
This latter course of action will insure that the error caused by an
uncommon schuler disturbance as large as one knot will be less than one

arc second.




CHAPTER VI
CONCLUSIONS

In the preceding chapters, the author-has formulated and investigated
a calibration technique which is performéd in an operate mode for a parti-
cular system. The author believes that this study indicates the feasibi-
lity of such a calibration technique. In particular, the system errors
caused by operation with an uncalibrated system parameter and by the
disturbing effects of the calibration technique were shown in the author's
view to be tolerable. However, although the author has attempted to miti-
gate the effect of system noise on the calibration results, additional
information concerning the quantity and quality of noise present in the
system outputs is needed for complete confirmation of the report's parti-
cular calibration technique.

Although this report presented a calibration technique for a specific
system, a similar technique employing the ideas and concepts presented in
this report may be developed for other systems to reduce or eliminate their
calibration downtime. The formulation of such a technique is especially
desirable for systems whose unavailability at a time of critical need
could result in a catastrophic loss of men, material and tactical advan-
tage.

Besides the obvious feature of the reduction of total system downtime,
the calibration technique displays the feature of automatic calibration
wherein data for calibration results are obtained from actual system out-
puts via the controlling computer, thus alleviating the need for external
measuring instruments such as meters, collimators, tbeodolites, etc.

Repeated measurements may easily be taken and statistical tests employed
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to determine the "goodness" of the results.

In addition, there is a secondary effect of this type of calibration,
namely an insight into system performance. By the very nature of the
calibration's procedure of perturbation, tpe dynamic performances of the
system components are exercised with predictable consequences. Thus,
marginal components which might otherwise go undete;ted may be discovered
by monitoring their outputs for unusual behavior during the calibration
procedure. This secondary effect has a greater bearing on maintainability
than one would assume at first., First, this advanced knowledge of possi-
ble system failure will prepare the operator for possible replacement of
the marginal component when the system is not required for mission opera-
tion, thus preventing a possible failure during a future mission. Second,
in the event of a system failure, this advanced knowledge may lead to a
reduction of active repair time needed for trouble shooting procedures.
Third, if immediate replacement of the marginal component is unnecessary,
a replacement for this component may be ordered in advance, thus reducing
logistic downtime. These additional benefits derived from the employment
of a calibration technique performed in an operate mode should be investi-
gated by the responsible engineer when this type of calibration is select-

ed for a particular system.
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APPENDIX A

This appendix investigates the effect that a reference velocity error

“has on the estimation of the misalignment angle and shows that this effect

can be negated by the addition of a correction term to the observed velo-

city. The resulting corrected velocity containing "the misalignment angle
information is analytically determined using the Fourier Series Theorem
and Laplace Transforms. The resulting analytic expression for this velo-
city is divided into a pure perturbation signal term and into secondary
effects. Chapter IV uses the pure perturbation signal term in the devel-
opment of an estimation method for the misalignment angle. The secondary
: effects are treated in this appendix with respect to their error contri-
bution to the estimation of the misalignment angle. Compensation for ;
their effect is also discussed.
The marine inertial navigation system obtains the reference velocity

for damping purposes by the employment of an electro-magnetic log (EM LOG)

———

which measures the spec. of the vehicle through the water., This velocity
is resolved through the heading and excursion angle (Equation A.1) before
being applied to the system. For example if at some time the heading

angle (the angular position of the vehicle relative to the direction of

north) is 45 degrees, the excursion angle is 4 degrees and the EM LOG

has a reading of 10 knots, the reference velocity applied to the Y-
velocity loop would be 6.56 knots (10 sin(45-4°)) and that applied to the
X-velocity loop would be 7.55 knots (10 cos(45-4%)). An illustration of

this example is presented in Figure A.1l.

VR VR cos(H-a)

oS (A.1)

VRy

VR sin(H-a)

has o i = e . k
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where H = heading angle

o excursibn angle
If the reference velocity is in error by dVR while the platform is
rotated at a rate of &, 120 degrees per hour, and if a heading error dH
is present the resulting reference ve1oéity error gpplied to the X-
velocity loop is
dVR; [:(VR+dVR) dH cos H sin &t + dVR sin H sin dt] (A.2)
-(VR+dVR) dH sin H cos at + dVR cos H cos 4t
It is noted that the first and second terms cf Equation A.2 are of the
same form as the perturbation signal of this report's calibration techni-
que repeated in Equation A.3 and thus are indistinguishable from the per-
turbation signal containing the misalignment angle information,
a, = -3 0 sinat (A.3)
To negate the effect of this undesirable reference velocity error signal,
the author has determined by an investigation of the error model that

the addition of the output, denoted by V. in Figure A.2, of the third

3
order integrator multiplied by the constant {o/8 -1) to the system velo-
city output produces the desired results. Working in Laplace Transforms,

we have for the uncorrected velocity output

2 2
=S+ 85 g-8) S
Vo S A St —

where D(s) = s3 + os2 + Ngs + eNE

and for the output of the third order integrator

2 2
- BS 8s- + gH
V3 - D(s) Ax - BT > VRX (A.5)

Multiplying the output of the third order integrator by (o/8 -1), we
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obtain the correction term

2 2
(o/8 -1y = {g8LS p . (o-8) s"+{o-8)Hs W, (A.6)

Dis D(s)
"and adding this correction term to the velocity output
| 2 : 2
= S *oS _ (o-B)W
vy (corrected) = _ETET'Ax —!UTE%_S'YRx (A.7)

In effect by use of this correction factor, the author has reduced the
resultant error of the reference velocity by the factor HE/s2 where s
equals the frequency of the perturbation signal (47,12 radians/hour) and
W, equals the Schuler Frequency (4.4667 radians/hour).

Analysis of the effect of heading and reference velocity errors after
the correction term has been applied has shown that the error introduced
into the estimation of the misalignment angle can be expressed as

o (error in sec) = 1.18[}VR+dVR)dH cos H +dVR sin H] (A.8)
For example, traveling at 20 knots at a heading of 45 degrees with a
reference velocity error of one knot and a heading error of ten arc
minutes results in an error in the estimation of the misalignment angle
of less than one arc second, the resolution of this report's calibration
technique.

The author now shows the computations performed to determine the
“perturt tion" velocity containing the misalignment angle information
resulting from the periodiz application of positive and necative torques
to the vertical g,ro. The resultant velocity of concern is the velocity
which has been corrected for possible errors in the reference velocity.
The Laplace Transform of this velocity is given by Equation A.7. The
first term of Equation A.7 will only be analyzed in the following work.
However, the seccond term was analyzed by the author in the same fashion

and the result of that analysis has been presented in Equation A.8.
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The "perturbation" acceleration input signal to the system was
illustrated in Figure 4.3 of Chapter IV and is repeated here in Figure
~A.3. This periodic signal satisfies the conditions of the Fourier Series
Theorem (Reference 15) which enables the author to represent the signal
by a Fourier Series. In addition, the signal poss?sses odd quarter-wave

symmetry and can be represented by the Fourier Series given by Equation
A.9.

a(t) = I By sin2kel) &y (A.9)
where
| g 1/4 o
Bop1 = T-oj a(t) sin(2k-1) = t dt (A.10)
a(t) = -go sinat (valid over 0 < t < T/4) (A.11)
T = 8 minutes (the perturbation period)
@ = 120 degrees per hour
g = gravitational acceleration
Substituting Equation A,11 into A,.10 and performing the integration
; k SThAL

Inserting A.12 into A.9 and substituting the values for & and T, the

Fourier Series for the acceleration signal becomes

a(t) = 0.05645 g0 ] by (-1)¥ sin(2k-1) & t (A.13)
1
where

(9512
b = (A.14)
2k-1 (45(2k-1))2 -4

Laplace transforming Equation A.13, we have

g Wok-i
Ji {a(t)} = Z AZk-l > 5 (A.].S)
2k-1

k=1 S +W
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where

A

1)k

Wopq = * (2k-1) 15 v radians per hour
The value for the resultant velocity is from Equation A.7

@ 2
v ~-1 S
x(t) :Z; kzl §3

Values for ¢ and g were calculated by the author to give the system a

Wor-1 (A.16)
55—
LR

+cs. A
2k=1-
+osz+sN§+sw§ S

damping factor of 0.3.

o= 3.5

1.0

B
In the remaining analysis, the author uses the value of the gravitational
acceleration, g, at a latitude equal to 45 degrees. At other latitudes,
an excellent vaiue for g can be obtained from the International Gravity
Formula given by Equation A.17.

g (ft./sec?) = 32.087664 + 0.170141 sin

L (A.17)
-0.0001877 sinZ 2L

The value for the Schuler Frequency at latitude of 45 deqrees is

W, =\ﬁiﬁf' = 4,4667 radians per hour
where R equals the earth's radius at a latitude of 45 degrees.
Performing the calculations and the invers~ !aplace Transformation re-
quired by Equation A.16 and summing over the first 15 values gives the
value for the resulting velocity accurate to the number of digits dis-
played in Equation A.18 and Equation A.19.

Vx(t) = -83,043 ¢ cos(wet) + f(t) (A.18)

where

B o Yt T R T LT e
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f(t) = 13.617 o exp(-1.157 t) .
-96.937 o exp(-1.171 t) cos(3.9835 t -14") (A.19)

= 15 z cos ((2k=-1)W t)
kZz 2k'1 9
and where

W = 15 n rad/hr (the perturbation frequency)
Zy-1= amplitudes of the frequencies (2k-1) W,

Equation A.18 is the Chapter IV equation used in formulating the method
for the estimation of the misalignment angle, ©. Equation A.19 is com-
posed of the secondary effects referred to in Chapter IV. The third term
of Equation A.19 represents the velocity resulting from the higher fre-
quencies of the Fourier Series used to describe the input acceleration
signal. These higher frequency terms, besides being small compared to
the perturbation frequency term of Equation A.18, are attenuated by the
velocity averaging process described in Chapter IV. The averaging occurs
+12 seconds from a peak value of these signals. After the completion of
the averaging process and the employment of the estimation equation of
Chapter IV, the resulting ccntribution to the-estimation of the misalign-
ment angle is -2.477 K 0. This term must be added to the pure perturba-
tion frequency term of 83.043 K 0 resulting in a value of 80.566 K 0.

The vaiue for K, the conversion factor, now becomes 42.670 min/knot.

The first and second terms of Equation A.19 are Schuler disturbance
terms resulting from the calibration technique. These terms are slowly
varying functions compared to the perturbation signal and are attenuated
by the estimation procedure used by the author. Their effective error
contributions to the estimation of the misalignment angle are 0.44 X o,
0.008 K 0, =0.173 K 0 and 0,002 K 0 for the first four estimation terms

(assuming the calibration procedure is continued beyond the time (25
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minutes) for the first estimate). The maximum error contribution is

0.55% of the true misalignment angle and therefore can be neglected.




APPENDIX B

This appendix presents the ca]cu]a;ions performed to obtain the
equation for the estimator of the misalignment angle using the method
of least squares. Thé appendix also prov%des the calculations, under
certain assumptions, for obtaining the confidence iimits for the mis-
alighment angle. Finally, the appendix delineates the procedure to ob-

tain more efficient estimators of the misalignment angle.

Misalignment Angle Estimator
The generalized model for the resultant velocity is presented in
Equation A.1 wherein the misalignment angle is obtained by multiplying
the term, B, by the conversion factor K, that is (6 = KB). The parameters
B, B0 and B1 are assumed to be constant over the time of estimation. The
term e, is a random variable representing the random noise error in the

observations and V1 represents the jth observed velocity data.

- i+l
Vi = (-1)7" B + By + By t; +e (A.1)
where L= 1,2, o
According to the method of least squares we form the sum of the
error terms squared, Equation A.2, and choose our estimates b, b0 and b1
to be the values which, when substituted for B, B0 and B1 in Equation
A.2, minimize the value S.
n n
2 i+l
i=1 i=1
We determine b, b0 and b1 by differentiating Equation A.2 with respect
to the parameters B, B0 and B1 and setting the results equal to zero. We
obtain




n 0 5
35/38 = -2( } (-1)"}(v,-(-1) ! B -By-By t,)) =0
i1
0 i+l
39S/8By= -2( ¥ (Vi-(-l) B- BO-B t )) =0 (A.3)
i1
5/2B,= -2( | ¢ (v,-(-1)*1 g _p. ¢. 1))=0
85/2B)= - 121 jlVj=(-1)""" B-B,;-B,

so that the estimates b, b0 and b1 are given by
2 1+1 i+l
Z (-1) V -(-1) B- B0 B1 ) =0
n i+l
n
i+l

where we substitute (b'bO’bl) for (B’BO’BI) when we equate Equation A.4
to zero. From Equation A.4 we obtain

n n n

nb + bo Z ( 1 14‘1 Z 1+1 1 = Z

i=1 1=1 i=

b7 (0" 4 7 v (A.5)
- + = N .
i1 145 j=p 1
n

b7 (1™ ¢, b Tt +b Pl 5tV
i1 LR NS IS R A o

(_1)i+1 vi
1

+b

nes13

0

The solution of Equation A.5 for b is

AX - CY
b = (A.6)
DA + 2
where
n n
2 2
A=(lts)-nJt
121 L=
n
x=nJ (-1, . P -t ] Iv,
i=1 i=1 j=1 '
n n
i+l i+1 0
C=n ) (1)t - T Tt
121 b oa j=1 1
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i
From the restrictions placed on the model of observing six data values,
one every four minutes ¢

n==a6

t, 0,4,8,12,16,20 i=1,2,3,4,5,6

Substituting these values into Equation A.6 we obtain

b = 1/48 (5v, -11v, +8V -8V4 +11V5 -5V6) (A.7)

1 2 3
Multipling by the conversion factor, K, we obtain for the misalignment

angle, o, the estimator

& = K/48 (5V1 -11v,, +8V -8V4 +11V5 -5V6). (A.8)

2 3

Misalignment Angle Confidence Limits
To obtain the confidence limits for the misalignment angle, it is

assumed that the error term is independently and normally distributed

2

with mean zero and variance ¢“, and that the model is a correct represen-

tation of the observed velocity data. Ulnder these assumptions sg given

by Equation A.9 is an estimate of o2 (Reference (14)).

2« 173 izl(v1 --1)™ b by -by t)? (A.9)
We now find sg in terms of the observed data values. The estimators
bo and b1 are obtaine. in the same fashion as b and are given by
Equations A.10 and A.11 respectively.

by = 1/48 (23(V +V,) +B(V4+V,) =7(Ve4V,)) (A.10)

b1 = 3/¢ '5+V6-V1-V2) (A.11)

..
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Substituting Equations A.7, A.10 and A.11 into A.9, we obtain
R 2 17 .
2 2.2 '
Sp = 1/36 +8(V3+V4-V1V3-V2V4-V3V5-V4V6) (A.12)
-6(V1V2+V5V6-V1V6-V2V5) .

In addition it can be shown, Reference (13), that ;he random variable
355/02 has a chi-square distribution with 3 degrees of freedom and that
it is distributed independently of b, bO’ b1 and 5. Also, based on the
previous assumptions, 0 is independently normally distributed since by
Equation A.8 it is formed from a linear combination of independent norma!
random variables, the Vi‘s. Noting that
E(V,) = (-1)T*1p +By 4B t, (A.13)
Var(Vi) = o2
we compute the expected valye and variance of o from Equation A.8 as
E(0) = KB = o (A.14)
Var(e) = o = 35/102 k%2

and form a standardized normal variable (meaﬁ Zero and standard devia-

6 - E(0 2 _ii;;il._. (A.15)
Var(e) Ko\B5/192

We now derive the expression for the confidence limits from the basic

tion one)

definition of the student-t distribution; i.e., the ratio of two indepen-
dent random variables, the numerator being normal with mean zero and
standard deviation one and the denominator being the square root of a
chi-square random variable divided by its degrees of freedom. We have,

using the previously determined chi-square and standardized normal ran-

dom variables,

P
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t(3 deg. of freedom)

—_é -0 ) ’35%
Koy35/192 02

0 -0

Se.'

(A.16)

where s_ is the estimated standard deviation of o and is given by

6
Sg © KSR\/35/192 (A.17)

From a student-t distribution, we have

P[40, (1-0/2)) < t < £3,00-0r2))] = 10 (A.18)
where t(3,1-0/2)) is the (1-a/2) percentage point of the student-t
distribution with 3 degrees of freedom. Substituting Equation A.16 into
A.18

Pr [—t(3,(1-a/2)) < 222 . t(3,(1-a/2)] ® leg (A.19)
)

or
Pr[6-t(3.(1-0/2))sg < 0 < 6483, (1-0/2))s5, ] = 1w (A.20)
Thus the (1-a/2) confidence limits for o are

0 = % t(3,1-0/2)s, ' (A.21)

More Efficient Misalignment Angle Estimators
To obtain more efficient estimators of the misalignment angle, we
note from the previous assumptions that 6 is independently normally dis-
tributed. Having n samples of 6, the best unbiased estimator of o is

(Reference (3))

n ~
&=1/n ] o (A.22)
i=1

& (3
where 0 has a mean and variance
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E(®) = ¢
a2, _° 2 2
Var(o) = °e/" = (35/192)K" 5°/n (A.23)
To obtain the new confidence limits for o based on the estimate .
given by Equation A.22, we proceed as follows: Having n independent :
samples of sg, we form n independent chi-square random variables i
:"‘
3 A _ :
SR./O 1-1,2,3,000,"\ (A'24) , :’
i .

Using the reproductive property of the chi-square variate, the random

variable

2
3s
R,

!
i=1 02 f
i
formed from Equation A.24 has a chi-square distribution with 3n degrees !
of freedom and is distributed independently of 6. From the basic de- ﬁ

finition of the student-t distribution il

3s /o 3
tn = ‘/ I 7R, (A.25) |
n Ge : r— . !

(Dp

(1/n)\/35/192 KVZ sR

From Equation A.17

s = K SR \}35/192 (A.26)
i

8
or
Ti n
‘/z s2 = 35/192 K‘fz sZ | :
j=1 9 i=1 N
Thus _'
F. N .
ty, = 6 -9 (A.27)

(1/n)42 s2
i=1 84
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Letting !

= ' n 9
Sg = (l/q) 121 Sei (A.28)

“and following the same procedure as outlined by Equations A.18 through
A.21, the (1-a) confidence 1imits for © néw become

=0t t(3n,1-0/2)5, (A.29)




