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1. INTRODUCTION

The prime practical limitation encountered in attempts to restore
degraded imagery arises from noise inherent in the detected image data.
The most basic source of such noise lies in the photon fluctuations
associated with the detection of the finite amount of light energy
available to the imaging system. Thus photon fluctuations pose a funda-
mental limitation to the ''restorability'' of a degraded image.

In the first part of this report we develop a mode! which can be used
to mathematically and statistically describe an image detected at low
light ievels. This model serves to clarify some of the basic properties
of photon noise, and provides a basis for the analysis of image restoration
to follow.

In the second part of the report we consider the problem of linear
least-square restoration of imagery limited by photon noise. The form
of the invariant least-square restoration filter is derived using the
statistical model appropriate for phcton noise. The mean-square error
achievable with such a filter is then derived in terms of the total
number of photo-events detected in the image, the complexity of the
object, and the type and severity of the image blur. Finally, in the last
part of the report, examples are presented for the case of atmospherically
degraded images.

2. MODELING OF PHOTON-LIMITED IMAGERY

Our model for the detected imagery is essentially a two-dimensional
analog of the semi-classical model developed by Mandel [1,2] for the study

of photon counting statistics. This semi-classical model is known to

yield results that are in complete agreement with a rigorous gquantum



mechanical model for all detection problems involving the photoelectric
effect [3]. Thus the vast majority of image detection prob'ems are
properly included in this framework.

2.1 SEMI-CLASSICAL MODEL

The model utilized is that of an inhomogeneous or compound Poisson

impulse process. Thus the detected data d(x,y) is represented by

d(x,y) =

|| e -4

G(X-xn.y-yn) (1)

n=1

where &(-,-) is a two-dimensional Dirac delta function, (Xn,Yn)
represents the location of the nth photoevent (i.e., the release of a
photoelectron), and N is the total number of photoevents produced by
the image. |In this representation, N , X and y, are all regarded
as random variables, with statistical properties to be described in the
following.

In accord with the semi-classical theory of photodetection, the

probability that N events occur in an area A on the detector is taken

to be Poisson,

JJ A (x,y) dxdy

pA(N) = LA = exp|- {f Mx,y)dxdy | ,

where the ''rate' A(x,y) is related to the classical image intensity

i(x,y) falling on the detector through

Alx,y) = nily) o (3)

hv



Here n is the quantum efficiency of the photosurface (assumed independ-
ant of (x,y)), h is Planck's constant, v is the mcan optical
frequency, and T is the detector integration time.

Since the distribution i(x,y) of classical intensity is unknown
a priori, A{(x,y} must ultimately be modeled as a random process.
However, in calculating average properties of the detected image, it is
often helpful to first treat X(x,y) as a given known function, and then
average the results over the statistics of A. This procedure is entirely
consistent with Baye's rule of statistics. We further note for future use
that, for a given XA(x,y) , the "event locations' (xn’yn) are independent

random variables for different n's , with common prcbability density

function [4]

Ax Ly )
plx y,) = —a————. (4)

A(x,y)dxdy

8

Note further that, because A(x,y) is proportional to the classical
intensity , Xi(x,y) > O.

Before turning to an examination of the image properties implied by
this model, we point out some of the ways it can be generalized. First,
in practice the photoevents registered by a real distributed detector
consist of finite spatial pulses, not delta functions. This fact can be
incorporated in our model by passing our ideal detected data (Eq. (1))
through a linear spatial filter, thus spreading the delt~ functions into
pulses. Second, due to photoelectron multipliication ncise, the areas and
shapes of the various pulses may themselves be random variables. This

property can be included in our model by making the spatial filter

..3...



randomly space-variant. These sophistications can all be included in the

model, but since our interest lies in fundamental limits, there is little

to be gained by incorporating these additional non-fundamantal degradations.
We close this section by showing in Fig. 1 a typical classical

intensity distribution and a corresponding typical detected image, the

illustration being one-dimensional for simplicity.

2.2 SPECTRAL DENSITY OF PHOTON-LIMITED |MAGERY

One of the fundamental properties of a detected image is its spectral
density. Our goal in this section is to calculate the spectra) density
of the detected image described by Eqg.(1). If D(vx,vY) represents the

Fourier transform of d(x,y) , i.e.,

2 -jZ*n(vxx-wa)
D(vx.vy) = JJ d(x,y)e dxdy , (5)
then our goal is to calculate
¢, (vyovy) = E[|D(v,,v )lz] (6)
da*vx’vy X'y ’

where the symbol E[-] indicates an expectation over the statistics of
N, (xn,yn) , and ). Before making this calculation, we must first
mention a physical restriction we impose on the random process A(x,y) ,
i.e., on the statistical properties of the classical intensity in the
image plane. ‘

Any image produced by an optical system must contain finite total

energy. From this fact it follows that for every sample function of

the random process Ai(x,y) ,

“ A(x,y)dxdy < = . (7)



This equation is sufficient to imply that any particular sample function

A({x,y) has a well-defined Fourier transform,

-j2= (\)XX"“JYY)

. (8
\(x,y)e dxdy (8)

g - 8

A(vx.vY) = J

Our goal now is to relate the spectral density Qd(“x'vY) of the detected

image to the spectral density
¢ (vy.v = E lA(v v )12} (9)
AXTY X'y

where the expectation is over the statistics of M(x,y).

To calculate the spectral density ¢d(vx,vY) of the detected image,

we first Fourier transform Eq.(1), with the result

N .
D(vx.vy) = Z e . {10)
The squared modulus of this quantity is

-jZﬂ[VX(Xn-xm)+vY(yn_yng} (1)

e

]

N2z

N
2
|D(vx.vY)| = ¥
n=1 m

it remains to find the expected value of this quantity over the statistics
of N, (xn,yn) and A(x,y). It is convenient to first regard N and
A{x,y) os given (known) quantities, average over the statistics of
(xn,yn) and (xm,ym) , and then average over N and . Thus our first

goal is to compute

Enm[‘D(vx,vY)lz]




wﬁere E signifies an average over (xn.yn) and (xm.ym).

Two classes of terms can be identified. First, there are N terms
for which n = m , each of which yields unity. Second, there are
“2 ~ N terms for which n # m. For such terms we know that .(xn’yn)

and (xm.ym) are independent random variables,and therefore that

X(K 'Y ) A(x sY )
PR s¥ i %00 Yy —1 7 L (13)
L JJ A(x,y)dxdy JJ A (x,y)dxdy
For these Nz - N terms, the result of the averaging process is.
[-jZn[vx(xn-xm)+vY(yn-ymﬂJ

€ le
nm

w . 2

“i2n(vyx+vyy)
Jj Ax,y)e dxdy
— . (14)

JT Ax,y)dxdy

The result of averaging |D(vx.vv)|2 over the statistics of (xn.yn)

and (xm.ym) becomes
2
A(vx. vY)

oo | ¥

Enm[ID(vx.vY)Iz] - N+ (N2-N)

Continuing our averaging process, we next find the expected value of
Eq.(18) over the random variable N , given A(x,y). Representing the
conditional mean of N (given 1) by ﬁ(x) . and noting that, for

Poisson statistics,

L I
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-E[NZ-N]'_a F)®

o

U rMx,y)dxdy .= #(0,0) , (16)
J : .

- (L}

=]

(A)

we find that.

. ; .— | )
En,m,N[LD(Vx?Vy), ] = N(A) + IA(Vx’vy)' : -'(l?)

Finally, ‘averaging over the statistics of. A(x,y) , we obtain

‘bd(\)xy\) ) = N + 4‘ (\)XOV (lB)

Y Y

where N is the unconditional mean of N.

Thus the spectral density of the detected image is the sum of a

constant spectral level N , plus the spectral density cf the rate function,

QA. Alternate forms of this result are also useful. First, if we define
a normalized spectral density
¢ (vx.vY)

@ (v ’VY) = -:Tﬁfjﬂ-- , (19)

then we have that

@d(vx.vY) = N+ (N) @ (v (20)

xb\)y)
Furthermore, since X(x,y) is proportional to the classical intensity
i(x,y) , we must have

¢ (\)x.vv) bad QI(VXDVY) (2')
where 5‘(vx.vv) is the spectral density of the classical intensity,

normalized to unity at Vg " vy ® 0. Thus we write our final result,

sglvovy) = We @0 (vyuv) (22)

-7 -
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"We illustrate this result in Fig. 2.

2.3 FLUCTUATIONS QF SPECTRAL DENSITY ESTIMATES

in a certain class of imaging problems, the desired end result is an

_accurate estimate of the normalized spectral density ¢i of the classical

image intensity. For example, such is the case for Labeyrie's speckle
interferometer [5], which is currently of great interest in astronomy.
Because of the simple relation that exists between ¢i and the spectral

density ¢d of the detected image, a reasonable approach is to first

estimate ¢d , then express é. as (c.f. Eq.(22))

'

. o, - N

o = S . (23)
(N)

The quantity N is simply a measure of the total image brightness, which
we assume is either known a priori or can be determined accurately by a
suitable photometric measurement. Thus the fluctuations in our estimate

~

of ¢, will be determined by the fluctuations inherent in our measurement
of Qd' It is these fluctuations that we wish to find here.

An estimate of ¢, is made by measuring ID(\)X.\)Y)I2 for a single

d
detected image. The expected value of this measurement is, of course,
¢d(vx.vv). But how far off from the expected value Is a single measure-
ment likely tc be? To answer this question, we must find the second
moment of IDI2 , l.e., we must calculate
r y N N N N
El D] ] = Y 7T ) JeE expg-jZﬂ[vx(xn-xm + X ~x)
L n=|l m=] p=| g=I L
+ oy Y,y + v, }] . (24)
This calculation is a lengthy one and is deferred to the Appendix.

For a known (non-~random) A(x,y) , the result is

-8 -




BV v AL RN TR I N

Ny ( m) + “('*"(x))“““x'“v"
[a(2v,,20) |2 s

A(ZvX,ZvY)[A (vyrVy )]2 + A.*(zvx,ZvY)[A(vx.yy)]z

+

+

+ |A(vx,vY)|

~ Representing A(vx,vY) in terms of a modulus and phase,

. 6(\) 'V )
A(vx,vy) = IA(vx,vY)le‘ L (26)

we can equivalently express the second moment of |D|2 as

e[lor']

— - 2

N * 2(N (A)) + 4(]+N(A))In(vx,vv)|

+ IA(ZvX,ZvY)l

+ 2|A(2vx,2vy)|IA(vx,vY)lzcos[§(2vx,2vy) 20 (vy,vy ]

+ lA(vx.vY)Ih . (27)

The task now remains of averaging over the statistics of A(x,y).
If the image intensity distribution extends over a region of size LxL ,
then under rather general conditions, the central limit theorem can be used
| |
to show that, for vy > T and vy >> T, A(vx.vv) Is approximately a

circular complex gaussian random process, with correlation extending

over a region of dimensions -% x %- in the frequency domain. It follows

that the phase 8 is uniformly distributed on (-n,n) , and that |A|2
obeys negative exponential statistics. Furthermore, for such frequencies
e(2ux,2vx) ) e(vx.vv) , lA(va.Zvv)l and |A(vx,vv)| are all approximately

independent. From these facts we conclude that

o L b e o e b et

3
§
i
|
¥
4




eIt 12] = 6 (v
eflazuo20) 2] = o (2020

E :ZIA(va,ZyY) | lA(vx,vY)lzcos [B(ZVX,Z\)Y) - ~26(vx,\ay)]] = 0

ﬁ ]A(vx,vY)]h] = 2¢§(vx,vy) . . ‘ (28)

Now If we subtract the square of the mean of |D[2 , i.e., the square

~ of Eq.(18), we obtain the variance of ID]2

’

2

[DI N+ (N) + 2(2+N) ¢ (vx,v

Y

+ ¢A(2VX’2VY) + @A(vx’VY) . (29)

Equivalently, using (21), we have

2

o2 We @2+ 22 M3, (vy0,)
)

+ (M2 4»‘(2\) 2uy) + (7)) 262 Fyovy) (30,

An Important conclusion can be drawn directly from Eq.(30). The

fluctuations of the spectral density of the detected image at frequency

(VX’“Y) depend not only on the spectral dJdensity of the classical intensity

at (vx.vv) , but also on that spectral density at frequency (va,ZvY) !

Stated in other words, a frequency component of the classical intensity

at frequency (ZvX,ZvY) induces fluctuations of the spectrum at

(vx.vv). This ‘*half-frequency noise' phenomenon is a fundamental property

of photon limited Images. it has been noted previously in a different but

related context by Walkup [6].
We close this section by presenting an expression for the rms
signal-to-noise ratio associated with an estimate of ¢, at frequency

(vgovy). Subtracting the blas N associated with the mean of IDI2

- 10 -
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(31) o | ) '

&‘(va\)y)
y) (W_;Z[M;“"x"’v)*éi(Z“X'ZVY)] *

| I!"g.

w3

o , Note that as ﬂ'*_@ , the r.m.s.'signal-to-noise ratio approaches unity,

in agreement with the classical results on the statistical fluctuations

5'-  of periodograms [7].
Figure 3 illustrates the conclusions of this analysis with a specific !

example. ‘The classical Iintensity distribution is taken to be a sinusoidal

fringe of frequency vp and length L. A typical sample function of
@, |D(v)|2 is shown. Note that excess fluctuations are present at v0/2
)
| due to the presence of the fringe at frequency Vo*

3. LINEAR LEAST-SQUARES RESTORATION OF DEGRADED

PHOTON=-LIMITED |MAGES ;

tn many practical problems of interest, the detected image data arises :

from a blurred image of the object of interest. For example, the object i

may suffer significant motion during the detection interval 1 , thus i

blurring the image. Alternatively, and of greater interest here, the

detected image may be seriously degraded by the spatial and temporal
} fluctuations of the refractive index of the atmosphere, i.e., by ""atmospheric
seeing". At low light levels, the detected image further suffers from ;

photon noise of the type discussed in the previous section. {In order to

image data, we seek a method of image restoration which will enhance object

!
3
extract as much information as possible ahout the object from the detected i
i
]
|

N
.
. - 1] -
.




"-detail without unduly emphasizing the noise associated with the.discre;e_" RN
photo-events composing the detected image. In the seqtibnglto follow,

‘we consider one approach to this problem.

" - 3.) LINEAR LEAST-SQUARES RESTORATION
A The approach we shall investigate here is commonly referred to as -

¥ r ":: 1inear least-squares restoration. The philosophy behind this approach is i

perhaps best explained with the aid of Fig. 4. The function :o(x,y)

Ly - : represents the true object brightness distribution, or alternatively the
image that would be produced by an ideal optical system (free from
aberrations and free firom any blur due to diffraction) and an ideal

. o _noise-free detector. Our goal is to determine o(x,y) from the actuai
-}- _ ' , detected data with the greatest possible accuracy. Following the uppev
- o branch of Fig. 4, the ideal object suffers a perfectly known blur on passage g
3 I to the image plane, this blur being introduced by diffraction, fixed |
b | aberrations, and other external causes, such as object motion, atmospheric

seeing, etc. We assume that all of these blurs can be lumped together

and represented by a single known linear, space-invariant filter, with

impulse response b(x,y) , or ontical transfer function ﬁ(vx,vv). !

i
L
o
g
It
3
b

-]

! ' =j2n{v x+v y)
5 ' Jj b(x,y)e Ty dxdy

B(vx.vv) - . (32)

é IT b(x,y)dxdy

To represent the statistical fluctuations introduced by the detection

R A S S iy

process, the blurred image is now applied to a '"Poisson generator', which
. : produces a Poisson impulse process with rate A(x,y} proportional to the

intensity of the blurred image. The output of the Poisson generator is

-2 -



: ﬁhe detected image daté ;d(x,y)., on(whi;h we mqstfbase our,gstima;e‘of'

Q-(x ’ y).
Our restorat&on‘procédure is to apply the detected.image data to.a

linear, spuce-invariant restoration filter with impulse response h(x,y)

and optical transfer function H(vx,vY). This transfer function will be

‘chosen to minimize the expected value of the mean-squared error,

E ” eX(x,y)dxdy| = E ” (r (x,y)=0(x,y) 12dxdy | ,

-0l (=]

(33)

where the error e(x,y)  represents the difference between the restored '
image r(x,y) and a certain filtered version of the object, o(x,y) ,
the expectation being over the statistics of o(x,y) and the statistics
of the detection process. |

The choice of a filtered object 6(x,y) » rather than the true object
o(x,y) , for defining the error requires some comment. The restoration of
object frequency components beyond the diffraction-1imited cutoff of the
optical system is impossible to achieve with any linear invariant
restoration filter. Hence the best we can hope to accomplish is
restoration of those frequency components lying within the diffraction-
limited passhand. Accordingly, we count as error only the differences
between the restored spectrum R(vx.vv) and the (possibly modified)
portion of the spectrum lying within the observable passband. The frequency

spectrum of o(x,y) is thus

O(on\)v)s(\’x.\)v) (Vx|VY)
- - in observable passband
ey (30 -
0 otherwise

- 13 -




Usually we will take é(vx,vy) to be of the form f

| (vysvy) in observable

' passband

S(vx;vy) = (35)
0 otherwise .

However, we note that the resulting o(x,y) can have negative values in

this case. We could alternatively choose S(vx,v to be the diffractic

v

limited optical transfer function of the system, thus guaranteeing a

positive o(x,y). In the analysis to follow we leave §(vx,vy) 'completely

'general, but eventually we choose the form of Eq.(35) for mathematical

simplicity. -

Some final comments are in order regarding the non-optimatlity

of the restoration procedure described above. First, it is well known
that linear least-squares restoration is not optimal 'n the sense of
maximum 1ikelihood or maximum a posteriori probability when the image
statistics are Poisson. Rather, non-linear filtering is required for true

optimality {7]. Secondly, the choice of a space-invariant linear restor-

ation filter undoubtedly reduces performance even further; it seems clear
intuitively that a space-variant filter can perform better than a space-
invariant filter in the presence of signal-dependent noise. However, it
should be puinted out that both optimal non-linear filtering and optimal
space-variant linear filtering are in general computationally less
efficient than linear space-invariant filtering. For this reason, there
remains a strong interest in knowing the limitations of linear space-

invariant least-squares restoration for photon-limited imagery.

- 14 -
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' E[ff lﬁ(vx,vv)lzdvx,dvy] , where & is the Fourier transform of ¢.

3.2 THE FORM OF THE RESTORATION FILTER AND THE QUALITY

- OF THE RESTORED |MAGE

in this section we first derive the form of the linear space-

invariant least-square restoration fiiter for photon-limited images.
Our goal is to choose a filter transfer function H which minimizes

E[}f ez(x.y)dxdx],.~8y Parseval's theorem, it .is equivalent to minimize
o ,

Interchanging orders of integration and expectation, we find that it

suffices to minimize at each (vX,JY)

‘E[fﬁ(vx.\:v)lz] - E[IDH - 0:2] ‘ - (36)
where O(vx,vY) is the Fourier transform of o(x,y). The minimization i«

straightforward and yields

Hivyovy) = —:—9 | (37)

where ¢d is the spectral density of the detected image d(x,y) , while

%5 is the cross-spectral density of d(x,y) and of(x,y) ,
ogotrery) = E[DC )0 o] (38)

Straightforward calculations, using the Poisson impulse model, show that

dgvgrvy) = Wt @E[Bluy,uy) %0 (vy0ey)
taolvgey) = (2800 )8 (vuv )i (oany) (39)

We conclude that the transfer function of the restoration filter is given

by

- 15 -

i

|
3
b
1
A
N




LS

- AT o i

— " Aok -
N N \

. ‘.  (40)

CoH(vyavy) - . < :
X'y — 2 .
. ' + N|B(va\)v)| ¢°(vavv)A

Note that at zero spatial frequency the gain of this filter is

N/(1+N).. Thus the normalized restoration transfer function is

(‘+N)S(\)x’VY)B (vx,\’v)¢o(\)xovy) )

CHlvy,vy) = : (41) | .
x*Vy 1% (v .

1 + NiB(\)x,vY
We turn next to calculation of the total mean-squared error ¢

achieved when the restoration fiiter of £q.(40j is used. Using (36)

we see that

-

2
e = E JJ I‘(VV'VY)I dvy dvy
o (42)
[ 2 o ’
J“:(H] ¢y = Houo - Hio . + °6]d"x dvy

Substituting (39) and (40) in (42), we obtain after some algebra

X “Vy

T @2 s
c‘JJ _!_A?dvd (43)
P+ N(B|%0

The total mean-square error in the image is not a particularly

meaningful quantity in itself. Note in particular that, as N grows

large, so too does ¢ , in direct proportion to N. However, the mean-

square value of the object within the observable passband is
™2 ] lélz%dvxdvY ; hence the ''signal'' component of the output power ;
-Cn K

rises in proportion to (R')2 , yielding a net increase in restored image ; 5

quality as N increases. f

- 16 -




It is highly appealing to define a single parameter Q to represent

the overall quality of the restored image. Many definitions of such a

'fparameter are possible, but none can be fully justified as being the

best conceivable choice. Here we shall consider two possible choices

" for a definition of Q.

" Our first definition depends on the mean-square error - , which takes
into account both the statistical fluctuations of the restored image due

to the photodetection process and the defects of the restored image caused

by residual uncompensated blur. Noting that as N » 0 , ¢ * (ﬁ)sz ISI2

oodvxde » we find the proper defini;ion of -.the quality factor to be

™ 2 a2
(N) !j [s| ¢°dvxdvY
Ql= p -1 ’

or.equlvalently

. gn
Is| ¢odvxde

— 8

J

=00

|

A second possible quality parameter which has a great deal of appeal

-1 . (b4)

Q'= -~ ~ -
.l§| ¢°d\)xd\)Y

| + Flélzéo

8§ +—— 8

will now be discussed. This second parameter is defined to be
2 S
Q, = (av) log(l +'N) (4s)
where (Av)2 is a measure of the two-dimensional restored bandwidth,

while S/N is a measure of the mean-square signal-to-noise ratio in the

restored image. The similarity of this quality measure to a measure of

information content is apparent. A reasonable definition of the restored

-17 -
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bandwidth is

(av)? ';JJ |BH|dv,dvy, o 4e)
where

s LUME ) [Blyvy) 0 (v )

N — 2,, . (k7)
1+ NIB(vx,vY)I OO(vx.vY) ‘

-

" As for the parameter S/N , the choice of a definition is less clear
cut. One suitable choice is the mean-square signal-to-noise ratio per

degree of freedom of the restored image,

S N
S N_ (48)
N Ai(Av)2

where Ai represents the area occupied by the restored image. Only the

first of the above quality measures (Q') will be used in section 4.

3.3 THE DEPENOENCE OF THE NORMALIZED SPECTRAL DENSITY

OF THE OBJECT ON OBJECT COMPLEXITY

The results of the previous sections have demonstrated that the
degree to which restoration is possible depends not orily on the total
light flux (N) and the cptical transfer function of the blur (é) , but
also on the normalized spectral density of the object (50). in this
section we explore the dependence of this normalized spectrum on '‘object
complexity". To explore this question in a completely general way is
extremely difficult. Accordingly, we examine two specific models of the
object, neither of which is entirely realistic, but from which we can

deduce trends valid for more general object models.

- 18 -
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.. For comparison purposes we note that the simplest possibie object

is an ideal point source, with brightness distribution

 '“o(x.v)-‘~ ‘Qoé(x-xle'Yl) . o o (“9)' 

. While such an object cannot exist physically, nonetheless it serves as.

-a useful ‘idealized case against which we can compare the results of.

complicated object models.. For the point source described above, . the

normalized spectral density is given by

‘éo(yx.g,) =1 (all vy,vy) T (s0)

-The first model utilized to represent a more complicated object is

a natural generalization of the case of a single point source. We

~ suppose that there exist M equally intense point sources,

M
o(x,y) = ) o 8(x=x ,y=y ) . (51)
m=1
We suppose that the locations (xm.ym) are independent random variables,
uniformly distributed over a square object field of size LxL. Omitting

the calcuiations, which are straightforward, we find the normalized

object spuctral density in this case to be

P (vyevy,) = N (I - l)sinchv sinchv (52)
o' XY M M X \{
which is shown in Fig, Sa. Note that an increase of object zomplexity
has led to a decrease in the level of the normalized spectra! density,
except at extremely low spatial frequencies.
What is the effect of object complexity, represented by M , on the
quality of the restored image? Using the fact that éo - %- over

most spatial frequencies of interest, examination of Eqs. (4k), (45)

- 19 -
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and (48) sﬁous‘that QI .and Q.-2 are primarily functions of the total

" number of photoevents contributed by a single point source,

. : . ‘ (53)

Z!z{

n =

if n is held fixed, Q is essentially independent of how many point

. sources are in the field.

A second and somewhat more ceneral model for the object can be tormu-

lated as follows. Let the object be modeled as a stationary random

- . - . -2 .
process, o(x,y) » 0 , with mean o _ 0 and variance e We further

suppose that this stationary random process is confined to an L-L
square, and is zero outside that Square. This space limitation can be
explicitly introduced by multiplying the stationary olx,y) by a window
function rect(x/L)rect(y/L). We wish to calculate the normalized
spectral density for this object model. The calculation is tedious but
again straightforward. To state the results in succirct form, we define
the following additional symbols:

A = L2 represcnts the area of the object field,

Ac recresents the correlation area of the

random process of(x,y) , and is specifically

defined as

n

g’

where Yo is the autocovariance of o(x,y) ,

normalized to unity at the origin; and

ééo(vx.vv) is the spectral density of the fluctuations
of the object about its mean, normalized to unilty

at the origin.

- 20 -




FONRTC L AMor A IR Yol B DI Do ¢! AN )
= iy it e b

With these definitions, the normalized spectral density can be expressed-

 approximately ‘as

o 2 A
N : 0 el . .2 . 2
@o(“vx.vv), = 1 - (;_-) & [sine va scnc_L\)Y
- % 2 Ac . . . A B

where the chief approximation is that B - IR
0 A ' : :
<:°) et o (s8)
o
Figure 5b shows a typical plot of this normalized spectral density.

0f most importance, we note that, except at the lowest spatial frequencies,

the normalized spectral density has a value less than (no/a)zﬁAc/A).

This parameter plays a role similar to (M)'l in the previous model. In

this case we define the parameter n as the mean number of photoevents

contributed by a single correlation area of the object.

nos A (56)
Again referring to Eqs.(44), (45) and (48), we find that the quality
of the restored image will depend primarily on the parameter 3(00/5)2

for any given blur.

L. APPLICATION TO ATMOSPHERICALLY DEGRADED IMAGES

Qur goal here is to apply the results of section 3 to the specific
case of atmospherically degraded images. All imagery considered here
will be assumed to be recorded with an exposure time that is much longer

than the characteristic fluctuation time of the atmosphere. Thus we are
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fordinary‘long-exposure imagery and ''tilt-removed'' long-exposure imagery.
"In the second case it is assumed that a perfect tilt removal system

'opera;es to ‘keep the image perfectly centered on a fixed point at all

TR

.
.
.
X,
&

Ky

dealing only with long-exposure imagery. 'Howeverg we consider both

‘times.

Using the results of Fried [8], we have that the OTF of atmospherically

induced blur is given by o -

éA(v) = exp{“3.44(:¥£)5/3 1 - a(z%i)l/BV; (57).
. o .

where

>|

is the mean wavelength,

is the focal length of the telescope;

represents the telescope diameter;

2 2
v = /CX + Vy represents radius in the spatial frequency

plane;

o represents the coherence parameter of the atmospheric
wavefront distortions, as defined by Fried [8]; and

a takes on the value zero, one half, or one, according to

whether the image is recorded with no tilt removal
(a=0); with tilt removal and ‘'far field' atmospheric
propagation conditions [8] (a=k); or with tilt removal
and ''near field'" atmospheric propagation conditions
(8] (a=l).
In addition to the atmospherically induced blur, we assume that blur
is introduced due to diffraction by the finite aperture size of the
telescope. For a perfect circular telescope, we have an optical transfer

function



é(v)=;2-[cos~'-\i— -LJI- X 2]
1) = 3o () N (%)
for v < Vo zero otherwise, where Vo T D/(X?) represents the
diffraction limited cutoff frequency. For computational purposes, a
convenient approximation due io Hufnagel [9] can be used,

. . b : '
Bolv) =1 - 1.25(ﬁ—) + 0.25(%—)' . (59)

\"o o

The total OTF of the imaging system is simply the prciuct of Egs.(57) b

and (58) or (59),
B(v) = B(v)B,(v) . | (60)

Incorporating the definition of Vo in Eq.(57), we obtain for the

B(v) = [1 . 1.25(-:——) + o.zs(-\f—)b]
o o .
x exP" 3.44(§-)5/3( - )5/3[1 - a(%* )'/%]; (61) g
o :

o
We have used numerical integration to calculate (Av)2 (Eq. (46)),

total OTF,

‘t{c

for v < v, , zero otherwise.

~

and Q, (Eq.(44)) for the case of a point-source object (¢o = 1) with
blur B of Eq.(61), and an ideal transfer function é of Eq.(35).
In this case,

t
vO

o 2
()% = 2a(ioly [ LBllpdv (62)
o ! *N[BOL

and we can show

i
3
i
3
3
i
K]
¥
1
t
.‘:
4

(58) -
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e IR - (63)
Ll mve - (av) S
. o
in the computations we have assumed the parameter values

o= 10 cm ahd 5 cm

. D= 152.5 cm

A= 5><‘IO-5 cm .

It is not necessary to assume a specific focal length for the telescope

Cif we work with spatial frequencies « = Fv measured in cycles per

radian of arc in the sky. The ratio of v/vo in Eq.(61) is replaced
by a/Q, , where Q= Fv, » and we calculate (AQ)2 = FZ-(A\))2 rather
than (Av)z. Likewise, Ql is re~defined as

2
Q = _..i_.g.’l‘})__z_ , (64)
e, - (aR)

with no change in its numerical values resulting.

In Fig. 6 we show plots of the ''maximum restorable frequency"
AQ/Yn vs. N for the case of a point-source object and the parameter
values specified above. The incident light flux is varied over eight
orders of magnitude. Figure 6a corresponds to the ''no tilt removal'!
case, while 6b and 6c represent the '"tilt removed" cases for far-field

and near-field atmospheric propagation conditions, respectively. Note

that in all cases, the maximum restorable frequency increases very slowly

with N, implying that, for the parameter values specified here, truly
enormous amounts of light flux are necessary to record an image which
can be substantially restcred.

To illustrate this point further, consider the transfer function

BH of the cascade of the blur ~nd the deblur. From Eq.(47) with

- 24 -
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jﬁ‘>>“):_and '50 a‘l » we see that within the diffraction-1imited passband ..

- we have .

'su=._l_1_ N

I+N|B|
If we wish to‘restbre the frequency component at v to % the amplitude
it had before the blur, we require that ﬁ]é!z =1, or ' ‘
- Re s (66)

Assuming that o = 0 (no tilt remuval) and for simplicity neglecting

. the diffraction-limited portion of the OTF, we require from Eq.(61) that

5/3

W = expl6. 88(90) (-'::)5/3: : (67)

With D= 152¢cm, r =10 cm and A= SxIO-S cm, we find

5/3
N = exp;G 88(;09) :

with § expressed in cycles per milliradian. Now for Q= 90/2 = 1520

cycles per milliradian, we find that

W= ex10%7 photoevents .
Thus more than 1087 photoevents are required in the detection process

to achieve this degree of restorationl

In Fig. 7 we have plotted the quality factor Q' for tﬁe same

range of N , again for two values of o Figures 7a, b and ¢

- 25 -
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‘again correspond to no tilt removal, tilt removed with far-field atmos-

',ghgrfc propagation; and tilt removed with near-field atmospheric propa-

gation. Again, for the parameters chosen, there Is only a small change '

. of image quality over this wide range of N.

= These results support the experimentally observed fact that long-

time-average atmospherically degraded images are extfemely difficult to
restore‘in practice. In principie, 1f enough light flux were utilized
in the detection of the image, significant restoration would be possible
However, the theoretical results above imply that, for the condition. .
interest here, the amount of light flux required is prohibitively large.

We note in closing that, although the results above have been
derived for the case of a po “t-source object, they can be shown to be a
ciose approximation for the case of a more complicated object provided
o°/3=l and N is replaced by n , the average number of photoevents
per correlation area of the object. |
5.  FUTURE WORK

The formalism described above is now ready for application to several
problems important for compensated imaging. We are now in the process
of deriving comparable results for the case of a partially compensated
imaging system, modeling the residual wavefront errors as a gaussian
phase screen. In addition, we intend to explore the restorability of

short-exposure images using the mode! developed here.
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APPEND | X

Our goal in this appendix'is to show that the fourth-order
.moment of Eq.(24) i educes to the result indicated in Eq.(25). Thus we
wish to find

A N N N N
E[ID;"] = 310 )Il E[ex-pZ—jzu[vxun-xMx-p-xq)

n=l m=1 pél Q=

+ \)Y(Yn"ym + yp'yq)] ‘] . (A-1)
The Nh terms in this summation can be placed in 15 different classes

as follows:

(1) n=m=p=q N terms

, + (2) n=m, p=q, n#p N(N-1) terms

' (3) n=m, p#q#n N(N=1) (N-2) terms

- (4) n=p, m=q, n#m N(N-1) terms
é ‘ (5) n=p, m#q#n N(N-1) (N-2) terms
: (6) n=q, m=p, n¢m N(N-1) terms
(7) n=q, mép#n N(N-1) (N-2) terms
(8) n=m=p, n#q N(N-1) terms
; (9) n=m=q, n¥ép N(N-1) terms
; é (10) n=p=q, n¥ém N(N=1) terms
| E (11) p=g=m, n¥m N(N=1) terms
3 (12} némbphq N(N-1) (N=2) (N-3) terms
; (13)  p=q, némép N(N-1) (N-2) terms
é (14) m=q, némép N(N=1) (N~2) terms
: (15) m=p, némiq N(N=1) (N=2) terms
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a3 o s

. We regard the rate A (x,y)

of the process as a known, deterministic

function, and average over the 2N+l random variables (x',y‘) ,

N

()
(2)
)
W
(5)
(6)
(7
(8
(9)
(10)
an
(12)
(13)
(14)

(15)

.EN[N(N-i (N-k+l)] - [W(A)]'f

the contributions of the 15 sets of terms are:

ﬁ(A)]B';‘("x"’v”2 |
LRy TN

[}Tm] M(2vy20,) [R*(vx.vy)] 2

[ masnne |
=}
-
o)
A
|
»N
>
-
<
»
-
<
<
~—
~N

*(va.ZvY)[R(vx.vv)]z

)

(R 21 togan 1
)
]

' ‘(xz?yz) , .."(xN,yN) ., N. Noting that, for a Poisson random variable

\(A~ z‘)

e i i = g 1o e i+ e . Lot
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 Here. as before, the definition. .

o

-j21 (v x+v y)
” Axoy) e XY Gy

-00

- -

IJ A(x,Y)dxdy

w

‘is used. Noting further that

.f\(\)x,\)v) = W(A)R(on\’v) ’

and combining all of these results, we obtain Eq. (25),

ot

(A~3)

(A-4)

Wy * 2(T)? + 407 I 12

+ IA(va.ZvY)Iz |
+ A(va,ZvY)[A*(vx,vY)]z + A*(va,ZvY)[A(vx,vY)]z
+ a1 (A-5)
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(a)

d(x,y)

Il

(b)

1. Model of photon-1imited imagery:

on detector; (b) resulting detected image.
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(a)

Vy
(b)

2. Relation between (a) normalized spectral density of the classical

intensity distribution, and (b) spectral density of the detected

image.
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(b)

Single image estimate of spectral density illustrating "half-

trequency' noise.
(b)

distribution.

(a) sinusoidal fringe of classical intensity;

single-image estimate of the spectral density of that intensity
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|

4. 68lock diagram for least-mean-square-error restoration.
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(a)

ao(vx,vY)

(b) VX

Normalized spectral densities for two object models:

(a) M independent point sources, and (b) stationary object over

a finite region.
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3 6. Maximum restorable frequency aQ/vV7 vs. N for ro ™ 5cmand 10 cm,
@’ : D=152cm and A = leo'5 cm; (a) long exposure, no tilt removal, I
1 (b) long exposure, tilt removed, far-field atmospheric propagation, i

(c) long exposure, tilt removed, near-field atmospheric propagation.

The solid horizontal line represents the telescope cutoff frequency

0/x , while the dashed horizontal lines represent rolx for the t.

values of o used here.
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7. Quality parameter Q . for numbers identical with those of Fig. 6,
parts (a),(b) and (c) corres,.nding to the same cases indicated there.
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