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SECTION I

INTRODUCTION
INTERCEPT CONTKOL
Intercept control or guidance is the process of guiding an
interceptor toward a target. This process requires the transmission
of appropriate altitude, speed and heading commands to the interceptor

in proper sequence.

PURPOSE

A procedure for determining‘interceptor commands in computer
controlled systems was developed approximately two decades ago. This
procedure, with minor varjations, is currently being used in several

systems throughout the world.

Specifications for the various operational systems are available,
However, these documents provide neither rationale nor adequate
derivations for the intercept control procedure and are consequently
difficult to comprehend. In spite of the difficulties in understand-
ing the specifications, the salient features in determining inter-
ceptor guidance commands are relatively straightforward and can be
presented in & comprehensible manner., This paper represents such an

attempt.

SCOPE

Section Il presents an operationally oriented description of
an intercept mission. Subsequent sections present procedures for
obtaining and periodically verifying the acceptability of the guidance
solution for several classes of intercept missions.

7
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Sections ILT, IV and V present procedures with accomparying
rationale to obtain the minimum time guidance solution for intercept

missions with differing assumptions and geometries.

Section III considers the constant speed, straight line intercept
mission wherein the interceptor is assumed to be airborne and
capable of performing an instananeous turn from its initial heading
to the desired command heading. A procedure is shown for assecsing
whether interception is possibie and if so, for determining the number

of guidance solutions.

Section IV augments Section III by considering the variable speed,
three dimensional intercept mission wherein the interceptor is required
to approach the target from a particular direction. The interceptor is
assumed to be capable of performing an inctantaneous turn from the
present to the command headirg and from the command to the term’nal

heading.

Section V further augments Sectiors III and IV by modifying the
procedure developed therein to consider the time and uistance in the
initial and final interceptor turns. The various interceptor turn
combinations, the interceptor flight path during turns, and the dis-
placement of the interceptor pesition to account for the motion of

both the interceptor and target during turns are discussed.

Sections III through V present procedures for obtaining guidance
solutions to various classes of intercept missions, Section VI presents
procedures for periodically verifying the acceptability of the current
guidance solution using more recent interceptor and .arget information,

8
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! INTERCEPT MISSION OPERATIONAL DESCRIPTION
l. ‘
lf INTRODUCTIGN
| There are five mission phases associated with an interceptor-
| target pairing., Superimposed upon the mission phases is the geometry
! of the intercept. Intercept profile and tactic are descriptors which
; determine the interceptor speed, altitude, geometry and time in the
i
: combat phase of the mission., The mission phases, intercept geometry,
] intercept profile and tactic are described under their respective
] titles.
L}
| MISSION PHASES
i . An intercept mission may be described in terms of five phases
F namely scramble, climb, cruise, transition, and combat, Figure 1
] .
1 shows the phases of an intercept mission.
' TRANSITION POINT
— OFFSET POINT
\'{‘ INTERCEPT POINT~\
— e

SCRAMBLE CLINB CRUISE TRANSITION COMBAT

VERTICAL PLANE

Figure 1 PHASES OF AN INTERCEPT MISSION
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Scramble Phase

An interceptor enters the Scramble Phase when it is located at
an airbase and is paired with a target by an operatcr. When pairing
occurs, a guidance solution is generated which assumes a nominal time

delay for the interceptor to become airborne.

Climb Phase

An interceptor enters the Climb Phase upor recognition by the
computer program that it is airborne. During this phase, the inter-
ceptor attains and proceeds at tﬁe command heading and climbs to the

ol alld
LR R -1

ice altitude, The acceptability of the current guidance solu*‘on’
is examined periodically both in this and in subsequent mission phases.
If the guidance solution is deemed unacceptable, a new sculution is

generated.

Cruise Phase
An interceptor enters the Ciuise Phase when it reaches cruize
altitude. During the Cruise Phase, the interceptor attains the cruise

speed and flies at its command heading until the transition point,

Transition Phase

An interceptor enters the Transition Phase when the transition
point is attained. The transition point is defined as the position
at which the acceleration or deceleraticn to combat speed and the
climb or descent to combat altitude begin. It is located so that any

transition maneuvers are completed by tiie offset point.

10
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Combat Phase

An interceptor enters the Combat Phase when the offset point is
reached. The offset point has either of two meanings depending upon
the intercept geometry. For single turn intercept geometries, the
offset point is defined as the expected interceptor position a
designated time interval before interception will occur, For double
turn intercept geometries, the interceptor begins the final turn from

the command to the terminal heading at the offset point,

INTERCEPT GEOMETRY

There are three types of geometry used for intercept missions,
These are the single turn, double turn and pursuit geometries,
Pursuit geometry, which will not be addressed further herein, results
in the generation of periodic commands that direct the interceptor
toward the current target position. The interceptor's heading is
the target bearing or the angle from the interceptor's location to
the target's position relative tc true north., The interceptor's
command heading generally changes with each computation due to the

motion of the interceptor and the target,

Single Turn Geometry

Single turn geometry provides for an initial turn from the
interceptor's initial or current heading to the desired command
heading, followed by a straight Tine path to the intercept point,
The interceptor's terminal heading to the intercept point is not

constrained, Figure ¢ shows the single turn intercept geometry,

11
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HEADING

INITIAL TURN

COMMAND HEADING

\

INTERCEPTOR
POSITION

TRANSITION POINT

OFFSET POINT TERMINS L HEADING

s

HORIZONTAL PLANE
INTERCEPT POINT

Figure 2 SINGLE TURN INTERCEPT GEOMETRY

TURRENT
HEADING

INITIAL TURN
/

/

COMMAND HEADING

INTERCEPT POINT

TERMINAL HEADING
™~

TRANSITION POINT

ROLLOUT POINT

OFFSET POINT

FINAL TURN

Figure 3 DOUBLE TURN INTERCEPT GEOMETRY
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Double Turn Geometry

Double turn geometry results in the interceptor approaching the
target frorn a particular direction with respect to the target heading.
This geometry provides for an initial turn from the interceptor's
current heading to the command heading, a straignt Tine path to bring
the intercepter into proximity with the target,and a final turn from
the command heading to the terminal heading, Figure 3 shows the double

turn intercept geometry.

PROFILE AND TACTIC PARAMETERS

lection of an intercept profile and tactic determines the
interceptor climb speed, cruise speed, cruise altitude, combat speed,
combat altitude, duration of the combat phase and the type of
intercept geometyy. Figure 4 shows the phases of a double turn
intercept mission that are -“fected by selection of an intercept

profile and tactic,

Intercept Profile

A profile defines the phases of an intercept mission from take-
off until the transition point. Choice of a profile determines the
interceptor climb speed as well as the cruise speed and altitude that

are used during the cruise phase of the mission,

Profile parameters are selected based upon consideration of
whether fuel conservation or minimization of target penetration is of

primary importance, If minimization of target penetration is the

primary consideration, Profile T parameters, which sacrifice inter-

ceptor range by requiring a shorter tir:-to-interception at increased

13
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fuel consumption, are used. If fuel conservation is significant

and time-to-interception is less critical, Profile III parameters,
which allow the interceptor to achieve maximum range, are used.
Profile Il parameters provide a compromise between the other nrofile
parameters by combining the climb characteristics of Profile III with
a cruise speed approximately that of the Profile I parameters. The
Profile Il parameters provide extended interceptor range with some
sacrifice of time-to-interception and target penetration over the

Profile I parameters,

Intercentor Tactic

A ;actic defines those portions of an intercept mission from
offset point to intercept point. Choice of a tactic determines the
combat spead, combat altitude, duration of the terminal segment or
combat phase and whether single or double turn intercept geometry is
to be used. If double turn geometry is to be used because of the
requirements of the interceptor's armaient and avionics system, the
direction from which the interceptor should approach the target is
determined, The tactic and its associated parameters are obtained

based upon the target altitude, target speed, interceptor type and

armament,
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SECTION 111
CONSTANT SPEED INTERCEPT MISSION

) INTRODUCTION

This section considers the constant speed, straight line intercept
mission. The interceptor is assumed to be co-altitude with the target
and to fly at a constant speed and heading from its initial location
to the iitercept point. The interceptor is also assumed capable of

performing an instantaneous turn from its initial heading to the

COORDINATE SYSTEM

§ desired command heading,

;

5 As a2 prelude to consideration of the constant speed, straight line
g intercept missioﬁ, the coordinate system to be used is presented.

E : Thereafter, a procedure is shown for assessing whether irterception

? is possible and if so for determining the number of guidance solutions,
§ Finally, a procedure to generate the guidance solution that would

i result in a minimum time-to-interception is presented.

:

;

It is assumed that the position and velocity of both the inter-

qo g

ceptor and the target are maintained in a rectangular coordinate

system. In obtaining the guidance sclution, the interceptor position

is expressed in a coordinate system wherein the target is stationary

and located at the origin and the target velocity vector is collinear

with the Y axis.

To obtain the interceptor position in the desired coordinate

system, two transformations are performed, The initial transformation
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expresses the interceptor position in a coordinate system parallel to
the original coordinate system but centered at the target location.

The second transformation rotates the axes of the translated coordinate
system until the Y axis becomes collinear with the target velocity

vector,

To express the interceptor position (X],Y]) in a coordinate
system centered at the target location, the following equations are

used:

(1)

-
-
]
-
1
-
—1

where:
XO,Y0 are the interceptor coordinates
XT,YT are the target coordinates.

The second transformation rotates the axes so that the Y axic is
superimposed upon the target velocity vector. The following equations
express the interceptor position (X2,Y2) in the target coordinate

system that is depicted via dashed lines in Figure 5.
Cos 2t Sin 2

[XIsYI] = [-inYz] = [Xl-Yl] -Sin v Cos vy (2)

X
where: vp = Tan_l [?I]
T

xT’?T' are the target velocity components

The angle wT 1s measured in a clockwise direction from the positive Y]

axis as shown in Figure 5, i
8
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T 1Y2 (ROTATED)
Y/ /
T (X5 .Y5)
™~ / INTERCEPTOR” ;e
~ /\’; POSITION /
\\ / T
~ - X
< v4 X
//’///;7 ™~ Yz
TARGET POSITION 7 ~ /
/ \\ /
/ ™~
/ \x2 (ROTATED)

Figure 5 TARGET COORDINATE SYST
The coordinates (XZ’YZ) represent the instantaneous position of
the interceptor in the target coordinate system that is centered at
the target position with the positive Y2 axis superimposed on the target
velocity vector. In the target coordinate system, positive heading

angles are measured in a clockwise dircction from the Y2 axis.

As previously indicated, the interceptor position will be expressed
in the target coc-dinate system with the stipulation that the target
remain stationary at the origin, The target is constrained to the

origin by attributing the target motion to the interceptor,
19
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The interceptor extrapolated position (XI ’YI ) is expressed in

the target coordinate system wherein the target remains stationary at

the origin as follows:

><
n

X+ (I Isin o)t
(3)

<
|

= Yp + ([V{|Cos &)t - V]t

where:

X1»Y¥1 s the interceptor position namely (X2,Y2)

IVII is the interceptor speed

IVTI is the target speed

8  is the interceptor heading in the target coordinate system

t is the extrapolation interval.
The concept of attributing target motion to the interceptor will be

discussed further in the following paragraph.
NUMBER OF GUIDANCE SOLUTIONS

The number of guidance solutions for the constant speed, straight
line intercept mission depends upon the initial geometry as well as
the target and interceptor speeds. If the interceptor is flying
faster than the target, a single gquidance solution exists, If the
interceptor is flying slower than the target, two, one or no guidance

solutions exist, depending upon the initial geometry,

To verify these assertions, we note that a constant speed, straight
line interception will occur in time t if:

Io + Vit - (4)

o -

T0 + VTFwi

O
wo*

R P P——— e e -
> R :
N .
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P

where:

T0 and I0 are the initial positions of the target and interceptor

VT and VI are the velocity vectors of the target and interceptor

t is the time until interception.

Equation (4) may alternately be expressed as:

T =

0= ot (VI-VT)t (5)

Equation (5) is the vector equivalent of equations (3) assuming
interception will occur. Equation (5) expresses the intercept problem

in a coordinate system wherein the virtual target remains stationary

at the origin and its motion is attributed to the interceptor. In this

P | 2 aa

coordinate system, the virtual intercepior traverses ihe relativ

velocity (VI-VT) as shown in Figure 6.
INTERCEPTOR VELOCITY VI

1
INTERCEPTOR FLIGHT PATH /\ °\
INTERCEPTOR INITIAL
-y,  POSITION

~ RELATIVE VELOCITY

Ia
INTERCEPT POINT / (vi-vy)
I -
:>,///
T~ VIRTUAL INTERCEPTOR FLIGHT PATH
Ts

TARGET
FLIGHT PATH -

T

n
TARGET  __ -
vELOCITY Vi o

To
TS~ NITIAL AND VIRTUAL TARGET POSITION

Figure 6 RELATIVE VELOCITY VECTOR
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In Figure 6, the interceptor initially located at Io proceeds
toward the intercept point along the dashed line corresponding to the
interceptor velocity vector U Tne target iniitiaiiy iocated at T0
proceeds toward the intercept point aiong the velocity vector VT'
Successive interceptor and target positions are designated by subscripts.
In the coordinate system wherein the target remains static and its
motion is attributed to the interceptor, the virtual interceptor
proceeds toward the static virtual target located at T0 along the
relative velocity (VI'VT)' For interception to occur, the resultant
velocity (VI—VT) must 1ie along the line of sight between T0 and Io'
If the velocity vector VI is chosen so that (VI—VT) lies along the

Tine of sight and is oriented toward To’ interception will occur,

From Figure 6, we note that varying the velocity vector VI to
cause (VI-VT) to 1ie along the Tine of sight is analogous to varying
both the interceptor speed and heading. The minimum interceptor speed
reguired tion is dependent upon the target speed |V;| and
the anglie a.

To verify the assertion regarding the number of gquidance solutions,
we will consider the three distinct geometries shown in Figures 7, 8,
and 9. In the initial geometry, the absolute value of the angie between

the target heading and the line of sight designated |a| is 90°. The

other geometries considered are |a| greater than 90° and |a] less than

90°,

23
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From Figure 7, IVII must exceed |VT| in order for the relative
velocity vector (VI—VT) to 1ie along the line of sight between PT and PI'
Otherwise, no guidance solution is pcssible. For lVIlchosen such that
|VI| > |V7l and so that (V;~Vy) Ties along the lina of sight between

PI and PT a single guidance solution exists,

r
LINE OF SIGHT,
N \ o VI-VT —

Figure 7  INTERSECTION ANGLE |a]=90°

[a| Greater than 90 Degrees
From Figure 8, |V | must exceed IVTI in order for (V;-V;) to lie

alonc the Tine of sight between PT and PI' Otherwise, no guidance
solution is possible. For [V;| chosen so that IVII >1Vyl anc so that

(VI—VT) Ties along the Tine of sight between PI and PT’ a single guidance

solution exists.
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LINE OF SIGHT
rd

Figure 8  INTERSECTION ANGLE |a|> 90°

la| Less Than 90 Degrees

Figure 9 shows, via a dashed Tine, the minimum interceptor speed
that will result in a straight line intercept. This corresponds o
the interceptor speed being chosen as |VT| Sin|ajand the interceptor
heading being chesen perpendicular to the line of sight., With the

interceptor velocity so chosen, a single guidance solution exists.

If [V;] is chosen smaller than IVTI Sin ki, the relative velocity
vector (VI'VT) will not 1ie along the line of sight. Therefore, when

[Vyl is smaller than [V| Sinjals theregare no guidance solutions,

For an interceptor speed larger than Q”TI Sin |a|but smaller
than }VTI, two interceptor headings could result in interception,

These headings, designated as H1 and H2 in Figure 9, would both
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: Figure 9 INTERSECTION ANGLE |«|< 90°

result in a constant speed, straiaght Tine intercept, However, if the
= interceptor traversed the path designated H], interception would be

accomplished more rapidly than if the interceptor traversed the path
] _ designated by H2‘ Thus, in the target coordinate system wherein the
target velocity vector is collinear with the Y axis, the interceptor
heading closer to 180 degrees always results in an earlier intercept

assuming two different headings will effect interception.

Finally, for an interceptor speed which equals or exceeds the

target speed chosen so that (VI"VT) lies along the line of sight and

is oriented towaid PT’ one guidance solution exists.
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Solution Versus Intersection Angie

Table I shows the number of guidance solutions depending upon
the intersection angle and the relationship of interceptor to target
speed.

Table 1
Number of Solutfons Versus Intersection Angle
Intersection ) Number of
Angle Speed Relationship Solutions
Nl < Vgl 0
a2 90°
Vel > Nyl 1
!VI! < !Vﬂ Sin |d ]
|VI| = |VT| Sin | al 1
la| < 90°
|VT| Sin o} ¢ |VI| < |VT| 2
; Mol 2 vyl 1
27
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Solutions Versus Speed Relationship
Table Il shows the number of guidance solutions with the
interceptor to target speed relationship as the primary variable,
Table 11
Number of Guidance Solutions Versus Speed Relationship
Speed Number of
Relationship Intersection Angle Solutions
|VI| > |VT‘ AN 1
lo] > 90° 0
ol = 1yl i
la} <90 1
5’ (lv.] < 1Vy | sin |af 0
{ 0 .
} lof <90% and{|V;| = |V;| Sin [o] 1
: V)< gl
]Vll > IVTl Sin | df 2
fa]> 90° 0
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DETERMINATION OF GUIDANCE SOLUTION

Having determined the number of guidance solutions for the constant
speed, straight line intercept mission, the solution that will result
in a minimum time-to-interception will be determined. The elements
of the guidance solution are the interceptor command heading as well
as the time and path length for the interceptor to reach the inter-

cept point,

Figure 10 shows the geometry for the straight line intercept
mission. In determining the guidance solution, tne interceptor is
assumed to be co-aititude with the target and capable of executing
an instantaneous turn to the command heading. Interceptor speed is

assumed to be constant and that associated with the selected profile.

~— INTERCEPT POINT

s INTERCEPTOR FLIGHT PATH

TARGET FLIGHT
PATH ~—~—=

COMMAND HEADING

(Xp.Yy)
INITIAL INTERCEPTOR POSITION

INITIAL TARGET POSITION

Figure 10 STRAIGHT LINE INTERCEPT GEOMETRY
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In obtaining the guidance solution, some preliminary computations
are required. These calculations are measures of separation between
the target and interceptor as well as measures of the time and path
length for the interceptor to reach the point of closest approach to
the target., Upon obtaining these measures, the guidance solution
command heading, time and path length to point of closest approach
will be obtained for a stationary target and thereafter for a moving

target.,

Interceptor and Target Separation

R R R | A As
ST1LIoN in a courdinate

Equation (3) expressed the interceptor p
system wherein the target remains stationary at the origin, Solving

equation (3) for the time t, at which the interceptor crosses the Y

y
]
axis, which is equivalent to setting XI to zerc and solving for ty,
we obtain:
-X; ’
t = [~
ty NI|§1n ) Al

The distance Dy, which the interceptor travels from its initial

position until it crosses the Y axis, is:

Dy = lvllty “3no (7)

Substituting ty from equation (6) in the Y component

equation from (3}, we obtain the Y separation, designated AY, between
the interceptor and the target at the time the interceptor crosses
the Y axis., This separation is:
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X; Cos 0 pX
0 + 1 (8)
1 51n 6 Sin €

where:
p= IVT|/|VII
Figure 11 shows the interceptor position (XI,XI), the path
length D, from the interceptor position until it crosses the Y axis

Y
and the Y separation between the target and the interceptor at

the instant the interceptor crusses the Y axis.

~

AN

\TARGET POSITION WHEN
INTERCEPTOR CROSSES Y AXIS

INTERCEPTOR'S INITIAL POSITION

Figure 1l PATH LENGTH AND Y SEPARATION

In addition to showing the path length D'y and the separation AY,
Figure 11 also shows the miss distance dm. The miss distance is

defined as the perpendicular distance from the target position to the

31
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interceptor flight path measured at the instant the interceptor
crosses the Y axis or target flight path. From Figure 11, the miss

distance dm is expressed by:
d, =AY Sind =Y Sin6 - X; Cos 8 + pX (9)

Examination of Figure 11 shows that either AY or dm provides an
excellent measure of the suitability of a particular heading to effect
an intercept. A command heacing ©, which results in both AY and d.
equaling zero, will result in a successful intercept. Furthermore,

when AY is zero, so also is dm and vice versa.

Point of Closest Approach

Figure 12 shows the path length Lm from the ynitial interceptor
position to the interceptor's point of closest approach to the target for a
geomatry where the target is heading northward and the interceptor
is headed toward the east, Successive taiget positions are designated
by TO, T], T2 and T3 wherea; corresponding interceptor positions are
denoted by IO’ I], 12 and 13. The miss distance dm. the AY separation

and the separation at the point of closest approach dmin are also shown.

From equation (A-2) of Appendix A, the time t, at which the

separation between the interceptor and the target is a minimum is:

i =X; Sin @ - Y Cos & + p Y,
t = 5 (10)
|VI|(1 - 2pC0o50 +p°)
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INTERCEPTOR FLIGHT PATH A POINT OF CLOSEST APPROACH

Io I \ I I

Lm

INITIAL. INVERCEPTOR POSITION

Ay & dp

TARGET FLIGHT PATH ~—

7,

INITIAL TARGET posmo~/

Figure 12 MISS DISTANCE AND PATH LENGTH TO POINT
OF CLOSEST APPROACH
The 1interceptor path length Lm to the point of c¢losest approach to

the target is obtained from the expression

- _ 1 .
Ly -|v1[tm-;7~x1 Sin 0 - ¥y Cos 6 +p Y, (11)

where:

ve =1 -20Cos 0+p° (12)
Equations (8) and (9) express the separation between the inter-
ceptor and the target in terms of the command heading 0. Similarly,

equations (10) and (11) represent the time and distance respectively
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for the interceptor to proceed from its initial position to the
point of closest approach to the target in terms of the command

heading 6.

It remains to determine the heading ® that would result in a
satisfactory interception., Upon determining the command heading, the
time and distance to the point of closest approach can be determined

from equations (10) and (11).

Guidance Solution for a Stationary Target

To delineate the fundamentals involved, the guidance solution
will initially be obtained for a stationary target. For this situation,
the ratio of target to interceptor speed pis zero, resulting in

equations (8) and (9) being rewritten as:

XI Cos ©
A=Yy - <me (13)
d = Yy Sin® - X; Cos © (14)

Since XI and YI are the known coordinates of the interceptor, the
separations AY and dm that result for any choice of 8 may trivially be
calculated. A heading 6, which results in a separation of zero, is a

guidance solution,

Setting either AY in equation (13) or dry in equation (14) to

zero and solving for the interception heading 6, we obtain:

6= Tan-1 -XI =T -1 zl- + 180 Mod 360
-_-VY an Y]_’ 0

P
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Figure 13 shows the separations AY and dm versus the heading 8 for
a stationary target when the interceptor coordinates are XI = 100 and

Y, = 200.

Examination of Figure 13 in conjunction with equations (13) and
(18} reveals that:

(a) The curves for both d, and AY pass through the line Y =0
at the same heading 6.

(b) The miss distance curve d  has a smaller range of values
than the AY curve.

(c) The value of d_ for a particular value of 6 is the negative
of dm for (0 + 180) degrees; therefore, redundant inforimation
is provided.

(d) The AY curve repeats identically from 180 to 360 degrees
what was shown from 0 to 180 degrees; therefore, redundant
information is provided.

(e) Both the d_ and the AY curves pass through the line Y = 0
at two headings, which are separated from each other

by 180 degrees.

Figure 13 appears to indicate that an interceptor located at
coordinates X] = 100, YI = 200 will intercept a stationary target by
assuming a heading of either 26.6 or 206.6 degrees, Since the
interceptor is initially located northeast of the target, assuming
a heading of 26.6 degrees would cause the interceptor to be going

avay from the target. To explain this apparent anomaly, it is

necessary to briefly examine equation (10), which is restated below
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for the case when the target is stationary. In this case, the time

to the point of closest approach is:

-(XI Sin @ + Y, Cos @)
m- v T (16)
Xp Sin (180 + o) + Y; Cos (180 + @)
V1

-+
i

]

The time t until the point of closest approach is positive for a
heading of 206.6 degrees and negative for a heading of 2€.6 degrees.
What Figure 13 in conjunction wifh equation (16) implies, is that
interception can be accomplished either by proceeding along a heading
of 206.6 degrees for a positive time tm or by flying a heading of 26.6
for a neyative time t_ . The negative time solution, which corresponds
physically to the interceptor flying backwards, must be eliminated

from consideration.

Eiiminating the negative time solution, the interceptor heading
that would result in a minimum time guidance solution is 206.6 degrees,
The associated time to the point of closest approach is obtained from
equation (16) when 6 = 206.6. The path length Lm to the point of
closest approach is obtained from equation (11) when p is zero and

when 6 = 206.6 degrees,

From the previous discussion, the command heading which results
in a minimum time-to-interception is obtained by solving the miss
distance equation (9) for 6 when dm is zero. The geometry of the
problem constrains the heading © to the appropriate half of the 360

degree interval. Therefore, if the interceptor is located in the
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. first or second quadrants of the target coordinate system as shown
in Figure 14, the only acceptable choices of hLeading are values of
O between 180 and 360 degrees. If the interceptor is located in the
third or fourth quadrants, the heading 6 is chosen from the interval
between 0 and 180 degrees. Upon solving equation (9) for the command
heading, the time and distance to the point of closest apprcach are

obtained from equations (10) and (11), respectively.

‘—

T/ARGET VELOCITY VECTOR

QUADRANT x / QUADRANT
4 {

4
270° 909

/

QUADRANT / QUADRANT
3 2

TARGET POSITION

180°

Figure 14 RANGE OF POSSIBLE HEADINGS

Guidance Solution for a Moving Target

. The procedure for obtaining the minimum time guidance solution
for a moving target is similar to that for the stationary target.

The miss distance equation is solved for the command heading which

39
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yields an acceptable separation. Then, the time and distance to

the point of closest approach are obtained.

In determining the command heading, several situations that
result in differing numbers of guidance solutions will be considered.
Table I has shown that the aumber of guidance solutions depends upon
the interéeptor/target geometry and speeds. In an effort to inde-
pendently verify the results of Table I, we will choose interceptor/
target positions and speeds which correspond to the last four conditions

of Tahle I.

Tatle III presents four sets of interceptor positions (XI,YI),
interceptor speeds IVII and target speeds |VT| that will be considered.
For each of the four sets of parameters, the appropriate command
heading will be determined. Thereafter, the time and path length to

the point of closest approach will be obtained.

Table III

Interceptor/Target Parameters

oo vl vyl Condi tion

100 160 200.0 400 [V;| < [V7| Sin @
100 100 282.8 400 V(] = [Vg] Sin o
100 100 340.0 400 Vgl Sin @< vy <]V |
100 100 600.0 400 AR

Figure- 15 shows a graphical presentation of the miss distance dm

versus the interceptor heading for values of 6 that result in positive
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time solutions for each of the four sets of parameters. Examiration
of the figure shows that the number of guidance solutions is in
agreement with the data presented in Tables I and II. For the interceptor

and target parameters shown in Table III, when |V{| < |V{| Sina there

is no solution, When |VI| = IVTI Sin a, only the heading of 315.0
degrees which is perpendicular to the line of sight would result in

interception, When |VT| Sin o < IV[| < |VT|’ an interceptor heading of

either 281.3 or 349.0 degrees would result in interception, Finally,

when [V{] > iVT}, only a heading of 252 degrees would result in

o ML

interception, !

Figure 15 also shows the time to the point of closest approach
as obtained from equation (10) for the value of 6 at which d, is
zero. For the interceptor and target parameters shown in Table III,

when |V:| > [V;|, the time-to-interception is 10.4 minutes. When

V.| Sina < |V;] < |V¢], two headings would result in interception.
T T

revigusly been stated, selecting the value of 8 closer to
180 degrees in the target coordinate system minimizes the time to
interception. For the situation shown in Figure 15, the heading

closer to 180 degrees yields a time-to-interception of 18.0 minutes |

whereas the heading farther from 180 degrees but at the same inter- !

cepvor speed requires 91.7 minutes of flight time.

- With knowledge of both the interceptor position (XI’YI) ard the

ratio of target to interceptor speed p, equation (9) determines L

dm for any value of 8, This technique was used to obtain the Eﬁ

data presented in Figure 15. What is desired however is a rapid :
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approach for determining the roots of equation (9); i.e., for dp

approximately zero, what values of @ satisfy the equation? Unfortunately,

values of 0 that satisfy the equation cannot be obtained directly. The
iterative procedure described hereafter yields the command heading to

the desired degree of accuracy.

General Approach

To determine the interceptor command heading using equation (9),
the range of headings is initially constrained to the
appropriate half of the 360 degree interval, thereby eliminating
negative time sojutions. Thercafter, the remaining heading interval
is split in such a way that each sub-interval contains no more than
onc root, This may be accomplished by splitting the interval at the
extremes of the miss distance eyuation. However, since the extremes
of d, are difficult to locate, those of (dn/Sin 0) are used instead.
This is acceptable because the roots of both d and (dm/Sin 0) are
identical except when € is either 0 or 180 degrees. Because 0 and
180 degrees will be defined as boundaries of the interval to be
examined, splitting the interval! at the extremes of (dm/Sin 0) is
sufficient to ensure that each sub-interval contains at most one

interceptor heading.

Returning to Figure 15, we note that the initial range of
interceptor headings is constrained between 180 . nd 360 degrces. The
next step in determining the command heading is to split the interval
from 180 to 360 degrees at the extremes of (d./Sin 0). Having divided

the interval from 180 to 360 degrees into sub-intervals, the existence
44
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of a solution within a sub-interval is detected by examining the
sign of d at the two endpoints of the sub-interval. If the two
signs of dm are identicul, no root exists within the suh-interval.
If the two signs of dm differ, further examination is required to
determine the root within the sub-interval. When tha two signs of
d differ, the sub-interval is divided in half and d, s evaluated
at the midpoint. A comparison of the sign of dm at the midpoint
with the sign of d, at the two ends of the sub-interval indicates
which sub-interval contains the root. This technique of interval

litting is repeated until the desired degree of heading accuracy

is obtained.

Derivative of the Miss Distance Function

To determine the value of 8 at which the heading interval
should be subdivided in order to ensure that each interval contains
at most one root, the derivative of (dm/Sin 8) with respect to @

will be obtained. From equation (9), (dm/Sin @) is defined by:

(d,/Sin 0) = ¥, ~ X, Cot 8 + p X{/Sin 0

The derivative of (dm/Sin 8) with respect to 0 is:

p < dm>= X _pXIC% 8
¥}

@ \STn B/ 120" "5in? o

Multiplying by Sin2 6 and setting the result to zero:
p X Cos 6 = X;

8 = Cos-](llp)
45
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Equation (18) indicates that extremes of the function (dm/51n e)
exist only if the interceptor is at a speed disadvantage (e > 1). When
the interceptor is at a speed disadvantage, the two extremes of

(dm/Sin 8) occur at:

8, = Cos ~1 (1/0) = Cos™ (Jv (/D)
(19)
and @ = 360° - 8_
Equations (19) represent the values of @ at which the range of inter-
ceptor headings should be subdivided. The equations are consistent
with the data in Table II, which indicates that two guidance solutions

are possible only when the interceptor has a speed disadvantage.

Guidance Solution

Figure 16 illustrates a procedure for obtaining the minimum
time guidance solution, The solution includes the command heading,
the path length and time-to-interception. Inputs to the procedurc

are the interceptor speed IVIIand the target speed |VT|.

To obtain the intercept solution which yields the minimum time-
to-interception, 8 and 8 are calculated via equation (19) if |VI|
is less than |V;|. The interceptor coordinates (XI’YI) are calculated
from equation (2). If XI is in the first or second quadrant, the
heading interval is constrained between 180 and 360 degrees, If XI
is in the third or fourth quadrant, the heading interval is constrained
from 0 to 180 degrees. ‘If the interceptor is at a speed disadvantage,

the heading interval is split at either 8 or Gn.
46
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Figure 16

EXIT

INTERCEPT SOLUTION FOR STRAIGHT LINE GEOMETRY
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Basic to the procedure of Figure 16 is an ordering of the sub~

intervals so that a sub-interval with a range of headings closer to
180 degrees is examined first. For example, if the sub-intervals are

|
i
180 to 315 degrees and 315 to 360 degrees and if a root is found within N

the interval 180 to 315 degrees, the other interval is not examined. ‘
Clearly, in the target coordinate system, a command heading within the '?
interval 315 to 360 degrees would require a longer path length and

time-to-interception than a heading within the other interval. !

The values of the miss distance corresponding to headings of 9,

TR TR TG T T .y

and 62 at the endpoints of a sub-interval are evaluated from equation

(9). There is a solution between 8; and 9, only if:

d , <0 (20)

ml dm

Here and in Figure 16, the second subscript indicates to which value

of 6 the quantity d_ corresponds. If condition (20) does not hold

© SRR

and neither Idmll nor Idmzl is approximately zero, the next sub-

interval is examined. |

If condition (20) is satisfied, the value of the angle midway

between the bounds is found,

)

. 3 = .5 (9] + 02) (2]) l

If the interval is sufficiently small, the appropriate command heading
has been determined, With the value specified in Figure 16, 63 is -
the correct solution to within 1 degree, If the interval {is not

sufficiently small, dm3 is calculated, the interval is split in half <
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again and the process is repeated., When the appropriate command
heading is finally ascertained, the path length and time to the point

of closest approach are obtained from equations (10) and (1)

respectively.

ey
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SECTION IV
VARIARLE SPEED INTERCEPT MISSION

INTRODUCTION

Section ITI considered the courstant specd, two dimensional,
straight line intercept missicn. Howewer, the maierial presented
therein provides insight as well as the framework for the solution to
the more general ciass of intercept problem. This section augments
Section III by corsidering the variable speed, thmez dinensional
intercept mission that may require the interceptor to approach the

target from a particular di

VARIABLE SPEED THREE DIMENSIONAL FLIGHT PATH

Figure 17 illustrates the interceplor flight path for the
variable speed, three dimensicnial intercept mission, The intercepior
climbs to cruise altitude, Upon attaining cruise altitude, the
intercentor accelerates to cruise Speed and procesds ab the cruise
speed and command heading tu the transition pecint. At the transitiun
point, the acceleration or deceleration to combat speed and the climb
or descent to combat altitude begin., The transition puint is located
s0 that the transiticn maneuvers are completed before the interceptor
reaches the offset puoint. The combat phase commences wher the offset
‘point is attained. At the offset point the final *urn, if required,
from the command heading to the terminal heading is begun., Upon

attaining the terminal heading, the interceptor proceeds at combat

speed and altitude to the intercept point.
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—

COMBAT ALTITULE
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CRUISE ———————|TRANSITION COMBAT

TACTIC PARAMETERS

Figure I7  INTERCEPTOR FLIGHT PATH

The

variable speed, three dimensional interceptor flight path

may be synopsized as follows:

(a)
(b)
(c)
(d)
(e)
(f)
(9)

Climb to cruise altitude,

Accelerate to cruise speed,

Proceed at cruise speed to the transition point,
Accelerate or decelerate to combat speed,

Climb or descend to combat altitude,

Perform turn, if required, to terminal heading, and

Proceed at comhat speed and altitude to the intercept point.
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VARIABLE SPEED THREE DIMENSIONAL INTERCEPT MISSION

Having described the variable speed, three dimensional intercept
flight path, a procedure for determining the guidance solution resulting
in a minimum time-to-interception will be presented, The elements of
the guidance solution are the climb speed, cruise speed, cruise
altitude, command heading,time and path length to intercept point or
offset point, combat speed, combat altitude, duration of the combat

phase and the terminal heading.

The procedure for obtaining a guidance solution is analogous to
that of Section III wherein the interceptor was assumed to be
co-altitude with the target and to complete the entire missicn at a
constant speed and altitude. The objective herein will be to modify
the guidance equations from Section III to account for a variable
speed, three dimensional ‘1ight path that may require the interceptor

to approach the target from a particular direction.

The guidance sclution will initially be obtained for an interceptor
flight path that does not require a particular approach heading with
respect to the target. Thereafter, the guidance solution will be
developed for an intercept that requires a particular approach heading.
In obtaining the guidance solution, the interceptor is assumed to be
capable of performing an instantaneous turn from its present heading
to the command heading and from the command heading to the terminal

heading.
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Guidance Sclution for Mission With No Terminal Segment

. maneuvars.

Profile selection results in the determination of the interceptor
climb speed, cruise speed and cruise altitude, Tactic selection
determines conbat speed, combat altitude and duration of the combat
phase. Thus, the remaining elements of the guidance solution to be

obtained are the command heading and the time and path length to

intercept point,

The fundamental distinction between the variable speed, three 4
dimensional intercept mission and the constant speed, straight line
mission described in Section IlI is that the intercepivr performs
accelerations, deceleratijons, ciimbs and descents, Thus, the guidance

equations from Section III must be modified to compensate for these 4

Interceptor performance data are used to estimate the duration

of the climb and transition phases. Tactic selection determines the

duration of the combat phase. Thus, the cruise phase of a mission is
unique because its duration is unknown until the command heading is

determined.

Figure 18 shows the ground distance an interceptor travels

versus time for an interception micsion. The slope of the curve at
any point is the interceptor speed at that time. The solid curve
depicts an initial climb corresponding to OA, an instantaneous ﬁ

acceleration to the cruise speed AB and an instantaneous acceleration

to the combat speed BC. The dashed curve shows the same distance

being traversed in less time at a constant cruise speed.
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Examination of Figure 18 shows that,independent of the duration
of the cruise phase AB, the same intercept point C may be reaiized

from either the complex solid schedule QABC or via the simpler dashed

i S e

schedule. Therefore, if the interceptor is assumed to remain

stationary for a time AT and then to fly the entire mission at the

cruise speed, as shown in Figure 18, the same intercept point is
realized,

The time interval ATi is the difference between the actual time

for a particular phase of the mission and the time to traverse the

LS B P2y A N A

same distance assuming it was flown at the cruise speed. The time -
; interval AT as shown in Figure 18 is the sum of the AT.i for all

phases of the mission. The interval AT is used to displace the
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interceptor position to account for interceptor climbs, descents,
accelerations and decelerations. This displacement is required
because the guidance equations from Section III implicitly assume
that the interceptor flies the entire mission at a constant speed and

altitude. 4

To calculate AT and in turn compensate for the variable speed,
three dimensional flight path, knowledge of the actual interceptor
speed for each phase of the mission is required. Likewise, the
duration of each phase of the infercept mission other than the cruise
phase must be known. The interceptor speed during each phase of
the mission is obtained from the profile and tactic selection
processeﬁ. The duration of climbs, descents, accelerations, and
1ecelerations is obtained from interceptor performance data., Witch
knowledge of these parameters, the time displacement AT may be

calculated,

The ground distance GD traversed by an interceptor for a

particular phase of a mission is:
GD = ty|V,] (22)

where t, and |VA! are the actual time duration and the actual inter-
ceptor speed for that phase cf the mission, The ground distance
covered by an interceptc ‘or a particular phase of the mission may
also e expressed in terms of the cruise speed |V1| and an unknown

time T required to traverse the same distance at the cruise speed by:
GD = TlV1| (23)
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Since AT, is the difference between the actual time spent in a

particular phase of the mission and the time it would take to cover

the same distance at the cruise speed, AT, is defined by: .
v |
ATy =ty -T=t | 1- %V?% (24) |
The time displacement ATi due to an interceptor acceleration or
deceleration is obtained from:
AT, =ty |1 - LVI—N;,V—\IIO[U—U (25)

where VIN and VOUT are the interceptor speed at the start and

completion of the acceleration or deceleration,

The time displacement ATi due to an interceptor climb or dive is

obtained from:

AT, = t, - Dp/ ]Vl (26)

where ty and D, are the time spent and the distance traversed during

+ . bt i R i sl

the climb or dive, respectively. The parameters tA and DA are obtained

— e T

from interceptor performance data.

For example, Figure 19 shows the ground distance an interceptor

travels versus time for a mission with three phases, The interceptor

Tro
Lt A e AR VS S D 1

is assumed to perform an initial climb corresponding to OA. During

this phase, the interceptor travels at 5 miles a minute for two [

o} e o e v g0 © o
PR LN

minutes. During the cruise phase which extends from A to B, the .
interceptor is assumed to travel at 10 miles a minute for three minutes, ,

Finally, during the combat phase which extend: from B to C, the

RR i.
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interceptor travels at 20 miles a minute for one half of a minute,

This information is presented in Table IV,

Table IV

Speed and Duration Per Phase

Phase Speed Duration
Climb (OA) 5 mi/min 2 min's
Cruise (AB) 10 mi/min 3 min's
Combat (BC) 20 mi/min 5 min's
50
40+
30-
204
10+ ’//
0 — AT~ H 2 3 4 5 rz

TIME (MINUTES)

Figure 19 DISTANCE VERSUS TIME DIAGRAM
Assumina a capability to perform an instantaneous change of speed, the

time displacement AT is obtained from:

_ Wall |
AT -ZtA 1- w7l 2 (1- 5/10) + 3 (1- 10/10) + ,5(1- 20/10) (27)

or AT = 5
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Thus, holding the interceptor stationary for 0.5 minutes and then
assuming the interceptor travels at the cruise speed of 10 miles per
minute as shown by the dashed curve in Figure 19 results in the same
intercept point that would occur from using the more complicated

geometry OABC with its three different speeds.

To modify the quidance equations from Section III in accordance
with this concept, the target is extrapolated along its velocity
vectorr for a time AT during which time the interceptc remains motion-
]ess. In the coordinate system Wherein the target remains static at
th

n
n

e origin with itc velocity vector collinear with the Y axis, the
forward motion of the target is attributed to the interceptor in a
negative'direction. Thus, o account for the target motion during the
time interval AT, the interceptor position (X2,Y2) in the target

coordinate system is displaced to the location (XI’YI) as follows:

X; = X2

{28)
Yp = Y, - AT |VT|
To obtain the command heading which results in a minimum time-to-
interception, the procedure shown in Figure 16 is employed where
(XI’YI) are defined by equations (28). Then, having obtained the
command heading via the procedure indicated in Figure 16, the time
and path length to the point of closest approach are obtained from

equations (10) and (11) respectively.
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Terminal Segment Geometry

For interceptors with certain armaments and avionics systems,
the tactic selection process prescribes a particular heading crossing
angle (HCA) which determines the interceptor's terminal heading. The
HCA is formed by the interceptor and target flights paths with a HCA
of 180 degrees corresponding to a head-on approach., Examination of
Figure 20 reveals it is identical to Figure 10 except thit a terminal
segment of length D with a HCA of @ has been appended to the interceptor
flight path, As indicated in the assumptions, the transition from the

to the terminal heading 8. is performed instantaneously.

...... A ;
command heading

INITIAL INTERCEPTOR POSITION

I \

(%p.Y)

QOFFSET POINT '

)
“~ /
INTERCEPT QT /D TERMINAL HEADING

6
™ COMMAND HEADING

¢

™ HEADING CROSSING ANGLE

TARGET FLIGHT PATH

<— INITIAL TARGET POSITION

Figure 20 STRAIGHT LINE GEOMETRY WITH TERMINAL SEGMENT
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Given the prescribed HCA, the terminal heading 0n is calculated. ;
Thereafter, using D and eA, the position of the interceptor is dis-

placed to account for the motion of both the interceptor and the target

e

from the offset to the intercept point. The result is a displaced
interceptor position which essentially reduces the intercept mission

with a terminal segment to that which was discussed in Section III.

The terminal heading 8a in the target coordinate system is obtained

A SR N e e T

from the HCA @ and the side of attack parameter o according to:
0, = [- g w] Mod 360 (29)

where gis +] if X2 is positive and -1 if X2 is negative. Equation (29)
implies that the interceptor should not cross in front of the target

flight path.

The interceptor position (X2,Y2) is displaced to account for the
motion of both the interceptor and the target from the offset point to

the intercept point as follows:

XI = XZ + D Sin GA
(30)

Equations (30) implicitly assume a constant speed, two dimensional
interceptor flight path wherein the interceptor has traversed the
segment of length D at a terminal heading OA. The equations further

assume that while the interceptor has been traversing the segment of

= s e R T

length D for a time (D/|V;]), that the target will have flown a

distance IVTI (D/IVII) or Dp. Since the target will have progressed a

T S b WS
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distance Dp, this motion is attributed to the interceptor position
in a negative direction as indicated in equaticn (30). Figure 21
depicts the situation. Equations (30) will be modified in the follow-
ing paragraph so that they are appropriate to a variable speed, three

dimensional interceptor flight path with a prescribed approach heading

relative to the target.

INITIAL INTERCEPTOR PQOSITION
—

—— 4

L]
tngyip/

OFFSET POINT

DISPLACED INTERCEPTOR POSITION
D
p

\4

(xpv)

-
v

\

| |

/ NTERCEPT POINT /@
///—

Dp — "

TARGET FLIGHT PATH
gl
VT | /

TS INITIAL TARGE POSITION

Figure 21 INTERCEPTOR DISPLACED FOR TERMINAL SEGMENT
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The command heading ® in Figure 21 has been chosen so that while
the interceptor'trqvels the distance |VI|t, the target will have
traveled the distance |V;|t. Examination of the figure reveals that
when the actual interceptor initially located at (XZ’Y2) has proceeded
to the offsat point, the displaced interceptor initially located at
(XI’YI) will have proceeded to the displaced offset point. When the
actual and displaced interceptors have attained thejr respective off-
set points, the target will also have arrived at the displaced offset
point, Assuming an instantaneous interceptor turn at the offset point,
the actual interceptor will be separated from the intercept point by
a distance D whereas the target wili be displaced from the intercept
poirt by a distance Dp. Consequently, a successful intercept will
result, Thus, displacing the interceptor position from (X2,Y?) to
(XI’YI) to account for the relative motion of both the interceptor

and the target from offset point to intercept point has reduced the

straight Tine intercept mission with a terminal segment to the straight
line intercept geometry described in Section III,
Guidance Solution for Mission with Terminal Segment
To account for a variable speed, three dimensional intercept
that includes a prescribed approach heading relative to the target,
the interceptor position (X2,Y2) is displaced to the location (XI,YI)
as follows:
XI = X3 = x2 + D Sin eA
(31)

where ty is (D/]VII).
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(X3,Y3) is a simplified expression for the right side of
equation (31) that will be useful in the following section of the
report, It is noted that for a constant speed, two dimensional
intercept mission with no prescribed HCA, D, tD and AT are zero.

Therefore, (X;,Y{) Peduces to (X5,¥,) as in Section III.

To obtain the command heading that yields a minimum time-to-
interception, the procedure of Figure 16 is used, For a variable
speed, three dimensional flight path with no prescribed HCA, (XI’YI)
are defined by equation (2&). If a particular HCA is required,
(XI,YI) are defined by equation {31). Then, having obtained the
command heading by the procedure indicated in Figure 16, the time
and path length to the point of closest approach are obtained from

equations (10) and (11}, respectively.
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SECTION V
DOUBLE TURN INTERCEPT MISSION

INTRODUCTION

The term "double turn" does not imply that there are only two
turns in an entire mission, Rather, it conveys the concept that the
time and distance required to complete two turns ave considered each
time a guidance solution is obtained. During the course of an intercept
mission, there may be scveral distinct guidance solutions each of which

requires a different command heading.

The iwo turns thal are conside

«2
[}
w2
[

are the initial and the fina].turﬁ..-The initial turn is executed so
that the interceptor can proceed from its current heading to the
command heading. The final turn, which is only required when the
interceptor is constrained to approach the target in accordance with

a particular HCA, is executed so that the interceptor can proceed from
the command heading to the terminal heading. Figure 22 illustrates

an interceptor flight path which includes both an initial and a final

turn,

The guidance solutions that have been presented in Sections III
and IV are based upon the assumption that the interceptor can perform
instantaneous turns., Obviously neither the initial nor the final turn
can be performed instantaneously. Consideration of the time and
distance during the initial and final turns requires modifications to
the previously developed guidance equations, which in turn introduce

additional guidance solutions. Mathematically, an infinite number of
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Figure 22 INITIAL AND FINAL TURNS
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guidance solutions exist for an interceptor with a speed advantage
since the interceptor could turn in a circle any number of times and
then effect an intercept. Fortunately, reasonable solutions require
minimal times-to-interception; therefore, turns larger than 360 degrees

may be eliminated from consideration,

This section augments Sections III and IV by modifying the
procedure developed therein to account for the time and distance
during initial and final interceptor turns. As an introduction, the
various turn combinations, the iﬁterceptor flight path during turns,
and the displacement of interceptor position to account for the
motion of both the interceptor and the target during turns are dis-
cussed. Then, the guidance solution that would result in a minimum

time-to-interception for the double turn intercept mission is presented.
TURH COMBINATIONS

There are two directions in which an interceptor may turn from
its present heading to the command heading in order to intercept a
target. These directions are right and left., When constrained to
approach a target in accordance with a prescribed HCA, there are four
ways of describing the path to the intercept point when turns of less
than 360_degrees are considered, These paths have right right, 1ight
left, left right and left left initial and final turns, respectively,

Figure 23 shows the four interceptor flight paths to a stationary

target when the interceptor's required terminal heading is eA.
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INTERCEPTOR FLIGHT PATH DURING TURNS

To consider the effect of turns on the guidance solutions, it is

desirable to obtain the components of the interceptor's positional

displacement during a turn, Figure 24 shows the flight path for an

interceptor that is performing a right or clockwise turn when the

turn radius is R.

Py INITIAL INTERCEPTOR POSITION

(P =Py =
Po FINAL INTERCEPTOR
POSITION
90
R
ovnefiin- x

Figure 24 CLOCKWISE TURN
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The interceptor position PI entering the right turn is:

R Sin (6I - 90) ~-R Cos oy
P, = = (32)
R Cos (9I - 90) R Sin 8

The interceptor position PO exiting the right turn is:

L P =

" - (33)

[R Sin (90 - 90) -R Cos %

Thus, the interceptor displacement during a clockwise turn is obtained
Trom:
-R Cos 6, + R Cos 6 ¢ R (Cos 0y - Cos eo)
-P. = = (34)
R Sin 8, - R Sin 0 ~g R (Sin 6; - Sin eo)

where € is + 1 for a clockwise turn.

To facilitate caiculatinag the componenis of the inter-
ceptor’s positional displacement during a counterciockwise turn,

Figure z5 shows the path of an interceptor while performing a left

turn.
The interceptor position PI entering the left turn is:
Py R Sin (61+90) RCoseI

P, = = (35)
R Cos «31 + 90) -R Sin GI
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The interceptor position P0 exiting the left turn is:

R Sin (e0 + 90) R Cos @,
PO = = (36)
R Cos (eO + 90) -R Sin 09

The interceptor displacement during a counterclockwise turn is obtained

from:

R Cos eO - R Cos eI € R(Cos 6I - Cos ©

0)
(37)

"

PO- PI =

-R Sin 00 4+ R Sin 61 -€ R(Sin BI - Sin eo)

where e is -1 for a counterclockwise turn.

Examination of equations (34) and (37) reveals that they are
identical, As a consequence, these equations may be used to calculate
the positional displacement of an interceptor due to any turn, The

value of € is determined by the direction of turn,
INTERCEPTOR DISPLACEMENT DUE TO TURNS

Given an expression for the interceptor displaceme.t during a
turn, the interceptor position is displaced to account for the motion
of both the interceptor and the target during the interceptor's initial
and final turns. The result is a displaced interceptor position which
reduces the relatively complicated double turn intercept problem to the

simpler one discussed in Sections III and IV,

It is assumed that the interceptor position in the target

coordinate system (X2,Y2) has been displaced to (X3,Y3) according to
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( equation (31) to account for a variable speed, three dimensional
flight path with a terminal segment of length D, If the particular

mission does not require these compiexities, (X3,Y3) will reduce to

(X2 !Yz)n
To account for the motion of both the interceptor and the target
during the interceptor's initial turn from the present heading eI to

the command heading 6, the interceptor position (X3,Y3) is displaced

as follows:

Xp = X3 t g Ry Cos 6; - g Ry Cos ©
| (38)
Yp = Y3 - g Ry Sin 6, + elRISinG-ltiD

where:

XI’XI is the interceptor position displaced to account for
the initial turn

g is the directicn of the initial turn
R] js the initia® turn radius

1,. is the length of the initial turn

ti

To compensate for the motion of the interceptor and the target

during both the initial turn and the final turn from the command

heading 6 to the terminal heading GA’ the interceptor position

(X3.Y3) is displaced as follows:

s XI=X3+(»:]R]COSBI-6|R1C059+£2R2C056-eZRZCOSGA
. (39)
YI=Y3-elR]S1'nOI4e.‘R181ne-%RZSin6+ezR2$ineA-1tp

S -
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‘ , where:XI,YI is the interceptor position displaced to account for the
initial and final turns
é € 1s the direction of final turn
t
: R, is the final turn radius
g 1, is the Tength of both the initial and final turns
: Equations (39) are based upon the assumption that the interceptor
' travels at the cruise speedIVI|during the initial and final tuens.
? Equations (39) may be rewritten in terms of the auxiliary variables
| ? X4,Y4 and d as:
; X[ = X4 - d Cos 0
: (40)
; YI = Y4 +dSin6 - ltp
% where:
.§ Y4 Y3 e]R] S1n61+ezRZSmeA (41)
i d=g Ry ~ ¢ R
: b s T )
¢
’ +1 for a right initial turn
i € =
s 1 -7 for a left initial turn L
] +1 for a right final turn
' € "1-1 for a left final turn
The length of the initial and fiaal turns 1, in equation (40) 1is '
. calculated from:
74

n..«:-w'r%v E P TINY .ﬁ-*.:"x‘ﬁz




¥ ——

T Y BT L e ey

T e ——— ot et s oo,

T T T -

1, = 3%_6! HG' Ry (9'91)] Mod 360 + [e2 RZ(eA-e)] Mod 360l (42)

GUIDANCE SOLUTION FOR DOUBLE TURN MISSION

Having presented the requisite preliminary material, a procedure
to determine the guidance s¢lution for the double turn intercept mission
will be described., The elements of the guidance solution required
beyond those determined from the profile and tactic selection processes

are the command heading and the time and path length to the point of

-

closest approach,

For a particular choice of initial and final turns (e.¢) and

S-TEY
with knowledge of the interceptor turn radii (R]’RZ) as well as
1nterce§tor position (XB’YS)’ present heading (eI) and terminal
heading (eA), the variables X4,Y4 and d are calculated by equation
(41). However, for the doubie turn intercept mission (XI’YI) as
defined in equation (40) cannot be calculated directly since these
parameters are dependent upon the command heading 6, Thus, obtaining
a guidance solution by the technique of Figure 16, which required the

computation of XI’YI by equation (31), is inappropriate for the

double turn intercept mission.

Path Length and Time to Interception

To obtain the path length to the point of closest approach for the
double turn intercept mission, the definition of the path length Lm
from Section III will be considered. For convenience, Ly as defined

in equation (1) is restated below:

= 1 : ¢
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For the double turn intercept mission with provision for a
variable speed, three dimensional flight path that may include a

terminal segment, (XI’YI) as defined from equation (40) may be_,, .

rewritten: : 3 oatie
(44)
YI = d] +d Sin 6
where:

4 =Yg g

Before proceeding, it is desirable to res:aic thut esuctions (44)
jmplicitly assume that the interceptor has travér:ed the init1alhand
final turns as well as the terminal segment and thai ihe intercerior
has remained motionless for the time period AT, Equations (44) arc
scumntion that the target has continued its
flight path for the time required by the interceptor to acconylish
these maneuvers. In essence, then, the interceptor has been displaced
from the coordinates (X2,Y2) to (XI’YI) by equation (44) to ac:cuwnt
for the motion of both the interceptor and the target for any

combination of desired interzeptor maneuvers.

Substituting (XI’YI) from equation (44) into equation (43) we

obtain:

L, = 1? [(-x4 +pd) Sin 6 + dj (p- Cos e)} (45)
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Equation (45), which yields the path length to the point of closest
approach is simply a more complicated form of equation (43). Equation
(45) is applicable to intercept problems that include any combination

of an initial turn, a final turn, climbs, descents, variable interceptor
speeds and a terminal segment. Inasmuch as the interceptor position

has been displaced to account for the motion of both the interceptor

and the target during any combination of these interceptor maneuvers,
equation (45) represents the path length from the completion of the
initial turn to the beginning of the final turn. In other words Lo

as defined by equation (45), is the distance which the interceptor

travels along its command heading.

Thé time required by the interceptor to traverse the distance
between the completion of the initial turn and the beginning of the

final turn is:

tm = -r\TI‘!- (46)

Assuming the interceptor traverses the final turn and the terminal
segment at a speed |VIl, the time in turns and the time required by
the interceptor to attain the rollout point are:
t=]t't S e (47)
t |VI| RO |VI|
The time~to-interception designated tI is the sum of the time-to-

rollout tro® the time in the terminal segment and the time AT that the

interceptor is assumed to have remained motionless. Therefore, the
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time—to-interception is:

Lm + ]t +D

tp = TRt AT (48)

Determination of Command Heading

The procedure for obtaining the minimum time guidance solution
f?r the double turn intercept mission with the provision for inter-
ceptor climbs, descents, accelerations, decelerations and a terminal
segment is similar to that of previous sections. First, the miss
distance equation is solved for the command heading which yields an
acceptable separation. Then, the distance to the point of closest
approach” and the time~to-rollout are obtained from equations (45)

and (47) respectively.

Miss Distance Versus Command Heading

T obtain the miss distance equation that is appropriate to the
double turn intercept mission with the provision for interceptor ciimbs,
descents, accelerations and decelerations, the miss distance equation
for the constant speed, straight line intercept mission as defined by
equation (9) will initially be considered. For convenience this

equation is restated:

d. =Y Sin - X; Cos 8 + ¢ X (49)

I

To obtain the miss distance equation that is appropriate to the

double turn intercept. geometry described herein, (XI’YI) from equatinn

(44) are substituted into equation (49). The result is:
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dy, = 4 5in @ + d2 Cos © + dy (50)
where:
dy = Y, -ply
d, = =X, - pd
dy = pXg + d

In solving the miss distance equation, each of the two possible
turn combinations are considered for intercepts with no prescribed HCA,

If articular HCA is required, each of the four possible turn com-

2 pat
binations are considered.

Figure 26 illustrates the miss distance dm versus interceptor
heading © for values of © which result in positive times until inter-
ception. Values for the parameters used in the calculation of the

miss distance dm from equation (50) are shown in Table V.

Table V

Input Parameters to Miss Distance Calculation

X, = 50 mi. |V1| = 400 knots R, = 10 mi.
Y, = 100 mi. (vT( = 500 knots 6y = 260 deg.
D = 0 mi. R] = 10 mi. 6, = 200 deg.

(XZ’Yz) js the interceptor position in the target coordinate system,
D is the length of the terminal segment. With D equal to zero, inter-

ception should occur as the interceptor attains the terminal heading
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8y |VI| and |VT| are the interceptor and target speeds respectively.
R] and R2 are the interceptor turn radii for the initial and final turns.
eI is the curreut interceptor heading and ep is the interceptor’'s

terminal heading.

Examination of Figure 26 shows:

a) Distinct miss distance curves for each of the four turn
combinations,

. b) Discontinuities in each miss distance curve at the current

heading GI and the terminal heading OA.

c¢) The left, left turn combination curve results in a zero miss
distance at a command heading of approximately 242 degvees

d). The right, right turn combination curve results in a miss
distance of approximately zero at a command heading of
325 degrees.

e) The right, left turn combination curve results in a miss
distance of apnroximately zero at a command heading of

355 degrees.

Table VI shows for each turn combination, the solution to the
miss distance equation to the nearest degree, the miss distance, the
path length Lm and the distance ]t which the interceptor travels

during the initial and final turns,

R




Table VI

Solutions To Miss Distance Equation

Turn Command Miss Path Distance
Combination Heading Distance Length in Turn
Left, Left 242° 0 47 mi. 10 mi.
Right, Right 325° 1.0 mi, 100 mi. 52 mi.
Right, Left 355° -.2 mi, 220 mi, 44 i,
Left, Right None N/A N/A N/A

-

With knowledge of the parameters listed in Table V, equation (50)
may be solved for the miss distance dm for any desired value of 9.

This technique was used to obtain the data that is graphically

portrayed in Figure 26. What is desired however is a rapid approach
for obtaining the roots of equation (50); i.e., for dm approximately
zero, what values of the command heading 6 satisfy the equation?

Unfortunately, valyes of 6 which satisfy equation (50) cannot be

obtained directly. The iterative technique described hereafter yields

the command heading to the desired degree of accuracy.

Discontinuities and Extremes of the Miss Distance

To facilitate the determination of solutions to equation (50),

: the heading interval is divided in such a manner that each sub-interval
contains no more than one root. This is accomplished by splitting the
interval at the discontinuities and extremes of the miss distance
function. As stated praviously since the extremes of the miss distance

function are difficult to locate, those of (dm/Sin 6) are used instead.
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From Figure 26, it is apparent that the miss distance curve has
discontinuities at both the interceptor's current heading GI and the
terminal heading eA. This phenomenon is caused by the modular nature
of the arithmetic. For example, if a right final turn is being con-
sidered and the present interceptor heading is 5 degrees left of the
desired terminal heading, a five degree right final turn is required.
However, it the present interceptor heading is 5 degrees right of the
desired terminal heading, a 355 degree right final turn is required.
Consequently, the discontinuities in the miss distance function are

induced by the modular nature of the arithmetic,

To determine the additional values of 6 at which the heading
interval should be split to ensure that each sub-interval contains
no more than one root, the extremes of (dm/Sin 8) will be obtained,

From consideration of equation (50), (dm/Sin 0) is defined by:

[d+ ~ ¥ )]
_ r LA ¢4 '\41
ldm/ ]- l(Yq_ - p'lt) - (X4 + pd) Cot 0 + it (51)
Sin @

The derivative of (dm/Sin 8) with respect to 0 is:

.d—[ dm]=_pd+(X4+pd)_(pX4+d)COSQ (52)
a9 L Sin 6 Sin “6 Sin ¢

since the derivative of ]t is:

dy 4
7@'=33[5|R1(9'91)+€2R2(6A'9)] =d (53)
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: Multiplying the right side of equation (52) by Sinze and setting
f‘ i the left side to zero we obtain:
: ;
2 E p d Cos Zg - ( pXg+ d) Cos 0+ X, =0 ‘ (54)

Solving for the two roots of this quadratic equation, we obtain:

‘ X
8; = Cos -1 [%] and 8, = Cos -1 [34—] (55)

The first root of equation (55) implies that two extremes of the

- it m s Ay an e

miss distance function exist within the heading interval if the
interceptor is at a speed disadvantage (p> 1). When the interceptor
is at a speed disadvantage, the extremes of (dm/Sin 8) due to this

condition ogcur at:

. -] -1 v
1 1
em = Cos (-F—’)" Cos (JW}--%> (56)

and

- 2600 -
9, = 360° - 6

The second roct of equations (55) implies that two additional
extremzs of the miss distance function exist within the heading interval
| if X4iis Tess thanld!. These two extremes «f the function (dm/Sin Q)
, are:
! +
6 = Cos ! [X4‘ where 0 < 9, <180
. P ‘aj =% L
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Equations (57) are used jn the following section and in Appendix ©
to locate the range of interceptor headings within which a physically

realizabie solution to the guidance equations might exist.

Range of Headings

To determine the range of headings that should be examined to
find a root of the miss distance function, an understanding of the
implications of equation (57) is required. The two terms therein are
X4 and d; thus, a physical interpretation of each of these parameters

as well as the Y4 parameter will be presented,

X . Y. and
~ga'g 209

d are defined from equation (41) as:

d = R -5R
If the final turn circle is Tocated in such a manner that the inter-
ceptor's roll-out point occurs at the origin of the conrdinate system
and at the proper terminal heading, the coordinates (X4,Y4) represent
th2 position of the center of the initial turn circle with respect to

the center of the final turn circle. Figure 27 depicts the situation,

For a left right or for a right left turn combination, d may be
interpreted as the distance from the center of one to the center of
the other turn circle when the circles are externally tangent to one
another. Figure 28 shows d and X4 for right left and for left right

turns.
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’ ' For a left left or for a right right turn combination, d may be
interpreted as the distance from the¢ center of one to the center of
the other turn circle when the circles are internally tangent to one

another., Figure 29 shows d and Xq for Teft left and for right right

turns.

LEFT FINAL TURN RIGHT FINAL TURN

; o

A P
X4 X4
. —— LEFT INITIAL TURN ——— RIGHT INITIAL TURN
e
\—’/
LEFT INITIAL ,LEFT FINAL TURNS RIGHT INITIAL, RIGHT FINAL TURNS

Figure 29 LEFT LEFT AND RIGHT RIGHT TURN COMBINATIONS

1

Having briefly discussed the physical interpretation of the E

? parameters X4,Y4 and d, we now present the range of headings to te %
“ examined to determine the roots of the miss distance function for

i varying interceptor and target geometries. The geometrical ccnditions ..

g and the associated heading interval to be examined in seeking the g

command heading that will result in interception are presented in

Table VII,
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Table VII

Heading Interval

Gecmetrical Conditions Interval
a) Xy 2 |d] and X, <0 0 to 190
b) %] 2 |d| and X,> 0 180 to 360
0 to 8 and
c) %] <ldjand d>0 P
180 to (360-9p)

) 6 tn 180 and

d) Ix,| <ld] and d <0 P

(360- Gp) to 360

Conditions a) and b) of Table VII imply that \ “en the interceptor
turn circles are adequately separated, the command l.eading that will
result in interception must be within the appropriate half of the
360 degree interval. Otherwise the interceptor would be flying away
irom the ta

Figure 30 shows a situation where the interceptor's initial and
final turn circles are sufficiently separated and where xd and Y4 are
positive, From Figure 30, it is apparent that to transition from ihe
initial onto the final turn circle, the interceptor must assume a
command heading @ between 180 and 360 degrees as shown in Table VII,

The heading © which results in a miss distance of zero from within this

intesval is shown in Figure 30,

Conditions ¢) and d) of Table VII occur when the interceptor's

initial and final turn circles are sufficlently proximate so that the
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interceptor must temporariiy nrocced away from the target fiight

path in order to proceed from the initial onto the final tura circle,
Figure 31 illustrates a geometry wherein the interceptor's initial aad
final turn circles are proximate and the directions of the initial and
final turns are right, left respectively (d>0). From examinction of
figure 31, it is apparent that |X4| is less than |d] both for the
initial and for the displaced initial turn circle that 1s shown via
dashed lines. When the interceptor's actual initial turn circle is the
dashed circle, the proper commnand heading to transition from the

initial onto the final turn circle 1s ep. If the actual initial turn
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vircle is located farther from the dashed circle but parallel to

the Y axis in a southerly direction, the appropriate command heading
to transition from the initial onto the final turn circle approaches
zero degrees. Thus, for |X4| < |d] and d > 0, the appropriate heading

interval is 0 to ep, as shown in Table VII,

Reasoning similar to that used in conjunction with Figures 30 and

31, is employed in Appendix B to obtain the heading interval to be
examined for each geometry and turn combination, The resultant heading

intervals are consistent with Table VII.
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Having determined the discontinuities and extremes of the miss
distance function as well as the heading interval to be examined, a
procedure to obtain the command heading for missions which include any

combination of initial and final turns, climbs, descents, variable

p T

interceptor speeds and a prescribed HCA may be presented.

PR TIN

Figure 32 illustrates a rapid procedure for cbtaining the

S eat ozl

minimum time guidance solution. This procadure determinas not only
the command heading but also the direction of the initial turn, the

time and path length to the rollout point and for inteicepts with a

P LIIOQE R T P

j rescribed HCA the direction of the final turn,

Referring to Figure 32, em and en are calculated from equation (56).
The directions of the initial and firal turns are initially chosen as
clockwise. Xy, Y, d2 and d, are obtained from equations (41 and (%0). -
The appropriate 1ﬁterva1 to be exanined in ourder to determine the
comand heading 1s obtained from Table VII, If the inter .eptor is
92




T‘r. e R T A T R

cquation (43)

.. N\
s mem——e v e e e e -
3
!
H
3
7
e
>
» . 4
,
£ E
f e
:
: . It \.'l < VT !
: calculate 3
¥ 6y #nd 8
' € = 1=¢
1 1 2
: incerva)
i du1%arCl
i
: NO
B Calculate Calculate
L dgy # ¢y, Interval 1o ln‘;";l is
and d; tor sublnterval 6 6 32 o
6, to 6 Replace 6, by 93 Replace el by 6,
1 -~
1 —
Obtain pernitted Divide sublinter-
interval from val "’1' 62 in Cll;ullte
} Talie Vil half so that 03
H fL ra
5 Split intarval S NO
E‘ C atd_org ,
. n
L 6, and 6
i 1 A
;- e‘ i# the tenta- YES
’:’ : j 1 tive commind
'E heading
Order subintervalg
¥ and select ome y
T closest to 180°
|4 -~
E‘ Calculate path-
§ lungth from
H

Select next YES
wublate-val subinterval /\ 1
-
; k]
N Calculats time -
: NO to v-1lout
! from (47)

Storv new @,
| €100, pathlength

o t—— e

T Xafy Initial Stratght

Line

tarn

S W 5 VI 19 LY

Sade

!

1
{
]

d Do right dnttial =

Do left initfed and lufe H

Lurn final turn ;

€« v -] 41. 1; G - ~1 3

1 } i

l ! i

i ;

) 4

<

i

Figurs 32  GENERAL ROOT DETECTION TECHNIGUE

93

[EVSNES

O SIS TP T




Coomyeer. o

at a speed

disadvantage so that p> 1, the heading interval

containing either Bm or 6, is subdivided in two at that point. Note

that both 0, and 6, cannot lie within a heading interval since they

are separated by 180 degrees. If the interval contains points of

discontinuity at the current heading OI or at the terminal heading 7N

for a double turn geometry, the interval is further subdivided at

these headings.

For a

particular turn combination, there are up to four sub-

intervals within the heading interval. These are defined by the

minimum heading for the interval, 6_ or 6 when the interceptor is at

a speed disadvantage, the present heading 61» the terminal heading Op»

and the maximum heading for the interval.

Basic to the procedure of Figure 32 is an ordering of sub-intervals

for a particular turn combination so that sub-intervals with headings

closer to 180 degrees are examined sequentially, For example, if the

heading interval is 0 to 90 degrees, sub-intervals should be examined

starting at 90 degrees and proceeding toward the sub-interval which

contains O

degrees as an endpoint. For, in the target coordinate

system, any solution to the miss distance equation with a command

heading closer to 90 degrees would result in a shorter time-to-interception

than one proximate to 0 degrees,

Having obtained the heading interv.l, having subdivided the

interval at 1ts discontinuities and extremes, having calculated

x40 Ygs dy

the miss distance at the endpoints 61 and 8, for the initial sub-interval

and d3 and having ordered the sub-intervals, the values of
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are evaluated from equation (50), There is a root between 9, and 8,
if dm] dm2 < 0 where the second subscript indicates to which value
of 6 the quantity dm corresponds, If dm] dm2 is not negative and
if neither Idm]' or |d,| is close to zero, the next sub-interval for

the selected turn combination is examined.

If dm] d_. <0, the sub-interval from 8; to 6, is subdivided as

mz
described in Section III and ultimately a tentative command heading is
calculated. Similarly, if d, d, > O but either ldq1 or ldgo! is

approximately zero, a tentativeﬁcommand heading is obtained.

The procedure described in Figure 32 yields at most one tentative
command heading for each turn combination. If the interceptor's
avionics system does not require a particular HCA, vnly right and left
initial turns are considered. If the intercept requires a particular

HCA, all four turn combinations are considered as shown in Figure 32,

Upon obtaining a tentative command heading for a particular turn
corbination, the path length and time-to-roilout associated with the
command heading are calculated from equations (45) and (47) respectively.
The tentative commard heading 6, the applicable turn directions € and
€, the path length and the time-to-rollout typ, are saved. Upon
obtaining a command heading associated with a different turn combination,
the time-to—rollout associated with the new solution is compared with
the time-to-rollout for the previous solution., If the new solution
results in a lesser time-to-rollout, the new solution parameters
replace those that were previously saved. When each turn combination

has been examined, the directions of the initial and final turns, the

95

j
\

i




B T

% UL

i

e g i e

path length, the time-to-rollout and the command heading which

results in a minimum time-to-interception will have been obtained,
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SECTION VI
ACCEPTABILITY OF GUIDANCE SOLUTION

INTRODUCTION

Sections IIl through V have presented procedures for obtaining
guidance solutions to various classes of intercept missions, The
resultant guidance solution is based upon the instantaneous position
and velocity of the interceptor and target at the time of the guidance

calculation, -

If the target were to maintain its velocity, and if the interceptor
responded to its guidance commands, it would be unnecessary to generate
further guidance solutions. Inasmuch as these assumptions are unrealistic,
the acceptability of the current guidance solution must be verified
periodically using more recent interceptor and target positional and

velocity data to ascertain whether a successful intercept will occur with

HEADING ACCEPTABILITY

The acceptability of the current command heading may be tested by
either post or pre-compucational fiitering. With either technique it
is undesirable to alter the command heading unless the current heading

is significantly in error.

Post-Computational Filtering

Post-computational filtering requires the periodic calculation
of the command hedding. Upon obtaining a new heading, 1t is conpared
with the previously computed command heading., If the difference

97




.oy s

L

between the two headings exceeds a threshold, the command heading
is accepted. Otherwise, the more recently computed heading is

rejected. .

Obtaining the command heading generally requires the examination
of all appropriate turn combinations. Single turn intercept missions
have no HCA requirement; hence, only two turn combinations arc examined.
For missions with a designated HCA, all four possible turn combinations 2
are generally examined to determine a new command heading. The turn

o

combination and command heading that provide the minimum time-to-

intercept constitute the new soiutivn. I is appareni th

L ¥ - Upup R POy
L d>aviny>

processing time can be made by computing a new command heading only

when it is required rather than at periodic intervals.

Pre-Computational Filtering

.
e e

Pre-computational filtering requires the periodic determination N

e

of the accentahility of the current command heading. The expected
separation between the interceptor and the target at their point of
closest approach is calculated using the most recent estimates of the
interceptor and target positions and velocities and the current command
heading. If the expected separation is acceptable, the current command
heading is maintained. Otherwise, a new command heading is obtained

via the procedure indicated in Figure 16 or 32,

The acceptability of the current command heading is determined by
comparing the expected separatfon with a threshold that is proportional

to the length of the interceptor's flight path to intercept point. At
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large distances from the intercept point, the expected separation
between the interceptor and the target at their point of closest

approach is permitted to be larger than would be tolerated later in

the mission.

From equation (A-4) of Appendix A, the e«pected separation dmin
between the interceptor and the target at their point of closest

approach is:

d_ dy Sin 6+d, Cos 6 + d
d . ~.m_ 1 2 3 (59)

min ~ ¥
(1-2pCos & + 92)%

Values for d], d2, d3 and p are calculated based upon the most recent
estimateé of the interceptor and target parameters. Then, the expected
separation dmin is computed using the current commend heading 6. The
acceptability of the current command heading is tested by the

inequality:

(a )

=M
dmin =3 < Max (A, BLm) (60)
where:
A is approximately 0,75 NM

B is approximately 0.1

Equation (60) compares the expected separation between the interceptor
and the target at their point of closest approach with a fraction of
the path length Lm. If the separation is less than the maximum of A

or a fractian of the path length Lm, the current command heading is
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maintained. Otherwise, a new command heading is calculated. The
parameter A is included in equation (60) to prevent the threshold

from becoming unnecessarily small and thereby resulting in needless

changes in command heading.
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APPENDIX A
RELATIONSHIP BETWEEN MISS DISTANCE AND MINIMUM SEPARATION

The miss distance dm is defined as the perpendicular distance
from the target position to the interceptor flight path measured at
the instant the interceptor crosses the target flight path. The mini-

mum separation distance a s is defined as the separation between the

n

interceptor and the target at their point of closest approach. Figure

A-1 shows dm and d for a geometry where the target is heading north-

min
ward and the interceptor i< heaaing toward the east. Successive target
positions are denoted by To» Tl’ T2 and T3 whereas corresponding inter-

ceptor positicns are denoted by IO, Il’ 12 and 13.

INTERCEPTOR FLIGHT PATH OF/ CLOSEST APPROACH

1o I b 1,

Py ——g

N

INITIAL INTERCEPTOR ~0OSITION

IMTERCEPTCR POINT
IJT

A
TARGET FLIGHT PATH -

$7,

-

INITIAL TARGET POSITION

Figure A-1 MISS DISTANCE dpy AND MINIMUM SEPARATION
dmin
101




To relate d and the miss distance dm’ the separation d

min
between the interceptor and the target will be expressed in a coordinate
system wherein the target remains stationary at the origin and its
motion is attributed to the interceptor. The coordinate system is
centered at the target position with the positive Y axis superimposed

on the target velocity vector. In obtaining the relationship between

d and dm, the X and Y subscripts deng'ing interceptor coordinates

min
will not be used, Also, the terms VT’ VI and VI2 are assumed to be

scalars.
R 1 RS I TN
= (2 +¥8) + 20 (XX + YY =Y Vp) + t2v? X (A-1)
where:

Y2 = (1 - 2p Cos © +p2) and p = (VT/VI)

To obtain the time at which the separation between the inter-
ceptor and the target is a minimum, we equate the derivative of d2

to zero as follows:

2

ﬁ—d—= . - - . . _
5t 2(X + Xt) X + 2(Y + Yt th) (Y - vT) =0

The time tm of minimum separation is:

ty = 2 2 (A-2)
VI‘ Y
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Substituting from equation (A-2) into equation (A-1). we obtain:

20XK + YY - ¥ vT)2 2.2 2

2 _ 2 2 +t° Vv
doin = (X7 +Y7) - V27 m Y
17
s poa (-XEXE L 20YXY 4 2xvRvy - ¥OVE 4 24y, - ¥ov.2)
L To= (XTHYS) +
min v 2 ?
|4
= (X2+Y2) 4
XE().(Z-i-‘;'Z) + ‘1'2(‘./(2+‘;’2) - c;"v'Tl'A )+ VST
Define K =
v 2 2
I 7
2 _ 2.2
dosn = (X7+Y5) + (L+K) ~ K
s p o (YL axvxy + axvav, + YA 2P B 2,
um'in SAAThg T V22 ‘ '
17
g LM XH X Yy Sine - X Cos 6+ X (A-3)
min VIY Y

Considering equations (A-3) and (9), we obtain the relationship:

d — (A-4)

Thus, intercept parameters that result in a zero miss distance

correspondingly achieve a collision interception,
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APPENDIX B e

COMMAND HEADING INTERVAL

INTRODUCTION

For any intercept geometry, Table B-1 presents the interval to
be examined in seeking the command heading that will result in a

minimum time-to-interception,

TABLE B-1
HEADING INTERVAL

GEOMETRY . RANGE OF HEADINGS
(a) |X4|_3 |d] and Xg <0 0 to 180
(b) IX4I > [d] and Xy > 0 180 to 360
0 to s
(c) |X4| < |d] and d >0 P
and 180 to (360 - ep)
6_ to 180
(d) %] < |d] and d <0 P

‘and (360 - ep) to 360

Conditions (a) and (b) of Table B-1 indicate that when the inter-
ceptor initial and final turn circles are adequately separated, the
command heading which will result in interception must lie within half
of the 360 degree heading interval. Otherwise, the heading selected
would cause the interceptor to proceed away from the target. The more
sophisticated conditions (c¢) and (d) occur when the interceptor initial
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and final turn circles are sufficiently proximate so that the inter-

ceptor must temporarily point away from the target flight path during

!

a portion of its flight to proceed from the initial onto the final |
turn circle, |
I

INTERPRETATION OF PARAMETERS

Tanle B-1 expresses the proximity between the interceptor initial
and final turn circles in terms of the parameters X4 and d. To facil-

itate comprehension of the table, a brief explanation of the para-

meters X,,Y, and d is presented. F
1

It the final turn circle is located so that the interceptor's
rollout point occurs at the origir of the coordinate system and at
the desired terminal heading, the coordinates X4,Y4 represent the .

position of the center of the initial turn circle with respect to the

center of the final turn circle. Figure B-1 depicts the situation,

7

From equaticn (41), d is defined by (e;R; - esRy). Thus, for

TR YRR RN

!
the right left turn combination shown in Figure B-1, d equals (R1 + Rz). }
For a left right turr combination d equals -(R1 + RZ)‘ For either ’
si uation, d may be interpreted as the distance from the center of
the initial turn circle to the center of the final turn circle when f

the two circles are externally tangent to one another. b

Figure B-2 shows d and X4 for both right left and left right turn .
combinations. The right left and left right turns are sufficiently
proximate so that the interceptor must point away from the target flight

path to proceed from the initial onto the final turn circle.
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For a left left turn combination, d equals (R2 - Rl) whereas
for a right right turn combination d equals (R1 - Rz). For either
situation d may be interpreted as the distance from the center of one
turn <ircle to the center of the other turn circle when one of the
turn circles js internally tangent to the other. Figure B-3 shows d
and X4 for left left and for right right turns.

LEFT FINAL TURN RIGHT INITIAL TURN

ROLLOUT POINT

LEFT INITIAL TURN RIGHT FINAL TURN

LEFT INITIAL AND LEFT FINAL TURNS RIGHT INITIAL AND RIGHT FINAL TURNS

Figure B-3 LEFT LEFT AND RIGHT RIGHT TURN COMBINATIONS

Having defined the parameters X4,Y4 and d, the interval to be
examined in order to obtain the command heading will be determined
for varying intercept geometries when |X4} < |ld}]. Initially, right
left and left right geometries are considered. Thereafter, left left

and right right geometries are addressed.
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RIGHT LEFT AND LEFT RIGHT TURNS

Considering a right initial followed by a left final turn there
are four variations of the parameters X4 and Y4. These
variations correspond to the initial turn circle being located either
to the right or to tihe left and either above or below the final turn

circle.

For a left initial followed by a right final turn, there are
four further cases to be considered. The four cases corrcsponding to
right Teft turns and the four additional cases corresponding to left

right turns are presented in Table B-Z. The signs of the parameiers

X4, d and Y4 for each of the eight cases are shown.

TABLE B-2
RIGHT LEFT AND LEFT RIGHT TURNS

Case Turn Directions Sign of X4 Sign of d Sign of Y4

' 1 re(t) + ¥ ]

s 2 RL + + +

3 RL - + -

» ' 4 RL - + +
1 5 LR(]-) + - -
; 6 LR + - +
;. 7 LR - - .
[ 8 LR - - +
4
' o — .
' ‘KL cenotes a right left and LR denotes a left right turn combination
: 109
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As a prelude to consideration of the intercept geometries of

Table B-2, we recall the definition of Bp from equation (57).

6 = Cos T 0<6 < 180 (B-1)

Right Left Turns

The right left turn combinations corresponding to cases 1 through
4 of Table B-2 will be considered. The interval to be examined in order

to determine the command heading that will result in interception will

Initial Circle Right and Below Final Circle

Figure B-4 shows a right left turn combination when the initial
clockwise turn is to the right and below the final counterclockwise turn,
As observed from Figure B-4, if the initial turn circle is displaced
paraliel to the Y axis until i: is externally tangent to the final turn

circle, the angle of tangency between the two circles is 6 From

p’
excmination of Figure B-4, it is apparent the |x4| is Tess than |d|
both for the initial turn circle and for the disyp iced initial turn
circle that is portrayed via dashed lines. 1. i dinterceptor's actual
initial turn circle is the dashed circle, the apspropriate command
heading to transition from the initial onwo the final turn circle is
ep. As thc actual initial! turn circle is located farther away from
the dashed circle but parallel and southerly to the Y axis, the appro-
priate command heading becomes more proximate to zero degrees. Con-

sequently, for the geometry shown in Figure B-4, the heading interval
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to be examined in order to obtain the command heading to transition
from the initial turn circle onto the final turn circle is from 0 to

ep degrees.

~
>

/

N —— X

ROLLOUT Powr\ \ !

FINAL TURN CIRCLE

/ At
GA \\1 ! 09 \

TERMINAL HEADING Xa

/\ — INITIAL TURN CIRCLE

\ /
N’ 373 |

Figure B-4 INITIAL CIRCLE RIGHT AND BELCW FINAL CIRCLE
(CASE 1)
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Initial Circle Right and Above Final Circle

Figure B-5 shows a right left turn combination when the initial
clockwise turn is to the right and above the final counterclockwise
turn. In Figure B-5 as well as in the remaining figures within this
Appendix, the coordinate system, the rollout point, and the terminal
heading will no Tonger be shown. Consideration of Figure B-5
in a manner analogous to that of Figure B-4 reveals that the apprc-
priate range of interceptor headings that should be examined to obtainr

the command heading to transition from the initial onto the final turn

circle is 180 to

——

360-8 ) dearsec
36l ) degraeeg

n . .
.P'

Initial Circle Left and Below Final Circle

Figure B-6 shows a right left turn combination when tre initial
clockwise turn is to the left and below the final counterclockwise

turn. It is noted that X4 is a negative quantity;

thue
e

+h
Ttua gy Ul

W0 f ’I]A-..‘ d

~ -y Eim
viiuniny [RIN!

i nem S &k R
t1Ctuit 43> ity

i ntiroduced:
% when (X,/d) 2 0

Xg
1 — _1 l 4 _
op = Cos {-THT—} =
(1800, Jwhen (X;/d) <0

Consideration of Figure B-6 reveals that the appropriate range of

headings to be examined ic 0 to ap degrees,
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INITIAL TURN CIRCLE

<— FINAL. TURN CIRCLE

Figure B-5 INITIAL CIRCLE RIGHT AND ABOVE FINAL CIRCLE
‘ (CASE 2)

FINAL TURN CIRCLE

(360-6p') \/\
AN

('GO‘OP') =9p

TINITIAL TURN CIRCLE

Figu'e B-6 INITIAL CIRCLE LEFT AND BELOW FINAL CIRCLE
(CASE 3)
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Initial Circle Left and Above Final Circle

Figure B-7 shows a right left turn combination wher the initial
clockwise turn is to the left and above the final ccunterclockwise
turn. Examination of Figure B-7 reveals that the appropriate heading

interval is 180 to (360-9p) degrees.

INITIAL TURN CIRCLE

/

(180+6p')=(360-0p)

Figure B-7 INITIAL CIRCLE LEFT AND ABOVE FINAL CIRCLE
(CASE 4)

Left Right Turns

For a left initial turn followed by a right final turn there are

four distinct cases to be considered., Figure B-8 shows each vof these

cases as well as the hcading interval to be examined in order to deter-

mine the command heading. The rationale for the choice of the heading

interval to be examined is apsarent from consideration of Figure B-8

in a manner analogous to that used for the right left turns,
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FINAL TURN CIRCLE

\\
\ /
// -_7
(180+6p1)=
(360-6p)
/\ ‘INI/TIAL TURN CIRCLE
CASE 5

INITIAL CIRCLE RIGHT AND BELOW FINAL CIRCLE
PERMITTED INTERVAL (360-6p) TO 360

(360-9,_,) FINAL TURN CIRCLE

\ J

INITIAL TURN CIRCLE

N

INITIAL CIRCLE LEFT AND BELOW FINAL CIRCLE
PERMITTED INTERVAL (360-0p) TO 360

INITIAL TURN CIRCLE

C

(360-6,!)
At
N\
FINAL TURN CIRCLE }
/
-
N
N
(180-6,1)=0

CASE 6

INITIAL CIRCLE RIGHT AND ABOVE FINAL CIRCLE
PERMITTED INTERVAL Gp T0 180

/\ w TURN CIRCLE

GP
~ TN
7
y
FINAL TURN CIRCLE
\
o
CASE 8

INITIAL CIRCLE LEFT AND ABOVE FINAL CIRCLE
PERMITTED INTERVAL 6p TO 180

Figure B-8 LEFT RIGHT TURNS
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' Heading Interval for Right Left and Left Right Turns

Table B-3 presents the heading interval versus the
sign of the parameters X4, d and Y‘1 based upon consideration of

Figures B-4 through B-8 and the accompanying discussion,

TABLE B-3
HEADING INTERVAL FOR RIGHT LEFT AND LEFT RIGHT TURNS

Sign of
Case iﬂ f_ Zﬁ Heading Interval
. 1 + + - 0 to ep
2 + + + 180 to (360-ep) :
q
3 - + - 0 to ep ;
4 - ' " 180 to (360-0,) 3
5 + - . (360-ep) to 360 )
6 + - + ep to 180
7 - - - (360-0p) to 360
8 - - + o, to 180

" { - | ' I AR w,f.:ﬁ’mh
b, ‘CEDIPH PA‘GE BLANK"NOT FIlMeD | ' -t’ e '.,';.":- , B

dossishoihe i

-
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stated below the appropriate fiqure.

B

LEFT LEFT AND RIGHT RIGHT TURNS |

Considering a left initial turn followed by a left final turn,

there are eight distinct variations of the parameters X4, d and Y4,
This asserticen may be verified by noting that the initial turn circle
may be either to the right or to the left, wither above or below, and

either smaller or larger than the final turn circle.

Considering a right initial turn foliowed by a right final turn,
there are eight additional cases to be examined. The eight cases corre-

sponding to left left turns and the eight additional cases correspording

to right right turns are shown in Table B-4, The signs of the parameters

X4, Y4 qnd d are shown for each of the 16 cases,

Figure B-9 illustrates each of the 16 cases presented in Tablie B-4,

The first four illustrations, designated cases 1 through 4, are left

left turns where d is defined by (R2 - Rl)' Since the initial turn

circle is smaller than the final turn circle, d is positive. Cases 5
through 8 are left lgft tuin combinations with the initial turn circle
larger than the final turn circle so that d is negative. For each of

these eight cases, the range of interceptor headings to be examined is

stated below the appropriate figure.

Cases 9 through 12 are right right turn combinations with d defined
as (R1 - R2). The initial turn circle is larger than the final tuin
zircle and d is positive. Cases 13 through 16 are right right turn

combinations with the initial turn circle smaller than the final turn

circle so d is negative, For each of the eight right right turn

combinations, the range of interceptor headings to be examined is |

118



-—— e~

TABLE B-4 S
LEFT LEFT AND RIGHT RIGHT TURNS

Sian of X

Case 4 Turn Directions Stgn of d Sign of Y,
1 + LL(I) + _
2 + " + +
3 - " + -
4 - u + +
5 + " _ -
& + " - +
7 - " - -
8 - " - +
9 + RR(I) + - 3
10 + n + . :
u - u . _ !
12 - : ; . .
13 + u - -
14 + n _ +
15 ; y ) ) o
16 - ’ i . &
]
i f

TDLL denotes a left left and RR denotes a right right turn combination,




FINAL TURN CIRCLE ' INITIAL TURN CIRCLE

FINAL TURN CIRCLE

INITIAL TURN CIRCLE
/

—— ASE 2
PERMITTED INTERVAL 180 TO (360-6,)

CASE !
PERMITTED INTERVAL O TO 6,

FINAL TURN CIRCLE H{ITML TURN CIRCLE

/ —
/ (3
! FINAL YURN CIRCLE
AN \
AN

“80 - ep', s ep

Q

\:l P4

INITIAL TURN CIRCLE

QO

(180+6,')=(360-())

CASE 3 CASE 4
PERMITTED INTERVAL 0 TO 0 PERN'TTED INTERVAL 180 TO (360-6p)

Figure B-9 LEFT LEFT AND RIGHT RIGHT TURNS
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Figure B-9 contd
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Figure B-9 contd
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Figure B-9 contd
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‘Heading Interval for Left Left and Right Right Turns

Table B-5 presents the range of interceptor headings to be ex-
amined versus the sign of the parameters X4, d and Y4 for each of the

16 cases depicted in Figure B-9.

TABLE B-5
HEADING INTERVAL FOR LEFT LEFT AND RIGHT RIGHT TURNS

Sign of

Case 51 E_ Xﬂ_ Heading Interval
1 + + - 0 to ep
2 + + + 180 to (360-ep)
3 - + - 0 to ep
4 - + + 180 to (360-ep)
5 + ] ] | (360-5.) to 360
6 + - + ep to 180
7 - - - (360-ep) to 360
8 - - + ep to 180
9 + + - 0 to ep
10 + + + 180 to (360-ep)
11 - + - 0 to ep
12 - + + 180 to (360-ep)
13 + - - (360—ep) to 360
14 + - + ep to 180
15 - . - - (360-ep) to 360
16 - - + . 6. to 180

p



RANGE OF INTERCEPTOR HEADINGS

! Table B-3 presented the heading intervals to be examined in
seeking the command heading that will result in an interception for
right left and Teft right turns when |X,| < [|d|. Table B-5 presented
the same information for left left and for right right turns. Table
B-6 summarizes the information from both tables and presents the range
of interceptor headings to be examined in seeking the command heading

that will result in a minimum time-to-interception when |X4| < {d].

~

TABLE B-6
HEADING INTERVAL FOR |X4! < |d]

Geometrical Condition Range of Headings

d>0 0 to ep and 180 to (360-ep)
d <0 - ep to 180 and (360—ep) to 360

The information presented in Table B-6 corresponds to the last two

entries in Table B-1.

125




REFERENCES
System Development Corporation, "SAGE Computer Program
Operational Specificaticns, Volume II"; September 1969.

System Development Corporation, "BUIC III Air Defense Computer
Program, Volume 3"; May 1971.

COMCO Electronics Corporation, “Computer Program Development
Specification, Volume II";NDecember 1974.

126



