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tion isoplanatism is distinct from other forms of {soplanatism dependence,

T e e R s

_dence of predetection compensation imaging and its relationship to the

SUMMARY

The work reported here represents the final part of the work on
Air Force Contract No, F30602-74-C-0115. Previous results developed
under this contract have been reported in three contract technical reports
which have been issued as RADC-TR-74-185, RADC-TR-74-276, and
RADC-TR-75-182. All of this work has been concerned with analysis
supporting the Compensated Imaging effort under the ARPA-sponsored

Teal Blue Program.

This report covers work in two technical areas.. The first of these A
has to do with the development of a computer program to facilitate the
evaluation of any of the currently well-understood atmospheric turbulence

effects, The program is written so as to allow evaluation of any of the

eifects under any specified set of propagation conditions. The second

part of this report is concerned with evaluation of the isoplanatic depen-

isoplanatic dependence for angle-of-arrival mu.auremenu.

In Part I of this report, the theoretical results are presented in

appropriate form to provide a basis for calculation of all of the quantities
of interest, i.e., all the currently well-understood effects of atmospheric
turbulenca, A computer program written in BASIC is then presented, "

along with instructions for use of the program, Finally, sample results '

are developed by means of the program tec provide examples of its use,

In Part Il of this report, the subject of hoplram_thmru first con-
sidered from the point of view of establishing that predetection compensa-

This is done by developing an expression for chox_-t-cxponnre pont-dpteétion
compensation isoplanatism and noting that this expression is entirely dis-

tinct from that previously developed for predetection compensation '
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Summary - Continued

isoplanatism. Physical arguments explaining this fundamental difference
are pr. sented. After this, the concept of angle-of-arrival isoplanatism

is introduced and it is remarked that because of the similarity between
this expression and the expression for predetection compensation iso-
planatism, it may be possible to convert measurements of angle-of-arrival
isoplanatism into an estimate of predetection compensation isoplanatism.
A formalism for carrying this out is set up and an expression governing
the noise gensitivity is developed. Using sample data based on solar limb
angle-of-arrival measurements (provided by Lockheed Palo Alto Research
Laboratory), a representative set of calculations was carried out, The
results imply a predetection compensation isoplanatic patch size of 1,0

to 1.5 arc seconds. However, the results showed considcrable noise

sensitivity, and the numerical results must be viewed as only tentative,
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1, Introduction to Part I

‘ o ; Knowledge concerning the statistics of optical propagation in

atmospheric turbulence hasg progressed in recent years to the point where

calculation of many of the more significant effects of turbulence is a

straightforward matter. In particular, we now know how to calculate

the effects of turbulence on the performance of various optical devices
(namely. receivers, transmitters, imagers, etc, ) under conditions where

strong (saturated) scintillation is not present. These results generally

are available expressed in terms of integrals over the turbulence distri-
bution along the propagation path, As a consequence, these results are
not particularly useful to the average system analyst who, after all, is |

really interested in how the devices perform and not in Propagation theory, I

In order to make the results of propagation theory easily available |
to the system analyst, we have undertaken the preparation of a computer

program for this purpose. The objective in the design of this program has

g ok i e+ o

been the preparation of a Program which would require as inputs f;om the

user only values of the propagation characteristic parameters (i,e.,, path

length, wavelength, etc, ) and information on the distribution of the strength

P

of turbulence over the propagation path, The computer program has been

G PR T

' 3 written for interactive operation between the user and the program. The
program will request from the operator the value of each of the parameters P

governing the propagation problem, and then will request user guidance as

} to which optical device effects it is to generate printed outputs for, In
addition, the program will require a subroutine which it can utilize to cal-

culate the optical strength of turbulence at various points along the propa-

gation path,

In Part I of this document, we shall first review the propagation theory
results which we haverutmzod in preparation of the program, We shall then

pPresent the program and its general structure, After that, we shall discuss the by




nature of the turbulence subroutine and present guidelines for preparation
of such a subroutine, as well as reviewing several sample subroutines.
This will be followed by a reasonably concise description of how to use
the program, presented in a form suitable for use by those not interested
in undersfanding any of the inner details of the operation of the program,
Finally, we shall present a variety of sample results generated by the

program,

2. Propagation Theory

Virtually all the effects of optical propagation through turbulence
on the performance of an optical device can be quantitatively expressed in
terms of a function dependent on the device parameters and one or more
of four quantities derived from propagation theory. These four parameters
are 1, , 9% ,d,, and Hy . We shall refer to these as 1) the receiver
coherence diameter, 2j the log-amplitude variance, 3) the scintillation

averaging length, and 4) the isoplanatism effective path length.‘ respectively,

2.1 Basic Parameter Evaluation

It will be convenient in this presentation to firast describe the nominal
significance ot each of these parameters and present a formula for their
evaluation. Then we shall preaeﬁ;'the formulations allowing optical device
performance to be calculated from these parameters, In this preéentation
we shall avoid as much as possible any serious effort at derivation of re-
sults, and instead will simply present results and refer to other documents

for the analysis.

2. 1.1 Receiver Coherence Diametes

The quantity, r, , which we call the receiver coherence diameter -
is the bisic measure of wavefront distortion, It has the dimensions of a
length and represents the separation perpendicular to the (nomix)gl) direc-
tion of propagation, for which the mean square magnitude of the-diﬁerence of

e ) A e T ——————— 11
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complex phase measured at two points a distance r apart has the value

6. 88 (r/r°)5/3 . If ¢(i-") is the complex phase at T’ , then

CJe(E?) - w(t°+7)|?) = 6.88 (x/x,)¥® , (1)

where the angle brackets, ( ) , denote an ensemble average, The physi-
cal significance of r, relative to the performance of an optical instruinent
can be sensed from the fact that over a circular region (aperture) of dia- .
meter r, , the ensemble average of the area-averaged wavefront distor-

tion will be one radian-squared.?

The value of r, expressed as an integral over the propagation path

can be written ag® 3

_f 2 -8 o
r, = {0.4231¢ [ ds G2 Qyfs) } A (@)

Path

where k = 2m/\ is the optical wavenumber, C,® is the refractive-index

A .
structure constant (which is a measure of the optical strength of turbulence),
and Q(s) is afunction of s , which depends on whether the optical source

is a point source or an infinite plane wave source. Q(s) is definegi by the

equation _ _
i 3 ‘ fype R SARE S 1
1 , for an infinite plane wave source
Ql (8) - ‘i‘ P Ehe -_.:’m-; . ,.., (3)

(8/®® , for a point source,, -

where o is the propagation path length, s , the variable of integration
in Eq. (2), runs along the propagation path, starting at the source, i.e.,
s = 0 at the source,

* The complex phase #(7) is compdud of two parts. The real part is

the ordinary phase, ¢(r) , and the imagixigry part is the negative of

the log-amplitude, £(¥) . We can write
BTG ETTRSc) R
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Some further insight into the physical significance"of the receiver
coherence diameter can be inferred by taking note of th'é‘fact fhat if an
image is formed by an aberratién‘-free lens of very large diameter, the
resolution of the image will not be determined by the aperture diameter.
Rather, it will be controlled by the wavefront distprfiqn, with a resolution
value determined by the receiver coherence diameter, x . If we define
the "resolution length" in a sense akin to the way an electrical engineer
defines '"rise time" of a system, i.e., as one-half the inverse of the band-
width, only more conservatively take it as twice the ''rise time, !' then it
can be shown that atmospheric turbulence imposes a resolution limit for

a very large diameter aberration-free aperture given in angular units by*

G =4/ [k 1) = 7.08982/(k %) ., (4) -

and in units of length at the source, assuming the source is a point source,

Xyn = 80 = 7.08982.2/(k 1) . e

We can identify em( and x“,) with thé -app'.ar'ent full width, i.e., diameter _

of the image of a point source,

To recognize the full physical significance of Eq.'s (4) and (5), we
note that in the absence of turbulence-induclged.wg.vefront distortion, the . .
resolution values, 8,,, and x, would be given by Eq.'s (4) and (5) with
r, replaced by the aperture diameter, D ., As far as resolution is con-
cerned, r, is the effective diameter of a very large diameter (i.e.,
D>> 1, )lens. e
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2.1.2 Log-Amplitude Variance

Optical propagation through turbulence results in variations of
the intensity of the wave. For many analytic purposes, it is convenient
to consider the variations of £(T) , the logarithm of the amplitude of the
wave at r (rather than the intensity variations at T). One of the reasons
for this is that the log-amplitude ¢(f) appears to follow a normal distri-
bution. This distribution is characterized by a mean I and a variance,
o . the log-amplitude variance. It has been showr® that (for point
sources and infinite plane wave sources), as a consequence of conserva-

‘tion of energy,

I = "oza . (6)

Obviously, then, the log-amplitude variations are characterized by a

single parameter, the log-amplitude variance.

The relationship between the normalized intensity variance, 013 )

and the log-amplitude variance can be shown to be®

2
%

IG) - (JE) P *
,Ia=$L_E(Lﬁ§.§;‘Em_L_-. ) (8)

Table 1 shows the relationship between the log-amplitude variance, of ;

and the normalized intensity variance, ox‘ .

exp (4 G"a) - 1 ] (7)

where

Tab l e 1
Normalized Intensity Variance

0. 07

0.1 lo.z I 0.3 | 0.5

|
XN

a“’ 0.0l l 0. 03 |0.'05

of o.o)uT o._'m] 0.22 l 0. 32 l 0. 49 l 1.zz] 2.3 ]




As can be seen, the normalized intensity variance increases very rapidly
with increasing values of the log-amplitude variance. Because of the
phenomena known as saturation of scintillation,® it does not appear to be

possible for ¢,2 to take a value larger than 0.5 , and there is reason

L
to question all theoretical predictions concerning intensity and log-amplitude
fluctuations when the propagation conditions are such that the theory leads

to a value of cza in excess of one-half.

So long as the propagation conditions do not lead to predictions of
saturation of scintillation, we expect the log-amplitude variance to have

a value given by the equation

0,2 = 0.56 ke J’ ds C,® Qy(s) (¢ - s)%¢ 9)
Path

where all of the quantities have the same meaning as in Eq. 's (2) and (12).

2.1.3 Scintillation Averaging Length

The variation of log-amplitude and of intensity is partially correlated
for measurements at a pair of points with some finite separation. It is cua-
tomary to speak of a correlation distance as that separation for which the
correlation of the variations is some small fraction of the variance. Ua-
fortunately, the correlation distance for log-amplitude or for intensity vari-
ations is difficult to give a precise meaning to fo:- a general .probagaﬂon
prc»blem.,“l A smd&" of the subject of aperture averaging of intensity fluc-
tuations over any type of propagation path -lgadi to the definition of a length
which governs aperture averaging. We recognise the relevance of this
quantity to the correlation distance for intensity variations, but avoid im-
puting any more to this quantity than has been demonstrated, calling it the

* For propagation over a path of lengtb € with homogeneauc turbulence
~ statistics, it is easy and useful to consider Y3 as the correlation dis-
tance for log-lmplitudo variations. However, for a path with varying
turhulence ntnttmca. mch a simple formulation is iupprapruto. _

.o
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scintillation averaging length. We denote the scintillation averaging
length by  d, . It has been shown that the value of the scintillation

averaging length. is given by the equation

[ ds G2 Qle) - ap ]3'"'
4 = 2.399 k=3 { = (10)

[ ds G2 Q(s) & - 5)¥8

Patt

The quantities in Eq. (10) have the same meaning as defined for Eq. (2).
The functions Q, (8) and Q,(s) have values determined by whether the
optical source is a point source or an infinite plane wave source. They

are defined by the equations

1 , for an infinite plane wave source,

Q) = { (11)

(s/gr® , for a point source

1 , for an infinite plane wave source

Q(s) = { . 2)

(s/)%/" '._ _ f.or-‘a-p_oint source.

2.1.4 lsoplanatism Effective Path Length =~ ,
For a number of applications, it is important to know the sise of -

the field-of -view over which the wavefront distortion pattern over the
aperture is nearly constant, i.e., tndppendcht of field angle., This sub-
ject is called “isoplanatiam, ' and the fiold-of-§icw is referred to as the
{soplanatic patch, or the isoplanatic region. It is reasonable to expect
the size of the isoplanatic patch to be equal to the wavefront distortion

'eoh_qunco' range (a quantity of the order of the receiver coherence diameter, -
L ) dlvtdail by a quantity of the order of the pa'th‘lon_gth.' Detalled analysis®

-8
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shows that the angular size of the isoplanatic patch is conveniently

defined in terms of the quantity

J =% /H, ' (13)

where ¢, is an angular quantity we may call the isoplanatic angle (i. e.,

the radius of the isoplanatic patch), and H, is a quantity with dimensions

of length, which we call the isoplanatic effective path length. H, is of
the order of magnitude of the propagation path length, or at least of the
path length in the turbulence. Its value is given by the equation

§ [ ds G2 Q(a) ¢ - &% e

Ho . Path . (14)
f ds G2 Q, (8)

Path

Here the quantities have the same meaning as in Eq. (2). We note that
: H, is independent of wavelength, but that since r, is proportional to
wavelength to the 6/5-power, then sois ¢, .

i

2.2 Optical Device Performance Evaluation

With the four basic quantities, r, , 0,® ., d; , and H, now

defined in terms of formulas suitable for computitlon. we are ready to

turn our attention to the evaluation of the performance of various types
of optical devices. We shall conuider the following types of optical devices:
1) ordinary imaging optics, 2) laser tranamitter, 3) optical heterodyne
receiver, 4) predetection compensation imagery, and 5) incoherent detec-
tion ("photon bucket't) reéoiver. In addition, to obtain 2 more complete
handle on the nature of the wavefront dhtbrtion_ and ncintu-latiox_x. it is
desirable to know oox_hethi.ng about 6) the spatial power spectrum of log-
tmj:lltudo and phase variations. We shall take up each of these matters

_in the following subsections, | ' '
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2.2.1 Ordinary Imaging Optics

In discussing the performance of ordinary imaging optics as

limited by atmospheric turbulence, it is necessary to distinguish between
long-exposure imaging and short-exposure imaging, The distinction per-
tains to the fact that in short-exposure imagery, wavefront tilt does not
degrade the sharpness of the image. Rather, it merely displaces the image
on the focal plane. In long-exposure imagery, this tilt is varied during

the period of exposure and the image is consequently smeared. In long-
exposure imagery, wavefront tilt is a meaningful portion of the wavefront

distortion.

For convenience, we shall refer to long-exposure imagery as ''slow
operation, ' and to short-exposure imagery as 'fast operation.' For slow
operation, we shall only ask about the resolution, but for fast oparation
we shall ask not only about the resoiution, but also about the variability
or "jitter' of the image of a point associated with the unknown random tile.
We define resolution in the same sense as i Eq. 's (4) and (5), i.e., as the
inverse of the one-dimensional imaging bandwidth to be associated with the
turbulence -limited MTF of the imaging device. We define the jitter as

twice the rms variation in the positinon of the image of a source.

It can be shown!® that for slow operation, the atmospheric turbu-
lence limited resolution of an aberration-free imaging devire with entrarce

aperture diameter D is given by the expression for angular resolution,

6‘!1:- = elu Ruu(D/ro) r (15)

or for a point source, for which it is meaningful to speak of the resolution

projected on the source plane as

Slyee = R Ragew (D/x,) . A (16)
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Here the function R, (D/r,) is defined by the equation

Ryyou(D/ry) = {Lﬂé (‘1',]')’)a fu du [cos=! u - u(l-u3p/3)
) o/ g

X exp [- 3.44 (}%)Wa us e . (17)

For fast operation, it has been shown that the corresponding ex-

pressions for resolution are

t 6erm = elh R'lot (D/ro) ’ (18)
and

65"” = Xata Rn“ (D/ro) N (19)

where
16 /D& } R
Reyq (Do) = { < (ro) oj‘u du [cos™} u - u(l-wW/2]
' ) D Y
X exp[ 3.44(r°) @R (1.4 )]} . (20)

A convenient procedure for estimating the jitter associated with

fast operation is to note that the slow resolution, 88,,,, or 84,,, should

eyt TR T i hor 3,

be (approximately) the quidnture sum of the fast resolution, 8g,,, or
84y and the jitter. Since resolution was defined as the equivalent of twice
the ''rise-time," or as the full width of a spot image, i.e., (approximately)
twice the rms spread of the image, then the jitt&r we will calculate from

the inversion of this quadrature sum relationship will be (approximately)
twice the rms nncertainti of the short-exposure image position. Expresced

in terms of the length subtendsd on the source pl;nc..wc have

.11 .

in terms of angular fisld-of -view subtense, or for the case of a point source
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69“'.?." =[(69,“,)’ - (aer.n)ajlla
= B4y Rypaer (D/1o) (21)
and ¢
51’.!2“.: = [(61‘31“)8 - (GL“")Q]IIS

* X Ripeer (B/7) , (22)

respectively. Here we have used R;,,, to denote

Ry e (D/rg) = {[ Ry, (D/ro)}2- [ Ry, (D/xg)123¥/2 (23)

In Table 2, we show a set of numerical values of R,,, (D/r,), Ry, (D/r,),

and R,,,.,(D/r,) for various values of D/r, .

Table 2
R(D/x,) as a Function of D/,

D/ro 0.1 0.215443] 0.464159| 1.0 2.15443 | 4.64159 10.0-
Ry (D/r,) fO.111 | 4,827 | 2.4625 |1.4983]1.1765 [1.0718 [1.0312
R.,. (D/7,) P0.019 | 4.6726 | 2.2065 | 1.0886 | 0, 62407 | C. 54627 | 0. 69329
Ry o(D/xg) 1.3658 ] 1,211 1.0935 | 1.0295 | 0.99737 | 0.92218 |0. 76341

As can be seen {rom an examination of Table 2, the jitter is relatively
constant, independent of aperture diameter, changing by less than a factor
of two as diameter varies over two decades. The resolution for slow oper-
ation is a monotonically improving (t. e., decreasing) function of ipa:mu
diameter. However, for fast operation thc-resoiution reaches an optimum

(i.e.. a minimum) for D/r, in the vicinity of five. . The minimum is ﬁulto
. broad, as can be seen from the data,
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2.2.2 Laser Transmitter

By making use of the demonstrated reciprocity!! between transmitter
and receiver performance, it is possible to directly ecquate the performance
of a laser tranomitter with that of an aberration-free imaging system. If
the laser beam uniformly fills the transmitter aperture, then the results {
of the preceding section for resolution and jitter can be equated to the beam
spread and jitter results for the laser transmitier. Before delving further into i
this, however, it is appropriate to say a bit about the meaning of the terms

"fast'" and '"'slow'' operation in a laser transmitter,-

The laser t;-é_nsmi:ter pointing must be controlled by some mechan-
ism which will be able to sense the apparent position of the aimpoint. If

the transmitter is hard-mounted, as in a fixed installation communications

link, the sensor is the individual who originally installed or most recently
adjueted the laser transmit_ter. In.lome applications, however, the laser
pointing must be updated either to take gint the effect of transmitter mount
motion or of ainipoint motion. The iervo that controls this will have some
bandwidth nleéted on the basis of required performance. -,Md.t likely, it
will require a beacon of some sort at the simpoint, which the sensor that

‘controls the pointing servo will detact. If the sensor utilizes the same

~ aperture as the transmitter, the wave{ront tiit it senses ir viewiag the =~ »

- beacon correspond enctly,’ to the lngnhlr deflaction the trmuﬁitt'ed- laser
beam will experience,1! This means that if the pointing servo can respond
sufficiently i-apidly; the polntihg can be adjusted to cancel that portion of
the turbulence effect that would correspond to a tilt of the lacer beam. We.
would classify such a devicc as a fast operating laié’i; traasmitter. In the
absence of these two futuru-fi. e. ,- adcquateiy hlgh servo bandwidth and
a sensor that ghares the lperm.e wuh the tunamitur). we would classify
the device as a .law operating laser transmitter,

® For & laser on the ground illuminating a satellits in orbit, there s s : ' -
point-ahead requirement of 2v/c . This point-shead angle can be so : -
large that the wavefront tilt seen by the sensor will be only poorly cor-
related with the tilt that turbulence will impou on the laser beam,

e A 4 pm b
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It follows directly from the reciprocity of transmitter and receiver
performance that for a slow operating laser transmitter, the full width of
the laser beamn expressed in angular units will be 88,,,, , 2s defined in
Eq. (15), and if the beam is focused at the aimpoint, then the laser spot
full width at the aimpoint will be 64y,,, , @s defined in Eq. (16). [The

instantaneous laser beam full width will be 68pags * and for a focused laser

beam at the aimpoint plane, the instantaneous full width of the spot will be
§2r4,¢ + The jitter of the instantaneous beam direction will cover a range

(where range = two times rms motion) of 60 1eer ° For a focused laser

beam, the instantaneous spot at the aimpoint plane will wander over a range

(range = two times rms wander) of §£;,,4 )

For a fast operation laser transmitter, the achieved laser beam full
width expressed in terms of an effective angular subtense will be 64, .. . I

as defined in Eq. (18), and the laser transmitter servo loop will have to !

B SPTERII  c + L  aee eeverge e

apply pointing corrections over an angﬁlar range (corresponding to twice
the rms pointing correction jitter) of §8,,,,, » as defined in Eq. (21). If

the Iaser beam is focused at the aimpoint, then it is convenient to speak of

the spot width, which will be &4,,, , as defined in Eq. (19). The servo
jitter required to take out the atmospheric turbulence tilt will have a range
(twice rms excursion) expressed in terms of equivalent displacement of the

laser spot on the plane of the aimpoint, of §4,,,, » a8 defined in Eq. (22).

Central to the calculation of laser transmitter performance is the

quantity r, . The value of r, to be used for laser transmitter perform-

e TR T R N s

ance is actually the same one that would be used in evaluation of an imaging
device's performance for an imaging device co-located with the laser trans-
mitter, and a laser transmitter aimpoint co-located with the source the *
imaging device would be viewing., Clearly, then, the value of r, for e’w‘/alu-

ation of the performance of a lager {ransmitter would be based on use of

Eq. (2), witn the propagation path integral running from s = 0 at the aimpoint

P T
2 isy? Ao st i o {
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to s = # atthe transmitter aperture. The form of Q (s) , according
to the options defined in Eq. (3), would be the point source form if the

laser beam were focused at the aimpoint, and would be the infinite plane

wave form if the laser beam were transmitted as a collimated beam.
Thus we would ""consider' that we were dealing with a point source propa-
gation problem for a laser transmitter (which is actually the source)

transmitting a focused beam, and an infinite plane wave source for a

laser transmitter sending out a collimated beam. To apply the previous ]
propagation results to the laser transmitter, we have to consider the aim- g

point as the (virtuai) source, and the transmitter as simply the optical

N

device interacting with the (*'radiation" from the virtual) source,

e

2.2, 3 Optical Heterodyne Receiver

The performance of an optical heterodyne receiver is measured
almost entirely in terms of the signal power and signal power to noise
power ratio of its output., Atmospheric turbulence wil] affect those values,
In addition, turbulence will change the apparent angle of arrival of the
signal wavefront, and if the hetefodyne receiver alignment servo is fast
enough, i.e,, if we are dealing with a fast operation optical heterodyne

receiver rather than with a slow operation unit, this tilt will cause the

alignment unit to dither over some angular range. To characterize the

| performance of a slow operation opticil heterodyne receivér, we shall
wish to know how the average signal-to-noise power ratio varies with
aperture diameter. This is perhaps most conveniently expressed in terms
of the effective diameter, i, e., that aperture diameter which would produce
the same average signal-to-noise power ratio in the absence of turbulence <
induced wavefront distortion. It can be shown'? that this effective diameter,

(Dyer haon is given by the expression

(el = %o Huoeldlrg  + @

-15.
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where

Hy,u (D/1,) = \';5‘) ’%ré' fu du [cos~! u - u{l-u2p/?]
°

X exp [- 3.44 (;P")m we ]}1/2 . (25)

0

In addition to the information on the effective average receiver diameter,
which tells us about the average signal to noise ratio achieved by the heter-
odyne recéiver, we would also like to know something about the fluctuations
of the signal power. This is still a poorly-analyzed subject, and while
some results are available, they are at best only numerical results ob-
tained from a Monte Carlo evaluation of an eight-dimensional integral.
Using these results!® and defining the normalized heterodyne signal power

variance, (o, » as

S-(S))
& |

(26)

_ (94 %)a1 00 ‘

where S is the randomly fluctuating slow operation hcterodyne receiver

signal power, we can write

| @M"llu = Hh.p.u“_ (D/’o) - ' v ‘27)

where Hy ., 4, (D/rg) ls.miost usefully defined in tabular form. In Table 3,
\Vg u“ the v..lue"of Hﬂu and Hm.m’i D | -




: D/’fc

Table

3

Slow Operation Heterodyne Receiver

Performance Functions

TR AP A LA 24y i g VA

0.1 0.215443] 0.464158{ 1.0 2.15443 | 4,64158 [10.0
| Hy,(D/t,)  ]0.09889| 0.20717 | 0.4061 | 0.667429 | 0.849963 | 0.932984| 0.969713/.
H,,, s1oeD/1)] 0. 0219 | 0.0787 | 0.20 0.616 [1.31  [1.47 | L.23

As can be seen, the effective diameter for a slow operation heterodyne
receiver has a limiting value of r, . The signal power variance gets to
be of the order of unity for a diameter much larger than r, , and seems
to peak at about 1.5 for a diameter about equal to 51, . (It can be shown'¢
that the signal power variance reaches a limiting value of unity for D/,

very large,)

In examining the performance of a fast operation optical heterodyne
receiver, we would be concerned with 1) its effective diameter (i.e., the
receiver diameter which in the absence of turbulence -induced wavefront
distortion would result in a signal-to-noise power ratio equal to the actual
average signal-to-noise power ratio), 2) the angular tucking range over
which the alignment system would have to track the dither in angle of arrival
of the distorted wavefront (taking the "'range" to refer to twice the rms o
excursion), and 3) the normalised signal power irqruncé. Unfortunately,
there are no available theoretical rasults which we can use to calculate
the signal power variance for a fast operation optical heterodyne receiver.

It can be seen®® that the effective diameter of a fast operating
o_pgical heterodyne receiver is given by the 'oxpnuioh a

- Depedag =% Huy (D/x) | - (28) |

) n't;? L

B
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where the function H, ,(D/r,) has a value given by the equation
H, , (D/x) = '2'\{-1-9' f udu [cos™! u - u(l-ud)}/2]
(¥ ] (ro) 7 R

&/3 /2
X exp f- 3,44 \-:-:-> us/3 (l-ul/a‘]] . (29)

The fast operation optical heterodyne receiver angular alignment, in

- tracking the dither in the angle of arrival of the turbulence tilted wavefront,

will have to operate over a range (range = two times rms) , 58puper

88 ne * Oatn Rigtear (P/T) . (30)

Here §,,, and R, (D/r) are as defined in Eq.'s (4) and (23). In

Table 4, we list a set of numerical values for H, , and R,,, for

various values of D/r, . |

Table 4
Fast Operation Heterodyne Receiver
Performance Functions

D/r, 0.1 '0.215443| 0,464159} 1.0 2.15443 | 4.64159 |10.0
H,, AD/r,) }0.0998127] 0.214013| 0.453237| 0.918652 | 1.60239 | 1. 8306 | 1. 44241
Riser(P/1r)] 1. 3658 1,211 1,0935 1. 0192 0,99737 | 0.92218 :' 0. 76341

As can be seen from Table 4, here as in the case of the fast Ope.iq,gion

imager and the fast operation laser transmitter, the performance peaks

S T X
e

- 3 weakly-decreasing function of aperture diameter..

at an aperture dlameter around 4r, . The ingi;lai_-'dither is pggg' to be
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2.2.4 Predetection Compensation Imagery

The concept of predetection compensation imagery relates to an
imaging system which can, in real time, sense the details of the wave-
front distortion of the waves from an object in its field-of -view, and in
real time apply correction signals to a deformable mirror so as to cancel
this distortion. If everything works perfectly, the imaging system ought
to achieve diffraction-limited performance. In practice, there is a basic
limitation associated with isoplanatism, The wavefront distortion is not
constant over the entire field-of-view and as a."consequenc'e, whatever
wavefront distortion correction is made will not be entirely applicable
for some part of the field-of-view, Normally one considers a working
field-of -view of only a few arc-seconds or less, but even over this small

a field-of.view there can be isoplanatism problems.

The effect of lack of isoplanatism can be measured in terms of a
reduction in the modulation transfer function of the éompeneated imaging
system for all the high spatial frequencies, The magnitude of this reduc-
tion is related to the angular spread between the dotail being imaged and
the region in the field-of -view that was used to sense what wavefront dis-

tortioa corrections were required.

~ There are two pomewhit distinct approaches to the matter of sensing
the required wavefront distortion correction. In the first approach, a point
source distinct from but close by the region of interest is used as an "ex-
ternal reference, " to determine the wavefront correction, The degradation
of the modulation transfer function is a function of the angular separation,
¢ . between the reference and the region of interest, if we are imaging
radiation from an infinite plane wave source, and a function of the linear

~separation, 4 , between the reference and the region of interest if we are

dealing with s point source. It can be shown®that the degradation io_. given
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(MTF-Degradation),, .., = exp [-6.88 (3/9,FR] , (31)

for imaging of radiation from an infinite plane-wave source, and

(MTF-Degradation),, , = exp [-6.88 (4/x,FR] , (32)

LJ
for imaging of radiation from a point source. In Eq. (31), the quantity

¥, is as defined in Eq. (13), and x, in Eq. (32) is defined by the equation

X =0
%1y /H,) . (33)

[}

It is worth noting that by virtue of the reciprocity between trans-
mitter and receiveri!, the isoplanatism problems of compensated imaging
can be equated with that of a Coherent Optical Adaptive Transmitter (COAT)
lager transmitter. In such a system, the transmitter antenna is distorted
in a manner controlied by some sensor servo loop that senses the optical
propagation distortion in the propagation path to some reference point on
the plane being illuminated. (Often this reference point is a glint point, )
The antenna gain of the COAT system can be expected to be reduced from

the diffraction-limited antenna gain by an amount equal to the factor given

in Eq. (31) or (32), where 9 or 4 is the upanti_on between the glint (i.e., |

reference) point and the aimpoint,

In addition to the external reference approach to prodetection_ com-
pensation imaging.- it “, also possible to use the object of interest as its
own reference. In this cioe. the isoplanatism problem arises from the
finite extent of the object, The degree of degradation of the MTF" is then
a function of e 7.2 the dnguh-r -xbnt’.' or - L , the llunr extent - in tho
case of a point source, of thc area ucting n its rdennce. and of 9
the anguhr upantlon. or z ' tho linur upnttlon in. thu case ofa

et
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point source, of the subregion being imaged, from the center of the region
being used as the reference. If the reference region is circular with an
angular diameter @ , or a linear diameter L , in the case of a point
source, then it has been shown® that the degradation of the modulation

transfer function is given by the expression

(MTF -Degradation),,, . = exp [-a (8/5,F2) (34)
for imaging of an infinite plane wave source, and by the expression

(MTF -Degradation)y;, , = exp [-a (L/x, 2] , (35)

for imaging of a plane wave source, In Eq.'s (34) and (35), the quantity
o is a function of (#/8) if we are imaging an infinite plane wave source,
or of (£/L) if we are dealing with imaging of a pcint source. The value
of a is given by the expression

a=(0.69 | & [Z-3) .00 . . (36)
%] <1 |
where _ , o
1% =206 . B 1/
* =24L | B €

~In Table 5, we show the value of 4 for varfouu values of ]3' .
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Table 5
Isoplanatism Function for Self-Referenced

Predetection Compensation

|%| 0.00 | 0.25 0.50 0.75 1.00

location center | 1 radius # radius 4 radius edge
from center | from center | from center

a 0.165] 0,278 0.615 1.166 1.914

The data in Table 5, together with Eq. 's (34) and (37), or with Eq.'s (35)
and (38), provide a basis for calculating the degradation of the modulation

transfer function for self-referenced predetection compensation,

The aperture diameter of the predetection compensztion system does
not figure in the degradation of the modulation transfer function in ‘erms
of the isoplanatism problem. It only appears in the determination of the
diffraction-limited modulation transfer function, The diffraction-limited
modulation transfer function for a circular aperture of diameter D , for

image frequency f is given by the expression

urn 0= & {co(l) Q-G e

© where for imaglnn of an lufinite plme-wwc oource. f is measured in

unitc of cyclu per radian, and
tL=DA -, o (40)

while for irnaging of a point source, { is measured in cycles per meter
on the plans of the source, and [
e/ .

=22 -
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If we solve Eq. (39) for the value of (f/f,) for various values of the dif-
fraction-limited modulation transfer function, we get the resulits shown

in Table 6.

Table 6

Diffraction-Limited Modulation Transfer Function

MTF,, 0.50 0. 25 0.10
(t/4,) 0. 403972 0.634704 | 0.805384
2n (£, /1) 15.5535 | 9.89939 | 7.80148

2.2.5 Aperture Averaging Intensity Receivers

The signal collected by an intensity detection receiver will be subject

to some fluctuation due to the turbulence-induced variations of the wavefront

intensity at the aperture plane. The variance of the total signal collected will

be controlled first of all by the intensity variance associated with the fluc-
tuations at a point on the aperture plane, i.e., the variations seen by a very
small diameter receiver. This variance expressed in normalized form is
given by al‘ , &8 defined in terms of the log-amplitude variance in Eq. (7).

If the receiver diameter, D , is non-trivial, then the total signal will huve

_ a-nbrmalized variance, - o o where with S denoting the randomly fluctu-

ating signal

., LS (S

% ey SRR | e

“given by the e;q:ruiiox_x"

o0 = c:'fll_‘,‘ (D/d,)"e 41+ (D/d',)'/f]-_‘ | |

e o ot - 1100 + (DI4PM ¢+ DIGPRTS . (e3)
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where d, and o: are as defined in Eq.'s (9) and (10).

2.2.6 Spatial Power Spectrum of Log-Amplitude and Phase Variations

The fundamental measures of spatial variation of log-amplitude and

phase, as developed in the published literature, are the covariance func-

tions

Colo) = (LG - AENILE) - 4E N -, (44)
and

G o) =([BE) - BENIBE) - GEDHYY (45)
where

=|7T-7 . (46)

It has been shown®18 that these two covariance functions can be expressed

in terms of an integral over the propagation path as

Cylp) = === k3 J’ ds C2 I du u=83 g (qu(s))
Patd
x (1-cos [Wl-) QUIKY} . (7
and | | .
C,(o)= ;:6 k? J‘ ds C,,' du wes g (qu(a))
LC L I : . ,
X (1 +cos [u3L-9) Qs)/k]) . L (48)

where Q,(s) is a function whose form depends on whether the source is a

point source or an intinito phne wave source. The form of Q(l) is given
by the expreuion

1, for an infinite p,lane wave scurce

sle for a pouu source .

.34-

s o e =




In Eq.'s (47) and (48), the integration over s along the propagation path

runs from the source (at 8 = 0 ) to the measurement plane (at s = ¢ ).

Strictly speaking, Eq. (48) can not be valid as the integral is
divergent, The divergence is due to the very large contribution for very
low values {frequencies) of u . In the physical world, there is a cut-off
(the outer scale of turbulence) which suppresses this divergence by intro-
ducing an additional factor into the integrand of Eq. (48) which reduces the
contribution of the low vaiues of u . In practice, it is customary to get
around this problem by working with the phage structure function, thus

! replacing J, (puQ(s)) by [1 - J,{puQ(s)}] and suppressing the divergence,

at least for finite values of p . For our purposes here there is no diffi-
culty involved in using Eq. (48) just as given with the proviso that we re- !
member that there is a missing factor in the integrand which would suppress

the very low frequency (small values of u ) contribution.

To calculate the log-amplitude and phase power spectra, we make

Srel S e R e v b e e e

{ use of the fact that the spectra zan be defined in terms of the two-dimen-

sional fourier transform as

e~ oa

‘o +o0 i
B; (p.q) = j dx ]‘ dy C, dx'w‘ )cxp[ i(px+qy)] . (50) | ?

Wstomrgy rpeorieas IR

 (p.a) = fdx j‘ dy C,d Xty ) exn [- l(puqm - {s1)

where p ai\d q repnlent tplthl frequencies along the x and y axn.- ' ‘ i
respectively. Because the covariance functions are lcotropic. the npectu ‘ '

can be expruud in terms of a radial iunction. namely.

T S

.28




a8 PTG i e . .

o N

~ Eq.'s (57) and (58) 'ﬁrovido & convenient basis for nu&ericll'cilculition of
. the log-amplitude and phase variance, given the distribution of the. -trength

‘smaller than the inverse of the outor ucalc of tnrbulence.

~and By(y) for very small valuee of - » and for very hrgo values of b

where
b= (p? + g2 . (54)

It is possible to show, making use of the isotropy of the problem, that
L]
Bz(h) = 2n f P C‘(D) Jo (up) dp s (55)
o
@«
By(w) = 2n [ Calo) Jo (up) dp . (56)
)

If we substitute Eq. (47) into Eq. (55), or Eq. (48) into Eq. (56),
and make use of the standard property of repeated Hankel transforms to

recover the starting functiom!”, we obtain the result that

Bylu) = 4.08 k8 U8 [ de G2 Q (a) {1 - cos [kq( )J} (s7)

fath

Byt 4,081 u-wé Idnq‘Q(o){l+coo[kQ(.)}. (s8)

fard

of turbulence along the propagat(on path, As pointed out previously, we
can not expect the phase variation power spectrum, as given by Eq. (58).
to be reliable for very low spatial {requencien. le., for valuu of u

It is intereotlng to comment on thc nymptotlc depandonce of B‘(p) . f 4

(ignoring. of course, the influence of the outer scale of turb\donc.). For
very small valuss of y , the cosine lnm_:_t_ion will be nsarly equal to un_uy.
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In evaluating Bl'(u) » this will lead to replacing (l-cos) by a .* de-
pendence so that B,(u) will vary as @2/ , In evaluating B, () , this
will lead to replacing (l+cos) by a factor of 2 , so that B¢(u.) will vary
as u~13 | For very large values of u , the cosine term will vary so
rapidly that its contribution to the integral will be negligible. This will
lead to replacing (Ixzcos) by unity in both integrals, and the asymptotic
dependence of both Bl () and B¢ (u) will be identical, approaching the
same L2 form, We note that although B¢(u,) varies as u-MR for
very small values of |, and for very large values of |, , the two asymp-
totic limits differ by a factor of two, i.e., the difference between the two
replacemeants for (l+cos) . We expect the factor of two transition to
manifest itself in the spatial frequency range yua1/d, , where dy

as defined in Eq. (10), We expect that in this spatial frequency regime,
the value of B,(.) will approach that of B¢(u) .

3. Comguter Program St-ructure_

The program for calculation of optical propagation effects on optical
devices has been prepared jn BASIC language in a form mitnble for use on
a teletype terminal interactive basis, It has been run on a Nova-type m!ni-

computer. but should be easily adaptable to larger machines. The program '
_comicu of two parts, the main program which is the bulk of the code and

the turbulence subroutine. Other than noting here that the turbulence sub-

“routine is to be specially prepared by the operator in advance of ctmng the

program and hu two entry points, at 9000, called to set up the set of cou-

" stants required repeatedly by the program and subronune. and at 9100

called repeatedly to generate values of C,f given an alutuda we. defar
ducunion of thc cubroutine to the next section, '

The main pr.o;umia listed in Appendix 1, with accompanying remarks

in Appendix 2. The main program is conveniently separated into six distinct

cactions, We categorize these as: 1) ast-up, 2) problem parameter defi-
nition, 3) propagation path subdivision, 4) C.3 evaluation, 5) basic results
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computation, and 6) generation of desired special outpnts., We discuss

each of these in the following six subsections.

3.1 Set-Up

The basic set-up details required before the program computations ;
can start are carried out in instructions 110 to 150, This portiofi of the
program establishes the dimensioning of the arrays required by the main
program, defines the output format terms, and goes to the turbulence sub-

routine at entry 9000, This establishes H9 , the upper altitude limit for

the turbulent atmosphere, according to the turbulence model. It also gives i
the subroutine a chance to carry out whatever preliminary manipulations

it requires be performed before it is ever called upon to generate values

for G2 . (Some versions of the subroutine require no such manipulations

-~ otherc do,) !

3,2 Problem Parameter Definition

Instructions 1002 to 1230 are concerned with obtaining keyboard
inputs from the operator to specify the parameters which will govern the
calculation, The nature of these inputs are discussed in detail in Appendix 2,

undeyr remark #2 (REM #2),

3.3 Propagation Path Subdivision

Instructions 1240 to 1450 aAre concerned with establishing the propa-
gation path segmonts through the turbulent portion of the atmonphere. The
calculations start with Hl and H2 , the altitudes at the two ends of £h§
path, Z , the total path length, and N the number of segments we wish
to divide the part of the path that is in the turbulent atmoopheré into. The :
calculations also make use of H9 the altitude established by the initiai
calling of the subroutine as the ''top'" of the turbulent atmosphere. The
program establishes the two altitudes, H3 and H4 , which limit the
propagation path in the turbulent atmosphere, taking account as ,naceu'_ary' "
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of H? . It also establishes the propagation path length to the two limits,
namely, Z1 and Z2 , which correspond to H3 and H4 . The program
then establishes the altitude increment H5 , and path length increment Z3
which control the N steps between Zl and Z2 over which the propagation

integrals will be evaluated.

3.4 Turbulence Strength Evaluation

Instructions 1460 to 1520 are concerned with establishing a matrix
C() of N values of C* at the midpoint of each of the N intervals utilized
in evaluation of the propagation integrals.. The program in sequence estab-
lishes the altitude H of each interval's midpoint, H , and then calls the
turbulence subroutine which returns the value C of C2 at that altitude.

This value is stored in the matrix C{) for later use.

3.5 Basic _Resulta Computation

The evaluation of most of the effects of atmospheric turbulence on
optical devices requires the evaluation of the four basic parameters, r, .
cf v 4y » and H, -- whose values are defined _by the propagation inte-
grals in Eq,'s (2), (9), (10), and (14). Instructions 1610 to 1880 cause the
evaluation of the necessary four pioiugition integrals, 'called 2,13 ,14
ard IS . The basic pararneters 1, , 0, , d, . and H, are calculated
(cailed Ri, R3, R4, and RS, respectively) and printed ont by instruc-
tions 1910 to 2080. IR . -

If the value of at“ is greater than 0.5, the -pr_dgr‘am prints out
a comment tn the effect that it will not printout any further results concern-

ing intensity variations. (The program will later- supprees printout of the

intensity variance and of the aperture aveuged ﬂgnnl wuiationl.) This is
'uccompliched by instructions 3090 to 2140: - R

Having printod out- the valuu of ro » o‘ ' 6, ' and Ho , the prognm

next cuculam and printo out the vuuu of 8, cucuhted from Eq. (4)
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[or x, . if we are dealing with a point source, calculated from Eq. (5)],
which is called P1l; the value of §, calculated from Eq. (13) [or x if

we are dealing with a point source, calculated from Eq. (33)] , which is
called P2 ; and the value of o , calculated from Eq. (7), which is called
P3. These results are calculated and printed out in instructions 2220 to 2430.
Whether the calculations are performed on the basis of infinite plane wave
source or point source is governed by the value of Q , a flag set at the

W

keyboard to 0 or 1 atthe start of the program. ,

Beyond this point, all computer outputs are optional, controlled by
the six-digit binary number input by the operator at the start of the program.

These optional outputs are discussed in the next subsection.

3.6 Optional Outputs

There are six options for detailed outputs, any or all of which the
operator can request by his determination of the six-digits of the binary
number he input at the keyboard at the start of the program, The nature
of these six outputs i discussed in the following subsections. Which output
options will be exercised is determined by the lix-’digit'binary number Ql '
which is manipulated as Q2 in the program., The prepantion of thene
optional outputs is covered by inutructiona 2510 to 4960.

3. b. 1 Ordmarz lmaging and Lner Trannmitter Ou_tgu ggtion

~ The calculations of the performance of an ordinary imaging system

“and of a laser transmitter, and the outputting of detailed results are accom-
plished by instructions. 2510 to 3063, (Instructions 2515 to 2530 check to -
see if this output is desired and oét up Q2 from Q1 in a form suitable
for controlling the subsequent outpnt optionl.) '1‘ N mmrc of the ordinqry

~ imaging device performance is discussed in Section’ 2.2.1. The governing

equations are Eq.'s (15), (18), and (21).( or in thf case of a polnt source, o

£q.'s (16), (19), and (22)], with pertinent numerical values given by Tabls 2,




The nature of the laser transmitter performance is discussed in Section 2,2, 2 i

The governing equations are the same as for the ordinary imaging device,

i.e., Eq.'s (15), (18), and (21) if a collimated beam is transmitted [or Eq.'s
¥
(16), (19), and (22) if the laser beam is focused at the aimpoint]. Here

also Table 2 provides the necessary numerical values.

Because of the identity between the ordinary imaging device per-
formance and the laser transmitter performance, only a single output set

is provided, It is labeled primarily in terms of the ordinary imaging device

performance, but carries secondary labels which allow interpretation of the
é results in terms of laser transmitter performance.

:

3.6.2 Heterodyne Receiver Output Option

; The calculation of the performance of an optical heterodyne receiver
£

g is carried out in instructions 3065 to 3152, (Instructions 3066 and 3067 are
5

concerned with the binary control number governing whether this or the

subsequent output options will be carried out.) The nature of the optical
heterodyne receiver performance is discussed in Section 2.2.3. The gov-
erning equations are Eq. 's (24), (27), {28), and (30), and the necessary num-

erical values required to prepare the outputs are cont_:ain_gd in Tables 3 and 4,

| | 3.6.3 Predetection Compensation {mqery Ontput Option
o The calculaticns of the perforiance of a predetection compenution
* imaging system is carried out in imtructl_onc 3233 to 2870, (Instructions
3234 and 3235 are concerned with the binary control number governing
- whether this or subsequent output options will be carried out,) The nature
' of the predetection compensation imuging perfo_rmm‘c'e degr;di_ﬁen due to

. turbulence, and the expected di!fnctwn;limitgd :perfq‘arintnce, in the u’bmnce

vt e

‘® The numerical calculations are earried out as though the aimpoint were e
“the source and the operator input "source altitude" is actuslly the aim- - LR .
point altitude. The operator inputs the respoase that he is dealing with SR

' "point source, " if the laser beam is fccuud at tha aimpeint. R T




of turbulence or if compensation is perfect is discussed in Section 2,2. 4.
The key equations governing the generation of the printout data are Eq.'s
(31) and (34) [or Eq.'s (32) and (35) in the case of a point source], together

with the numerical data in Tables 5 and 6.

3.6.4 Aperture Averaging Intensity Receiver Output Option

The calculation of the performance of an aperture averagirg inten-

sity receiver is carried out in instructions 3980 to 4260, (Instructions 3990
and 4000 are concerned with the binary control number governing whether
this or subsequent output options will be exercised.) It should be noted that
instruction 4100 checks to see if ¢,® (denoted by R3) is.greater than 0.5
-« in which case, the output of this option will be suppresased. The calcu-

: lations are carried out on the basis of Eq. (43), using P3 for ax’ and

% R4 for ¢ .

3.6.5 Spatial Power Spectra Output Option

The calculation of the log-amplitude and phase power spectra are
carried out in instruction 4310 to 4730, (Instructions 4320 and 4330 are
concerned with the binary control number governing whether this or the

b .

oubsequent output optiom will be carried out.) The outputs are. propared ,
for a six-decade :pathl frequency range nominally centered about (&)1 .
The calculations are carried out using Eq. 's (57) and (58) They represent
results based on the auumption that the source as specified in the keyboard

inputs is literuly a source, and that the wavefront distortion stathtico. i.e.,

spatial power spectra, are those which would be meuurod on the plma con- -
ttining the apertura of the Optic;. , '

The calculation d the logolmpnmde and -whuo variation power: opcctn
involves the evaluation of 62 (somewhat mtoruhttd) propagation path inte- '
grals, nmuly. ll( ) nd 12¢ ) 'nm isa much lu-gor tuk than the eval-
uation of the four propquion path %ntognlo. !2 13,14, and 185, cnrrhd
out nur the atut cl tho prouam. und whan mrciud is generally tho '




iated aititudes,

_propared based on different turbuluncc models, ‘and no doubt othcn will be

 constraints on the subroutine are as follows: 1) It is to be written in BASIC,
) The rubroutine is to be located at instruction addresses 9000 and up,
+ 3) The subroutine is to have an inithtton entry at inotruction address 9000

longest part of the program execution time, These 62 propagation inte- f
grals are evaluated using the same set, C( ), of values of C? distribu- E
tion along the propagation path as was used for the evaluation of 12 , I3 |
I4, and 15 ,*

3.6.6 Turbulence Strength Qutput Option

In instructions 4810 to 4960, the program allows the user the option
of requesting a printout of the values of G2 along the propagation path that
were used in the evaluation of the various propagation integrale. (Exercise
of the printout option is evaluated in instruction 4820 and 4830.) The values
of G listed are those stored in the C() matrix, along with the assoc-

4. Strength of Turbulence Subroutines

In order to run the main program, it is necessary toc provide the
computer with a subroutine which the main program can call on for values
of the refructive-index etructure constant, GP . This subroutine has two
entry points, at instruction address 9000, which we call the "initiation entry. "
and at 9010, which we call the “production entry, "

S

A number of difforent versions of the turbuloneo mhroutino have been

prepared based on various modifications of the turbulence model. The basic

and » production entry lt lnntructlon addnu 9010. 4) Return from the

* It was to insure this fact when workln. with a random turbulence strength
- generation subroutine that the program was written to initially evaluate
the matrix C() of values of G, , rather than call the turbulence sub-
. routine each ttm. . valm of C.' wn n«dad !n oul\ntmg a propagauon o
} intngnl. o .




subroutine is to be by means of the BASIC instruction "RETURN."
5) The subroutine will be entered at the initiation entry only once during [

a program run., This entry will occur before any production entries.

%
.
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When entered at the initiation entry, the subroutine must assign a value

, to H9 (corresponding to the top altitude for atmospheric turbulence).

: When entered at the initiation entry, the subroutine can also set up any
parameters it will require repeatedly during the later production entries

of the subroutine. 6) The subroutine will be entered many times in succes-

sion for successive altitudes, at the production entry. At this point, the

main program will have previously called the initiation entry once to allow r
establishment of certain parameters. The main program will have set the

value of H to the altitude of intereat before calling the production entry of
the subroutine. The subroutine will return with C set equal to C,? at the
altitude H .

e o AT B Pl it

In Appendix 3, we list five different turbulence subroutines which !
have been used in operation of the main program. We refer to these as the
Bufton Turbulence Model, the Hufnagel Non-Random Turbulence Model,
the Hufnagel Random Turbulence Model, the AF 15 May 74 Flight Data ' , ;
Turbulence Model, and the Hufnagel Simplified Turbulence Model. The '
remarks are contained in Appendix 4. .I:'s the following _aubuc't.ion_s‘,, we
comment on each of these subroutines. | |

4.1 Bufton Turbulence Model
Thio turbulonce model io based on bauoon thermoaonde data obuined
in a urtec of four tl(ghu by J. ‘Bufton,}® providing data for altitudes above
~ 500m , and the meuuremenu of Koprov and ‘Tavangi® for data below that
'_al:i_tudg.' The model has been assembled by us®® and has ‘ihev form

.34




| 7.0x 103 1*¥ |, h<100m
CN‘ = ’ (59)
1.5 x 10738 ) 100m<h< 500m

for altitudes below 500 m , and is obtained by interpolation of the data in
Table 7 for altitudes above 500 m .

'I‘abl_e 7

Bufton Turbulence Model

o ——— e

Altitude G? Altitude G2
(km) (r 93) (km) (m=93) ,
0.5 1.5 x 10736 9.0 0.210 10738
1.0 0. 375 10,0 0.305
2.0 1.170 , 1,6 - 0.370
3.0 0. 585 12,0 0. 420
4.0 0.435 ' 13,0 0.385
5.0 0,245 140 0.295
6.0 0,100 - 15,0 0.133
7.0 . 0,130 16,0 . .0.063
8.0 . 0.160 . 10 . 0.038 . o

= The top of the turhulont portion of thc ntmoophere is co:uideud to bo
S (ma) 17 km.
At the initutlon ontry. the subroutine nadl tho vs!uu ot Tablo

out of DATA instructions, which are later uud in all producticn entries
- to calcnllto L o - o o




l;'.\‘§

e A 1 N e, |

4.2 Hufnagel Non-Random Turbulence Model
A turbulence model has been generated by R. E. Hufnagel®! which

can be used to generate random sample realization of the vertical distri-
bution of the optical strength of turbulence, Cy® ., through the atmosphere.
A direct derivative of this model is a non-random version. The non-random

version has the form

G° =6.0x 1052 1° (W/27P exp (-h/1000)

+2.7x 1078 exp (-h/1500) , 3000 < h < 24000 , (60)

where W is the rma wind in the 5000 m to 2000 m altitude range, i.e.,
' r D000 1/
W= ~i(l£'300¢i))'1 J‘ dh[v(h)]’} . (61)
8000

(All quantities above are in MKS dnit..)

For altntudu below 3000 m , we have used a model developed from
the Koprov and Twang" data and the Bufton data.” We have und the

' formuhtion.
[rx1w0ewe - pcioem
| Lsxiew o , 100m<he500m
68 = Lsx1eN.La2sx 10 (*‘5%? , 500 m < b < 1000 m
| 3 75* m'"+7.95x 10"” %-3-5%'9-) .-Albod'u'i{lgé 2000 m
RN 104 - 5,85 x 10°07 _ﬁz_&q_) .'_'zooo_q;g-hg;oooin. ~

- The mbroutlne uto the uppcr Hmit of the turbn.lont ntmonphcu at an ,
alutudo of (an) 24, 000 m. 'l'hc lntualiution portlon of tln tubroutine utl
_\Ipbothmlndw.;f.r '

62) |




 In-our dcvclopmont of the subroutine for this modol. vn have aot htd to
‘consider the mnponl ‘dependance. ‘In ca!cuuting r(b) , we have assumed

4.3 Hufnagel Random Turbulence Model

|

The random turbulence version of the Hufnagel turbulence model

has the form

= (2.2 x 1082 n1®(W/27)* exp (-h/1000)

+ 10‘13 exp (-h/lSOO)} exp [r (ha t)] | ’

for 3000 m <h< 24000 m . (63)
Here W is defined exactfy as before, i.e., by Eq. (61). The quantity
r(h,t) is a gaussian random variable which depends on altitude and time,
As defined by Hufnagel, r has a zero mean and a correlation function '
{r (h+h’, t+r) r (h, t)) = A(L*/100) exp (-+/300)

+ A(h*/2000) exp (-1/4800) (64)
where t is time measured in seconds. The function A is defined by
Hufnagel as a triangular function, i.e.,

[i- e x| et .
A(‘) = , ; . (65) o

We have, however, found it mors convenient to use an exponential decay .
function, i.e., . ' ’ ' [ R

A .'.‘,,(.,‘, L o (66)2: -

that the main pro;nm would call the production entry with an ordered series R B
of altitudes and assumed that HS is svailable as the altitude difference . ‘

X SN
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between the current value of H and the value at the previous entry. The
subroutine in the production entry made also assumes that the random value,
R , which was used for r(h) for calculation of G;® at the previous entry
is still available to be used in generating a new value of r(h) which will
have a correlation with the previous value that is in accord with Eq. (64).
Instructions 9310 to 9360 of this version of the subroutine generate this new
value of r(h) , called Rl . R is set equal to Rl before returning so

that it will be available at the next production entry,

One of the functions of the initiation entry is to generate a random
value for R that can be used in the first productior entry. Also, during
the initiation entry, the top aititude of the turbulent atmosphere, 9 , is
set equal t> 24,000 m .

4.4 AF 15 May 74 Flight Data Turbulence Modei

As one example of the general versatility of this auEroutine approach

to generation of a turbulence model, we have taken an extensive set of bailoon
thermosonde data and converted it to a mbi*eutiné., Data was available at
various irregularly-spaced altitudes. The altitudes and the values of G2
were prepared as a set of DATA instructions, These values were read by

the subroutine Jaring its initiation entry operation, Duriﬁg the production

~ entry phase of subroutine operation, evaluation of G wae merely a matter

of table look-up and interpohtion.

4.5 Hufnagel Simplified Turbulance 2Aodel
As a very simplified. turbulence model, Hufnagel has muuml'
a modol bnod on the oquation

eAen2x 1o ot | 1cnezotom . (67)

where o is a constant whose value is determined by the time-of-day.




0.3 midday
0.0 night . (68)
-0,2 dawn/dusk

- ——

a

This model has been very easily converted into a subroutine. The initia-

tion entry sets the top altitude for turbulence to (H9 =) 20000 m , and

. i Mk e et 00

requests an input from the operator as to the time-of -day conditions for
Eq. (68). The production entry simply utilizes Eq. (67) to return appro-
priate values of (3

5. Program User's lastructions

This section is written with the intent that it should more or less
be able to stand by itself as a guide to the program user. For deeper
understanding &f what really is implied by various of the program results

and how they are obtained, the user will have to refer to the preceding ;

sections and to the program listing in Appendix 1. However, if all that
is required is the ability to use the program at the level of understanding

that goes with the notation accompanying the computer printouts (which,

by the way, have been designed to provide an explanation of the data's

meaning as free {rom ambiguity as possible, within the space constraints),
then & etudy of this section should suffice for the user's needs,

We assume that a ouitablc oubroutine has been prepared for genera-

R R PP IE R S e

tion of strength of turbulence data and integnted into the main program,
(The necessary information for preparation of such a subroutine will be :
found in Section 4, along with information on a variety of subroutines;
listed in Appendix 3, any of which might be used with the miin program if
the user accepts the suitability of the turbulence model used in generating

; _- : that subroutine, ) With the program loaded into the computer, the user at P

+ i | - tolctypc console types in "RUN", ih’leh instruction will ‘l‘tl'rt thie execu- } '-
. tlon of the program, At this point. the program starts to type ocut requests SR

‘ for information whlch wul bo used ia controlling ﬂu calcnlatiom i will _ }s :




" : perform. There are seven items requested. The meaning of the question

and the nature of the appropriate reply to each is discussed in the following

subsections.

5.1 Number of Integration Intervals Input

To carry out its calculations, the program has to evaluate several
integrals. The range of integration will cover the portion of the propagation
path in the turbulent portion of the atmosphere. These integrals will be
evaluated by a method involving subdivision of the total range of integra-
tion into a set of intervals, Generally, the more intervals used, i.e,, the
smaller the individual interval length, the mdre accurate the integral evalu-

, ation and the final computer results will be,

The maximum number of intervals allowed is 1000, However, the

user is cautioned that using such a large number can result in a severe

PR T

operating-time penalty, We have found that for the probiems we have run
using 200 intervals seems to give very good accuracy, and that in many
cases, use of even as few as 20 intervals gives tolerable accuracy, In
general, the more varied the distribution of the optical strength of tux;bu-
lence, G2 , along the propagaticn path, the greater the number of intervals
that should be used, If in doubt as to how find a subdivision to use, i.e., how -

many intervals to specify, the operator can run the prognm twice, once with
N intervals and once with 2N lntervalo. and estimate by how much the
printout remlu change whether or not m!ﬁcune accuucy has been achicvod.

5.2 Wavelength Input
After the mmber of integntion inur\nl. has been input. the computer

- will request the vavéleuth for which the calculations are to be performed.
o Only a single vnvelongth can be input. It should be entered in units of maters,
| Le., 55008 vouldbninputu o.ssxlo-' Lo

¥
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5.3 Point-Source Input

After the wavelength information has been input, the program will
ask if the source is a point source, If a "1" is input by the operator, the
program will understand the source to be a point source, and will proceed
accordingly in its propagation calculaticns, If any number other than "1"
is input, the computer wili pi-int ou! a statement to the effect that it will
congider the source to be an iufinite plane wave source, and the program

will act accordingly in its computations.

The question of whether to. classify the source as a point source
or an infinite plane wave source deserves some comment here. First,
hiwever, we remark on what is considered to be the source in various
cases. In most cases, the term "source' refers to just what we would
normally cong'"ar to be the source. For imaging, it is the object being
imaged. For heterodyae reception orv intensity detection reception, it is
the radiator emitting the detectable, pre:u;rnlbly information-carrying
photon stream, However, for the laser transmitter, the program uses

the word “‘scurce" to refer not to the transmitter but umor to the atmpoint.

For total propngation path lengths in excess of 100 km (source to

optical device vauge), to avoid serious round-off errors in the program

-opeutioa. if the source is in space and the optical device on the ground.-

the source shoild be specified as an infinite phno wave source., If the

"source" is emit*ing a collimated beam or If we are dealing with a laser.

transmitter w,h'_ich is projecting a collimated beam, then the ''source"' should

be obocme& as aju infinite plane wave source. For problems invalving
imaging of an object in space at a range under 100 km, or if the object io
in the atmosphere, ‘he source should be specified as & point source. If

* The logic bal.ind this seemingly strange notation relates to the use of
uciproclty between transmitter and cohsrent receiver. - This need not
conicern the program user, whose only concern need be to keep his in-
puts. and his interpretation of the duta, in conformance with thn stated
interpretation to be applied to the term ":ource. v

- 41 "
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aﬁ, , the object is truly a point source emitting a divergent wave, it should

be specified as .a peint source, providing it is not in space and at a range
in excess of 100 km, in which case it should be classified as an infinite
& ' plane wave source. * If we are dealing with a laser transmitter which is
. projecting a beam that is focused on the aimpoint, then the "source'

should be considered to be a point source. 3

If the program is told that the source is a point source, it will

produce output such as those dealing with resolution and beam spread,

measured in meters at the ''source,' and image frequencies measured
in cycles per meter at the ''source." Thus laser transmitter beamn spread
for a focused beam will be given in meters beam spot size as projected on
the target, and resolution size will be in terms of meters width of a resoi- !
!

& vable element on the object being imaged. t

If the program is told that the _source is an infinite plane wave
source, then the corresponding valués wiil be presented in terms of angles,
In each case, the angle corrasponds to an angular subtense as seen from the

optical device position looking towardw the ''source.

In the case of the optical heterodyne receiver's performance output

for fast operation, the dither of the alighment system due to turbulence is

presented in angular units of subtense as seen from the receiver looking
towards the source, whether or not the radiation source is specified as a

point source,

The only linear measurement units output by the program which do

e s TR S S e e

not refer to length measured on the plane of the source are in the output of

the log-amplitude and phase power spectra. In this case, the apatial

* By the time the radiation from such a scurcs reaches the turbulent
atrnosphere, the portion of the radiation that will be detected by the
device of interest is xo nearly planar that it can be connderad [ pl&na
wave, - : v

_ ¢+ It should be noted that beawm spot size, resolvable length :nd jittot a\ae
’ are prosented in terms that are most easily neucrabed as .wzce tho
rms valve, - :

-h2 .
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frequency, always given in cycles per meter no matter what the type of
source, refers to spatial frequencies at the end of the propagaticn path

away from the source.

5.4 Path Length Input

After inputting information on the nature of the source, the com-
puter will request the operator to input the propagaticn path length, This
should be input in meters, including the entire distance from one end of

the path to the other (not just the portion in the atmosphere. )

5.5 Optics and Source Altitude Input

The computer will next request information on the optics altitude
and then on the altitude of the source, Both are tc be input in meters.
The term "optics' as uaed here refers to the device with some aperture
diameter of interest, or else to the plane on which the log-amplitude and
phase power spectra are to be specified. Except for the cane of the laser
transmitter, which ie also considered the "opiics_, " the "optics' receive
the radiation, The other end of the link is the "source. "

5.6 Output Options Binary Control Inj_ix_t_

After all of the basic parameters covering the propagation problem
have been input, the computer will request the input of a six-digit binary
number* which it will interpret to determine which spacial data output
options are to be exercised, Each of the oix-digitn indapendently control
one of the six outputs. If the digit is a "zero," ' the output wiu be suppressed.

I it is a "one, " then tho data wm be printed.

" The first digit controls the output of information on ordinary imaging
cyotemc and laser transmitter porformmco. {Because of reuprocity between

* The number is hinary in the sanse that all non-zero digits sre intorprotad
as ''one." Thus if the operator inputs 012345, it would be iaterpreted as
011111, aad if he input 908000, it would be interpreted as 101000,

- 43 -
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- ing out tho nnture of tzu turbuknce modd boing uud. (’I‘hi: wtput i:

coherent transmitter and receiver performance, the same output data
)

applies to both types of devices, as indicated in the printout captions.

The second digit controls the output of information on the per-

formance of an optical heterodyne receiver.

The third digit controls the output of information on the perform-
ance of a predetection compensated imaging device. [ By reciprocity
arguments, the output can be related to the expected performance of a
coherent optical adaptive array transmitter (COAT). However, informa--

tion pertaining to this is not provided in the printouts. ]

The fourth digit controls the output of information pertaining to

the performance of an intensity detecting receiver.

The fifth digit controls the output of information about the log-

amplitude and phase spatial power spectra.

The sixth digit controls the printout of the values of C,? used
in evaluation of the propag=ation integrals., The listing is of the points
in the turbulent portion of the atmosphere, listed proceeding from the
'gource'’ to the other end of the propagation path. The listing gives
altitude and G at the center of each interva! uaed in evaluatmg the

propagntion integralo.

$. Diicu--oion of Snmg“ le Results

'A¢ an example of the type of ‘results that will be produced by the

. propagation code, in Table 8 we show the éoihput&r‘printcut assotiated

with a rather comprehensive nmpl’e Tun, V.T'a'b_l‘a ‘8a shows the Opérition

. of the first part of the prdgum. 'l‘hs operator-gcneratod chnactera are

lm‘licatod by uaing shndgd. znmmy the npentor types "RUN", ‘Thi: _
ttaru the oucut!on o t!u progum. an& the compnter rupondo hy printn_




part of the turbulence subroutine and not part of the main program,

Depending on the subroutine used, this output may be missing.) After

this, the program asks how many intervals to use in carrying out the
iniegrations, In this case, the operator instructs the program to use 50.
When asked for the wavelength of interest, the operator inputs 1.06 pym
to the computer. He states tgat he considers the source to be a point
source, and that the propagation path length is 5 km. This path runs be-

tween optics on the ground, i.e., at 1 m , and a source at 1 km altitude.

This could correspond to ground optics imaging an aircraft at 1 km altitude,
or to a ground-based laser transmitter provjecting a focu.sed beam on the
aircraft. It could also correspond to an optical point source (perhaps a
diverged laser beam) emanating from the aircraft at 1 km altitude and

being detected by a receiver on the ground. The operator inputs a 111111

AT A S RO RN SR LTI 2 e e

e e

binary control digit to the computer in response to the last question, which

will cause the program to print out all possible data options.

S T

Shortly thereafter, the computer prints out the Basic General
Resulis and the Subsidiary General Results. These printouts can not

be suppressed no matter what six-digit bih;ry control number has been

input by the operitbr. The Bazic General Results tell us that in this
‘propagation problem | o '

s 0,0362 m
0.0992 neper®
= 0.0683m
438m

*
of

»

\ {

o:n °n.
i) ¢

The Suh_nidinfr éeneral; Results 'blz-lvl us that the limit_ing‘reaoiution on
the aircraft is | . " | ' |
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 that the lso lanatiom size on the atrcraftis.
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and that the intensity variance associated with observing a (point) sonrce

on the aircraft with a zero diameter intensity detector will be
o'Ia = 0.487 .

1) This means, in general terms, that about the best we will be able to do
in resolving details on the aircraft will be to see items of about 16,4 cm
size, or that if we are focusing a laser on the aircraft, the spot size as
limited by turbulence will be about 16.4 cm. 2)If we form a compensated
image of the aircraft, the region in which we can expect to achieve ade-
quate compensation is about 20, 9 cm in diameter, * 3) If we were ohserv-
ing a 1. 06 um beacan on the aircraft, unless we had a large enough re-
ceiver to provide sufficient aperture averaging, we would find the teacon

intensity had a 69, 8% rms fluctuation. [ Note: 0.487 = (0, 698)%]

Table 8b shows the portion of the computer output generated be-
cause the first digit of the binary control number wus ‘one'' rather than
''zero." These results pertain to long and short exposnure (i.¢., fast and

slow operation) ordinary imaging systems, 2nd to low and high servo band-

width (i. e.. fast and slow operation) laser transmitters of various diameters.

We see, for example, thata high bandwidth laser transmitter focused on the

aimpoint and having a 7.8 cm aperture diameter will project a 10,2 cm-
diameter spot ou the aircraft, -The tracking servo will have to track out
a random dither due to turbulence which would correspond to a range
(ive., two times rms) ok 16,4 cm on the aircraft,  If it could not track
thi: ouf. performance- would degrade toward tho low bandwidth limtt of a

| - 19 4 cm dhmeter laser spot on the nrget aircraft. If we comidor a

. If we had & COAT laser tummitter at 1. 06 u.m working c(f of s glint
~ point, meuningml COAT performaace could only be achieved if the ‘
- glint point were well within a range of 20,9 cm of the desired simpoint. ‘

Y
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photographic system of only 0. 78 cm aperture diameter, we see that

the resolution as limited by turbulence and diffraction would be almost
unaffected by whether the camera produced a long exposure or a short
exposure. The long exposure resolution would correspond to 79.6 cm
on the aircraft, while the short exposure resolution would correspond

to 77. 0 cm on the aircraft.

Table 8c shows the portion of the computer output generated be-
cause the second digit of the six-digit binary control number was '‘one"
rather than '"zero.'" The results pertain to the performance of an optical
heterodyne receiver on the ground collecting the signal from a wide angle
(i. e., many milliradians) divergent 1. 06 um laser beam source on the
aircraft at 1 km altitude., We see that if the heterodyne receiver has a
low servo bandwidth, so that it can not track out the dither in the apparent
angle of arrival of the received wavefront (i.e., slow operation), then if
the receiver diameter is 16,8 ¢cm, its effective diameter will be only
3. 38 cm and the signal power detected will manifest a 147% rms {luctuation.
(The average signal-to-noise power ratio detscted will be equal to that which
would be produced by a heterodyne receiver with a 3. 38 cm diameter, if
there were no turbulence effects.) If the heterodyne receiver has a high
servo bandwidth so that it can track out the dither in the apparent angle
of arrival of the wavefront cauud by turbulence. and if the receiver dia-
meter is 3. 62 cm, then the servo tncking range (range » two times rmo)
would be about 33,6 yrad. The average ligml-to-noiu power ratio will
be equal to that which would be produced by a haterodyne receiver with
3.32 cm diameter oponting ir e absence of any turbulence effects. -

Table 8d shows the portion of the computer output generated be-
~cause the third digit of the six-digit bimry control number was one'

_rather than "sero, " The results pcruln to the performancc of a pre-

'dotection componution imnging oyotom, wlth thc imaging oyttem on the
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ground viewing a target object at 1 km altitude and 5 km range. I self-
referenced predetection compehsation is utilized and the target object is
circular with a 45 cm diameter, we see that the compensated image will,
because of iscplanatism considerations and the finite size of the target
object, have an MTF equal to 55.2% of the diffraction-limited MTF for
imaging of details at the center of the target object, but only 10.9% of the
diffraction-limited MTF for imaging of details half-way between the center
and the edge of the target object. If the predetection compensation imaging
system had a 1| m aperture diameter and the pattern details at the center
were black and white lines with a line pair every 0,835 cm, the diffraction-
limited MTF for imaging these lines would be 25%. With the inherent
55.2% degradation associated with the isoplanatism considerations and

the finite size of the target object, we see that these lines would actually
be imaged with an expected MTF of 25% x 55.2% = 13,8% . For imaging
of black and white lines located half-way between the center and the edge
(i.e., 10,125 cm from the center) with a line pair every 1. 31 cm, the
diffraction-limited MTF would be 50% and the compensated imaging system

would achieve an MTF of 50% x 10,9% = 5. 1% .,

R : L 4
If there is an external reference, such as an intense, very small

area optical source near the regibn to be imaged, which can act as an ex-

ternal reference, we see from Table 8d that if the separation between this

_external reference and the !fégioh to be imaged is 9.71 em, the degradation

of the compensated MTF relative to diffnct-ion-limited- imaging will be

14, 7%, With 2 m"diam'ofter compennte"dvimiging optics. a line pair pattern

with a periodicity of 0. 655 cm could he imagod with an expected MTF ot
SO%X 14. 7% = 2, 35%

“Table 8¢ shows the portioﬁ of 'ihe édmpuﬁr' output goncrifed' be-

| ,caun the fourth digit of the ciz-dlgu binary control number wn “ona" ,
- nther than "zero. " Tho ruulta pertun to tho parformancc of an intoruity '




detection receiver on the ground viewing a small (point source) 1. 06 um
beacon at 1 km altitude and 5 km range. If the receiver diameter is very
small (6. 83 mm or less), the signal will fluctuate with a normalized vari-
ance of 0,454, i.e., an rms fluctuation of 67, 4%, If the receiver diameter
is 31, 7 cm, the normalized signal variance will be 0,0113, i.e., an rms

fluctuation of 10. 6%.

Table 8f shows the portion of the computer output generated be-
cause the fifth digit of the six-digit binary control number was '"one" rather
than ""zero.' The results pertain to the spatial power spectra of log-
amplitude and of phase of the wave arriving at the ground end of a 5 km
long propagation link from a 1. 06 um point source at an altitude of 1 km.
The exact definition of the power spectra* given in terms of a fourier
transform on a covariance function are to be found in Eq.'s (50) and (51)
with the phase and log-amplitude covariance functions defined in Eq.'s (44)
and (45). The spatial frequencies listed are those for which the.corres-
ponding power spectrum values are applicable, and are given in units of
cycles per meter. All values given refer to measurements made on 2
hypothetical screen at the ground end of the propagation path, the screen
being oriented perpendicular to the line-of -sight associated with the propa-

‘gation path. We see from the printout that at a opatm_ freq\_sency of 0,1

cycles per meter, the lég-ampn&xde bower spectrum has a value of
4.16 X 10~% and the phase power spectrum hasa value of 2,25x107 .
The dimensions of the power spectra are not indicated in the printout. 'rhey

~ are neper®/(cycle/meter) for the log-nmpnmdo power spectrum, and
E ndian‘/(cycle/metcr) for the phue power spectrum,

_ Table 8g shows the portton of tlu computer output gmutod be-

cauu the sixth digit of the -ix-digit bimry control numbes was : one".

. Ditfcrunt dcﬂniuom of a powor opoctn can dl.!for by facton of 2n ,
and even in the two-dimensional space case with radial symmetry, by
a powsr of spatial !roquency. ’rho unr u cautlomd to refer to tho
nfauncod dctinition. ,
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Table 8a

_ "Propagation Code Sample Run, Part 1

RUN

CALCULATIONS WILL BE PERFORMED USING THE
AF 15 MAY 74 (ASCENT) C-SUB-N S0. DATA

NUMBER @F INTERVALS IN INTEGRATION = ? 50

WAVELENGTK (METERS) = ? 1.06E~6

IS SOURCE A P@INT S@URCE? (¢lsYES) ? !

PATH LENGTH (METERS) = ? SEJ

OPTICS ALTITUDE (METERS) = 7 1

REMOTE END ALTITUDE (METERS) = ? 1EJ

INPUT 6-DIGIT BINARY NUMBER TO CONTRAL BUTPUT. ? 111111

BASIC GENERAL RESULTS

RECEIVER CDHERENOEVDlAM:TERa R-SUB=2ER® = 3.62E-02 (METERS)
L3G-AMPL ITUDE VARIANCE,SIGMA-SUB~-L SQUARED = 9.92E-02 (NEPERS-S@)
SCINTILLATION AVERAGING LENGTM, D-SUB-ZERO = 6.83E-02 (METERS)

© ISOPLANATISM EFFECTIVE PATH LENGTM» M-SUB-ZER® = 44 33E+02 (METERS)

SUBSIDIARY GENERAL RESULTS

LIMITING RESOLUTION SOURCE LENGTH X-SUB-MIN = 1:64E-01 (METERS)
1SPLANATISM SOURCE S1ZE, X-SUB=ZER® ® 2.09E-01 (METERS)

* NORMALIZED INTENSITY VARIANCE, SIGMA-SUB-I SQUARED ® 4.87E-01.

. o S e e et 8 s =




Table 8b

Propagation Code Sample Run, Part 2

(a8 S

. IMAGING-@PTICS RESOLUTION
L (OR TRANSMITTER BEAM SPREAD)
3 FOR VARIOUS PTICS DIAMETERS

3 . SL.ow FAST

) GPERATION GPERATION

, 9PTICS RESOGLUTION RESOLUTION DITHER

i DIAMETER C(METERS) CMETERS) (METERS) !

' (METERS)
3+ 62E-03 1466E+00 1+63E+00 2. 8SE-01
T+80E-03 T+ 946E-01 T+ T0E-01 1499E-0Q1
1. 68E-02 4:.06E-01 3¢ 64E-01 1.80E~-01
3. 62802 2. 47E-01 1. 79E-01 1+ 69E-01
1.80E-02 1e94E~01 1.02E-01 1+64E-01
1+ 68E-01 1 76E-01 9.01E~-0% 1.52E-01
3+ 62E~01 1.23E-01

e S —

!070;‘0(

1¢14E-01
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Table

Propagation Code Sample Run, Part 3

HETERGDYNE RECEIVER PERFORMANCE

SLOW OPERATION PERFBRMANCE

@PTICS
DIAMETER
(METERS)

- 3J+62E-03

7‘805‘03
‘0635‘02
30625‘02
7. 80E~-02
l0635'01
3« RE-0)

EFFECTIVE

DIAMETER
(METERS?

3+ 58E~03
7.50E~G3
1.47E-02
R.41E-02
3.08E~02
3. 38E-02

- 381E~02

RMS SIGNAL-
POWER VARIATION

(£3

2419E+00
7.87E+00
2.00E+01
6. 16E+01
1+31E+02
1+ ATE+02
1.283E+02

FAST OPERATION PERFORMANCE

ePTICS EFFECTIVE  TRACKING
DIAMETER DIAMETER - DITHER
(METERS) (NETERS)  C(RADIANS)
3. 62£-03 3. 61£03 4.50E-08%
7.80E~03 7.78E-03 3.99F-05
1. 68L~02 1+ 6AL~02 3+ 60L~05

; 3.626-02 - 3.32E-02 3.36£-05

|  7.80E~02 S.80E-02 - 3.09£-05

| 1+68E-01 6.63E-02 - 3.04E-0%

i 3.62E-01  3.20E-08 - £.51E-05




Table 8d

Propagation Code Sample Run, Part 4

PREDETECTION COMPENSATION

EFFECT OF LACK @F ISOPLANATISM ON COMPENSATED
MTF FOR SELF-REFERENCED OPERATION, FOR VARIOUS

SOURCE
SIZE
(METERS)

2.09E-02
4. 50E-02
9.7:E=02
2.0%E-01
4+ SOE-01
9.71E-01
£2+.09E+00

(NOMINALLY CIRCULAR) SOGURCE DIAMETERS.

MTF DEGREDATIBN

LOCATION @GN THE SOURCE @F THE IMAGED REGIGN

CENTER

9.,96E-01
9.87E-01
90555‘0.
8+« 47E-01
S.52E-01
1+ 18E-01
4, TLE-04

174

9+ 94E~0)
9.78E~0!
9+ 25E-01
T«5TE=01
3+ 68E-01
2,75€-02
2. 48E-06

is2

9.86E-01
9. SJE-01}
5. 42E-01
5. 40E-01
1.09E-01
3.55E-04
4.00E-13

3/74

9. 75E-01
9+ 13E-01
T+ 22E-01
3¢ {1E-O1
1.51E-08
R+ 38E~07
3+ |2E-24

EDGE

9.59E-01
80625'0‘
50875'0‘
1. 47E-01
1.02E~03
1.83E-11
2.61E-39

EFFECT 6F LACK OF ISUPLANATISM ON COMPENSATED
NTF FOR EXTERNALLY-REFERENCED GPERATION,

FOR VARIGUS IMAGE-T@-REFERANCE SEPLRATIONS.

- SEPERATION

(ﬂtTERSQ
4.S50E-03 _

9. 71602

2.09E-02

4:50E-02

2.71L~-00

- ReO9E~0)

40 30£+01}

NTF

DESREDATISN

9.88E-01

- 9.59E-01

- B+ 62E-01

" 5.87E-01

1+ 478-01

1.08E-03 -
188831
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Table 8d - Propagation Code Sample Run, Part 4 (Continued) Page 2

THE DIFFRACTION LIMITED MTF I5 50%,» 25%, 10% |
WITH THE INDICATED @PTICS DIAMETERS, FOR THE
SOURCE PATTERN PERIGDICITIES LISTED.
: @PTICS SOURCE PATTERN PERIOD FOR
i DIAMETER 50% MTF 25% MTF 102 MTF
i (METERS) (METERS) (METERS) (METERS)
; 24 SOE-01 S.24E-02 3+ 34E-02 2. 63E-02 i
! 5. 00E-01 2.62E-02 1+ 67E-02 . 1431E-02 R
! 7+ SOE-01 1. 74E-08 1.115-02 8. 97E-03
! 1.00E+00 1.31E-02 8.35L~03  6+58E-03
5 1,25E+00 1.04E-02 6. 68E-03 S«26E~03
; 1. 50E+00 8+74E-03 S¢56E-03 4.38E-03
¥ 1.75E+00 7.49E-03 4. 77E-03 3.76E~03
% £2.00E+00 6+5SE-03 4¢17E£-03 34 29E~03 A
‘ 2.25E+00 S.83E-03 3.71E-03 2.92E-03 e
2. S0E+00 5. 24€-03 3.34E-03 2.63C-03 : -
24 75E+00 4. 77E-03 3.03E-03 2¢39E-03 : ,
3.00E+00  4437€-03 2.78E-03 24 19£-02 : e
i
!x,i ‘
Ny
T Y R




Table 8e

Propagation Code Sample Run, Part 5

NORMAL IZED,» APERTURE AVERAGED
INTENSITY VARIANCE AS A FUNCTION
OF APERTURE DIAMETER.

OPTICS INTENSITY

DIAMETER VARIANCE

C(METERS)

6.83E~03 4 545'01

1.47E-02 4. 08E~01

3.17E~02 3.09E-01

6.83E~02 1+ 62E-01

1.47€-01 5. 16E-02

3.17E-01 1+ 13E-02 ;
6.83E-01 2. 10E-02 .




Table 8f

Propagation Code Sample Run, Part 6

SPATIAL POWER-SPECTRUM FOR
LOG-AMPLITUDE AND PHASE VARIATIONS

- 56

SPATIAL LBG-AMPLITUDE PHASE
FREQUENCY POWER-SPECTRUM POWER~SPECTRUM
(1 /METERS)
1.00E~04 4. 16E-06 2.25E+18
1.58E=-0C4 4.8B5E-06 44 16E+17
2.51E~04 S«66E~06 7. T0E+1 6
3.98E~-04 6+.60E-06 1+ 42E+16
6.30E-04 T+ 69E-06 2.6E+1>
1.00E-03 B«9TE~06 A B5E+1 4
1.58E-03 1+04E-05 B+97E+13
2.51E~-03 1.22E-0S 1.65E+12
3.98E~-023 1+ 42E~-05 3.06E+12
6.30E~03 1.465E~05 S« 66E+11]
1.00E-02 1+93E-05 1404E+} 1
1.53E-02 2.25E-05 1.93E+10
2.51E-02 24 62E~95 3:.5TE+)9
3.98E-02 3.06E-05 6+ 60E+08
6.30E-02 3.57E-05 1.28E+08
1.00E-01 4+ 16E-05 2+ 25E+07
1.58E-01 4+ 85E-0S 40 16E+06
2.51£-01 S.66E~05 7+ T0E+05
3:.98E-01 6+ 60E-05 1+ ARE+(S
6.30E-01 70 69E~09S 2. 62E+04
1,00E+00 8.97E-05 4.85E+03
1.08E+00 1. 04E~04A 8.97E¢02
2+51E+00 1.21E-04 1465E+02
J.98E+00 1.39E-04 - 3.06KE+01
6+30E+00 1« 50E-04 5. 66E+00
§1.00E+01 1+ S8E 04 1.04E400
1.58E+0) 1+58E-04 1.93K-01
2+ 51E+01 fe 41E-04 3.56E~08
3.9CE+0} 9. 00E-05 ‘6eS1E~03
6+ J0E+01 3.82E-03 1+.18£-03
1.00E+02 1. T4E+09 £2.08E-04

I
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Table 8¢
Propagation Code Sample Run, Part 7 '
TURBULENCE DISTRIBUTION ALONG '
THE PROPAGATION PATH
ALTITUDE C-SUB N SQ ~ ALTITUDE C-SUB N sQ
M) (Mt -2/3) M) (M -2)
9.900E+02 5.08E~16 1.908E+02 4. 62E-16
1 9+ 700E+02 4+ 25E-16 1+708E+02 3.47E-16
§ 9.500E+02 3. 42E-16 1.508E+02 2.33E-16
: 9+300E+02 2. 59E-16 1.308E+02. 1.73E~16
; 9.100E+02 3.06E~16 1. 10BE+02 8. 40E-15
: 8-901E+02 3.53E-16 9.091E+01 1¢66E~14
| 8.T01E+02 4+ 00E~-16 7.0938+01 - 2. 48E-14
: 8.501E+02 4, ATE-16 S.095E+01 3.31E-14
B8+301E+02 4de 94E-16 J.097E+01 4. 13E-1 4
: 8¢ 101E+02 Se 41E-16 1.099E+01 4. 95E~14
7.902E+92 5.88E-16 '
T.T702E+02 6.35E-16
: 7.502E+02 6+83E-16
T+J0RE02 7+ 30E-16
; 7.102E+02 7.77E-16
; 6+903E+02 8+ 24E-16
: 62 T0JE+02 8. 71E~16
6+ 3503E+02 8e64E-16
. 6+303E+02 8. 26E~16
! 6.103E+02 7.88E-16 -
; 5.904%2+02 7.S1E-16
- f ‘5. TOAE+02 74 13E=16
4 S«504E+02 - 6478E=16
’§ 5.304E+02 . 6 61E~16
i $e104E402 6. 65E-16
i A 905E+02 6.69E~16
£ 4. 70SE+02 6¢73E-16
: 4.505E+02 6+T7E~16
) Sf o 4. 305E+02 6+81E-16
B - 4 10SE+02 6.85E-16
L 3:906E+08 6.89E~16
¥ 3«T0CEe02 6. 93E-16
. g J.506E+02 6:91E-1¢
- 3¢ JO4E02 6e T6KE~16
E - 3¢ 104E+0R 6. 60k~ 6
¥ 2.9975+02 6+ 45E~16
2.707¢+02 S 29E<18
. Y 2:5072¢+02 6 13E-16
§ 2.307C+02 S.98E-16
¥ 2:07C+02 S.76E~16
_ § - 57 .
{




S ddoeedctoain iierimmtboree P2 e el Lo o

rather than a "zero," The data listed corresponds to the altitude and
value of C,° at the midpoint of each of the 50 intervals utilized in the

evaluation of the propagation integrals,

7. Computer Results

As an example of the application of the propagation code, we have
utilized it to carry out three investigations. The first of these was con-
cerned with the question of how large an isoplanatic region the Hufnagel
Simplified Turbulence Model would lead to for visible light satellite imag-
ing, The second application is concerned with an assessment of the gen-
eral credibility of the turbulence measurement data utilized to generate
the "AF 15 MAY 74 (ASCENT) C-SUB-N SQ DATA.' The third applica-
tion we have considered is a general assessment of the implications of
the Hufnage! Random Turbulence and Non-Random Tﬁrbulenca Models,
with particular emphasis on the log-amplitude 3nd phase power spectra.

These applications are treated in the following three subsections,

7.1 Hufnagel Simplified Turbulence Model
Using the appropriate turbulence subroutine for the Hufnage!l

Simplified Turbulence Model, as listed in Appendix 3, we ran ths computer
code for ground-based viewing of a visible light i’llumin&ted.utellite pass-
ing directly overhead at 300 km altitude. We assumed that 5500 £ was
representative of visible light, and since we only ha_d..gspecial interest in -

the isoplanatism aspect of the propagation problem, the binary control

num ber was chosen to only provide for the iooplamtiom pr*ntout opNon. ,

Tha romputer printouts are given in Table 9.

As can be seen from a study of the data in 13 tﬁe 9. the mrbuience E
 model predicts rcnomlblc values for v, pnd~ og . Italso predicta an .

isoplanatism angle o, w~ 2 arc seconds. Thin *uuns that if we are uim

self-referenced predetection compennticn. we can not w usoiuiiy cota-

~ penaated results for imaging d chmiia neAr the’ a&s& nf the naiamta if tho .

~:58\-_
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Table 9
Satellite Compensated Imaging Evaluation
Using The

Hufnagel Simplified Turbulence Model

CALCULATIONS WILL BE PERFORMED USING THE
HUFNAGEL SIMPLIFIED TURBULENCE MODEL

INPUT TIME OF DAYs 1=MID-DAY,»2aNIGHTs3=DAWN/DUSK? 2

NUMBER OF INTERVALS IN INTEGRATIZN = ? 200
WAVELENGTH (METERS) = ? »5SE-6
IS SOURCE A POINT SAURCE? (l=YES) ? O

(SOURCE WILL BE TREATED AS AN INFINITE PLANE WAVE.)
PATH LENGTH (METERS) = 7 3ES
OPTICS ALTITUDE (METERS) = 7?7 |

REMOTE END ALTITUDE (METERS) = ? JES
INPUT 6~DIGIT BINARY NUMBER T@ CANTROL @UTPUT. ? 001000

BASIC GENERAL RESULTS

RECEIVER COMERENCE DIAMETER, R-SUB-ZtRﬂ = 9,78E-02 (METERS)

LUG-AMPL ITUDE VARIANCE,SIGMA-SUB-L. SQUARED s 5.30E-02 (NEPERS-$Q)

SCINTILLATION AVERAGING LENGTN, D-SUB~ZER® = 6.90E~02 (METERS)

. ISOPLANATISM EFFECTIVE PATH LENGTH, H-SUB-ZERG = 4. 4ATE+03 (METERS)

SUBSIDIARY GENERAL RESULTS

LIMITING RESOLUTION ANGLE, THETA=SUB=MIN = 6-34t*0§ CRADIANS)

ISOPLANATISN FIELD-ANGLE, THETA-SUB-ZERE = 1,09E-05 (RADIANS)
NORMALIZED INTENSITY VARIANCE. SIGNA~SUB=I SQUARED » 2.36E-01
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‘Table 3 (Continued)

B

PREDETECTION COMPENSATION

AT T OT N RN

Page 2

EFFECT OF LACK OF ISOPLANATISM 3N COMPENSATED
MTF FOR SELF-REFERENCED RPERATION, FOR VARIOUS
(NZMINALLY CIRCULAR)Y SOURCE DIAMETERS.

SOURCE
S1ZE
C(RADIANS)

1.09E-06
2.35E-06
5.07E-046
1.09E~05S
20355‘05
S.07E~05
1.09E-04

MTF DEGREDATION

L@CATION ON THE SOURCE @F THE IMAGED REGIGN

CENTER

9« 96E=-01
9.87E-01
9. 55E-01
8+ ATE-O01
5.52E-01
!-lOﬁ-Ot
‘071&‘04

174

9.94E-01
9.78E-01
9.25E-01
7057E‘°|
. 68E-01
2.75E-02
2. 48E~06

172

9.86E~01
9. 53E-01
8. 42E-01
S+ 40E~01
1.09E~-01
3.55E~04
4.00E-12

374

9.75E~-01
9.13E-01
7.22E-01
3. 11E-01
1.518-08

2+.88E-07
3e12E-24

EDGE

9059;‘01 :
8"2:'0’
S.87TE-01
1.47E-0)
1.0RE-03
1.83E+11

2.81E-39

EFFECT OF LACK @F ISAPLANATISM ON OOMPSNSATED
MTF FOR EXTERNALLY-REFERENCED QPERATION,
‘F@R VARISUS IMAGE-TU-REFERANCE SEPERATIONS. -

SEPERATIAN.
_CRADIANS)

3;355!01,’
$¢07E-0T
. 1409806 -
24338406

o Ae09E-08. .
 ReJSE-QS . -

MIF

"q9aaat-on

9:39E-01

- BebLE=0)

Y 887801

B T Y x: L1

T 1400803
- 'i! GQR'H

atcntnarxns ‘




Page 9 (Continued) Page 3

( THE DIFFRACTISN LIMITED MTF IS S50%Z, 25%, 10%
WITH THE INDICATED @PTICS DIAMETERS, FOR THE
SBURCE PATTERN PERIODICITIES LISTED.

AT AIEAYT  + amgiraii e e aie e o

8PTICS . SOURCE PATTERN PERISD FGR
DIAMETER 502 MIF 25% MTF 102 MTF
(METERS) CRADIANS) CRADIANS) CRADIANS)
24S0E~01 5. 44E-06 3s i6E~06 2.73E-06
: '$400Z-01 2.72E-08 173806 1+ 36E-06
i 7. S0E~01 1.81E-06 1+15E-06 9+ 10E-07
; 1. 00E+00 1.36E-06 8¢ 66507 6.82E-07
{ 1. 25E+00 1.08E-06 693607 5+ 46E-07
; 1+ SOE+00 9.07E-07 5. 77E-07 4. 55E-07
H 1+ 7SE+00 7-17€~-01 4495E-07 3.90E-07- -
4 2.00E+00 6+80E-07 . 4¢ 33E-07 3. 41E-07
! 2.25E400 6.05E-07 3.85€-07 3.03E-07
} 2. SO0E+00 S. 44E-07 30 46E~07 2473E-07
i 2. TSE+00 4. 95E-07 3.13E-07 2+ ABE~07

3. 00E+00

4.53E-07

. 2.88E-07

2.27€-07
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satellite diameter is greater than about 2 arc seconds, i.e., about 3 m
at this range. However, if we are willing to restrict attention to the
central part of the satellite, we could work with a satellite angular
diameter of about 4 arc seconds, This corresponds to about 6 m
diameter, This is about twice as large as what we have previously
egtimated was the case using the Bufton Turbulence Model. The dif-
ference in results is strictly a function of the data in the turbulence

model.

7.2 Assessment of the "AF 15 MAY . , ." Turbulence Model
A set of thermosonde readings for (2 collected on 15 May 74

at Fairbanks, Alaska, was available for propagation analysis, and a
turbulence subroutine has been generated from this data. However,

there had been some suspicion by the experimenters that there was a
defect in the instrumentation and that the data was not valid; that, in

fact, the reported values of G® were much too high,

To check this conjecture, we used the subroutine to make some
predictions of what an aircraft at about 60, 000 ft. (i.e., 18,6 km) alti-
tude would see if it were to look down at a divergent {i. e., 'po_int source)
argon laser source at 4880 & . Because of the nature of our interest,
no optional output features were exercised, and the six-digit binary
control number was 000000 . The computer printout for this run is
listed in Table 10. |

As can be seen from a brief study of Table 10, the predicted

“effects of turbulence are generally too strong to appear credibte. In

particular, we note that the predicted value o o is greater than
unity, This large a log-amplitude variance is clearly in dinguement'
with any of our observations -- and this large a 1og-ampmude variance

would be euuy noticeahlo even to a cuual observer.




Table 10

Test Calculation for the
"AF 15 May . . . " Turbulence Model

RUN

CALCULATIANS WILL BE PERFORMED USING THE
AF 15 MAY 74 (ASCENT) C-SUB-N SQ. DATA

NUMBER OF INTERVALS IN INTEGRATION = ? 200

WAVELENGTH (METERS) = ? +48RE-6

IS SOURCE A POINT SQURCE? (1=YES) ? |

PATH LENGTR (METERS) = ? 18600

OPTICS ALTITUDE (METERS) = ? 18601

REMAOTE END ALTITUDE (METERS) = ? |

INPUT 6-DIGIT BINARY NUMBER T@ CONTRGL OUTPUT. ? 000000

BASIC GENERAL RESULTS

RECEIVER COHERENCE DIAMETER, R-SUR-ZER3 = 4.37£-01 (METERS)
LOG-AMPLITUDE VARIANCE, SIGMA-SUB-L SQUARED = 1,05¢00 ¢(NEPERS-SQ)
SCINTILLATION AVERAGING LENGTH, D<SUB~ZER3 = £2.86E-01 (METERS)
ISOPLANATISM EFFECTIVE PATH LENGTM, H-SUR-ZER® = B.68E+03 (METERS)

THE COMPUTED VALUE-BF LAG-AMPLITUDE VARIANCE 18 38 LARGE
AS TG CAST DOURT ON ALL INTENSITY FLUCTUATION RESULTS.
PRINT-OUT OF THESE RESULTS WILL BE SUPPRESSED.

SUBSIDIARY GENERAL,RESULTS

LIMITING RESOLUTIAN SOURCE LENGTN X=SUB-NIN = 2.348'01 (METERS)
1SOPLANATISM SOURCE SIZEs X-SUR-ZERD = ‘0685-03 (METERS)

l
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We therefore conclude that the C,® data that went into the "AF 15 MAY
. » " turbulence model is almost certainly too large and ought not to be

used for prediction of optical effects of turbulence,

7.3 Assessment of the Hufnagel Random and Non-Random Turbulence Models

Subroutines representing the Hufnagel Random Turbulence Model
and the Hufnagel Non-Random Turbulence Model are presented in Appen-
dix 3. Using these two subroutines, we have carried out a series of cal-
culations of propagation effects, emphasizing evaluation of the expected
lag-amplitude and phase power spectra, Two propagation paths were con-

sidered, Kach case represented an aircraft flying through the illumina-

" tion from a ground-based point source (i.e,, widely diverged) lagser beacon

located 1 m above the ground, The aircraft viewed the laser radiation
when virtually directly over the beacon., Aircraft altitudes of 35, 000 ft.
(10,660 m) and 62,000 ft. {18,600 m) were utilized. The laser operated
at 4880 &,

In running either of these two Hufnagel turbulence models, it is
necessary to specify the rms wind, W , in the altitude range of 5 km to
15 km. A number of flights have been made iavolving optical experimerts
(which we shall not discuss here) for conditions related to these described

above. The vertical wind profile data is available for these cases, and

from this data we have calculated values of W + These values are listed
in Table 11. '

Table 11
RMS Wind, W , For Various Flights

Flight . 'RMSWind

. Fairbanks, Alaska; 15 May 74 5.89 m/sec
- Albuquerque, New Mexico; 25 Mar 74 . 13.1 m/sec

_ Dayton, Ohio; 17 Nov 73 o - . 15,3 m/sec

- Amarillo, Texas; 18 Oct €7 ' 14.4 m/sec
~ Amarillo, Texas; 18 Oct 67 - 12.6 m/sec

Amarillo, Texas; 17.0ct 67" . 18,4 m/sec

e

e
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We note that these values are significantly below the 27 m/sec nominal

value suggested by Hufnagel?! when he presented his Random Turbulence

Model and his Non- Random Turbulence Model.

We have run both a 35,000 ft, flight altitude case and a
62,000 ft. flight altitude case using the non-random turbulence model with
the rms wind parameter, W =5, v, 15, ., .., 50 m/sec, and made

ten runs for each altitude using the random turbulence model with W =25

. m/sec. As a reference point, we have also run the 62, 000 ft. flight alti-
tude case using the Bufton Turbulence Model with the corresponding sub-
routine as listed in Appendix 3. The ccmputer printout for this reference

case is presented in Table 12.

A plot of the log-amplitude and phase power spectra for the Bufton
turbulence model is shown in Fig. 1. It can be seen that the phase power
spectra decreases as the (-11/3)-power with an additional factor of two

reduction transition introduced at a spatial frequency about equal to

NP oy

2n/d, w23 cycles per meter. The log-amplitude power spectra first

g rises as the 1/3-power, and then starts to decrease as the {-11/3)-power
: ? joining the phase power spectra after it has undergone its factor of two
reduction in magnitude. It is possible to parametrise thea§ two powar
' : spectra by writing the low-frequency behavior in the form
g , _

A geeq) 69)

{6: the phase power sﬁectu. and

P SR Y

Y, )~ A 00 e f<<t) . (70)

The factor of two transition {n the phase power spectra occurs in the
vicinity of where these two‘a_nymptotlc dopcndencin intersect, i.e., at

the transition frequency

- 65
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Table 12

Reference Case

Computer Run with Bufton Turbulence Model

NUMBER OF INTERVALS IN INTEGRATION = ? 200

WAVELENGTH (METERS) = ? +488E-6

IS SOURCE A POINT SOURCE? IF YES INPUT (.7 1

PATH LENGTH (METERS) = ? 18600

OPTICS ALTITUDE (METERS) = ? 18600

REMOTE END ALTITUDE (METERS) « 2 |

INPUT 6-DIGIT BINARY NUMBER Té CONTREL QUTPUT. ? 000100

BASIC GENERAL RESULTS

RECEIVER COHERENCE DIAMETER, R-SUB-ZERJ = 2.67E-01 (METERS)
LOG-~AMPLITUDE VARIANCE,SIGMA-SUB~L SQUARED = 4.94E~02 (NEPERS-SQ)
SCINTILLATION AVERAGING LENGTH, D-SUB-ZERZ + 2.33E-01 (METERS)
ISOPLANATISM EFFECTIVE PATH LENGTHs H~SUB-ZERG = 7.74E+03 (METERS)

SUBSIDIARY GENERAL RESULTS

LIMITING RESOLUTIGN SOURCE LENGTH X‘SUB-M!N = 3.83E-082 (MEYERS)
ISOPLANATISM S@QURCE StZE, X~SUB-ZER0 = 3.20E:01 (METERS)

NORMALIZED INTENSITY VARIANCE, SiGMA-SUB-1 SOUARED s 2.18E-01

.66 -
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Table 12 (Continued)

SPATIAL POWER-SPECTRUM FOR

Page 2

L3G-AMPLITUDE AND PHASE VARIATIONS

SPATIAL
FREQUENCY
(1/METERS)

9+99E~05
1+58E-04
2.51E~04
30985‘0‘
6+30E-04
90995’0‘
!-SSE-O3
2.51E-03
3. 98E~03
6+30E-03
9+ 99E-03
1. 98E~C2
2.51E-02
3.98E-02
6.30E-02
1.00E-01
1+58E~-01
2.51E-01
3+98E~01
6+ J0E-0)
1.00E+00
1.58E+00
2.51€+00
3+ 98E+00
6:J0E+00
1.00E+0)
1+ 58E+0!
2+51E+01
J+$8E+01
~ 6430E+01
_1.00£+02

LOG-AMPLITUDE
PBWER-SPECTRUM FOWER=-SPECTRUM

3,63E~-05
4.24E-05
4.94E-05
50778‘05
6. 72E-03
7.84E-05
9+ 14E-05
1.06E-04
1+24E-04
1+44E-04A
1+68E~04
1.97E=-04

- 2.29E-04

2.67E-04
J+12E-04

3. 63E-04

4:24E-04
4.34E-04
5:76E-04

- 8. TIE=D4

T77E=-04

B4 66E=04
. 8.29E~04
"B8.39E-04

T.83E-04

S 50E~04

d: ABE~04

. 1.87E=04

B8.84E~05

2+32E-05
- 4~00E-06

.67 -

PHASE

B.07E+ |6
1e 49E+1 6
2. TSE+1S
S.09E+14
9. 41E+12
1« 7T3E+13
J.21E+12
5.93E+!11
1. 09E+11
2.02E+10
3+ T4E+09
6+ 92E+08
1. 27E+08
2. 36E+07
de JEEHOS
8.07E+QS
1+ A9E+0S
2. 75E+04
5. 09E+0J

‘e 41Ee02

1+ 13E+02
J. 21E+0!)
5.93E+00
1+ 09E+00
2. 02E-01
3+ 68E~02

- 64 ATE=03
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i = (A, AP0 . (71)

For high spatial frequencies, the asymptotic limit for the two power

spectra appear to have the form

Y¢(f) ~ f Ay f-1v3 ' (f>>1,) ., (72)
V() m § A f-unm ) 1) . (73) .

Thus we see that presenting values for A, and A‘ » and for convenience

¢
also for f, , appears to completely characterize the phase and log-amplitude 1

¢ . . power spectra, °*

o The forty runs performed using the Hufnagel Random Turbulence
~ Model and the Hufnagel Non- Random Turbulence Model give results in

good general agreement with the uyﬁzptotic representation of the power

spectra presented. In Fig.'s 2 and 3, we present plots of the phase and
log-amplitude power spectra for the rms wind panmetér W having the two
g extreme valucs of 5 and 50 m/isec , for cases run with aircraft flight
altitudes of 62,000 ft. and 35,000 ft., respectively, using the Hufnagel
Non-Random Turbulence Model. As can be oe@n. the results are'cle‘rly
in conformance with the asymptotic behavior su“utc’d in Eq. 's {68)-(73),
The ten power spectra runs with the Hufnagel Random Turbulence Model
_ for each aircraft dlt,imde weu,avauged. and the results plotted in

.\,.*w,wpﬁwwmw%' e

B S L S I UL TR

Fig.'s 4 and 5. Here again, it-is obvious that the powes spectra follow
the uﬁnptctic depond-anciu pruented iil Eq.'s (69) {73). Moreover, we
mote from a comptrhon of Fig. ‘l 4 with 2, and 5 with 3, that the power
specira obtaived from the random turbulence model with W =25 isin

_ reasonably good general agreement with what we get with the same value

of W from the non-random turbuleace model.
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Power Spectrum ,
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108

10°

100

Log-Amplitude Power Spectra

1 ] | 1 1

102 1072 107 10° 16 109 108
Spatial Frequency, f (cycles/meter)

Figure 2. Hufnagel Non-Random Turbulence Model Power Spectra,
62,000 ft, Calculations are for an aircraft at 62,000 ft, looking
straight down at a 4880 X point-source beacon, Results are shown
for the turbulence model run with rms wind values of W = 5 m/sec
and W = 50 m/sec. For very low spatial fraquencies, there is only
a very small difference in the log-amplitude power spectra for these
two cases. The broken lines represent the extension to high fre-
Guencies of the low frequency asymptotic dependencies given in
Eq.'s (69) and (70).
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Power Spectrum,
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Spatial Frequency, { (cycles/meter)

Figure 3. Hufnagel Non-Randum Turbulence Model Power Spectra,
35,000 ft. All comments here are the same as for
Fig. 2, except that the aircraft altitude is 35, 000 ft.
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Power Spectrum,

10
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1000

| § 1 1 1

10=3 108 10m 10° 108 108
Spatial Frequency, f (cycles/meter)

Figure 4. Hufnagel Random Turbulence Model Power Spectra,
62,000 ft, Calculations are for an aircraft at 62, 000 ft, looking
straight down at a 4880 X point-source beacon, Results shown
are the average of the results of ten runs, all carried out with

an rms wind parameter value W =25 m/sec. The broken lines
represent an extension of the low frequency asymptotic dependen-
cies, given in Eq.'s (69) and (70), into the high spatial frequency
range,
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Figure 5. Hufnagel Random Turbulence Model Power Spectra,
35,000 ft, All comments here are the same as for

Fig. 4, except that the aircraft altitude is 35, 000 ft.
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In Tables 13 and 14, we present the values of the parameters
governing the asymptotic dependencies, i.e., A¢ v Ay and £{, for the
Bufton turbulence model and 62, 000 ft. aircraft flight altitude, for the
ten W-values ohtained with the non-random turbulence mode!l at 62, 000 ft,
and 35, 000 ft. aircraft fligl.t altitudes, and for the average of the ten
random turbulence runs with W = 25 m/sec and 62, 000 ft. and 35, 000 ft.
aircraft flight altitudes. As can be seen from an inspection of these é;bles.
there appears to be no very great significance to be attached to the random
as distinct from the non-random Hufnagel turbulence model -- at least as
far as computation of the phase and log-amplitude power spectra are con-
cerned, The values of A, , Ay, and £ obtained with the random model
match the values obtained with tlie non-random model for the same value
of the rms wind parameter, i.e., W =25m/sec , to within one standard
deviation, We note also that the ability to distinguish between different
turbulence models, in this case between the Bufton Turbulence Model and
the Hufnagel Non-Random Turbulence Mndel is not provided by phase and

log-amplitude power spectra taken at a single altitude.

In Tables 15 and 16, we shcw the values of the basic propagation
parameters, r, , a; » dg » and H, for each of the cases considered.
Here again, we note the good agreement between the average of the random
turbulence results and the results of the non-random turbulence for the
same rms wind speed parameter, W =25 m/sec . It is not clear from
any of these results that any particular virtue or utility should be attached
to the Hufnagel Random Turbulence Model in comparison to the Hufnagel
Non-Random Turbulence Model,. We Aprefer the latter because of its ease

in use,

None of our results, however, can be interpreted as in any way
validating either model. What is clear from our results is that validation

e Mot




Table 13
Power Spectra Parameters, 62,000 ft,
The parameters listed are defined by Eq. 's (69)-(73). The

data is for an aircraft at 62, 000 ft. 1-oking straight down at
a 4880 § point-source beacon on the ground.

Turbulence Model Ay A, £,

Bufton 1.73x10%  7,84x10-4 21.7

Huf nigel Non-Random

W =5 m/sec 177X10  6,90x10- ¢ 12,7
W =10 3.01X18  6,94X10° 4 14. 4
W =15 5.08X10  7.06X10" ¢ 16. 4
W =20 7.98x10  7.16x10-¢ 18.3
W =25 1.17X108  7,28x10" ¢ 20.0
W =30 1,62X10°  7.43x10-4 21,6
W =35 2.16X10°  7,60x10-4 23,1
W = 40 2.79x10°  7.81X10-¢ 24. 4
W = 45 3.49x10° 8, 04x10-4 25,7 .
W= 50 4.2x10%  8,29x10-4 26.8
Hufnagel Random ‘
Average of 10 runs

with
W =25 m/sec (1.01 £0,25)(7.10 + 0. 15) 19.4 2 1.2
X 109 X10-¢
i L
!
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Table 14

Power Spectra Parameters, 35,000 ft.

The comments here are the same as for Table 13,
except that the aircraft altitude is 35, 000 ft.

Turbulence Model A¢ A 4 f,

Hufnagel Non-Random

W =5 m/sec 3. 72x10 2.06x10-4 20.6
W =10 4. 74100 2,07x10° 4 21.9
W =15 6.46x100  2.07x10-4 23.6
W =20 8.86X108  2,07x10-4 25.6
W =25 1.19x10°  2,08x10° 4 27.5
W = 30 1.57x108  2,09x10°¢ 29.4
W =35 2.01X10°  2.10x10-4 31,3
W = 40 2.53x10°  2.11X10°4 33.1
W =45 ' 3. 11x10%  2,12X10-¢ 34,8 B
W = 50 3,76X10°  2,13x10¢ 36.5

Hufnagel Random
Average of 10 runs
with

W = 25 m/sec (1.14 £ 0.38) (2,13 £ 0.24) 27.0 9.5
X 109 X10-¢
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Table 15

u PERATE N g L

Basic Propagation Parameters, 62, 000 {t.

All data is for an aircraft at 62, 000 ft. looking straight down
at a 4880 & point-source beacon on the ground

Turbulence Model Y, 0,2 d, H,
: (m) (neper?) (m) (km)
Bufton ° 0,267  0.0494  0.233 7. 74
Hufnagel Non-Random
W =5 m/sec 1.05 0.0173  0.347 13,2
W =10 0,765  0.0197  0.329  10.9
W=15 0.559  0.0238 0,305 9.43
W =20 0.426  0.0295 0,280  8.57
i W =25 0.338  0.0368  0.256  8.06
W =30 0.278  0.0457  0.235 7.75
W =35 0.23¢  0.0562 0,218  7.54
i’ | W =40 0.201  0,0684 0,202 7.40
| W =45 0.175  0.0821 0,189  7.30 !
W =50 0.155  0.0975  0.178  17.23
; Hufnagel Random

} Average of 10 runs
' with
W =25 m/sec 0.383 0. 0325 0.270 8.14
' £ 0,069 +£0.0055 +0.020 x0.54
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Table 16

Basic Propagation Parameters, 35, 000 ft.

All data is for an aircraft at 35,000 ft. looking straight down
at a 4880 & point-source beacon on the ground.

Turbulence Model Ty gy d, H,
(m) (neper?®) (m) (km}

e

Hufnagel Non-Random

W =5 m/sec 0.674 0.0147 0.221 6.72
W =10 0. 588 0. 0152 0.218 5.94
W =15 0. 484 0. 0162 0.212 5.13
W =20 0. 400 0.0175 0.206 4. 46
W =25 0.334 0.0191 0. 198 3.95
W =30 0.283 0. 0211 0.190 3.5%
W =35 0.244 0, 0235 0.182 3.29
W =40 0.213 0. 0263 0.174 3.08
W =45 0.188 0. 0294 0. 166 2.92
W =50 0,168 0. 0329 0.159 2.1

Hufnagel Random
Average of 10 runs
with

i o A RS S D T AR P,

W =25 m/sec 0. 382 0. 0206 0. 202 4, 42
+£0.099 £0.0101 4+£0.023 1,00
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or rejection of any particular turbulence model will require more than

merely straightforward optical measurements” made at a single altitude.
The virtue of single altitude measurements is that they may be translated
to prediction of the results of other types of measurements at the same :
altitvde at the same time, but clearly they will not by themselves provide E

the basis for generating a description of the distribution of turbulence in
the atmosphere.

:
: i
1
.§
]
' é # Certain rather special measurements made at a single altitude may be - - \
i able to give data on the altitude distribution of G , but these are not ~

ordinary mesasurements,
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Appendix 1
Main Program Listing

(Copies of this program can be obtained on
8-bit wide paper tape, on request to

Optical Science Consultants. )
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Appendix 1 - Main Program Listing Page |

110 REM  #1
120 DIM CC10003,ME301, 110301, 120301,M11303,M20303
121 DIM AS(81,B$(18)
130 LET AS="f.Fdrrtt ™
131 LET BSa™#. 0081000 §,.400011%
150 GOSUB 9000
1002 FOR I=1 T@ 5
1004 FRINT
1006 NEXT I
1010 REN 2
1012 PRINT “NUMBER OF INTERVALS IN INTEGRATION = “3
1014 INPUT N
1016 PRINT
1020 PRINT “WAVELENGTH (METERS) = 3
1030 INPUT K
1040 PRINT
1050 LET Ko6.28319/K
1060 PRINT “IS SOURCE A POINT SOURCE? (1=YES) *»
1070 INPUT ©
1080 PRINT
1090 iF Q<»1 PRINT
1091 IF Qe>} PRINT “(SQURCZ WILL BE TREATED AS AN INFINITE “3
1092 IF Q<>1 PRINT “PLANE WAVE.)"
1093 IF Q<»i PRINT
- 1100 PRINT "PATR LENGTH (NETERS) s *3
1110 INPUT 2
1120 PRINT
1160 PRINT "OPTICS ALTITUDE (METERS) = “3
1170 INPUT N2
1180 PRINT
118¢ PRINT “REMJTE END ALTITUDE CNETERS) = 1
1184 INPUT NI
1186 PRINT
1190 PRINT “INPUT 6-DIGIT BINARY NUNBER YO CONTRIL SUTPUT. “
1230 INPUT Q)
1240 FR 1=} 10§
1250 PRINT
1260 NEXT 1
1310 REN 03
1330 LET HOsH1
1340 IF H3s49® LET W3sN9
1350 LET Hasp2
1360 IF Ne>H9 LET MasN9
1370 IF H3©H4 GIT® 1410
. 1380 IF N3<H9 G2TO 1410
gizg g;:ut “PROPAGATION ENTIRELY GUT OF THE TURBULENT ATIESPHERE. =
1 P
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Appendix 1 - Main Program Listing (Continued) Page 2

1410 LET Z1=0

1412 LET Z2=2Z

1414 IF H1=H2 GOT3 1440

1416 LET Z13Z#(H1-H3)/(H1-H2)
1420 LET Z2x=Zx(H1-H4)/(H1-H2)
1440 LET Z3=(22-Z1)/N

1450 LET HS=(HA-HII/N

1460 REM  #4

1470 LET H=H3-HS/2

1480 FOR I=1 T@ N

1490 LET H=H+HS

1500 GOSUB 9010

1510 LET C(11=C

1520 NEXT I

1610 REM #5

1630 LET 12stE-60

1640 LET 13=1E~60

1650 LET 14=1E-60

1660 LET 15=1E~-60

1670 LET S=Z1-23/2

1680 FOR 1=1 T@ N

1690 LET S=S¢Z3

1700 LET SisZ-§

1710 LET S2s81t(5/6) *
1720 LET S3=!

1730 LET S4s]

1740 LET S5=1

1750 IF Q=1 LET S3=(S/Z)t(5/6)
1760 IF Q=1 LET S4s83»83

1770 IF Q=1 LET S5=54%(Z2/S)%(Z/%)
1790 LET 12=12+C(1)#S4

1800 LET 13=13+Cl1)eSe%S3Y

1810 LET 14=14+C(1)%S2eS2%S4
1820 LET 1S=154C(1)#S1#S1885
1830 NEXT 1

1850 LET 12=1e#23

1860 LET 13=13sZ3

1870 LET 14s]4823

1880 LET IS=15823

1910 REM  #6

1920 LET Ri1=(. 4233KaKe12)?(~-3/5)
1949 LET R3=. 56

1960 LET R3I=RI#K* ¢7/76)%13

1970 LET R4=2.3998K? (~e $)(IS/IIICCI/T)
1980 LET RSs(14/12)¢(3/5)

1982 PRINT * %,“BASIC GENERAL RESULTS"™
1984 PRINT

- 84 -
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Appendix 1 - Main Program Listing (Continued) Page 3

1985 PRINT .
1990 PRINT USING AS3"RECSIVER CONERENCE DIAMETERs R-SUB-ZER@ = *3R13
2000 PRINT * (METERS)"™
2030 PRINT "LBG-AMPLITUDE VARIANCE, SIGMA-SUB-L SQUARED = %3
2040 PRINT USING AS$IR33* (NEPERS-S@)%
2050 PRINT “SCINTILLATION AVERAGING LENGTM, D-SUB-ZER® = “3
2060 PRINT USING ASSR43™ (METERS)"™
2070 PRINT "1SOPLANATISM EFFECTIVE PATH LENGTH» H~SUB-ZER® = *9
2080 PRINT USING AS3RS3*™ (METERS)®
2090 IF R3<.5 GBTB 22£0
2100 PRINT
2110 PRINT
2120 PRINT “THE COMPUTED VALUE OF LOG-AMPLITUDE VARIANCE IS $S8@ LARGE"™
2130 PRINT “AS T@ CAST DOUBT ON ALL INTENSITY FLUCTUATIBN RESULTS."
2140 PRINT "PRINT~QUT OF THESE RESULTS WILL BE SUPPRESSED."
2220 PRINT
2230 PRINT
2231 PRINT
2232 PRINT " *,"SUBSIDIARY GENERAL RESULTSY
2234 PRINT
2235 PRINT
2240 IF Q=1 GAT? 2320
2250 LET P127.089827 (K*R1)
2260 PRINT “LIMITING RESOLUTIBN ANGLE, THETA-SUB<MIN = %3
; 2270 PRINT USING ASSP13* (RADIANS)*
: 2280 LET P2=.5%R1/RS .
: 2290 PRINT “ISOPLANATISM FIELD-ANGLE, THETA~SUB=ZER® = %3
2300 PRINT USING AS3P23* (RADIANS)™
: 2310 GOT@ 2380
é 2320 LET P1s7.08982%Z/C(K*R1)
2330 PRINT "LIMITING RESOLUTION SOURCE LENGTM X~SUB=MIN = *;
2340 PRINT USING ASSP13™ (METERS)* :
2350 LET P2s.S5%R1%2/RS %
2360 PRINT “ISOPLANATISM SQURCE SIZE, X=SUB-ZERD = '3 - i
2370 PRINT USING ASIP23% (METERS)™
2380 IF R3».5 G@T@ 2420 i
§

A

T e

e

2390 LET P3= EXP (4%R3)-1

2400 PRINT *NORMALIZED INTENSITY VARIANCE, SIGMA=-SUB-I SQUARED = *;
2410 PRINT USING AS3P3

2420 FOR I=] TO S ;
2425 PRINT

2430 NEXT I

2510 REM #7

2515 LET Q2=Qt

2520 IF Q1<200000 GETO 3066

j 2530 LET 02=Q1~-100000% INT (01/1060000)

i 2540 PRINT * *,* IMAGING-OPTICS RESOLUTIGIN™

T R LT S e FIND
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Appendix 1 - Main Program Listing (Continued)

2541
2542
2543
2544
2550
2551
2552
2560
2562
2570
2580
2590
2595
3000
3010
3020
3030
3040
3050
3060
3061
3062
3063
3065
3066
3067
3070
075
3076
3077
3078
3080
3081
082
3083
084
3085
3086
3087
3090
3091
098
3093
W94
3095
096
3097

A ROV A W s s s

PRINT * *,™(BR TRANSMITTER BEAM SPREAD)*
PRINT * *,“F@R VARIGUS @PTICS DIAMETERS"

PRINT

PRINT

PRINT % %,%  SLQWw,» FAST"

PRINT * %, “3PERATION',* GPERATIGBN®

PRINT

PRINT * @PTICS","RESOLUTI@N,“RESOLUTION",* DITHER"

PRINT “DIAMETER",

IF @=1 PRINT » (METERS)>",* (METERS)","(METERS)"

IF Q<>1 PRINT “(RADIANS)*,"(RADIANS)*,"(RADIANS)*"
PRINT “(METERS)"™

PRINT

PRINT USING AS3+1%R1,10¢111%P1,10.019%P1,1.3658%P}

Page 4

PRINT USING AS3¢.215443%R1,4.827T%P1, 44 $726%P1, 1. 21 1%P1
PRINT USING AS3.464159%R1, 2+ 4625%P1, 2. 2064%P1,1.0935%P 1

PRINT USING ASIR1,1.4983%P1,1.08862P1,1.02954P1

PRINT USING AS32¢15443%R1, 14 1765%P 1, « 62407%P154+99737%P]
PRINT USING AS34.64159%R1,1.0718%P1,+54627%P1,+92218%P1

PRINT USING AS310#R1,1.03124P1,.69329%P1,.76341%P{
FOR 1=} T9 S

PRINT

NEXT 1

REM #8

IF Q2<10000 GOTE 3234

LET Q2202-10000% INT (G2/10000)

PRINT TAB (15)3“NETERODYNE RECEIVER PERFORMANCE™
F8R i=1 T@ 3

PRINT

NEXT I

PRINT TAB (17)3*%SLOW OPERATION PERFGRMANCE"
PRINT

PRINT

FRINT TAB Ci1)3“@PTICS*s TAB (23)3"EFFECTIVE™)
PRINT TAB (38)5“RMS SIGNAL~*

PRINT TAB (10)S"DIAMETER"S TAB (23)}“DIAMETER"S
PRINT TAB (36)3“POWER VARIATION™

PRINT TAB (10)3"“(METERS)*} TAB (23)) "(METERS)*s
PRINT TAB (42)3%¢%)%

PRINT

PRINT USING AS) TAB (10)3.1%R1J TAB (23)59.889E-02%R13

PRINT USING AS) TAB €40)32.19

PRINT USING AS: TAB (10)5.215443%R13 TAB ¢23)3
PRINT USING AS3.20717%R13 TAB ¢40)37.87

PRINT USING A$5 TAB €10)3.464158%R1s TAB (23)3
PRINT USING AS).40612R13 TAB (40)3520

PRINT USING AS) TAB (10)3R13 TAB (23)).667429%R}}
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Appendix 1 - Main Program Listing (Continued) Page 5

A T N

3098 PRINT USING A$3 TAB (403361.6

3099 PRINT USING AS5 TAB (10)32.15443%R1} TAB (2333
3100 PRINT USING A$35.849963%R15 TAB (40)3131 : §
3101 PRINT USING A$3 TAB (10)34.54158%R1} TAB (2333 i
3802 PRINT USING AS5.932984%R15 TAB (40)s147 i
3103 PRINT USING AS3 TAB €10)310%R13 TAB (23)3+969713%R13 ;
3104 PRINT USiING AS$3 TAB (40)3123

3110 FOR 1=1 TO 4

3111 PRINT

3112 NEXT 1 :

3113 PRINT TAB (17)3"FAST OPERATION PERFORHANCE™

3114 PRINT . »
3115 PRINT

3116 PRINT TAB (14)3"“0PTICS*s TAB (26)3"EFFECTIVE™s
3117 PRINT TAB (38)3"TRACKING"

3118 PRINT TAB (13)3"DIAMETER%S TAB (26)3"“DIAMETERYs
3119 PRINT TAB (39)3"DITHER"

3120 PRINT TAB (13)3"(METERS)“s5 TAB (26)3“(METERS)"s
3121 PRINT TAB (38)3"(RADIANS)™

3125 PRINT

3126 LET Xx=P1

3127 IF Q=1 LET X=P1/Z

3130 PRINT USING A$3 TAB (13)3.1%R1s TAB (26> ;
3131 PRINT USING A$39.98127E-02%R13 TAB ' €40)31.3658%X
3132 PRINT USING ASs TAB (13)3.215443%R13 TAB (26)3
3133 PRINT USING AS$3.214013%R13 TAB (4033 1.201%X

3134 PRINT USING ASS TAB (13)3.464159%R13 TAB ¢26)3
3135 PRINT USING AS$3.453237%R1s5 TAB €40331.0935%X
3136 PRINT USING ASs TAB C13)3R1s TAB (26)3

3137 PRINT USING AS3.918652%R13 TAB (40)31.0192%X
3138 PRINT USING AS3 TAB (13)32.15443%R1) TAB (26))
3139 PRINT USING A$31.60239%R13 TAB €40%3.99737%X
3140 PRINT USING AS3 TAB (€13)54.64159%R1} TAB (26)3
3141 PRINT USING AS31.8306%R1) TAB €40)3.92218%X

3142 PRINT USING ASs TAB ¢13)310%R1} TAB (26):

3143 PRINT USING AS31.44241%R13 TAB C40)3. 76341 %X
3150 FO@R I=1 T S : o

3151 PRINT

3152 NEXT 1

233 REM  #9

3234 IF G2<1000 GOTE 3990

3235 LET 02=02-1000% INT ¢902/1000)

3236 PRINT TAB (18)3“PREDETECTION COMPENSATION®

3237 PRINT

. 3838 PRINT o !
' 3239 PRINT ' ' S

! 3240 PRINT TAB (11)3“EFFECT OF LACK OF ISOPLANATISM GN*3 - ‘ i

10 e
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B e et L T T S

e g e AT G SO U, T T TR 0 gy

- 87 -




Appendix 1 - Main Program Listing (Continued) Page 6

3241 PRINT = CAMPENSATED"

3250 PRINT TAB C11)S™NTF FOR SELF-REFERENCED OPERATION, *3

3231 PRINT “FaR VARIBUS™

3260 PRINT TAB C(13)3°*(NOMINALLY CIRCULAR) SGURCE DIAMETERS. %
3270 PRINT

3280 PRINT

3290 PRINT TaAB €31)3*MTF DEGREDATI1oN%

3300 PRINT

3310 PRINT 1AB (5) $"SOURCE™s TAB C(17)3%LBCATIEN oN THE SOURCE™;
3320 PRINT * gF THE IMAGED REGION™

3330 PRINT TaAB (733 S1ZE"3 TAB C16)3“CENTER"s TAB (26)3*174%s TAB (363

3340 PRINT %j/2w; TAB (46)3%2/74%; TAB (56)3%EDGE™

3350 IF @=y PRINT TAB (5)3*CMETERS)*

3360 IF Qe>1 PRINT TAB (5)3*CRADIANS)™

3370 PRINT .

3380 FOR I2-3 T¢ 3

3390 PRINT USING ASs TAB (513100 C1/3)0p2sn  w;

3391 PRINT USING AS3 EXP C=¢ 165210t (5%1/9))p ")

3400 PRINT USING ASs EXp (~e278%10t (5%1/9) )3 sy

3401 PRINT USING AS3 EXpP (=0 615%10t ¢Sx1/9)y; 0 o]

3410 PRINT USING AS) EXP C=1:166%100¢S01/9))s% of

3411 PRINT USING As$s Exp €~1-914*10'(5t1/9)>

3420 NEXT 1

3430 FOR 1=} Te s

3440 PRINT

3450 NEXT 1
; 3500 PRINT TAB (11)3%EFFECT oF LACK aF ISOPLANATISM oN CIMPENSATED™
4 3510 PRINT TAB CIUYS“MTF FoR EXTERNALLY-REPtRENCED BPERATION, %
¢ ‘3520 PRINT TAB (11)2%FgR VARIGUS INAG!-TO-REFERANOE SEPERATIONS.»

; 3530 PRINT
3540 PRINT
3550 PRINT TAB (18)3“SEPERATION"s TAB (38)3%NTF»
; 3560 IF Q=1 PRINT TaB C19)3%CMETERS ) ")
g 3570 IF @<>1 PRINT TAB (19)3%CRADIANS)";
i 3580 PRINT TABR (34)3"DEGREDATION™
3590 PRINT

3600 FOR I=-5 Tg |

3610 PRINT USING AS} TAB €19)310t¢1/73)8pa; TAB ¢35)s
3611 PRINT usING AS3 EXP C~6.88%10¢ ¢Su1/9))

3620 NEXT 1

3630 FOR 1=y T9 §

3640 PRINT

3650 NEXT 1

3680 PRINT TaAB (9)3“THE DIFFRACTIGN LIMITED MTF 1S Sox, 252, =
3681 PRINT wjog»

3690 PRINT TAB C9IS“NITH THE INDICATED aPTICS DIAMETERS, ™3
3691 PRINT “FQR THE™

e p—

-8 .




Appendix 1 - Main Program Listing (Continued) Page 7

3700 PRINT TAB (9)3“SOURCE PATTERN PERIBDICITIES LISTED.* '
3710 PRINT
3720 PRINT
3730 PRINT TAB (5)3"OPTICS™s TAB (27)3“SOURCE PATTERN PERIGD FOR™
3740 PRINT TAB (4)S™DIAMETER"J TAB (21)3%50% MTF*"; TAB (36)3
3741 PRINT %25% MTF“3 TAB (51)35%10% MTF*
3750 PRINT TAB (4)3*(METERS)™3 TAB (20)3
3760 IF Q=1 PRINT TAB (4)3“(METERS)"$ TAB (35)3"(METERS)*}
3761 IF @=1 PRINT TAB (S50)3™(METERS)"™
3770 IF Q<>1 PRINT TAB (4)3*(RADIANS)>"3 TAB (35)3*CRADIANS)"3
3771 IF Q<>1 PRINT TAB (50)3*CRADIANS)*
3780 PRINT
3790 FOR I=.25 T@ 3 STEP .25
3800 PRINT USING AS3 TAB (4)313 TAB (19)3
3810 IF Q=1 LET Ki=K#1/Z
3820 IF Q<>1 LET Ki=zKxI
3830 PRINT USING AS$315.5535/K1s TAB (34)39.89939/K13 TAB (4933
3831 PRINT USING AS$37.80148/K1
3840 NEXT I
3850 FOR I1=1 7@ 5
3860 PRINT
3870 NEXT I
398N REM #10
3990 IF Q2<100 GAT@ 4320
4000 LET Q2=Q2-100% INT (€02/100)
4100 .F R3¥>+5 GOTO 4320
4110 PRINT TAB (16)3"NORMALIZED, APERTURE AVERAGED"
4120 PRINT TAB (1S)S%INTENSITY VARIANCE AS A FUNCTION™
4130 PRINT TAB (20)3%9F APERTURE DIAMETER.™
4140 PRINT
4150 PRINT
i 4160 PRINT TAB (22)3*9PTICS"™) TAB (34)3"INTENSITY™
{ 4170 PRINT TAB (21)3"DIAMETER™} TAB (34)J“VARIANGB“ _
{ 4180 PRINT TAB (21)S“(METERS)*™ : ' CT
;4190 PRINT 4
4200 FOR I=-3 10 3 :
4210 PRINT USING ASS TAB (21)510t(¢I1/3)%R4)
4220 PRINT USING ASs TAB (3‘)3?3/(1010'(7‘11183010'(7.!/9’3
4230 NEXT 1
4240 FOR =1 190 S
4250 PRINT
4260 NEXT I
4310 REM  #11
4320 1IF Q<10 GOTO 4820
4330 LET Q2=0R-10% INT (Q2/10)
4335 LET S=10t¢ INT ¢ LOG (3.16228/R4)/ L.G €100
4340 FOR J=0 19 30

st o
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Appendix 1 - Main Program Listing (Continued)

4350 LET MLJ1=10t ((J-15)/5)/58
4360 LET MI1CJI=M[JIt(-11/3)

A370 LET M2(J)=M(J1%M(J]

4380 LET I1(JI=1E~60

4390 LET 12(J)=1E~-60

4400 NEXT J

4410 LET S§=Z1-23/2

4420 FBR I=1 T@ N

4430 LET S=S+23

4440 LET Si=}

4450 IF Q=1 LET S1=(S/Z)*(5/3)
4460 LET S2=2(Z-S)/K

4470 IF Q=1 LET S2xZ#(Z~S)/(Ks*S)
4480 F@R J=0 T@ 30

4488 LET MJ3=M2[{J1»S2

4490 LET 13= COS (MJ)

4496 LET l4=1-13

4497 IF M3>) GOT@ 4500

4498 IF 13»¢99 LET 14=M3xM3I/2-MIsMI*MIEM3/24
4500 LET I1(J)s11(J)+CLI)*S1%14
4510 LET I2(J)=2120J3+CLI)#S51%(11J)
4520 NEXT J

4530 NEXT I

"~ 4540 FOR J=0 T9 30

4550 LET 110J1%4c088KeKeZ36M1(JI#110J)

4560 LET 120J3s4.086KeKeZ34M1(J1012(J) |
4370 NEXT J o S
4580 PRINT TAB C16)3%SPATIAL POWER-SPECTRUM FOR™ -

4600 PRINT |

4650 PRINT |

4620 PRINT TAB C11)3"SPATIAL LOG-AMPL ITUDE®S
4630 PRINT TAB CA443)"PHASE® . o
4640 PRINT TAB C10)3“FREQUENCY  POWER-SPECTRUM™I
4650 PRINT TAB (39))“POWER-SPECTRUM® . -~
4660 PRINT TAB €10)%¢1/METERS)™ C

4870 PRINT -

4680 FOR J=0 T 30 |

4690 PRINT USING ASS TAB €10)31.000018MLJ1s .TAB €273
4691 PRINT USING AS311CJ1s TAB €43)312(J3

4700 NEXT J T

4710 FOR Is1 TO S

4720 PRINT

4739 NEXT 1

4810 REM  #12

.- 4820 IF QR<y GOTS 4970
- 4830 Ltr-oe—ee- INT ¢82)

-90 -
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Appendix 1 - Main Program Listing (Continued) Page 9

4840 FOR 1=) TO S

4850 PRINT

4860 NEXT I

4870 PRINT % TURBULENCE DISTRIBUTION ALONG™
4871 PRINT * THE PRUPAGATION PATH"™
4872 PRINT

4873 PRINT

4880 PRINT * ALTITUDE g-SUB N SQ*
4850 PRINT * (M) (M1=2/3)%
4900 PRINT

4910 LET K=M3-KS/2

4920 FOR I=1 T8 N

4930 LET H=HeHS

4940 PRINT USING BSs TAB C17)3HS TAB (33)3C(1)

4950 NEXT I

4960 PRINT

4970 STOP
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Appendix 2

Program Remarks

In the Main Program, the notation REM # is utilized to
indicate a discussion of some aspect of the operation of the program at
that point. These comments, mostly too long for inclusion in the pro-

gram itself, are presented in this appendix.

REM #1

The program's operation is initiated at this point. The computer
program will accept the definition of an optical propagation problem and
the pertinent propagation path and source information, and calculate the
value of the various propagation integrals. From this, the program will
calculate and report the value of the basic parameters which quantitatively
describe the effects of turbulence on optical propagation for the propagation
problem specified. The user has the option of requesting detailed informa-
tion concerning any particular aspect of the problem. Before the program
can be run, the user muat provide a subroutine (described later) to allow
calculation of the refractive-index structure constant along the propagation

path.

REM #2
At this point, the program starts the process of requesting keyboard
entry f{rom the operator of the parameters governing the propagation prob-

lem, as well as a definiticn of the degree of detail to be provided in the re-

sult reported. (For batch operation, this section would have to be moditied, )

Most of the data input requests are self-explanatory in terms of the printout
accompanying each request. However, the following three input requests

deserve comment.

-92 -




Appendix 2 - Program Remarks (Continued) Page 2 ;

1) Number of intervals in integration -- All integrals are evalu-
ated by first identifying the extent of the portion of the propa-
gation path that is in the significantly turbulent part of the
atmosphere. {The subroutine for generation of the refractive-
index structure constant also defines the upper li-1it of the
turbulent atmosphere.) The portion of the propagation path
that is within the atmosphere is then subdivided into N equal
length intervals. Each integral is evaluated as the sum over

the set of N-intervals of the value of the integrand at the mid-

!
i
|
|
A

point of each interval times the length of each interval. The
user can specify integral evaluation using subdivision of the
path into as few as N equals one (1) interval tc as many as

N equals one-thousand (1000) intervals,

2) In order to carry out propagation calculations, the program
must be told whethex to consider the "source' to be a point-

source or an infinite plane wave source. If the user wants the

program to consider the source to be a poiat-source, he inputs
a one (1), Inputting any other value will cause the computer to

consider the source to be an infinite plane-wave source. What

WG Y et e e o oL

is treated as the source can correspond to a true source, if

we are concerned with such things as an optical system that

SR, crge h e 5

receiver a photon stream from a source (such as an imaging

system, a heterodyne receiver, or an intensity receiver).

}{owever. if the optical system is a laser tnnnmitter. then the % |

prognm considers the aimpoint region to be the (virtual) source,

We cluufy the problem as a point-source case if the lnor beam
is focusud on the target,

<93 .

o

-




ST

e e T Ve

e

Appendix 2 - Program Remarks (Continued) Page 3

If *he source is a point-source, then imaging resolution
results are given in units of length of the source, and for a
lager transmitter, results are given in units of length at the
target, For an infinite plane-wave source, such results are
given in terms of angular subtense as seen from the gystem's

optics, i.e., by the imaging aperture, or the laser trans-

mitter's aperture. |

3) The program will output detailed information concerning such
things as imaging resolution or transmitter beam spread,
heterodyne receiver performance, isoplanatism, aperture
averaging of intensity fluctuations, etc., if so instructed. ‘
To cause computer printout of any of these options, the com-
puter allows the operator to input a six-digit binary number. ‘
(Though the binary digits are nominally "zero" and '"one'", ’
actually they are ""zero' and "any non-zero digit."") Each :
digit refers to a particular output option. These are explained {
below. . i

First Digit. Causes output of resolution of an ordinary
imaging system. (The resulte are also
applicable for laser transmitter beam spreaud. )

Secorid Digit: Causes output of performance of an optical
‘ heterodyne receiver.

'rhird Digit: Cause: output of information on predetecuon
compenutlon imaging.

Fourth Digit: Causes outpat of performance of an intensity
detection receiver in terms of signal fluctua.
tions.

R A

Fifth Digit: Causes output of the 1og-amplitude and phau
' tluctuation power spectrum,

- 94 -
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~integrals to evaluate the four basic propagation parameters,

Appendix 2 - Program Remarks (Continued) Page 4

Sixth Digit: Causes output of the turbulence distribution
along the propagation path.

REM #3

The portion of the program starting here causes the portion of the
propagation path within the turbulent atmosphere to be identified. This

portion is between the path length ranges 21 to 22 (at altitudes H3 to
H4 .)

REM #4
The portion of the program starting here calls on the refractive-
index structure constant subroutine to generate values of the refractive-

index structure constant at the center of each of the N-intervals involved

in the integral evaluation.

REM #5

The portion of the program starting here evaluates the {our basic
propagation integrals, 12, I3, 14, and 15 .

" REM #6

The portion of the program starting here uses the propagation
ro ’ 033
do + Hy . It then prints out these values as the "Basic General Results, "

after which it priuto out a set of "Snbsidiuy General Results” calculated
directly from these bnn: parameters.

" REM #7

If the first digit in the six-digit binary contro) number is not tero,
the following portion of the program will be exccuted. This portiosn of the
program will print out the resclution of various diameter imaging ‘opticu.

‘- 95-)
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Appendix 2 - Program Remarks (Continued) Page 5

For a point-source, results are given in terms of a length at the source.
For an infinite plane-wave source, results are given in terms of angular
spread. Long exposure and short exposure results (called slow operation
and fast operation, respectively) are both given. For the short exposure,
results are in terms of both the resolution per se, and the jitter in the

apparent position of a point source.

The same results, as indicated in the printout, are also applicable
to the svbject of laser transmitter beam spread. In this interpretation
of the results, the term ''sluw operaiion" refers tu a laser transmitter
with a pointing servo too slcw to follow the turbulence-induced rapid motion
of the target, The term ''fast operation' covers the case in which servo
operation is fast enough to follow the turbulence-induced apparent dither

of the target position,

REM #8

If the second digit of the six-digit binary control number is not
zero, the following portion of the program will be executed. This portion
of the program will print out the performance of an optical heterodyne re-
ceiver for various diameters of the entrance aperture. The term 'slow
operation' is used here to characterize a receiver whose pointing system
is not capable of following the rapid changes of the apparent angle of arrival
of the signal wavefront caused by turbulence., The term 'fast operation"
implies a system whose pointing system has a high enough servo bandwidth

to do this,

REM #9
If the third digit of the six-digit binary control number is not zero,
the following portion of the program will be executed. This portion of the

program will print out information related to the performance of a

- 96 -
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Appendix 2 - Program Remarks (Continued) Page 6

predetection compensation imaging system, For a point-source {(the object
being imaged is the source), the source size and source separation is given
in units of length at the source, but for an infinite plane-wave source,
source size and source separation are given in terms of angular subtense

as seen from the imaging system's aperture.

For all image frequencies of interest (i.e., high image frequencies)
there is a degradation above the normal diffraction-limited degradation. For
self-referenced predetection compensation, this degradation depends on
source size and how far from the center of the source the field-of-view being
cotapinsatea is, I'ur extern:liy-referenced predete~tion compensation, this
degradation depende on the separation of the reference and the field-of-view
being compensated. For both self-referenced and externally-referenced
predetection compensation, the MTF degradation values are printed out,
Also as an aid to the user, the MTF per se associated with the diffraction
limi¢ is printed out in terms of the optics diameter and the pattern wave-
length associated with the image frequency that gives an MTF of 50% , 25% ,
and 10% . The pattern wavelength of the image frequency is given in units
of length for a point source, and in units >f angular subtense for an infinite

plane-wave source,

REM #10

If the fourth digit of the six-digit binary control number is not zero,
the following portion of the program will be executed. This portion of the
program will print out the fractional variance of the signal collected by

photon-bucket receivers of various diameters,

REM #11
If the fifth digit of the six-digit binary control number is not zero,
the following portion of the program will be executed. This portion of the
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Appendix 2 - Program Remarks (Continued) - Page 7

program will print out the spatial frequency power spectrum of log-
amplitude and of phase fluctuations, Here, spatial frequency is in inverse

units of length in the measurement plane.

REM #12

If the sixth digit of the six-digit binary control number is not zero,
the following portion of the program will be executed. This portion of the
program will cauge the printout of the midpoint altitude and refractive-
index structure congtant for each of the N-points utilized in evaluation

of the propagation path integrals.
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Appendix 3 - Sample Turbulence Subroutines Page 1

BUFTON TURBULENCE SUBROUTINE

P

$000 REM#Si.1
9001 G@ T@ 9020
9010 REM #52.1
9011 G? T@ 9300 .
9020 PRINT
9030 PRINT
9040 PRINT
9050 PRINT TABC10)$*CALCULATIONS WILL BE PERFORMED USING THE™
9060 PRINT TAB(18)3*BUFTEN TURBULENCE M@DEL®
9070 PRINT
9980 PRINT
: 9090 PRINT
: 9100 DIM C1¢17)
9110 LET H9=17000
9120 DATA ¢37521¢172¢58500435502455¢15¢132416,.21
9130 DATA ¢3055¢3750+ 4254385529550 13350635038
9140 F@R 121 TO 17 | i
9150 READ C1¢I)
9160 LET C1¢1)=CI1CI)*1E~16 i
i
{

9170 NEXT I

9180 RETURN

9300 IF H>100 G8 T@ 9330

9310 LET CR7E-14%Ht(~4/3)

9320 RETURN

9330 IF H»500 G3 T3 9360

9340 LET C=1.5E-16

9350 RETURN

9360 IF #1000 GO T 9390

9370 LET C=(1.5E-16)=-C¢C(H~>500)/500)%1.125E~16 :
9380 RETURN |
9390 LET JeINT(H/1000) ‘ |
9400 LET C=Cli¢J)

9410 IF J<>H/1000 LET CuCe(ClCJIe1)=Cl(J)INCH/1000=J)

9420 RETURN

I R e S S e

P
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9060
9001
9010
9011
9020
9030
9040
9050
9060
9070
9080
9090
9100
9110
9120
9200
9210
9220
9230

9250
9260
9270
9280
9290
9300
9310
9320
9330
9340
9350
9360
9370

Appendix 3 - Sample Turbulence Subroutines

Page 2

HUFNAGEL NON-RANDOM TURBULENCE SUBROUTINE

REM #S1.2
GoTe 9020
REM #52.2
GaTe 9200
LET wW=27
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT
LET H9=24000

RETURN

IF H<3000 G@Td 9240

LET C=2.2E~53%Ht 10%(W/27)%(W/2T)% EXP (-H/1000)
LET C=2.71828%(C+1E-16% EXP (-H/1500))

RETURN

IF H>»100 GOTe 9270

LET CsT7E~14%Ht(~-4/3)

RETURN

IF ¥»500 GOT® 9300

LET Cm1.5E~16

RETURN

IF W 1000 GeTe 9330 -

LET Ca(1.5E=16)=¢CH~5003/500)%1.125E-16

RETURN

IF H»2000 GOT@ 9360

LET Cs3.7SE~17¢((H~1000)/1000)%7.95E~17

RETURN

LET C=1.17E~16~((N-2000?71000)¢5.85E~17

RETURN

TAB (10)3"CALCULATIONS WILL BE PERFORMED USING A™
TAB (4)3"NONRANDEM HUFNAGEL TURBULENCE MADEL WITH W =*3W
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Appendix 3 - Sample Turbulence Subroutines Page 3

HUFNAGEL RANDOM TURBULENCE SUBROUTINE

9000 REM #S1.3

9001 GO8Te 9020

9010 REM #S2.3

9011 GOTE 9300

9020 LET W=2S

9030 PRINT

9040 PRINT

9050 PRINT

9060 PRINT TAB (10)3*CALCULATIGNS WILl.. BE PERFORMED USING A% j
3070 FRINT TAB €6)3“RANDOM HUFNAGEL TURBULENCE M@DEL WITH W= "3y |
9080 LET R= RND ¢0)*1000000 *
9090 PRINT TAB (19)3“(RANDOM KEY = “sRpw)»

9100 PRINT

9110 PRINT

9120 PRINT

9130 LET R=- 019G { RNLC (0))

9140 LET R= SQR (R)* COS (6.28319% RND ¢0))

9150 LET RsR+R

9160 LET H9=24090

917C RETURN

9300 IF M<3000 GBT8 9410

9310 LET A= EXP (- ABS (M5)/100)¢ EXP (- ABS (N3)/72000)
9320 LET A=asg

9330 LET A2 SQR (1-A%A)

9340 LET Ri=~ L@G ¢ RND (0))

9330 LET Ri= SQR (R1)® COS ¢6.28319% RND (0))

9360 LET Ri=R1+RI

9370 LET RsReA+R1spA2

9380 LET C=(2.2E-53%H? 108NeW/729)s EXP (=N/1000)

9390 LET C=(Ce1E-16% EXP ¢-H/1500))¢ EXP (R)

9400 RETURN

9410 IF ¥ 100 GUTS 9440

9420 LET C=7E-14sNt(~4/3)

9430 RETURN

9440 IF N»S00 GOTS 9470

9450 LET Ce}.SE-16

9460 RETURN _

9470 IF W 1000 GOT® 9500 _ ) f
$AB0 LET C=(leSE=16)=C(H-500)7500)#]. 125816 '
490 RETURN

; 9300 IF w2000 GOT® 9330

{ 9510 LET C2¢3e 75E-17)+((N=1000)/1000)¢7. 95L~17
9520 RTTUAN ,

9530 LET cl(l-l?t-?6)'((H-QOOO)I!OOO)‘&.OSE'17
9540 RETURN

B i R Y T
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9000
9001
9010
9011
9020
9030
9040
9050
9060
9070
9080
9090
2100
9110
9120
9130
9140
9150
9160
9170
2180
9190
9200
9210
9220
9230
9240
9250
9260
9270
9280
9290
9300
9310
9320
9330
9340
93%0
9360
9370
9500
9510
9520
9530
9540

S o s i

AF 15 MAY 74 TURBULENCE SUBROUTINE

REM #S1.4

GOTa 9020

REM #S2.4

GaTd 9500

LET H9=15381

DIM HI(801,C1(801

DATA 0,131,212,357,542,663:-930,1241

DATA 1510,1639,1905,2155,2317,2446,2720,2881,3123

DATA 3260, 3397,3494,3639,3768,3930, 4059, 4196, 4405

DATA 4736,5010,5228,5542,5704,5897,6083,6381,6534

DATA 6913,7059,7317,7534,7680,7841,8091,8204,8550

DATA 8680,8849,3236,9494,9889,9986, 10139, 10268, 10470

DATA 10986,11139,11510,11720,11825,12155, 12349, 12478, 12639
DATA 12841,12962,13010,13204,13317,13413,13752,13930, 14042
DATA 14171114325014413:14526:!464701483931490531493301538i
DATA 5414251461975548395606965,6¢592,8.887,2.593519.65

DATA lo468:lc965:30076:10625:1058802o32:lo141030365510663
DATA 3032231o384:50377:30052350222:20407:2-798:20259:7‘495
DATA 3035:10-65:30079:1307103037:3063;50754:24073:7c261
DATA 8.97‘:80175018063;9079l913-46:90555370394:23018)70808
DATA 901920505Q7020003J60l92»40622:70793:3&516040564)30817
DATA 32.0634-203330‘91)13005:3-056:5-06:4.392:6060!:2'4{6
DATA 40909:20l65:5-592020064:50984p10586070605320569070493
DATA 2011702051101076702-5733l-989o7-425;|0463:602130‘-733
FAR 1=t TO 80

READ HiC1I1]

NEXT 1

FOR 1=} TG 80

READ Ci1t1!)

LET CI€1)=CI(I)»1E~16

NEXT 1

PRINT

PRINT

PRINT

PRINT TAB ¢10)3"CALCULATIONS WILL BE PERFORMED USING THE™
PRINT TAB C11)3"AF 15 MAY 74 C(ASCENT) C-SUB-N SQ. DATA"
PRINT

PRINT

PRINT

RETURN

LET J=sD

LET J=Jei

IF MICJ)<H GOT@ 9510

LET C'(CI(J'I)‘(NltJ)‘“”C‘{JJ‘(“'N!{J"))3’("‘(J3?Nl(J"J)
RETURN ' :
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9000
9001
9010
9011
9020
9030
9040
9050
9080
9070
9080
9081
9090
9100
9110
9120
9130
9140
9150
9160
9170
9180
9190
9200
9210
9220

Appendix 3 - Sample Turbulence Subroutines

Page 5

HUFNAGEL SIMPLIFIED TURBULENCE SUBROUTINE

REM #S1e5
GoTo 9020
REM #52.5
GOTd 9300
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT TAB

¢SYS“INPUT TIME OF DAY

PRINT *3=DAWN/DUSK";s

INPUT E

LET El=1

IF E=st LET
IF =1 LET
IF E=2 LET
1IF E=2 LET
IF E=3 LET
IF E=3 LET

E1=0
E=1.3
E1=0
E=1
El1=0
E=.8

IF Ei=] GOTG 9070

PRINT
PRINT
PRINT

LET H9=220000

RETURN

9300 LET C=1.2E-17%¢10000/7H)'E

9310

RETURN

« 104 -
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Appendix 4

Subroutine Remarks

(The same remarks apply to all of the subroutines. )

REM #Si. --

This point is the entrance to the initial portion of the refractive-
index structure constant generating subroutine. This portion of the sub-
routine is to be called only once, at the start of execution of the Main
Program. It serves to set up all the basic constants that will be used
later in the evaluation of the refractive-index structure constant, It also

establishes the altitude limit corresponding to the top of the turbulent

atmosphere.

‘REM #82. - -

This point is the entrance to the main working portion of the
refractive-index structure constant generating subroutine. This portion
of the subroutine is called repeatedly, each time with a new value of
altitude, H , and returns with the corresponding value of the refractive-

index structure constant, C .,
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PART 1I

Angle-of -Arrival Isoplanatiam and the
Calculation of the Isoplanatic Dependence
of
Predetecticn Compensation Imagery from
Measurements of the Isoplanatic Dependence
of
Angle-of - Arrival
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1.0 Angle-of-Arrival Isoplanatism

1.1 Introduction

The subject of isoplanatism is a relatively exotic matter, origi-
nally introduced by Linfoot* in the consideration of the optical transfer
funct-ion of a lens. The isoplanatic patch size was defined as that region
in the field-of-view of a lens over which the optical transfer function
could be considered to be essentially constant. It was necessary to intro-
duce this concept of isoplanatism in the development of the theory of the
optical transfer function as, without it, the normal definition of the trans-
fer function is mathematically unsatisfactory. The situation is rather akin
to that involved in the discussion of the transfer function of a time varying
electronic filter. One has to assume that the i.ansfer function varies
slowly compared to the frequencies involved if the concept of a transfer
function is to have any meaning -- and even then the situation is mathe-
matically awkward, The practical enginear is, however, generally not
80 much of a mathematical purist as to be bothered by this rather subtle

and somewhat exotic mathematical difficulty.

The concept of icoplanatism, originally defined in terms of a lens
and ite transfer function, was applied by Hufnagel® to the subject of atmos-

pheric turbulence as an optical system. Because the concept was used

only as ''the name of the reason given for ignoring a mathematical difficulty, "

it was not necessary to give a precise definition of {soplanatism. Isoplana-
tism was simply understood to be something that had to do with the relative
constancy of an imaging system's aberration with field-of -view, and con-
sidered to be about as meaningful for use in studies of imaging through
atmospheric turbulence as in studies of lens design. Recently, however,
with detailed attention being paid to the subject of correcting for turbulence
effects, both by predetection compensation and by post-detection compen-
sation, the matter of isoplanatism has entered into our considerations in

a quantitative way, It has beconie itnportant to develop precise, quantita-
tive definitions, theory, and experimental data related to the subject of

isoplanatism,
- 107 -
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We start by noting that there is no reason to believe that there
is a uniquely definable isoplanatic patch size or isoplanatism angle to

be associated with imaging over a given propagation path. In fact, we

shall argue that accordingly as we are concerned with 1) post-detection ,
compensation of a long exposure image, with 2) post-detection compen-

sation of a short exposure image, or with 3) predetection compensated

WPV 4

imaging, there are three different values to be associated with the iso-

. planatic patch size. We shall demonstrate this heuristically in the next

secticn,

Unfortunately, the lack of a simple relationship between the iso-
planatic patch size for post-detection compensation of short exposure
imagery and the igoplanatic patch size for predetection compensation
imagery means that while we can make measurements of the former,
such measurements are not applicable to the latter. Since we are currently
very interested in knowing about what the isoplanatic patch aize may be
expected to be for predetection compensation, we have studied the possi-
bility of using short exposure imagery isoplanatism data to form a basis

for calculating in some 1ndirect manner the predetection compensation

isoplanatic patch size. We have found that such a possibility exists if,
rather than concern ocurselves with the isoplanatic aspects of the short

exposure image's resolution and modulation transfer function, we turn

AT T I e

our attention to the concept of isoplanatism for angle-of -arrival fluctu-

ation. (This represents a fourth area in imaging through turbulence for

which we shall have a separate definition of 1soplanatism. )

The angle-of-arrival isoplanatism is no more directly related to
predetection compensation imagery isoplanatisam than post-detection
compensation short exposure imagery isoplanatism ts, However, unlike
; the situation for post-detection compensation, for angle-of-arvrival iso-

planatism we can develop a rather simple linear theory which relates

P
R
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1.2

measurements of the isoplanatic dependence of angle-of -arrival statistics
to a weighted integral over the vertical distribution of turbulence in the
atmosphere. This would then allow angle-of-arrival measurement data to
be inverted to provide an estimate of the vertical distribution of the strength
of turbulence, Since the available theory for isoplanatic dependence in pre-
detection compensation is well advanced, 3 requiring only a knowledge of the
vertical distribution of the strength of turbulence to allow quantitative re-
sults to be generated, we should be able to go from angle-of-arrival iso-
planatism measurement data to quantitative predictions of the isoplanatic
dependence of predetection compensation imagery. The main part of this
paper will be concerned with the development of the theory of angle-of -arrival
isoplanatism, with the objective of obtaining results expressed in terms of
an integral over the vertical distribution of turbulence. We shall not be
concerned in this report with the processing of any actual measurement
data, or with formulation of the details of the inteyral inversion procedure
by which we would obtain the turbulence distribution from the angle-of-
arrival isoplanatisem measurements. These matters will be treated sepa-

rately at a later time.

Before taking up the development of the theory of angle-of-arrival
isoplanatism, we shall first explain why we have to consider isoplanatism
to be different, with distinct numerical velues, for different proceases of

imaging through turbulence. We take this up in the next section.

Difference in Isoplanatism

As indicated above, though the term 'isoplanatism" is used in
regard to turbulence effects without any further limiting modificr, we
shall show here that there are several distinct and generally unegual
meanings to be associated with the term. We shall offer heuristic argu-
ments to demonstrate this based on the rather simple model of all
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significant turbulence located in a single layer some distance from the
aperture of a telescope. We consider a pair of point sources located at
an essentially infinite distance from the aperture. We shall let ¢ denote
the angular separation of the two sources, as seen by the telescope, let L
denote the range from the telescope aperture to the turbulence layer, and
let D denote the telescope diameter. We assume that the optical wave-
length and strength of turbulence are such that the wavefront reaching the
telescope aperture has a ccherence diameter, r, .
this situation, showing the 'projection' of the aperture on the turbulence

In Fig, 1, we depict

layer for rays oriented toward the two point sources, and also indicate

how the wavefront distortion generated by the turbulence layer will project
onto the telescope aperture -- the projection being shown for light from

the two point sources.

The question that is central to our considerations here is whether

or not the two different wavefront distortion patterns projected onto the

telescope aperture by the two point sources are related to each other 1

closely enough, If they are, then we would say that the two point sources,
separated by the angle ¢ , lie within a single isoplanatic patch. But this
question, rather than providing the basis for evaluating the isoplanatic patch
size, simply highlights our lack of definition of the problem -- for the fact
is that the question can not be answered until we say what we mean by
"related . . . closely enough.'" In attempting to formulate an answer to
such a question, we find we must first decide which type of imaging we are
concerned about, i.e., 1) predetectivn compensated imaging, 2) post-
detection compensated short-exposure imagery, or 3) post-detection com-

pensated long -exposure imagery,

If we are interested in predetection compensated imagery, in which

. s s T

we would use measurements of the wavefront distortion for light from source

#! to control the compensation for the wavefront distortion of light from
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e turbulence laysr
induced distorted
wavefront (applicable
to both sources)

layer

wavefront distortion projected
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wavefront distortion projected
3 telescope by source §2
aperture

Figure 1,1, Generalized View of Imaging Isoplanatism Rslated Effects
for a Single Turbulence Layer. The significant point to be

: noted here is that the same turbulence pattern is projected
! by the two poiut sources as two different wavefront distortion
{ patterns at the telescope aperture. If the wavefront distortivn
i patterns are related closely enough, then the angular separation
! of the two sources, @ , is within the isoplanatic patch, Tte
i key question is exactly what do we mean by "related closely enough. *
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source #2, then we must have the two wavefront distortion patterns match
reasonably well on a point-by-point basis across the telescope aperture.
(By "matching reasonably well, ' we mean that the rms difference should
be about c¢ne radian.) If ¢, (i") denctes the wavefront distortion pattern
at position T just below the turbulence layer, then the wavefront distor-
tion patterns projected onto the telescope aperture by sources #1 and #2

will be ¢1(—r') and ¢a(—1:) » respectively. It is obvious that

3, @ = ¢, G +R) , (1)
0. @) =0, F + R +3L)

3

(2)

-
where R is some displacement vector associated with the fact that source
#! is not at the zenith.

Our condition that the two wavefront distortion patterns projected

on the telescope aperture match well enough is represented mathematically
by the requirement

(18, (r) - s )P < 1

(3)
Making use of Eq.'s (1) and (2), this can be rewritten as
(18 (F+ R -0, G+R+JLP) s 1, (4)
but here the ensemble avertge can be recognized as the ordinary phase
structure function, which for the coherence diameter r, cau be written
as -
(B (F+ R) -9, G+ R+FL)%) = 6,88 (2=) (5)
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Combining Eq.'s (4) and (5), we see that the requirement for isoplana-

tism in predetection compensation imaging will be satisfied if we require

that

(6)

(where 3.18 = 6.88%5), This is in good agreement with exact results

derived previously for isoplanatism in predetection compensation. 4

Eq. (6) is subject to a very simple physical interpretation. This

interpretation is that if § is too large, i.e., greater than the value given

A A AN S AP R LS Pt o Bt e

in Eq. (6), then the two wavefront distortion patterns will be shifted so

much with respect to each other that although they are fundamentally the
same distortion pattern, the amount sensed at a point (from source #1)

will be only poorly correlated with the amount of correction required at

that point (for imaging source #2). If the shift is of order r, , then the %
two wavefront distortion patterns will not be related to each other closely §
Kl

enough, §
For predetection compensation, we see then that the answer to the i

question we asked before about the required closeness cf the relation has
to do with the exact matching of the two distortion patterns at the same
point on the aperture., Quantitatively it leads to an isoplanatism angle
determined by the coherence diameter v, and the distance L to the
turbulence,

For post-detection compenasation of a short-exposure image, we
intend to use modulation transier function measurements obtainad by
processing the short-exposure image of source #1 tc compensate the short-
exposure image of source #2. Our basic requirement is that the two short.
exposure images be aberrated in exactly the same way, This is a require-

ment on the aberration realisation in any one picture, and not a statistical

requirement. If the two aberrated short-exposure images are essentially

i G DOHUEE bt EPCITI LI pptisc s .«
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the same, then post-detection compensation will function almost perfectly
(at least to the limit allowed by noise considerations) and a validly com-
pensated image of source #2 will be formed using compensation values
derived from the image of source #1. If post-detection compensated short-
exposure imagsary isoplanatism conditions are not satisfied, however, then
the aberrations in the short-exposure image of source #1 will not be well
related to the aberration in the short-exposure image of source #2, As a
consequence, the post-detection compensation process will introduce

spurious details into the compensated image of source #2.

The basic condition for the aberration of two images to be at least
approximately the same is that the wavefront distortion patterns entering
the telescope aperture for the two sourcas be essentially the same. If due
to the angle ¢ the two wavelront distortion patterns are displaced by a
distance §L which is much less than the aperture diameter D , then for
the most part the two distortion patterns will be the same. There will ba
minor regions, crescent-shaped on twe sides of the aperture, for which
one of the distortion patterns will not have any match in the other diutof-
tion pattern, but over most of the aperture region the wavelront distortion
from one source can be perfectly matched to the wavefront distortion
entering the aperture from the other source. The matching portions of
the two wavefront distortion patterns will not lie on top of each other --
the match will involve a displacement $L , but the wavefront distortion
pattern entering the aperture from the two sources will be assentially the
same and the images formed will, as a consequence, be essontially iden-
tical. The modulation utmfgi function developed from the imuage of
source #1 will be suitable for coxhpcnutim of the imaga- of source #2.

So long as the displacement 9L is much [ess than the aperture diamater
D , we would be able to consider that izoplanatism applies for post-
detection compensation of 8 u&ért;ﬁ#bmre image. -r'raxm.} 30% to corres-
pond to "much less than', this émditién could be wxﬁtten as the requiremaent
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.on the basis of an image of source #l would therefore be expected to

S P . e _g

that

g < =3 (7)

It is worthwhile to compare this result with Eq. (6). We see that
the two equations have the same form for the size of the isoplanatic patch,
except that the role of the coherence diameter, r, , in predetection com-
pensation imaging is played by the aperture diameter in post-detection
short-exposure imagery. (We acknowledge that the agreement between
the numerical coefficients of Eq.'s (6) and (7) is somewhat contrived, and
not to be taken too seriously.) We see that the isoplanatic patch size is
quite distinct in these two cases, and that measurement of isoplanatism
for short-exposure imagery can not be directly applied to predetection
compensation imagery. It might be possible to obtain an order of magni-
tude type estimate of the size of the isoplanatic patch for predetection
compensation imagery by making measurements of the isoplanatic patch
size for post-detection compensated short-exposure imagery and scaling
by a factor of r,/D -- but this would only yield what would at best be an

order of magnitude eatimate.

If we now turn our attention to the isoplanatic patch size for post-

detection compennied long~exposure imagery, we first note that each
reaiisation of the image of a point source is well defined by the statis-
tical description of the propagation path, The nature of the image is
not & random variable, it is repeatable from photojnph to photograph.
Poust-dotaction compensation of a long-exposure image from source #2

work since the two images may be sxpected to sufier from the saine tur- ,
bulence degradation. Thae only thing that will change the nature of the T

- image is & change in the statistics of the propagation path. For the case

depicted in Fig. 1, such a change would exist batweesn the paths from . iy -
source #1 to the telescope, campared to the path {rom source #2 to the
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telescope, if the angular separation, ¢ , is large enough to change the

secant of the zenith angles involved by a significant amount. Nominally

we might take

S
n
[RE

as a measure of this condition, i.e., as a measure of the isoplanatic

patch size for post-detection compensated long-exposure imagery. This
is so significantly different from the isoplanatic patch size for predetec-
tion compensation, Eq. (6), or for post-detection compensation of short-

exposure imagery, Eq. (7)., as to require no special comment here.

Having seen that each of the three different types of imagery leads
to a different criteria and different numerical values for the isoplanatic
patch size, we see that we can not make direct measurements of the iso-
planatic patch size for either post-detection compensated short-exposure
or long-exposure imagery and expect it to be applicable to the question of
isoplanatism for pradetection compensated imagery. This would seem to
imply that we shall have to operate a predetection compensated imagiug

aystem to get measurement data related to its patch size,

Actually, such need not be the case. Since measurements of iso-
planatismn dependence for post-detection compensated short-exposure
imagery can be related to the vertical distribution of turbulence, we

could presumably calculate the distribution of turbulence along the propa-

(8)

gation path from such measurements. Then, since exact theoretical results

already exist® for calculating the isoplanatic patch size from knowledge of
the distribution of turbulence along the propagation path, it would be pos-

sible to calculate the predetection compensation isoplanatic patch size

from measurements of post-detection compensated short-exposure imagery

isoplanatism.

P
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We have developed the theory for the relationship between post-
detection compensated short-exposure imagery isoplanatism and the !
distribution of turbulence along the propagation path and concluded that f
it will be very difficult, if not totally impractical, to attempt to work
backwards from the isoplanatism measurements to the turbulence distri-

bution. The basic analysis of this situation is presented in Appendix A,

Instead of working with the post-detection compensated short-
exposure image, we have noted that a much simpler relationship can be

established if we work with angle-of-arrival isoplanatism, The equation

e Ao e

relating angle-of-arrival isoplanatism and the distribution of turbulence

along the propagation path is rather straightforward and appears to be

quite easy to manipulate so as to obtain an estimate of the turbulence

distribution from a set of angle-of -arrival isoplanatism measurements.
In the next two sections, we provide an exact definition of angle-of -
arrival isoplanatism, set up the basic formulation, and carry out its

reduction to a rather simple one-dimensional integral formulation,

1.3 Angle-of-Arrival Isoplanatism Definition and Formulation

The angle-of -arrival at the entrance aperture of diameter I} of
a telescope viewing a point source at angular position § can be equated

with the aperture averaged tilt of the wavefront at the aperture, velative

* to the direction § . It can be shown® that this can be written as
| 3@ = 2B [ F WED TeED (9)
a "a Dg ] 3 - ] |

i tne, o w,

where T is a two-dimensional variable over the plane of the aperture,

and W(¥;D) is a function which serves to define the extent of the aperture

e

according to the equation
N WGED’ = : ’ - (10)
0, i [Fl>¢D
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In Eq. (9), A denotes the optical wavelength and ¢(7;8) denotes the
(complex*) phase error at aperture position T associated with the
wavefront distortion of the radiation from a point source located at § .
(The wavefront distortion is, of course, referenced to an undistorted

plane whose normal is oriented toward § .)

The components of the angle-of-arrival vector, a , are

G,G) 32 ).

, (11a)

1

T

o® = F [ F WEDIyoFR (11b)

where x and y are the two components of T .

The isoplanatic aspect of angle-of -arrival can be introduced by
considering a pair of point sources located at '6; and 'e’, » and consider-

ing the angle-of-arrival isoplanatism-structure function

5, ,0) = ((3@)-3@) * (3G) -3 . (12)

where

3.%.% . (13)

As a practical matter with an eye toward the problems of making related
measurements, it is appropriate to treat the statistics of the x- and y-
componento of angle-of -arrival separately, To make this particularly
usoful, since we have freedom in our choice of the orientation of the
{x,y)-coordinats system, we choose the oriontation so that the x-axis

is parallel (o § and the y-axis ia perpendicular to 3 . We write for

¢ To the extent that log-amplitude variations are negligible, the complex
phase is equivalent to the ordinary phase. We shali assume that thie is
the case and shall treat § as either the real or complex phase, in each
case 88 most convenisut, :
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the angle-of-arrival component isoplanatism-structure function

Dy, o (8) = (e, (61) - a (3,)]2) , (14a)
and
D, q, (8) = (Lo, 6,) - q (6,)12) . ” (14b)

If we substitute Eq. (9) into Eq. (12), appropriately combine first
the sum and then the product of integrals, and finally interchange the order

of integration and engemble averaging, we get

D,m(:’) = (ﬂ?&) ”‘ dr dv’ W(F:D) W(r:D) T+ T*

X Lo (F:8,) - o (FHNe(F*:8,) - 2(r )Y . (15)

The ensemble average in Eq. (15) can be gimplified to the form

([8(¥:8,) -8 (T80 E"18,) - o *FI])

@) G 7)) - ) E"T,)

- @FE) G By + (8T8, 0 FiT,D)

4 ([0FF,) - oF B 1) + 4 ([oFiR) -0 F*iFN)

+HCBER) - o F18,01%) - 1<) -0 (Fri6)1°)

- 40,0 (0) + § 5, (:F) + 5 o(:-I) - uw(’.t» , (16)

L

13

where

- -
UEp=-r

o - (17)

and the isoplanatic phaae utru?:ture function B, ¢ 18 defined by the
equation
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B¢ @) = ([8r:F)- ¢ (F*i%)1%) (18)

It can be shown® that the isoplanatic (complex) phase structure

function for propagation over a path of length L is given by the expression

5,5 @) = 2.91 @ [ ds c,,a[|‘6+3s[ (L—I’j-*-’-)]m , (19)

where s = 0 at the measurement nlane and s = L at the location of the

point source. As a practical matter, when the source is astronomical

(or at least exoatmospheric), which we shall assume to be the case in
this work, Eq. (19) reduces to the form

5,p@i0) = 2.91 ¥ df ds G° |4 +gsem . (20)
Pet h
If we substitute Eq, (20) into Eq. (16), we gst
([p(F:8)) - o T30 (F%58,) - o (F7B )

-
R

2.91 1 I ds G2 (4 [U+3s]®R+ 4 |T - Fs|sR - usm)
rath

(21)
and if we substitute this result into Eq. (15), interchanging the order of
integration and uinipnfying as appropriate, we get

A 2 { 64 3 » . ’, - e,
B, ol9) o[ dng {3.91 G m) ] & & WED) WE*D) T ¥
X{g|04Fs[™m 430 - Fa|¥o - u5’°)} . (22)

If we repeat the same procedure, starting from Eq.'s {14a) or (14L)

rather than from Eq. (12), we get in place of Eq. (22) the results that
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Buay )= [ ds G {2, 9 () [f dF & WED) WED) x x”

P&t b

X (& [T+3s|5R+ ¢ |6 - Fa|oe - us/a)'} ,

64 2

Biq, (9) dsC?{z 91 f—--~) [[ dF dF* W(#:D) WEF*;D) y y*

(213}

e [T4FsfR 4 4 [T -Foloo - wo)

If we now introduce the variable

v=g F+7T) :

then the T- and r’-integrations in Eq. (22) can be replaced by integra-

» -- -
tions over u and v . We get

Bol9) = [ ds G 12 91( \ [ 48 &V WE + ;D)

x WE-§EiDN - 3ud)( & [T+ Ta o0+ 4 |T-Fs|0-usm)]

(23a)

(23b)

(24)

(25)

where we have made use of the fact that in accordance with Eq. 's (17) and

(24)

r'?‘=va"*u: »

1t is particularly convenient at this point to replace the variables 't

and v by u® and V° , where

@ =30 di’ = du/D? \
v'=v/D , dv’ = d¥/D? '
- 121 .
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so that Eq, (25) can be rewritten as

D, ,{#) = D-VS'J:. ds G2 {2.91 (64/TF [[ i oV’ WE*+§ B51)

i
s
!

XWE- TR 3w G| -0 wse)), 8)

where

€=9s/D . 0 29)

If we define the quantity in the curly brackets in Eq. (28} as F(e) ., ie.,

Folg) = 2.91 (64/nP [[ di d% W(E + §51) W(E - § T51)

X (@3 @) § | +EPR [T - TR . ushy | (39)

where, for convenience, we have dropped the primes on the variables of

integration, then we can rewrite Eq. (28) in the very compact form
by, o(0) = DA [, d¢ G F (9e/D) . (31)
L1 a , .

In a similar way, starting from Eq.'s (23a) and (23b), we get

s Dua, (9) = DV [ ds G2 F (9s/D) (32a)

Aq,(9) = D""““I‘ d G F_(se/D) (32)

where

Fo (8) = 2.91 (64/nP [[ &8 &V WE + §151) WE- 1)

x [V cos® (utv) - 3 & cos? (u))
x (F[U+EPB+ [T -F-awy) (33w

PR—
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Fy, ) =2.91 (64/mP [f di dv WE +a81) WE - 3 551)
x [V 8in® (4+v) - 3 u® gin? (1))

x (F]U+F|ver I - |2 - uom)

Here we have used ; to denote the angle between U and the x-axis, and
v to denote the angie between v and U . We made use of the fact that
since
T'=V-30 ,
then
x=vcos{+V)+gucos(s)
x°=vcos{y+v)-gucos (u)

.ao'that _
xx’ = v cor® (u+v) - 3u cos?(p)
and similarly, .
ysv ain‘ (v +v) #}-n,gin (w)
y'=vain(+v)-gusin()
80 that

yy’ =2 v oaind(u 4 v) - 3P sin?(y)

(33b)

(34)

(35a)

(35b)

(36)

{37a)

{37h)

{38)

If we consider  snd v to be the angular components of a polar

coordinate rapresentstion of ¥ and V , respectively, and recall that 'g’

Falt) in the form
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em
Fole) =2.91 J‘ du J'u du Ka(u)
o [o]

X { #[u’+2ug cos (u) + g2]8/8.

#(u®-2ue cos (u) + g275/e. u5/3} , (39)

where
2n
K Q) = (64/mF [ dv [av WE +4 1) WE - § T1) (v - 1u?) . (40)
Q

In a similar way we get

2n N
FO« () = 2.91 rduoj‘u du Ky, (u,u)
Q

X { 3 [v¥+2ug cos (u) + g3J5/3+§[u°-2ug cos (u)+g3]5/8. usfa?y’(ﬂa) s'

2n
Fa, (€) =2.91 J"duo[’u du Ka,(“"“)
o

" { $[u+2ugcos(y)+ g°]5/d+§[u3~ 2ugcos (p)+§335/°-u5/3} , (41b)

z where
E 2 -
3 Kax(u,u)z(u/n)aofdvadv WE +§ T WE - T51)
‘ X [v® cos® (utv) - 3 u? cos?(u)] , (42a)
2n
Koy (00) = (64/MR [ dv ['v dv WV +§01) WE - ¢ 1)
0
o X [v? sin® (u+y) - 2w sin® ()] . (42b)
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Our basic results are Eq. 's (31), (32a), and (32b), with the integrands ';
defined by Eq. 's (39), (41a), and (41b), with Eq.'s (40), (42a), and (42b) :
defining their integrands. These integrals are in a form directly suited to
numerical evaluation and provide a basis for establishing a linear relation-
ship between the distribution of turbulence over the propagation path and the
isoplanatic angle-of -arrival structure function. Qur basic problem is the
evaluation of Fa(g) , Fa. (¢) , and Fa, (£) in numerical form, as this is
the key to the linear relationship, In the next section, we take up the matter
of establishing this numerical result, starting from Eq.'s (39), (41a), (4ab),
(40), (42a), and (42b).

Numerical Evaluation of Fa(g) , Fo (e), and Fa’(g)__

The functions Ka(u) , Ka. (4,u) , and KQ’ (4, u) can be evaluated
analytically without recourse to numerical techniques., We start by turning
our attention to Eq. (40)for K (u) . We note that the product of the two
W-functions, treated as functions in ‘\;-space. provide the bounds for the
(v,v)-integration. The region of integration corresponds to the area of
overlap of two circles of unit diameter, with centers located a distance

+ #U from the origin in V.space. If, instead of using polar-coordinates

for V , we represent v by the rectangular coordinates (p,q) . with the

p-axis picked to be parallel to U , then we can rewrite Eq. (40) as

K, () = (64/n) { F dp I" dg (p°+4q® - } u?)

- (lew)/0 -t
(1~u)/8 ®

+ 1 dap [T et o)) (43)

0 -,

where
R, = §[1- (ug2pP¥2 (44)
. “
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Making use of the fact that

cos? (u+v) = cos®y cos?y - 2 cos  siny, cosV sin Vv + sin®, sin®v , (45a)
sin® (utv) = 8in®y cos®v + 2 cos p sinp cos v sin V + cod®, sinv , (45b) {

and that since v is the angle between v and u , and that p is the

component of V parallel to u

o
u

v Ccos v , {46a)

el
1

v sinvy , (46b)

we can rewrite Eq. 's (42a) and (42b) as

0 "~
KO?: (ou) = (64/n)3{ ]‘ dp ]‘ dg (p?cos?, - 2pq cos |, sin
=(1w)/a -k,

+ q®sin?, - 3 uicos?y)
(1=u)/9

[
+ J’ dp J’* dq (pPcos®y - 2 pq cos p sin
) -,

+q¥sin? - 3 u‘cos‘u)} , (¢7a)

Ku'b.u) =(64/n)3{ f dp J‘l- dq (p*sin®y + 2 py cos u sin
.'(x-c)h -, )

+qcos? - § u¥siny)

{yu)a "
+ T. dp J“ dq (pPsin®u + 2 pq cos y sin
0 -t -

+q3cos?y - 3 f sm"u)} . {47b)
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If in Eq.'s (43), (47a), and (47b) we make a change of variables, replacing

o e e =

p by p’ , where for the first double integral in each case we let

p’ = Zp - 11 ’ (483)

and for the second double integral in each case we let
p’=2p+tu, (48b)
and in all cases replace q by q* , where i
qQ” =29 (49)

then these three equations can be rewriiten as

-y [ K
Ky(u = 16/mp{ ['ap [ aq o+ zpu+ @)+ [ ap [ dq

.-x - ] - l

X(p°-Zpu+q")} . (50)

Ka. (hou) = (lé/ﬂ)’{ f“dp f dq [(p® +2 pu) cos®p - 2(p+u) q cos u sin
-1 -t
+ q° 8in"p]

R TSI RO

b #
+[ dp [ dq[(p®-2 pu) coa®y - 2(p-u) q cos u siny

+ ¢ sin® u]} \ (51a)

e

L I R

Key (u.g) . (16/11)'{ ]"' dp f dq [(p® +2 pu) sin®y, + 2(pt+u) q cos b sin w
: -1 -

+ q* coe?y)

+j}dp qu ({p®-2 pu) ein®y + 2(p-u) q cos  sin p

. - . Y

T (s
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where for convenience, since it causes no ambiguity, we have droppe
the primes from p° and q° . We have used the notation R in the

limits of our q-integrations to denote

R =(1 - p?p/2 . (52) f

If we perform the g-integrations in Eq. 's (50), (51aj, and (51b),

we get

K (u) =2 (16/mp { j‘udp [p3(1-p®F/3+2 pu(l-p?}/3 + 3 (1-p?)¥2) !
-1

¥ fdp [P (1-p*F/3-2 pu (1-p/3 + (l-pa)”J} ; (53)

Ky, Giu) =2 (16m)°{ _]‘1 dp [p?(1-p}/? cos®y + 2 pu (1-p2P/3cos?y,

+ 4 (1-p2)¥2 sin®y)]

+ [ dp (PP (1-pH7costy - 2 pu (1-pPWPcos?y

+ & (1-pY¥3aiy], . ,_ (54a)

K;’(p.u) =2 (lb/n)’{ f'dp [pe(1-p?}/2 ain®, + 2 pu (1-p®}/34in®,
-}

+ 3 (1-pA¥3cosy)

+ f dp [p’(l-ﬁ')"’,sin’u - 2 pu (1-p?p/35in®,

+ & (l-p’,&'acoﬂ“]}' . | V {54b)

The evuluation of these p-integrals is a straightiorward matter making
use of the following formulas taken from Dwight”:

- 128 -

SR S




e e W T L

[ dp p(1-p*}/% = -} (1-pof¥2 : (55a)

[ ap PP (1-p°)V2 = -} p(1-p%)¥2 + § p(1-p°}/%+ § sinl (p) , (55b)

Jdp (1-p%F2 = § p(1-p)¥3 + § p(1-p?}/2 + § sind (p) . (55¢)
Carrying out the necessary substitutions and simplifications, we get

Ky(u) = (16/7F [ cos (u) - u(l-@P/2 - 2u(l-u3)¥2 ] , (56)

Kq (bu) = § (16/n)2[cos™ (u) - u(l-w®P/2-2( + + cos®u)u{l-u?)¥3 7, (57a)

Ky, (wou) =& (16/mP[cos™ (u) - u(l-wPP/2- 2(4 + & sin?y) u(l-w?)73], (57b)

With Eq.'s (56), (57a) and (57b) in hand, we now turn our attention to the
evaluation of Fg(r) , Fo. (¢) , and Fa., (¢) . as given by Eq.'s (39),
(41a), and (41b), respectively.

Because of the presence of the 5/6-powers in the integrals defining
Fa(g) . Fa. (z) , and Fa, (z) . it does not appear to be possible to evalu-
ate these functions analytically. We have therefore had to make use of
digital computer numerical techniques. It is, however, possible to obtain
some insight into the asymptotic behavior of these three functions for very
large and very small values of g by analytic methods. Before prescnting

the numerical results, we shall develop these asymptotic resuits.

We shall be concerned with tha fuuction
Qlu.uie) = ¢ [u‘#?ug cos {u) + B etlY S0 -2ugcos (u) + 38 8P, (58)

which is common to the integrands dafining Fo(e) Fc. (¢) , and Fa, ()
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in Eq.'s (39), (4la), and (41b). We wish to develop the power series
expansions for Q(u,u;g) for £ <<u andfor g 55u . From these power
series expansions, the nature of the asymptotic dependencies will become

apparent.

We start with the case £ >>u . In this case, we can write as

the power series expansion

Qu,uig) = gﬁﬁ{ ¢ [1 +2(u/g) cos () + (u/gf)%/e

+ & [1-2(u/g) cos (u) + (u/gP P - (u/gFe}

g #{146) [2(u/g) cos G) + w/gF]

@
+ == [2(u/g) cos (u) + (u/gP)?

@N-3)-2)
+ ——Z—-—-—-— [Z(HIQ) cos {u) + (“/§P]°

@-3A-2)-42) . ]
+ - LI [2(u/g) cos (u) + (u/gP 1%+ . . ')
e {U + () [-2(u/g) cos {u) + (u/e P2

FN-3)
z [-2(u/g) cos {u) + (u/e)p)®

+

#)3)-2)

¥ 6 [-2(u/g) cos (u) + (u/gP)d -

(% -3 (- N(-42)
+ .‘z:‘ ¥ {~2(u/g) cos () + (u/ePle+. . }

- (ulgﬂ‘B | | R (59)
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Now if we expand and retain terms only up to (u/g)¢ , we get ;
Qu, u;e) = gs"{ 1+ ()u/eP- (E)(-3) [4(u/gR cos? (u) + (u/e)*]
G N-N-F) [ 12 (u/g)* cos® ()]
+EN-EI-ZN-A) [16 (u/gtcos ()] - (w/gFR) . ..
=-u¥3+g8R+ & u2 gIR[] - § cos® ()]

. _’% ut 71 -33_‘__ cos? (u) +% cos*{u)]+. . . (60)

In the case where u>>» £ , we can write

Qu,uig) = usR { § (1 +2(z/u) cos () + (e/upP /e

+ 1 - 2(g/u) cos (u) + (g/u)p e - x} . (61)

The expansion is essentially the same as that leading to Eq. (60), except

that, of course, the roles of u and g are interchanged and the two
leading terms, instead of being W/ and ¢%® , as in Eq. (60), are both

W3, and so cancel. Thus the result is

Q.uig) = § ¢* WIR[L - § cos®(n)]- £ g U
X [1-4% cos®u) +fy costlwl]+. .. (62)
For very hr;e values of g » i, e, values much greater than unity,

we use Eq. (60) to establish the asymptotic dependence. We note first of
&ll that if Q is replaced by a function independent of (u,u) , then the three




integrals in Eq. 's (39), (41a), and (41b) will all vanish., This means that
the g*R-term in Eq. (60) does not contribute to the value of Fa(g) ) 1“%t (g),
or Fc, (¢) . The u¥2.term gives rigse to a constant value (which can be
associated with the angle-of-arrival variance}, and then the leading term
with a ¢-dependence has a g/3-power dependence. Thus for values of ¢
much larger than unity, F,(e), Fa* (¢) ., and Fq’ (g) all approach a con-
stant value with a deviation dependent on g‘l’a . For values of £ much
less than unity, we see from consideration of Eq. (62) that F (¢), Fq‘ (),

and Fn, (z) all start with zero value at g =0 and grow as g2 .

The numerical evaluation of the double integrals in Eq.'s (39),
(41a), and (41b) is a straightforward matter. In the next section,

we present the results of this numerical evaluation and sample data reduc-

tion for high altitude C,® . This will utilize solar limb measurements

of angle-of-arrival isoplanatism made by A. Title.

Because of the similarity of the integrand for angle-of-arrival
isoplanatism and for predetection compensation isoplanatism, we feel
quite confident that instabilities in the inversion of the former integral,
while they might (if present) affect the high altitude estimates of C2 ,

RO

should have only minor influence on the calculated value of the latter
integral. For this reason, we believe angle-of-arrival isoplanatism
measurements will allow accurate calculation of the isoplanatic patch

size for predetection compensation.

et et ARSI MM -,
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2,0 Isoplanatic Dependence of Predetection Compensation Imagery

2.1 Introduction

In the preceding sections, it is shown that we must be specific about
the imaging process we have in mind if we are to be able to speak meaning-
fully about isoplanatism — that the isoplanatic dependence for predetection
compensation imaging can be quite different from that for ordinary short-
exposure imagery or for angle-of-arrival measurement, and at the same
time developed an analytic formulation of the way angle-of-arrival iso-
planatism depends on the distribution of the optical strength of turbulence,
C,.? . along the propagation path. In earlier work,® we developed an ex-
pression which allowed the isoplanatic dependence of predetection compen-
sation imagery to be calculated from knowledge of the distribution of C,2

along the propagation path,

Here we shall be concerned with the possibility that we can invert
a set of measurements of the isoplanatic dependence of the angle-of-arrival
to determine the distribution of C* along the propagation path, and then
use those values of G2 to allow us to calculate the isoplanatic dependence
of predetection compensation. There is reason to hope that w}}ile the basic
inversion process by which we calculate C? from the angle-of-arrival iso-
planatism may be ill-conditioned and so yield a set of values of G2 that
have large errors, the errors in the individual values will be so correlated
that if we use these values of C2 to calculate the isoplanatic dependence
of predetection compensation, the error contributions will be greatly reduced.
We base this conjecture on the fact that although the two isoplanatism depen-
dencies are not identical, there is a significant similarity in their nature,
as we shall note shortly, in their dependence on the distribution of C2? .
As shall be seen, this conjecture is only partly borne out by results of

numerical znalysis of the transformation procedure.
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In the next section, we shall briefly review the pertinent equations
for the dependence of the two types of isoplanatism on the distribution of
C,? ., and carry out appropriate numerical evaluation of certain functions
involved in these equations. The section following that will treat the con-
version of the basic problem to a form suitable for numerical analysis and
will set up the inversion processes in a general form and carry out the
generalized inversion. In the section after that, we shall consider the
noise theory associated with the measurements and develop appropriate
results for the resultant noise in the processed data, In the final secticn,
we shall present results obtained by processing a set of measurements of
the angle-of-arrival isoplanatism dependence generated by Dr. A, Title

of the Lockheed Palo Aito Research Laboratory.

2.2 Relevant Formulas

It has been shown that in predetection compensated imaging using
2 point-source reference located an angular distance ¢ from the location
of the region containing the svurce being imaged, the achieved modulation
transfer function will be down from the diffraction-limited value for that
aperture by & factor exp (-M) ., where % is a function of 3 and \T .,
T being the compensated image spatial frequency of interest {expressed
in cycles/rad)., %t has been shown that the relationship between % and the
distribution of C.2 along the propagation path is given by the expression

nd.T) = 2.91 @n/A)® [ ds CB (mw{x +(%g}“ |

Pt h

-g[1+2 ('g'!) cos g+ (%g)af‘

+4 [l - z(%-‘l) cos ¢ +(%..)|]m} . -' A (1)

where ¢ s the angle between the orientation of the vectors J and ¥,
If we know the distribution of C.? along the propagation path, we could
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calculate 7 directly, which is our basic objective — but here we shall
be seeking other indirect methods of determining the value of 7 without

explicit knowledge of the distribution of C2 along the propagation path.

The mean square difference in the angle-of-arrival as seen by an
aperture of diameter D viewing two scurces with an angular separation
3, (less the square of the mean difference))is the so-called angle-of-arrival
isoplanatism function. We denote this function by ﬂt.a(a) . I we restrict
the measurements to the components of difference parallel to or perpendi-
cular to the orientation of the mean angular separation of the two sources,
we obtain the two quantities ﬁt.u, (#) and ,p"&’ ®) . respectively, Ithas

been shown that

.8"3(1’) = DR .r ds Cua FG(',SID) . (2)
fot b
where
2n 1
Fole)=2.91 [dg [uduK, {3.u) Q@ ug), (3)
0 0
Ky g.u) = § (16/mP[cos™ (u) - u{l-uwdP/3-2u(l-w3)¥2] ,  (4)
Q@.uie) =g [uP+2u g cosg + g3)8M
+§fuw-2u g cosg + gar/e,uan_gm . (5)1&
Similarly,
B,q, 0} = DA [ ds O Fa‘ 0s/D) | {6)
Y , .

® It is to be noted that as developed earlier, the ¢¥*-term is missing from .
the Q-formulation. However, since
2n

[ % fudukn(g.u)=o
. [

its presence or absence has no effecton F, . The g“-term-ia intro-
duced to insure a small asymptotic value for Q with large ¢ .
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and

B,q, ) =DV [ ds CAF, (/D) (7)
Path
where
2n N
Fo, (£) =2.91 [ do Iu du Ky (p,u) Qlg,ue) (8)
o o
with
KG: @.u)=3 (16/n)2[cos (u)-u(l-ua)lfa-g (1+4 cos?y n(l-u2)¥3y
and 2n .
Fo (g)=2.91 OJ‘ dg o‘[‘ u du Ko {g.u) Qig, uie) , (10)
with

Ko., ®.u) =4 (16/np[ cos=(u)-u(l ~udp/3 . § (144 sing Ju(l-u3)¥2] |

The relationship, via Q , between the expression for B, o. and the
expression for M is apparent — but it is equally obvious that there is no
reason to expect numerical results to be well correlated between the two
Quantities, We shall concentrate on development of a method of using 5, . .
'P‘-u, ' OF A,y Medsurement data to indirectly calculate m . We start
this effort by noting that although Ky(e) Kn. (¢) ., and Ka’(g) are defined

by rather complicated expressions, they are definable by a set of numerical
velues, which we will now evaluate.

The calculation of the values of Fg . Fa. , and F“' is a straight-
forwazd problem in multi-dimenaional numerical analysis. The only poten-
tial problem is in loss of accuracy iu the evaluation of Q. u;e) when

US>E or g5»u . We avoid this problem by making use of the asymptotic
expressions : ' '

Q.uir) = . 80 +§ u? 3y 7‘ § cos® g)
g>>u '

- R Ut g1 -48 cost o +§, cost g , (12)

-1360
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and
Q@.uig) = -5 +§ g3 udB 1 - } cos? ¢)
us> ¥
-5 gt uTA [l -18 cos? g +8costy] . (13)

Making use of Eq. 's (3), (8), and (10) for Foe» Fa, , and Fa, .
of Eq.'s (4), (9), and (11) ‘or K, . Ka, , and Ka, » and Eq. 's (5), (12),
and (13) for Q , we have numerically evaluated Fa(g) , Fa‘ (e) , and Fu’(g)
for ¢ inthe range 1x 103 to 1 X10F ., The results are listed in Table 1
and are plotted in Fig. 1. As can ve seen, the F-functions have no very
spectacular behavior. With the data in Table ) and Eq.'s (2), (6), and {7)
in hard, we are ready to start looking at how to go from the B -measurements
to ~“timates of C? . [By use of Eq. (1), it would then be ar easy matter to
get to evaluation of 7 .] We take up the problem of getting (.2 values from

the 5 -measurements in the next section. at leaat in a general sense.

Numerical Inversion

It would be convenient if we could analytically invert an expression

such as Eq. (2) so th&t we could write
GP =[doh,a0)A (s,0) . 114)

While it is obvious that the function A must exist, there does not appear
to he any reasonable way to analytically determine this function. To get

around this difficulty, we fall back on numerical techniques.

We start by converting the integral in Eq. (2) to a summation. As
a practical matter, we shall restrict our attention to the astronomical
protiem of light propagating vertically down through the atmosphere. We
shail replace the integral by a sum corresponding to ten uniformly spaced
points in the altitude range from 0 to 20 km . (We imply by this the
sssumption that C,? may be considered to be negligibly small above 20 km
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altitude. We shall let h, = (1,000, 3000, 5000, ..., 17000, 19000 m)
and (CNZ)Q denote the value of (2 to be associated with the 2000 m inter-

val centered at the altitude h, . Then with ph = 2000 m , we can write

10
B,a) = DR ) 4n (CF), Fy 9h,/D) T (15)
and similarly, e
lo
By, q, ) = DV Z b (CR), Fq @ h,/D) (16)
t=1
and
10
B0y ) = D 3 4h (C2) Fy (9 0,/D) . (17)
{=1

At this point, we shall restrict our attention to Eq. (17) for ﬁ,.%(a) (with
the understanding that, although.we shall not pursue it here, the same pro-
cedures could be applied to ,3|'(;(Q) and -8'.0, (9) data, ) We consider a set
of measurements of -Bu,a., ) made at various values of ¢ , which we de-

note by ¢, . This allows us to write

10
B =Y (CAF, (18)
{=1
where
by = b,q, ) . (19)
and
F,, = D' sh Fy (8, h,/D) . (20)

We note that Eq, (18) represents a set of simultaneous equations specifying
the unknowns, (Cna), in terms of the measured B, . According to the
number of values of j that we consider, there will be fewer equations than
unknowns, more equations than unknowns, or the same number. We have

no simple recourse to determine the (Cy®), in the firat case, and so must
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ingist that there be at least as many values of j as there are of i if we

h.,\. R

are to be able to meaningfully calculate (C,%), from the p, values, If
there are more values of j thanof i , then we can solve for the (C2),
in a least-square sense. As a practical matter, however, it is most con-
venient to assume that all necessary data smoothing is done with a large
set of ,b, data in picking a set of values that smoothly interpolate the full

set and that involve only as many final values of j as there are values of

i . Inthis case, there are exactly as many simultaneous equations as
there are unknowns, and F,, is a square matrix. In particular, we will be

dealing with a 10X 10 F,, matrix.

Making use of the data in Table 1, we have evaluated the F“ matrix
for the case 9, = {188, 3 dec, 546, .. ., 19 g8t} = {4.85X 10 rad,
14.54 x 10®rad, 24.24x 10® rad, ..., 92,11 X 10® rad} . The values
are listed in Table 2, This is a relatively modest size matrix, and it is a

straightforward matter to obtain its inverse, Ft.fl on a digital computer,

T i

A, o Seen ke

In Table 3, we list the values of F.,s1. It is now a straightforward matter
to obtain from Eq. (18), by multiplying both sides by Fag3 -'aumming over

j + and where appropriate interchanging-the order of i and j summation,

C (G, = X F 8 ' | ) (21)

t . 3 .

where we have r.e;i‘laced {* by i in writing this expression. This represents.
in numerical form, the basic solution to the problern of calculating €3 from

measuremente of ,9,’-% ©) . and is the equivalent of Eq; (14). In a sense,

F, 3 represents As,9) .

Our interest, however, is in the calculation of 4 . To get a suitable
: expression for calculation of ¥ from .D,.G,(O) » we rewsite Eq. (1) with the
i integral approximated by a summation equivalent to that in £q. (15), Thus

we got

b on dome ptoans
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m(F AT = ) G (FT) (), , (22)
{

where

20 h
G (FF) = 2.91 /AP (P ph {1 +H(3 ‘)w

29h 29h, @-8/6
L — i
_§[1+2<M)cos¢+( Xf) %
20h 29h, 2 /8
- Y sy —t . 23 !
B[1-2(5) coso+ (574 ]} @)
If we now substitute Eq. (21) into Eq. (22), we get !
mB AT = ) G (FNDIF 5, , (24)

194

which is the basic expression we have sought for calculation of the pre-
detection compensation imaging isoplanatism dependence, % , from meas-

urements of the angle-of-arrival isoplanatiam fanction, # . In Table ¢,

we list calculated values of &, (3. \) where
@ =) G F RS (25)
t

and of cousrse

2T A0 = ) 9, (3.0 5, . (26)
$

With these reaults in hand, we are ready to start processing angle-of- :
arrival isoplanatism measurement data to calculate the predetection com- ‘
pensation isoplanatic dependence, M . However, before actually carrying
out such calculations, which we will take up in the last section, we shall

first briefly consider the noise aspects of our data processing. We treat : \
this in the next section,
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2.4 Noise Considerations
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il The basic angle-of-arrival isoplanatic measurement is of the dif-
ference in the angle-of-arrival for two sources separated by an angular
distance ¢ . We shall denote the difference that we measure by x+n , .
where x is the random value associated with atmospheric effects and
n is the random value associated with noise in the angle-of-arrival sensor,

(We may assume that the sensors are properly aligned so that x has a
mean value of zero,) The quantities x and n are both gaussian random
variables with zero mean. The data we wish to obtain from the sensor

measurements is

B = (x®) . (27)

i
!
!

To do this, we have to take advantage of the fact that the sensor noise can

Le deterrnined separately®, yielding

o® = (n) . (28)

The basic data processing procedure, starting with a set of N

independent n:easurements, is to write

e i, KGRI

N
= 1-3 Z xk'nt)a ) (29)

and the approximation A ' !

Hwp-g® . : (30}

* The sensor noise ia determined by measuring x+n in the case where the
angular separation 9 between the two sources is zero, i.e., there is
only a single source, In this case, wo know that xw 0 and meuuremema
of (n?y can bs 9btained directly.
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Because we can take a great deal of time, i.e., use very many samples,

in our one-time measurement of 02 , we can expect this value to be quite
accurate. On the other hand, our measurement of A , under the pressure
of experimental considerations, will be determined with only a limited set
of values of x, +n, . Inasmuchas x and n, are both random variables,
then A will also have some potentially significant random component, We

wish to know how large this random component may be expected to be.

To calculate the variance of a measurement of 5 , we write

§=(l - (BPF)

1T 1 a
(N L4l (5, (R¥nF-a®)) )y . (1)
k=) k=l

in which we have made use of Eq.'s (29) and (30) to obtain this expression,
Since ¢® is not a random variable, it can be brought outside of the inner

ensemble average, and so cancel the other o® . This then yields

1 ¢ 1 & 3
8= (;,‘ Z (% +n,03- ¢ N Z (x,,+n.)’)) ) (32)

k=1 ks}

This can be reduced to the form

1 L1 3 1-’3\ |
S= (N2 anP)) - Y tmend (33)
k=) kel

ard writing the sum squared as a produce of sums, and that as a double
sum, we get

' L]
s.z( i% E;b§g+zxil\ +‘~,“ﬁp§*25v+]~f§qvﬂ»
EKpwmy -

iy

B {aai

(R2425 A . (39
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Now if we make use of the fact that each of the x's and n 's are inde-
pendent random variables, carrying out the multiplication in the doubie
sum and dropping all terms whose ensemble average will vanish (noting
that the ensemble average of x n x.n, will vanish except when k’=k),

we can rewrite Eq. (34) as

N N
1 1
S=( ) B4R+ ) (GPx2 +n® nf)
k=1 1R LoD
x# &

1 ¢ 1 v |
+ N Z (Xgank,a*xvanf) + 1-;?2 4 xx.nmn,)
&, 5221 k=1
ko=l

R ) renye
<
= § [+ ] H TR 4 ]
+2 (BN + § (BN - () + (P)P
= § [(x4 - ()2 + 4 (xR - (o83 + (ay]

+ (x0T 42 (@Y(B%) + (1) - () + (P . - (35)

Subject to the assumption that x and n are both gaussian random vari-

ables, so that

(x4 =3 (B) ' (36)
and |

(n%) = 3 (n®)® o . | , 6
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we can recast Eq. (35) in the form

S= & ((x® + (ndyp
= 2 (4 oap (38)
Z :

Eq. (38) represents the variance in our determination of the angle-of-
arrival isoplanatism function, and makes it clear that to get acceptable

answers we need to make enough measurements, i.e., N must be large,

To gzee how the variance in the measured values of the angle-of-
arrival isoplanatism function goea over into variances in the computed
values of the predetection compensation function, we refer back to Eq. (26).
Recognizing that each of the .b, in that expression has its particular mean
value (,b,) » and its own random component, 55, » with variance S,
(which variance may be different for the different values of i), and

taking the variance of % as the sum over j of the variances of 333, '
we get

of =) (4 @aTEs . (39)
3

Making use of Eq. (38), we can rewrite this as

of = T, EANN oy (40)
3

To proceed further, we see that we need to have values for ¢® and for the

8y's . In the next section, we introduce this data and use it to calculate
both am“ and 7 itself,
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2.5 Measurement Data

A series of mcasurements of the image of the edge of the sun have

been made by Dr. Allen Title, Lockheed Palo Alto Research Laboratory,

from which he has been able to determine the angle-of-arrival isoplanatism
function for a D = 0.3 m diameter aperture at a wavelength of 1=0.633X10"%m .
The resultant measurement data is reproduced here as Table 5. These values
correspond to the quantity &/2 (in arc-seconds), as defined by Eq. (29), for

various angular separations, ¢ . (The measurements are of the radial dis-

e bt 4.t et e e e

placement of the image of the edge of the sun for angular separations circum-

ferential along the edge of the sun — so that ,9% (#) is the appropriate angle-
of -arrival isoplanatism function.) Each entry in Table 5 represents an aver- {

i age over 128 readings, i.e., N =128, Each of the columns refers to a I

different measurement run, some of them on different days. All measure- 5

ments were taken with the line-of-sight close enough to the zenith that we

believe that the zenith angle factor can be taken as unity for each measure- j

ment.

Because almost 20 minutes elapsed between the taking of the first and
the last entries in each data set, it is doubtful that there is real consistency ;

between the entries in a column, and so it is doubtful that an attempt to in-

vert any simple data set by means of Eq. (26) would yield really sound results,

However, by averaging all seven sets of data in Table 5, we can obtain a
plausible cstimate of .b, , from which we can then calculate n and 07.’1 .
! Due to the scatter in the p -data because of the 20-minute length of the |
{ measurement, we do not expect to achieve particularly accurate values for

7 . However, we expect that cur estimates of %y should be qui*e sound,

as they do not depend on the interrelationship of the various .b, . but rather

on the general magnitude of each 5, value.

Table 6 lists values of p in radians-squared calculated using the

! average over the seven runs of the value of A at 9 =0 as an estimate of

- 145 -

| |
!




o,

‘ﬁg; Z
R
G

R e ST

(2

e g

o2 . Using the average value of the §#-values for each § , we have
prepared the plot shown in Fig. 2, The scatter in the data is, v.e believe,
indicative of the variation in the turbulence conditions during the 20 minutes
of each measurement run, reduced to some extent by the number of runs
that have been averaged. We have fit this data with the expression

.5'.'%(,,) z "(LS‘)Q + (—-—-——- 0&1,1.5)2].1/2 x 1013 | (41)

which we show plotted in Fig. 2 along with 1,15} o, 2nd 0.853 o

representing what we think are approximately the % 1-g bounds for the data.

Using Eq. (41) to provide the data listed in 'lable 7, we have calcu-
lated 7 and §N67,73 using the equations

M=) 8 (3.7) 3 , (42)
3
B N5 - ) [ EANPE G +ed) (43)

]

and have, in addition, -calcuhtod the quantity

S = CISP T (8, (3TN° 5, . (44)
3

These values are listed in Tables 8, 9, and 10, respectively.

The values of 5; are interesting and their meaning fairly ocbvious.
It would seem that the isoplanatic patch size for predetection compensation
imaging is only of the order of one to oxiemnd-a-half arc-seconds if we wish
to achieve an MTF within 10% of the diffraction-limited value for the higher
spatial {requencies. However, when we consider the values of 35“ in
Table 10, it is apparent that very little confidence can be put in the values
.of M listed in Table , axcept perhaps for the mnallest values of o . This
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is due to the large uncertainty in the measurement data caused by the i

apparent non-stationarity of the turbulence during the 20-minute meas-

urement period.

If we consider the data in Table 9 for § N 37713 » which represents

the uncertainty in the calculated values of 7 that we could expect if we

HEI GRS DS BV T Rt T

did not have the time spread problem, we could achieve an rms uncertainty
of about % 0.3 in the calculated value of 7 if we had about 4000 readings,
i.e., if N=4 x 108 , The ten required values of ¢ could be run 4096
times each, at 12.5 msec per measurement (as in Title's work) in a period
of 512 sec, or just over 8 minutes, This would, however, require an
automatic means for stepping the equipment through the various values of
¢ , which we expect is a straightforward equipment modification. To
insure effective stationarity during the measurements, i.e., that the same
turbulence profiles applied to data taken at each value of ¢ , it would be
necessary to cycle through the values of ¢ several times (perhaps ten
times) during a total data run. The data processing would be somewhat
more complicated, but not really significantly so for the on-line computer
system used by Dr, Title, With this arrangement, it would then be possible
to determine the predetection compensation isoplanatism dependence with
adequate accuracy, i.e., about + 30%, using angle-of-arrival isoplanatism

measurements,

Summary
We have shown how angle-of-arrival isoplanatisra data can be used

to calculate the isoplanatism dependence of predetection compensation l
imagery, and set up the necessary arithmetic for such a procedure. We
have determined the expected nature of the uncertainty in the angle-of-
arrival isoplanatism function valuea, and shown how these, in turn, deter-
mine the uncertainty in the calculated isoplanatic dependence of predetection

compensation. We have examined a set of date on angle-of -arrival
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isoplanatism dependence supplied to us by Dr, Allen Title, and have used

it to calculate the expected values for the isoplanatism dependence of pre-

detectinn compensation, and to calculate the expected uncertainty in those
results. The results imply that the isoplanatic patch size for predetection
compensation is 1 to 1. 5 arc-seconds. However, it is noted that because
of the non-stationarity of the turbulence during the measurement periods,
the results have rather substantial uncertainties. We note that by certain
modifications of the experiment, particularly of the data-taking procedure,
measurements could be obtained that would yield values of the predetection i
compensation isoplanatism dependence that have only about 30% rms un-
certainty. However, considering the large number of measurements re-
quired, implying an angle-of-arrival isoplanatism measurement uncer-
tainty of about (4006)"1/2= 1, 6% , we feel that we must conclude that meas-

urement of angle-of -arrival isoplanatism (or probably of any other aspect

of the isoplanatic dependence of short-exposure imagery) is not a straight-
forward approach to the measurement uf the isoplanatic dependence of

predetection compensation imagery,
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, Figure 2.1, Dependence of Fa..(g) on g .
? The values plotted are taken from the
data in: Table 1.
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Figure 2, 2. Measured Values of the Angle-of - Arrival Isoplanctism
Dependence, and Interpolation Cueve. The data points
are taken from the average data column of Table 5. ‘The
curves represent the approximation function

B,q,(9) = ((1/. 504 (1/.02 $8pV3 x 1098 (rad?)

where ¥ is in grce-seccnds, s wel) as 17.153‘&’{3) and
0.85-3,'“'(0) . : ' .
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Table

1

Calculated Valves of F,(¢), Fax{g) , and Fa’(g)

The values of g in the table are iogarithmically uniformly spaced, four
to a decade, (viz. 1.778 = 104, 3,162 = 10¥4, 5,623 = 10¥¢) ,

4 F (¢) L (e) Foy (e)
1.000 x 1073 1,069 x 10 8.005 x 1078 2.676 x 1078
1.778 3.376 2.530 x 10 8. 443
3.162 1. 067 X 1074 8. 002 2.673 x 10%
5,623 3.376 2.530 x 104 8. 441
1,000 x 10 1.067 x 1073 8. 002 2.671 x 107
1.778 2. 377 2.530 x 10-8 8.456
3.162 1. 066 x 1072 7. 990 2.670 x 107
5,623 3,356 2.515x 10-2 8.416
1.000 X 10% 1.049 x 10° 7.850 2,639 x 10
1,778 3.204 2.389 x 107 8,147
3.162 9.205 6, 194 2.411 x 10
5,623 2,257 % 10° 1. 618 x 16° 6.394

1,000 x 10° 4.019 2.682 1,336 x 10°
1,178 5, 462 3.363 2,098
3. 162 6. 635 3. 859 2.776
5.623 7. 598 4.251 3,347
1,000 x 1@ R. 392 4.570 3. 821
1.778 © 9. 047 4,833 4.214
3,162 9. 588 5. 049 4.538
5,623 1.003 x 108 5,228 4,806
1.000 x 10° 1. 049 5.375 5,027
1.778 1. 071 5.497 8. 209
3. 162 1. 096 5.597 5,360
5.623 1. 116 5,680 5,484
1.000 x 10° 1. 134 5. 148 . 5.587
1,718 1. 148 5. 305 8,672
3.162 1.189 5. 851 5, 741
5.623 1.169 5, 890 5.799
1,000 x 10¢ 1,177 5,921 5,847
1,118 1.183 5. 948 5.886
3. 162 1.189 3. 969 5.918
5. 162 1.193 5.987 5.945
1.000 2 100 1,197 6. 002 5.967
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Table 4

Values of 4, (D)

The ten values of §, are listed vertically for each value of

image frequency, sorted in biocks according to the value of

¢ , with ¢ (the angle between the veciors § and f ) taking

the two values of 0 and n/2 .

PHT = ¢

2

i

F = 4.ER

2.339€¢12
4.901¢6412
«2+975F 412
Q,351€¢10
1.5628¢12
~T7+29RF ¢t
~2.2L45F41
17LEFe12
«2.,787F¢12
1.328F¢12

FHL = ¢

THEYA = b

F = L.tA

bs112Ee1?
1,583E+123
«9,526F¢12
2.9€1¢e¢11
4.948F 12
«2.272F¢12
-6,983F¢11
G454k 012
B, 7847012
L,200F012

MICCORAQIAMNS

F = 2,F¢

1.295E6412
4e985€¢1¢
~3.001E412
A.X26€¢10
1.558F+12
-7.4550¢11
«2.200€¢11
1.710E¢12
“2.767E¢17
13236482

HICRORACTANS

F = 2,t€

-8.,900F¢10
1.,617€+1?
~9,631Fe12
2,951t 11
L.932F 82
~2.213E#1¢
«6.799E¢11
5.341€012
-8,698€412
h.180E¢12

F = 1.E6
~2.403F410C
5.0G3%¢12
-3, 033F+12
9.295€+10
1.554LE¢42
~6.370F¢11
~2.1415011
1.682F¢12
“2«740E#L2
13460012

F = 1.F¢
~5.530E¢12
1.660E¢13
~9.,775E¢1 2
2.939€011
b.G11Ee12
-2-13350‘2
«hoS541F0 8}
S« 1B8LE2Y

~5.578€e¥2 -

e 1548918

. 15¢ -

F = 0.5E€

~{.742E¢12
6.202E412
-2.,079F¢12
0.258E¢40
1.547€¢12
-€,712F¢11
~2.060F¢81
1.633E+12
“2.702€012
1.307€641¢

F = 0.5E¢

~1,32EE]
f.768€243
=3 00GE4LY
29028411
NBETECL2
~L.875Ee42
-~ UE8E 1Y
halg2tesr2
»Be346E432

g Qa@9‘£'1§

F = 0.28E6

“L i1TEENL2
S.507¢8#12
~J.1EJE12
9.267€¢10
1.533E¢12
~€.220E¢11
=1.90€F¢11
1.528€¢12
“2.€2GE¢82

1.298E¢12

F =2 80,2586

“X.535E¢13
Q.280E¢13
~f.23€C013
S.3008e118
Lo082E012
24738411
~8.4388010
13428012
“S3786012

Jo2898 012

hade

e e M A A
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Table 4 (Continued)

*
g
i
4
§
3
b
i
3
i
f

PHT = 0
THETYL = 6 MICFCRADTANS
F o bef6 F = 2,66 F z 1,66 F = 0,566 F = (.i5E6
T,400E 412 ~E.0R3F412 ~1.891F 412 A 1176413 -C,524E%13
3AU8F 413 3,27RF 13 1,351Fe12 3,694E¢13  2.599€413
“1.RBUFG13 =1,008F¢13 ~1, 9466417 =2,063E¢12 <-1.284E¢13 .
5.800L 411 €. TR7F41§  S.76RF+11  E.0MGE+11  €.023E¢11 §
G,7CRF#12  9,672€417  Q,E13E412 O, 367E#12  1.77€E¢12 ;
ol o010 412 <4 ,203F¢12 =L,005°¢17 <«3,299FE412 -1,2€1€213 i
“1,352F 412 =1,309F412 <~1,Z61F¢47 <«1,009F¢12 ~C,5Q€E+12 i
1,060F¢13  §,033F412  9,9126412 A, 4526412 3,1€CE¢13 3
“S TL7F 413 ~1,607F413 =1,665F413 =1,549F 412 =3 L71E+413 i
B.233F412  B,1R5F81Z AL 1076412  7.8156¢12  1.302E413 %
FHY = n %
THETA = & MICFO?ATIANS E
Fz 466 F = 2,86 F = 166 F 2 0.5(€ F = 0.25€6 2
, “2.075T 411 =1, 7S6E417  -0,209E%1Y ~1,422E%14 <-1.CGLO0E413 3
: B 1TIM41Y 5,283F013  G.S516413 7.2360¢13  5.435E+12 g
: X OGATHLY =3, 103F 411 ~TF, 4ABE412 =Y, A60F 13 <3.753E8412 §
. 9.,369F¢1 4 Qe332F¢11 F.340€+1 1 1.685€012 27956412 %
: £.5€ET413  4,559F01F 1. GLSFe13  1,2960413  €.300E¢12 |
i “TA025F412 =F, 7650012 =6.260E412 <=€,894C044 ~2.385€¢12 :
) 22,1507 €12 -2,077F412 =1.971F¢12 ~2,679€¢14 ~=2.319E+42 3
: 1.E9EF4Y  1.€uBFe1T  1,650E41Y  4.262E¢12  3,223Ee12 E
: “PLTRIFELT T 7236417 S2.650F413 o1, 70SE41T 81716442 %
i 102276443 1.31AFe13 1, 3008017 $.044Fe13  5.775Ee12 ;
%: FH! = ¢
% THETA = §0  NTCROPADIANS
§f F oz 4,66  F = 2,66 F 3 1,66 F v 0.8566 F = 0.25F6
3 “7 7I6F012 ~B.SYIESLY T PPBENLT  «2.5216¢44 ~B.009GE+1d
£ 7.507F413  T.TSAFOLY  8.299E41)  1.250Fe5G k. 075€413
. ~Bo4BAF LY <R STLECLY o~ TO0BF 413 <4 7626043 2845641
£ S0 082 1.3826912 (L3716 ¢42 S5, 1700003 2.242€e11
-3 2.269F41Y  2.E57EMLY  2.228E417 G S17Fe1Y  2.084Ee13
- E ©wi,008F ¢4  <9,6LEFS2 -8,572E412 <V, 0116012 <7.4%4Ee12
e “3.0G0E412 ~2,060Fv12 <2,67ME412 =6, 0APEC12 =4, 5EBE¢12
£ PoU30ERLT  2,395F41Y  2,146E61F €, 811Ee13  2,81%E413
& “3.9900013 ~,026E417 <3, P6RF13  «8,7YSELT =L H40E013 ;
R 10921F 013 1,906Fe13  1.865E¢13 | I SLOELY  2.147€e13 b
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FHY

THETA

FHT = @

"

12
F s b,Fh

~1.82%0 013
10257414
’503595*13
1.837F412
3a0717¢13
"1.“er"13
~U. 1576412
$.281F %12
".38RF*13
2.5501 17

t
o

THETA = 14

F b.E6

]

“J.EI5F 413
1e334F 4t 0
~7.R€1F¢12
?:J??FQie
2.3FEF 012
=1 724F 413
=537208F et 2
60?11"23
=F.O4L3Fa1}
Y 36LFet3

PHT = ¢

16
F = L.fR

‘€¢57Q5013
18778 4

3 .4571F213

2:967T4172
4.3500013
sZellbBtet}
«f QL ey
G5.225¢E¢12
“R ELEE Y]
GeiB4EWLY

Table 4 (Continued)

MTCRORIDIANS
F = 2.FF F = 1.Fé
“H.I0TE+13  «1.307FE414
1.0064F¢14 1e172841 4
~E 179F 443 ~p.550F813
1.831F¢12 1.9%2¢412
3e082F ¢} 2e974F+12
~1 204411 ~1.,047F¢13
=3+930F¢12 -3,204Fe12
I3 147€E¢12 ?+6A3FE#12
“S5.290F 813 «4,919F¢12
24641 2.4B1F412

MICRQRADTIAMS
F = 2+EF F = 1.€¢
“G . 280F 1Y -2.115F414
1.392F#14 1.61RF¢1 Yy
=R 0LGFex “8,857F4¢72
?.3AQF¢12 2.817Fe12
JsQI7F 013 27236012
=1,R29F 2 =1.058€+12
=~4,9CC 417 ~3,2LA8F82
L 00AFey? 2.877€+41
“EoTHTF{Y -8, 871Fe12
3.316E442) Te078E412

NIGRORACYANS
F o2 2,66 F = 1,66
“1.336€014  ~3,563F014
1.762F014 2.29RF 414
~1,012F014 <1,225Fe14
2.9€5Fet2 $.3%0€¢12
G.OC5F01)] beliS5Eet)
14890413 <2,18CFe12
~€.,0090F¢12 -8.,505¢F¢11¢
4.921E013 1.353F 12
8 412F013 <5.414E01)
L.127¢e1 3.315€6¢1)
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¥ = 0.%F¢

~1.754E 414
8.7250F¢113
~4.075FE¢13
1.912¢212
L.053F¢12
~4,004Ee13
~1J777€412
1.003€e14
~1.1028+1¢4
441335413

F = 0.5€¢

=1.598E¢1¢
€.720E012
'“01685'13
209235013
2.553€¢12
€J187F012
1.152€¢12
4 174E¢13
2.641F¢1]
~€.685Fe1¢

F = 0.5€¢

-6,287E+1)
1.72%5E¢1 )
=1.192E¢13
0.872E¢12
2.003Fe1
«7.571F¢12
-7.362€412
1.023€¢13
«2.594€¢13
1.834E013

F = 0.2%E6

=2.73BE+ 1LY
1.457€414
-G, 786E+13
€.801E¢12
JJE21E+13
=7.232E412
1.6€CE#12
2.3€EE+13
~€.CE3E+13
Je140E+13

F = L«25F6

“bT94E+ 14
2.5€9E¢ 14
~1.680E414
€e0LOERL2
€ 767E013
~1.9C2E¢13
~2.2266012
Lboe7CBE4LS
=9,327€¢13
be589E213

F = 0.,25E6

“6.,127E014
J.286E¢14
~2.122E¢14
h.076E¢12
BeCH2EL]
=2.97RE+13
«€+504E082
€.682E¢13
“1.176E¢14
$e565€ 13




Table 4 (Continued)

—
x
T
—
™
3

14
F = 4.E6

“A.129F¢12
2.054F¢14
=1.20E 4144
T HCIFeLZ
E.O01TEHY
<24591F413
~7.952F 412
Ee3J1CEL3
“1.04CEet e
Ce0RIES13

FHT = ¢

THETA 29

n

F L.Eh

*1.121F 014
2JLRITHLY
~1.L8F ety
Lo?Gleet2
T.165%¢13
*3.062F¢13
~8,1G0€6¢12
74776013
“1e24FE 0Ly
S4C50F L3

FHT = P12
THFTA = ?
F = QQEG

JJIRTE e
CJOFNEL?
‘30“2“5'12
Q03601 C
1,568F 412
“7.026€¢11
=2 .1%F 11
1,60V e12
2. TUAF 12
Ja¥IREQL2

MTCROVAPTANY

F = ?.fé

“1.840E¢14
2.375C41¢
“1.242F 414
J.R24F 012
5e350F¢12
~2.359F812
P .226F 012
E.8F6F 113
~1.014F414
4, Q988412

MICRORPANTANS

F = ?otﬁ

~2.L69F 414
2.635€+14
“1.405% 14
Le354E412
7.067F 12
=2.722E12
“8.311F¢12
F.015€¢1)
~1.195Fe1y
$.922F¢12

MICROFANTENS

F = 2.t¢

~1e245F912
Ge1P3E012
-3.1ﬁ1€013
9.265F¢10
1.560€¢12
~EsA17Ev1Y
“2.0976 011
1.053F 012
'20'15"12
1.311E012

F = {,E8

~8.,620E0 L4
4.3398¢14
“2.224E+1¢
2.%-4Fe1]
2.260€012
3.260E¢12
2.269E412
~1.592E+14
8.998E643
“badt:6E0412

F = {.,F&

=8.C0LESLY
J.GO8E¢1 4
=1.829F¢14
“3.714E91]
1eG34F 414
=9.5%59E+12
“1.920€+12
2.162€+14
=2.792E¢14
14174F 014

F = 1.E€

-Jeibh3IEN12
S.3%1E¢12
-3.105E¢12
9, 217F 10
1.563E¢12

=6.59F11

-2.,015€E¢11
1.606F 012
=2.€01Fe12
1.303E+12
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F = 0.5¢¢

~4e222F412
1.119E+13
-C.066F¢12
~%,685F+1?2
€.100E+12
«3.008E+12
“2.661€412
1.023E¢14
~14251F 014
§.364E41]

F = Q.5€E¢

~2.569E¢1 4
142946014
«0.,032F+113
7.188E¢11¢
€.363E+12
~2+. 3666412
={.450E+42
8.9475+1)
1. 0414F 014
CeB817E€412

F = D.5E€

~Cobel4EeL 2
S.bA0FOL2
~3.148E012
S.1€0E¢20
1.537Fe12
“€.323E+41
~1.938E¢41
1.559E¢12
~2.60EENL2
1.294E¢12

F = 0.25€6

~£.366€E4+16
2eBEEEH1L
~1.838E+14
2.352E¢12
7.911€413
“24794E4+13
~€.81€E+12
6.292€413
~1.073E+104
Se172€413

F = (.25E6

~4 001E414
2s117E+14
=1.345E+14
€.E15E04
€.93BE413
-2.288E413
~€.JUEEL2
€e207E013
-8.881E¢13
Ge38CESLY

F =2 0.,¢5E6

P THEENL2
€.527E¢12
«3,1€2E012
Q.173€¢10
1.535€¢12
=G 2hSEeLt
“1.C14E011
1eS04ENL2
~2.63%E012
1.292E¢12
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Table 4 (Conﬁnued)

FHY = pyyo
THFTS = [N
F o= 4,rq

bR DR R R )
LehbAF 443
~O 7177412
2eG1t 41y
he920F 412
~2.tE%F417
-6.?&’(‘11
C.2L9€417
~R,EPRE 4D
Q.lﬂ7r012

PHI = e1/2
THETA =« 6
F = 4,Fa

°1.ﬁ’2f¢13
302875911
“1.926F 413
RS LI TETE]
TehbAFy2
~h.l€FE N7
=i.279r 01
1.01°F 013
BRELLAIXIR
Re158€012

FHTI = py1y2
THETA =
F o= 4,En

~Y.1h0L ey
SoJ?’f‘l!
~3e130F 01y
Qo2?0F0l‘
1.55€F¢13

'F.EZ‘?’!?
“22031F012
t.61%E41}
'20’0’{‘13
1.31%Ce13

VICFORANTANS

F = ZlEF

~C,70F et
1.892€¢402
-0, R5A8F41p
2+92A4F¢11
4.9(0F 412
“2eNB5E 412
~h,30RF ¢4
S.097F+1¢
~9.512044;2
4.135¢¢12

NICFGEADTANS

F = 2.k¢

“24776F 413
.39 g2
~J.a64¢c413
Co731€011
9.607F412
-4, 005Fe1;
~1.220F01?
%.8T9€44
~1.66NF¢12
ﬂ.DOﬁEOIZ

8 NICRCPADIAMNS

fF = 2eE€

’50“77f’!3

5.623€412

'3017“‘013

9.?33E0!’
1.549E¢}1)
~6.373E412
“OQ5~C’!2

1.871Fe12
~2.667F 13
1.3064F012

£ = 1.6

~1.725€6412
1'7“0F§13
‘90998{‘12
2.908F+11
Le.B8ANE+1;
‘200”75'12
“6s.1564F ¢t
be948Fe12
“B.401F¢12
be138Fe1?

F = 1.€6

“h 26LF012
Je452EF41 7
=1.974F 413
S«705€¢11
9.579F¢12
~3.895F417
-2.194501?
9.678F+52
~1.644F0t3
8.059F¢q2

F = fsEﬁ

~7+008F¢3)

S5.570Fe12

~3.187Ee13

9.246F¢1 ¢
‘05“75913

“6+295€012
~1.929€F¢12
$.556F413
~2.656€E01Y
!-302E0:3
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F = 0.%F¢

~2e459F 412
1.756F¢12
“1.004F¢12
2.912E+411
4.873F¢12
~1.9R23E¢42
“€.077c41y
L.901F+12
~8.365F¢+17
G.100€¢12

F = 0.5€¢

“Ze45FFe12
3.38GEeg2
“1.960F¢13
C.864LE011
Ce583Fey?
~3.955E¢1;
~1.212F412
90735£“2
~1.651Fe13
0.073€e1?

F = 0.,25€6

~2.€12€413
1.687€+13
~9.91¢6€F812
Jde092E+114
4.871€412
‘200315012
~€.213E411
4.980c41?
~8.414E412
4.109E+1?2

F = 0.25E6

~5.C1GE+13
Je22€E013
’109595013
€ JESFety
SeS541EN12
~3.949E 012
~1.192EF¢ 12
GeCELELL?
~1e543E013
8.0&65012~

F x 0.56¢ F = C.i5€6

“C.2u6E+1 ]

$.354F013

“Je148F 01

9.810E¢21
1.547E 03
~EobbBE+12
“$.973€012

1.581E413
~2.671€E412
1.308F 012

=2.6G6E¢1)

5.17650‘3

‘3.2128013

$.018€092
1.53€E013

“€Eo261E012
“1.84€EE012
1.527€¢43
~2.627E¢13
‘5293E013
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Table 4 (Continued)

FHT = P12
i THETS = 18 NICRACANTANS ;
Fo= b gt F = PGFE F = 1.E¢ F = 0.8F6 F = 0«25Eb6
S5eH2LFH1Y <O, N7F 412 <4 ,220E014  ~1.370F¢16 ~1.G17E414
7oBE7FHT RL.06TFE1Y B.0%2E413  7.63€F417 7 ECEE413
TUSSRILAL Y h £ 19F 410 ~U E0AF413  -U.5HBE12  ~4o716F413
1o3CE412  1,3376412  1.354F412 1. 46RE+1Z 1 447E¢12
Pe263T 41T 2,265F 412 2,24CE11 2,2%0F413  2.220E413
“OeURICH12 <O 1R2F412  «Q,193F 412 =0, 3347412 ~B.G10E412
“24G085412  ~2.97PRE 412 <2 BINFH1Z  -2,8L1E412 -2 GREE4{2
243247413 2,263E417  2.268F412  2,286F¢12 2 17€E413
SSe9NTEH1T T ABTEHIT <R, RALF 1Y =2 8EEEH12  ~2,78CE413 !
1.900%¢13  1,8R97¢13  {,890F417  {,889F 12 1. B67€+13 !
; FHI = PY/?
YHETA = 12 NICKCOANTANS
F = u,Eh F = 2.E€ € = 1.6€ F = 0.56E F = 0.2%F6 g
“RoHITTHLT =1, TRUTAIL =1 JPI2Fe1L  ~1,87GEM1L  -1.C27E414 7
TUZATAIL  1.096F414  1,076F418  1,026E414  1.C17Ee14
“F 20C8 817 ELPCRE 1Y =B 271F413 =F,221E¢1) € 4IE043 .
1.91CGF €12 1.R11Fe12  1.8%2E412 2,021E6412  1.8236442 t
1e05P€413  3.061F88Y  3,042F413  3,029€41Y  2.GC7E613 g
*1a272€413 <1 2306041 <1 ,26RF413 =1,254F412 =1,1C7E¢43 8
“YeRG3F 412 -F,7H3: 017 «3,AUGF412 <3,784LE412 =3 GI0E412 ;
ToPLFOLY  T,057€01)  3,091€01Y  J.068E#13} 2.5iaee13 §
=_ ~Se260€41] =5,219T 1) <§,202F013 <5, 216Ee83 ~5,0G1E¢13 %
f 2eSTLFOLY  2.550F41T  2,5€3F412  2.554F#13  2.5231E¢4) §
: PHI = PT/2 f
: THETA = {4 PICRORACTANS
E F o= L kb F = 2.E¢ F 2 §,F6 F = 0.5F€ F = 08,2576 B
: “1.276F 01t =1 A790014  «2,3N6E014 ~2.449E014 =2,493E014 1
3 1,397 014 1G04 1,37SF01U 1. %186084  $.714Fe14
§ “R0M7E21Y <P 10FEC1Y =8.017E01) <~0.102E01) -0 34ZEe13 |-
: 2:389E012 D BUMFE12 2,450K012  2.616F012  2.245E042 i
] J.060F 01T J.Q32E¢13  3.9TIF1Y  3,910F¢13  3.AS9Ee13 i
'g “1.630F013 <1,597€¢1Y ~$.€33E¢4) <1,.6036¢1? “1.543E413 ‘
‘ “hoGAMEL2 <L BOSF12 <5, 004E912 4 TQIEN12 <4 3CQ0E012
i Lo012E 613 3,960Fe1d  4.012Fe13  3,923c01Y  3.7032Ee1}
{ 07930617 <6,7h6EC1Y ~E IATEOLY ~€,710E013 <€.SE7€013
| J.310€413  3,308F¢42 33156413 3.2936032  3.252801)
}
¢
_ ; - 159 .




Table 4 (Continued)

PHI = P1/?
THETA = 16
F = 4,F4

~1.739F 414
1.754E 414
~1.00RF¢1 Yy
2.8317+442
heQiAT 412
“2+323E443
~R,202E+12
4.,987F413
“R,4E7F 413
bolh1EeL3

FHI = PI/?2

THETA =
F = L.E8

22.27FF el Yy
2.142F 014
=1.229F¢14
. Y.SE4Fe1?
$.983F443
“2.450F¢13
-7.509F 12
$00“5F0t3
*1.079F 014
5.0!§F¢i3

FRI = plp2
THFTA = 20
F = 4,Ed

‘?o"?ﬁ’i“
2.5R0F+14
1 060ELG
Ge?24%SFey?
7.128F 013
«2.,909¢¢1)
"¢9156’1?
T«185F¢t3
*1.,224F014
$5.99A€013

s

MICROPADTANS

F = 2.,€¢
“P.L47%E% 1Y
1.76RF¢ 14
=1.012F¢1y
2.975€8¢12
4.912F+12
«14998E¢112
~6e126F¢12
4,329€¢13
“8.,4%1€¢+12
GJ138F413

18  MYCKORACIAMS

F o= 2.€¢

“3JtUEFeLYy
2.1LEE01Y
‘10?30F.1ﬁ
J.587E¢12
S.774€+12
<2.430F412
74775082
GeC2LE012
=1.0?77F %14
Ye0TIF 442

MIGRORAR [ANS

F = ?.E¢

'3.879?01&
2847214
*1.063E014
he?I5F 012
T2127€012
=2.919F¢12
8. 947012
7.201E01)
“1.225F 01y
6.000Ee12

f = 1,E6

~2+93RC 414
1.700€+44
-9,995€+¢12
J.1176412
L.Y10Ce1]
«2.047€E¢12
=R,262E¢1¢
S5.020E+13
“8.,481€E412
belli1Ee13

CF = {.E€

~J.618F¢14
Ce0WIF 14
=1.216E¢14
3.857E¢12
5eQ70€¢12
~2.h02F442
=7.606E¢12
6.103E¢1Y
=1.034E414
Se036F¢1)

F 2 1.686

=4 351F 014
2.024E014
“1:450€¢14
L.660E12
T«110F¢12?
'2-963"‘3
~8.919F 12
7.255¢ 013
~1.227F 014
S«918E01)

'160-

F = 0.5F€

~3.078€+14
1.643E414
“1.070F«14
J.233F¢12
4RTTEH1LT
~1.981F+13
~C+85QE 412
bo84BEXL]
“8.341F+13
b.104E€1]

F = 0.5C¢

=J.762E+14
1.999F ¢ 14
“1.209E014
Y.862€+1¢
9.9255012
~2.390F¢22
~F.Q97E¢12
CeB843€6017
~1.011F 14
Le983E41Y

F = 0.5¢¢

4. %99F41 4
2. 383414
“1.487F- 14
Gs43FE01 2
7.0&9("3
‘200298013
~8.210E¢42
€«909€¢1 3
“1+200E 014

5.927€412

F = 0,25E6

~J.114E+14
1.641E414
-1.043E414
246G2€412
L.B07€E+13
-1.928€413
=S UE9E+L2
4.657E¢13
~C.17€E+13
4,059E¢13

F = 0.25E6

“J.78CE+1Y
Le9%¢6E+14
~1.2716410
Je174E012
5.83GE+13
“2.3%1E+13
~Z +668E¢12
CoEE0Ee13
949678013
Ge939E+13

F = 0.25E6

“4.5108€01%
2e279E0 14
"051e£’i~
Jo700E082
6.95¢E013
-2.811E¢1)
“TeS74E092
6.748F¢12
“1.3%6E014
5.89%E¢23
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Table 6

Estimated Values of .8,.0’ (5) j
These valuee are developed from the average values of the g
data in Table 5, using the § = 0 values to estimate o° 2
@ ﬁ,,a,(a) %
(arc-gecons) (radians-squared) ;%;
1.0 2.41 x 10714 %
1.5 3.57x 1014 3
i 2.0 4,51 X 101¢ :%
2.5 1,022 x 1073 i%
3.0 6.51 x 1034 3
3.5 1. 022 % 1073 g
4.0 1,397 x 1073 2
4.5 1,062 X 1072 %
5.0 1,441 x 1078 3
5.5 2.005 x 1033 2
6.0 2.637x 10799 ks
6.5 3,971 x 1073 2
7.0 2,862 x 103 B
7.5 3.336 % 1072 §
8.0 2,805y 1073
8.5 6. 480 x 10713 )
9.0 5.686 x 1073
3.5 4. 651 x 1043 i
10. 3.522x 10708 i
11, 4,170 x 1088 {
v i2. 3,840 x 1033 ]
' 13. 4,037 x 10712 5
" 14, 4. 794 X 100
: 15, 6.399 x 1043 '
: 16, 5,232 x 1049 ' !
: 17, 5,457 .. 1079
. 18. 4. 723 % 102
19. o ' 5.306 x 1043
. 20, 5.306 x 1043
! |
; !
!
$ ~
N
i
! - 163 - .

&1




|
¢
IO

Cae

OO0 ®IOn s WD

Table 7

Nominal Values of .93

Values are calculated from Eq. (41)

(sec)

~N UV W e

1
13
15
17
19

« 164 -

D
(radd)

2.000 x 10u¢
1, 0.7 x 1093
2.041 x l1om?
2.976 x 13
3. 663 X 10=3
4. 128 x 1oRa
4.412 x 1072
4. 593 x 107
4. 709 x 10=»
4. 787 x 1%

PAPANMGET A At

Twte e eeessaeeen

o mn + s

P v > Ao e o= 28,




Table 8
Calculated Predetection Compensation Isopianatism Factor, 7‘}(
v/

¢ f=4x 108 f=2X10° f=1x108 £=0. 5x10P £=0.25X1 ¢

{urad) (cycles/rad)|{cycles/rad) [cycles/rad)| (cycles/rad) [cycles/rad)
2 £.26 0.25 0.23 0.20 0.17
4 0.78 0.72 0. 64 0. 53 0.32
6 1.47 1,32 1,13 0. 86 0. 51
. 8 2.28 2.02 1. 67 1,02 0.92
10 3.20 2.79 2,22 0.82 0. 89
12 4.20 3.60 2. 72 .02 0.23
14 5.28 4,45 3.13 2.11 -0.55
s 16 6.42 5. 31 3.24 2. 9% -1, 08
ki 18 7.6} 6.18 1. 66 3.43 -0, 80
20 8.85 7.04 2,60 2.84 -0.29
2 .23 0,21 0,18 0.14 0.10
4 0.66 0.56 0. 44 0. 31 0.17
& 1.19 0.98 0.72 0. 44 0.9
~ni 8 L9 1,4} 0. 97 0.53 0.15
Tt 10 2,43 1,88 1. 20 0. 5% 0. 06
- onl 12 3.10 2.28 1. 40 0. 59 -0. 07
o 14 3.79 2. 70 . 1.56 0. 55 -0, 24
s 16 4,48 3.09 1. 70 0. 17 -0, 45
B 18 - 5,18 3.47 1.79 0. 35 -0, 68
-~ 20 5.88 3.82 1,86 0.19 -0.95
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Table

9

Estimated Variance-Factor, § Nama , for Calcvlated Value of 9

This quantity is defined by Eq. (43) and applies to data taken with
no significant statistical non-stationarity.

b & Ny

(urad) | f=4x108 f=2X108 f=1x10P° f=0, 5x 1 0P £=0,25x10°
(cycles/rad) | (cycles/rad) ({cycles/rad)fcycles/rad)|(cycles/rad)
2 5.5 5.4 5.4 5.3 5.3
4 54,7 54.1 53,7 53.5 48.6
6 209.8 207.9 207.0 204, 7 792.9
8 545.2 541,1 539.6 489.17 47.3
C”) 10 1143, 7 1137.0 1132, 7 5573, 1 1183,1
ol 12 2095.9 2086. 4 2063.0 7991.9 3512.3
ol 14 3498, 5 3486.4 3363.7 12G5.2 10078.9
[z 16 5454, 1 5438. 7 4935,5 4717, 1 16591. 6
18 8070. 5 8047.7 24659.0 9926.9 13188.4
20 11459.9 11416.5 56173.2 11624.5 7969.8
2 5.4 5.3 5.3 5.4 5.6
4 53.8 53.9 54.8 56.8 58.2
6 207.8 209, 6 215, 7 223, 6 222.9
o 8 543.0 552.0 572.1 586.3 576.5
el10 1146.1 1172. 8 1218.3 1229.9 1205.1
Wiz 2113,1 2174.1 2254.2 2247, 0 2200.7
914 3548.3 3666.3 3782.6 3738.5 3662.8
S 16 5564, 1 5766.3 5909, 1 5811,1 5701.8
118 8279.9 8595, 8 8742. 4 8575, 9 8438.4
20 11821. 4 12279. 5 12396. 4 12146.8 12001.0
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Estimated Variance, 87?(9

Table

, for Calculated Values of 7}1

10

This quantity is defined by Eq., (44) based on the apparent spread in the
measurement data, and apparently encompasses the non-stationarity of
the phenomena,

S Sn
(urad) [f=ax10P f=2X10P f=1x 1 (P £=0,5X108  [f=0,25X1CF
(cycles/rad) | (cycles/rad) (cycles/rad)|(cycles/rad)fcycles/rad)
2 0. 086 0. 086 0. 084 0.083 0. 080
4 0. 857 0. 846 0. 831 0. 803 0. 530
6 3.285 3.234 3,150 2.895 13,203
8 8. 520 8.369 8. 091 5,345 0. 759
ol 10 17. 835 17.471 16,596 84, 531 19. 155
w12 32. 601 31.830 29.184 133, 080 44,378
e| 14 54,269 52,761 44, 531 16,272 124, 001
sl 16 84, 353 81,558 53, 868 7. 655 204. 921
| 18 124, 425 119,412 286.962 156,417 165, 605
20 176. 097 167,285 852. 015 193. 070 103, 596
P 0.084 ¢, 083 0. 081 0. 081 0. 081
4 0.837 0.824 0.812 0.810 C.813
6 3,201 3,152 3,125 3. 146 3. 099
N R 8.297 8.180 8. 165 8.201 7. 968
f 10 17,366 17,166 17,228 17,150 16, 580
o 12 31, 764 31.499 31, 701 31,242 30, 188
L 14 52,943 52.677 53, 021 51, 822 50. 169
ol 16 82. 448 82.299 82, 652 80. 321 78. 051
BT 121,907 122. 042 122, 084 118, 232 115, 499
20 173, 028 173,639 172, 859 167.108 164, 271

>
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Appendix A

Short-Exposure Imagery Isoplanatism Theory

As a matter of completeness, we shall present here the details
of a theory of isoplanatic dependence for post-detection compensated
short-expnsure imagery. It will be our objective here to show that this
theory does not result in the simple linear relationship between iso-
planatic dependence and the distribution of the strength of turbulence
over the propagation path, and that, in fact, the relationship is highly

noniinear,

The focal plane electromagnetic field function v, (x) associated
with the j';h point source, at location x , with x referenced to the

nominal center of the image of the jth source can be written as®

u, (x) = [ dF WD) exp [i9, ()] exp (k% *F/F) |

where T denotes coordinates in the aperture plane, 9, £) is the wave-
front distortion (taken to be entirely real) for the jth source relative
to the undistorted wavefront for the jth source, and F is the focal
length. We have deliberately suppressed a constant of proportionality

in the equation, The image intensily is

LG = [u (], &)
=[] & & WE) WE) exp (ifs, @) - 9, ()1

X exp [ikx* (F - 7*)/F) .

Since the source is a point source, its Fourier transform corresponds

to the optical transfer function for imaging within the 1soplanatic patch
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around that source, For the jth pcint source, the optical transfer

function at spatial frequency T can be written as
) = Al dkexp (if - DLE (A3)

where A is a constant of proportionality chosen to make the optical
transfer function have unity value at zero frequency. If we substitute

Eq. (A2) into Eq. (A3) and rearrange the order of integrations, we get

T, @) = A[[ &F & W) WE) exp (ifg, () - 9, F7)])

X [diexp {i((k/F)(F-F)+T] % . (A4)

In Eq. (A4), the ;-integration can be performed, yielding a delta-function
-- which then makea it a trivial matter to perform the T *integration.

Taking advantage of this possibility, we can reduce Eq. (A4) to the form
@) = A [ & WE) WE+T F/) exp (i[9, (7)-0,G+F F/K)]) . (A5)

We note that inasmuch as ¢J is a random function, then so is Ty
[It is appropriate to note that the coefficient A , however, is not a ran-
dom variable since it is defined by 1 (?) for T2 0 » in which case the

¢,-dependence disappears from Eq. (A5).]

We take as our measure of the isoplanatic dependence of post.
detection compensation of short-exposure imagery the correlation between
the optical transfer function at frequency T for two point sources at '9'1

and 33 . We write this as

Colf) = (r @) 00y 1 (U@ . (A6)
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Obviously, the entire isoplanatic dependence is contained in the numerator,
(Tl(f’) 73*(?)) , and in this appendix, we shall be concerned with develop-

ment of a formulation for this quantity.

Making usc of Eq. {A5) and appropriately simplifying, we can

write

(@) 5 *E)y = [[ &F & WE) WETF/k) WE) WE+E F /i)

X (exp (i[gy(F)-,F+T F/Kk)B,(F*)+85(F+T F/K)]}). (A7)

Taking advantage of the fact that the argument of the exponential in Eq. (A7)

is a gaussian random variable with zero mean, we can cast the engsemble

average in the form
(exp [i[9,(F)-0,(F+ F/k) - 0, 10 (F*+T F/K)I})

= exp {-§ ([$,()- 0, F/k) - 9,F)+6,(+f F/K)1*)) . (A8)

We note that the ensemble average on the right-hand-side of Eq. (A8) can
be cast in the form of isoplanatic phase structure functions. We write
([8,() - 8,47 F/k) - 9,F*)+04(F+T F/K)?)
= ([0, - 9,47 F/K)3)-([9,) - 8,(F*+f F/0)P)
+ (8, ()-8, (7 ) Y#([8,F+T F/K) - 9, F+F F/K)P?)
{18, 0+ /) - 6 )Py K[ F+F F/K) - ()2
= 5,4 FIK0) - B, (7~ F/xB) + 5,4 -3
+ 8,a0-TP - 5, C-TH4T F/lid) + 8, 4 € F/k;0)

=28,40€ F/k;0)4 2 D yF-F:3) - 5, y@-F4T F/kiF)

- 8, G-F - F/RTY (49)
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If we substitute Eq. (A9) into Eq. (A8), and then substitute the

result into Eq. (A7) and change the variables of integration from ¥, T*

e d —
to u, v , where

u=T -7’ (A19)
vep{r+Tr) (a11)

then we get a result which cau be cast in the form

(1 () 13 *E)) = exp (5,o€ F/;0)y [ K@, T F/K)

X exp {-B;,¢@:F) + 3 8, 4G F/lG3) + 4 8, 4@ T F/k)) . (A12)

Here we have used the function K to denote the arsa of overlap of four

circles, defined by the equation
R ,2)=[ & WEHT) WEHT +3) WE-4T) WE-§T + 2. (A13)

The function K hae been evaluated by Korff® and we need not repeat the

rather complicated results here,

If we now make use of Eq.(1-20)of the main text to introduce pro-

pagation theory results, we can cast Eq. (Al2) in the form

(1, () 1 *E)y = alf) [ & K@, T F/K) exp {z. 9118 [ ds GO -|Wts]™

Path B
+4 |Ufs + T F/k|+3 |Tt3s -?F/k[w} , (A14)
where
a(f) = exp {8, 4 F/K))
= oxp {-2.91 18 (f F/kpo [ ds C,f} : (Al5)
Pagd
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The significant thing to be noted about Eq. (Al4) is that the
path-integration appears in tha exponent so that we czn not interchange
order of integration between it and the U-integration. This then prevents
us from performing the U-integration independently in a manner that is
independent of the C,*-distribution. As a consequence, we would have
to invert a multiple integral to obtain C*-data from short-exposure
post-detection cotnpensation measuremsants, i, e., from measurements
of <‘r1&.) -r,*(?)) . It is for this reason that we attach so much signi-

. ficance to the angle-of-arrival isoplanatism measurements, since such

data is easily inverted to give high altitude C,# estimates.
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