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I.  INTRODUCTION 

The purpose of this report is to present a numi r of re- 

sults regarding errors in radar measurements produced by propa- 

gation through the ionosphere.  The emphasis is on the dependence 

of these errors on rac'ar frequency, and on the possibility of 

determining and removing the errors by making simultaneous 

measurements at two radar frequencies. 

The application which motivates this collection of results 

is primarily to data taken by the AI.TAIR radar, which operates 

simultaneously at VHF and UHF frequencies.  For these frequen- 

cies, and particularly at VHF, errors in metric data induced by 

the ionosphere are often large in comparison with errors from all 

other sources.  Thus the degradation of metric data caused by 

propagation through the ionosphere is significant, and the 

measurement of this error is highly desirable. 

The use of two-frequency measurements to determine iono- 

spheric corrections is by now R well-established technique, 

but until recently these methods have not been applied routinely 

to data from the KREMS radars.  Efforts toward correcting the 

metric data have focused primarily on computing the correction 
(2) using model ionospheres and ray-tracing calculations.    It is 

'-he purpose of this report to show the feasibility of determining 

these corrections by direct measurement using current ALTAIR 

capabilities.  The techniques are currently being used in posi- 

mission analyses with gratifying success. 

The ionospheric effects discussed here are those on  radar 

range, elevation angle, coherent doppler velocity, pulse shape, 

and wave oolarization.  With the exception of the elevation 

ccrrecticn, these results are well known.  The> are presented lor 

convenience, anci in order to cast then trio  ".   form which demon- 

strates their applicability tu ALTAIR daia   ^o xections of the 



azimuthal angle, effects due to ionospheric disturbances , and 

tropospheric refraction are not considered here. 

2.  RANGE ERROR 

The  apparent  range  R of a  body  from  the  radar,   as measured 

by  time   delay,   is: 

R =  c/     ds/v 

where  v     is   the  group velocity and  the  subscript  p  indicates  that 
g 

the   integral   is one-way over  the  ray  path. 
For   ionospheric  propagation,   v     = en,   where   n  is  the  re- 

fractive   index.     If  the  effect  of   the  earth's  magnetic  field  and 

electron  collisions  can  be   ignored,   n   is  given   by 

n2   =   1   -2X 

with 
X  =   40.2N/f2 

-3 where N  is electron density  inm        and  f   is  radar  frequency   in 

Hz.   For VHF  frequencies or higher,   X «   1  and   terms  of  order 
2 

X    can  be   ignored.     Thus 

R  =   /     -IS- «   /ds(l  +  X) -'p n Jp 

The effect of path curvature on apparent range can be shown to 

be 0(X2) so that / ds « R , the true range, and 
P 

.  /R = R - R+ = / dsX(s) (1) t   -'p 

is the range error.  Rewrite R as 

K = K. + ts/i 

where 

R = Rt + B/fZ (2a) 

B - 40.2 /dsN(s) (2b) 

If R is measured at two different radar frequencies ^ and 

f , the measured ranges differ by 



also 

AR      - Ri - R2 - PCf/2 - f2"2) 

-RI = RI - Rt= Bfr2 

2        .1-1 (4) 

Eliminating B: 

R1 - Rt - g . (R2 - R1) (3) 

where 

g  -   [fl/f2)Z   -   1] 

Thus the range difference AR,« can be used to find the range 

error HR,, the true range R^, and the apparent range at any other 
It 6 

frequency f„.  In particular, for ALTAIR we can set f^ - 415 x 10 

f  = 155.5 x 106, giving g = 0.16333.  Using this value in (3) 

with the UHF - VHF range difference gives the UHF range error 

and also VHF error. 

3.  PULSE BROADENING 
Once the range error is computed by two-frequency measure- 

ment, the amount of spreading of either pulse due to ionospheric 

dispersion can be found, provided that the undispersed pulse 

shape is known.  If S(t) is a chirped pulse, and 

S(W) = f_l   dt S(t)e-iwt 

is   its   fourier   transform,   then   the   signal  received  by   the   radar 

can  be  written  as 
OB -^ ^ 

A(t)   -    f    $£ eiüjt  S(ü))   P(üJ)S*(CO)   W(cü) (5) 
J-CB   2n 

wliere „.    oü     rR -2i   |    rRn(s)ds 
P(0ü)    "6 J0 



is the transfer function for propagation through the ionosphere. 

Here S*(ü)), the complex conjugate of S, is the matched filter, 

and W(w) is any additional weighting applied to reduce sidelobes. 

Expression (5) can also be written as 

A(t)   =    f0 %> eiwt  Vcomw) 

where 
A (cü) = S(u>) 2 W(w) is the transform of the compressed 
o 

pulse.  Expanding the refractive index n as before: 

A(t) .    r    dw ei*(t - -) A (w)  e
1 ^ (6) 

2 
8TT B. 

The spectrum A^co) is a peak located at the radar angular 

frequency %, so that Ao(oo) = A^u) with u=(^u;o, and 

A(t) - e^oK   I ^A^e^K + u 
2  E (7) 

00 c o 

wi th 

2R 
t+ - t + 

WoC 

Here we have expanded w-1 in powers of u and retained 0(u ). 

If the   compressed undispersed pulse Ao(t) is approximated 

by a Gaussian : 

.    . 1ÜJ   t        • 
A   (t)   oc   e     o     e 

o 

t 

then 

A   (u)   oc  e 
-(TU) 

Inserting  this   form   in   (7),   we   find 2 
(ttbt-) 

—2 
A(t)   «   e 

^t+   (a^_   le) 

wit h 
a  = co "   and  e E/(oü c) o 

4ia     -   Ic) 

(öa) 

(8b) 

(9) 



The pulse shape in terms of radar cross section is pro- 

portional to 

A(t) (a  + e ) 
i 

■5 e" 
(%tj 

~A— 
a  + 

"2 (10) 

From this it follows that the effect of ionospheric dis- 

persion is to increase the width and decrease the peak height 

by a factor 

(11) F - [1 + Y 

,2 
w 11 h Y = £ / a 

2 1 2 

2" 
CiJ0CT 

pressed pulse width T 

R.  For a given frequency ooo and com- 

the factor F(LIR) determines the shape oi 

the dispersed pulse.  For ALTAIR VHF, f0 = 155.5 MHz and a 3db 

width of 0.195|isec results in T 0.083usec and Y  = 0.986LR , 

where  R  is VHF range error in kilometers, 
v 

For UHF, f o 415 

MHz and a 3db width of 0.1w,s implies T 0.042tiS and v =1.42: R 
u       u 

with ^R  the UHF range error in kilometers.  Thus, a measured 

R  range difference of 2 km corresponds to a spreading factor 
uv 

F - 2.5 at VHF, and F = 1.05 at UHF.  Since 2 km is a fairly 

typical range difference observed in tracking bodies above the 

peak of the ionosphere, it can be concluded that at these target 

heights the VHF pulse will often be broadened by a factor of two 

or more, while the dispersive effect on the UHF pulse is negli- 

gible . 

The question remains as to whether the Gaussian approxi- 

mation of the compressed pulse is a good one.  Figure 1 shows 

a measured VHF long chirp compressed pulse shape, together with 

a fitted Gaussian.  The pulse shape data are from the test ALTO 

319B1 of 31 March 1971.  The data points were generated by per- 

forming a range scan on a calibration sphere.  The gaussian was 

fit by eye to the data points, which determined the value of 

given above.  The measured pulse is seen to be slightly skewed 
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Fig.    1.    ALTAIR VHF pulse and fitted gaussian. 



at the top of the leading edge, but over most of the main lobe the 

agreement is very good. 

If greater accuracy than that provided by the Gaussian fit 

is required, pulse shape dispersion can be computed without 

approximation.  This is done by calculating numerically the 

convolution integral of the measured pulse shape with the time 

transform of the propagation factor.  However, the reasonably 

good fit by the Gaussian spectrum indicates that the factor F 

given by (11) provides a sufficiently accurate measure of the 

pulse broadening. 

The pulse spreading has significance for both radar cross 

section (RCS) and range measurements. If the VHF RCS of a hard 

body is measured as the return from the peak of the pulse, then 

the measured RCS will be too low by a factor of F. With RCS in 

dbsm, the error is 

adb = "10 logio F (l2) 

From the numerical estimates above, it follows that pulse spread- 

ing can cause errors in measured RCS as large as 5db at VHF. 

Similarly the range resolution of the VHF pulse is taken 

to be the 3db width of 29m, as in Figure 1,  The effect of 

propagation through the ionosphere is to multiply this number by 

F and thus degrade the resolution by this factor.  The effect 

should be taken into account when measurements depending on the 

resolution length are analyzed. 

One example of this dependence is the measured RCS of chaff 

clouds.  Although pulse spreading causes the RCS of an individual 

dipole to decrease according to (12), the range resolution cell 

increases in length by a factor of F. so that on the average, F 

times as many dipoles contribute to the return.  Thus except for 

very sparse chaff clouds (less than one dipole per resolution cell) 

and except for positions near the edge of the cloud, the average 



chaff RCS should be unaffected by the pulse broadening.  Since 

the RCS of a hard body immeised in chaff is decreased by (12), 

the signal-to-noise ratio (S/N) of body to chaff RCS is also de- 

creased by an amount (12).  Therefore the pulse spreading can 

cause losses of 5db in S/N when searching at VHF for a hard body 

in a chaff cloud. 

4.  ELEVATION ERROR 
A.  Flat Ionosphere Approximation 

Once AR is known for a given radar frequency f > 100 MHz, 

the error in elevation angle can be computed without ray-tracing 

To see this, consider first a flat ionosphere with electron 

density N(h) a function of height only. 
Referring to Figure 2, Eo is the apparent elevation , T 

the true elevation, and 6 = Eo - T is the elevation error.  The 

ground range x can be represented in two ways: 

x = R cos T = / dx = / ds cos E(h) 
t    t       Jp Jp 

Snells' Law is 

(13) 

n  cos E = const. 

= cos E o 
since N(h) is assumed to vanish at the radar (N(0) - 0).  Com- 

bining these two expressions: 

cos^    m   j      /n 

1  cos  E Jp 

o 
=    R   (the  apparent  range) 

If  the error  6   is  small,   we  can write 

cos  T   = cos(E     - 6) « cos  E     +  6   sin  E o o o 

so  that 

1  +  6   tan Eo  =      ^ R 



Fig.   2.     Propagation path for flat ionosphere. 
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Fig.   3.     Propagation path for spherical ionosphere. 
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or 

6 = cot E -^L (14) 
0   R 

where we have replaced R. by R in the last expression, intro- 

ducing an error of order X2.  Equation (14) allows one to find 

the true elevation, given only the measured range and elevation, 

and the range error.  It is valid to the extent that the earth 

can be thought of as flat, and assuming 6 is small.  In particu- 

lar, the approximation of cos T requires 6«1 and 6«2 tan Eo. 

For radar frequencies f > 150MHz and Eo > 1°, these inequalities 

are virtually always satisfied. 

Equation (14) was checked against the results of ray-tracing 

computation of 6. A re-entrv trajectory and density profile 

N(h) were chosen arbitrarily, and the ray-tracing program com- 

puted the corrections .'R and 6 for f = 155.5 MHz.  The com- 

puted ö's agreed with (14) to within about 30% during Later 

portions of the trajectory (R < 1000km) , within about 50^ at 

2000km range and within a factor of 2 at 2750km.  It is therefore 

desirable to recalculate (14) for the spherical case. 

B,  Spherical Case 

Referring to Figure 3, the differential elements are re- 

lated by 

rd9  - os cos E(h) 

dr  - ds sin E(h) 

Snell's Law for the spherical case is 

nr cos E = r  cos E o     o 

Using these relationships we can again construct an identity 

from which 6 can be computed.  Instead of ground range, it is 

more convenient in this case to use the geocentric angle 6: 

1 1 



6 r JT r . r..    cos E        r 

■ I  ■"" Ids —r   T 
dr 

cot  E (15a) 

-/ 
dr 

r 

nr 

^r  cos  E 
o o 

-1 

i 
-2 

where r  is the earth radius.  The angle 9 can also be expressed 

as 

6 - tan 
R + rosin i 

r  cos 
o 

(15b) 

We then proceed as in the flat case, equating these two 

expressions for 6, expanding and keeping terms of first order 

in X and in 6.  The result is^ 

X(u) (16a) »%  r\.      x(u) 5 = cot E^   (1 + c)  I du  -^ 
0 Jo    (1 + Bu)^ 

A 
\R = R I  duX(u) 

(lob) 

where 

and 

0 = 
R 

r sin E 
o    o 

u - S/R 

Here S is the length along the straight-line path to the body 

being tracked.  Equation (16b) is equivalent to (1). since the 

path difference introduces an error of order X . 

C.  The Sharp Ionosphere Approximation 

In order to again express 6 in terms of AR, we assume as a 

first approximation that the ionosphere is sharply peaked at a 

height H, corresponding to a value u = up.  Then X(u) is 

essentially a 5-function, and we have 

1Z 



6 , cot E 1 + ß 
o (A + ßu ) 

P 

f      du X(u) 
"TO 

1 + P 

(1 + Pu ) 
p 

- cot E -* 
2     0 R 

where 

p        r "sin  E o      o 

(17) 

(18) 

Equation (18) defines u  as long as the body is above the 

height H, i.e. for u  < 1.  For lower altitudes we can set 
P 

u  = 1 in (17). 
P 

Equation (17) reduces to (14) as ß - o, showing that the 

flat-earth result (14) is valid for R << rosin Eo. 

In the opposite limit, R » r sin E , (17) reduces to ^ o    o 

5 , ^ ■ .R 

This approximation holds early in an observed re-entry. 

when E  is small and R is large.  In this case, cos E,,   1, and 
o u 

if we arbitrarily choose an effective height H = 400km for the 

ionosphere, we arrive at 

6   ss 1.25 
mr 

,R km 

where { is in milliradians and  R is in kilometers.  This ex- 

plains the rough equivalence between 6 and 'R which has been 

observed in comparing ALTAIR and ALCOR metric data from simul- 

taneous tracks on the same target.  The fact that the equivalence 

does not always hold is also explained, since it is only valid 

for R » r  sin Eo. 

Equation (17) was tested against the ray-tracing program 

using a re-entry trajectory, a satellite trajectory, and several 

ionospheric profiles in various arbitrary combinations.  It was 

found that with a proper choice of H. 6 agreed with the ray- 

1 I 



tracing result to v. thin 2 or 3% fcr body altitudes sufficiently 

higher than H (aboui 100km higher).  At lower altitudes, the 

agreement typically worsened to 10 to 15%.  To improve this 

situation it is necessary to include the effect of non-zero width 

of the ionospheric peak. 

I).  The Gaussian Ionosphere Approximation 

of th 

h - H 

A rough model of the peak is a Gaussian 
2 

N(h) = N e 

h 
which   translates  near   the  peak  to 

X(u)   -  X C 
u   -  u 

with 
12 

R sin  E     (1  +  ßu  cos  E  ) 
o p o 

(19) 

Using  this X(u)   in   (16a),   expanding and keeping  terms  of 

first  order   in o : 

6   =  cot  E    — 
O     R 

1   +   0 

(1  +  Bu   ) 
r 

,1 + 
Ba 

-A' 

1   +   Bu L e~y dy 

(20) 

1-u 
where   A  = —=—£- u 

A     _  2 
and    f     e~y dy 

^ TTT |l   +  Erf  A| 

In equation   (20),   u     is  given  by   (18)   even   for   up >   1.     The 

effective  width  a.   of   the   ionosphere   varies,   but  after  examining 

several  profiles,   a  value   ah  =  150km was  chosen as  a   reasonable 

average  and was  used  for all  cases.     With ah  fixed.   (20)   is  a 

one-parameter  formula   for  the  elevation error. 

Equation   (20)  was also  tested against   the  ray-tracing 

program.     To  do so,   a  re-entry  trajet   ory was  generated  by  the 

NRTPOD   (Non Real  Time  Precision Orbit  Determination)   program,   using 

14 



a state vector from a recent KREMS test.  This trajectory was 

used as input to the ray-tracing program, which computed by 

iteration an apparent trajectory lor a radar frequency of 155.5 

MHz, using one of three different ionospheric profiles taken at 

Jicamarca. Peru.  The apparent range and elevation and the range 

error were then used in (20) to find 6, which was compared with 

the elevation error from the ray-tracing program.  The same pro- 

cedure was followed with a satellite trajectory using a pass with 

a maximum elevation of 81  and minimum range of 800km.  The 

effective height H of the ionosphere was varied in (20) to find 

the best fit for each profile and also the sensitivity of the 

fit to errors in H.  The best vaiue of H appeared to be either 

the peak height of each profile or slightly higher, depending on 

the asymmetry of the peak.  An frror -H in estimating H produces 

an error ^6 in 6, where roughly 

A 6 AH 

H + 5 r sin^E 
^  o    o 

(21) 

Thus   the   percentage  error   in   6   is   less   than   that   of   H. 

Tables   I  - VIII  show  the  results  for  two of   the   three 

ionospheric   profiles,   shown   in Figure   4.   and  both   trajectories. 

Delta   EL   is   the  elevation  error  computed  by  ray-tracing,   and  Delta 

EL2   is   6   from  equation   (20).     The   relative  error   is 

•EL  -   6 

A EL 

It is seen fron I-IV that by choosing H carefully, 

one can predict the ei anon error to within 3fJ over the whole 

trajectory.  This can be taken as verification ol equation (20). 

The names NORM40 and LOW2-31 simply label the profiles and have 
no significance. 

15 
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TAB^E  I 

TEST   OF  ELEVATION   ERROR   FORMULA; 

H =  :50 km 

Nop^an      nKvsTTY           np PNTRY     TlH.lfl ::T n RV I^.M,   »^ 

DPTT^ BUT« TPLT^ PPT ft^TV^ 

T-AMH^ PRNHE PLPVATTOW PL. PT,^ FR^nP 

lf7ü.lü 1.70^7 0.2219 o. moas 0,11710 O.opllP 

^2').in 1.70tK i.ifiis 0. ^1*2* o. mo^o 0.02^21 
Tl^tt.f-R 1 .fi^lO 2.SO 11 0. U»660 o.ia^ü^ 0.^21lr> 

l?n7.n;i 1.,fi7'-,6 i.fiisn ». 114 758 o. laaRS O.OIP'if 
10U6.7S 1.fiS28 «.76Sa o. ia7iu o. m^is O.niUP'S 

iRPU.I 1 1.62^1 S.80T1 0. Iftftll o. mus2 O.Oinop 

^TIQ.?-» 1.^^11 7.01fl8 o. mum 0.1'4113 o.onfiT^ 

2^S1.W I.^S^U a, 1*1*5 o.imfi7 0.14119 O.f>01»i1 

2^81.''R 1.^171 'J.2^2? 0. Ilflq*; 0.119R8 O.onr>^n 

?20o^fi i.«i7ia 10. 1R20 0.13P1P 0.11^11 0.00107 

pfni.si 1^22=5 II.UQOO 0. 111US O.ll'»^') o.IOI^P 

1 PSft.9!» 1.8^19 12.6110 0,. 11090 o. noqi o.oo on 
1f7fl.''J? 1.291^ 13.721fl 0. 1280Ü 0. 12787 O.^OIIP 

1U01.21 1.18U0 m.«221 0. 12UU0 0.12ü1f 0.00 112 

1107.19 1.nU72 is.qosp o. ii7m o.mm 0.OOO^R 

1118.78 0,.fl2S7 1fi.9SRq 0. 1010*1 0. 10^10 O.on2c1 

92S.sa O.^OSfl n.nepq 0   0738« 0.07191 0.ooiio 

7^2.2f 0.1R71 1fl.fl127 0.03Ü1P 0.01190 o.omoi 

«^.^S n.oisi iQ.^rqu O.OORRP 0.O08S8 o.^ius^ 

■^0.90 0.0010 10.1*170 o.ooouo 0.000'JO 0, W>0 

17 



TABLE   II 

TEST   OF  ELEVATION   ERROR   FORMULA; 

H =  350 km 

KOpMUn        DFTISTTY SATFT TPA-IECTOBT i^.sn «n? 

PAMG"; 

1106.21 
111^.47 
2('in.,j7 
27«»1.61 
2^S6.q6 
2171.2S 
21P6.02 
2001».^3 
1fl2'».R6 

1ft7B.üfi 
HIS. «53 
1163.S8 
1027.66 
Q1^.07 
R35.«H» 
7qR.7S 
fllO.^0 
P69.fl1 
966.^8 

1092.11 
1236.73 
1391.62 
1^61.67 
173«i.10 
ini3.05 
2091.22 
2277.71 
2162.85 
2^19.13 
2836.I« 
3021.73 
1211.S2 

0FT.TÄ 

1.6Q79 
1.6907 
1.6677 
1.6780 
1.5718 
1.5003 
1.1156 
1.3203 
1.2175 
1.1101 
1.0013 
0.8913 
0.7927 
0.7009 
0.6215 
0.5701 
0.5155 
0.5539 
0.5913 
0.6607 
0.7159 
0.P137 
0.9190 
1.0578 
1.1668 
1.2728 
1.3721 
1.1628 
1.S«»09 
1.6015 
1.6517 
1 .68 19 
1.6957 

ElET»TT0H 

-O.OPIT 
1,6112 
1.1753 
5.'4«r6 
7   ^f63 
q.H905 

12.1617 
15.3I:33 
18.6196 
22.1765 
27.003«' 
32.1651 
39.1729 
17.5058 
57.8C63 
69.9686 
81.1651 
76.2010 
63,5708 
52.3131 
13.0395 
35.5517 
29.5036 
21.5 351 
20.1767 
16.8286 
13.7153 
11.0207 
8.576Q 
6.3551 
1.3121 
2.1112 
0.6156 

DEI,TA 
ET,. 

O.13875 
0.1153° 
0.11873 
0. 11821 
0.1138° 
0. 13611 
0.12561 
0.1132f 
0. OOqPO 
0.08620 
0.07?«i7 
O.OS«^ 
0.01728 
0.03560 
0.0215P 
0.01127 
0.00609 
0.00962 
n.01936 
0.03010 
0.01152 
0.05363 
0.06611 
0.079P5 
0.09362 
0.10731 
0.120 30 
0.13181 
0. 110°1 
0. 11689 
0.11906 
0.11729 
0. 111°0 

OET.TH 
EL 2 

0.11188 
0.11151 
0. 11519 
0. 11^96 
0. 1129a 
0.11616 
0.12699 
C. m>5 
0.10206 
0.08P22 
0.07115 
0.06091 
0.01P11 
0.03611 
0.0: 18 8 
0.01111 
0.00611 
0.00971 
0.. 01957 
0.01051 
0.01220 
0.05161 
0.06792 
0.0817? 
0.09571 
0.10911 
0.1219° 
0.13265 
0. 11056 
C. 11511 
0.11609 
Ü.11351 
0   1379 3 

PET «TVF 
EPPOP 

0279 1 
02670 
02211 
015'»O 
00661 
00259 

0.01099 
0.01751 
0.0216f, 
0.02111 
0.02306 
0.02109 
0.O1fl75 
0.01199 
0.01210 
0.00990 
0.O0900 
0.00°1O 
0.01097 
0.01352 
0.01661 
O.OIOTT 

07220 
02319 
02265 
0195P 
OIIO6" 
00616 
0026« 
01191 
01991 
02552 

0. 
0, 
0. 
0. 
0, 
0. 
0, 
0 
0, 
0 
0.02801 
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TABLE   III 

TEST   OF   ELEVATION  ERROR  FORMULA; 

H = 385 km 

T,nw?-11      HRM^TTY              PFFNTPY     TTM-ITTonT            1 ^^.rn  "M? 

nPT.Tn PFTTR rttirh PPT ^TTVP 

PANHR RÄNCR FlFV.^TnM FL. FT, 7 PpnoP 

IfiT^.OS n.unt» o.im 0.0101r- O.OI"''1! 0.0017« 

1^19.U'i o.tmo 1.2S0? 0.01101 0.01111 0.nO707 

^^^.T) o.mii 2. 1^61 0.0.1 IM 0.0117? O.OOT^R 

i2n^.71 o.i»on7 3.SiqT o.oiioa 0.017^0 O.OOUI^ 

irus.so o.oo?1» tt.fSOl 0.01202 0.01722 O.OOft?^, 

2Pfl?.''f> O.T»S^ 5.77^0 o.nii«>o 0.032ia o.oo7sn 

271B.n•» C.?<»70 f.OOSfl o.miM 0.011P7 n.nomi 

2^S0.^7 0.17f,fl R.0110 0.0111« o.onaa O.OOPIf 

2?P0.*n n.ir,^n n.iseia O.^IOfS 0.010PS n.nof,*;s 

22nq.i»o 0.1S12 10.27^ 0.010011 0.0101« o.ooiuo 

2r^i.us O.llÜ^ 11. IQUQ 0.02O1« 0.02010 o.oniso 

1PS5.7q o.nso 12.^107 0.02fl52 0.02« 10 0.00770 

U75.«? r.7^01 i3.f2n o.027an 0.02711 0."11«iP 

1tt<»2.29 n.2Soei 1«.771fl 0.0260« o.o?«^ O.OIf 1U 

T'Ofi.?^ 0.21fl7 l^.«4!?«! 0.02 3«f 0.071^« o.oii'»'» 

1117.^2 0.1^2^; f«#<l7Sfl O.fnORR 0.01Q7? O.oopn 

«2^.11 O.OQII 17.fl<)2fi «.ona^ 0.01""I0 o.ooioa 

7->2.in 0.0271 i«.pni n.onaps o.ooa7p O.om*. 
e3*.21 0.0010 1O.e012 0.0007? 0.00071 0.01007 

■»flO.^O 0.000? 10.?ft*i7 0.0000P 0.00010 0.771(»7 



TABLE   IV 

TEST   OF   ELEVATION   ERROR   FORMULA; 

H = 385 km 

T o w 2 - ■> 1 1       OKK^TTY               *n •FT          ^PA.IFC'OPY 1*^,^0  "i"' 

fir-TT^ PFLT» nEiT» PFT ^ivr 
PAVCP PUMCF FLFVRTTPN FT.. FT, 7 fwnn 

TTfm.Q? o.unifi -0. lO-'l n. 020m 0.07PTf 0.01601 
Tl17.in o.ao7a 1.^2fi7 o.oino? 0.010'»7 0.01147 < 
oo-po, f-n 0.1070 I.I^FU o. miPü 0. 0 11 '10 0.01107 

r»«i.^7 0.T90R c.17ttÜ o.oi2na o.mioo o.oouo? 
2^eis.7f; 0.1731 7.usiq n.nimo o.oiiso o.oom 
2",'">. 11 0.1fi?O Q.7«afi o.nin7n 0.010SS O.onfiS 
•>lPS.n^ o. muu 17.Ififitt n.02Rin n.07pps o.oiosq 
jno^.^i 0.1?11 1^.7^0 n.07soi n.02fi';.p 0.O76OT 

IPPl.O/; 0.2oO7 1P.^72P 0. 07.120 0.02100 0.07OOP 

IfU^. 1^ 0.27flP 77.«infi 0.07031 n.02oos O.OHfil 

1 a "77.71 n.7»»,17 2fi.oapfi n.ni7 15 o.ni^io 0.O10O 1 

nm.pfi n^ifi 17.U207 n.nmtt2 0.01ÜP1 0.02P^1 
11^7.no n, ioc>n 30. 1171 0.011SS n.mm 0.O7S17 
1027.n n.iTfi^ «7. l»7O0 0.nOR77 O.OOPOS 0.0200O 

Q m. f n 0.1^77 ':i7,7R7R n.nnfino o, nnfi70 0.0171O 

»1^,01 n. mm fio.q^o n.omsfi o.nnifin O.OIURI 
709. »U (i.n^o PI. ifios n.nniS7 o.noi^« 0.011'»0 
Pin.uo o. mm 7«^, 1cfifl n.no2«o o.no2m n.nmo? 
P6P.10 n. i^m fi:i. fisfi7 n.oniiPi n.onüpo 0.0150«^ 
Ofif.uo n.ifi^fi S2.i?n7 o.oo7mt o.nn7SP n.oio-»o 

iroi .«^fl n.ifl7s üi.nop2 o.oinip n.niom 0.0770R 

1216.10 0.2111 is.smi n.nnn? 0.01117 0.07663 
11Q1.Q1 n.7ififi 20.a«32 n.nisos n.oifim n.02O67 
i^^n.fl? n.7fi2U 2tt.U7U1 n.nipoi 0.010^7 0.01176 

17Ttt.77 0.7P7fl 20.IOSO n.n2ipp O.022SS 0.01061 
ioi7.no 0.1171 1fi.7UfiO n,n7«7i 0.02S10 0.07760 

7n<n. io n.iias 13.fiK23 n.n272T 0.027Rfl 0.02710 

227f.fin o.ism m.oipi n.n20üi 0.07036 n.nm6tt 
7Ufi1.fifl n. i7ii p.afi7o n.mmi 0.01120 n.on6i2 
7fi«7.0 1 n.IP«^ 6.7m)U n.niiPO 0.011R7 n.no7ii 
?pm.ou n. i orn 1. 10S3 0.01201 n.oii7i n.00066 

■»077.US c.anrn 2.20fli o.niiip o.nioo i o.nm«;7 
I'^IO, 7? 0.ü07fi 0.C7^P 0.01010 0.07060 0,01*7? 
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Tables V-VIII show that if one makes an error of 50km in esti- 

mating H, then (20) gives a result correct to within 157f over 

the entire trajectory.  The maximum absolute error of 6 in this 

case is about 0.02° at VHF, compared to a total elevation error 

of 0.14°.  Thus most of the elevation er-or due to ionospheric 

refraction can be removed by use of (20), even if the height H 

La not well known. 

E.  Estimation of the Ionospheric Height H 

With the width parameter a fixed in equation (20). four 

inputs are required by this expression in order to compute ele- 

vation error.  These inputs are the measured range, elevation, 

and two-frequency range difference, and the height H.  The method 

of choosing H can be different for real-time vs. post-mission 

corrections, and may differ for different types of missions. 

Possible methods include she following: 

1. Set H - 375km (or some other constant average height).  The 

true H is unlikely to be less than 300Km or greater than 450km, 

so the maximum error is roughly 75km, corresponding to an error 

in 6 of less than 28%.  This is the simplest solution and 

probably adequate for real-time estimation. 

2. Make use of a priori knowledge of diurnal and seasonal 

variations in the height of the ionosphere.  Use as input a value 

consistent with time o_ day, time of year, location in the 

sunspot cycle, etc.  Tables or curves of the variation of H could 

be generated. 

3. Use measurements of the ionosphere.  If electron density 

profiles taken .just before a mission could be obtained from an 

ionosonde located at KREMS or at some point near the ground trace 

of the trajectory, the effective height could be estimated. 

4. Differentiate the range error "R.  If the look angle (the 

angle between the target velocity vector and radar line-of-sight) 
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TABLE  V 

TEST   OF  ELEVATION  ERROR   FORMULA; 

H = 405 km Instead of 385 km 

L0W2-:1      LENSITY REEK1M      IFAJiCICFY 1^5.50   «HZ 

LELTA DELTA DELTA RELATIVE 
FANCE FANGE FIEVA1ICN EL.                     EL2 EFECF 

T673.C5 C.Hnu C.1115 0.03015 0.C2667 0.11^0 
:519.U6 C.«4160 1.2f03 C-,03101 0.027(41 0.11c.19 
3363.70 0.4131 2.3861 0.03161 0.028C1 C.11361 
-20c.';3 C.«Ce7 3.51S3 0.0219U 0.02fl39 t.11092 
3045.50 C.4025 4.6501 C.C3202 0.C2858 0.1C746 
2682.95 C.3956 5.7789 0.C319C 0.C2860 0.lC35e 
2710,03 C.3870 6.9C58 0.03161 0.C2846 O.cccve 
2C5C.67 C.376a S.CI-IO 0.C311fl 0.02817 0.C9619 
233C.63 C.365C 9.1544 0.03065 0.02777 0.0*383 
2208.44 C.3512 1C.2758 C.C3004 0.02727 0.C9218 
2033.45 C.3349 11.3949 0.C2934 0.02666 0.CP125 
1f55.79 C.3150 12.5107 0.02852 0.02596 0.08989 
16"5.U2 C.2903 13,6213 0.C2749 0.02513 lJ.(e5C5 
1492.29 C.2eQü 14.7238 0.C2608 0.02408 0.07693 
1306.36 0.2187 15.8124 0„C2386 0.022J6 0.C6298 
1117.62 C.1626 16.8758 0.0198« 0.01891 0.04667 
926.13 0.0941 17.8926 0.C1345 0.01293 Ü.03926 
732.10 C.C271 18.8131 0.00485 0.00462 0.04597 
c36.21 0.0030 19.2012 0.00072 0.00068 C.0C201 
340.60 0.0003 19.3667 0.C0C0R 0.00009 0.17839 
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TABi.E   VI 

TEST   OF   ELEVATION   ER.ROR   FORMULA; 

H = 435 km Instead of 385 km 

LCWi-I-l      CENS3TY SA1EI IFAvlfCTCFY IS^.'JC   flHZ 

PANCE 

330«.92 
3117.18 
2929.60 
27U2.37 
2C.55.76 
2370.11 
2185-8^ 
2003,53 
1823.94 
16   8.15 
iq/7.71 
1314.66 
1162.99 
1027.13 
914.60 
835.01 
796.34 
810.49 
86'.39 
966.49 

1C91.58 
1236.10 
1393.91 
156C.87 
1734.22 
1912.C9 
2C93.19 
2276.60 
2461.68 
2 647.91 
2834.94 
;C22.45 
3210.22 

DELTA 
PANCE 

C.4036 
C.4024 
C.3979 
C.3898 
C.3781 
C.3629 
C.3444 
0.3231 
C.2997 
C.2748 
C.2492 
C.2236 
C. 1990 
C.1765 
C.1577 
C.1442 
0.1380 
0.1401 
C.1501 
C.1666 
0.1875 
C.2113 
C.2366 
C.2624 
C.2878 
C.2131 
C.3345 
C.3543 
C.2711 
0.3845 
C.3S41 
C.4001 
C.4026 

ElEVATICN 

-0. 1533 
1.t.267 
3.3584 
5.3244 
7.4!39 
9.7646 

12.3f64 
15.2659 
18.5729 
22.41C6 
26.S4E6 
32.4202 
39.1371 
47.479C 
57.7878 
€«.9579 
E1.16C5 
76. 1<68 
63.6562 
52.22C7 
43.0C62 
35.5141 
59.4?32 
24.4T41 
2C.3C5C 
16.746G 
13.6522 
10.9163 

4670 
2404 
1953 

2.2563 
0.5238 

4 

DELTA 
El. 

O.C2 9,43 
Ü.03C93 
0.03184 
O.C3204 
0.C3149 
0.03020 
0.C2830 
0.02591 
O.C2320 
0.C2O31 
0.C1735 
0.01442 
0,01155 
0.CC877 
0.00609 
0.00355 
0.00152 
0.C0240 
0.0C4fl1 
0.CC744 
0.01018 
0.01302 
0.C1595 
0.01893 
0.02188 
0.02471 
0.C2727 
0.0294? 
0.03101 
0.0318«» 
0.03201 
0.03138 
0.C3010 

DELTA 
EL2 

0.02553 
0.02690 
0.02786 
0.02834 
0.02826 
0.02756 
0.02628 
0.02448 
0.02225 
0.01973 
0.C1703 
0.01425 
0.01147 
0.00874 
O.C0608 
0.00355 
0.00152 
0.00239 
0.00430 
0.00742 
0.01013 
0.01291 
0.01571 
0.01848 
0.02 111 
0.02350 
0.C2552 
0.02705 
0.02801 
0.C2836 
0.02811 
0.02732 
0.C2611 

0. 
0, 
0, 
0, 
0, 
0. 

BELAIIVE 
EfFCR 

0. 13241 
C. 13042 
C.12495 
0. 11544 
0. 10257 
0.C6737 
0.C711S 
0.05519 
C.C4C67 

C2828 
11858 

,C1143 
,(C660 
,00384 
,00237 

0.CC168 
0.00161 
0.CC155 
0.CC195 
0.C029Ü 
0.(C5C9 
0.CC9C1 
0.C1506 
0.02360 
C.03493 

.04666 
C6426 
cec7i 
09668 

C.11CP5 
C.12205 
0.129 19 
0. 12258 

0. 
C, 
c 
0, 
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TABLE  VII 

TEST   OF  ELEVATION  ERROR   FORMULA; 

H = 400 km Instead of 350 km 

NCRMO        DENSITY PEEKlfT      TF?JECTOFY 155.50   HHZ 

CELTA DELTA DELTA REIA1IVE 
RANGE FANGE EIBVATICN HI. EL2 EFFOR 

3 67«J.3a 1.7C97 0.2219 0. 1«4045 0.11951 0. 14912 
352C.ia 1.-/045 1.3635 0. 1UU25 0.12789 0.1^603 
336a.98 1.6930 2.5011 C.14660 0.12533 0.14511 
32C7.C0 1.6T56 2.6350 0.14758 0.12692 0. 14062 
30a6.75 1.6528 «4.7654 0. 14734 0. 12747 0.13436 
2 88U.18 1.6251 5.8931 0. 14611 0. 12737 0.12824 
2719.23 1.5933 7.0183 0. 14414 0. 12667 C.12117 
2?51.e5 1.5574 8.iai5 0.14167 0.12552 0.11405 
2381.SB 1.5177 9.2627 0.13896 0.12406 0.1072^ 
2209.56 1.U73«I 10.3820 0.13618 0. 12242 0.10105 
203«*.53 1,«I229 11.«99C 0.13345 0.12069 0.09^6 
1656.811 1.3639 12.6130 0. 13C80 0.11901 0.0901C 
1676.^2 1.2913 13.7218 0. 12804 0. 11740 C.C8309 
1«*93.23 1.1940 14.8221 0.12440 0.11536 0.C7 26 5 
13C7. 19 1.0«I72 15.9C59 0.11743 0.11049 0.05911 
1118.28 0.8257 16.9589 0. 10304 0.C9845 0.04457 
926.54 0.5058 17.9529 0.C7384 0.07104 0.C3792 
732.26 C.1873 18.8*27 0.C3438 0.C3270 0.04876 
536.25 C.C?51 19.509« 0.G0888 0.008?8 0.(6617 
3UC.80 C.0010 19.3670 0.00040 0.00039 0.C4328 
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TABLE   VIII 

TEST   OF  ELEVATION  ERROR   FORMULA; 

H =   400 km Instead of 350  km 

NOFmO DENSITY             SATEl           TfiAc ICTCFY            1 55.50   MHZ 

CIT.TA DFLTA DELTA REIATIVE 

FANGE FAKGE EIEVÄTICN El. EL2 EFEOR 

3206.21 1.6979 -0.0839 0.13875 0.11757 0.1!26) 
3118.U7 1.69C7 1.6412 0. i45 39 0.12349 C. 15(67 

2910.67 1.6677 3.4V53 0.14873 0.12727 0.1^426 

27H3.M 1.6280 5.4406 0. 14824 0.12R47 0.13340 
2556.S6 1.5718 7.5663 0. U,339 0. 12679 0.11686 

2371.25 1.5CC3 9.6905 C. )3611 0.12222 0. 10204 

2186.'2 1.4156 12.4637 0.12561 J. 11502 0.(8428 
2004.53 1.3203 15.3533 0. 11326 0. 10567 C.(67C6 

IF. 2'».86 1.2175 18.64196 C.(9990 0.09476 0.05147 

1648.99 1.1101 22. :n65 0.(8620 0.C8291 0.03816 

I'm.«6 1.0013 27.0C39 0.C7267 0.07068 0.02T5C 

1315.53 C.E943 32.4654 0.(5965 0.05849 0.(1947 
1163.58 C.7927 39.1729 0.(4728 0.04663 0.01371 

1027.66 C.7009 47.5C58 0.03560 0.03524 O.C1002 
S15.C7 C.6245 57.PC63 0.C2458 0.02439 0.(0776 

835.41» C.57C4 69.9666 0.01427 0.01417 0.00656 

796.75 (.5455 81.1651 0.00609 0.00605 0.CC614 

81C.90 C.5539 76.2C40 0.00962 0.00956 0,00631 
669.83 C.5943 63.67(8 0.01936 0.01922 0.CC701 
966.98 C.66C7 52.3434 C.03010 0.02964 C.0(611 

1092.14 C.7459 43.0395 0.04152 0.04103 0.01171 

1236.'/3 €.814 37 35.55U7 0.C5363 0.05275 0.01645 

1394.62 C.9490 29.5036 0.06644 0.06489 0.02337 

1c61.67 1.C578 24.5351 0.07965 0.C7723 0.03283 
1735.10 1.1668 20.3767 0.C9362 0.C8941 0.04500 
1913.C5 1.2728 16.8286 0.10731 0. 10091 0.(5970 

2C9K.22 1.3724 13.7453 0. 12030 0.11111 O.076M 
2277.-1 1.4628 11.0207 C.13181 0.11939 0.09119 
2462.85 1.5409 8.57 6 9 0.14C94 0.12520 0.11173 

2649.13 1.6C45 6.3554 0.14689 0. 12815 0.12757 

2836.19 1.6517 4.3124 0.14906 0.12816 0.14026 
3023.73 1.6819 2.H102 0.14729 0.12539 0.1M871 

3211.52 1.6957 0.6356 0.14190 0.12027 C.15245 
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^s small, then 

_d~ AR » X(r)R 

so 

_^__ |[-4 ARj /R| = X(r)R (22) 

Since N = 0 at the peak of the profile, the height h at which the 

derivative (22) changes sign can be taken as an estimate of H. 

This method applies primarily to post-mission analysis, but also 

allows correcting a previously used H for the remainder of the 

re-entry trajectory in real-time. 
It is also possible to use the doppler velocity measured 

at two frequencies to generate an electron density profile from 

which H can be found.  To see this we next consider the effect of 

the ionosphere on doppler velocity. 

5.  DOPPLER ERROR 
The phase of the radar returned signal, relative to the 

local oscillator, is 

$ . 2«  / nds (23) 
c  -'p 

where  w -  2TTf.     Again retaining 0(X)   in  n,   this  becomes 

2ü) [Rt - rx(s)ds] 

d The rate of change of phase is ^ = -^ $, and the measured doppler 

velocity is 

V = £- 5 

^ /xcs)ds <*«) 

where   V     =  R     is   the   true   dopp.'er  velocity. 

. Vt - ^   /xCs)dS 

Zb 



Combining (2b) and (24): 

VD = Vt - B/f2 (25) 

If V  is measured at frequencies ^ and fg, then the same 

argument as used for range gives the doppler error AVj as 

AV1 - V1 - Vt - g(V2 - V^ (26) 

where g is given b/ (4). 

It should be noticed that if the velocity V is computed by 

differentiating the range in (2a) , the result is 

VR = Vt + B/f
2 (27) 

Thus the error in range rate, as measured by time delay, is the 

negative of the error in coherent doppler.  This result could be 

employed to find the doppler correction using a single radar 

frequency: 

AV = 5(VR - VD) (28) 

The doppler correction history V(t) could also be inte- 

grated backward in the post-mission analysis of a re-entry to 

generate the range correction history AR(t).  However, this 

would require that a hard body be tracked continuously through 

the ionosphere, and is therefore of limited usefulness.  Also, 

the range rate V,, is generally not as precisely determined as 
R 

V , so that the two-frequency correction (26) is preferable to 

(28) if available. 

6.  ELECTRON DENSITY PROFILES 

Once the range and doppler errors have been found over an 

altitude interval, an electron density profile can be computed 

for that interval.  The profile will of course be of electron 

density along the trajectory, rather than the customary vertical 

profile. 
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The total time derivative of the range error is from (1) 

Dt AR = |R äR + E äE + A ÖA + öt|  J      X(s)ds (29) 

where E is elevation, A is azimuth , and ö
z 

=: ^ •  The Partial 

derivative with respect to time results from secular changes in 

electron concentration along the ray path.  Estimates of the 

maximum rate of change of columnar electron density, as found 

from satellite measurements, show that this term can be neglected 

for the applications considered here.  Also, we assume that 

horizontal gradients of electron density are small compared 

to vertical gradients, so that the rate of change of  R with 

azimuth can be ignored.  Then (29) becomes 

R 
D AR = X(R)R + E ä   /"  X(s)ds (30) 
t J0 

If X(s) is assumed to be a function of altitude only, we 

can evaluate the rate of change with elevation by writing 

X(s, E + dE) = X(s + dp, E) 

where dp is the distance which must be added to s to arrive at 

the same altitude as that resulting from an increase of dE in E. 

From Figure 3, we find that 

dp = s dE cot (E + 6) 

= r s cos E dE/(r sin E + s) o o 

Thus the derivative becomes 

ÖE |  X(s)ds = j     [X(s + dp) -X(s)]ds/dE 

rR = r  cos E /  dX/ds ■ s/(s + r sin E) • ds 
o       jL 0 

Z8 



or 
R . .1 2 

eE    f    X(s)ds = R • cot E jx/(l + ß) - /  duX(u)/(l + Bu) 
■b o 

(31) 

Using equation (16a) for 6, this can be written as 

R | | 
ä   /  X(s)ds - R/(l + R) • |X cot E - 6| 

Combining this result with (30) and solving for X(R): 

12^ N(R) - Dt  R + q6  (32) 
f2 DtR + q cot E 

with 

q = R E'(l+e) 

In (32), the quantity Dt R can be found from the range error. 

However, it is preferable to use the error in coherent doppler 

velocity ^Vn, as given by (26), if the S/N ratio is sufficient 

to provide accurate doppler velocities at both frequencies.  If 

this is done, it must be remembered that 

Dt.R = - .VD . 

In (32), all quantities except the elevation errcr 6 arc 

measured directly (fi could also be measured if elevation could be 

measured at two frequencies).  Using (20) for 6 implies that a 

peak height H for the ionosphere must be chosen in order to 

compute the profile.  In practice, this can be handled by choosing 

a nominal H, computing a profile N, and using this profile to 

determine a revised H.  If desired, this process can be con- 

tinued in an iterative manner to obtain successively more accu- 

rate profiles and H-values.  Alternatively, if the look angle is 

small, then E is small and (32) can be approximated by 

i^l N(h) M DtR/DtR (33) 
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This result can then be used to generate a first order profile 

from which an H can be determined for use in (32).  The profile 

then obtained, if not very different from the first order re- 

sult (33), can be taken as correct. 

The terms in (32) were estimated for relative magnitude 

using the re-entry data from Table I.  It was found that at the 

beginning of the tabulated trajectory (E < 10 ), qi was com- 

parable to D R and q cot E to DtR in size.  Later in the tra- 

icctory, at altitudes near the peak height H. the ratios were 

qoD :.R m  0.06 and q cot E/DtR m  0.18.  This indicates that for a 

typical re-entry, (33) is not a good approximation at long 

range, but is fairly good near the peak of the ioncsphere.  It 

should therefore provide a good first estimate of H. 

Once a sufficiently accurate height H and density profile 

is found, the width o. can also be determined.  If N is the 
h 

full 3 db width in terms of altitude, then 

C - 0.6 AN 
h 

is   the   appropriate   value   to  use   in   (19).      However,   if   the   data 

are   insufficient   to generate  a  reliable  profile,   then  a   fixed 

average  value  of  a.(e.g.   150 km)   may  be   used  in   (19),   since 
n 

errors   in  a will  have  even   less  effect  on  6   than errors   in  H. 

7.      VALIDATION  OF  ERROR  FORMULAS 

The  above  analysis  was  applied to   a  recent  mission which 

contained a   long  track on a  single   hard  target.     The   target  was 

tracked   from  above   700km height   through   re-entry  by  ALTAIR  UHF 

and  VHF,   and   from  above   600km through  re-entry  by  ALCOR  C-band, 

The   two-frequency   formulas  were   applied  to   the  ALTAIR  data   to 

find  the  VHF range  and doppler  errors.     The  range  differences 

were  numerically  differentiated,   reversed   in sign,   and  plotted 

as  a   function of   height,   along with  the   doppler  differences. 
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The results are shown in Figure 5. The agreement between -D^'R 

and V is excellent, and the two plots form a well-defined 
profile. Since R is almost constant over the interval of interest, 

the profile is proportional to the approximate electron density 

profile given by (33). Thus Figure 5 was used to obtain a peak 

height H - 340kra. This H was then used in (20) to generate the 

elevation  corrections   5. 
The   VHF  metric   data   (R,   AZ,   El)   were   then   tested  against 

the   ALCOR  data,   both  with  and without   the   ionospheric   cor- 
rections.     To  do so,   a   least-squares  trajectory was  fit  to the 
ALCOR data,   referred   to  ALTAIR  coordinates,   and  subtracted   from 

the   ALTAIR  data.     The   range   and  elevation  residuals   using   un- 

corrected  VHF  data   are   shown   in Figures   6  and   7.     The   residuals 
using  ALTAIR  data  with   ionospheric  correction  are   showt    in 

Figures   H  and   9. 
As seen in the figures, the range error without correction 

is as large as 1.7km during the observed part of the trajectory. 

Applying the correction (3) reduces the maximum error to -19m 

and the rms error to -10m.  Elevation error without correction 

reaches 0.17°.  Using the correction (20) reduces the maximum 

error to 0.05° and the rms error to 0.021 , which is of the same 

order as the expected residual elevation error of the ALTAIR 

system. 

These results can be taken as additional validation of the 

error formulas, and as a demonstration of their application to 

metric data. 

* In each case, a constant bias of 0.14  has been subtracted 
from the ALTAIR elevation before plotting.  This bias is of un- 
known origin and is approximately the same on all recent 
missions.  It can be determined by comparison with ALCOR ele- 
vation during the portion of a trajectory lying below the 
ionosphere. 
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8,      FARADAY  ROTATION 

An additional error  in measured metric  parameters   is  caused 

by  the  earth's magnetic  field.     Propagation  of  a   linearly 

polarized wave   in  the   ionosphere   through  the  earth's   field  re- 

sults  in a   rotation  of  the   plane   of  polarization  of  the  wave. 

For  the  circular  polarization  transmitted  by ALTAIR,   the  effect 

can  be  described  by an additional  correction  in   the  refractive 

index: 

n(s)   =   1   -  X(s) jl  +   T1   (s)| (34) 

with 

Tl   - 

where 

^B 

— cos   $ 

eB 
mc 

is   the   electron  gyrofrequency   in   the  earth's  magnetic   field   B. 

and   I   is  the  angle   between  the   field and  the  direction  of   propa- 

gation.     In   (34)   T|  «   1  has  been  assumed,   along with quasi-longi 

cudinal   propagation,   which  requires   that     i   -   90°    >   3   .     The 

upper  sign   in   (34)   applies   to  the   ordinary  ray  and   the   lower 

sign  to  the extraordinary   ray. (3) 

The range error resulting from (34) is 

AR =  1 + Tl (AR), ion (35) 

where 

= <aJR cos $> 
ta 

is an average over the ray path, and (''R)ion is the range error 

neglecting the earth's field, given by (1). 

To estimate the size of this correction at VHF, choose 

cog % 8-10 /sec. and $ =& 60  for a typical re-entry, so that 

T^ ss 0.004.  For propagation northward (along the magnetic field, 

i.e. $ < 90), the right circularly polarized beam transmitted by 

ALTAIR is the extraordinary ray, so that the lower sign in (35) 
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applies, and the range error due to Faraday rotation is 

(AR)B - 0.004 (AR)lon 

For the test data presented above, the maximum ('R\on 
is 

1.7km, resulting in (AR)B M 7m.  The largest range error typi- 

cally seen by ALTAIR is about 3km, corresponding to ('R)B w 12m. 

Although only right circular polarization is transmitted, 

both left (princ pal) and right (orthogonal) circular polari- 

zation is received by ALTAIR.  The right circular return will 

show no net magnetic field effect, since the integrated effect 

along the return path cancels that of the outward path.  Thus 

at a fixed radar f -equency, the range error of the principal 

polarization is larger than that of the orthogonal polarization 

by the amount (AR)B.  Therefore, at VHF, range to a target 

measured at left circular polarization may be as much as 12m 

larger than the range measured at right circular for a typical 

re-entry trajectory.  This range difference is a significant 

percentage of the 30m VHF range resolution. Thus it should 

be taken into account when detailed comparisons are made of left 

and right circular data, as in the study of sparse chaff clouds. 

Similarly, the earth's field causes a difference in 

doppler velocity measured at the two polarizations.  The differ- 

ence is (MO» = T (~V).  , and using Tf =0.004 and (V)     20m'sec 
D x on *W»J 

for the ionospheric error, we find (AV)B » 0.08m/sec.  Thus the 

effect of Faraday rotation on doppler velocity can be ignored 

for most applications.  Also, the effect on measured elevation 

can be neglected, since it is generally no larger than 0.4fr of 

the ionospheric correction given by (20). 

Further, it is not necessary to consider the effect when 

computing range corrections by the two-frequency method.  To see 

this, one recomputes (3) using (34) for the refractive index. 
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The  result   is 

AR     - (1 + g) [Rv - Ru i - "T. 
2 

P 
1+p 

where g is given by (4) and p = f./'.. 0.375.  Thus the effect 

of using the refractive index (34) is to change the estimate of 

the VHF range error by a factor (1 - 0.102 TT ) .  Again assuming 
T  = 0.004 and a maximum value of 3km for :-Rv. the additional 

range correction is 1.2m.  For the test data presented above, 

the correction is 0.7m.  These values are small compared to the 

ALTAIR system range residuals and can therefore be neglected. 

In summary, the errors in ALTAIR metric data produced 

by Faraday rotation are negligible when two-frequency measure- 

ments are used to correct for ionospheric refraction.  However, 

it is important to consider the effect on range when comparing 

data taken at principal polarization with that taken at orthogo- 

nal polarization. 

9.  CONCLUSION 
The ionosphevio corrections described here are currently 

being employed at Lincoln Laboratory in the analysis of ALTAIR 

data.  As demonstrated in the test data presented here, these 

corrections have been quite successful in reducing metric residu- 

als, as defined by reference to ALCOR trajectory data.  The 

corrections have also proved helpful in improving impact and 

pierce point predictions based on exoatmospheric tracks. 

The corrections can also be applied in real time, although 

only the range correction (1) has been used systematically thus 

far.  Adding the elevation correction (20) would result in im- 

proved trajectory information for reacquisition and hand-off to 

other radars. 
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