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1.0 INTRODUCTION 

The d e s c r i p t i o n  of nonequ i l ib r ium phenomena  in g a s e s  is of i m p o r -  
t ance  to the a e r o s p a c e  s c i e n c e s  because  t he se  phenomena  a re  p r e s e n t  
in such d i v e r s e  appl ica t ions  as h y p e r s o n i c  flow f ie lds ,  rocke t  exhaus t  
p lumes ,  and low dens i ty ,  high enthalpy wind tunnels .  E x p e r i m e n t a l  
and ca lcu la t iona l  t echn iques  to s tudy the phys i ca l  m e c h a n i s m s  con t r i -  
buting to the nonequ i l ib r ium s i tua t ion  a re  at bes t  diff icul t  because  of 
the complex i ty  of the n e c e s s a r y  m a t h e m a t i c a l  s y s t e m  as well as a 
l ack  of knowledge of many  of the fundamenta l  cons tan t s .  Although 
s t i l l  p r e s e n t ,  t he se  d rawbacks  a re  r educed  in decay ing  low dens i ty  
p l a s m a s  and such p l a s m a s  can be used for  s tudying the fundamenta l  
m a n i f e s t a t i o n s  of the nonequ i l ib r ium phenomena.  This  s tudy usua l ly  
p roceeds  th rough  i n t e r p r e t a t i o n  of m e a s u r e d  s p e c t r a l  l ine  i n t e n s i t i e s ,  
e l e c t r o n  dens i t i e s ,  etc.  in t e r m s  of r e c o m b i n a t i o n  r a t e s  and o ther  
useful  p r o p e r t i e s  of the p l a sma .  P r o p e r  and comple te  i n t e r p r e t a t i o n  
of t hese  data  r e q u i r e s  knowledge of the d i s t r ibu t ion  of populat ion 
dens i t i e s  among the d i f fe ren t  ene rgy  modes  of the p l a s m a ,  and in 
the nonequ i l i b r ium env i ronment ,  th is  is  g e n e r a l l y  not d e s c r i b a b l e  by 
a Bo l t zmann  d i s t r ibu t ion .  

The m a j o r i t y  of the work in r e cen t  y e a r s  has  been concerned  with 
e l e c t r o n - i o n  r ecombina t i on  and the d i s t r ibu t ion  of the populat ion den-  
s i t i e s  of e l e c t r o n i c  s t a t e s  in a tomic  p l a s m a s .  In mos t  of th i s  work,  
the a s sumpt ion  that  the populat ion dens i t i e s  of exci ted  s t a t e s  a re  
qu iescen t  was r e q u i r e d  in o rde r  to make  the ca lcu la t ions  t r a c t ab l e .  
This  a s sumpt ion ,  ca l led  the q u a s i - s t e a d y - s t a t e  (QSS) assumpt ion ,  
al though appa ren t ly  r e a s o n a b l e ,  r e s u l t s  in the mask ing  of the t r a n s i e n t  
phys i ca l  m e c h a n i s m s  that  contr ibute  to e s t ab l i sh ing  the f ina l  d i s t r i b u -  
tion. Impl ic i t  to the QSS is the a s sumpt ion  that  the o c c u r r e n c e  of 
a tomic  co l l i s iona l  p r o c e s s e s  is s t f ff ic ient ly r ap id  that  m a c r o s c o p i c  
phenomena,  such as gas dynamic  effects ,  a re  negl ig ib le .  

The intent of th is  s tudy is to r emove  the QSS as sumpt ion  so that  the 
de ta i led  p r o c e s s e s  e s t ab l i sh ing  the t r a n s i e n t  behaviour  of the popula-  
t ion dens i t i e s  can be s tudied during the e s t a b l i s h m e n t  of the f inal  
d i s t r ibu t ion .  The p r e sen t  s tudy is confined to he l ium p l a s m a s  because  
the he l ium atom has  been ex tens ive ly  s tudied both e x p e r i m e n t a l l y  and 
t h e o r e t i c a l l y  so that  the fundamenta l  quantum m e c h a n i c a l  s t r u c t u r e  is  
wel l  known. The s tudy fu r t he r  ignores  the poss'ible ef fec ts  in t roduced  
by gas dynamica l  and o ther  m a c r o s c o p i c  ef fec ts .  Including these  
phenomena  at th is  point would only compl ica te  the p rob lem without 
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m a t e r i a l l y  adding  to the  f u n d a m e n t a l  d e s c r i p t i o n  of the  n e c e s s a r y  m i -  
c r o s o p i c  p r o c e s s e s .  

1.1 BACKGROUND 

The fo l lowing  r e v i e w  of the  wea l th  of l i t e r a t u r e  ava i l ab l e  on the 
sub j ec t  of e l e c t r o n - i o n  r e c o m b i n a t i o n  in a t o m i c  h y d r o g e n  and h e l i u m  
p l a s m a s  is not  an e x h a u s t i v e  one,  and the b ib l i og raphy  is  not  c o m p l e t e  
by any m e a n s .  T h e r e  have  been  a l a r g e  n u m b e r  of i n v e s t i g a t i o n s  of 
r e c o m b i n a t i o n  in h e l i u m ,  and e n u m e r a t i o n  of e a c h  would not  i l l u m i n a t e  
the su b j ec t  m a t e r i a l l y  beyond  those  which  a r e  r e v i e w e d .  R a t h e r ,  the  
even t s  and h igh l i gh t s  l e a d i n g  to the  p r e s e n t  s tudy  a r e  ind ica ted .  

E a r l y  e x p e r i m e n t s  on r e c o m b i n a t i o n  in i on i zed  g a s e s  p r o v i d e d  
r e c o m b i n a t i o n  r a t e s  which  w e r e  about two o r d e r s  of m a g n i t u d e  g r e a t e r  
than  t h e o r e t i c a l  v a l u e s  ob ta ined  by c o n s i d e r i n g  only t w o - b o d y  e n c o u n -  
t e r s  (i. e . ,  r a d i a t i v e  r e c o m b i n a t i o n )  (Ref. 1). E a r l y  in 1961, D ' A n g e l o  
(Ref. 1) e x a m i n e d  the r e c o m b i n a t i o n  r a t e s  ob ta ined  by c o n s i d e r i n g  
t h r e e - b o d y  e n c o u n t e r s  (two e l e c t r o n s  and an ion), r e s u l t i n g  in a n e u -  
t r a l  a tom and a f r e e  e l e c t r o n  fo r  h y d r o g e n  p l a s m a s .  The c a p t u r e d  
e l e c t r o n  was c o n s i d e r e d  to be in a bound e n e r g y  s t a t e ,  and the  e x c i t e d  
a t o m  s u b s e q u e n t l y  d e c a y e d  r a d i a t i v e l y  to the g round  s ta te .  The  r e s u l t s  
of D ' A n g e l o ' s  c a l c u l a t i o n s  showed  that  c o n s i d e r a t i o n s  of t h r e e - b o d y  
c o l l i s i o n s  y i e l d  r e c o m b i n a t i o n  r a t e s  a p p r e c i a b l y  l a r g e r  than  fo r  r a d i a -  
t ive  r e c o m b i n a t i o n .  Thus ,  it was  b e l i e v e d  tha t  t h r e e - b o d y  c o l l i s i o n s  
would  exp la in  the  l a r g e  r e c o m b i n a t i o n  r a t e s  o b s e r v e d  in p l a s m a s .  Th i s  
a p p e a r s  to have  b e e n  the  f i r s t  work  in which  the  t h r e e - b o d y  c o l l i s i o n  
t h e o r y  was app l ied  to r e c o m b i n a t i o n  s t u d i e s .  

Byron ,  S tab le r ,  and Bor t z  (Ref. 2) s u b s e q u e n t l y  {1962) f u r t h e r  
r e f i n e d  the c a l c u l a t i v e  p r o c e d u r e .  They  c o n s i d e r e d  t h r e e - b o d y  
r e c o m b i n a t i o n  along wi th  c o l l i s i o n a l  d e - e x c i t a t i o n  and r a d i a t i v e  d e -  
exc i t a t i on  and c a l c u l a t e d  r e c o m b i n a t i o n  r a t e s  fo r  h y d r o g e n  p l a s m a s .  
T h e i r  work  was b a s e d  on the  s i m p l i f i c a t i o n  that  at e q u i l i b r i u m  t h e r e  
is  a m i n i m u m  in the  to ta l  r a t e  of d e - e x c i t a t i o n  of e x c i t e d  a t o m s  wi th  
i n c r e a s i n g  quan tum n u m b e r .  Th is  m i n i m u m  r e s u l t s  b e c a u s e  the 
c o l l i s i o n a l  d e - e x c i t a t i o n  r a t e  i n c r e a s e s  wi th  i n c r e a s i n g  quan tum n u m -  
be r ,  c aused  by the l o w e r  e n e r g y  d i f f e r e n c e  b e t w e e n  s t a t e s ,  whi le  the  
r a d i a t i v e  d e - e x c i t a t i o n  r a t e  d e c r e a s e s  wi th  i n c r e a s i n g  quan tum n u m b e r  
due to the s m a l l e r  t r a n s i t i o n  p r o b a b i l i t i e s  fo r  s t a t e s  of l a r g e r  quart- 
t u m  n u m b e r .  They  t h e n  so lved  the  p r o b l e m  for  the  to ta l  r e c o m b i -  
na t ion  r a t e  by ob ta in ing  the  quan tum l e v e l  at wh ich  the  m i n i m u m  
o c c u r s  and f ind ing  i ts  net  r a t e  of d e - e x c i t a t i o n .  

10 
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Dur ing  th i s  t i m e ,  Ba t e s ,  K ings ton ,  and M c W h i r t e r  pub l i shed  s e v -  
e r a / p a p e r s  c o n c e r n i n g  r e c o m b i n a t i o n .  T h e i r  work ,  b a s e d  upon a 
s t a t i s t i c a l  a p p r o a c h  to the  p r o b l e m ,  c u l m i n a t e d  in two c o m p r e h e n s i v e  
p a p e r s  in 1962 on c o l l i s i o n a l - r a d i a t i v e  r e c o m b i n a t i o n  (Refs.  3 and 4). 
They  inc luded  al l  the  s a l i e n t  p r o c e s s e s  which  con t r i bu t e  to l e v e l  pop-  
u l a t i ons  of a h y d r o g e n i c  p l a s m a  in a se t  of r a t e  equa t ions .  The  r e s u l t  
of t h e s e  s t u d i e s  was  a m o d e l  wh ich  could be g e n e r a l l y  app l ied  to d e c a y -  
ing p l a s m a s ;  the  m o d e l  is u sua l ly  t e r m e d  the  " c o l l i s i o n a l - r a d i a t i v e  
r e c o m b i n a t i o n "  (CRR) m o d e l .  In th i s  m o d e l  a B o l t z m a n n  d i s t r i b u t i o n  
of popu la t ion  of u p p e r  e x c i t e d  s t a t e s  is m a i n t a i n e d  which  is in e q u i l i -  
b r i u m  with  the  f r e e  e l e c t r o n  d e n s i t y .  

The  a f o r e m e n t i o n e d  s t ud i e s  f o r m  the  bas i s  of the p r e s e n t  day t h e o -  
r i e s  of e l e c t r o n - i o n  r e c o m b i n a t i o n  in a t o m i c  p l a s m a s .  The  p r i m a r y  
e m p h a s i s  in e a c h  has  b e e n  to ob ta in  r e c o m b i n a t i o n  r a t e s  which  w e r e  
m o r e  c o n s i s t e n t  wi th  e x p e r i m e n t .  In e a c h  it was  n e c e s s a r y  to invoke  
the  QSS a s s u m p t i o n ,  and thus  i n f o r m a t i o n  as to the m e c h a n i s m s  fo r  the 
e s t a b l i s h m e n t  of a f ina l  d i s t r i b u t i o n  of e x c i t e d  s t a t e  popula t ion  d e n s i t i e s  
was  los t .  

B e f o r e  the e s t a b l i s h m e n t  of the CRR m o d e l ,  it was  g e n e r a l l y  n e c -  
e s s a r y  to r e v e r t  to two b a s i c  m o d e l s  fo r  the  ana ly t i c  s tudy of e x c i t e d  
s t a t e  popula t ion  d e n s i t i e s .  One of t h e s e ,  the l oca l  t h e r m o d y n a m i c  
e q u i l i b r i u m  (LTE) m o d e l  (Ref.  5) is  use fu l  when  the  d e n s i t i e s  a r e  
su f f i c i en t l y  h igh  to m a i n t a i n  s t r o n g  c o l l i s i o n  d o m i n a n c e  and B o l t z m a n n  
d i s t r i b u t i o n s  of e x c i t e d  s t a t e  d e n s i t i e s  a re  m a i n t a i n e d .  The o t h e r  
m o d e l ,  the  c o r o n a  m o d e l ,  app l i e s  to the  low d e n s i t y  s i t u a t i o n  (Ref. 5) 
w h e r e  r a d i a t i v e  r a t e s  a r e  c o m p e t i t i v e  with c o l l i s i o n a l  r a t e s  and the  
d i s t r i b u t i o n s  a r e  n o n - B o l t z m a n n .  M c W h i r t e r  and H e a r n  (Ref. 6) ca l -  
cu la t ed  the  i n s t a n t a n e o u s  popu la t ion  d e n s i t i e s  f o r  the  exc i t ed  l e v e l s  of 
h y d r o g e n i c  p l a s m a s  b a s e d  upon the  CRR m o d e l  for  a v a r i e t y  of p l a s m a  
cond i t ions .  T h e i r  r e s u l t s  a r e  in b a s i c  a g r e e m e n t  wi th  the  L T E  and 
c o r o n a  m o d e l s  and p r o v i d e d  va l id i ty  fo r  the  QSS ca l cu l a t i on  at i n t e r m e -  
d ia te  cond i t i ons  when  the  s i m p l e r  m o d e l s  w e r e  not  va l id .  T h e r e  was  no 
way in us ing  t h e s e  m o d e l s  fo r  exc i t ed  s t a t e  d e n s i t y  d e t e r m i n a t i o n s  that  
the  va l i d i t y  of t he  QSS a s s u m p t i o n  app l i ed  to a r e a l  p l a s m a  could  be 
checked .  R a t h e r ,  a l l  tha t  was  known was that  the  v a r i o u s  t h e o r i e s ,  
b a s e d  upon the  QSS a s s u m p t i o n ,  a g r e e d .  

The  f e e l i n g  that  a p p a r e n t l y  has  p r e v a i l e d  s i n c e  about 1964 is that  
the  r e c o m b i n a t i o n  r a t e  p r o b l e m  has  b e e n  so lved  fo r  h y d r o g e n i c  p l a s m a s .  
T h e r e  a r e  o c c a s i o n a l  p a p e r s  in wh ich  the  CRR ion iza t i on  and r e c o m b i -  
na t ion  co e f f i c i en t s  a r e  c o m p u t e d  us ing  l a t e r  and m o r e  a c c u r a t e  c r o s s -  
s e c t i o n  ca l c u l a t i ons  (Ref. 7) or  i n t r o d u c i n g  a n o t h e r  c l a s s  of c o l l i s i o n s  

11 



A E D C-T R-76-5 

(Ref. 7), or  i nc lud ing  e s t i m a t e d  r e l a x a t i o n  t i m e s  to the  s t e a d y  s t a t e  
(Ref. 9). T h i s  w o r k  a l l  depends  on the QSS, h o w e v e r .  

The  d i f f i c u l t i e s  e n c o u n t e r e d  in s t u d i e s  of r e c o m b i n a t i o n  in h e l i u m  
p l a s m a s  l a r g e l y  p a r a l l e l e d  t hose  for  h y d r o g e n  p l a s m a s .  A w e a l t h  of 
e x p e r i m e n t a l  da ta  f r o m  m i c r o w a v e  and s p e c t r o s c o p i c  m e a s u r e m e n t s  in 
d e c a y i n g  a f t e r g l o w s  was  a v a i l a b l e  which  i n d i c a t e d  s i g n i f i c a n t  d i f f e r e n c e s  
in the  c a l c u l a t e d  and m e a s u r e d  r e c o m b i n a t i o n  r a t e s .  Indeed  it was  j u s t  
s u c h  d i s c r e p a n c i e s  tha t  p r o m p t e d  the a n a l y t i c  work  in the  h y d r o g e n i c  
p l a s m a s .  S h o r t l y  a f t e r  D 'Ange lo  (Ref. 1) p u b l i s h e d  h i s  work ,  Hinnov  
and H i r s c h b e r g  (Ref. 10) app l ied  the t h r e e - b o d y  t h e o r y  to h e l i u m  r e c o m -  
b ina t i on  e x p e r i m e n t s  in  the  B-1  S t e l l e r a t o r  at  P r i n c e t o n .  By a l so  i n c l u d -  
ing i n e l a s t i c  e l e c t r o n  c o l l i s i o n s  fo r  e x c i t a t i o n  and s u p e r e l a s t i c  c o l l i s i o n s  
be tween  bound a t o m i c  s t a t e s  they  ob ta ined  good c o r r e l a t i o n  b e t w e e n  
t h e o r y  and e x p e r i m e n t .  In l a t e r  work  Hinnov and H i r s c h b e r g  (Ref. 11) 
ex t ended  the  i n t e r p r e t a t i o n  to l o c a t i n g  a " c r i t i c a l  l e v e l "  wh ich  is  de f ined  
as  the  l o w e s t  p r i n c i p a l  quan tum l e v e l  in  e q u i l i b r i u m  wi th  the f r e e  e l e c -  
t r o n s .  Th i s  c r i t i c a l  l e v e l  s e r v e s  as  an uppe r  bound on the quan tum 
l e v e l s  a f fec t ing  the  e l e c t r o n  d e n s i t y  decay .  T h e y  r e f e r  to f a v o r a b l e  
c o m p a r i s o n s  of t h e i r  work  to the p r e l i m i n a r y  s t u d i e s  wh ich  l ed  to the 
CRR m o d e l  of B a t e s ,  K i n g s t o n ,  and M c W h i r t e r  (Refs .  3 and 4). 

Robben ,  Kunke l ,  and Ta lbo t  (Ref. 12) m a d e  a s p e c t r o s c o p i c  s tudy  
of the f r e e l y  expand ing  r e c o m b i n i n g  p lume of a h e l i u m  a r c  j e t  in 1963. 
T h e y  d e t e r m i n e d  popu la t ion  d e n s i t i e s  of uppe r  e x c i t e d  s t a t e s  inc lud ing  
s u b s t a t e s  fo r  e a c h  p r i n c i p a l  quan tum  l e v e l  g r e a t e r  t h a n t w o .  T h e i r  
m e a s u r e m e n t s  showed  tha t  the s u b l e v e l s  wi th in  a p r i n c i p a l  quan tum 
s t a t e  exh ib i t ed  B o l t z m a n n  d i s t r i b u t i o n s  at the s a m e  e x c i t a t i o n  t e m p e r a -  
t u r e .  R e c o m b i n a t i o n  r a t e s  b a s e d  upon the QSS w e r e  a p p r o x i m a t e l y  
d e t e r m i n e d  and w e r e  in r e a s o n a b l e  a g r e e m e n t  wi th  the CRR m o d e l s  of 
B a t e s ,  et  al .  (Refs .  3 and 4) and Hinnov and H i r s c h b e r g  (Ref. 11). 
T h e i r  popu la t ion  d e n s i t y  m e a s u r e m e n t s  w e r e  not c o m p a r e d  to 
ca l cu l a t i on .  

One of the  r e c u r r i n g  p r o b l e m s  of e x p e r i m e n t a l  s t u d i e s  of h e l i u m  
r e c o m b i n a t i o n  was  the  r o l e  of the m o l e c u l a r  h e l i u m  ion H e ~ .  In 1964 
Co l l i n s  and R o b e r t s o n  (Refs .  13, 14, and 15), wi th  a s e r i e s  of s e l e c t i v e  
e x c i t a t i o n  e x p e r i m e n t s  on a f lowing  a f t e r g l o w ,  and Nf l e s  and R o b e r t s o n  
(Refs .  16 and 17), u s i n g  a s e r i e s  of i n t e r f e r e n c e  f i l t e r s  to s tudy  the 
s p e c t r a l  e m i s s i o n ,  found tha t  He + r e c o m b i n a t i o n  d o m i n a t e d  the a f t e r -  
glow at low p r e s s u r e s  ( l e s s  t han  about  20 t o r r )  and above t h i s  the  m o -  
l e c u l a r  r e c o m b i n a t i o n  qu ick ly  d o m i n a t e d  the  a f t e r g l o w .  Both  s p e c i e s  
w e r e  found to fol low CRR,  a l though  at d i f f e r e n t  r a t e s ,  even  in  the  
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p r e s e n c e  of the o the r .  At about the s a m e  t i m e ,  R o g e r s  and Biond i  (Ref. 
18) pub l i shed  the  r e s u l t s  of e x p e r i m e n t s  on the h e l i u m  a f t e rg low in 
which  the  a t t e m p t  was  m a d e  to r e c o n c i l e  the  o b s e r v e d  l a r g e  e l e c t r o n -  
ion r e c o m b i n a t i o n  l o s s e s .  Al though the  goal  was  not  ful ly  r e a l i z e d ,  t hey  
a r g u e  that  d i s s o c i a t i v e  r e c o m b i n a t i o n  a p p e a r e d  to be the m o s t  l i k e l y  
cand ida te  fo r  the  l i ne  s h a p e s  o b s e r v e d  in the l a t e  a f t e rg low.  

Col l ins  and Hur t  (Ref. 19) r e p o r t  on h e l i u m  a f t e rg low s p e c t r a l  l i n e  
m e a s u r e m e n t s  m a d e  in 1967 f r o m  which  they  d e t e r m i n e d  popula t ion  
d e n s i t i e s  of e i g e n l e v e l s  t h r o u g h  p r i n c i p a l  q u a n t u m  n u m b e r  25. They  
found that  t h e r e  w e r e  t h r e e  s e p a r a t e  g r o u p s  of q u a n t u m  l e v e l s  c h a r a c -  
t e r i z e d  by decay  t i m e s .  A l o w e r  g roup  and an uppe r  g roup  e x i s t  whose  
q u a n tu m  l e v e l s  wi th in  the g r o u p  decay  w i t h t h e  s a m e  l i f e t i m e s ,  a l though 
the  l i f e t i m e  is d i f f e r e n t  b e t w e e n  the two g roups .  The  o t h e r  g r o u p  is an 
i n t e r m e d i a t e  one in wh ich  the  quan tum l e v e l s  wi th in  the  g r o u p  al l  d e c a y  
wi th  d i f f e r e n t  l i f e t i m e s .  They  found e x c i t a t i o n  t e m p e r a t u r e s  of 300~K 
fo r  the uppe r  g r o u p  and 2 , 0 0 0 ~  for  the  l o w e r  group.  The  u p p e r  g roup  
was d e t e r m i n e d  to be in e q u i l i b r i u m  with the f r e e  e l e c t r o n s  by c o m p a r -  
ing exponen t i a l  decay  c o n s t a n t s  of the l e v e l s ,  the  f r e e  e l e c t r o n  d e n s i t y ,  
and a c a l c u l a t e d  decay  cons tan t  fo r  He +. By a s i m i l a r  c o m p a r i s o n  it 
was  . d e t e r m i n e d  tha t  the decay  r a t e  of the  l o w e r  g roup  is p r o p o r t i o n a l  
to the  s q u a r e  of the e l e c t r o n  dens i t y  and the  f i r s t  power  of the  c o n c e n -  
t r a t i o n  of He +. In a f o l l o w - u p  a n a l y s i s ,  Co l l in s  (Ref.  20) c o m p u t e d  the  
l o g a r i t h m i c  d e r i v a t i v e  of e x c i t e d  s t a t e  popu la t ions  as func t ions  of 
l o g a r i t h m i c  e l e c t r o n  dens i ty .  T h e s e  c a l c u l a t i o n s ,  b a s e d  upon the q u a s i -  
s t e a d y - s t a t e  a p p r o x i m a t i o n ,  y i e l d e d  r e c o m b i n a t i o n  r a t e s  in s e m i q u a n t i -  
t a t ive  a g r e e m e n t  wi th  e x p e r i m e n t  (Ref. 19). 

R e c e n t  s t u d i e s  of h e l i u m  z~ecombination of s o m e  s i g n i f i c a n c e  a r e  
t h o s e  of Chen  (Ref. 21) and J o h n s o n  and Hinnov (Ref. 22), both p u b l i s h e d  
in 1969. Chen  a p p e a r s  to have  m a d e  the  f i r s t  d i r e c t  c a l cu l a t i on  of h e l i u m  
r e c o m b i n a t i o n  r a t e s ,  as we l l  as t h o s e  of o t h e r  a t o m s ,  b a s e d  on the  QSS 
a s s u m p t i o n .  C h e n ' s  a p p r o a c h  was the  s a m e  as  that  of Byron ,  et  al.  
(Ref. 2) and Ba t e s ,  et al.  (Ref. 23) fo r  h y d r o g e n ,  in wh ich  the  m i n i m u m  
in the  to ta l  r a t e  of d e - e x c i t a t i o n  of a t o m s  as  a func t ion  of the  e n e r g y  
l e v e l  of the  e x c i t e d  s t a t e s  is  found. Chen  a l so  m a d e  e x p e r i m e n t a l  m e a -  
s u r e m e n t s  of r e c o m b i n a t i o n  r a t e s  in a d i s c h a r g e  tube and found m o r e  or  
l e s s  s a t i s f a c t o r y  a g r e e m e n t  with ca lcu la t ion .  

J o h n s o n  and Hinnov (Ref. 22) m a d e  s p e c t r o s c o p i c  m e a s u r e m e n t s  of 
e x c i t e d  s t a t e  popula t ion  d e n s i t i e s  in the C - S t e l l e r a t o r  at P r i n c e t o n  and 
c o m p a r e d  t h e m  to q u a s i - s t e a d y - s t a t e  c a l c u l a t i o n s  of the  d e n s i t i e s  u s ing  
v a r i o u s  a s s u m e d  f o r m u l a t i o n s  fo r  c o l l i s i o n a l  c r o s s  s e c t i o n s  and at 
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v a r i o u s  e x c i t a t i o n  t e m p e r a t u r e s .  T h e s e  m e a s u r e m e n t s  w e r e  at qu i te  
low p r e s s u r e s  so that  the  p r e s e n c e  of m o l e c u l a r  h e l i u m  could be d i s c o u n t -  
ed. The  c o m p a r i s o n  b e t w e e n  t h e i r  c a l c u l a t e d  and m e a s u r e d  r e c o m b i n a -  
t ion r a t e s  was  qui te  good fo r  m o d e r a t e  t i m e s  in the a f t e rg low.  At e a r l y  
t i m e s ,  h o w e v e r ,  the  c a l c u l a t e d  r a t e s  w e r e  n o t i c e a b l y  s m a l l e r  than  the  
m e a s u r e d  r a t e s .  

The  a f o r e m e n t i o n e d  s t u d i e s  of h e l i u m  r e c o m b i n a t i o n  have  a s s u m e d  
the  QSS a p h y s i c a l  as we l l  as a m a t h e m a t i c a l  r e a l i t y ,  j u s t  as in the  
ana ly t i c  s t u d i e s  of h y d r o g e n i c  r e c o m b i n a t i o n .  L i t t l e  of that  p r e v i o u s l y  
c i ted  work  was c o n c e r n e d  with c o m p a r i s o n  of m e a s u r e d  and c a l c u l a t e d  
e x c i t e d  s t a t e  d e n s i t i e s  in the  r e g i o n  of n o n e q u i l i b r i u m .  The work  of 
J o h n s o n  and Hinnov (Ref. 22) is an e x c e p t i o n  to th is  but they  a l so  use  
the QSS and th is  l e a d s  to d i s c r e p a n c i e s .  Th is  is  d i s c u s s e d  f u r t h e r  in 
Sec t ion  7 .0 .  

The  so lu t i on  to the o r i g i n a l  s y s t e m  of r a t e  equa t ions  f r o m  which  
Ba tes ,  et  al. (Refs.  3 and 4) ob ta ined  the CRR m o d e l  does  not  d e m a n d  
the QSS a s s u m p t i o n ,  a l though the c a l c u l a t i o n s  a r e  m a d e  m u c h  e a s i e r  by 
i ts  use .  A so lu t i on  of the c o m p l e t e  se t  of E i g e n s t a t e  Rate  E q u a t i o n s  
(ERE) is p o s s i b l e  us ing  m o d e r n  c o m p u t a t i o n a l  m e t h o d s ,  and m a k e s  
p o s s i b l e  a m o r e  d e t a i l e d  e x a m i n a t i o n  of the  a p p r o a c h  to the  QSS and 
p e r m i t s  e s t i m a t e s  to be m a d e  of the t i m e  to r e a c h  the QSS s o h t i o n  to 
the ERE.  

Since 1967, two g roups  of i n v e s t i g a t o r s  (Refs .  24, 25, 26, and 27) 
have  a t t acked  the p r o b l e m  of r e m o v i n g  the QSS a s s u m p t i o n  fo r  h y d r o g e n  
p l a s m a s .  L i m b a u g h ,  C a r s t e n s ,  M c G r e g o r ,  and Mason  (Refs.  24, 26, 
and 27) w e r e  p r i m a r i l y  c o n c e r n e d  wi th  the pure  a f t e rg low p r o b l e m  in 
which  the  e l e c t r o n  t e m p e r a t u r e  r e m a i n s  cons tan t .  The  p u r p o s e  of that  
i n v e s t i g a t i o n  was  to e x a m i n e  the  f u n d a m e n t a l  c o n s i s t e n c y  of the  c o l l i s i o n -  
a l - r a d i a t i v e  r e c o m b i n a t i o n  m o d e l  to the ful l  t r a n s i e n t  so lu t ion  and to 
d e t e r m i n e  q u a n t i t a t i v e l y  the  d i f f e r e n c e s  in the decay  of p l a s m a s  in 
which  a r a d i a t i v e  m e t a s t a b i l i t y  ex i s t ed .  Among  the f ind ings  was  that  
the m e t a s t a b l e  s t a t e  de f in i t e ly  a f fec ted  the  decay  and that  u n d e r  r e a s o n -  
able cond i t ions ,  t h e r e  could  be a p h y s i c a l l y  s i g n i f i c a n t  t i m e  b e f o r e  the  
QSS is e s t a b l i s h e d .  G o r d i e t s ,  Gudsenko,  and S h e l e p i n  (Ref. 25) w e r e  
p r i m a r i l y  c o n c e r n e d  with the  e f fec t s  of sudden  changes  in the  p l a s m a  
p a r a m e t e r s ,  such  as exc i t a t i on  t e m p e r a t u r e  or  f r e e  e l e c t r o n  d e n s i t y  
upon the p l a s m a  decay .  They  show that  in such  c a s e s  the p a r a m e t r i c  
chan g es  could have  an a p p r e c i a b l e  e f fec t  upon the  p l a s m a  decay .  A l -  
though d e t a i l e d  quan t i t a t i ve  c o m p a r i s o n s  b e t w e e n  the  r e s u l t s  of the two 
s t ud i e s  a r e  d i f f icul t  b e c a u s e  of the d i f f e r e n t  p r o b l e m s  be ing  so lved ,  they  
do show qua l i t a t i ve  a g r e e m e n t  with e a c h  o the r .  

14 



AEDC-TR-76-5 

1.2 APPROACH AND GOALS 

The r e l a t i v e  s u c c e s s  of t h o s e  e a r l i e r  s t u d i e s  i l l u s t r a t e d  the  po ten t i a l  
of the  ERE to p r o v i d e  a d e t a i l e d  accoun t ing  of the  i n t e r a c t i o n  b e t w e e n  
f r e e  e l e c t r o n s  and the  v a r i o u s  e n e r g y  s t a t e s  of the  a f t e rg low p l a s m a .  
Th i s  s u c c e s s ,  a long wi th  the  r e a l i z a t i o n  that  only t h r o u g h  use  of the ERE 
r a t h e r  than  CRR t h e o r y  could  the a c q u i s i t i o n  of the QSS be s tud ied ,  and a 
c u r i o s i t y  about the p r o c e s s e s  which  b r ing  a p l a s m a  to the  QSS, p r o v i d e d  
the  u n d e r l y i n g  m o t i v a t i o n  fo r  the s tudy r e p o r t e d  h e r e .  

F o r  t h e s e  p u r p o s e s ,  it was  d e c i d e d  to ex t end  the  e a r l i e r  work ,  
summs~r ized  in Ref.  28, to the  h e l i u m  a tom.  H e l i u m  is  next  to hy-  
d r o g e n  in s i m p l i c i t y  and has  b e e n  i n v e s t i g a t e d  e x t e n s i v e l y  e x p e r i m e n t a l -  
ly. In addi t ion ,  i ts  e l e c t r o n i c  s t r u c t u r e  s e e m s  to p r o m i s e  m o r e  i n t e r e s t -  
ing s tudy s i n c e  the l o w - l y i n g  e n e r g y  l e v e l s  a r e  f a r t h e r  apa r t  than  t h o s e  
of h y d r o g e n  and con ta in  both s i n g l e t  and t r i p l e t  s t a t e s .  The  l a r g e r  e n e r g y  
sp ac in g  c a u s e s  the  c o l l i s i o n a l  e f fec t s  to  be l e s s  e f f ec t ive  than  fo r  h y d r o -  
gen.  To the a u t h o r ' s  knowledge ,  th i s  is  the  f i r s t  app l i ca t i on  of the  ERE 
to h e l i u m  and the  p r e s e n t  c o m p u t e r  p r o g r a m  is the only one in e x i s t e n c e  
wh ich  can ob ta in  the  t r a n s i e n t  so lu t ion  to the  ERE.  

The  p u r p o s e  of th is  s tudy is to i n v e s t i g a t e  the  b a s i c  m e c h a n i s m s  by 
wh ich  the  QSS is  e s t a b l i s h e d  and to a t t e m p t  to a s s e s s  the va l i d i t y  of CRR 
t h e o r y  as app l i ed  to p h y s i c a l l y  r e a l i z a b l e  p l a s m a s .  To a c h i e v e  th i s ,  t h e  
t r a n s i e n t  so lu t i on  to the ERE wi th  the  r e s t r i c t i o n s  and a s s u m p t i o n s  to be 
d i s c u s s e d  below wi l l  be ob ta ined  for  s e v e r a l  p l a s m a  cond i t ions .  T h e s e  
s t u d i e s  b r e a k  into two g roups :  (1) pLire a f t e r g l o w s  and (2) p e r t u r b a t i o n s .  
The  p u r e  a f t e r g l o w s  a r e  s t u d i e s  in wh ich  the  p l a s m a  is  a l lowed  to r e l a x  
f r o m  an in i t i a l  LTE  d i s t r i b u t i o n  t o w a r d  the  QSS d i s t r i b u t i o n .  The  p e r t u r -  
ba t ions  a r e  s t u d i e s  in which  c e r t a i n  p l a s m a  p a r a m e t e r s  a r e  p e r t u r b e d  
f r o m  the  a c q u i r e d  QSS and the  r e l a x a t i o n  of the  p l a s m a  is o b s e r v e d .  

In the  r e a l i z a t i o n  of the  f inal  goal  of th is  s tudy t h e r e  a r e  s e v e r a l  
s i g n i f i c a n t  o b j e c t i v e s :  

. 

. 

To d e t e r m i n e  the  m e c h a n i s m s  by which  the QSS is 
e s t a b l i s h e d  fo r  h e l i u m  p l a s m a s .  

To o b s e r v e  the  d e c a y  c h a r a c t e r i s t i c s  of both  the  
e x c i t e d  s t a t e  d i s t r i b u t i o n  and the  f r e e  e l e c t r o n  
d e n s i t y  in He p l a s m a s  and to  d e t e r m i n e  the  
app l i cab i l i t y  of the  r e s u l t s  of CRR t h e o r y  to  
h e l i u m  in  the  e a r l y  p o r t i o n  of p l a s m a  decay .  
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. 

To o b s e r v e  the  v a r i a t i o n  in the  t i m e  fo r  QSS to be 
e s t a b l i s h e d  in  He p l a s m a s  fo r  d i f f e r e n t  v a l u e s  of 
e l e c t r o n  t e m p e r a t u r e ,  e l e c t r o n  dens i ty ,  and 
to ta l  n u m b e r  dens i t y ,  and to o b s e r v e  the  s y s t e m a t i c  
t r e n d s .  

To ga in  in s igh t  into the  to ta l  coupled  p r o c e s s e s  by 
wh ich  p l a s m a s  decay .  

In the  fo l lowing  pages ,  Sec t ion  2 .0  con ta ins  the  t h e o r e t i c a l  m o d e l  and 
i n d i c a t e s  t h o s e  p h y s i c a l  p r o c e s s e s  wh ich  a re  i g n o r e d  and the p h y s i c a l  
a s s u m p t i o n s  wh ich  a r e  m a d e  in s e t t i ng  up the t h e o r e t i c a l  d e s c r i p t i o n  of 
the  p l a sma .  Sec t ion  3 .0  i n c l u d e s  a b r i e f  e x a m i n a t i o n  of the v a r i o u s  r a t e  
coe f f i c i en t s  and t r a n s i t i o n  p r o b a b i l i t i e s  u s e d  in the  ERE and i n d i c a t e s  the  
a c c u r a c y  of the  s p e c i f i c  t e c h n i q u e  u s e d  to eva lua t e  the c o l l i s i o n a l  c r o s s  
s e c t i o n s .  In Sec t ion  4 . 0  the  n u m e r i c a l  t e c h n i q u e s  u s e d  to e f fec t  the  
so lu t ion  to the  ERE a r e  d e s c r i b e d  and the l i m i t a t i o n s  of the p r e s e n t  
c o m p u t e r  p r o g r a m  a r e  ind ica t ed .  In Sec t ion  5 .0  and 6.0 the  r e s u l t s  of 
the  c o m p u t a t i o n s  a r e  r e p o r t e d ,  and in Sec t ion  7 .0  the  da ta  a r e  i n t e r -  
p r e t e d  in t e r m s  of e f f ec t s  on m e a s u r e m e n t s  and app l i ca t ion  to d e c a y i n g  
h e l i u m  a f t e rg low p l a s m a s .  The  f ind ings  of th i s  s tudy and c o m m e n t s  
upon t h e i r  i m p a c t  on the  i n t e r p r e t a t i o n  of e x i s t i n g  m e a s u r e m e n t s  and 
the  d e s i g n  of f u tu r e  e x p e r i m e n t s  a r e  s u m m a r i z e d  in Sec t ion  8 .0 .  Al so  
inc luded  in Sec t ion  8 .0  is a d i s c u s s i o n  of r e c o m m e n d e d  fu tu re  r e s e a r c h  
u s ing  the  ERE,  and c e r t a i n  s i m p l i f i c a t i o n s  wh ich  shou ld  be i n c o r p o r -  
a ted  in f u r t h e r  work  a r e  po in ted  out. 

2.0 TRANSIENT PLASMA BEHAVIOR 

This  s e c t i o n  e x a m i n e s  the  d e v e l o p m e n t  of the  s y s t e m  of equa t i ons  
w h i c h  wi l l  d e s c r i b e  the  t r a n s i e n t  p r o p e r t i e s  of the  popula t ion  d e n s i t y  of 
the  v a r i o u s  i n t e r n a l  e n e r g y  s t a t e s  ava i l ab l e  to a s ing ly  i on i zed  m o n a -  
t o m i c  p l a s m a .  In the  fo l lowing  s u b s e c t i o n s  a g e n e r a l i z e d  d e s c r i p t i o n  of 
the  p h y s i c a l  p r o b l e m  shows  the  r o l e  of the s e p a r a t e  p r o c e s s e s  c o n t r i -  
but ing to the e x c i t a t i o n  or  d e - e x c i t a t i o n .  Subsequen t  to th i s  d i s c u s s i o n  
e a c h  of the  p h e n o m e n a  wi l l  be d i s c u s s e d  s e p a r a t e l y  l e a d i n g  to a d e t a i l e d  
m a t h e m a t i c a l  d e s c r i p t i o n  of e a c h  p r o c e s s .  Inc luded  in th is  d i s c u s s i o n  
wi l l  be the  s i m p l i f i c a t i o n s  and a p p r o x i m a t i o n s  wh ich  a r e  n e c e s s a r y  to 
m a k e  the m a t h e m a t i c a l  s y s t e m  t enab l e  to the phys i ca l  p r o b l e m  at hand.  
F i n a l l y  the  d e t a i l e d  d e s c r i p t i o n s  a re  c o m b i n e d  to i l l u s t r a t e  the  ful l  
d e s c r i p t i o n  of the  p h y s i c a l  p r o b l e m  and the  d e v e l o p m e n t  of the  CRR 
m o d e l  is d e s c r i b e d .  
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2.1 THE GENERALIZED PROBLEM 

To p r o v i d e  a d e t a i l e d  d e s c r i p t i o n  of a p l a s m a  which  m a y  not be  in 
e q u i l i b r i u m  it is  n e c e s s a r y  to inc lude  e a c h  e n e r g y  s t a t e  ava i l ab le  to 
e a c h  p l a s m a  cons t i t uen t .  By c o n s i d e r i n g  s o m e  a r b i t r a r y  con t ro l  v o l u m e  
in space  and e x a m i n i n g  e a c h  e n e r g y  s t a t e  w i th in  the  c o n t r o l  v o l u m e  it 
i s  p o s s i b l e  to a r r i v e  at a s i m p l e  m o d e l  fo r  the  p l a s m a .  The  d i m e n s i o n s  
of the  co n t r o l  v o l u m e  wi l l  be a s s u m e d  to be s m a l l  wi th  r e s p e c t  to the  
to ta l  ex t en t  of the  p l a s m a  ye t  l a r g e  enough  tha t  t h e r e  a r e  a su f f i c i en t  
n u m b e r  of p a r t i c l e s  con t a ined  wi th in  it fo r  s t a t i s t i c a l  p r o p e r t i e s  to be 
mea n in g fu l .  Any p r o p e r t y  m e a s u r e d  o r  a s c r i b e d  to the  c o n s t i t u e n t s  of 
the  p l a s m a  wi th in  the con t ro l  v o l u m e  is a s s u m e d  cons t an t  t h roughou t  
the  con t ro l  v o l u m e .  If the  p l a s m a  e x i s t s  in f i e l d - f r e e  space ,  t hen  the  
popula t ion  d e n s i t y  of a g iven  e n e r g y  s t a t e  wi l l  be a f f ec ted  by l o c a l  
i n t e r a c t i o n s  b e t w e e n  the  c o n s t i t u e n t s  of the  p l a s m a  con ta ined  wi th in  the  
con t ro l  v o l u m e  and by a ne t  flow of the  p l a s m a  c o n s t i t u e n t s  a c r o s s  the 
b o u n d a r i e s  of the c o n t r o l  v o l u m e .  

The  t i m e  r a t e  of change  of the  popula t ion  d e n s i t y  of s o m e  s p e c i f i c  
e n e r g y  l e v e l  wi th in  the  con t ro l  v o l u m e  can be w r i t t e n  s y m b o l i c a l l y :  

t ~ b '  
micro space 

w h e r e  n is  popu la t ion  densi.ty, p s y m b o l i c a l l y  r e p r e s e n t s  the  se t  of 
q u an tu m n u m b e r s  n e c e s s a r y  to  d e s c r i b e  the p a r t i c u l a r  e n e r g y  s t a t e ,  
t is  t i m e ,  and the  s u b s c r i p t s  " m i c r o "  and " s p a c e "  r e f e r  to the m i c r o -  
s c o p i c  p r o c e s s e s  and spa t i a l  v a r i a t i o n  d e s c r i b e d  above.  An equa t ion  of 
th i s  g e n e r a l  type m u s t  be w r i t t e n  fo r  e a c h  of the e n e r g y  s t a t e s  ava i l ab l e  
to e a c h  p l a s m a  cons t i t uen t  and the  so lu t i on  of the  r e s u l t a n t  s y s t e m  of 
equa t ions  wi l l  y i e l d  a t i m e - d e p e n d e n t  func t ion  fo r  the  popu la t ion  
d e n s i t y  of e a c h  s ta te .  

Including that portion of Equation (1) which refers to the spatial 
variation of n (p) will generally necessitate including the statements of 
c o n s e r v a t i o n  of e n e r g y  and m o m e n t u m  as we l l  as" the  s t a t e m e n t  of con-  
s e r v a t i o n  of m a s s .  As d i s c u s s e d  e a r l i e r ,  the  e f for t  h e r e  is an e x a m i n a -  
t i on  of the  m e c h a n i s m s  by which  the  QSS is  ob ta ined  and an a s s e s s m e n t  
of the  i m p o r t a n c e  of i nc lud ing  the  t r a n s i e n t  coupl ing  in a n a l y s i s  of h e l i u m  
p l a s m a s .  The  p r e s e n t  work  is  to be c o n s i d e r e d  a f i r s t  s t ep  l e a d i n g  to 
e v e n t u a l  m o d e l i n g  of p l a s m a  p h e n o m e n a ,  and i n c l u s i o n  of the  s p a t i a l  
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v a r i a t i o n s ,  a l though n e c e s s a r y  fo r  f ina l  r e a l i z a t i o n  of the  goal ,  is 
i n a p p r o p r i a t e  at th i s  s t age  of d e v e l o p m e n t .  Hence ,  s u b s e q u e n t  d i s -  
c u s s i o n  wil l  c o n s i d e r  al l  of s p a c e  as be ing  f i l l ed  wi th  the  p l a s m a ,  wi th  
no s o u r c e s  or  s i nks ,  and wi th  no g r a d i e n t s  p r e s e n t .  

2.2 THE EIGENSTATE RATE EQUATION (ERE) 

The p h y s i c a l  p h e n o m e n a  c o m p r i s i n g  the  c o n t r i b u t i o n s  to the  t r a n -  
s i e n t  d e s c r i p t i o n  of the  popu la t ion  dens i t y  on the  m i c r o s c o p i c  l e v e l  can 
be t r e a t e d  by e x a m i n i n g  the  p l a s m a  wi th in  the  c o n t r o l  v o l u m e  as if 
t h e r e  w e r e  no c o n v e c t i v e  v a r i a t i o n s .  Wi th in  th is  con t ro l  v o l u m e ,  the  
m o n a t o m i c  p l a s m a  c o n s i s t s  of n e u t r a l  a toms  in e a c h  of the p o s s i b l e  
e l e c t r o n i c  e n e r g y  s t a t e s ,  ions ,  and f r e e  e l e c t r o n s .  F o r  th i s  work  which  
wi l l  be c o n c e r n e d  wi th  the  h e l i u m  a t o m  s i n g l e  i on i za t i on  wi l l  be a s s u m e d  
so that  the  c o n c e n t r a t i o n  of ions  and f r e e  e l e c t r o n s  wi l l  be i d e n t i c a l .  
F u r t h e r ,  the  e l e c t r o n s  wi l l  be a s s u m e d  to exh ib i t  a M a x w e l l - B o l t z m a n n  
v e l o c i t y  d i s t r i b u t i o n  i n d e p e n d e n t  of the  k i n e t i c  t e m p e r a t u r e  of the  a t o m s  
o r  o t h e r  heavy  bod i e s .  

E a c h  of the m e c h a n i s m s  caus ing  a change  in the popula t ion  d e n s i t y  
of a p a r t i c u l a r  e i g e n s t a t e  can  be c h a r a c t e r i z e d  by a r a t e  coe f f i c i en t .  
The  i n s t a n t a n e o u s  r a t e  by which  the l e v e l  is be ing  popula ted  or  depopu-  
l a t ed  by a g iven  m e c h a n i s m  is the  p roduc t  of the r a t e  coe f f i c i en t  and 
the c o n c e n t r a t i o n s  of the r e a c t i o n  p a r t n e r s .  The  m i c r o s c o p i c  p r o c e s s e s ,  
the  i n s t a n t a n e o u s  r a t e s ,  and the  r a t e  coe f f i c i en t s  i nc luded  in th i s  
s tudy can be l i s t e d  as fo l lows :  

. I n e l a s t i c  and s u p e r - e l a s t i c  e l e c t r o n - a t o m  c o l l i s i o n s .  
F o r  i n e l a s t i c  exc i t a t ion ,  the n e c e s s a r y  e n e r g y  to 
e f fec t  the  t r a n s i t i o n  is  s u p p l i e d  by the  k i n e t i c  e n e r g y  
of the  f r e e  e l e c t r o n .  F o r  the  s u p e r - e l a s t i c  d e - e x c i -  
ta t ion ,  the e x c e s s  e n e r g y  i n c r e a s e s  the  k i n e t i c  e n e r g y  
of the  f r e e  e l e c t r o n .  The  r a t e  coe f f i c i en t  fo r  th is  r e a c -  
t ion  is K(p;q) w h e r e  p and q r e p r e s e n t  in i t i a l  and f ina l  
e n e r g y  s t a t e s  of the  bound e l e c t r o n .  The  i n s t a n t a n e o u s  
r a t e  fo r  th i s  p r o c e s s  is g iven  by 

dn(P)dt = -ne n(p) K(p;q) (2) 

fo r  depopu la t ing  of s t a t e  p to s t a t e  q. In the  above,  n 
r e p r e s e n t s  popu la t ion  d e n s i t i e s  and the  s u b s c r i p t  e 
r e f e r s  to the  f r e e  e l e c t r o n  dens i ty .  Obvious ly  the  s a m e  
e x p r e s s i o n  with a plus  s ign  wil l  d e s c r i b e  popu la t -  
ing of s t a t e  q f r o m  s t a t e  p. Units  of K(p;q) a r e  c m 3 / s e c .  
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E l e c t r o n - i o n  e n c o u n t e r s  in which  a s i n g l e  ion c a p t u r e s  
a f r e e  e l e c t r o n  into s o m e  bound e n e r g y  s t a t e  wi th  an 
a t t endan t  e m i s s i o n  of r a d i a t i o n .  Th i s  is m o r e  c o m m o n l y  
ca l l ed  r a d i a t i v e  r e c o m b i n a t i o n  and is d e s c r i b e d  by 
the  r a d i a t i v e  r e c o m b i n a t i o n  coef f i c i en t ,  ~ (p). The  
i n s t a n t a n e o u s  r a t e  of f i l l ing  of s t a t e  p is  g i v e n  by 

+ 
= n e n 8 (p) (3) 

w h e r e  n + is  the  ion c o n c e n t r a t i o n .  Uni ts  of ~ (p) a r e  
c m 3 / s e c .  

E l e c t r o n - e l e c t r o n - i o n  e n c o u n t e r s  r e s u l t i n g  in a 
n e u t r a l  a tom wi th  one e l e c t r o n  in a bound e n e r g y  s t a t e  
and the  e x c e s s  e n e r g y  con t r ibu t ing  to the  k i n e t i c  e n e r g y  
of the  f r e e  e l e c t r o n .  Th i s  t h r e e - b o d y  r e c o m b i n a t i o n  
r e a c t i o n  is c h a r a c t e r i z e d  by K (c;/3) w h e r e  c s y m b o l i z e s  
the  e l e c t r o n  con t inuum as the  in i t i a l  s t a t e  of the  r e a c t i o n  
p a r t n e r s .  The  i n s t a n t a n e o u s  r a t e  is g iven  by 

dn(p) n 2 n + K(c;p) 
dt = e (4) 

Uni ts  of K (c;p) a r e  c m 6 / s e c .  

I on i za t i on  c o l l i s i o n s  in wh ich  a f r e e  e l e c t r o n  i m p i n g e s  upon 
a n e u t r a l  a t o m  with  su f f i c i en t  e n e r g y  to ion ize  the  a t o m  
r e s u l t i n g  in a s ing ly  c h a r g e d  ion and two f r e e  e l e c t r o n s .  
Th i s  r e a c t i o n  m i g h t  be thought  of as the e q u i l i b r i u m  
p a r t n e r  of the  t h r e e - b o d y  r e c o m b i n a t i o n  d e s c r i b e d  above and 
is  c h a r a c t e r i z e d  by K (p;c). The  i n s t a n t a n e o u s  r a t e  is 

dnt--~ = -n e n(p) K(p;c) (5) 

. 

Uni ts  of K (p;c) a r e  c m 3 / s e c .  

Spon taneous  r a d i a t i v e  t r a n s i t i o n s  in which  a bound 
e l e c t r o n  r e l a x e s  s p o n t a n e o u s l y  to a l o w e r  bound s t a t e  
wi th  an a t t endan t  e m i s s i o n  of r a d i a t i o n .  Th i s  m e c h a n i s m  
can con t r i bu t e  to both popula t ing  and depopu la t ing  a l e v e l  
and is  c h a r a c t e r i z e d  by the  E i n s t e i n  t r a n s i t i o n  p r o b a b i l i t y  
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A (p;q). The ins tan taneous  r a t e  fo r  depopulat ing s ta te  p 
to some lower  s ta te  q is 

dnt-~-=-n(p) A(p;q) (6) 

while the ins tan taneous  r a t e  for  populat ing s ta te  p f r o m  
some h igher  s ta te  m is 

dn(p) = n(m) "A(m;p) dt 

Units of A (p;q) a re  1 / sec .  

In addi t ion to the above p r o c e s s e s  o ther  phenomena  which mus t  be 
cons ide red  for  t he i r  effect upon the populat ion dens i t i e s  a re :  a t o m - a t o m  
and a tom- ion  co l l i s ions ,  photon absorp t ion ,  induced emis s ion ,  and the 
m o l e c u l a r  ion effects .  This  study will  involve p r e s s u r e s  suf f ic ien t ly  
low that  the m o l e c u l a r  ion can be ignored (Ref. 14). 

Heavy body co l l i s ions  can be ignored for  th is  appl ica t ion  a lso  
because  of the low dens i t i e s  and heavy body t e m p e r a t u r e  examined  in this  
study. For  example ,  for  a to ta l  pa r t i c l e  dens i ty  of 1015 1 / c m  3 and a 
heavy body t e m p e r a t u r e  of 3 ,000°K,  an e levated  s ta te  populat ion dens i ty  
typ ica l  for  an e l e c t r o n  ve loc i ty  d i s t r ibu t ion  at 10,000°K is of o r d e r  106 
1/era  3. Cons ider ing  co l l i s ions  between exci ted s ta te  a toms and a s suming  
an a tomic  r ad ius  of-1 ~,  one f inds the co l l i s ion  f r equency  to be of o r d e r  102 
e n c o u n t e r s / s e c / c m  3 for  these  a t o m - a t o m  co l l i s ions .  The e l e c t r o n - a t o m  
co l l i s ion  f requency ,  a s suming  an e l ec t ron  t e m p e r a t u r e  of 10,000°K and 
1 -pe rcen t  ioniza t ion ,  is  of o r d e r  1010 e n c o u n t e r s / s e c / c m  3. Obviously 
the a t o m - a t o m  encoun te r s  a re  ins ign i f ican t  in  this  study compared  to 
e l e c t r o n -  a tom co l l i s ions .  

Absorp t ion  and s t imula ted  e m i s s i o n  can a lso  be discounted for  the 
purposes  of this  study. Since the s t imula ted  e m i s s i o n  and absorp t ion  
coeff ic ients  d i f fer  only by the r a t i o  of s t a t i s t i c a l  weights ,  only abso rp -  
t ion of r e s o n a n c e  r ad ia t ion  can be s igni f icant .  Accura te  account ing of 
absorp t ion  r e q u i r e s  including geome t ry  cons ide ra t ions ,  and th is  is 
beyond the scope of this  study. An e s t ima te  of absorp t ion  effects  is 
obtained f r o m  Robben, Kunkel,  and Talbot  (Ref. 12) who found that  to/~ 
a heavy body t e m p e r a t u r e  of 1,000°K and pa r t i c l e  dens i ty  of o r d e r  1017 
1 / c m  3 the mean  f r ee  path of the he l ium l l s  - 21p r e s o n a n c e  r ad i a t i on  
was about 0.2 mm. This  d i s tance ,  al though s m a l l  enough to make  it 
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n e c e s s a r y  to c o n s i d e r  r e s o n a n c e  r a d i a t i o n  a b s o r p t i o n  in m a n y  p h y s i c a l  
e x p e r i m e n t s ,  is  su f f i c i en t ly  l a r g e  that  t h e r e  wi l l  not  be a p p r e c i a b l e  ab-  
s o r p t i o n  in the  s m a l l  con t ro l  v o l u m e  on which  the  p r e s e n t  s tudy  is  based .  
F u r t h e r ,  as wi l l  be seen ,  the p a r t i c l e  d e n s i t y  u s e d  in the e s t i m a t e  (Ref. 
12) is n e a r  the  uppe r  bound of the tota l  d e n s i t i e s  of the  p l a s m a s  s t ud i ed  
h e r e .  Thus ,  a b s o r p t i o n  can be n e g l e c t e d  fo r  the  p u r p o s e s  of th i s  s tudy  
and the  p l a s m a s  a r e  c o n s i d e r e d  to be op t i ca l ly  th in .  F o r  one s e t  of 
p l a s m a  cond i t i ons ,  c o m p a r a t i v e  ca l cu l a t i ons  a r e  m a d e  at d i f f e r e n t  
op t ica l  t h i c k n e s s e s  to e x a m i n e  the  e f fec t  upon the  m e c h a n i s m s  by which  
QSS is  a c q u i r e d .  

The  to ta l  t i m e  r a t e  of change of the  popula t ion  d e n s i t y  of s t a t e  p is 
j u s t  the a l g e b r a i c  s u m  of the  f ive b a s i c  p r o c e s s e s  d e s c r i b e d  above:  

• n t - • -  = -nen(p) [ Z K(p;q) + K(p;c)]-n(p) ~. A(p;q) 
q = l  q<p 

O0 O~ 

+n e r. n(q) K(q;p) + 7. n(q) A(q;p) 
q=l q>p 

2 + + 
+n e n K(c;p) + n e n 8(p) (7) 

In the  f o r m u l a t i o n  of E q u a t i o n  (?) al l  K(p;p) a r e  z e r o  and any A(p;q) 
is z e r o  if the  d ipole  s e l e c t i o n  r u l e s  a r e  v io l a t ed .  

In Eq. (7) the  f i r s t  t h r e e  t e r m s  e x p r e s s  the  r a t e  wi th  which  s t a t e  p 
is  depopu la t ed  due to  c o l l i s i o n a l  i n t e r n a l  t r a n s i t i o n s  (Eq. (2)), c o l l i s i o n -  
al i o n i z a t i o n  (Eq. (5)), and s p o n t a n e o u s  r a d i a t i v e  t r a n s i t i o n s  (Eq. (6)), 
r e s p e c t i v e l y .  The  r e m a i n i n g  t e r m s  e x p r e s s  popula t ing  r a t e s  due to  co l -  
l i s i o n a l  i n t e r n a l  t r a n s i t i o n s  (Eq. (2)), r a d i a t i v e  t r a n s i t i o n s  (Eq. (6)), 
t h r e e - b o d y  r e c o m b i n a t i o n  (Eq. (4)), and r a d i a t i v e  r e c o m b i n a t i o n  
(Eq. (3)). 

T h e r e  wi l l  be a s i m i l a r  equa t ion  for  e a c h  e i g e n s t a t e  av i l ab le  to the  
a tom.  In addi t ion ,  the  con t inuum dens i t y  n e e n t e r s  into each  equa t ion  
as a p roduc t  wi th  e a c h  of the  o t h e r  bound s ta te  d e n s i t i e s .  Hence ,  the  
r e s u l t a n t  s y s t e m  of equa t ions  is a r e c t a n g u l a r  n o n - l i n e a r  s y s t e m  of in-  
f in i te  ex ten t .  H o w e v e r ,  by r e q u i r i n g  that  t h e r e  by no l o s s  or  ga in  of 
a t o m s  by d i f fus ion  or  convec t ion ,  the  to ta l  c o n c e n t r a t i o n  wi l l  be cons tan t .  
Thus ,  t ak ing  advan tage  of s i ng l e  i on i za t i on  so  that  the  e l e c t r o n  and ion 
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d e n s i t i e s  a r e  i den t i ca l ,  the c o n s e r v a t i o n  of heavy  p a r t i c l e s  is e x p r e s s e d  
by the equa t ion  

0 0  

Zn (p) + n = n o (8) 
p=l e 

where no is the total heavy particle concentration. Equation (8) added 
to the system causes the system to become square and in principle de- 
terminate. 

The s y s t e m  of equa t ions  has  the capab i l i ty  of y i e l d i n g  a c o m p l e t e  
d e s c r i p t i o n  of the  i n s t a n t a n e o u s  popula t ion  dens i t y  d i s t r i b u t i o n  fo r  t hose  
m o n a t o m i c  p l a s m a s  in which  t h e r e  a r e  e l e c t r o n i c  t r a n s i t i o n s  only be -  
cause  of r e a c t i o n s  b e t w e e n  the m i c r o s c o p i c  cons t i t uen t  p a r t i c l e s .  

Add i t iona l  p r o c e s s e s ,  such  as t hose  i g n o r e d  in th is  s tudy,  can  be accoun t -  
ed for  by e x p r e s s i n g  t h e m  func t iona l ly  the s a m e  way as p r o c e s s e s  1 
t h rou g h  5. 

Al though  the s y s t e m  is in f in i te  in ex ten t ,  thus m a k i n g  the  so lu t ion  
i m p o s s i b l e ,  it may  be t r u n c a t e d  at s o m e  f in i te  e n e r g y  l e v e l  as a r e a s o n -  
able  a p p r o x i m a t i o n .  Th i s  is b e c a u s e  fo r  p r o g r e s s i v e l y  h i g h e r  e n e r g y  
l e v e l s  the  popula t ion  d e n s i t i e s  d e c r e a s e  m o n o t o n i c a l l y  wi th  e n e r g y  fo r  
an e q u i l i b r i u m  p l a s m a .  Hence ,  t h e r e  wi l l  be an u p p e r  e n e r g y  l e v e l  
above which  all  l e v e l s  have  popula t ion  d e n s i t i e s  i n s ign i f i c an t  with r e s p e c t  
to the l o w e r  e n e r g y  l e v e l s  and the  con t inuum.  Also ,  r e a c t i o n s  b e t w e e n  
p l a s m a  c o n s t i t u e n t s  caus ing  a t . ransfer  to bound e l e c t r o n s  b e t w e e n  the  
l o w - l y i n g  s t a t e s  and u p p e r  s t a t e s  wi l l  be i n s i g n i f i c a n t  c o m p a r e d  to 
t r a n s f e r  r a t e s  b e t w e e n  e n e r g y  s t a t e s  ly ing  c lo se  t o g e t h e r .  F ina l ly ,  
b e c a u s e  of the  c l o s e - l y i n g  e n e r g y  l e v e l s  of the  u p p e r  s t a t e s  and t h e i r  
c lose  p r o x i m i t y  to the  i on i za t i on  po ten t i a l ,  r e a c t i o n s  wi th  the f r e e  
e l e c t r o n s  wi l l  e s t d b l i s h - a n - e q u i l i b r i u m  con f igu ra t i on  a m o n g  t h e s e  uppe r  
s t a t e s  as we]] as with the  con t inuum.  Hence ,  b e c a u s e  of the  r e l a t i v e  
i n s i g n i f i c a n c e  of the d e n s i t i e s  of the h i g h - l y i n g  l e v e l s ,  the  r e l a t i v e  un-  
i m p o r t a n c e  of r e a c t i o n  r a t e s  b e t w e e n  the  l o w - l y i n g  and h i g h - l y i n g  e n e r g y  
l e v e l s ,  and b e c a u s e  t h e r e  wi l l  be s o m e  upper  e n e r g y  l e v e l  wh ich  is 
a s s u r e d l y  in e q u i l i b r i u m  with the con t inuum,  the  s y s t e m  of e q u a t i o n s  
can be t r u n c a t e d  at th i s  uppe r  l e v e l  with m i n i m a l  l o s s  of a c c u r a c y .  

The  m i n i m u m  e n e r g y  l e v e l  for  which  th i s  is t r ue ,  of c o u r s e ,  d e p e n d s  
upon the k i n e t i c  t e m p e r a t u r e  exh ib i t ed  by the f r e e  e l e c t r o n s .  It shou ld  
a l so  be no ted  that  th i s  is in e f fec t  pos tu l a t ing  the e x i s t e n c e  of the so -  
ca l l ed  c r i t i c a l  l eve l ,  which  has  been  d e s c r i b e d  as the l o w e s t - l y i n g  
e n e r g y  l e v e l  in e q u i l i b r i u m  with the con t inuum.  F o r  the p u r p o s e s  of 
th is  s tudy,  the uppe r  l e v e l  c o n s i d e r e d  was d i c t a t ed  m o r e  by ava i l ab l e  
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c o m p u t e r  s i z e  than  by p h y s i c a l  c o n s i d e r a t i o n s  and thus  the c r i t i c a l  
l e v e l  wi l l  be i n d i c a t i v e  of l i m i t s  on p l a s m a  cond i t ions  which  can  be 
s t ud i ed  wi th  the  p r e s e n t  p r o g r a m .  

2.3 THE COLLISIONAL-RADIATIVE RECOMBINATION (CRR) MODEL 

The s y s t e m  of Eqs .  (7) and (8), wi th  the t r u n c a t i o n  c o n s i d e r a t i o n s  
d i s c u s s e d  above,  p r o v i d e s  the s t a r t i n g  point  fo r  the d e v e l o p m e n t  of the  
CRR m o d e l  (Refs .  3 and 4) which  p r e v i o u s  i n v e s t i g a t o r s  have  u s e d  to 
s tudy  p l a s m a  d e c a y s .  T h i s  m o d e l  fo r  o p t i c a l l y  th in  p l a s m a s  u t i l i z e s  
the  QSS a p p r o x i m a t i o n  wh ich  a s s u m e s  tha t  the t i m e  r a t e  of change  is  
z e r o  f o r  a l l  bound s t a t e s  o the r  than  the g round  s t a t e .  The  CRR m o d e l  
i s  app l i ed  to t hose  p l a s m a s  in which  the  g round  s t a t e  d e n s i t y  and f r e e  
e l e c t r o n  d e n s i t y  a r e  m u c h  l a r g e r  than  exc i t ed  s t a t e  d e n s i t i e s  and in 
wh ich  the e l e c t r o n i c  k i n e t i c  t e m p e r a t u r e  i s  m u c h  l e s s  t han  the  f i r s t  
e x c i t a t i o n  e n e r g y  so  tha t  c o l l i s i o n a l  t r a n s f e r s  f r o m  the  g round  s t a t e  a r e  
s m a l l .  T h e s e  cond i t ions  l e ad  to the  a s s u m p t i o n  tha t  a q u a s i - e q u i l i b r i u m  
d i s t r i b u t i o n  is  e s t a b l i s h e d  " a l m o s t  i n s t a n t a n e o u s l y "  wi thout  a p p r e c i a b l e  
e f fec t  on the  c o n t i n u u m  d e n s i t y  and tha t  c o l l i s i o n a l  e x c i t a t i o n  and d e -  
e x c i t a t i o n  r a t e s  wi l l  so  l a r g e l y  d o m i n a t e  the  d e c a y  r a t e  fo r  the  p l a s m a  
tha t  the  QSS c o n f i g u r a t i o n  is  m a i n t a i n e d .  C o n s e q u e n t l y ,  the  d e r i v a -  
t i v e s  fo r  the  t i m e  r a t e  of change  of t h e s e  exc i t ed  l e v e l s  can  be s e t  to  
z e r o .  In s u c h  a s i t u a t i o n  the t i m e  r a t e  of change  of the  g round  s t a t e  i s  
the  a l g e b r a i c  n e g a t i v e  of the  t i m e  r a t e  of change  of the  f r e e  e l e c t r o n s ,  
,~ ( 1 )  = -{*e. The  e x c i t e d  s t a t e  d e n s i t i e s  a r e  c o n s t a n t  and the  s y s t e m ,  
E q s .  (7) and (8), b e c o m e s  a s i n g l e  d i f f e r e n t i a l  equa t ion  and a s y s t e m  
of a l g e b r a i c  equa t ions .  The  o n l y - v a r i a b l e s  a r e  the  g round  s t a t e  
d e n s i t y  and the  c o n t i n u u m  d e n s i t y  so  tha t  Eq.  (7) fo r  the  g round  s t a t e  
can  be w r i t t e n  

dn(1) 2 _ S n(1) n (9) 
dt = Une e 

w h e r e  a and S a r e  de f ined  as  the  c o l l i s o n a l - r a d i a t i v e  r e c o m b i n a t i o n  and 
c o l l i s i o n a l - r a d i a t i v e  i o n i z a t i o n  c o e f f i c i e n t s ,  r e s p e c t i v e l y .  The  a and S 
can  be e x p r e s s e d  as  func t ions  of n e, e l e c t r o n  t e m p e r a t u r e ,  and a t o m i c  
p a r a m e t e r s  by r e d u c t i o n  of the  a l g e b r a i c  po r t i on  of the  s y s t e m .  The  
d e t e r m i n a t i o n  of a and S unde r  t h e s e  a p p r o x i m a t i o n s  was  the p r o b l e m  to 
which  B a t e s ,  K i n g s t o n ,  and M c W h i r t e r  (Refs .  3 and 4) a d d r e s s e d  t h e m -  
s e l v e s .  

Al though the v a l u e s  of ~ and S fo r  v a r i o u s  p l a s m a s  a r e  p e r i o d i c a l l y  
i m p r o v e d  and upda ted  as  knowledge  p r o g r e s s e s ,  the b a s i c  m o d e l  u t i l i z -  
ing the  QSS a s s u m p t i o n  and dep i c t ed  by Eq.  (9}, or  s o m e  v a r i a t i o n s  of 
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Eq. (9), has  b e c o m e  the s t a n d a r d  m o d e l  by which  p l a s m a  decay  and 
g r o w t h  p h e n o m e n a  a r e  ana lyzed .  E v e n  in app l i ca t i ons  w h e r e  the  p h y s i -  
cal  p r o b l e m  s u p p o r t s  t r a n s i e n t  dens i t y  or  e l e c t r o n  t e m p e r a t u r e  changes  
the QSS condi t ion  is a s s u m e d  to e s t a b l i s h  i t s e l f  in i n f i n i t e s i m a l  t i m e s  
c o m p a r e d  to o t h e r  c h a r a c t e r i s t i c  t i m e s  fo r  the p l a s m a .  

In m o s t  app l i ca t i ons ,  as in the  c a s e  h e r e ,  the  c o l l i s i o n a l - r a d i a t i v e  
i on i za t i on  coef f i c i en t ,  S, is an i g n o r a b l e  quant i ty .  In th is  ca se  the  
r e c o m b i n a t i o n  of the  f r e e  e l e c t r o n s  depends  only upon the  CRR coef f i -  
c ien t ,  ~, 

• 2 
n e = - an e 

The  v e r y  a s s u m p t i o n  of QSS is a l i en  to a d e t a i l e d  s tudy of the 
m e c h a n i s m s  by which  a p l a s m a  d e c a y s .  The only way to e x a m i n e  th i s  
is  to ac tua l ly  so lve  the  t r a n s i e n t  p r o b l e m  wi th  al l  the  n o n - l i n e a r i t i e s  
and coupl ing  b e t w e e n  s t a t e s  fo r  s e v e r a l  p l a s m a  cond i t ions  and th is  is  
the  su b j e c t  of th i s  s tudy.  

2.4 THE CRITICAL LEVEL AND EQUILIBRIUM CONFIGURATION 

The concep t  of the  s o - c a l l e d  c r i t i c a l  l e v e l  is v e r y  i m p o r t a n t  to 
s i m p l i f i e d  m e t h o d s  of ob ta in ing  r e c o m b i n a t i o n  r a t e s  (Refs .  11, 21, and 
22). The  concep t  is u s e d  h e r e  only to p r o v i d e  a bound on the  p l a s m a  
cond i t ions  fo r  which  the p r e s e n t  c o m p u t e r  p r o g r a m  is va l id .  

P h y s i c a l l y  the c r i t i c a l  l e v e l  is that  l o w e s t  e n e r g y  l e v e l  which  is 
m a i n t a i n e d  in e q u i l i b r i u m  wi th  the  f r e e  e l e c t r o n  dens i ty .  Th is  e q u i l i -  
b r i u m  d e n s i t y  is  g i v e n  by the  m o d i f i e d  Saha equat ion :   (h2 )3j2 

exp (Ip/kT e) n(p) = n i n e 2g i 2~mkTe 

w h e r e  n i and n e a r e  the  g round  s t a t e  ion and e l e c t r o n  d e n s i t i e s ,  r e s p e c -  
t ive ly ,  and I_ is  the  i on i za t i on  po ten t i a l  of quan tum l e v e l  p. All  q u a n t u m  
s t a t e s  a b o v e ' h e  c r i t i c a l  l e v e l  wi l l  a l so  be in e q u i l i b r i u m  with  the  f r e e  
e l e c t r o n s .  Thus  the  net  r a t e  wi th  wh ich  bound e l e c t r o n s  above and 
inc lud ing  the  c r i t i c a l  l e v e l  fa l l  to e n e r g y  l e v e l s  below the c r i t i c a l  l e v e l  
is i m m e d i a t e l y  t aken  up by r e c o m b i n a t i o n  of the  f r e e  e l e c t r o n s  into 
t h e s e  uppe r  l e v e l s  and th is  is the r e c o m b i n a t i o n  r a t e .  
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The c r i t i c a l  s t a t e  in o t h e r  s t u d i e s  (Ref. 2) is found by f o r m a l l y  
m i n i m i z i n g  the r e c o m b i n a t i o n  coe f f i c i en t  wi th  r e s p e c t  to e n e r g y  s t a t e .  
B e c a u s e  of the  f o r m  of the  c o l l i s i o n a l  r a t e  coe f f i c i en t s  Sec t ion  3 .0 ,  
e v a l u a t i o n  can  b e c o m e  qui te  t ed ious .  

R a t h e r  than  a t t e m p t  a f o r m a l  a n a l y s i s  fo r  the  c r i t i c a l  l e v e l  in th i s  
s tudy,  the  a p p r o a c h  wi l l  be to o b s e r v e  the  popula t ion  d e n s i t i e s  of the  
v a r i o u s  quan tum l e v e l s  in r e l a t i o n  to the  va lue  wh ich  would  be in t h e o -  
r e t i c a l  e q u i l i b r i u m  wi th  the  f r e e  e l e c t r o n  d e n s i t y  c a l c u l a t e d  f r o m  the 
m o d i f i e d  Saha equa t ion .  In th is  m a n n e r  the  c r i t i c a l  l e v e l  can be e m p i -  
r i c a l l y  o b s e r v e d  i n d e p e n d e n t l y  of p r o b l e m s  a t t endan t  wi th  e v a l u a t i o n  
of c o m p l i c a t e d  e x p r e s s i o n s .  

A t e r m  which  is u s e d  in th is  s tudy which  m e r i t s  exp l ana t i on  is 
" e q u i l i b r i u m  conf igura t ion .  " Th i s  t e r m  app l i e s  to any two or  m o r e  
e x c i t e d  s t a t e s  w h o s e  d e n s i t i e s  s a t i s fy  the B o l t z m a n n  r e l a t i o n s h i p  

n •  = gP exp [-(Ep-Eq)/kTe] 
gq 

The d e n s i t i e s  of s t a t e s  which  a r e  in an e q u i l i b r i u m  c o n f i g u r a t i o n  
sa t i s fy  the  above equa t ion  r e g a r d l e s s  of t h e i r  r e l a t i o n s h i p  to the  r e s t  
of the  d i s t r i bu t i on .  

3.0 TRANSITION PROBABILITIES, RATE COEFFICIENTS, 
AND CROSS SECTIONS 

A/though the  d e t a i l e d  r a t e  coe f f i c i en t s  and t r a n s i t i o n  p r o b a b i l i t i e s  
a r e  not in t h e m s e l v e s  the  ob jec t  of th i s  s tudy,  they  a r e  c r i t i c a l  c o m p o -  
nen t s  of the  ful l  ERE and CRR m o d e l s .  The  m a g n i t u d e  of e a c h  of the  r a t e  
c o e f f i c i e n t s  and t r a n s i t i o n  p r o b a b i l i t i e s  i n d i c a t e s  to what  ex ten t  a p a r t i -  
cu la r  type  of t r a n s i t i o n  wi l l  o c c u r  and the  r e l a t i v e  i m p o r t a n c e  of the  
v a r i o u s  m e c h a n i s m s .  Th i s  d e p e n d e n c e  of the  r e s u l t s  of e i t h e r  of the  ERE 
or  CRR m o d e l s  upon the  v a r i o u s  coe f f i c i en t s  and p r o b a b i l i t i e s  m a k e s  it 
d e s i r a b l e  to look at the  d e t a i l e d  eva lua t ion  of t h e s e  p a r a m e t e r s .  

3.1 EINSTEIN TRANSITION PROBABILITY 

The E i n s t e i n  spon taneous  t r a n s i t i o n  p robab i l i t y  is  the r a t e  wi th  
which  a toms  r a d i a t i v e l y  decay  f r o m  an e x c i t e d  e l e c t r o n i c  s t a t e  to a 
l o w e r  e l e c t r o n i c  s t a t e .  The va lue  can be ob ta ined  f r o m  t i m e - d e p e n d e n t  
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p e r t u r b a t i o n  t h e o r y  if one has  at hand the  wave  func t ions  of the v a r i o u s  
bound s t a t e s .  The t r a n s i t i o n  p r o b a b i l i t i e s  p r e s e n t l y  ava i l ab l e  have  
b e e n  c o m p i l e d  in s e v e r a l  pub l i ca t ions  (e. g . ,  Refs .  28 and 29) but n e i t h e r  
t h e s e  n o r  any o t h e r  r e p o r t e d  r e s u l t s  found in the  l i t e r a t u r e  inc lude  m u c h  
de t a i l  c o n c e r n i n g  t r a n s i t i o n s  invo lv ing  h igh  p r i n c i p a l  quan tum n u m b e r s  
(p > 5). H o w e v e r ,  fo r  t h e s e  h i g h e r  e n e r g y  s t a t e s  the wave func t ions  
wi l l  be su f f i c i en t l y  s i m i l a r  to h y d r o g e n  wave  func t ions  that  t r a n s i t i o n  
p r o b a b i l i t i e s  fo r  h y d r o g e n  and h e l i u m  wil l  be a p p r o x i m a t e l y  equal .  C a r e  
m u s t  be e x e r c i s e d  as th is  a p p r o x i m a t i o n  wi l l  only be va l id  fo r  i n t e r a c -  
t ions  among  uppe r  s t a t e s  wi th  s o m e  u n s p e c i f i e d  l o w e r  bound. 

Ni les  (Ref. 28) has  t abu la t ed  m o s t  of the r a d i a t i v e  t r a n s i t i o n  p r o b a -  
b i l i t i e s  ava i l ab l e  at that  t i m e  (1967). The  c o m p i l a t i o n  i n c l u d e s  da ta  
fo r  all  t r a n s i t i o n s  f r o m  l e v e l s  with p r i n c i p a l  quan tum n u m b e r  p < 15 
to s t a t e s  wi th  p r i n c i p a l  quan tum n u m b e r  p < 3. In add i t ion  to t h e s e ,  the  
c o m p i l a t i o n  i n c l u d e s  t r a n s i t i o n s  t e r m i n a t i n g  on quan tum l e v e l  4 excep t  
fo r  the  41, 3 F - p l ,  3 G t r a n s i t i o n s .  The  t r a n s i t i o n s  l i s t e d  inc lude  the  
i n t e r a c t i o n s  of t hose  l o w e r  e i g e n s t a t e s  w h e r e  s t r o n g  d e p a r t u r e  f r o m  the 
h y d r o g e n i c  a p p r o x i m a t i o n s  shou ld  be o b s e r v e d .  Hence ,  fo r  t h e s e  t r a n s i -  
t ions  to the  l o w e r  e n e r g y  s t a t e s ,  the v a l u e s  r e p o r t e d  by Ni les  (Ref. 28) 
w e r e  used .  

T r a n s i t i o n  p r o b a b i l i t i e s  fo r  the 41, 3 F - p l ,  3 G and all  h i g h e r  
t r a n s i t i o n s  w e r e  c o m p u t e d  us ing  the h y d r o g e n i c  a p p r o x i m a t i o n .  T h e s e  
v a l u e s  fo r  the  t r a n s i t i o n  f r o m  s ta te  (p, ~) to s t a t e  (p" £ ' )  a r e  g i v e n  by 
(Ref. 30) 

A(p £;p'£') 64.~4~) 3 max (£,~,') 2 2 l ~2 
• = 3 2£ + 1 e a o < p'~" r p£ 

3h c 

w h e r e  ~, is  the  f r e q u e n c y  of e m i t t e d  r a d i a t i o n  and a o is  the  Bohr  r a d i u s .  
The m a t r i x  e l e m e n t s ,  

<p'£" [r[ p£ > = =/ R(p',£') r R(p,£) r dr 
o 

w h e r e  R(p, £) r e p r e s e n t s  the  h y d r o g e n  r a d i a l  wave  func t ion ,  a r e  l i s t e d  
by G r e e n ,  Rush ,  and C h a n d l e r  (Ref. 30) fo r  angu l a r  m o m e n t u m  v a l u e s  
t h rou g h  a p r i n c i p a l  quan tum n u m b e r  of 20. D e t a i l e d  r e s u l t s  of t h e s e  
ca l cu l a t i o n s  wi l l  not  be g iven  b e c a u s e  of the  l a r g e  bulk of the  da ta  and 
the  r e l a t i v e  ava i l ab i l i t y  of the  v a l u e s  in the l i t e r a t u r e .  The d e t a i l e d  
t r a n s i t i o n s  among  the uppe r  l e v e l s  a r e  r e l a t i v e l y  u n i m p o r t a n t  fo r  
th is  i n v e s t i g a t i o n  b e c a u s e  the  cond i t ions  wi l l  be r e s t r i c t e d  to t h o s e  
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c a s e s  fo r  wh ich  the p l a s m a  i s  s t r o n g l y  c o l l i s i o n  d o m i n a t e d  among  the  
u p p e r  l e v e l s .  Under  t h e s e  cond i t ions ,  the  popu la t ion  d e n s i t y  of the  
a n g u l a r  m o m e n t u m  s t a t e s  wi th in  a p r i n c i p a l  quan tum l e v e l  can  be c h a r -  
a c t e r i z e d  by a N I a x w e l l - B o l t z m a n n  d i s t r i b u t i o n  and the  e n t i r e  s e t  of 
s t a t e s  i s  thus  a d e q u a t e l y  d e s c r i b e d  by a s i n g l e  s t a t e  which  has  p r o p e r -  
t i e s  r e p r e s e n t e d  by an  a v e r a g e  of the  d e t a i l e d  p r o p e r t i e s  of the  i nd i -  
v idua l  s u b s t a t e s .  In low d e n s i t y  a p p l i c a t i o n s  w h e r e  r a d i a t i v e  t e r m s  
a r e  i m p o r t a n t ,  the  a p p r o x i m a t i o n s  m a d e  h e r e  would not  n e c e s s a r i l y  be 
va l id ,  and c a r e  m u s t  be e x e r c i s e d  in  app ly ing  the  h y d r o g e n i c  
a p p r o x i m a t i o n .  

3.2 RATE COEFFICIENTS 

As m e n t i o n e d  e a r l i e r ,  the r a t e  c o e f f i c i e n t s  a r e  r e l a t e d  to the 
p r o b a b i l i t y  tha t  a p a r t i c ~ a . r  t r a n s i t i o n  wi l l  o c c u r  upon co l l i s i on .  It i s  
in f ac t  the  p r o b a b i l i t y  tha t  a c o l l i s i o n a l  t r a n s i t i o n  wi l l  occu r  when an 
a t o m  e n c o u n t e r s  an electr.Qn wi th  k i n e t i c  e n e r g y  be tween  E and E+dE 
i n t e g r a t e d  o v e r  the  k i n e t i c  pn.e.rgy d i s t r i b u t i o n  of the  e l e c t r o n s .  

If fe(E)  is  the  f r a c t i o n a l  n .umb.er of e l e c t r o n s  wi th  e n e r g y  in  the  
r a n g e  E to E+dE,  v e is  the k i n e t i c  v e l o c i t y  of t h e s e  e l e c t r o n s ,  and n e 
i s  the  c o n c e n t r a t i o n  of t h e s e  e l ,ec t rons  on a v o l u m e  b a s i s ,  t hen  the 
p roduc t  neVefe(E) is  .the n..umbe~ ~ .enc.ounters be tween  the  e l e c t r o n s  
and a h y p o t h e t i c a l  uni t  area.  p e r  unR tim.e a long  a v e l o c i t y  v e c t o r  
t r a v e l e d  by the e l e c t r o n ,  N,ow if ,Q(E) i s  the  e f f ec t ive  a r e a  the a t o m  
p r e s e n t s  to the e l e c t  r.ons ~ .this en..ergy r..ange fo r  a p a r t i c u l a r  t r a n s i -  
t ion ,  the  n u m b e r  of e nc.o .u~,,teT.s w. ith. thi~ .a.r.ea p e r  uni t  t i m e  is  g iven  
s i m p l y  by the p roduc t  

(E) neVef (E) 

Hence ,  if the  concent ra t ion ,  o.f ato,ms wi th  c r o s s  s e c t i o n  Q(E) is  n, 
the  t o t a l  t i m e  r a t e  of change  of a t o m s  due to c o l l i s i o n s  wi th  e l e c t r o n s  
wi th  a l l  e n e r g i e s  i s  

dn 
/ d E d--t = n De .Q(E) fe(E) v e 
3 O 

Def in ing  the r a t e  coe f f i c i en t  as  the i n t e g r a l  

K = ~Q(E) fe(E) v e d E 
o 
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not ing  tha t  

E = ½ m e Ve 2 

and r e q u i r i n g  the e l e c t r o n  d i s t r i b u t i o n  to be M a x w e l l - B o l t z m a n n ,  

2 IkT_~l 3/2 El/2 exp (_E/kT) fe (E) = ~- 

y i e l d s  

GO 

i )3J2 = ~ (E) exp 

o 

(-E/kT) E dE 

fo r  the r a t e  coef f i c i en t .  

The  d e v e l o p m e n t  to th i s  point  ha s  been  g e n e r a l ,  r e q u i r i n g  only  the 
a s s u m p t i o n  of M a x w e l l - B o l t z m a n n  s t a t i s t i c s  for  the  e l e c t r o n  e n e r g y  
d i s t r i b u t i o n  and a de l t a  func t ion  d i s t r i b u t i o n  in e n e r g y  s p a c e  fo r  the  a t o m s .  
Hence ,  if one h a s  Q(E) fo r  each  of the v a r i o u s  p r o c e s s e s ,  the  e v a l u a t i o n  
of e a c h  of the  r a t e  c o e f f i c i e n t s  wi l l  p r o c e e d  s t r a i g h t f o r w a r d l y .  It is  t h i s  
e v a l u a t i o n  of Q(E) to which  s u b s e q u e n t  d i s c u s s i o n  is  t u rned .  

3.2.1 Two-Body Internal Transition Rate Coefficient, K(p,~I) 

The two-body  i n t e r n a l  t r a n s i t i o n  r a t e  coe f f i c i en t  is g i v e n  by 

Oo 

= -- Qpq(E) exp (-E/kT)EdE (9) 

In the  above equa t ion ,  p and q s y m b o l i c a l l y  r e p r e s e n t  s e t s  of quan tum 
n u m b e r s  d e s c r i b i n g  i n i t i a l  (p) and f ina l  (q) s t a t e s ,  M is  a p a r a m e t e r  
g iv ing  the  n u m b e r  of e l e c t r o n s  a v a i l a b l e  fo r  e x c i t a t i o n  (M = 2 fo r  p = 
g round  s t a t e ,  m = 1 fo r  p > g r ound  s t a t e ) ,  Qpq (E) i s  the  e n e r g y -  

dependen t  c r o s s  s e c t i o n  fo r  c o l l i s i o n a l  t r a n s i t i o n s  f r o m  the  pth to 
the  qth bound s t a t e s ,  E i s  the  k i n e t i c  e n e r g y  of the  b o m b a r d i n g  
e l e c t r o n ,  and Ep  and Eq a r e  k i n e t i c  e n e r g i e s  of the  bound e l e c t r o n  
in the  p and q s t a t e s .  
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T h e r e  a r e  m a n y  t e c h n i q u e s  fo r  the e v a l u a t i o n  of Qpq (E) fo r  t r a n -  
s i t i o n s  b e t w e e n  bound s t a t e s  u t i l i z ing  v a r i o u s  a p p r o x i m a t i o n s .  M o i s e i -  
w i t s c h  and Smi th  (Ref. 31) g ive  a c o m p r e h e n s i v e  r e v i e w  of the  v a r i o u s  
t e c h n i q u e s  and r e s u l t s  f r o m  both t h e o r e t i c a l  c a l cu l a t i ons  and e x p e r i m e n -  
ta l  m e a s u r e m e n t s  ava i l ab l e  in 1968. The  m o s t  e x t e n s i v e  t abu la t i on  t h e y  
g ive  fo r  h e l i u m  e x c i t a t i o n  was f i r s t  c a l c u l a t e d  by Ochkur  and B r a t s e v  
(Ref. 32) and is  b a s e d  upon quan tum m e c h a n i c a l  c o n s i d e r a t i o n s .  

R a t h e r  than  use  the  m o r e  s a t i s fy ing  quan tum m e c h a n i c a l  c a l c u l a t i o n s ,  
h o w e v e r ,  it was  d e c i d e d  to use  the  s i m p l e  c l a s s i c a l  G r y z i n s k i  m e t h o d  
(Ref. 33) fo r  t h e s e  d e t e r m i n a t i o n s .  Th i s  cho ice  is m o t i v a t e d  p r i m a r i l y  
by the  e a s e  wi th  wh ich  t h e s e  c r o s s  s e c t i o n s  m a y  be eva lua t ed ,  the  
o b s e r v a t i o n  that  m o s t  p r e v i o u s  i n v e s t i g a t o r s  of CRR a l so  u s e d  the  
G r y z i n s k i  m e t h o d ,  and the  fact  that  the  m e t h o d  a p p e a r s  to be as a c c u r a t e  
as  o t h e r  t e c h n i q u e s .  

G r y z i n s k i ' s  m e t h o d  is b a s e d  on a c l a s s i c a l  a n a l y s i s  d e s c r i b i n g  the  
c o l l i s i o n  as a t w o - b o d y  c o u l o m b  i n t e r a c t i o n  b e t w e e n  the  o rb i t a l  and 
i n c i d e n t  e l e c t r o n s .  In e a r l i e r  work  (Ref. 34) he a s s u m e d  that  the  o r b i t a l  
e l e c t r o n s  had a c e r t a i n  f ixed  e n e r g y .  In l a t e r  w o r k  (Refs .  SS, 35, and 
3~) th i s  was  e x t e n d e d  to the s p e c i f i c  case  of a t o m i c  c o l l i s i o n s  in w h i c h  
the  bound e l e c t r o n  has  a v e l o c i t y  d i s t r i b u t i o n  ()3 

V 
fv = ~m exp (-v/v m) 

w h e r e  v m is  the  m e a n  el  ectr.on.ic ve loc i ty .  

The  choice  fo r  th is  dis  tr ibuti .on a p p e a r s  to be a r b i t r a r y ,  be ing  b a s e d  
on p h e n o m e n o l o g i c a l  o b s e r v a t i o n  of r e s u l t s  r a t h e r  than  d e v e l o p e d  f r o m  
f i r s t  p r i n c i p l e s .  H o w e v e r ,  the  r e l a t i v e  s u c c e s s  of the  t e c h n i q u e  is  su f f i -  
c ien t  to ju s t i fy  i ts  use .  

The  c r o s s  s e c t i o n s  ob ta ined  by the G r y z i n s k i  t e c h n i q u e  y i e l d  a r e s u l t  
fo r  a t r a n s f e r  of e n e r g y  equa l  to or  g r e a t e r  than  s o m e  va lue  Upq f r o m  ' 
the inc iden t  e l e c t r o n  to the bo.und e l e c t r o n .  E x p r e s s e d  in t e r m s  of a p a r a -  
m e t e r  x, the  G r y z i n s k i  c r o s s  sectio.n is  w r i t t e n  

3/2 2A+I 
Qpq(X) = ~e4 A ( x ) [x.~_)A+'-"-~ 

u 2 x A-~ 
Pq 

(io) 
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w h e r e  

X = E/Upq, 
A = Ep/Upq 

In the above,  E is the k i n e t i c  e n e r g y  of inc iden t  e l e c t r o n ,  Ep  is the  
k i n e t i c  e n e r g y  of bound e l e c t r o n ,  e is  the e l e c t r o n i c  c h a r g e ,  and z 
n a t u r a l  l o g a r i t h m  base .  

is the  

Iden t i fy ing  U q with the  t h r e s h o l d  e n e r g y  fo r  exc i t a t i on  to the  qth  
s t a t e  f r o m  the  p s t a t e ,  the  e x p r e s s i o n  above g i v e s  the  c r o s s  s e c t i o n  
fo r  an e n e r g y  t r a n s f e r  which  not only is su f f i c i en t  to e x c i t e  the  bound 
e l e c t r o n  to the  s t a t e  Eq,  but m a y  be l a r g e  enough  to exc i t e  to the  s t a t e  
Eq+ 1. Hence ,  in the  d e t e r m i n a t i o n  of Qpq(X), it is n e c e s s a r y  to f o r m  
the  d i f f e r e n c e :  

E 
Qpq(X) = Qpq (U-~q} -Qpq+l' {Upq+l ) (11) 

Note that  Q p q + l ( E / U p q + l )  is  v a n i s h i n g l y  s m a l l  fo r  E < U p q + l .  

Us ing  the p a r a m e t r i c  f o r m  of Qpq(X), the  r a t e  coe f f i c i en t  K(p;q) is 

... / ) 
1 

(12) 

Thus  f a r  t h e r e  have  b e e n  no app l i ca t ions  of the  r e s u l t s  of quan tum 
m e c h a n i c s .  The  above d i s c u s s i o n  c e n t e r e d  on a s t r a i g h t f o r w a r d  e n e r g y  
t r a n s f e r  f r o m  an i nc iden t  c l a s s i c a l  e l e c t r o n  imp ing ing  upon an o r b i t a l  
e l e c t r o n ,  the o rb i t a l  e l e c t r o n  r e c e i v i n g  enough e n e r g y  f r o m  the  i nc iden t  
e l e c t r o n  to r a i s e  it to s o m e  h i g h e r  e n e r g y  s ta te .  Now f r o m  quan tum 
m e c h a n i c s  it is known that  s o m e  t r a n s i t i o n s  wi l l  be a l l owed  and that  
o t h e r  t r a n s i t i o n s  a r e  fo rb idden .  Hence ,  the  d ipo le  s e l e c t i o n  r u l e s  AL = 
+1, AS = 0 m u s t  be app l i ed  so  that  Eqs .  (9) and (11) a r e  u s e d  only for  
t h o s e  t r a n s i t i o n s  b e t w e e n  e n e r g y  s t a t e s  s a t i s fy ing  t h e s e  r u l e s .  

A n o th e r  p r o c e s s  in t h e s e  e x c i t a t i o n  c o l l i s i o n s  which  can o c c u r  is  
that  of an exchange  c o l l i s i o n  in wh ich  the  o r b i t a l  e l e c t r o n  is e j e c t e d  and 
the imp ing ing  e l e c t r o n  is c a p t u r e d  by the  nuc leus  in s o m e  h i g h e r  e n e r g y  
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s t a t e .  F o r  t h e s e  c o l l i s i o n s ,  G r y z i n s k i ' s  d e v e l o p m e n t  a s s u m e s  that  the  
o r b i t a l  e l e c t r o n  has  z e r o  v e l o c i t y  and r e s u l t s  in the  p a r a m e t r i c  f o r m  

x-I < B 
1 ~e 4 ~A(x+A) (x+A-l)' x _ 

= -  2 / B - "  (13) 
Qpq(X) 2 Upq t (x+A) (x+A-1) (x+A-B) ' x > B 

w h e r e  

X = E/U 
Pq 

and 

A- %/Upq 

B = Upq+i/Upq 

Upq = I Ep- EJ 

Upq+l = I Ep - Eq+ll 

The  f a c t o r  of 1/2 in the  e x p r e s s i o n  is the  p robab i l i t y  that  an i m p i n g -  
ing e l e c t r o n  has  the  p r o p e r  sp in  o r i e n t a t i o n  to e f fec t  the  t r a n s i t i o n .  The  
r a t e  coe f f i c i en t  wi l l  have  the  s a m e  fur, c t iona l  f o r m  as Eq.  (12), the  only 
r e a l  d i f f e r e n c e  be ing  the  func t iona l  f o r m  of the  c r o s s  s e c t i o n  (Eq. (13) 
as opposed  to Eq.  (10)) and the  r e s t r i c t i o n  of i ts  app l i ca t i on  to t h o s e  
t r a n s i t i o n s  w h o s e  in i t i a l  and f ina l  s t a t e s  v io l a t e  the  d ipo le  s e l e c t i o n  r u l e s  
AL = ±1,  AS = 0~ 

T h e r e  is  s o m e  j u d g m e n t  r e q u i r e d  in d e t e r m i n i n g  p r e c i s e l y  what  
s t a t e  to use  for  Upq+l. F o r  t h o s e  t , ~ n s i t i o n s  wh ich  a r e  d ipole  a l lowed ,  
it is  obvious  that  the  s t a t e  to use  for  Upq+l  is the  next  h i g h e r  s t a t e  
wh ich  wi l l  a l so  s a t i s f y  the s e l e c t i o n  r u l e s .  F o r  d i p o l e - f o r b i d d e n  t r a n s i -  
t ions ,  h o w e v e r ,  the  cho ice  is not  qui te  so obvious .  The  exchange  c r o s s  
s e c t i o n  is app l i ed  to any t r a n s i t i o n  which  is d ipo le  f o r b i d d e n .  Th i s  m e a n s  
any t r a n s i t i o n  which  has  AL ~ +1 or  AS # 0. F o r  a p a r t i c u l a r  t r a n -  
s i t ion ,  t h e r e  is  a s p e c i f i c  AL or  AS. Th i s  i m p l i e s  s p e c i f i c  cond i t i ons  on 
the  i m p i n g i n g  e l e c t r o n .  The  next  h i g h e r  e x c i t a b l e  s t a t e  wi l l  be tha t  one 
which  is c o m p a t i b l e  wi th  the  AL or  AS invo lved  in the  s p e c i f i c  e x c i t a t i o n  of 

J 
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- in t e res t .  Hence ,  the  q + 1st s t a t e  wi l l  be the next  h i g h e r  s t a te  wi th  
the s a m e  AL or  AS va lue  as the  qth s t a te .  Dugan and Sovie  (Ref. 37) 
e x a m i n e  the  b e h a v i o r  of the  G r y z i n s k i  c r o s s  s e c t i o n s  wi th  v a r i o u s  c h o i c e s  
of Upq+l  and th i s  cho ice  is in a c c o r d  wi th  t h e i r  f ind ings .  

B e c a u s e  of the l a r g e  bulk of the da ta  invo lved  in t h e s e  c a l c u l a t i o n s ,  
a d e t a i l e d  accoun t ing  of the  va lue s  fo r  the  r a t e  coe f f i c i en t s  wi l l  not  be 
g i v e n  h e r e  but r a t h e r  the  r e s u l t s  of us ing  the c r o s s  s e c t i o n  e x p r e s s i o n  
app l ied  to s e l e c t e d  t r a n s i t i o n s  wi l l  be d i s c u s s e d .  

F i g u r e s  1 and 2 i l l u s t r a t e  the  r e s u l t s  of the G r y z i n s k i  c r o s s  s e c t i o n  
ca l cu l a t i o n s  as w e l l  as  c a l c u l a t i o n s b a s e d  on the Ochkur  a p p r o x i m a t i o n  
c o m p i l e d  in  Ref.  31 and e x p e r i m e n t a l  da ta  (Refs .  38 and 39) f o r  the  
l l s  - 31P and the  l l s  - 33S t r a n s i t i o n s ,  r e s p e c t i v e l y .  R e s u l t s  of 
g r o u n d  s t a t e  e x c i t a t i o n  a r e  a s s u m e d  to be r e p r e s e n t a t i v e  fo r  the  o t h e r  
exc i t a t i o n s .  A s c a r c i t y  of da ta  in the l i t e r a t u r e  p r e v e n t s  co mpariLsQns_ 
of e x c i t a t i o n s  a m o n g  the h i g h e r  s t a t e s .  As can be s e e n ,  the  ca l cu l a t i on  
b a s e d  upon the Ochkur  a p p r o x i m a t i o n  g i v e s  m o r e  s a t i s f y i n g  c o m p a r i s o n  
wi th  e x p e r i m e n t a l  da ta  fo r  both  the  d i r e c t  exc i t a t i on  and the e x c h a n g e  
exc i t a t ion .  H o w e v e r ,  u se  of the  Ochkur  a p p r o x i m a t i o n  is in i t s e l f  an 
adap ta t ion  of the  B o r n - O p p e n h e i m e r  m e t h o d  and is  thus  t h e o r e t i c a l l y  
app l i cab le  only fo r  the  h i g h - e n e r g y  co l l i s i ons .  The  e l e c t r o n i c  k i n e t i c  

10-17 

Q (cm 2) 10 -18 

10-19 

0 

0 ° ° 0 

I 

f 0 D a t a  f rom S t .  J o h n ,  M i l l e r ,  a n d  L i n  ( R e f .  38)  
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Figure 1. 11S - 31P excitation cross section. 
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Figure 2. 11S - 33p excitation cross section. 

e n e r g i e s  with which  th i s  s tudy  i s  c o n c e r n e d  wi l l  peak at about 1 ev  or l e s s  
so  that the  low e n e r g y  r e g i o n  of the c r o s s  s e c t i o n  is  the m o s t  i m p o r t a n t .  

In e x a m i n i n g  the l o w e r  e n e r g y  r e g i o n  of F ig .  1 it can be s e e n  that 
the G r y z i n s k i  c r o s s  s e c t i o n  w i l l  o v e r e s t i m a t e  the e x p e r i m e n t a l  work  of 
St. John,  et al. (Ref.  38) by at m o s t  about a f a c t o r  of two in the e n e r g i e s  
c l o s e  to t h r e s h o l d  (x = 1). It i s  d i f f i cu l t  to be m o r e  p r e c i s e  in t h e s e  
c o m p a r i s o n s  b e c a u s e  of the s c a r c i t y  of e x p e r i m e n t a l  work in t h e s e  r e -  
g i o n s  c l o s e  to t h r e s h o l d .  C a l c u l a t i o n s  of the ra te  c o e f f i c i e n t  for  the 
23S - 3 3 p  t r a n s i t i o n  u s i n g  the G r y z i n s k i  t echn ique  and the Ochkur  a p p r o x -  
i m a t i o n  for  c r o s s  s e c t i o n s  y i e l d  r e s u l t s  w h i c h  a g r e e  w e l l  wi th in  a f a c t o r  
of two. It i s  thus  r e a s o n a b l e  to e x p e c t  the c a l c u l a t e d  rate  c o e f f i c i e n t  to 
o v e r e s t i m a t e  the true  rate  c o e f f i c i e n t  by no m o r e  than a f a c t o r  of two 
and in fact  probably  to be be t ter  than th i s  b e c a u s e  of the u n d e r e s t i m a t i o n  
of the c r o s s  s e c t i o n  at h i g h e r  e n e r g i e s  by the G r y z i n s k i  method .  

In e x a m i n i n g  the e x c h a n g e  c r o s s  s e c t i o n  (Fig. 2) one can s e e  that the 
c o m p a r i s o n  b e t w e e n  c a l c u l a t i o n  and e x p e r i m e n t  is  not as good as  that 
for  d i r e c t  e x c i t a t i o n ,  a l though t h e r e  does  appear  to be a c o n v e r g e n c e  of 
s o r t s  b e t w e e n  the Ochkur a p p r o x i m a t i o n  and the l a t e r  e x p e r i m e n t a l  work 
of M o u s s a ,  et al. (Ref. 39). The G r y z i n s k i  c r o s s  s e c t i o n  o v e r e s t i m a t e s  
the o ther  work by s e v e r a l  o r d e r s  of m a g n i t u d e  at the s h a r p  peak and 
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u n d e r e s t i m a t e s  the  work  of NIoussa by typ ica l ly  a f a c t o r  of two at the  h igh  
e n e r g i e s .  Hence ,  b e c a u s e  of the s h a r p  peak in the r e g i o n  of l o w e s t  e n e r g y ,  
it i s  a n t i c i p a t ed  tha t  the  c a l c u l a t e d  r a t e  coe f f i c i en t  wi l l  u n d e r e s t i m a t e  the  
t r u e  r a t e  coe f f i c i en t  by s o m e w h a t  l e s s  than  the  f a c t o r  of two. At any r a t e  
the  e x c h a n g e  c r o s s  s e c t i o n s  wi l l  be s o m e w h a t  l e s s  i m p o r t a n t  than  the  
c r o s s  s e c t i o n s  fo r  d i r e c t  e x c i t a t i o n  b e c a u s e  the  r a t e  c o e f f i c i e n t s  fo r  d i r e c t  
e x c i t a t i o n  a r e  m u c h  l a r g e r  than  t h o s e  fo r  e x c h a n g e  exc i t a t ion .  F o r  e x a m p l e ,  
at an e l e c t r o n i c  k i n e t i c  t e m p e r a t u r e  of 10 ,000°K,  the r a t e  c o e f f i c i e n t  f o r  
the  21S - 3 1 p  d i r e c t  e x c i t a t i o n  is about 10 -10 c m 3 / s e c ,  w h e r e a s  fo r  the  
e x c h a n g e  e x c i t a t i o n  to the  a d j a c e n t  31D l e v e l  (21S - 31D) the  r a t e  coe f f i -  
c ien t  is about  10 -13 c m 3 / s e c .  Th i s  is not n e c e s s a r i l y  t r u e  fo r  t r a n s i t i o n s  
a m o n g  s u b l e v e l s  of t he  h i g h e r  e x c i t e d  s t a t e s  w h e r e  the  e n e r g y  l e v e l s  a r e  
qui te  c l o s e  t o g e t h e r .  H o w e v e r ,  t h e s e  u p p e r  l e v e l  r a t e  c o e f f i c i e n t s  wi l l  
be l a r g e  and the  popu la t ion  d e n s i t i e s  wi l l  r a p i d l y  e s t a b l i s h  an e q u i l i b r i u m  
c o n f i g u r a t i o n  a m o n g  the  s u b l e v e l s .  R e q u i r i n g  a d e t a i l e d  accoun t ing  of 
e a c h  s u b l e v e l  is  u n n e c e s s a r y  fo r  al l  but the  e a r l i e s t  s t a g e s  of the  
comp u ta t i o n .  

The  p r e c e d i n g  d i s c u s s i o n  has  been  c o n c e r n e d  only with i n e l a s t i c  ex -  
c i t a t ion  b e t w e e n  bound s t a t e s  of the  a tom.  The  i n v e r s e  p r o c e s s ,  a s u p e r -  
e l a s t i c  c o l l i s i o n  r e s u l t i n g  in d e - e x c i t a t i o n  of the  a tom,  is  a l so  i nc luded  
in th is  s tudy.  The  r a t e  coe f f i c i en t s  for  t h e s e  p r o c e s s e s  c o m e  qui te  e a s i -  
ly  f r o m  e q u i l i b r i u m  c o n s i d e r a t i o n s .  

At c o l l i s i o n a l  e q u i l i b r i u m  b e t w e e n  two s t a t e s ,  the r a t e s  of change  of 
the  two s t a t e s  wi l l  be equal .  F u r t h e r ,  d e t a i l e d  b a l a n c e  r e q u i r e s  tha t  
r a t e s  due to ind iv idua l  p r o c e s s e s  be equal .  Hence ,  one can se t  

nenpK(p;q) - nenqK(q;p) = 0 

Thus, 
n 

K(q;p) = -P-- K(p;q) 
n q 

and, s i n c e  th i s  is an e q u i l i b r i u m  condi t ion ,  

Hence ,  

nq gq 

K (q;p) = gp 
gq 

exp 

exp [- (Ep-Eq)/kTe] K(p;q) 

34 



A E D C-T R -76-5 

3.2.2 Collisional Ionization and Three-Body Recombination 
Coefficients, K(p;c) and K(c;p) 

The c o l l i s i o n a l  i o n i z a t i o n  c r o s s  s e c t i o n  is  v e r y  r e a d i l y  ob ta ined  f r o m  
the two-body  i n t e r n a l  t r a n s i t i o n  c r o s s  s ec t i on .  T h i s  is  a c c o m p l i s h e d  by 
no t ing  tha t  the  G r y z i n s k i  f o r m u l a t i o n  f o r  the  c r o s s  s e c t i o n ,  Eq.  (9), i s  
i n v e r s e l y  dependen t  upon the  s q u a r e  of e n e r g y  d i f f e r e n c e  be tween  the  
i n i t i a l  and f ina l  s t a t e s ,  Upq. F o r  the  f ina l  s t a t e  be ing  the con t inuum,  

t h i s  Upq j u s t  b e c o m e s  the i o n i z a t i o n  po t en t i a l  f o r  s t a t e  p. Hence ,  the  
p a r a m e t r i c  c r o s s  s e c t i o n  fo r  c o l l i s i o n a l  i o n i z a t i o n  Qpc(X) i s  

Qpc (x) - 
~e 4 

2 I p= 

3 

~X-~I 1 + $ in (e + ~C'f) ) 

X = E/I p= 

and Ip® i s  the  i o n i z a t i o n  po t en t i a l  o~ the pth quan tum l e v e l .  
c o l l i s i o n a l  i o n i z a t i o n  r a t e  coe f f i c i en t  is  w r i t t e n  

Hence  the  

/~- pc (X) exp (-Ip=X/kT e) Ip~ 2 xdx 

e i (14) 

In t h i s  c a s e  aga in ,  M = 2 fo r  the  g round  s t a t e  a t o m s  s i n c e  t h e r e  a r e  
two e l e c t r o n s  a v a i l a b l e  fo r  i o n i z a t i o n  f r o m  the g round  s t a t e  and M = 1 
fo r  a t o m s  in h i g h e r  e n e r g y  s t a t e s .  

F i g u r e s  3 and 4 show r e s u l t s  of the  G r y z i n s k i  c a l c u l a t i o n s  fo r  the  
i o n i z a t i o n  of the  l l s  and 23S l e v e l s ,  r e s p e c t i v e l y ,  c o m p a r e d  to e x p e r i -  
m e n t a l  r e s u l t s  r e p o r t e d  in the  l i t e r a t u r e  (Refs .  40, 41, 42, and 43). The  
G r y z i n s k i  c r o s s  s e c t i o n  o v e r e s t i m a t e s  the  i o n i z a t i o n  c r o s s  s e c t i o n  fo r  
the g round  s t a t e  a t o m  by about  25 p e r c e n t  c o m p a r e d  to the  e x p e r i m e n t a l  
da ta .  F u r t h e r ,  the  peak of the  c a l c u l a t e d  c r o s s  s e c t i o n  o c c u r s  s o m e -  
what  e a r l i e r  t han  the e x p e r i m e n t a l  peak  but  fo r  the p u r p o s e  of th i s  s tudy  
the c a l c u l a t i o n s  can  be c o n s i d e r e d  to give s a t i s f a c t o r y  r e s u l t s .  

The  c a l c u l a t e d  c r o s s  s e c t i o n  for  the  23S i o n i z a t i o n  does  not a g r e e  as  
s a t i s f a c t o r i l y  wi th  e x p e r i m e n t  as  is  shown  in  F ig .  4. F o r  t h i s  the  da t a  
of Long  and Geba l l e  (Ref.  42) a r e  to be c o n s i d e r e d  s u p e r i o r  to t h o s e  of 
F i t e  and B r a c k m a n n  (Ref. 43) s i n c e  the  f o r m e r  da ta  w e r e  t a k e n  f r o m  a 
s o u r c e  known to be the  23S a tom,  w h e r e a s  F i t e  and B r a c k m a n n ' s  s o u r c e  
was  an i n d e t e r m i n a n t  m i x t u r e  of the  23S and 21S a t o m s .  
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F o r  the  p u r p o s e s  of th is  s tudy,  the  a g r e e m e n t  is c o n s i d e r e d  s a t i s -  
f ac to ry .  It is  e x p e c t e d  tha t  the  c h a r a c t e r i s t i c s  of the  i on i za t i on  c r o s s  
s e c t i o n  c a l c u l a t i o n s  wi l l  fol low the  s a m e  p a t t e r n  fo r  the  h i g h e r  e x c i t e d  
s t a t e s .  

The  i n v e r s e  of c o l l i s i o n a l  ion iza t ion ,  t h r e e - b o d y  r e c o m b i n a t i o n ,  is  
d e s c r i b e d  by the  r a t e  coe f f i c i en t  K(c;p).  Th i s  coe f f i c i en t  is  a l so  ob ta ined  
f r o m  e q u i l i b r i u m  c o n s i d e r a t i o n s .  When  e q u i l i b r i u m  b e t w e e n  s t a t e  p and 
the  c o n t i n u u m  is e s t a b l i s h e d  by t h e s e  two p r o c e s s e s ,  the  r a t e  of f i l l i ng  
s t a t e  p due to t h r e e - b o d y  r e c o m b i n a t i o n  exac t l y  b a l a n c e s  the  r a t e  the  s t a t e  
is  d ep o p u l a t ed  v ia  c o l l i s i o n a l  ion iza t ion ,  o r  

2 
nenpK(p,c) = n e niK(c,P) 
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Figure 4. 23S ionization cross section. 

w h e r e  n. is the popula t ion  dens i t y  of pos i t i ve  ions .  
1 

n 

K(c;p) = ----P--- K(p;c) 
n n. 
e i 

Hence ,  

S ince  only s i ng l e  i on i za t i on  is c o n s i d e r e d  h e r e ,  n e = n i. F u r t h e r ,  
th i s  is an e q u i l i b r i u m  r e l a t i o n s h i p  b e t w e e n  s t a t e  p and the  c o n t i n u u m  so 
that  np and n e a r e  r e l a t e d  by the  m o d i f i e d  Saha e q u i l i b r i u m  r e l a t i o n s h i p  
so that  

h3 gP exp (Ip=/kT e) K(p;c) (15) K(c;p) = 3/2 geg i 
( 2 ~m e kT e ) 
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3.2.3 Radiative Recombination Rate Coefficients,/3(p) 

The r a d i a t i v e  r e c o m b i n a t i o n  r a t e  coe f f i c i en t  d e s c r i b e s  the  f i l l ing  
of s t a t e  p due to t w o - b o d y  e n c o u n t e r s  b e t w e e n  e l e c t r o n s  and ions  in wh ich  
the  ion c a p t u r e s  the  e l e c t r o n  into e n e r g y  s t a t e  p wi th  the  a t t endan t  e m i s -  
s i o n  of r a d i a t i o n .  It is  ob ta ined  in m u c h  the  s a m e  way as the  o t h e r  r a t e  
c o e f f i c i e n t s  a l though  t h e r e  is  s o m e  d i f f e r e n c e  in the  p h y s i c a l  a n a l y s i s .  
The  b a s i c  func t iona l  f o r m  fo r  the  r a t e  coe f f i c i en t  is  w r i t t e n  as b e f o r e ,  

8(p) 8~ 

e 

i)3J2  
2nkT e r 

o 

(p) exp (-E/kT e) EdE (16) 

w h e r e  ~(p) is the r a d i a t i v e  r e c o m b i n a t i o n  r a t e  coe f f i c i en t  fo r  s t a t e  p, 
and Qr(P) is the c r o s s  s e c t i o n  for  the  cap tu re .  

The  e v a l u a t i o n  of Qr(P) does  not p r o c e e d  as  s t r a i g h t f o r w a r d l y  h e r e ,  
h o w e v e r .  To obta in  th i s  c r o s s  s e c t i o n  it is n e c e s s a r y  to u se  the  p r i n -  
c ip le  of d e t a i l e d  ba l ance  fo r  the  r e l a t i o n s h i p  b e t w e e n  the  r a d i a t i v e  
r e c o m b i n a t i o n  c r o s s  s e c t i o n  and the  pho to ion i za t i on  c r o s s  s e c t i o n  (or 
a b s o r p t i o n  coef f i c ien t )  thus  (Ref. 44), 

Qr (p) gp 1 (hv) 2 
= gion c 2 2meE a (p) (17) 

w h e r e  gp and g ion  a r e  the s t a t i s t i c a l  we igh t s  of the a t o m  and ion,  r e s -  
pec t i ve ly ,  E is the k i n e t i c  e n e r g y  of the  e l e c t r o n ,  h u is the  photon  
e n e r g y  e m i t t e d  (or  a b s o r b e d )  in a p h o t o e l e c t r i c  t r a n s i t i o n  b e t w e e n  the  
con t i nuum and the s t a te  p, and a~ (p) is  the a b s o r p t i o n  coe f f i c i en t  fo r  
s t a t e  p. 

Not ing that  the e n e r g y  of an e m i t t e d  photon in the cap tu r e  wi l l  inc lude  
both the i on i za t i on  po ten t i a l  of s t a t e  p and the k i n e t i c  e n e r g y  of the  
e l e c t r o n  b e f o r e  cap tu re ,  

h9 = I + E p~ 
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Subs t i tu t ing ,  one ob ta ins  wi th  th i s  change  in v a r i a b l e  

(2)1'2(1)3'2 expIP °k e 8 ( p ) = I_,/.. 
c gion 

I 
P 

exp (-hv/kT e) av(p) d(hv) (18) 

The photoionization cross section is given for hydrogenic atoms by Sea- 
ton (Ref. 45): 

64ewa 2 I ~i 3 
a~(p) = o p__ ~ ~ (p u) (19) 

3~ Z 2 ~ gII ' 

w h e r e  c~ is  t he  f ine  s t r u c t u r e  cons tan t ,  a o is  the  Bohr  r a d i u s ,  Z is 
the  n u c l e a r  cha rge ,  u is t he  r a t i o  E/Ip®, p is  the  p r i n c i p a l  q u a n t u m  
n u m b e r ,  and gH is  the  Gaunt f a c to r :  

gII = 1 + 0.1728 u-i 2+4,3/ p2/3(u+l)2/3 - 0.0496 u u+l ... p4/3 (u+l) 4/3 + 

(20) 

Not ing  that  

hu = I (i + u) pm 

and subs t i t u t i ng .  

exp (-I_mu/kT) 
8(p) = B(p) ~+u gzI du (21) 

o 

w h e r e  

64 ~/wa ao 2 gp p._ 3 
B (p) = Ip~ (22) 

3/3 c 2 (mekTe) 3/2 gion Z 2 

39 



A E  D C - T R - 7 6 - 5  

" The  e x p r e s s i o n  is b a s e d  upon a h y d r o g e n i c  a p p r o x i m a t i o n  in wh ich  p 
is  the  p r i n c i p a l  quan tum n u m b e r  of the e n e r g y  l e v e l .  B e c a u s e  of th i s  
h y d r o g e n i c  a p p r o x i m a t i o n ,  one would  expec t  the c a l c u l a t i o n s  to g ive  t h e i r  
w o r s t  r e s u l t s  f o r  the  l o w e r  quan tum l e v e l s  and to c o n v e r g e  to c o r r e c t  
v a l u e s  fo r  the  u p p e r  l e v e l s .  F i g u r e  5 shows  the  r e s u l t s  of the  c a l c u l a -  
t ion of the  a b s o r p t i o n  c r o s s  s e c t i o n  for  the g round  s t a t e  h e l i u m  a t o m  
c o m p a r e d  to the  e x p e r i m e n t a l  r e s u l t s  of L o w r y ,  Tombou l i an ,  and E d e r e r  
(Bef. 46). In th i s  f i gu re ,  in which  the a b c i s s a  is  wave l eng th ,  e n e r g y  
i n c r e a s e s  to the  le f t ,  t h r e s h o l d  e n e r g y  ( e l e c t r o n i c  v e l o c i t y  of 0) o c c u r r i n g  
at about  505 A. In th i s  case ,  a 1-ev  e l e c t r o n  would be e j e c t e d  at an 
a b c i s s a  v e r y  n e a r  th is  t h r e s h o l d  wave leng th .  Thus ,  fo r  the r a t e  coe f f i -  
c i en t  ca l cu la t ion ,  the r i g h t m o s t  po r t ion  of the  c u r v e  is  m o s t  i m p o r t a n t ,  
and as can be s e e n ,  the  ca l cu l a t i ons  r e p r o d u c e  the e x p e r i m e n t  in th is  
r e g i o n  to  wi th in  a f a c t o r  of two o r  b e t t e r .  Thus ,  one would expec t  the  
r a d i a t i v e  r e c o m b i n a t i o n  r a t e  coe f f i c i en t  to be c o r r e c t  to w i th in  a f a c t o r  
of two o r  b e t t e r  f o r  the  g r o u n d  s t a t e  and b e c o m e  p r o g r e s s i v e l y  b e t t e r  
f o r  the  h i g h e r  q u a n t u m  l e v e l s .  

101T 

Q (em 2) 

1018 

1019 

Figure 5. 

10 ~ 
0 

O 

0 0 

0 / ~ I~.I:A from LOwry ' Tomboulian,  
and Z d e r e r  (Ref .  46) 

/ ~ Computed wi th  Sea ton 'm 

i t i i I I I 
100 200 300 400 500 600 700 

11 S absorption cross section. 
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4.0 TECHNIQUES 

This  c h a p t e r  s u m m a r i z e s  the  v a r i o u s  a p p r o x i m a t i o n s  and t e c h n i q u e s  
which  w e r e  u t i l i z e d  in ob ta in ing  the  so lu t ion  to the  E R E .  A d e t a i l e d  
l i s t i n g  of the  c o m p u t e r  p r o g r a m s  wi l l  not  be i n c l u d e d  s i n c e  the  t e c h n i q u e s  
a r e  qu i te  s t r a i g h t f o r w a r d .  R a t h e r ,  a s h o r t  d i s c u s s i o n  of p r o g r a m m i n g  
c o n s i d e r a t i o n s  wi l l  be given; ,  s i n c e  the  so lu t i on  to the  ERE is ob ta ined  
n u m e r i c a l l y ,  c e r t a i n  a p p r o x i m a t i o n s  and c o m p r o m i s e s  w e r e  n e c e s s a r y  
and t h e s e  a r e  d i s c u s s e d  in de ta i l .  

4.1 ENERGY LEVELS 

The h e l i u m  e n e r g y  l e v e l s  u s e d  in th i s  s tudy w e r e  ob ta ined  f r o m  
Moore  (Ref. 47), who g ives  al l  the e n e r g y  l e v e l s  f r o m  which  s p e c t r a l  
l i n e s  have  b e e n  o b s e r v e d .  The  p r e c i s e  e n e r g y  v a l u e s  of al l  the d e t a i l e d  
s u b s t a t e s  c o n s i d e r e d  in the p r o g r a m  a r e  not known,  or  a r e  so c l o s e l y  
a d j a c e n t  to o t h e r  s u b s t a t e s  of the s a m e  quan tum l e v e l  that  they  have  not  
b e e n  r e s o l v e d .  The e n e r g y  d i f f e r e n c e s  b e t w e e n  t h e s e  s t a t e s  wi l l  be so  
s m a l l  that  they  a r e  neg l ig ib l e .  

E v a l u a t i o n  of the r a t e  coe f f i c i en t s  r e q u i r e d  d i f f e r e n t  s u b s t a t e s  to  
have  d i f f e r e n t  e n e r g i e s ,  h o w e v e r .  Th i s  is  b e c a u s e  in the c o u r s e  of 
eva lua t ion ,  d i f f e r e n c e s  in e n e r g i e s  of the  s t a t e s  a r e  t a k e n  and a z e r o  
e n e r g y  d i f f e r e n c e  c a u s e s  m a c h i n e  e r r o r s  to occur .  To p r e v e n t  th i s  
cond i t ion  s i m p l e  l i n e a r  i n t e r p o l a t i o n  was u s e d  to g e n e r a t e  d i f f e r e n t  
n u m e r i c a l  e n e r g i e s  fo r  the s u b s t a t e s  not  g i v e n  exp l i c i t l y  in Moore  (Ref. 
47). A l i s t i n g  of the  e n e r g y  l e v e l s  u s e d  in th i s  s tudy is g iven  in Tab le  1. 

The  s i z e  of the  c o m p u t e r  c o r e  d i c t a t e d  that  not al l  e n e r g y  s t a t e s  
l i s t e d  in TaMe 1 be used .  For ,  the  h i g h e r  p r i n c i p a l  quan tum s t a t e s  the  
d i s t r i b u t i o n  of d e n s i t i e s  a m o n g  the s u b s t a t e s  wi l l  be  m a i n t a i n e d  in a 
B o l t z m a n n  conf igura t ion .  The to ta l  d e n s i t y  of the  l e v e l  i m m e d i a t e l y  
give.s the d e n s i t y  of any d e s i r e d  subs t a t e .  

To  m e e t  the  c o m p u t e r  c o r e  r e q u i r e m e n t ,  the  a p r i o r i  a s s u m p t i o n  of 
the  B o l t z m a n n  con f igu ra t i on  a m o n g  the s u b s t a t e s  of quan tum l e v e l s  7 and 
8 was  m a d e .  T h e s e  quan tum l e v e l s  w e r e  d e s c r i b e d  by a s ing le  e n e r g y  
s t a t e  c h o s e n  to be the  l o w e s t  e n e r g y  exh ib i t ed  by any of the s u b s t a t e s  of 
that  l e v e l .  Th is  a s s u m p t i o n  was u s e d  only fo r  the  f ina l  d e t e r m i n a t i o n  of 
s t a t e s  c o n s i d e r e d  by the  ERE.  The r a t e  coe f f i c i en t s  w e r e  d e t e r m i n e d  
us ing  d e t a i l e d  e n e r g i e s  of the  s u b s t a t e s  of t h e s e  quan tum l e v e l s ,  and av-  
e r a g e  r a t e  c o e f f i c i e n t s  f o r  the  to ta l  quan tum l e v e l  w e r e  t h e n  d e t e r m i n e d  
f r o m  t h e s e  v a l u e s .  
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Table 1. Helium Energy Lwel$ 

State g E (i/cm) State g E (i/cm) 

11S 1 0.0 53G 27 

23S 3 159850.3 51p 3 

21S 1 166271.7 63S 3 
23p 9 169081.1 61S 1 

21p 3 171129.2 63p 9 

33S 3 183231.1 63D 15 

31S 1 184859.1 61D 5 

33p 9 185558.9 61F 7 

33D 15 186095.9 63F 21 

31D 5 186099.2 61G 9 

31p 3 186203.6 63G 27 

43S 3 190292.5 61H ii 

41S 1 190934.5 63H 33 

43p 9 191211.4 61p 3 

43D 15 191438.8 73S 3 

41D 5 191440.7 71S 1 

43F 21 191446.6 73p 9 

41F 7 191447.2 73D 15 

41p 3 191487.0 71D 5 

53S 3 193341.3 71F 7 

51S 1 193657.8 73F 21 

53p 9 193795.1 71G 9 

53D 15 193911.5 73G 27 

51D 5 193912.5 71H Ii 

51F 7 193914.3 73H 33 

53F 21 193915.8 71I 13 

51G 9 193920.0 73I 39 

71p 3 196073.4 81H II 

83S 3 196455.8 83H 33 

81S 1 196529.0 81I 13 

83p 9 196561.1 83I 39 

83D 15 196589.4 81j 15 

81D 5 196589.7 83j 45 

81F 7 196590.3 81p 3 

83F 21 196590.4 9 324 

81G 9 196591.0 I0 400 

83G 27 196591.1 11-15 3420 

193921.0 

193936.8 

194930.5 

195109.2 

195187.2 

195254,4 

195255,0 

195256,7 

195256,8 

195258 0 

195258 5 

195260.0 

195260.5 

195269.2 

195862.6 

195973.2 

196021.7 

196064.0 

196064.3 

196065.4 

196065.5 

196066.5 

196066.6 

196067.5 

196067.6 

196068.5 

196068.6 

196591.6 

196591.7 

196592.2 

196592.3 

196592.8 

196592.9 

196595.6 

196856.4 

197139.8 

197347.0 
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Q u a n t u m  l e v e l s  9 t h rough  15 have v e r y  s m a l l  e n e r g y  wid ths  and a 
p r o g r e s s i v e l y  l a r g e r  n u m b e r  of s u b s t a t e s  with e a c h  p r i n c i p a l  quan tum 
l e v e l .  C o n s e q u e n t l y  e a c h  was c o n s i d e r e d  as a s i n g l e  e n e r g y  l e v e l  fo r  a l l  
r a t e  coe f f i c i en t  d e t e r m i n a t i o n s .  

The  c r i t e r i o n  fo r  t r u n c a t i n g  the s y s t e m  of e q u a t i o n s  c o m p r i s i n g  the  
ER E  is  that  s o m e  uppe r  l e v e l  wi l l  be in e q u i l i b r i u m  wi th  the  f r e e  e l e c t r o n  
dens i t y .  In o r d e r  to m a i n t a i n  a c o r r e c t  d e s c r i p t i o n  of the r a t e  of th i s  
uppe r  l e v e l ,  s t a t e s  above it m u s t  a l so  be c o n s i d e r e d  in o r d e r  to have  
a p p r o x i m a t e l y  c o r r e c t  va lue s  for  c o l l i s i o n a l  and r a d i a t i v e  p r o c e s s e s .  
Q u a n t u m  l e v e l  10 was c h o s e n  to be the  m a x i m u m  quan tum l e v e l  fo r  the  
c r i t i c a l  l e v e l  f o r  th is  s tudy.  Since quan tum l e v e l s  11 t h rough  15 wi l l  
t h e r e f o r e  be in an e q u i l i b r i u m  conf igura t ion ,  they  w e r e  a v e r a g e d  t o g e t h e r  
to f o r m  a r e s e r v o i r  fo r  the v a r i o u s  p r o c e s s e s  fo r  quan tum l e v e l  10. 

An add i t iona l  p h e n o m e n o n  which  r e l a t e s  to the e n e r g y  l e v e l s  in 
p a r t i a l l y  i o n i zed  p l a s m a s  and m u s t  be t a k e n  into accoun t  is tha t  of the  
l o w e r i n g  of the i on i za t i on  po ten t i a l .  Th i s  a r i s e s  b e c a u s e  when  a bound 
e l e c t r o n  is in a su f f i c i en t ly  h igh  e n e r g y  s t a t e  it can e x c e e d  the  Debye  
s h i e l d i n g  l e n g t h  fo r  the  p l a s m a  and thus  b e c o m e s  i n d i s t i n g u i s h a b l e  f r o m  
the  f r e e  e l e c t r o n s .  H o w e v e r ,  at typ ica l  cond i t ions  e n c o u n t e r e d  in th i s  
s tudy,  n e = 1015 1 / c m  3, T e = 10~4 ~ ,  the  e x p r e s s i o n  fo r  the  l o w e r i n g  
of the i on i za t i on  po ten t i a l  g iven  by J .  R i c h t e r  (Ref. 48) g ives  a va lue  
of 74 1 / cm,  which  is i n s ign i f i can t .  

In s u m m a r y ,  p l a s m a  condi t ions  a r e  r e s t r i c t e d  to such  that  at l e a s t  
qu an tu m l e v e l  10 is  in Saha e q u i l i b r i u m  wi th  the f r e e  e l e c t r o n s .  A 
d e t a i l e d  accoun t ing  of al l  s i ng l e t  and t r i p l e t  s t a t e s  is m a i n t a i n e d  t h r o u g h  
quan tum l e v e l  6. P r i n c i p a l  quan tum l e v e l s  7 t h r o u g h  10 a r e  m a i n t a i n e d  
s e p a r a t e  f r o m  e a c h  o t h e r  a l though a M a x w e l l - B o l t z m a n n  d e n s i t y  d i s t r i -  
but ion of the s u b s t a t e s  of e a c h  of t h e s e  p r i n c i p a l  quan tum l e v e l s  is  
a s s u m e d .  

4.2 PROGRAMMING CONSIDERATIONS 

As ind i ca t ed  above,  one i m p o r t a n t  c o n s i d e r a t i o n  in the  d e v e l o p m e n t  
of the  c o m p u t e r  p r o g r a m  is ava i l ab le  c o m p u t e r  c o r e  s i ze .  A r r a y s  fo r  
e a c h  of the  r a t e  coe f f i c i en t s  m u s t  be m a i n t a i n e d  as we l l  as a work  a r e a .  
Ut i l i z ing  a t w o - d i m e n s i o n a l  a r r a y  fo r  the  K(p;q) and A(p;q) wi th  the 
o t h e r  p a r a m e t e r s  n e c e s s a r y  in the  so lu t ion ,  47 s e p a r a t e  e n e r g y  s t a t e s  
could be c o n s i d e r e d  in a p p r o x i m a t e l y  116,000 by tes  of co re  in the  IBM 
$360/50  c o m p u t e r  at the  A r n o l d  E n g i n e e r i n g  D e v e l o p m e n t  C e n t e r .  
Al though  m o r e  c o r e  was  a v a i l a b l e  at the  t i m e  of th is  work ,  s c h e d u l i n g  Qf 
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Figure 7. n(2 ~ P)/n(Saha) versus time for two error criteria. 

e r r o r  bounds .  T h e s e  c a l c u l a t i o n s  w e r e  p e r f o r m e d  f o r  p r e c i s e l y  the 
s a m e  p l a s m a ,  C a s e  C to be p r e s e n t e d  l a t e r ,  w i th  the  e r r o r  bound the  
on ly  d i f f e r e n c e .  The  f i r s t  of t h e s e ,  10 .8  , is  t y p i c a l  of the e r r o r  bounds  
u s e d  in the  o t h e r  s t u d i e s .  The  o t h e r  e r r o r  bound,  10 -12 f o r  t < 10 - I 0  s e c  
and 10 -11 f o r  t > 10 -10 s e c ,  is  an  e x t r e m e l y  t igh t  bound.  S o m e  e x p e r i -  
m e n t a t i o n  was  c o n d u c t e d  at  s i g n i f i c a n t l y  l o w e r  e r r o r  bounds  and it  was  
found tha t  the  s o l u t i o n  would  b e g i n  to o s c i l l a t e  if the  bound was  r e l a x e d  
too m u c h ,  a l t hough  a s u b s e q u e n t  t i g h t e n i n g  of the  e r r o r  bound would  c a u s e  
the  s o l u t i o n  to b e c o m e  s t a b l e  aga in .  

The  r e p e a t a b i l i t y  of the  so lu t i on  u n d e r  the  two bounds  i n d i c a t e d  above  
i l l u s t r a t e s  the s t a b i l i t y  of the  s o l u t i o n  at the  10 .8  bound w h i c h  was  u s e d  
d u r i n g  the  e a r l y  p a r t  of the  so lu t ion .  It was  found tha t  a f t e r  the  e a r l y  
t r a n s i e n t s  had d i ed  out  the  e r r o r  bound could  be r e l a x e d  s u b s t a n t i a l l y  
wi th  no l o s s  of s t a b i l i t y .  Th i s  s t a b i l i t y  a long  wi th  n u m e r i c a l  a g r e e -  
m e n t  wi th  o t h e r  i n d e p e n d e n t  c a l c u l a t i o n s  of the  CRR c o e f f i c i e n t s ,  as  w i l l  
be i n d i c a t e d  in S e c t i o n  5 . 0 ,  s h o w s  tha t  the  n u m e r i c a l  t e c h n i q u e  u s e d  in 
t h e s e  s t u d i e s  y i e l d s  v a l i d  r e s u l t s .  
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Quan tum l e v e l s  9 t h r o u g h  15 have v e r y  s m a l l  e n e r g y  wid ths  and a 
p r o g r e s s i v e l y  l a r g e r  n u m b e r  of s u b s t a t e s  with e a c h  p r i n c i p a l  q u a n t u m  
l e v e l .  C o n s e q u e n t l y  e a c h  was c o n s i d e r e d  as a s i n g l e  e n e r g y  l e v e l  fo r  al l  
r a t e  coe f f i c i en t  d e t e r m i n a t i o n s .  

The  c r i t e r i o n  fo r  t r u n c a t i n g  the s y s t e m  of e q u a t i o n s  c o m p r i s i n g  the 
ERE is  that  s o m e  uppe r  l e v e l  wi l l  be in e q u i l i b r i u m  with the  f r e e  e l e c t r o n  
dens i ty .  In o r d e r  to m a i n t a i n  a c o r r e c t  d e s c r i p t i o n  of the  r a t e  of th i s  
uppe r  l eve l ,  s t a t e s  above it m u s t  a l so  be c o n s i d e r e d  in o r d e r  to have  
a p p r o x i m a t e l y  c o r r e c t  v a l u e s  fo r  c o l l i s i o n a l  and r a d i a t i v e  p r o c e s s e s .  
Qu a n tu m  l e v e l  10 was c h o s e n  to be the  m a x i m u m  quan tum l e v e l  fo r  the  
c r i t i c a l  l e v e l  f o r  th is  s tudy.  Since quan tum l e v e l s  11 t h rough  15 wi l l  
t h e r e f o r e  be in an e q u i l i b r i u m  conf igura t ion ,  they  w e r e  a v e r a g e d  t o g e t h e r  
to f o r m  a r e s e r v o i r  fo r  the v a r i o u s  p r o c e s s e s  fo r  quan tum l e v e l  10. 

An add i t iona l  p h e n o m e n o n  which  r e l a t e s  to the e n e r g y  l e v e l s  in 
p a r t i a l l y  i o n i z e d  p l a s m a s  and m u s t  be t a k e n  into account  is that  of the  
l o w e r i n g  of the i on i za t i on  poten t ia l .  Th i s  a r i s e s  b e c a u s e  when  a bound 
e l e c t r o n  is in a su f f i c i en t ly  h igh  e n e r g y  s t a t e  it can e x c e e d  the  Debye  
s h i e l d i n g  l e n g t h  fo r  the  p l a s m a  and thus b e c o m e s  i n d i s t i n g u i s h a b l e  f r o m  
the f r e e  e l e c t r o n s .  H o w e v e r ,  at t yp ica l  cond i t ions  e n c o u n t e r e d  in th i s  
s tudy,  n e = 1015 1 / c m  3, T e = 1 0 ~ K ,  the e x p r e s s i o n  fo r  the l o w e r i n g  
of the  i on i za t i on  po ten t i a l  g iven  by J .  R i c h t e r  (Ref. 48) g i v e s  a va lue  
of 74 1 / c m ,  which  is i n s ign i f i can t .  

In s u m m a r y ,  p l a s m a  condi t ions  a r e  r e s t r i c t e d  to such  that  at l e a s t  
q u a n tu m  l e v e l  10 is  in Saha e q u i l i b r i u m  with  the f r e e  e l e c t r o n s .  A 
d e t a i l e d  accoun t ing  of al l  s i ng l e t  and t r i p l e t  s t a t e s  is m a i n t a i n e d  t h r o u g h  
quan tum l e v e l  6. P r i n c i p a l  quan tum l e v e l s  7 t h rough  10 a r e  m a i n t a i n e d  
s e p a r a t e  f r o m  e a c h  o t h e r  a l though a M a x w e l l - B o l t z m a n n  d e n s i t y  d i s t r i -  
but ion  of the s u b s t a t e s  of each  of t h e s e  p r i n c i p a l  quan tum l e v e l s  is  
a s s u m e d .  

4.2 PROGRAMMING CONSIDERATIONS 

As i n d i c a t e d  above,  one i m p o r t a n t  c o n s i d e r a t i o n  in the  d e v e l o p m e n t  
of the c o m p u t e r  p r o g r a m  is ava i l ab l e  c o m p u t e r  c o r e  s i z e .  A r r a y s  fo r  
each  of the  r a t e  coe f f i c i en t s  m u s t  be m a i n t a i n e d  as we l l  as  a work  a r e a .  
Ut i l i z ing  a t w o - d i m e n s i o n a l  a r r a y  fo r  the  K(p;q) and A(p;q) wi th  the  
o t h e r  p a r a m e t e r s  n e c e s s a r y  in the  so lu t ion ,  47 s e p a r a t e  e n e r g y  s t a t e s  
could be c o n s i d e r e d  in a p p r o x i m a t e l y  116,000 by tes  of co re  in the  IBM 
$360/50  c o m p u t e r  at the Arno ld  E n g i n e e r i n g  D e v e l o p m e n t  C e n t e r .  
Al though m o r e  c o r e  was  ava i l ab l e  at the  t i m e  of th is  work ,  schedul~mg of 
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c o r e  p a r t i t i o n s  d i c t a t e d  tha t  the  s y s t e m  r e q u i r e m e n t s  be kep t  w i t h i n  133K 
by te s  to e x p e d i t e  the  w o r k .  E x t e n s i o n  of the p r o g r a m  to i n c l u d e  s i g n i f i -  
can t ly  m o r e  d e t a i l  would  have  c a u s e d  the  c o r e  r e q u i r e m e n t s  to e x c e e d  
the o p t i m u m  133K by tes .  

A l so ,  b e c a u s e  of a v a i l a b l e  c o r e ,  it  was  i m p r a c t i c a l  to c a l c u l a t e  the  
r a t e  c o e f f i c i e n t s  in the  s a m e  p r o g r a m  that  ob t a ined  the  s o l u t i o n  to the  
E R E .  C o n s e q u e n t l y ,  t h e s e  c a l c u l a t i o n s  w e r e  a c c o m p l i s h e d  in a s e p a r a t e  
p r o g r a m  and r a t e  c o e f f i c i e n t  da t a  w e r e  p r e s e r v e d  on m a g n e t i c  t a p e  in  
b i n a r y  f o r m  to e x p e d i t e  I / O  o v e r h e a d .  

The  r a t e  c o e f f i c i e n t s  r e q u i r i n g  i n t e g r a t i o n  a r e  e v a l u a t e d  u s i n g  32-  
point  L a g u e r r e - G a u s s  q u a d r a t u r e  and double  p r e c i s i o n  a r i t h m e t i c .  Th i s  
is a s t a n d a r d  t e c h n i q u e  w h i c h  is r e a d i l y  ava i l ab l e ;  d e t a i l s  of the  i n t e g r a -  
t ion  a r e  i n c l u d e d  in Append ix  A. 

The  so lu t i on  to  the  E R E  was  ob ta ined  by u s i n g  the m o d i f i e d  E u l e r ' s  
t e c h n i q u e ,  w h i c h  is  an  i m p l i c i t  m e t h o d .  D e t a i l s  of the  a p p l i c a t i o n  of t h i s  
t e c h n i q u e  to the E R E  a r e  a l so  i n c l u d e d  in Append ix  A. A r e s u l t  of the  
t e c h n i q u e  is c o n t r o l  of the  i n c r e m e n t  of c a l c u l a t i o n  b a s e d  upon the d e s i r e d  
r e l a t i v e  e r r o r  bound. The  c a l c u l a t i o n s  p r e s e n t e d  h e r e  u s e d  v a r i o u s  
bounds ,  u s u a l l y  as  h igh  as 10 -6 to 10 -8 in the  p o r t i o n  of the  s o l u t i o n  in 
w h i c h  a d j u s t m e n t s  w e r e  t ak ing  p l a c e  r a p i d l y .  A f t e r  the  r a p i d  t r a n s i e n t s  
had  d ied  out,  e r r o r  bounds  as  low as  10 .4  w e r e  u s e d .  

Al l  c a l c u l a t i o n s  w e r e  p e r f o r m e d  wi th  double  p r e c i s i o n  a r i t h m e t i c  and 
wi th  the  p r o g r a m  c o m p i l e d  wi th  the  IBM F o r t r a n  H - l e v e l  c o m p i l e r  u s i n g  
fu l l  o p t i m i z a t i o n  so  as  to g e n e r a t e  the  m o s t  e f f i c i e n t  m a c h i n e  code .  In 
add i t ion ,  v a r i a b l e s  and c a l c u l a t i o n s  w e r e  a r r a n g e d  in s t o r a g e  so  as  to 
t ake  as  ful l  an a d v a n t a g e  as  p o s s i b l e  of the  o p t i m i z a t i o n .  To  c o n s e r v e  
c o m p i l e r  t i m e ,  w h i c h  is a m i n o r  c o n s i d e r a t i o n  e x c e p t  f o r  p r o g r a m s  w h i c h  
a r e  r u n  m a n y  t i m e s ,  as  t h i s  one was ,  the c o m p i l e d  p r o g r a m  was  p r e s e r v -  
ed in m a c h i n e  l a n g u a g e  on d i sk  pack  f o r  i m m e d i a t e  r e c a l l  at e x e c u t i o n  
t i m e .  T h e s e  e f f o r t s  to r e d u c e  e x e c u t i o n  t i m e  r e a l i z e d  an a p p r o x i m a t e  
r e d u c t i o n  of 25 to 35 p e r c e n t  c o m p a r e d  to an e a r l i e r  v e r s i o n  of the  p r o -  
g r a m .  E v e n  wi th  the  e f f o r t s  to r e d u c e  p r o g r a m  e x e c u t i o n  t i m e ,  the 
r u n  t i m e s  can  b e c o m e  qui te  long .  T y p i c a l  r u n  t i m e s  f o r  e a c h  c a s e  s t u d -  
ied  h e r e  w e r e  45 m i n u t e s  to one h o u r .  S u b s e q u e n t  c o m p u t e r  s y s t e m  
i m p r o v e m e n t s  have  r e d u c e d  t h e s e  c o m p u t e r  r u n  t i m e s  t y p i c a l l y  an o r -  
d e r  of m a g n i t u d e .  

C o n s e q u e n t l y ,  to c o n s e r v e  to ta l  m a c h i n e  t i m e  and i n s u r e  tha t  a 
s o l u t i o n  tha t  w a s  i nva l id  f o r  s o m e  r e a s o n  would  not  w a s t e  an i n o r d i n a t e  
a m o u n t  of m a c h i n e  t i m e ,  the  p r o g r a m  was  s e t  up to p r e s e r v e  i m p o r t a n t  
s o l u t i o n  p a r a m e t e r s .  Thus  one can  r e s t a r t  the  c a l c u l a t i o n s  at  the  point  
in t i m e  the p a r a m e t e r s  w e r e  p r e s e r v e d .  
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T h e  p r e s e r v a t i o n  of  t h e s e  p a r a m e t e r s  o c c u r r e d  a t  s e l e c t e d  c l o c k  
t i m e  i n t e r v a l s  a n d  p l a s m a  t i m e  i n t e r v a l s  s o  t h a t  a n  i n a d v e r t e n t  m a c h i n e  
o r  p r o g r a m  f a i l u r e  w o u l d  n o t  c a u s e  t h e  l o s s  of  a l a r g e  a m o u n t  of  c o m p u -  
t e r  t i m e .  In  a d d i t i o n  t h e  p a r a m e t e r s  w e r e  p r e s e r v e d  a t  t h e  l a s t  c a l c u -  
l a t i o n  e a c h  t i m e  t h e  p r o g r a m  w a s  r u n  s o  t h a t  if  m o r e  c a l c u l a t i o n s  w e r e  
n e c e s s a r y ,  t h e  p r o g r a m  c o u l d  be  r e s t a r t e d  a t  t h e  l a s t  c a l c u l a t i o n  w i t h  a 
m i n i m u m  of  o v e r h e a d .  A d e s i r a b l e  c o n s e q u e n c e  of  t h i s  i s  t h a t  e x t e r n a l  
j u d g m e n t  c o n t r o l  c a n  be  e x e r c i s e d  o v e r  t h e  e x e c u t i o n  of  t h e  p r o g r a m .  
H e n c e ,  t h e  e r r o r  b o u n d  c a n  be  c h a n g e d  a s  t h e  s o l u t i o n  i n d i c a t e s  a n d  t h e  
n u m b e r  of  c a l c u l a t i o n s  j u d g e d  n e c e s s a r y  t o  e f f e c t  t h e  s o l u t i o n  a r e  
u n d e r  e x t e r n a l  c o n t r o l  s o  t h a t  u n n e c e s s a r y  c a l c u l a t i o n s  a r e  m i n i m i z e d .  

4.3 PROGRAM STABILITY 

A s  i n d i c a t e d  a b o v e  ~md s h o w n  in  A p p e n d i x  A,  t h e  t i m e  s t e p  s i z e  in  
t h e  s o l u t i o n  i s  c o n t r o l l e d  by  t h e  d e s i r e d  e r r o r  b o u n d .  F i g u r e s  6 a n d  7 
s h o w  t h e  r e s u l t s  of  o b t a i n i n g  a s o l u t i o n  to  t h e  E R E  u n d e r  t w o  d e s i r e d  
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Figure 6. he/n(1) versus time for two error criteria. 
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Figure 7. n(21 P)/n(Saha) versus time for two error criteria. 

e r r o r  bounds .  T h e s e  ca l cu l a t i ons  w e r e  p e r f o r m e d  fo r  p r e c i s e l y  the  
s a m e  p l a s m a ,  Case  C to be p r e s e n t e d  l a t e r ,  wi th  the e r r o r  bound the  
only d i f f e r e n c e .  The  f i r s t  of t h e s e ,  10 -8, is t yp ica l  of the e r r o r  bou_nds 
u s e d  in  the  o t h e r  s t u d i e s .  The  o t h e r  e r r o r  bound,  10 -12 fo r  t < 10 - I 0  s e c  
and 10-11 fo r  t > 10 = 10 sec ,  is  an e x t r e m e l y  t igh t  bound.  S o m e  e x p e r i -  
m e n t a t i o n  was conduc ted  at s i g n i f i c a n t l y  l o w e r  e r r o r  bounds  and it  was  
found that  the  s o l u t i o n  would  b e g i n  to o s c i l l a t e  if t he  bound was r e l a x e d  
too m u c h ,  a l though  a s u b s e q u e n t  t i g h t e n i n g  of the  e r r o r  bound would cause  
the  s o l u t i o n  to b e c o m e  s t a b l e  again .  

The  r e p e a t a b i l i t y  of the  so lu t ion  u n d e r  the  two bounds  i n d i c a t e d  above  
i l l u s t r a t e s  the  s t ab i l i t y  of the  so lu t ion  at the  10 -8 bound which  was  u s e d  
d u r i n g  the  e a r l y  pa r t  of the  so lu t ion .  It was  found tha t  a f t e r  the  e a r l y  
t r a n s i e n t s  had d ied  out the  e r r o r  bound could be r e l a x e d  s u b s t a n t i a l l y  
wi th  no l o s s  of s t ab i l i t y .  This  s t ab i l i t y  a long wi th  n u m e r i c a l  a g r e e -  
m e n t  with o t h e r  i n d e p e n d e n t  c a l cu l a t i ons  of t he  CR1R c o e f f i c i e n t s ,  as  wi l l  
be i n d i c a t e d  in Sec t ion  5 .0 ,  shows  tha t  the  n u m e r i c a l  t e c h n i q u e  u s e d  in 
t h e s e  s t u d i e s  y i e l d s  va l id  r e s u l t s .  
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5.0 PURE AFTERGLOWS 

The t r a n s i e n t  s o lu t i on  to the  E R E  u n d e r  the r e s t r i c t i o n s  and a s s u m p -  
t i ons  d i s c u s s e d  above was  ob ta ined  for  s e v e r a l  p l a s m a  cond i t ions .  T h i s  
c h a p t e r  is  devo ted  to the s tudy  of the  pu re  a f t e r g l o w s  in which  the p l a s m a  
was  a l lowed  to r e l a x  f r o m  an in i t i a l  d i s t r i b u t i o n .  

5.1 REPORTING OF DATA 

B e c a u s e  of the  l a r g e  bulk of the da ta  f r o m  the c a l c u l a t i o n s ,  the  
m a j o r i t y  of the  da t a  wi l l  be p r e s e n t e d  in g r a p h i c a l  f o r m  as  con t inuous  
func t i ons .  Ac tua l  poin ts  f r o m  the  c a l c u l a t i o n s  wi l l  not  be shown s i n c e  the 
l i n e s  a r e  d r a w n  to connec t  the poin ts .  Add i t i ona l l y ,  d e t a i l e d  p lo t s  f r o m  
a l l  c a l c u l a t i o n s  wi l l  not  be p r e s e n t e d  but r a t h e r  c a s e s  wi l l  be s e l e c t e d  to 
i l l u s t r a t e  t r e n d s  of the  p l a s m a  decay .  The  c a s e s  not  shown in the  d e t a i l e d  
s t u d i e s  wi l l  be u s e d  fo r  c o m p l e t e n e s s  in  i l l u s t r a t i n g  c e r t a i n  g r o s s  t r e n d s  
of the  d e c a y  c h a r a c t e r i s t i c s .  T a b u l a r  i n f o r m a t i o n  and p r e c i s e  n u m b e r s  
f r o m  the c a l c u l a t i o n s  wE/  be u sed  only as  needed  fo r  de t a i l ed  c o m p a r i s o n s  
o r  when  d e s c r i p t i o n  of s o m e  p h e n o m e n o n  r e q u i r e s  r e s o l u t i o n  beyond  tha t  
of a g raph .  

5.2 PLASMA CONDITIONS 

T r a n s i e n t  s o l u t i o n s  to the  E R E  u n d e r  the  r e s t r i c t i o n s  and a s s u m p -  
t i ons  d i s c u s s e d  above w e r e  ob ta ined  fo r  s e v e r a l  a f t e r g l o w  p l a s m a  cond i -  
t i ons  s u m m a r i z e d  in TaMe 2~ The  l o w e r  l i m i t s  of e l e c t r o n  t e m p e r a t u r e ,  
d e g r e e  of i on iza t ion ,  or  to ta l  n u m b e r  d e n s i t y  r e p r e s e n t  a p p r o x i m a t e  
l o w e r  bounds to the p l a s m a s  which  could be so lved  wi th  the  p r e s e n t  c o m -  
p u t e r  p r o g r a m  b e c a u s e  of the  c r i t i c a l  l e v e l  l i m i t s  d e s c r i b e d  e a r l i e r .  
Al though cond i t ions  above the  uppe r  l i m i t s  of the  p a r a m e t e r s  have  not 
been  i n v e s t i g a t e d ,  it i s  b e l i e v e d  tha t  e x t e n s i o n  wi l l  not y i e l d  no t ab ly  
d i f f e r e n t  da ta  on the  m e c h a n i s m  by which  the QSS is  e s t a b l i s h e d .  

F r o m  TaMe  2 one can  see  tha t  c a s e s  A t h r o u g h  G c o m p a r e  p l a s m a s  
at d i f f e r e n t  to ta l  d e n s i t i e s  wi th  the  s a m e  d e g r e e  of i o n i z a t i o n  and e l e c t r o n  
t e m p e r a t u r e  and c a s e s  H t h r o u g h  K c o m p a r e  p l a s m a s  at s i m i l a r  s e l e c t e d  
d e n s i t i e s  but at  a h i g h e r  e l e c t r o n  t e m p e r a t u r e ,  14,000~K. C a s e s  L 
t h r o u g h  O c o m p a r e  p l a s m a s  at  cons t an t  d e n s i t y  and e l e c t r o n  t e m p e r a t u r e  
but d i f f e r e n t  d e g r e e s  of ion iza t ion .  C a s e s  C, I, P,  and Q c o m p a r e  
p l a s m a s  wi th  the  s a m e  to ta l  d e n s i t y  and d e g r e e  of i o n i z a t i o n  but d i f f e r e n t  
e l e c t r o n  t e m p e r a t u r e s .  By quan t i t a t i ve  c o m p a r i s o n s  of the  r e s u l t s  f o r  
t h e s e  cond i t i ons ,  i n s igh t  in to  the t r e n d s  of the  p r o c e s s e s  by which  QSS 
is  e s t a b l i s h e d  wi l l  be obta ined .  
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Table 2. Summary of Plasma Conditions for Afterglows 
Studied with ERE 

Case n O ne/n ° T e 

I/cm 3 • K 

A 1.6317a 0.01 
B 4.416 0.01 

C 1.516 0.01 

D 6.5915 0,01 

E 5.014 0.01 

F 1.514 0.01 

G 5.013 0.01 

H 1.6317 0.01 
I 1.516 0.01 

J 5.014 0.01 

K 5.013 0.01 

L 2.6915 0.2 

M 2.6915 0.01 

N 2.6915 0.001 

O 2.6915 0.0001 
P 1.516 0.01 

Q 1.516 0.01 

1.04 
1.04 

1.04 

1.04 

1.04 

1,04 

1.04 

1.44 

1.44 

1 44 

I 44 

1 O 4 

1 04 

1 04 

1 04 

B 03 
6 03 

asuperscripts denote powers of 10 by which the 
numbers are to be multxplxed. 

I 

The in i t i a l  d i s t r i b u t i o n  fo r  e a c h  of t h e s e  c a s e s  was  c h o s e n  such  tha t  
a l l  e x c i t e d  s t a t e  d e n s i t i e s  w e r e  in Saha e q u i l i b r i u m  wi th  the  f r e e  e l e c t r o n  
dens i ty .  Consequen t ly ,  the e x c i t e d  s t a t e  d e n s i t i e s  exh ib i t  a B o l t z m a n n  
d i s t r i b u t i o n .  In m o s t  l a b o r a t o r y  p l a s m a s ,  the  e x c i t e d  s t a t e  d i s t r i b u t i o n  
d o e s  not  exhib i t  t h i s  B o l t z m a n n  d i s t r i b u t i o n  in  i t s  e n t i r e t y .  R a t h e r ,  t h e r e  
can  be s i g n i f i c a n t  d e v i a t i o n s  f r o m  th i s  e q u i l i b r i u m  d i s t r i b u t i o n  fo r  the  
f i r s t  few e x c i t e d  s t a t e s .  In th i s  s e n s e  then,  the  in i t i a l  cond i t ions  c h o s e n  
fo r  the  a f t e rg low s t u d i e s  a r e  at v a r i a n c e  wi th  n a t u r e .  Howeve r ,  the  
in ten t  is to e x a m i n e  the  m e c h a n i s m s  by which  the  QSS d i s t r i b u t i o n  is 
e s t a b l i s h e d  and thus to d e t e r m i n e  the i m p o r t a n t  p h e n o m e n a  r e q u i r e d  to 
m a i n t a i n  the QSS in an ac tua l  p h y s i c a l  s i tua t ion .  In a p h y s i c a l  p l a s m a  
v a r i o u s  of the p l a s m a  p a r a m e t e r s  wi l l  be changing  and the QSS is not  
a s t a t i c  condi t ion .  By s tudying  the pure  a f t e r g l o w  p h e n o m e n a  wi th  the 
p e r t u r b a t i o n a l  s t u d i e s  the  e f fec t  upon the  QSS b e c a u s e  of a change  in 
the p l a s m a  p a r a m e t e r s  can be e x a m i n e d  fo r  va l id  app l i ca t i on  to p h y s i c a l  
p l a s m a s .  
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5.2.1 Quasi-Steady-State Recombination Coefficients 

As a f inal  check of the n u m e r i c a l  va l id i ty  of the c o m p u t e r  p r o g r a m  
the c o l l i s i o n a l - r a d i a t i v e  r e c o m b i n a t i o n  c o e f f i e i e n t s  ~ w e r e  obtained.  
T h e s e  r e s u l t s  w e r e  obtained by a l lowing  the t r a n s i e n t  so lut ion  ~o 
d e v e l o p  unti l  rl e and n (1) a g r e e d  to within  f ive  p e r c e n t  and then c a l -  
cu lat ing  ~ with the ins tantaneous  v a l u e s  of ri e and ne  2, ~ = - ~ e / n e  2. 

TaMe 3 s h o w s  the va lue  of ~ obtained f r o m  the ERE and r e s u l t s  
r e p o r t e d  by Chen (Ref. 21) us ing  the QSS approx imat ion .  As  i s  s e e n  
in Tab le  3+ the p r e s e n t  r e s u l t s  c o m p a r e  favorab ly  with those  of Chen, 
be ing  c o n s i s t e n t l y  s l i gh t ly  l o w e r  except  for  c a s e s  P and Q. No s i g n i f i -  
cance  i s  p laced  upon the v a r i a n c e  of c a s e  P, being l e s s  than ten per  
cent .  Case  Q wi l l  be d i s c u s s e d  in m o r e  deta i l  be low.  Chen a l s o  u s e d  
G r y z i n s k i ' s  t echnique  for  obtaining c o l l i s i o n  c r o s s  s e c t i o n s  but u s e d  
a d i f ferent  s o u r c e  for  the r a d i a t i v e  t r a n s i t i o n  p r o b a b i l i t i e s .  Chen did 
not inc lude  all  c o l l i s i o n a l  t r a n s i t i o n s ,  as  th i s  work does+ and he u s e d  

Table 3. Quasi-Steady-State CollisionaI-Radiative Recombination Coefficients 
from the Eigenstate Rate Equations Solution 

Case T e n e u(ERE) a 
°K 1/cm 3 I/cm3/sec 1/cm3/sec 

A 1.04b 1.6315 5.9 -12 7.0 -12 

B 1.04 4.414 3.04 -12 3.4 -12 

C 1.04 1.514 2.16 -12 2.25 -12 

D 1.04 6.5913 1.62 -12 1.8 -12 

E 1.04 5.012 8.04 -13 9.5 -13 

F 1.04 1.512 6.77 -13 8.1-13 

G 1.04 5.011 4.58 -13 6.5 -13 

H 1.44 1.6315 1.91-12 2.1-12 

I 1.44 1.514 7.98 -13 1.05 -12 

J 1.44 5.012 3.69 -13 5.6 -13 

K 1.44 5.011 2.48 -13 3.7 -13 

L 1.04 5.3814 3.32 -12 3.7 -12 

r! 1.04 2.6913 1.26 -12 1.35 -12 

N 1.04 2.6912 6.86 -13 8.5 -13 

O 1.04 2.6911 3.97 -13 6.0 -13 

P 8.03 1.514 4.43 -12 4.1-12 

O 6.03 1.514 1.25 -11 8.5 -12 

achen (Ref. 21) 

bsuperscripts denote powers of I0 by which the 
numbers are to be multiplied. 
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the s i m p l i f i e d  t e c h n i q u e  of ob ta in ing  the  m i n i m u m  in the  to ta l  r a t e  of 
d e - e x c i t a t i o n  as a func t ion  of the e n e r g y  l e v e l s  of e x c i t e d  s t a t e s  (Refs .  
2 and 23). T h e s e  d i f f e r e n c e s  can e a s i l y  accoun t  fo r  the s l i gh t  d i f f e r -  
e n c e s  in Tab le  3. It i s  b e l i e v e d  that  the  i n c o n s i s t e n t  b e h a v i o r  of c a s e  
Q is  due to exp l i c i t  i n c l u s i o n  of e x c h a n g e  e x c i t a t i o n s  f r o m  the  m e t a s -  
tab le  23S l e v e l  to the ad jacen t  m e t a s t a b l e  21S l eve l .  Th i s  has  the e f fec t  
of m a i n t a i n i n g  a h i g h e r  c o l l i s i o n a l  r a t e  to the a d j a c e n t  2 1 p  l e v e l  ( r ap id  
d i r e c t  exc i t a t ion)  so  that  a h i g h e r  r a t e  of r a d i a t i o n  to the  g r o u n d  s t a t e  is  
m a i n t a i n e d .  Th i s  r a t e  at QSS "is c o m m u n i c a t e d  back  t h r o u g h  the  bound 
s t a t e s  to the f r e e  e l e c t r o n s ,  thus  r e s u l t i n g  in a h igh  r a t e  of r e c o m b i n a -  
t ion.  O the r  w o r k e r s  (Ref. 49) have  a l so  c a l c u l a t e d  r e c o m b i n a t i o n  co-  
e f f i c i e n t s  but t h e i r  cond i t ions  and r e s o l u t i o n  of t h e i r  da ta  m a k e  c o m p a r -  
i s o n s  diff icul t .  

It is no tab le  that  t h e s e  r e c o m b i n a t i o n  coe f f i c i en t s  a r e  t y p i c a l l y  a 
f a c t o r  of two l e s s  than  t h o s e  r e p o r t e d  fo r  h y d r o g e n  by B a t e s ,  et  al. 
(Ref. 3). Th i s  c o r r e s p o n d s  to a g e n e r a l  t r e n d  in r e p o r t e d  e x p e r i m e n t a l  
v a l u e s  fo r  h e l i u m  r e c o m b i n a t i o n  r a t e s  to be l e s s  than  h y d r o g e n  r e c o m -  
b ina t ion  r a t e s  (Refs.  12, 22, 50, and 51). The  t r u e  va lue  wi l l  be s o m e -  
what  in doubt b e c a u s e  of the  inab i l i ty  of the G r y z i n s k i  c r o s s  s e c t i o n s  to 
p r e d i c t  a c c u r a t e l y  the t r u e  c o l l i s i o n  r a t e s .  Howeve r ,  the  use  of a 
c o n s i s t e n t  s e t  of c r o s s  s e c t i o n s  fo r  both  h y d r o g e n  and h e l i u m  wi l l  
i nd ica t e  r e l a t i v e  d i f f e r e n c e s .  

The  f a v o r a b l e  c o m p a r i s o n  of the r e s u l t s  of the t r a n s i e n t  ERE 
so lu t i on  and the  QSS ca l cu l a t i ons  shown  in Tab le  3 i n d i c a t e s  tha t  the  
n u m e r i c a l  t e c h n i q u e  u s e d  fo r  the ERE wi l l  y i e l d  p h y s i c a l l y  c o r r e c t  
r e s u l t s .  Th i s  o b s e r v a t i o n  coupled  wi th  the  s t a b i l i t y  c o n s i d e r a t i o n s  
d e s c r i b e d  in S ec t i on  4 .0  c o n s t i t u t e s  p roof  that  the  n u m e r i c a l  r e s u l t s  to 
be p r e s e n t e d  in the  fo l lowing  pages  do r e p r e s e n t  p h y s i c a l  p r o c e s s e s  
to the  l i m i t  of the  a c c u r a c y  of the p a r a m e t e r s  u s e d  in the  ca lcu la t ion .  

5.2.2 Location of the Critical Level 

The in i t i a l  d i s t r i b u t i o n  fo r  each  of the  p l a s m a s  was  a B o l t z m a n n  
d i s t r i b u t i o n  in e q u i l i b r i u m  wi th  the  f r e e  e l e c t r o n s  f r o m  the  23S l e v e l  
t h ro u g h  the  u p p e r  s t a t e s  c o n s i d e r e d .  As the ERE so lu t i on  d e v e l o p s  in 
t i m e ,  the  l e v e l s  below the  c r i t i c a l  l e v e l  ad jus t  to  the  f ina l  QSS d i s t r i -  
but ion  whi le  t hose  l e v e l s  above and inc lud ing  the  c r i t i c a l  l e v e l  r e m a i n  
in Saha e q u i l i b r i u m  with  the  f r e e  e l e c t r o n s .  

Al though the  concep t  of a c r i t i c a l  l e v e l  is  not  u s e d  in the  p r e s e n t  
c o m p u t a t i o n s ,  the  o b s e r v a t i o n  of the  d e v e l o p m e n t  of such  a l e v e l  in the 
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t r a n s i e n t  so lu t i on  and the l o c a t i o n  of it i s  of i n t e r e s t  as  it p e r t a i n s  to the  
i n t e r n a l  c o n s i s t e n c y  of the c a l c u l a t i o n s .  The l o c a t i o n  of the c r i t i c a l  
l e v e l  is  u se fu l  fo r  e x p e r i m e n t a l  d e t e r m i n a t i o n s  b e c u a s e  it i n d i c a t e s  
tha t  l o w e s t  l e v e l  w h e r e b y  s p e c t r a l  i n t e n s i t y  m e a s u r e m e n t s  can  be" u s e d  
to a s c e r t a i n  the k i n e t i c  t e m p e r a t u r e  of the  f r e e  e l e c t r o n  d i s t r i b u t i o n .  

T a b l e  4 l i s t s  the  c r i t i c a l  l e v e l s  found fo r  e a c h  of the  p l a s m a s .  Two 
c r i t e r i a  w e r e  u s e d  fo r  i d e n t i f i c a t i o n  of the c r i t i c a l  l e v e l :  3 p e r c e n t  and 
10 p e r c e n t ,  r e f e r r i n g  to the  m a x i m u m  d e v i a t i o n  f r o m  Saha  e q u i l i b r i u m  
wi th  the f r e e  e l e c t r o n s  fo r  any of the  s u b s t a t e s  in a p r i n c i p a l  q u a n t u m  
l e v e l  fo r  tha t  p r i n c i p a l  quan tum l e v e l  to be c o n s i d e r e d  as  the c r i t i c a l  
l e v e l .  The  c r i t i c a l  l e v e l s  found for  the h igh  e l e c t r o n  d e n s i t y ,  h igh  
t e m p e r a t u r e  c a s e s  wi th  the  1 0 - p e r c e n t  c r i t e r i a  c o m p a r e  f a v o r a b l y  wi th  
p r e d i c t i o n s  by Hinnov and H i r s c h b e r g  (Ref. 11) who ind ica t e  tha t  at  t h o s e  
cond i t ions  q uan tum n u m b e r  4 wi l l  be the  l o w e s t  l e v e l  in Saha  e q u i l i b r i u m  
wi th  the  f r e e  e l e c t r o n s .  No c o m p a r i s o n s  w e r e  m a d e  at the  low d e n s i -  
t i e s  and t e m p e r a t u r e  o the r  than  tha t  t hey  q u a l i t a t i v e l y  show e x p e c t e d  
b e h a v i o r .  

Table 4. Total Number Density, Electron Density, Electron 
Temperature, and Location of Critical Level for 
Each of the Plasmas Studied 

Case n o n CrSt£cal Level 
Te (Principal Quantum Number) i/cm 3 1/~m 3 "K 

3% 10% 

A 1.6317a 1.6315 1.04 4 4 
B 4.416 4".414 1.04 5 4 
C 1.5 I~ 1.514 1.04 5 4 
D 6,5915 6.5913 1.04 6 5 
E 5.014 5.012 1.04 8 6 
F 1.514 1.512 1.04 9 7 
G 5.013 5.011 1.04 i0 7 
H 1.6317 1.6315 1.44 4 3 
I 1.516 1.514 1.44 5 4 
J 5.014 5.012 1.44 8 6 
K 5.013 5.011 1.44 9 7 
L 2.6915 5.3814 1.04 5 4 
M 2.6915 2.6913 1.04 6 5 
N 2.6915 2.6912 1.04 8 6 
O 2.6915 2.6911 1.04 10 8 
P 1.516 1-514" 8.03 5 4 
Q 1.516 1.514 6.03 6 5 

asuperscripts denote powers of i0 by which the 
numbers are to be multiplied. 
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5.3 TIME DEVELOPMENT OF THE ERE SOLUTION 

The t ime  deve lopment  of s e l ec t ed  quantum l eve l  d e n s i t i e s  for  e ight  
of the cases  l i s t ed  in Table  2 a r e  p r e s e n t e d  on the fol lowing pages.  
The ord ina te  for  each plot is  the r a t i o  of the ins tan taneous  populat ion 
dens i ty  to the dens i ty  r e q u i r e d  to be in Saha equ i l i b r i um with the f r e e  
e l e c t r o n  dens i ty .  Thus,  at t = 0.0 sec ,  each q u a n t u m l e v e l  would have 
an ord ina te  of 1.0. The subs t a t e s  of only quantum l e v e l s  2 and 3 a r e  
shown. Those  quantum l eve l s  be tween quantum leve l  3 and the c r i t i c s /  
l eve l  wil l  show c h a r a c t e r i s t i c s  s i m i l a r  to the t r i p l e t  and s ing le t  s t a t e s  
of quantum l eve l  3, and any quantum leve l  above and including the 
c r i t i c s / l e v e l  wil l  show a cons tant  r a t i o  of 1.0.  

The two quantum l eve l s  a r e  d i sp layed  toge the r  because  subs t a t e s  
of quantum l eve l  3 a r e  c h a r a c t e r i s t i c  of the o ther  upper  l e v e l s  while 
subs t a t e s  of quantum leve l  2 a re  in gene ra l  quite d i f fe ren t  f r o m  each 
o ther  and any of the o ther  l eve l s .  The ground s ta te  dens i ty  is  not 
included s ince  it shows nothing m o r e  than a slow, s t e ady  i n c r e a s e  
throughout  t ime .  The s tudy of the r a t e  of change of the ground s t a t e  
dens i ty  is m o r e  pe r t inen t  and s tud ies  of c e r t a i n  of t h e s e  wil l  be 
p r e s e n t e d  l a t e r .  

F i g u r e  8 shows the t ime  development  for  Case  A, a high dens i ty  
p l a s m a  which is g e n e r a l l y  co l l i s ion  dominated .  F igu re  8 does not 
include any of the subs t a t e s  of q u a n t u ~  leve l  3 s ince  t h e i r  va lues  fa l l  
into the s ame  r eg ion  as the 2~S and 2 P l eve l s  and would jus t  c lu t t e r  
the plot. 

Th i s  p l a s m a  is  su f f i c ien t ly  co l l i s ion  domina ted  tha t  the only s ign i f i -  
cant change is  due to the r a d i a t i v e  depopulat ion of the 21p  leve l .  The 
m e t a s t a b l e  2 IS and the 2 1 p  l e v e l s  a r e  coupled t oge the r  s t r o n g l y  by two- 
body c o l l i s i o n s / p r o c e s s e s  so that  as  the 21p  l eve l  decays  r a d i a t i v e l y ,  
it i s  d e p r e s s e d  below the e q u i l i b r i u m  conf igura t ion .  Consequent ly ,  the 
co l l i s ions /  exc i ta t ion  r a t e  f r o m  the 2 IS l eve l  is g r e a t e r  than the s u p e r -  
e l a s t i c  d e - e x c i t a t i o n f r o m  the 21p  to the 21S leve l ,  and t he r e  is  a net  
t r a n s f e r  of a toms  f r o m  the lower  to the upper  s ta te .  The 21p  leve l  con- 
t inues  to decay  r a d i a t i v e l y  and thus causes  the 2 IS l eve l  to decay also.  
At about 1 x 10 -8 sec ,  the 21p dens i ty  has  d e p r e s s e d  suf f i c ien t ly  that  
the r ad i a t i ve  depopulat ion r a t e  has  ~lecreased to the point that  the 
c o l l i s i o n s / p o p u l a t i o n  r a t e  wi l l , b s / ance  the to t s /  r a t e  of change towards  
ze ro ,  or  the QSS. T h e r e  a re  o ther  co l l i s ions /  p r o c e s s e s  poss ib le ,  
n a m e l y  exchange  co l l i s ions ,  so that  as the 21p  dens i ty  d e c r e a s e s ,  the 
o ther  quantum l eve l s  in the v ic in ty  of the 21p l eve l  a re  a lso  d e p r e s s e d  by 
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co l l i s iona l  t r a n s f e r s  to the 21p  and 21S l eve l s ,  and they al l  show a 
s l ight  d e p r e s s i o n  below the equ i l ib r ium value.  All of the s ingle t  s ta tes  
of quantum leve l  3 show a tendency to be populated s l igh t ly  l e s s  than 
the t r ip l e t  s t a t e s ,  r e f l ec t ing  the m o r e  eff ic ient  co l l i s ion  p r o c e s s e s  to 
the 21p  s ta te  f r o m  the o ther  s ingle t  s t a tes .  However,  the d i f f e rence  
between the s ingle t  and t r i p l e t  s t a t e s  is  on].y about 10 percen t ,  and 
g raph ica l  d i s t inc t ion  is not jus t i f ied .  

F igu re  9 shows the t ime  development  of the subs ta te  of quantum 
l eve l s  2 and 3 for  case  C. The 33p  and 33D as well as the 31S, 31D, 
and 31p l eve l s  a re  c lose enough toge ther  ene rge t i c a l l y  that  at this  
dens i ty  they are  coupled toge ther  s t rong ly  and decay toge ther .  Thus ,  
the two t r i p l e t  s ta tes  a re  plotted toge ther  as a s ingle  curve  as a re  the 
t h ree  s ingle t  s t a t e s  of quantum leve l  3. Case C is at a lower  to ta l  
dens i ty  than  case A and Fig.  9 i l l u s t r a t e s  this  through the l a r g e r  sp read  
in the va r ious  dens i t i e s .  Again the 21p l eve l  tends to depopulate r a d i -  
a t ive ly  f r o m  t = 0 .0  sec.  The d e p r e s s i o n  of the 21p  dens i ty  tends to 
dep re s s  the dens i ty  of the o ther  s ingle t  s t a t e s  ad jacent  to it because  of 
co l l i s iona l  t r a n s f e r  to the 21p state .  The l a r g e s t  effect  is on the 21S 
l eve l  because  the 21S and 21p  l eve l s  a re  c lo se r  toge ther  e n e r g e t i c a l l y  
than the 21p  and 31S l eve l s .  
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n(p)/n(Saha) versus time for quantum levels two and three, case C. 

The  m e t a s t a b l e  23S l e v e l  ha s  a l a r g e  r a d i a t i v e  popu la t ion  r a t e  so  
tha t  f r o m  t = 0 . 0 ,  it i s  i n c r e a s i n g  in dens i t y .  E v e n  though  the 23S l e v e l  
i s  c o l l i s i o n  domina t ed ,  the  r a d i a t i v e  r a t e  is  of c o m p a r a b l e  m a g n i t u d e  
at  t h i s  d e n s i t y .  S ince  the  i n i t i a l  cond i t ion  fo r  t h i s  p l a s m a  was  a B o l t z -  
m a n n  d i s t r i b u t i o n ,  the  c o l l i s i o n a l  popu la t ion  and depopu la t i on  r a t e s  
b a l a n c e  e a c h  o t h e r  so  the  ne t  e f fec t  on the to ta l  r a t e  f o r  the  23S l e v e l  
is  r a d i a t i v e .  At about  3 x 10 -8 s e c ,  the  23S and 2 3 p  d e n s i t i e s  (the 
2 3 p  i n c r e a s e s  b e c a u s e  of s t r o n g  c o l l i s i o n a l  coupl ing  to the  23S l eve l )  
have  i n c r e a s e d  in d e n s i t y  enough tha t  exchange  t r a n s i t i o n s  to the  2 IS 
and 21P  l e v e l s  b a l a n c e  the r a d i a t i v e  r a t e  f r o m  the 21P  l e v e l  and then ,  
as  the t r i p l e t  s t a t e s  con t inue  to i n c r e a s e  in  d e n s i t y ,  tl~e c o l l i s i o n a l  
r a t e  d o m i n a t e s  and the  d e n s i t i e s  of the s i n g l e t  s t a t e s  i n c r e a s e  un t i l  
the  p l a s m a  a c h i e v e s  QSS and c o m p u t a t i o n s  a r e  t e r m i n a t e d .  

F i g u r e  10 shows  the t i m e  d e v e l o p m e n t  of the  2 1 p  r a d i a t i v e  r a t e ,  
two-body  c o l l i s i o n a l  r a t e ,  and to ta l  r a t e  fo r  c a s e  C. E a c h  quan t i t y  i s  
the  a l g e b r a i c  s u m  of the popula t ing  and depopu la t ing  p r o c e s s e s .  As 
can be s een ,  the  m a j o r  c o n t r i b u t o r  to the  to t a l  r a t e  fo r  s h o r t  t i m e s  i s  
r a d i a t i v e  depopula t ion .  
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21P collisional, radiative, and total rates 
versus time, case C. 

Throughout  th is  e a r l y  t i m e  per iod ,  the r a d i a t i v e  rate  d o m i n a t e s  
s u f f i c i e n t l y  that the 2 1 P  dens i ty  d e c r e a s e s .  Thus ,  the r a d i a t i v e  rate  
a l so  d e c r e a s e s .  T h i s  d e c r e a s e  in dens i ty  c a u s e s  a net depopulat ion  of 
adjacent  s t a t e s  so  the c o l l i s i o ~  rate  d e c r e a s e s .  In the r e g i o n  1 x 10 . 8  
s e c  < t  < 3 x 10 -8 s e c t h e 2  S a n d 2 3 p l e v e l s  attain a high enough 
d e n s i t y  that the c o l l i s i o n a l  ra te  beg ins  to i n c r e a s e .  Although the s c a l e  
of F ig .  10 i s  too l a r g e  to prov ide  v i s u a l  r e s o l u t i o n ,  at about 3 x 10 -8 
s e c  the tota l  ra te  b e c o m e s  s l i gh t ly  p o s i t i v e ,  r e f l e c t i n g  the ba lance  b e -  
t w e e n  the r a d i a t i v e  and c o l l i s i o n a l  r a t e s .  Subsequent ly ,  the c o l l i s i o n a l  
ra te  cont inues  to i n c r e a s e  b e c a u s e  of the cont inuing i n c r e a s e  in d e n s i t y  
of the adjacent  l e v e l s .  R e f l e c t i n g  the i n c r e a s e  in the 21 p dens i ty ,  the 
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r a d i a t i v e  depopu la t i on  r a t e  a l so  t e n d s  to i n c r e a s e .  F ina l l y ,  at about 
1 x 10 -6 s e c  the  c o l l i s i o n a l  r a t e  beg ins  to f l a t t en  b e c a u s e  QSS is  be ing  
a t t a ined  by the  o t h e r  l e v e l s  and the  c o l l i s i o n a l - r a d i a t i v e  p r o c e s s e s  
s t r i k e  a f ina l  b a l a n c e  fo r  t he  2 1 p  l e v e l .  

F i g u r e  11 shows  the  t w o - b o d y  c o l l i s i o n a l  depopu la t i on  r a t e ,  the  
t w o - b o d y  c o l l i s i o n a l  popu la t ion  r a t e ,  and the  r a d i a t i v e  r a t e  f o r  the  21S 
l e v e l  of c a s e  C. The  r a d i a t i v e  r a t e  has  b e e n  i n c r e a s e d  an o r d e r  of 
m a g n i t u d e  fo r  p lo t t ing  p u r p o s e s ,  and the  c o l l i s i o n a l  depopu la t i on  is 
p lo t t ed  as a p o s i t i v e  quant i ty .  
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Figure 11. 21S radiative population, two-body collisional 
population and two-body collisional depopulation 
rates versus time, case C. 
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The decay of the 21S l eve l  is domina ted  s t rong ly  by the co l l i s iona l  
depopula t ion r a t e  unti l  about about 3 x 10 -8 sec. The co l l i s iona l  popu- 
l a t ion  r a t e  shows a ma rked  d e c r e a s e  through the e a r l y  por t ion  of the 
decay,  p r i m a r i l y  because  of the d e c r e a s e  in the 21p  dens i ty .  By about 
2 x 10-8 sec ,  however ,  the 21p dens i ty  has d e c r e a s e d  enough, and the 
23S and 23P dens i t i e s  i n c r e a s e d  enough, that  the exchange co l l i s ions  
f r o m  the 23S and 23P l eve l s  a re  an apprec iab le  f ac to r  in the 21S co l l i -  
s iona l  populat ion r a t e .  Subsequently,  as these  t r i p l e t  s t a t e s  i n c r e a s e ,  
so does the co l l i s iona l  populat ion r a t e  of the 2 IS leve l .  The co l l i s iona l  
depopula t ion r a t e  shows a ve ry  s teep  d e c r e a s e  unt i l  about 3 x 10 -8 sec  
r e f l ec t i ng  the rap id  d e c r e a s e  of the 21S l eve l  because  of th is  p r o c e s s .  
At 3 x 10 -8 sec ,  however ,  the r ad i a t i ve  r a t e  and the co l l i s iona l  popula-  
t ion r a t e  a re  suff ic ient  to dominate  the tota l  r a t e ,  so the 21S dens i ty  
i n c r e a s e s .  With the i n c r e a s e  in dens i ty ,  the co l l i s iona l  depopula t ion 
r a t e  a l so  i n c r e a s e s .  The not iceable  d i f fe rence  between the co l l i s iona l  
populat ion and depopula t ion r a t e s  r e f l e c t s  the fact  that  the 21p  dens i ty  
is below the equ i l i b r ium conf igura t ion  with the 21S dens i ty ,  and co l l i -  
s iona l  p r o c e s s e s  a re  a t tempt ing  to br ing  the 21p  dens i ty  into this  con- 
f igura t ion .  The f la t ten ing  of the r a t e s  at about 10-6 sec  shows that  QSS 
for  the en t i r e  d i s t r ibu t ion  is being achieved.  At 10 -6 sec ,  the 21S to ta l  
r a t e  is 6 x 1011 a t o m s / c m 3 / s e c ,  s ign i f ican t ly  l e s s  than any of those  
r a t e s  plot ted,  and th is  shows the co l l i s iona l  r ad i a t i ve  ba lance  which is 
ma in t a ined  at QSS. 

F igure  12 shows the t ime  development  of the subs ta tes  of quantum 
leve l s  2 and 3 for  case  E. This  p l a sma  is at the same  e l ec t ron  t e m p e r a -  
tu re  and degree  of ioniza t ion  as cases  A and C but the tota l  dens i ty  is 
lower .  Hence, the p l a s m a  is m o r e  r ad ia t ion  dominated  and the s p r e a d  
of the va r ious  quantum leve l s  is m o r e  d r ama t i c .  Because  the p l a s m a  
is l e s s  co l l i s ion  dominated ,  the 2 I s  dens i ty  tends  not to d e c r e a s e  as 
fa r  as in the p rev ious  cases .  The t r i p l e t  s ta tes  of quantum leve l  3 
show some s e p a r a t i o n  at the e a r l y  an.d the l a t e r  t imes  and the 21P l eve l  
shows a v e r y  d r a m a t i c  d e c r e a s e  in dens i ty .  

The s epa ra t i on  of the s ingle t  and t r ip l e t  s t a t e s  of quantum l eve l  3 
is  much  m o r e  evident  he re .  The P and D s ta tes  a re  quite c lose  toge the r  
e n e r g e t i c a l l y  and thus a re  co l l i s iona~y  coupled toge ther  quite s t rong ly .  
The 31 p s ta te  is  inf luenced b~. the l a r g e  r ad i a t i ve  r a t e  to the ground 
s ta te  and hence the 3 l p and 31D leve l s  show a not iceable  r educ t ion  in 
dens i ty  compared  to the 31S s ta te .  In the ea r l y  s tages  of decay the 33p  
r a t e  is d e t e r m i n e d  p r inc ipa l ly  by the r ad i a t i on  to the 23S leve l  so that  
the 33p  and 33D l eve l s  decay rapid ly .  The 33S leve l  r a t e  is a l so  
l a r g e l y  d e t e r m i n e d  by r ad i a t i on  to the 2~P l eve l  but this  p roceeds  at a 
s lower  r a t e  than the 33p, 33D decay.  At about 2 x 10 -7 sec,  the 
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Figure 12. n(p)/n(Saha) versus time for quantum levels 
two and three, case E. 

d e n s i t y  of the  23S l e v e l  has  i n c r e a s e d  enough  tha t  c o l l i s i o n a l  t r a n s f e r s  
to the  2 3 p  c a u s e  i t s  d e n s i t y  to beg in  to i n c r e a s e .  D u r i n g  the p e r i o d  
of b a l a n c i n g  of c o l l i s i o n a l - r a d i a t i v e  r a t e s  b e t w e e n  the  t r i p l e t  s t a t e s  
of quan tum l e v e l s  2 and 3, 6 x 10 -8 s e c  ~_ t _< 3 x 10 -7 s e c ,  c o l l i s i o n a l  
p r o c e s s e s  b e t w e e n  the  t r i p l e t  s t a t e s  of quan tum l e v e l  3 can  b r i n g  t h e s e  
s t a t e s  into a B o l t z m a n n  c o n f i g u r a t i o n  wi th  e a c h  o the r .  Af te r  about  
3 x 10 -7 s ec ,  the  23S and 2 3 p  d e n s i t i e s  have  i n c r e a s e d  to the  point  t ha t  
the  t r i p l e t  s t a t e s  a l s o  s t a r t  to i n c r e a s e  in  d e n s i t y .  B e c a u s e  of the  
l a r g e r  r a d i a t i v e  r a t e  f r o m  the 3 3 p  l e v e l ,  and the f ac t  t ha t  as  i t  a d j u s t s  
i t  m u s t  a l s o  m a i n t a i n  the  33D s t a t e  in  a B o l t z m a n n  c o n f i g u r a t i o n ,  the  
3 3 p  and 33D s t a t e s  do not  show as  m a r k e d  an  i n c r e a s e  in  d e n s i t y  as  
the  33S s t a t e .  
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F i g u r e  13 shows  the  s a m e  quan tum l e v e l s  fo r  c a s e  J at the s a m e  
cond i t ions  as c a s e  E e x c e p t  the  e l e c t r o n  t e m p e r a t u r e  is  14,000°K. As a 
r e s u l t  the  c o l l i s i o n a l  p r o c e s s e s  fo r  th i s  p l a s m a  a r e  s t r o n g e r  than  c a s e  
E and the  c u r v e s  do not show qui te  as m u c h  s]~read. The  33S d e n s i t y  is  
s e p a r a t e d  s o m e w h a t  m o r e  f r o m  the  3 3 p  and 3~D d e n s i t i e s  b e c a u s e  of 
the  s t r o n g e r  coupl ing  b e t w e e n  the 2 3 p  and 33S s t a t e  at the  h i g h e r  t e m p e r -  
a tu r e .  The  23S l e v e l  t ends  to r i s e  to a h i g h e r  d e n s i t y  f o r  c a s e  J than  
fo r  c a s e  E. Th i s  is  b e c a u s e  c o l l i s i o n a l  p r o c e s s e s  a r e  m o r e  e f f i c i en t  at 
the  h i g h e r  t e m p e r a t u r e  so that  the  c o l l i s i o n a l  popu la t ion  and d e p o p u l a -  
t ion  r a t e s  r e m a i n  c l o s e r  t o g e t h e r ,  t end ing  to c a n c e l  e a c h  o the r .  Thus ,  
the  23S l e v e l  m u s t  r i s e  to a h i g h e r  d e n s i t y  in o r d e r  f o r  c o l l i s i o n a l  
depopu la t i on  to d o m i n a t e  c o l l i s i o n a l  popu la t ion  su f f i c i en t l y  to a l s o  
c a n c e l  the  r a d i a t i v e  popula t ion  r a t e .  
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Figure 13. n(p)/n(~ha) versus time for quantum levels 
two and three, case J. 
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F i g u r e  14 shows  the  t i m e  d e v e l o p m e n t  of s u b s t a t e s  of q u a n t u m  l e v e l s  
2 and 3 fo r  c a s e  N. T h i s  p l a s m a  is  at  a d i f f e r e n t  t o t a l  d e n s i t y  t h a n  c a s e  
E (5 .0  x 1014 a t o m s / c m  3 fo r  c a s e  E and 2 . 6 9  x 1015 a t o m s / c m  3 f o r  

n ( p )  

n(Saha)  

1 0 . 0  

0 . 1  
31D ,31p  

31S  - /  

n o - 2 . 6 9  x 1015 1 /cm 3 

n e - 2 . 6 9  x 1012 1 /cm 3 

T e = l O , O 0 0 ° K  
A 

10 - 8  

0 . 0 1  i i , I 

10 - 9  10 - 7  10  - 6  1 0 - 5  10 - 4  

Time ( s e c )  

Figure 14. n(p)/n(Saha) versus time for quantum levels two and three, case N. 

c a s e  N), but the  e l e c t r o n  d e n s i t i e s  a r e  n e a r l y  the  s a m e  (5 x 1012 f o r  
c a s e  E c o m p a r e d  wi th  2 . 6 9  x 1012 fo r  c a s e  N), and the e l e c t r o n  t e m p e r a -  
t u r e s  a r e  the  s a m e .  The  c h a r a c t e r  of the  c u r v e s  i s  about  the  s a m e  in 
F i g s .  14 and 12, w i th  the  s l i g h t  d i f f e r e n c e s  r e f l e c t i n g  the  s l i g h t  
d e c r e a s e  in the  m a g n i t u d e  of c o l l i s i o n a l  p r o c e s s e s  due to the  l o w e r  
e l e c t r o n  d e n s i t y .  T h i s  is  we l l  i l l u s t r a t e d  by the  f ac t  t ha t  the  21S d e n s i t y  
t ends  to be s l i g h t l y  g r e a t e r  t h a n  the 2 3 p  l e v e l  un t i l  about  3 x 10 -7 s e c .  
T h i s  i s  due to the  s m a l l  d e c r e a s e  in  the  c o l l i s i o n a l  coupl ing  of the  
21S to the  2 1 p  l e v e l  wh i l e  the  r a d i a t i v e  t r a n s i t i o n s  f r o m  the 2 3 p  to the  
23S l e v e l  p l ay  a p r o p o r t i o n a t e l y  g r e a t e r  r o l e  fo r  the  e a r l y  p o r t i o n  of the  
dec ay .  T h e  2 1 p  and 23S l e v e l s  a r e  not inc /uded  in t h e i r  e n t i r e t y  in  
F ig .  14 s i n c e  t h e i r  c h a r a c t e r i s t i c s  a r e  now w e ] / d o c u m e n t e d  by the  
p r e v i o u s  f i g u r e s .  The  2 1 p  l e v e l  r e a c h e s  a m i n i m u m  o r d i n a t e  of 0 .0023  
at about  5 x 10 -7 s e c  and r e t u r n s  to about  0 .01  at  QSS. The  23S l e v e l  
h a s  a peak  o r d i n a t e  of 96 .2  at QSS, t ~ 4  x 10 -5 s e c .  

F i g u r e s  15, 16, and 17 show the  t i m e  d e v e l o p m e n t  of the  s u b s t a t e s  of 
q u a n t u m  l e v e l s  2 and 3 fo r  c a s e s  I, Q, and P ,  r e s p e c t i v e l y .  T h e s e  
p l a s m a s  a r e  a l l  at  the  s a m e  d e n s i t i e s  and d e g r e e s  of i o n i z a t i o n  but have  
e l e c t r o n  t e m p e r a t u r e s  of 14+ 000~K, 8 , 0 0 0 ~ ,  and 6+ 000°K, r e s p e c t i v e l y .  
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F i g u r e  9 ( ca se  C) showed  the  d e v e l o p m e n t  of a p l a s m a  at the  s a m e  d e n -  
s i t y  and d e g r e e  of i o n i z a t i o n  wi th  an  e l e c t r o n  t e m p e r a t u r e  of 10 ,000°K.  
C o m p a r i s o n  of F i g s .  15, 9, 16, and i7  shows  the s t e a d y  d e c r e a s e  of 
i m p o r t a n c e  of c o l l i s i o n a l  p r o c e s s e s  and the  s t e a d y  i n c r e a s e  of r a d i a -  
t ive  p r o c e s s e s  as  t e m p e r a t u r e  i s  d e c r e a s e d .  

The  i n t e r p l a y  of t h e s e  c o l l i s i o n a l - r a d i a t i v e  p r o c e s s e s  i s  qu i te  c o m -  
p l ex  and sub t l e .  D e t a i l e d  s tudy  of the  change  in  the  d e c a y  c h a r a c t e r i s -  
t i c s  w i ] / b e  t a k e n  up l a t e r  in th i s  s tudy .  At th i s  point ,  i t  wi l l  su f f i ce  to 
s a y  t ha t  at  the  low t e m p e r a t u r e ,  F ig .  17, c o l l i s i o n a l  p r o c e s s e s  a r e  
s u f f i c i e n t l y  i n e f f i c i e n t  t ha t  the  r a d i a t i v e  t r a n s i t i o n s  of the  21 p l e v e l  
d e p r e s s  i t  f a r  enough  tha t  a d j a c e n t  l e v e l s  a r e  a l so  d e p r e s s e d  in  a t t e m p t -  
ing to b r i n g  the  2 1 p  d e n s i t y  back  to the  e q u i l i b r i u m  con f igu ra t i on .  T h i s  
d e p r e s s i o n  of a d j a c e n t  l e v e l s  in t u r n  l o w e r s  p a r t i c u l a r l y  the  r a d i a t i v e  
t r a n s i t i o n  r a t e  in to  the  2~S l e v e l  so tha t  it does  not  show a m a r k e d  i n -  
c r e a s e  in  d e n s i t y .  Wi thou t  t h i s  i n c r e a s e  in  the  23S d e n s i t y ,  t h e r e  is  no 
s u b s e q u e n t  i n c r e a s e  in the  o the r  quan tum l e v e l s  b e c a u s e  of c o l l i s i o n a l  
t r a n s f e r s  f r o m  the  23S l e v e l .  T h u s ,  the  e n t i r e  d i s t r i b u t i o n  in the  l o w -  
l y i n g  s t a t e s  i s  d r a w n  below the  e q u i l i b r i u m  wi th  the  f r e e  e l e c t r o n s .  
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5.3.1 Acquisition of Quasi-Steady State 

A consequence of the, QSS for  the opt ical ly  thi,n p l a s m a  is the condi-  
t ion that  the r a t e  of change of the ground s ta te  dens i ty  and the cont inuum 
dens i ty  a r e  equal  in magni tude  but opposite in s ign  (Section 2 .0) .  Hence,  
obse rva t ion  of the t ime development  of the r a t i o  rie/r~(1) will provide  
graphib  i l l u s t r a t ion  of the t ime development  of the p l a s m a  as a whole to 
the QSS. At QSS, this  r a t i o  has  a value of -1. 

The ini t ial  conditions used for  t.he ca lcula t ions  will ce r t a in ly  have a 
s igni f icant  bea r ing  upon the t ime  development  of r le / r i (1) .  However ,  as 
d e s c r i b e d  on the p reced ing  pages ,  the init ial  conditions were  such that  
the m e t a s t a b l e  2~S leve l  densi ty  had to i n c r e a s e  to r e a c h  the QSS and 
the o ther  l eve l s  were  both .directly and ind i rec t ly  affected by the m e t a s -  
table  l eve l s .  Thus,  if a p .hysic~ p l a s m a  su f f e r s  a p a r a m e t r i c  change 
such that  the dens i t i es  of t,h,ese lev,els a r e  below the i r  QSS value,  the 
ini t ial  conditions chosen, f e r  this  s tudy do give r e a l i s t i c  r e s u l t s .  

F i g u r e  18 shows ,the t ime  ~ev,elppm,ent of ri e/ri (1) for  c a s e s  A through 
G and case  M. These  p l a s m a s  ~ have an e l ec t ron  t e m p e r a t u r e  of 
10,000~K, one percen t  ionizatio.n, and p r o g r e s s i v e l y  lower  tota l  dens i t i e s .  
As one would expect ,  as conditions p.rogress  such that  the p l a s m a  is l e s s  
col l is ion dominated,  the t ime tp ac,quire ,QSS becomes  p r o g r e s s i v e l y  
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-1 

- 2  

10 -9 10 -8 10 -7, 10 -6 10-5 10 -4 
Time ( see )  

Figure 18. n,/n(1) versus time, cases A, B, C, D, E, F, G, and M. 
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l o n g e r .  T h e s e  t i m e s  r a n g e  f r o m  3 x 10 -8 s e c  fo r  c a s e  A to 3 . 5  x 10 -4 
s e c  fo r  c a s e  G. The  c r i t e r i o n  u s e d  fo r  t h e s e  and s u b s e q u e n t  c a s e s  is  tha t  
w h e n  xi e and ri(1) a g r e e  w i th in  5 p e r c e n t  ( - 1 . 0 5  < Xie/Xi (1) < - 0 . 9 5 )  the  
p l a s m a  is  c o n s i d e r e d  to be at the  QSS. A c o n s i ~ e n t  ( ca se  , ~ t h e  on ly  
excep t ion)  c h a r a c t e r i s t i c  i s  the  o v e r s h o o t  of the QSS cond i t ion  e a r l y  in  
the  d e c a y  of e a c h  p l a s m a  and t hen  the  s u b s e q u e n t  s low r e c o v e r y  back  to 
the  QSS cond i t i ons .  T h i s  p h e n o m e n o n  wi l l  be s tud i ed  in de t a i l  be low.  

F i g u r e  19 s h o w s  the t i m e  d e v e l o p m e n t  of r~e/n  (1) fo r  c a s e s  H t h r o u g h  
K. T h e s e  p l a s m a s  a r e  at s i m i l a r  d e n s i t i e s  and d e g r e e s  of i o n i z a t i o n  as  
c a s e s  A, C, E,  and G, r e s p e c t i v e l y ,  e x c e p t  tha t  the  e l e c t r o n  t e m p e r a -  
t u r e  is  e l e v a t e d  to 14 ,000°K.  The  c h a r a c t e r  of the  c u r v e s  in  F ig .  19 
c o m p a r e d  to t hose  in Fig .  18 i s  qui te  s i m i l a r ,  excep t  tha t  the QSS is  
a c h i e v e d  s l i g h t l y  s o o n e r  ( 2 . 5  x 10 -8 s e c  fo r  c a s e  H c o m p a r e d  to 2 .5  x 
10 -8 s e c f o r  c a s e A ,  2 .3  x 10-4 s e c f o r  c a s e K  c o m p a r e d  t o 3 . 5  x 10 -4 
s e c  fo r  c a s e  G) and the  m a g n i t u d e  of o v e r s h o o t  i s  s l i g h t l y  g r e a t e r .  
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Figure 19. no/n(1) versus time, cases H, I, J, and K. 

F i g u r e  20 shows  the t i m e  d e v e l o p m e n t  of l:le/l:l(1) fo r  c a s e s  L 
t h r o u g h  O. T h e s e  c a s e s  a r e  a l l  at the  s a m e  to t a l  d e n s i t y  and e l e c t r o n  
t e m p e r a t u r e  but at d i f f e r e n t  d e g r e e s  of ion iza t ion .  The  c h a r a c t e r  of 
t h e s e  c u r v e s  is  a l s o  c o n s i s t e n t  wi th  t hose  in F i g s .  18 and 19. 

F i g u r e  21 shows  the t i m e  d e v e l o p m e n t  of t i e /n (1 )  fo r  c a s e s  C, I, 
and Q. T h e s e  p l a s m a s  a r e  a l l  at  the  s a m e  d e n s i t y  and i o n i z a t i o n  but  

P,  
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e a c h  i s  at  a d i f f e r e n t  e l e c t r o n  t e m p e r a t u r e .  T h i s  aga in  shows  the  con-  
s i s t e n t  b e h a v i o r  tha t  as  c o l l i s i o n a l  r a t e s  ge t  l a r g e r  ( i n c r e a s i n g  t e m p e r a °  
tu re )  the  t i m e  f o r  the  p l a s m a  to a c h i e v e  QSS ge t s  p r o g r e s s i v e l y  s m a l l e r .  
One can a l s o  see  the t e n d e n c y  fo r  the  o v e r s h o o t  to b e c o m e  p r o g r e s s i v e l y  
l a r g e r  as  the  e l e c t r o n  t e m p e r a t u r e  b e c o m e s  l a r g e r .  C a s e  Q, the  l o w e s t  
t e m p e r a t u r e  c a s e ,  does  not  show the  o v e r s h o o t  and wi l l  be d i s c u s s e d  in 
m o r e  de t a i l  below.  

R e g a r d l e s s  of the  c h a r a c t e r  of the  decay ,  the  t i m e  to a ch i eve  QSS 
was  not e x t r e m e l y  s e n s i t i v e  to the  e l e c t r o n  t e m p e r a t u r e ,  r a n g i n g  f r o m  
2 x 10 -7 s e c f o r  c a s e  I (T e = 1 4 , 0 0 0 ° K )  t o  1 . 2  x 10 -6 s e c f o r  c a s e Q  
(T e = 6 ,000°K) .  

5.3.2 Overshoot of Quasi-Steady State 

A c o n s i s t e n t  c h a r a c t e r  of the  n e / n  (1) c u r v e s  is  the  o v e r s h o o t  of 
the  QSS e a r l y  in  the  d e c a y  of m o s t  of the  p l a s m a s  ( c a s e s  A, H, and Q 
the  only  e x c e p t i o n s )  and t hen  the s low r e c o v e r y  back  to the  QSS. T h i s  
could be due to an  o v e r s h o o t  of QSS cond i t ions  of e i t h e r  n e o r  fi(1) but 
in f ac t  both  q u a n t i t i e s  show the c h a r a c t e r  to a g r e a t e r  o r  l e s s e r  d e g r e e .  
It i s  a l s o  t e m p t i n g  to a s c r i b e  the  o v e r s h o o t  to n u m e r i c a l  i n a c c u r a c i e s  
in the  p r o g r a m  but it  i s  in  f ac t  a p h y s i c a l  p h e n o m e n o n  depend ing  upon 
the  i n i t i a l  cond i t i ons .  

The  p r e c i s e  b a l a n c i n g  be tween  the v a r i o u s  p r o c e s s e s  i nc luded  in 
the  ERE.  i n d u c e s  l a r g e  t i m e  g r a d i e n t s  in the exc i t ed  s t a t e  d e n s i t i e s  
d u r i n g  the  e a r l y  s t a g e s  of computa t ion .  H o w e v e r ,  t h e s e  n u m e r i c a l  
r e q u i r e m e n t s  a r e  s a t i s f i e d  v e r y  e a r l y  (t < 10 =10 sec )  in  the d e c a y  wi th  
no a p p r e c i a b l e  c h a n g e s  in the  e x c i t e d - s t a t e  d e n s i t i e s .  The  s u b s e q u e n t  
p l a s m a  d e c a y  i s  a t t r i b u t a b l e  to the  p h y s i c a l  i m b a l a n c e  of the  t e r m s  in  
the  E R E  b e c a u s e  of the  i n i t i a l  d i s t r i b u t i o n .  Thus  p h y s i c a l  p l a s m a s  
wh ich  s u f f e r  p a r a m e t r i c  changes  wh ich  r e q u i r e  a s i g n i f i c a n t  23S d e n s i t y  
i n c r e a s e  to a c h i e v e  QSS wi l l  a l so  be s u b j e c t  to the  o v e r s h o o t  phenomenon .  

Case  C was  c h o s e n  to e x a m i n e  the o v e r s h o o t  p h e n o m e n o n  in m o r e  
de ta i l .  T h i s  c a s e  shows  the  p h e n o m e n o n  qui te  we l l  y e t  does  not  r e q u i r e  
s u c h  l a r g e  t i m e s  to r e - e s t a b l i s h  QSS tha t  s tudy  can  b e c o m e  unwie ldy .  

F i g u r e  22 shows  the de t a i l ed  t i m e  d e v e l o p m e n t  of the  r a t e s  of 
change  of the  c o n t i n u u m  as we l l  as  the  l l s ,  23S, and 2 3 p  bound s t a t e s  
fo r  c a s e  C. T h i s  shows  tha t  both  the g round  s t a t e  and f r e e  e l e c t r o n  
r a t e s  o v e r s h o o t  t h e i r  QSS v a l u e s  and c o n v e r g e  back  t o w a r d  t h e i r  QSS 
va lue  s lowly .  Of s p e c i f i c  i n t e r e s t  in  t h i s  con tex t  i s  the  2 3 p  l e v e l .  By 
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Figure 22. Total rate of change of 11S, 23S, 23p quantum levels and free 
electron density venus time, case C. 

c o m p a r i n g  the shape  of the  c u r v e s  for. the t i m e  d e v e l o p m e n t  of the 2 3 p  
and con t inuum r a t e s ,  i t  i s  s e e n  tha t  the con t inuum o v e r s h o o t  fo l lows  

o 

the sudden  g rowth  of the  23P  r a t e  f r o m  about  5 x 10 -9 s e c  t h r o u g h  about  
3 x 10 -7 sec and then slow.ly fa]~Is tO t.he QSS value with the fall of the 
23S and 2 3 p  r a t e s  t o  the  QSS. In t h i s  r e g i o n  of t i m e  s o m e  of the  o t h e r  
quan tum l e v e l s  wi l l  a l so  show a s i r o i l a r  v a r i a t i o n  in t h e i r  r a t e s  fo r  the  
r e a s o n ~  d e s c r i b e d  below.  The  e a r l y  pa r t  of the  con t inuum r a t e  cu rve ,  
t < 1 0 "  s e c ,  fo l lows  the adj.ustm.e.nt of the  o the r  quan tum l e v e l s  t o w a r d  
t h e i r  QSS va lue .  

F i g u r e  23 e x a m i n e s  the  t i m e  d e v e l o p m e n t  of the  2 3 p  r a t e  in m o r e  
d e t a i l  i l l u s t r a t i n g  both the col l  i s i o n a !  and r a d i a t i v e  c o n t r i b u t i o n s  to the 
net  r a t e .  In i t i a l  cond i t ions  fo r  th i s  p ! a s m a  w e r e  s u c h  tha t  the  2 3 p  
d e n s i t y  is  l e s s  t han  i t s  QSS val.ue so  t h e r e  is  a t e n d e n c y  fo r  the  2 3 p  
l e v e l  to popula te  r a d i a t i v e  l y  in  t.h.e e .ar ly p o r t i o n  of the  decay .  As the  
l e v e l  con t inues  to popula te  r a d i a t i v e l y ,  the  d e n s i t y  i n c r e a s e s  so  tha t  
r a d i a t i v e  popula t ion  c o n s e q u e n t l y  i n c r e a s e s  and c o l l i s i o n s / d e p o p u l a t i o n  
d e c r e a s e s .  

Hence ,  as  t i m e  p r o g r e s s e s ,  the r a d i a t i v e  r a t e  b e c o m e s  p r o g r e s s i v e -  
l y  s m a l l e r  and the coLl is ional  depopu la t ion  r a t e  b e c o m e s  l a r g e r  fo r  
t < 5 x 10 -9 s ec .  At t h i s  point ,  h o w e v e r ,  the c o l l i s i o n a l  r a t e  r e v e r s e s  
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Figure 23. 23p collisional rate, radiative rate, and 
total rate versus time, case C. 

d i r e c t i o n s  f r o m  a depopu la t ing  e f fec t  to a popula t ing  ef fec t .  With the  
s u b s e q u e n t  i n c r e a s e  in the popu la t ion  dens i t y ,  the  r a d i a t i v e  r a t e  s e r v e s  
to i n c r e a s i n g l y  depopu la t e  the  s ta te  unt i l  about 10 .6 s e c  when  the co l l i -  
s iona l  and r a d i a t i v e  r a t e s  ba l ance  e a c h  o t h e r  and the s t a t e  a p p r o a c h e s  
QSS. By r e f e r r i n g  to Fig .  22 one s e e s  tha t  t h roughou t  th i s  o s c i l l a t i o n  of 
the 2 3 p  r a t e  the  m e t a s t a b l e  23S l e v e l  has  b e e n  popula t ing  r a d i a t i v e l y  at 
a h igh  r a t e .  At about  5 x 10 .9  s e c  the  23S l e v e l  has  b e c o m e  su f f i c i en t l y  
populous  that  d i r e c t  e x c i t a t i o n  23S - 2 3 p  c o l l i s i o n s  wi th  the c o n t i n u u m  
can beg in  to have  a d i s c e r n i b l e  e f fec t  upon the  2 3 p  r a t e .  C o l l i s i o n a l  
t r a n s f e r s  out of the  23S l e v e l  to al l  l e v e l s ,  h o w e v e r ,  a r e  not  su f f i c i en t  
to b a l a n c e  the r a d i a t i v e  r a t e  into it so  that  the  23S l e v e l  con t inues  to 
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populate,  and thus the t r a n s f e r  r a t e  to the 23p  l eve l  becomes  l a r g e r  
unt i l  QSS is r eached .  As the co l l i s iona l  r a t e  f r o m  the 23S to the 23p  
r a t e  becomes  l a r g e  enough to begin to ba lance  the r ad i a t i ve  r a t e ,  the 
23S l eve l  r a t e  d e c r e a s e s  to i ts  QSS value.  As i ts  to ta l  r a t e  d e c r e a s e s  
toward  ze ro ,  the co l l i s iona l  r a t e  to the o ther  quantum leve l  f l a t t ens  
out so that  the o ther  co l l i s iona l  r ad i a t i ve  p r o c e s s e s  can ba lance  the 
to ta l  r a t e  for  each individual  quantum l eve l  to the QSS value.  The slow 
equ i l i b ra t ion  of the co l l i s iona l  and r a d i a t i v e  r a t e s  for  the 2~S and 23p  
l e v e l s  is communica ted  by co l l i s iona l  p r o c e s s e s  back th rough  the bound 
s t a t e s  to the e l e c t r o n  continuum. Thus as these  r a t e s  fa l l  to t h e i r  QSS 
value,  they have a d e c r e a s i n g l y  impor tan t  cont r ibu t ion  to the cont inuum 
ra t e ,  and the cont inuum ra t e  can a lso  s lowly subs ide  to the QSS value.  

F i g u r e  24 i l l u s t r a t e s  the t ime  development  of the populat ion dens i -  
t i e s  of the 23S, 23p, 21S, and 2 1 p l e v e l s  for  case  C. This  shows the 
slow i n c r e a s e  of the t r i p l e t  s t a t e s  to t he i r  QSS value while examina t ion  
of the s ing le t  s t a t e s  r e v e a l s  the cause  of the ground s ta te  r a t e  overshoo t  
shown in Fig.  22. The 21p  leve l  has  a l a r g e  r ad i a t i ve  t r a n s i t i o n  p roba -  
b i l i ty  to the ground s ta te .  Hence,  i ts  population dens i ty  shows a v e r y  
r ap id  d e c r e a s e  through the e a r l y  pa r t  of the decay.  As i ts  dens i ty  f a l l s  
below the equ i l i b r i um conf igurat ion,  co l l i s ions  have a t endency  to f i l l  it 
and e s p e c i a l l y  co l l i s iona l  t r a n s f e r s  f r o m  the 21S s ta te .  Hence,  the 21S 
s ta te  a l so  shows a r educ t ion  in dens i ty  but l ags  s l igh t ly  behind the 21p  
leve l .  At about 1 x 10 -8 sec ,  the 21P l eve l  has  lowered  in dens i ty  

I I I I I I I | I I I I I I I I I ! I I I I I I 
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Figure 24. 23S, 23p, 21 S, and 21P population densities versus time, case C. 
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su f f i c i en t l y  tha t  c o l l i s i o n a l  r a t e s  can beg in  to b a l a n c e  r a d i a t i v e  r a t e s ,  
so  the  d e n s i t y  c u r v e  beg ins  to f l a t t en .  H o w e v e r ,  the  t r i p l e t  s t a t e s  a r e  
con t inu ing  to i n c r e a s e  in d e n s i t y  so that  e x c h a n g e  t r a n s f e r s  b e t w e e n  the  
t r i p l e t  and s i n g l e t  s t a t e s  b e c o m e  m o r e  n u m e r o u s  and s e r v e  to e l e v a t e  
the  popu la t ion  d e n s i t i e s  of the  s i n g l e t  s t a t e s .  The  l a r g e s t  s i n g l e  c o n t r i -  
bu to r  to the  g r o u n d  s t a t e  r a t e  is r a d i a t i v e  t r a n s i t i o n s  f r o m  the  2 1 p  
s t a t e .  By c o m p a r i n g  the  g r o u n d  s t a t e  r a t e  in  F ig .  22 to the  2 1 p  popu la -  
t ion  d e n s i t y  in F ig .  24, one s e e s  that  as  the  2 1 p  d e n s i t y  d e c r e a s e s ,  g o e s  
t h r o u g h  a m i n i m u m ,  and s l i gh t l y  i n c r e a s e s ,  so  does  the  g r o u n d  s t a t e  
r a t e .  Th i s  e f fec t  of the  2 1 p  l e v e l  upon the  g r o u n d  s t a t e  r a t e  is p r e v a -  
l e n t  f o r  a l l  c a s e s  wh ich  show o v e r s h o o t .  

In s u m m a r y ,  t h o s e  c a s e s  that  show an o v e r s h o o t  of n e / n ( 1 )  do so 
b a s i c a l l y  b e c a u s e  of the  n e e d  of the 23S d e n s i t y  to i n c r e a s e  to i ts  QSS 
va lue .  Th i s  i n c r e a s e  in dens i t y  cause s  the  c o n t i n u u m  r a t e  o v e r s h o o t  
b e c a u s e  the  c o l l i s i o n a l  t r a n s f e r s  b e t w e e n  the 23S l e v e l  and a d j a c e n t  
quan tu m l e v e l s  induce  t i m e  r a t e s  of changes  in t h e s e  l e v e l s  which  a r e  
s i g n i f i c a n t  with r e s p e c t  to the con t inuum and g round  s t a t e  r a t e s .  The  
g r o u n d  s t a t e  r a t e  o v e r s h o o t  is c a u s e d  s p e c i f i c a l l y  b e c a u s e  the i n c r e a s e  
in the  23S d e n s i t y  induces  an i n c r e a s e  in the  21p  d e n s i t y  wi th  an a t t e n -  
dant  i n c r e a s e  in the  11S-21p  r ad i a t i on .  

5.3.3 No Quasi-Steady-State Overshoot 

As i n d i c a t e d  p r e v i o u s l y ,  t h r e e  of the  p l a s m a s  s t u d i e d  s h o w e d  no 
o v e r s h o o t  of the  QSS condi t ion  but r a t h e r  d e c a y e d  d i r e c t l y  to QSS. Two 
of t h e s e  c a s e s ,  A and H, a r e  h igh  d e n s i t y  c a s e s  wh ich  a r e  s t r o n g l y  
c o l l i s i o n  d o m i n a t e d .  L i t t l e  n e e d s  to be sa id  fo r  t h e s e  two as to why they  
do not show the o v e r s h o o t  c h a r a c t e r i s t i c s .  S ince  they  a r e  s t r o n g l y  co l l i -  
s i o n  d o m i n a t e d ,  s l i gh t  changes  in any quan tum l e v e l ' s  d e n s i t y  is qu ick ly  
c o m m u n i c a t e d  to the  o t h e r  l e v e l s  so that  the  QSS d i s t r i b u t i o n  is  qu ick ly  
r e a c h e d .  No s ing l e  p r o c e s s ,  e . g . ,  2 1 p  r a d i a t i o n ,  can cause  one quan-  
t u m  l e v e l  to o v e r - d e p o p u l a t e  but r a t h e r  a l l  l e v e l s  a p p r o a c h  QSS t o g e t h e r .  

The  o t h e r  c a s e  wh ich  shows  no o v e r s h o o t ,  c a s e  Q, is s o m e w h a t  
d i f f e r e n t  in n a t u r e ,  h o w e v e r .  In th i s  low t e m p e r a t u r e  s i t u a t i o n  (T e = 
6 ,000°K)  the c o l l i s i o n a l  p r o c e s s e s  a r e  su f f i c i en t l y  i ne f f i c i en t  tha t  the  
r a d i a t i v e  d e c a y  of the  2 1 p  d e n s i t y  ac t s  as a s ink  fo r  the  r e s t  of the  
d i s t r i b u t i o n .  

Tab le  5 shows  the  r a d i a t i v e  popula t ion  r a t e  fo r  the  23S l e v e l  fo r  e a c h  
of the  c a s e s  C, I, P, and Q at in i t i a l  cond i t ions  and at QSS. I n s p e c t i o n  
of th i s  t a m e  shows  that  of t h e s e  c a s e s ,  c a s e  Q is  the  only  one wh ich  
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Table 5. Comparison of 23S Radiative Rates at Initial Conditions 
and Quasi-Steady State for Cases, C. I, P, and Q 

Case T 23S Radiative Rate 
e 

°K atoms/cm3/eeo 
Initial QSS 

I 1.44a 7.9815 1.1916 

C 1.04 2.9116 4-1116 

p 8.03 8.9716 1.0417 

Q 6.03 6.1417 3.7717 

asuperscript8 denote powers of 10 by which the 
numbers are to be multiplied. 

shows  a d e c r e a s e  in the r a t e  wi th  wh ich  the  23S l e v e l  i n c r e a s e s  b e c a u s e  
of r a d i a t i v e  t r a n s i t i o n s .  Th is  i m p l i e s  that  p a r t i c u l a r l y  the  2 3 p  l e v e l  
has  s u f f e r e d  a s i gn i f i can t  d e c r e a s e  in d e n s i t y  (at QSS fo r  c a s e  I0 the  
2 3 p  c o n t r i b u t e s  55 p e r c e n t  of the 23S r a d i a t i v e  r a t e ) .  To u n d e r s t a n d  
how th i s  c o m e s  about,  it i s  i n f o r m a t i v e  to e x a m i n e  the  r a t e  c o e f f i c i e n t s  
fo r  c o l l i s i o n a l  t r a n s i t i o n s  b e t w e e n  the sUbs ta tes  of quan tum l e v e l  2. 
T h e s e  a r e  shown  in TaMe 6 fo~' e l e c t r o n  t e m p e r a t u r e s  of 6 , 000°K  and 
10 ,000°K fo r  c o m p a r i s o n .  Inc luded  in the  t ab le  fo r  d i s c u s s i o n  p u r p o s e s  
is the  m i n i m u m  t e m p e r a t u r e  the  p r o j e c t i l e  e l e c t r o n  m u s t  exh ib i t  to 
e f fec t  the  t r a n s i t i o n .  - -  

Table 6. Comparison of Col lisiorml Rate Coefficients for 
Quantum Level Two Transitions at 10,000°K 
and 6,000 ° K 

Transition Rate Coefficients om3/sec Minimum 
Temperature 

T e = 1.04"K T e = 6.03°K °K 

23S _ 21S 7.03 -ga 3.10 -9 9.23 

23S - 23p 1.58 -7 3.98 -8 1.34 

23S . 21p 3.76 -9 1.17 -9 1.64 

21S _ 23p 1.42 -8 8.98 -9 4.03 

21S _ 21p 1.21-6 4.79 -7 6.93 

23p - 21p 1.77 -8 1.24 -8 3.03 

asuperscrlpts denote powers of i0 by which the 
numbers are to be multiplied. 
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E x a m i n a t i o n  of the  r a t e  c o e f f i c i e n t s  at  10 ,000°K shows  tha t ,  as  
would be e x p e c t e d ,  the  d i r e c t  t r a n s i t i o n s ,  23S - 2 3 p  and 21S - 21p ,  
a r e  the  m o s t  i m p o r t a n t  by at l e a s t  an  o r d e r  of m a g n i t u d e .  H o w e v e r ,  at 
6 , 0 0 0 ° K  the  2 3 p  - 2 1 p  t r a n s i t i o n  i s  c o m p e t i t i v e  wi th  the  23S - 2 3 p  
t r a n s i t i o n .  T h i s  is  b e c a u s e  at  6 , 0 0 0 ° K  m o s t  of the e l e c t r o n  d i s t r i b u t i o n  
is  s t i l l  a v a i l a b l e  to e f fec t  the  t r a n s i t i o n  (a 3 , 0 0 0 ° K  e l e c t r o n  has  su f f i -  
c i en t  e n e r g y )  and e v e n  though i t  i s  an  e x c h a n g e  t r a n s i t i o n ,  the  m a g n i t u d e  
o~ the  r a t e  coe f f i c i en t  is  not  s i g n i f i c a n t l y  a l t e r e d .  F o r  the  d i r e c t  23S - 
2 3 p  t r a n s i t i o n ,  a 13 ,000°K e l e c t r o n  is  r e q u i r e d  and at  6 , 0 0 0 ° K  an a p p r e c i -  
able  po r t i on  of the e l e c t r o n  d i s t r i b u t i o n  h a s  i n s u f f i c i e n t  e n e r g y  to e f fec t  
the  t r a n s i t i o n .  Hence ,  the  r a t e  coe f f i c i en t  is  m a r k e d l y  r e d u c e d .  S i m i -  
l a r  a r g u m e n t s  hold f o r  the  21S - 2 3 p  t r a n s i t i o n ,  wh ich  r e q u i r e s  a 
4 , 0 0 0 ° K  e l e c t r o n  fo r  the t r a n s i t i o n .  

Thus  at 6 , 0 0 0 ° K ,  as  the  2 1 p  l e v e l  d e p r e s s e s  r a d i a t i v e l y ,  the  o t h e r  
l e v e l s  a t t e m p t  to b r i n g  it  back  to the  e q u i l i b r i u m  c o n f i g u r a t i o n  and a r e  
a l so  d e p r e s s e d .  The  d e t a i l s  of t h i s  depend  upon the fo l lowing  coupl ing  
p r o c e s s e s .  

The  21S l e v e l  and the  2 3 p  l e v e l  a r e  the m a j o r  c o n t r i b u t o r s  to 
r e p o p u l a t i n g  the 2 1 p  l e v e l .  The  2 1 p  r a d i a t i o n ' d o m i n a t e s  th i s  r e p o p u l a -  
t ion  so  tha t  t h e s e  two c o n t r i b u t o r s  a r e  a l s o  d e p r e s s e d .  At the h igh  
t e m p e r a t u r e s ,  the  23S - 2 3 p  r a t e  coe f f i c i en t  d o m i n a t e s  the  2 3 p  - 2 1 p  
r a t e  coe f f i c i en t  by an  o r d e r  of m a g n i t u d e .  Thus ,  the 2 3 p  l e v e l  i s  
p r e v e n t e d  f r o m  be ing  depopu la t ed  by 2 3 p  - 2 1 p  t r a n s i t i o n s .  At the  low 
t e m p e r a t u r e ,  the  23S - 2 3 p  r a t e  coe f f i c i en t  i s  of the  s a m e  o r d e r  of 
m a g n i t u d e  as  the  2 3 p  - 2 1 p  r a t e  coe f f i c i en t  and as  a r e s u l t ,  the 2 3 p  - 
21 p t r a n s i t i o n  for  ces  the  23 p d e n s i t y  s i g n i f i c a n t l y  below the e q u i l i b r i u m  
con f igu ra t i on .  The  23S l e v e l  is  c o n s e q u e n t l y  dep l e t ed  in a t t e m p t i n g  to 
f i l l  the  23P  l eve l .  T h i s  dep l e t i on  of the  23S d e n s i t y  in  t u r n  a f f ec t s  a l l  
the  o t h e r  l e v e l  d e n s i t i e s  and thus ,  a t  6 , 0 0 0 ° K ,  the  e n t i r e  d i s t r i b u t i o n  
d e c a y s  below e q u i l i b r i u m .  

The  f o r e g o i n g  d i s c u s s i o n  of o v e r s h o o t  ha s  shown  the  s p e c i f i c  m e c h a -  
n i s m s  by wh ich  o v e r s h o o t  i s  e s t a b l i s h e d  f o r  the  v a r i o u s  p l a s m a s .  It 
ha s  b e e n  shown tha t  the  o v e r s h o o t  c h a r a c t e r i s t i c s  a r e  d e t e r m i n e d  p r i n c i -  
p a l l y  by  the  23S s t a t e  and the  2 1 p  s t a t e .  The  o v e r s h o o t  of the  quan t i t y  
d e / 5  (1) i s  c a u s e d  by the  o v e r s h o o t  of both the  c o n t i n u u m  r a t e  and the  
g round  s t a t e  r a t e  wi th  the  o v e r s h o o t  of the  g round  s t a t e  r a t e  showing  a 
s o m e w h a t  m o r e  c o n s i s t e n t  t r e n d  wi th  v a r y i n g  p l a s m a  cond i t ions .  T h i s  
i s  i l l u s t r a t e d  in  T a b l e  7, wh ich  has  r e o r d e r e d  the  v a r i o u s  p l a s m a s  
s t ud i ed  in  o r d e r  of i n c r e a s i n g  o v e r s h o o t  of 5e / r l  (1). Inc luded  in the  
table are the de(max)/rle(QSS), rl (1)(min)/rl (1)(QSS). the ratio of the 
23S coZlisional depopulation rate to the radiative population rate at 

72 



AE DC-TR-76-5 

Table 7. Maximum Value of n,/h(1), h,/~ (QSS), Minimum Value of n(1)/n(1) (QSS), 
and Ratio of Collisional Rate to Radiative Rate at Initial Conditions for the 
23S and 21P Quantum Levels for Each of the Afterglow Plasmas Studied 

C u e  n o n o T O helm (1) ne (max) n (1) (ml n._~_~.) I n i t i a l  Condxt ionm 

X/cm 3 1 / c a  3 eli aax~Jn~m ~ (QSS) ~(1) ( ~ )  Co l l i81ona l  Rate / R~ll iatLve R•te 
overnhQot e 238 21 P 

A 1.8317 1 .6 ]  15 1.04 1.0 1.0 1.0 17.12 0.5 

E 1.6317 1.63 IS 1.44 1.0 1.0 1.0 15.04 1.21 

L 2.8915 5.3014 1.04 1.10 1.06 0.58 5.07 0.20 

B 4.418 4.414 1.04 1.15 1.08 0.95 4.64 0.24 

P 1.514 1.514 8.03 1.30 1.11 0.84 1.67 0.06 

C 1.516 1.514 1.04 2.50 1.23 0.82 1.57 0.08 

I 1.510 1.514 1.44 1.65 1.43 0.87 1.44 0.10 

D 6.5915 6.5013 1.04 1.75 1.26 0.75 0.69 0.036 

N 2.0015 2.0913 1.04 1.95 1.22 0.63 0.28 0.018 

B 5.014 5.012 1.04 8.10 1.09 0.52 0.05 0.002 

F 1.514 1.512 1.04 2.15 1,00 0.48 0.016 0.0000 

a 2.0915 2.8912 1.04 2.15 1.07 0.50 0,028 0.0015 

G S.013 5.011 1.04 2.25 1.04 0.46 0.005 0.0002 

O 2.8915 2.6911 1.04 2.35 1.04 0.44 0.003 0.0002 

J 5.014 5.012 1.44 2.45 1.27 0.52 0.046 0.O04G 

X 5.013 5.011 1.44 3.26 1.15 0.35 0.0040 0.0013 

O 1.516 1.514 8.03 1.0 1.0 1.0 1.64 0.05 

asuperscripts denote powers of 10 by which the numbers 

are to be multiplied. 
the  i n i t i a l  c o n d i t i o n s ,  and the  21P  c o l l i s i o n a l  popu l a t i on  r a t e  to the  
r a d i a t i v e  d e p o p u l a t i o n  r a t e  at the  i n i t i a l  c o n d i t i o n s .  C a s e  Q has  b e e n  
i n c l u d e d  at the  b o t t o m  of the  t a m e  f o r  c o m p l e t e n e s s .  T a b l e  7 s h o w s  
tha t  f o r  t h o s e  c a s e s  (A and ~ w h i c h  have  s t r o n g  c o l l i s i o n  d o m i n a n c e  
in the  23S l e v e l  and c o m p e t i t i o n  b e t w e e n  c o l l i s i o n s  and r a d i a t i o n  in 
the  21 p l e v e l  t h e r e  is no o v e r s h o o t  fo r  any of the  p a r a m e t e r s .  In 
g e n e r a l ,  as  r a d i a t i o n  b e c o m e s  m o r e  i m p o r t a n t ,  the  o v e r s h o o t  of i , e /{ , (1 )  
b e c o m e s  g r e a t e r .  The  g r o u n d  s t a t e  o v e r s h o o t  t e n d s  to fo l low a m o r e  o r  
l e s s  c o n s i s t e n t  t r e n d  wi th  chang ing  p l a s m a  cond i t i ons  w h e r e a s  the  con-  
t i n u u m  r a t e  o v e r s h o o t  a p p e a r s  to go t h r o u g h  a m a x i m u m  in the r e g i o n  of 
cond i t i ons  in w h i c h  t h e r e  is no c l e a r c u t  d o m i n a t i o n  of the  23S c o l l i s i o n a l  
o r  r a d i a t i v e  r a t e s .  C a s e s  J and K a p p e a r  to be the p r i n c i p a l  i n c o n s i s t e n t  
c a s e s  in the  t ab l e  but the b e t t e r  c o m m u n i c a t i o n  b e t w e e n  the l o w e r  l e v e l  
r a t e s  and the c o n t i n u u m  r a t e s  have  a l r e a d y  b e e n  d i s c u s s e d  fo r  t h e s e  
h i g h e r  t e m p e r a t u r e  c a s e s .  It shou ld  a l s o  be no ted  tha t  c a s e s  J and K 
a r e  c o n s i s t e n t  wi th  c a s e s  H and I, w h i c h  a r e  a l s o  at an e l e c t r o n  t e m p e r a -  
t u r e  of 14 ,000°K.  The  r e a s o n  fo r  no o v e r s h o o t  f o r  c a s e  Q has  a l s o  b e e n  
d is  c u s s e d  p r e v i o u s l y .  
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5.4 VALIDITY OF CRR 

The  p r e c e d i n g  d i s c u s s i o n  of the  m e c h a n i s m s  by wh ich  QSS is  e s t a b -  
l i s h e d  showed  tha t ,  excep t  fo r  a l i m i t e d  r a n g e  of p l a s m a  cond i t i ons ,  the  
c o n t i n u u m  r a t e  does  not dev i a t e  d r a s t i c a l l y  f r o m  i t s  QSS v a l u e s .  T h u s  
one would expec t  the  r e s u l t s  of C R R  t h e o r y  to be a p p l i c a b l e  to the  f r e e  
e l e c t r o n  d e n s i t y  e v e n  though  the QSS is  not a p h y s i c a l  r e a l i t y .  T h i s  in 
t u r n  i m p l i e s  tha t  CRR can o c c u r  p h y s i c a l l y  i ndependen t  of the  QSS and 
indeed ,  the QSS m a y  be u n n e c e s s a r y  excep t  as  a m a t h e m a t i c a l  conven -  
i e n c e  or  in s t udy ing  the  quan tum l e v e l s  below the c r i t i c a l  l eve l .  

T h i s  is  e x a c t l y  the  s i t u a t i o n  as  is  shown in F i g s .  25, 26, 27, and 
28. E a c h  of t h e s e  f i g u r e s  d i s p l a y s  the t i m e - d e p e n d e n t  CRR coe f f i c i en t ,  
~(t), b a s e d  upon the  e l e c t r o n  d e n s i t y  decay ,  ~ (t) = - r l e / n e  2, r e f e r r e d  
to i t s  v a l u e  at  QSS. E a c h  of the  F i g s .  25 t h r o u g h  28 shows  r e s u l t s  fo r  
the s a m e  p l a s m a s  shown in F ig s .  18 t h r o u g h  21. As expec t ed ,  on ly  
t hose  c a s e s  wh ich  showed  s i g n i f i c a n t  con t inuum o v e r s h o o t  (Table  7, c a s e s  
C, D, I, J ,  and M) show s i g n i f i c a n t  o v e r s h o o t  of the  QSS. E v e n  so  the  
d e p a r t u r e  f r o m  the  QSS is  l e s s  s e v e r e  t h a n  one would expec t  f r o m  e x a m -  
ina t i on  of ne/r~(1) shown  in F i g s .  18 t h r o u g h  21. 

1 

~( t )  
o (qss )  

0 

I I I I 

D 

B C ~ E 

/ / / 
/ / / , :  . - = 4 4 0 x 1 0 1 6  1/c. 3 

I 0 ,  = 6 5 9  = 1015  1 / o .  3 

E: n o - 5 .00  x 1014 1/cm 3 

F :  n o - 1 .50 x 1014 1/cm 3 

G: n o = 5.00 x 1013 1/cm 3 
- 1  I I i , 

10"10 10-9 10-8 10-7 10-6 10-5 

Time (sec)  

Figure 25. a(t)/a(QSS) versus time. cases A. B, C, D. E, F. and G. 
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I l I f U lU l l  I I I I I l l l l  l I l U l l l l l  I I U I I lU l l  I I I I lU l l  

a ( t )  
a(QSS) 

0 

-1  
10 -10 

H 

/ / /  Te " )4,000°K / - -  1% I o n i z a t i o n  

B: n o = 1 .63 x 1017 1/cm 3 

I :  n o - 1 .50 x 1016 1/cm 3 

J: n - 5 .00 x 1014 1 / c :  3 
o 1013 K: n o = 5 . 0 0  x 1 / c :  3 

I I I I I l l l l  I J I I I I I I I  I I I I I I I I I  I I I I I l l l l  

1 0  - 9  1 0 - 8  10-7 10-5 

Time (sec)  

Figure 26. a.(t)/~!.OSS! v.e.rsus time, cases H, I, J, and K. 

I I I I I I I  

10 -5  

o ( t )  
a (Qss) 

10 -10 10-5 

I " "  ,I • " I  I 

M 

, .  

/ / I / 
/ I I / ~ -  .=. - 5.56 = 1o"  1 /o#  

/ I I / i i i_" - , - i , ,  = ~o 1, 1/o# 

I / I oi n e - =11, = 1o 111,o.= 
I I . . . .  t . . . .  ~_ _ . " '  I ` 'e  . . . .  i " 

1 0  - 9  1.0 - -8  1 0  - 7  1 0 - 6  

? l m e  ( a e c )  

Figure 27. a(t)/~(QSS..) ver.s..u..s t i.ul.e, cases L, M, N, and O. 

The c o n c l u s i o n  f r o m  th i s .  t h.at CRR can  be app l i ed  to the  c o n t i n u u m  
r a t e  fo r  low d e n s i t y  (n o < 10 I5 1 / cm3) ,  low e x c i t a t i o n  t e m p e r a t u r e  
(T e _~ 10 ,000°K)  p l a s m a s  b e f o r e  QSS is  a c q u i r e d  i s  i n e s c a p a b l e .  The  
r e a s o n  fo r  t h i s  a p p l i c a b i l i t y  of CRR to the c o n t i n u u m  d e c a y  is  f a i r l y  
s t r a i g h t f o r w a r d .  If one w r i t e s  the  E ~ E  equa t ion  f o r  the  r a t e  of change  
of the  g round  s t a t e  and f a c t o r s  out ne  2 to put it  into the  p r o p e r  f o r m  f o r  
i den t i fy ing  the CRR coe f f i c i en t ,  one s e e s  tha t  the  d o m i n a n t  c o n t r i b u t o r s  
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o(Qss) 
0 

- 1  

n = 1 . 5  x 1016  1 / c m  3 
o 1014 n = 1 . 5  x 1/cm 3 
e 

C: T e - l O , O 0 0 ° K  

I :  T e = 1 4 , 0 0 0 ° K  

P: T e = 8 , 0 0 0 ° K  

Q: T e - 6 , 0 0 0 ° K  

I I i I 

10 -10  10 . 9  10 . 8  10 - 7  10 . 6  10 . 5  

Time (sec) 

Figure 28. a(t) /a(QSS) versus time, cases C, I, P, and Q. 

to the  g round  s t a t e  r a t e  a r e  t hose  t e r m s  invo lv ing  the  l o w - l y i n g  e n e r g y  
l e v e l s ,  p a r t i c u l a r l y  r a d i a t i o n  f r o m  the  2 1 p  l e v e l .  B e c a u s e  of the  e n e r -  
g e t i c a l l y  c lo se  p r o x i m i t y  of the  2 1 p  l e v e l  to the  23S, 23p ,  and 21S l e v e l s  
and the  s i g n i f i c a n t  t i m e s  r e q u i r e d  fo r  t h e m  to r e a c h  t h e i r  QSS va lue ,  i t  
w i l l  r e q u i r e  s i g n i f i c a n t  t i m e s  fo r  the QSS to be r e a c h e d ,  so  f a r  as  the  
g round  s t a t e  is  c o n c e r n e d .  H o w e v e r ,  fo r  the  " l e s s  c o l l i s i o n  d o m i n a t e d "  
p l a s m a s ,  the  u p p e r  quan tum l e v e l s  a r e  the  m o s t  i m p o r t a n t  so  f a r  as  
the  t r a n s f e r  of e l e c t r o n s  be tween  the c o n t i n u u m  and the bound s t a t e s  a r e  
c o n c e r n e d .  The  l o w e r  l e v e l s  popula te  by r a d i a t i o n  f r o m  the  u p p e r  l e v e l s .  
Hence ,  the  c o n t i n u u m  deve lops  e q u i l i b r i u m  wi th  the u p p e r  s t a t e s  v e r y  
r a p i d l y  and d e c a y s  wi th  t h e m  a c c o r d i n g  to CRR as they  r a d i a t i v e l y  f i l l  
the  low l e v e l s  un t i l  QSS fo r  the  e n t i r e  p l a s m a  is  ob ta ined .  

A d o m i n a n t  f e a t u r e  of the a n a l y s i s  of t h e s e  p l a s m a s  has  b e e n  the 
e f fec t  of the  m e t a s t a b l e  l e v e l s  upon the t i m e  r e q u i r e d  to r e a c h  QSS. 
The  o t h e r  l e v e l s  ad ju s t  to s o m e  va lue  n e a r  o r  below t h e i r  QSS va lue  
e a r l y  in the  decay ,  t y p i c a l l y  at  t i m e s  of o r d e r  10 -8 s e c  wh ich  is  
c h a r a c t e r i s t i c  of r a d i a t i v e  d e c a y  t i m e s .  Then ,  as  the m e t a s t a b l e  l e v e l s  
con t inue  to popula te  r a d i a t i v e l y ,  c o l l i s i o n a l  p r o c e s s e s  f r o m  the  m e t a s -  
t ab l e  l e v e l s  to the a d j a c e n t  l e v e l s  and s u b s e q u e n t  e x c i t a t i o n  to h i g h e r  
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l e v e l s  s e r v e  to r a i s e  the dens i t i e s  of these  l e v e l s  to their  f inal  QSS 
values .  The amount of adjustment is  dictated by the energy proximity  
to the metas tab le  l e v e l s  and whether  the co l l i s iona l  exci tat ions  were  
governed by direct  or exchange calculat ions .  The importance  of these  
metas tab le  l e v e l s  upon the t ime for a p la sma  to achieve  QSS should not 
be neglected.  

6.0 PERTUBATIONS 

The study of the QSS development  for the pure afterglow c a s e s  has 
provided a great  deal  of insight into the important m e c h a n i s m s  in a 
decaying hel ium plasma.  Actual phys ica l  phenomena wi l l  m o r e  r e a l i s -  
t i ca l ly  involve the p lasma changing from the QSS at one se t  of p la sma  
conditions to the QSS at another set  of p lasma conditions.  The study of 
the reacquis i t ion  of the QSS after a perturbation of ex is t ing  QSS condi-  
t ions wi l l  enhance the insight gained in the study of the pure afterglow 
p l a s m a s  for extens ion  to the phys ica l  situation.  For  this ,  the QSS 
distr ibution was subjected to var ious  perturbat ions ,  and these  are 
s u m m a r i z e d  in Table 8. 

Table 8, Suhimary of isb~tiJrbktions of Case C 

Case Ihitial Conditxons 

CA 

CB 

CC 

CD 

CE 

CF 

CG 

CH 

CI 

CJ 

CK 

A l l  e x c i t e d - s t a t e  d e n s i t i e s  doubled  

A i l  e x c i t e d ~ s t a t e  d e n s i t x e s  h a l v e d  

Pfihclpai qbahtum ie~ei 3 density 
incr~ised one order of magn%tude 

Principal quahtum level 3 density 
dohbled  

Princzpal quantum level 6 density 
increased one order of magnitude 

33p density increased one order of 
~gnitude 

63p density lhc~eased one order of 
~agnithde 

T e from 10,000°K to 9,500°K in one step 

T from 10j000°K to 9,500°K in 100°K 
iScrements 

T e from 1D,000°K to 9,900°K in 10°K 
increments 

All Kip;q) halved 
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6.1 PERTURBATIONS OF ENTIRE DISTRIBUTION, CASES CA AND CB 

C a s e s  CA and CB, in wh ich  the e n t i r e  e x c i t e d - s t a t e  QSS d e n s i t y  
d i s t r i b u t i o n  f r o m  c a s e  C was  doubled  and ha lved ,  r e s p e c t i v e l y +  i s  the  
l a r g e s t  p e r t u r b a t i o n  s i n c e  it a f f ec t s  the  e n t i r e  d i s t r i b u t i o n .  The  quan -  
t i t i e s  n e / n  (1) and ~(t) /~(QSS) fo r  t h e s e  p l a s m a s  a r e  i l l u s t r a t e d  in  
F ig .  29 a long  wi th  the  s a m e  p a r a m e t e r s  f r o m  c a s e  C fo r  c o m p a r i s o n .  
F i g u r e s  30 and 31 show the  t i m e  d e v e l o p m e n t  of quan tum l e v e l s  2 and 3 
popu la t ion  d e n s i t i e s  n o r m a l i z e d  to t h e i r  Saha  v a l u e s  f o r  c a s e s  CA and 
CB, r e s p e c t i v e l y .  Inc luded  in  F i g u r e s  30 and 31 i s  the  t i m e  d e v e l o p -  
m e n t  of q u a n t u m  l e v e l  6, wh ich  l i e s  above the  c r i t i c a l  l e v e l .  

a ( t )  

9 (qs s )  

e 

~ ( 1 )  
-1  

CA ~ C 

CB 

CB 

CA 

C: B o l t z m a n n  D i s t .  
CA: D o u b l e  QSS D i s t .  
CB: H a l f  QSS D i s t .  

n o - 1 . 5  x 1016 1 /cm 3 

n = 1 . 5  x 1014 1 /cm 3 
e 

T e - 10,000°K 

10 - 1 0  10 - 9  10 - 8  10 - 7  10 -6  

Time ( s e c )  

Figure 29. n,/n(1) and a(t)/a(QSS) versus time, cases C, CA, and CB. 

10 -5 

The  c o m p a r i s o n  shows  tha t  the  t i m e  to a c q u i r e  QSS is  qu i te  s i m i l a r  
fo r  both  cond i t ions  in sp i t e  of the fac t  tha t  the i n i t i a l  cond i t ions  a r e  
qui te  d i v e r s e .  C a s e  C s t a r t e d  wi th  a l l  exc i t ed  s t a t e s  in e q u i l i b r i u m  wi th  
the con t inuum,  and the  a p p r o a c h  to QSS is  p r i m a r i l y  d e t e r m i n e d  by the 
l o w e r  s t a t e s .  C a s e s  CA and CB have  as  t h e i r  i n i t i a l  cond i t ions  the  den -  
s i t i e s  of a l l  ex c i t ed  s t a t e s  e i t h e r  double  o r  ha l f  t h e i r  QSS value+ r e -  
s p e c t i v e l y ,  and a g a i n  QSS is  d e t e r m i n e d  by the  l o w e r  l e v e l s .  
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,(p) 
n (Saha) 

10.0 

1 . 0  

235 7 

L e v e l  6 23p - J  

Quant,m Level  

0 .1  

33p, 

21s-/ 

Q53 from Case C 
A l l  E x c i t e d  6 t a r e s  Doubled 

n o = 1 .5  x 1010 1/cm 3 

n e - 1 . 5  x 1014 l / c m  3 

T e - 10,000°K 

318, 31p, 31D -~ 

0.01 i i i 
10-10 10-9 10 -8 10-7 10-6 10-6 

' ~ n e  ( eec )  

Figure 30. n(p)/n(Saha) versus time for quantum levels two, three, and six, case CA. 

10.0 

1.0 

n (aaha)  

0.1 

- '  i . s '  x " i o l 0  . . . . . . . .  
n e - 1.5 x 1014 1 / o :  3 

T e = 10,000°g 

333.-/  
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QS3 f r o :  Case C 
A l l  E x e l t e d  S t a t e  D e n s i t i e s  Ha lved  

Quantum Level  6. 

318, 31p, 31D j 33p, 

7 

0.01 
10-10 

Figure 31. 

21P  

. . , . . . . . ,  . . . . . . . . *  . • , . j j | . ,  | J | * * . . . *  * * . | J * . ,  

10 -9 10-8 10-7 10-0 10-6 
T i e  (see) 

n(p)/n(Saha) versus time for quantum levels two, three, and six. case CB. 
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F o r  c a s e  C the  c o n t i n u u m  r a t e  and thus ~r a r e  d e t e r m i n e d  by r e c o m - '  
b ina t i on  in to  the  u p p e r  l e v e l s  wh ich  t h e n  depopu la t e  by r a d i a t i o n  to the  
l o w e r  l e v e l s .  F o r  c a s e  CA t h e s e  l e v e l s  az-e o v e r p o p u l a t e d  by a f a c t o r  of 
two and b e c a u s e  of i on i za t i on  c o l l i s i o n s  the u p p e r  l e v e l s  r e a c h  e q u i l i b r i u m  
with  the  f r e e  e l e c t r o n s  e a r l y  it < 10 -9 sec)  in the  r e t u r n  to QSS. The  
l o w e r  l e v e l s  a r e  o v e r p o p u l a t e d  and depopu la t e  p r i n c i p a l l y  t h r o u g h  co l l i -  
s i ona l  e x c i t a t i o n  to a h i g h e r  l e v e l  and t h e n  s u b s e q u e n t  ion iza t ion .  Thus ,  
in t h i s  c a s e  the  con t i nuum r a t e  is he ld  t o w a r d s  a m o r e  pos i t i ve  va lue  
unt i l  QSS is ob t a ined  and t h e r e  is no o v e r s h o o t .  

F o r  ca se  CB the  l e v e l s  a r e  al l  u n d e r p o p u l a t e d  by a f a c t o r  of two. 
Aga in  the u p p e r  l e v e l s  e s t a b l i s h  e q u i l i b r i u m  wi th  the  f r e e  e l e c t r o n  d e n -  
s i ty  e a r l i e r  (t < 10 -9 sec)  than  the  t i m e  r e q u i r e d  fo r  the  l o w e r  l e v e l s  but 
the ac tua l  QSS-[S not ob ta ined  unt i l  c o n s i d e r a b l y  l a t e r  (t J, 5 x 10 -7 sec ) .  
The  s i m i l a r i t y  in the  decay  c h a r a c t e r i s t i c s  of c a s e s  C and CB fo r  1 x 
10 "8 sec_< t_< 5 x 10 -7 s e c i s  w o r t h  not ing.  F o r  ca se  C t h e  e n e r g y  
s t a t e s  above the  c r i t i c a l  l e v e l  w e r e  in e q u i l i b r i u m  wi th  the  f r e e  e l e c t r o n  
d e n s i t y  f r o m  t = 0 .0  sec .  F o r  ca se  CB the in i t i a l  cond i t ions  w e r e  
j u s t  hal f  the  in i t i a l  cond i t ions  of case  C fo r  the  s t a t e s  above the  c r i t i c a l  
l e v e l  and n e a r  the s a m e  for  the  quan tum s t a t e s  below the c r i t i c a l  l eve l .  
C o n s e q u e n t l y ,  the  decay  c h a r a c t e r i s t i c s  of the  two c a s e s  a r e  qui te  
d i f f e r e n t  d u r i n g  the  e a r l y  pa r t  of the  decay  when  the  u p p e r  s t a t e s  can 
a p p r e c i a b l y  affect  the c h a r a c t e r i s t i c s .  H o w e v e r ,  by t = 1 x 10 "8 sec ,  
a l l  l e v e l s  wi th  the e x c e p t i o n  of the  m e t a s t a b l e  l e v e l s  have  e s t a b l i s h e d  a 
c o l l i s i o n a l - r a d i a t i v e  b a l a n c e  a m o n g  t h e m s e l v e s  and s u b s e q u e n t  d e v e l o p -  
m e n t s  a r e  a r e s u l t  of the  coupl ing  wi tn  the  m e t a s t a b l e  l e v e l s .  Thus ,  
b e c a u s e  of the  s i m i l a r i t y  of tbe in i t i a l  d e n s i t y  of the  23S l e v e l ,  the  d e c a y  
c h a r a c t e r i s t i c s  f o r  t > 1 x 10-8 s e c  a r e  qui te  s i m i l a r .  

6.2 PERTURBATIONS OF PRINCIPAL QUANTUM LEVEL DENSITY, 
CASES CC, CD, AND CE 

C a s e s  CC, CD, .and CE e a c h  s u f f e r e d  s o m e w h a t  s m a l l e r  p e r t u r b a -  
t ions ,  hav ing  but one p r i n c i p a l  quan tum l e v e l  a f fec ted .  C a s e s  CC and 
CD have  the QSS d e n s i t y  of quan tum l e v e l  3 (below the  c r i t i c a l  l eve l )  
i n c r e a s e d  a f a c t o r  of 10 and 2, r e s p e c t i v e l y .  Case  CE has  the  QSS d e n -  
s i ty  of p r i n c i p a l  quan tum l e v e l  6 (above the  c r i t i c a l  level) i n c r e a s e d  by a 
f a c t o r  of 10. F i g u r e  32 s u m m a r i z e s  the  r e s u l t s  fo r  t h e s e  c a s e s  wi th  
the  o r d i n a t e  the  v a l u e s  of the  r a t i o s  r~e/n" (1) and ~ (t) / a (QSS) as 
be fo re .  The  plots  show the  not u n e x p e c t e d  t r e n d s  that  c a s e  CE, in 
which  q u a n tu m  l e v e l  6 was  i n c r e a s e d  an o r d e r  of m a g n i t u d e ,  c o m e s  to  
QSS v e r y  r a p i d l y  in  both  d e r i v a t i v e s  and CRR c o e f f i c i e n t s .  C a s e s  CC 

80 



A E D C - T R - 7 6 - 5  

CE 

I ~ I / !  ~ /  ~ :  ,oo,o--e Q~ b, 1o / 
I / 1~ I / t / c,: , . o . , , ,  Q= b, 1o I 

° ( ~ )  I / I \ J / I ! c.: no,b1, o~ I 
I / I \ I  / | I . _ - 1 . 5 = 1 o 1 ~ / = .  3 I 

1 
- 1  ' CE CC 

10 -10  10 -9  10 -8  10-7 10 -6  

'l~.me ( - .ec)  

Figure 32. ~./h(1) and a(t)la(QSS) versus time, cases CC, CD, and CE. 

and CD, wh ich  had quan tum l e v e l  3 i n c r e a s e d  f a c t o r s  of 10 and 2, r e s -  
p e c t i v e l y ,  t ake  l o n g e r  - only s l i gh t ly  f o r  c a s e  CD but an o r d e r  of m a g -  
n i tude  fo r  c a s e  CC. The  r ie / r l (1)  c u r v e  fo r  c a s e  CD shows  an i n t e r e s t -  
ing c h a r a c t e r  i l l u s t r a t i n g  the  r o l e  of bound s t a t e s  above the  c r i t i c a l  l e v e l  
as a c o m m u n i c a t o r  b e t w e e n  the  l o w e r  l e v e l  and the  con t inuum.  E a r l y  
in the  d e c a y  (t < 10-10 sec )  few c o l l i s i o n s  have  o c c u r r e d  wh ich  t r a n s f e r  
e l e c t r o n s  f r o m  q u a n t u m  l e v e l  3 to s o m e  q u a n t u m  l e v e l  a d j a c e n t  to the  
con t inuum.  Thus ,  t h e r e  is not  su f f i c i en t  i on i za t i on  f r o m  t h e  u p p e r  l eve l s  
to a~)preciably affect  the con t inuum r a t e .  H o w e v e r ,  fo r  10 " l u  < t < 3 x 
10"~' s e c  t h e r e  a r e  su f f i c i en t  n u m b e r s  t r a n s f e r r e d  to t h e s e  u p p e r  l e v e l s  
tha t  i on i za t i on  o v e r b a l a n c e s  r e c o m b i n a t i o n  and the c o n t i n u u m  r a t e  ac t -  
ua l ly  g o e s  pos i t i ve  fo r  a s h o r t  p e r i o d  of t i m e  b e f o r e  d r i v i n g  r a p i d l y  to 
the QSS by t ~ 10 -8 sec .  Case  CC exh ib i t ed  th i s  s a m e  c h a r a c t e r  but 
b e c a u s e  of the  h i g h e r  in i t i a l  o v e r p o p u l a t i o n  of quan tum l e v e l  3, the  
r a t i o s  could  not  be i nc luded  on the  s c a l e  of the  plot.  Case  CE d i f f e r e d  
in th i s  r e s p e c t  in tha t  the  con t inuum r a t e  showed  a v e r y  l a r g e  p o s i t i v e  
d e r i v a t i v e  f r o m  t = 0. 

F i g u r e s  33 and 34 e x p l o r e  c a s e s  CC and CE a l i t t l e  f a r t h e r ,  showing  
the t i m e  d e v e l o p m e n t  of the n o r m a l i z e d  popula t ion  d e n s i t i e s  of the  p e r -  
t u r b e d  and two a d j a c e n t  l e v e l s .  In e a c h  the  o r d i n a t e  is  the  r a t i o  of the  
t i m e - d e p e n d e n t  popula t ion  d e n s i t y  to the  d e n s i t y  in e q u i l i b r i u m  wi th  the  
f r e e  e l e c t r o n s .  F i g u r e  33 shows that  the  s i n g l e t  and t r i p l e t  s t a t e s  have  
s l i g h t l y  d i f f e r e n t  decay  . c h a r a c t e r i s t i c s  fo r  quan tum l e v e l  3. Th i s  is 
p r i m a r i l y  b e c a u s e  of an in i t i a l  d i f f e r e n c e  in popu la t ion  d e n s i t i e s .  The  
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Figure 33. n(p)/n(Saha) versus time for 33p, 31 P, and 41P quantum levels, 
case CC. 

t r a n s i e n t  coupl ing  to o t h e r  s t a t e s  is  i l l u s t r a t e d  by the  d e v e l o p m e n t  of 
the 4 1 p  d e n s i t y  which  shows  an i n c r e a s e  in  d e n s i t y  peak ing  at t ~ 10 .9  
s e c  b e f o r e  f a l l ing  back  to the  QSS va lue .  All  h i g h e r  l e v e l s  in fac t  show 
the  s a m e  g e n e r a l  n a t u r e  as the  41P  l e v e l ,  and the  QSS va lue s  a r e  not  
r e a c h e d  unt i l  t i m e s  of o r d e r  10 .7  s e c .  

F i g u r e  34 i l l u s t r a t e s  the  t r a n s i e n t  coupl ing  b e t w e e n  quan tum l e v e l  
6 and the ad j acen t  l e v e l s .  B e c a u s e  quan tum l e v e l  7 is c l o s e r  to 6 
e n e r g e t i c a l l y  than  quan tum l e v e l  5, it shows  a r i s e  in popu la t ion  d e n s i t y  
b e f o r e  quan tum l e v e l  5 and then,  b e c a u s e  i on i za t i on  is m o r e  e f f i c i en t  
f r o m  quan tum l e v e l  7, it has  a t e n d e n c y  to r e t u r n  to QSS b e f o r e  the  
o t h e r s .  Th i s  is  a l so  why quan tum l e v e l  5 t ends  to lag  beh ind  both  quan-  
tum l e v e l s  6 and 7 in r e t u r n i n g  to QSS. 

6.3 PERTURBATIONS OF DENSITY OF ONE EXCITED STATE, CASES CF AND CG 

F i g u r e  35 i l l u s t r a t e s  the c h a r a c t e r  of the decay  of c a s e s  CF  and CG 
in wh ich  the  d e n s i t i e s  of the  3 3 p  and 6 3 p  s t a t e s ,  r e s p e c t i v e l y ,  w e r e  
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Figure 34. n(p)/n(Saha) versus time for quantum levels 
five, six, and seven, c u e  CE. 

pe r tu rbed  upwards  by a f ac to r  of 10. The ord ina te  again gives  the va lues  
of the r a t i o s  ne/r~(1) and ~ (t)/~(QSS). 

These  p l a smas . show c h a r a c t e r i s t i c s  s i m i l a r  to cases  CC and CE by 
coming to QSS quite r ap id ly  with the CRR showing the QSS value  s l igh t ly  
before  the r a t e  ra t io .  Compar i son  with Fig. 32 shows that  these  p l a s m a s  
achieve  the QSS typ ica l ly  an o r d e r  of magni tude before  cases  CC and CE 
which had the en t i r e  quantum leve l  e leva ted  by a f ac to r  of 10. F igu re s  
36 and 37 i]2ustrate  the t ime  deveAopment of se l ec ted  populat ion dens i t i e s  
in the same  m a n n e r  as Figs .  33 and 34. Again the t r a n s i e n t  coupling is 
evident  between the affected s ta tes  and adjacent  s t a t e s  with those  ly ing 
e n e r g e t i c a l l y  below the "3-p_ s ta tes  lagging s l ight ly .  Although exchange 
co l l i s ions  a re  included in the calculations+ these  r a t e  coef f ic ien ts  a r e  
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Figure 35. ~.1~(1) and a(t)/a(QSS) versus time, 
cases CF and CG. 

v e r y  s m a l l  and the effect  of these  pe r tu rba t i ons  upon s ing le t  s t a t e s ,  
though r e s o l v a b l e  in the ca lcu la t ions ,  is  ins ign i f i can t  compared  to the 
effect  on the t r i p l e t  s t a t e s .  F i g u r e  37 does not show the e f fec ts  upon a 
h ighe r  l eve l  because ,  al though a s l ight  i n c r e a s e  is  obse rvaMe in these  
h ighe r  l eve l s ,  it i s  f r a c t i o n a l  and would only tend to c lu t t e r  the f igure .  
Th i s  f igure  i l l u s t r a t e s  the s t rong  coupling between the sub leve l s  of the 
high quantum l e v e l s  in that  the 63P l eve l  and the o ther  t r i p l e t  s t a t e s  of 
quantum l eve l  6 converge  to the s a m e  r e l a t i o n s h i p  with the cont inuum at 
about 3 x 10-12 sec  and then decay  to QSS toge ther .  
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Figure 37. n(p)/n(Saha) versus time for 63P quantum level and triplet states of 
quantum levels five and six, case CG. 
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~.4 ELECTRON TEMPERATURE DECAY, CASES CH, CI, AND CJ 

Most  e x p e r i m e n t a l  s t u d i e s  of p l a s m a s  a r e  s u b j e c t  to a d e c a y i n g  
e l e c t r o n  t e m p e r a t u r e .  If the  a c q u i s i t i o n  of the  QSS u n d e r  t h e s e  
cond i t ions  r e q u i r e s  t i m e s  in e x c e s s  of the o b s e r v e d  g r a d i e n t  t i m e s ,  t h e n  
app l i c a t i o n  of CRR t h e o r y  m a y  be i n a p p r o p r i a t e .  The  e f f ec t s  of a 
r e l a x i n g  e l e c t r o n  t e m p e r a t u r e  w e r e  in i t i a l ly  s t u d i e d  wi th  the  E R E  with  
two c a s e s ,  CH and CI. E a c h  c a s e  u s e d  the  QSS d i s t r i b u t i o n  f r o m  c a s e  
C fo r  the  in i t i a l  d i s t r i b u t i o n  but a d i f f e r e n t  l o w e r  e l e c t r o n  t e m p e r a t u r e .  
Al though  the p r e s e n t  c o m p u t e r  p r o g r a m  wi l l  not  suppor t  a v a r i a b l e  
e l e c t r o n  t e m p e r a t u r e ,  the  e f fec t  of an e l e c t r o n  t e m p e r a t u r e  change  can 
be a p p r o x i m a t e d  by r e p l a c i n g  the  r a t e  c o e f f i c i e n t s  at the  QSS t e m p e r a -  
t u r e  by r a t e  c o e f f i c i e n t s  c a l c u l a t e d  at s o m e  o t h e r  t e m p e r a t u r e .  Case  
CI i n v e s t i g a t e d  the  a p p r o a c h  to  QSS by s t epp ing  the  e l e c t r o n  t e m p e r a t u r e  
f r o m  the  10 ,000°K of c a s e  C to 9 , 500°K  in  100°K s t e p s .  The  ca lcu la t ion -  
was  con t inued  at e a c h  t e m p e r a t u r e  un t i l  rie/r~ (1) i n d i c a t e d  the  p l a s m a  
was wi th in  f ive  p e r c e n t  of QSS. Case  CH r e p e a t e d  the  s a m e  cond i t ions  
excep t  the  500°K d r o p  was m a d e  in one s tep .  

C o m p a r i s o n  of the  two c a s e s  is m a d e  in Tab le  9. The  f i r s t  four  
c o l u m n s  r e f e r  to c a s e  CI wi th  the  f i r s t  c o l u m n  ind i ca t i ng  the  e l e c t r o n  
t e m p e r a t u r e  of e a c h  s u c c e e d i n g  ca lcu la t ion .  The  s e c o n d  c o l u m n  is the  
t i m e  at wh ich  the  r a t i o  r~e/ri(1) c a m e  wi th in  the  f ive  p e r c e n t  c r i t e r i o n  
i n d i c a t e d  above.  S ince  .p rov is ions  w e r e  not m a d e  to ha l t  c o m p u t a t i o n s  

Table 9. Times for QSS to be Established for Cases CH and CI 

T e t(-ne/~(1) < 1.05) t (computations ne/~(1) t(-~e/~(1) < 1.05) 
-- stopped} 

°K sec sec t stop 

9.93a 4.2 -9 8.1-9 -1.03 

9.83 8.8 -8 8.8 -8 -1.05 

9.73 1.4 -7 1,8 -7 -1.04 

9.63 1.0 -7 3.3 -7 -1.02 

9.53 6.0 -8 3.0 -7 -1.02 

S~ = 3.92 -7 3.1-7 

asuperscripts indicate powers of 10 by which the numbers are to be 
multiplied. 
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as soon  as the  f ive  p e r c e n t  c r i t e r i o n  was  m e t ,  the  t h i r d  c o l u m n  i n d i c a t e s  
the  t i m e  at wh ich  c o m p u t a t i o n s  w e r e . s t o p p e d  at e a c h  t e m p e r a t u r e  wi th  
the  fou r th  c o l u m n  showing  the r a t i o  n e / n ( 1 )  at the  t i m e  c o m p u t a t i o n s  
w e r e  s topped .  

The  QSS d i s t r i b u t i o n  at e a c h  of t h e s e  t e m p e r a t u r e s  was  u s e d  fo r  
the  in i t i a l  d i s t r i b u t i o n  at the  next  l o w e r  t e m p e r a t u r e .  The  l a s t  e n t r y  
in the  s e c o n d  c o l u m n  is  the  s u m  of t i m e s  to r e a c h  QSS at the  f ive  p e r c e n t  
c r i t e r i o n  and is to be c o m p a r e d  to the  s i ng l e  e n t r y  in c o l u m n  f ive ,  w h i c h  
is the  t i m e  r e q u i r e d  fo r  ca se  CH, the  s i n g l e  500°K drop ,  to r e a c h  QSS 
at the  f ive  p e r c e n t  c r i t e r i o n .  C o m p a r i s o n  of the  s e c o n d  and f i f th  c o l u m n s  
of Tab le  9 shows  that  a p p r o x i m a t i n g  the  T e change  by a s e r i e s  of s m a l l  
ch an g e s  wi l l  r e s u l t  in the  p l a s m a  r e q u i r i n g  l o n g e r  to a c h i e v e  QSS at the  
f ina l  T e t han  if the  chang~ is m a d e  in one l a r g e  jump .  

An i n t e r e s t i n g  f e a t u r e  of the  decay ,  c o m p a r i n g  c o l u m n s  four  and 
two of Tab le  9, i s  tha t  the  f a r t h e r  away f r o m  QSS the  in i t i a l  cond i t ions  
a r e ,  the  l o n g e r  the  t i m e  r e q u i r e d  fo r  the  p l a s m a  to r e a c h i e v e  the  QSS. 
Thus ,  fo r  T e = 9, 900°K, it only r e q u i r e d  4 .2  x 10 -9 s e c  fo r  rle/ri (1) 
to c o m e  wi th in  f ive  p e r c e n t  of QSS (with r ie/r i(1)  = -1.  000 at T e = 
10 ,000°K)  but it r e q u i r e d  1. ~ x 10 -7 f o r  T e = 9 ,700°K (rle/ri(1) = - 1 . 0 5  
at T e = 9 ,800°K) .  T h i s  s u g g e s t s  that  the  i n s t a n t a n e o u s  r a t e s  a r e  qui te  
s e n s i t i v e  to the  va lue  of the  r a t e  coe f f i c i en t s  e v e n  though f ina l  QSS 
r a t e s  m a y  not be a p p r e c i a b l y  d i f f e ren t .  Th i s  is s u p p o r t e d  by no t ing  that  
a QSS, the  i n s t a n t a n e o u s  to ta l  r a t e  of change  of a quan tum l e v e l  wi l l  be  
s e v e r a l  o r d e r s  of m a g n i t u d e  below the  i n s t a n t a n e o u s  r a t e  of change  of 
e i t h e r  c o l l i s i o n a l  popu la t ion  o r  c o l l i s i o n a l  depopu la t ion .  Hence ,  a 
v e r y  s l i gh t  change  in the  r a t e  coeffic.~ent wi l l  c ause  a p p r e c i a b l e  changes  
in the  ne]r~(1)  c h a r a c t e r i s t i c .  B e c a u s e  of  th i s ,  s m a l l  changes  in T e 
wi l l  con t r i bu t e  s i g n i f i c a n t l y  to the  r a t i o  n e] r l (1) .  

With  the  e l e c t r o n  t e m p e r a t u r e  d e c a y i n g  con t inuous ly ,  as  in  a p h y s -  
i ca l  p l a s m a ,  in the  t'zme fo l lowing  a T e change  and wi th  the  p l a s m a  
a p p r o a c h i n g  the  QSS, t h e r e  wi l l  be a n o t h e r  T e change ,  a lbe i t  s l igh t ,  
wi th  the  a t t endan t  d e l e t e r i o u s  e f fec t  .upon the  r a t e s  and the  QSS. T h e s e  
o b s e r v a t i o n s  l e a d  to the  h y p o t h e s i s  that  in an e n v i r o n m e n t  in  wh ich  
the  e l e c t r o n  t e m p e r a t u r e  d e c a y s  'cor, t ' inuously,  the  QSS wi l l  con t inua l ly  
" c h a s e "  the  T e change  and the p l a s m a  wi l l  n e v e r  s a t i s f a c t o r i l y  a c h i e v e  
QSS unt i l  the T e t i m e  g r a d i e n t  b e c o m e s  " s u f f i c i e n t l y "  f lat .  

T h e s e  o b s e r v a t i o n s  p r o m p t e d  the  l a s t  t e m p e r a t u r e  p e r t u r b a t i o n a l  
s tudy,  c a s e  CJ.  The  in i t i a l  cond i t ions  w e r e  aga in  the  s a m e  as f o r  
c a s e s  CH and CI. Th i s  t i m e ,  h o w e v e r ,  the  p l a s m a  was  s u b j e c t e d  to a 
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cons t an t  t e m p e r a t u r e  g r a d i e n t ,  -9 x 1 0 9 ° K / s e c ,  and the  t e m p e r a t u r e  
i n c r e m e n t s  w e r e  10°K d r o p s  f r o m  10 ,000°K t(~ 9 ,900°K.  The  r a t e  
c o e f f i c i e n t s  w e r e  a s s u m e d  l i n e a r  o v e r  the  1U0°K t e m p e r a t u r e  r a n g e .  
Note tha t  th i s  g r a d i e n t  is  orRy about one t h i r d  that  i n d i c a t e d  in Tab le  9 
fo r  the  f i r s t  100°K drop .  

F i g u r e  38 d i s p l a y s  the  r a t i o  n e / n ( 1 )  at the  point  the  c o m p u t a t i o n s  
w e r e  t e r m i n a t e d  at e a c h  t e m p e r a t u r e .  The  po in ts  at 9, 990°K and 
9 ,98 0 °K  a r e  p lo t t ed  at t h e i r  r e s p e c t i v e  p l a s m a  t i m e s  of 1.1 x 10 -9 s e c  
e a c h  s i n c e  t h o s e  d e c a y s  w e r e  i n a d v e r t e n t l y  a l l owed  to con t inue  to a 
p l a s m a  t i m e  of 1 x 10 .8 s ec .  The  t e r m i n a l  d i s t r i b u t i o n  at e a c h  t e m p e r -  
a t u r e  p r o v i d e d  the  in i t i a l  cond i t ions  fo r  the  next  l o w e r  t e m p e r a t u r e .  

- 1 . 0 0  

- 1 . 0 1  

- 1 . 0 2  

n ~ ) - 1 . 0 3  

- 1 . 0 4  

- 1 . 0 5  

- 1 . 0 6  

0 , 0 0 0  -1"1-90 I I I I I I 1 I I I ' 
(ills f r o :  Case C 

999O0 997o0 Te' °K ATe " IO°K 
1016 J ~ 

9960 ~ n o = 1 . 5  x 1 / c a -  
rt 9950 n e - 1 . 5  • 1014 1 / cm 3 

a 994o 
0 993O 

0 992O 
n 

991O0 
I I I i I I I I I I 

1 2 3 • 5 6 7 8 9 10 

l"l.me (see) 

Figure 38. ne/n(l) at times computations terminated, case CJ. 

11 12 x 10 - 9  

The  f i g u r e  shows  that  if the  QSS p l a s m a  of c a s e  C is s u b j e c t e d  to 
the  cons tan t  t e m p e r a t u r e  g r a d i e n t  of o9 x 1 0 9 ° K / s e e ,  it wi l l  s t i l l  
not  be to the  QSS a f t e r  a one p e r c e n t  t e m p e r a t u r e  d rop  at a p l a s m a  
t i m e  of 1.15 x 10 =8 sec .  Th i s  t i m e  is a l m o s t  t h r e e  t i m e s  that  i n d i c a t e d  
in TaMe 9 f o r  the  s a m e  t e m p e r a t u r e  drop.  

Th i s  c a s e  CJ r e i n f o r c e s  the h y p o t h e s i s  j u s t  p r e s e n t e d  that  in an 
environment in which T e is continuously changing, the QSS will 
"chase r' the T e change. Although the conclusions must be based upon 
phenomenological observations, it is apparent that in the 10,000°K to 
9,900°K temperature range, the maximum temperature gradient which 
will allow application of the QSS is less than -9 x 1010 °K/sec. Exten- 
sion of these observations to the cases in which the plasma suffers a 
500°K electron temperature decay indicates that the time for the plasma 
to return to the QSS would be considerably in excess of the 3.92 x 10 -7 

sec reported in Table 9. 
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6.5 PERTURBATION OF RATE COEFFICIENTS, CASE CK 

The d i s c u s s i o n  of the  r a t e  coe f f i c i en t s  in Sec t ion  3 .0  i n d i c a t e d  tha t  
they  shou ld  be o v e r e s t i m a t e d  by no m o r e  than  a f a c t o r  of two. In 
o r d e r  to i n v e s t i g a t e  the  e f fec t  of th is  p o s s i b i l i t y ,  the  t r a n s i e n t  d e c a y  
of c a s e  C was  r e c o m p u t e d  with al l  r a t e  c o e f f i c i e n t s ,  K(p;q),  r e d u c e d  
by a f a c t o r  of two. The  t i m e  d e v e l o p m e n t  of the  popula t ion  d e n s i t y  of 
q u a n t u m  l e v e l s  two and t h r e e  r a t i o e d  to the  Saha e q u i l i b r i u m  va lue  fo r  
th i s  ca se  CK is  shown  in Fig.  39. 

C o m p a r i s o n  of the  p l a s m a  decay  i l l u s t r a t e d  in Fig.  39 to c a s e  C 
i l l u s t r a t e d  in Fig.  9 shows that  the  popula t ion  d e n s i t i e s  a r e  s p r e a d  out 
m o r e  fo r  ca se  CK than  fo r  c a s e  C. F o r  e x a m p l e ,  the 23S l e v e l  has  
a QSS o r d i n a t e  of 4 . 9  fo r  ca se  CK and only 2 .7  for  ca se  C. Th i s  would  
be e x p e c t e d  s i n c e  l o w e r  r a t e  coe f f i c i en t s  would p h y s i c a l l y  m e a n  p o o r e r  
c o l l i s i o n a l  e f f i c i e n c y ,  and thus  r a d i a t i o n  wi l l  have  a g r e a t e r  e f fec t .  An 
i n t e r e s t i n g  c o n s e q u e n c e  of th i s  is that  the 21S d e n s i t y  has  a l a r g e r  QSS 
Value fo r  c a s e  CK than  for  ca se  C whi le  the  21P  l e v e l  has  the  s a m e  QSS 
d e n s i t y  fo r  both c a s e s .  Thus  the  CRR coe f f i c i en t  wi l l  have  a p p r o x i m a t e -  
ly  the  s a m e  va lue  fo r  both c a s e  CK and c a s e  C. Q u a n t u m  l e v e l  3 s t a t e s  

1 0 . 0  
A l l  K ( p ; q )  Reduced by H a l t  
n o - 1 . 5  x 1016 1 / c a  3 

n e - 1 . 5  x 1014 l / c m  3 

T e - lO ,O00°X 

1 . 0  

31, 31o t 

0.01  

10 "9 10 "8 10 "7 10-6 10-5 

Time ( s e c )  

Figure 39. n(p)/n(Saha) versus time for quantum levels two and three, case CK. 
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g e n e r a l l y  show l o w e r  d e n s i t i e s  for  c a s e  CK than  for  c a s e  C, as one would  
expec t ,  wi th  co] . l is ions be ing  l e s s  i m p o r t a n t .  The  o t h e r  quan tum l e v e l s  
below the  c r i t i c a l  l e v e l  wil l  a l so  show s l i gh t ly  l o w e r  d e n s i t i e s  fo r  c a s e  
CK than  fo r  c a s e  C. T h o s e  quan tum l e v e l s  above  the  c r i t i c a l  l e v e l  wil l  
show the  s a m e  d e n s i t i e s  fo r  both  c a s e s .  The  c r i t i c a l  l e v e l  fo r  c a s e  CK 
wi th  the  10 p e r c e n t  c r i t e r i o n  was f ive;  that  f o r  c a s e  C was four .  

F i g u r e  40 shows  the  ne/r~ (1) and ~(t)/ot(QSS) c u r v e s  fo r  c a s e  CK and 
c a s e  C. Th i s  shows  tha t  c a s e  CK, wi th  the  c o l l i s i o n a l  c o e f f i c i e n t s  cut 
in half ,  r e q u i r e s  a p p r o x i m a t e l y  tw ice  as long  to a c q u i r e  QSS as does  
c a s e  C. F u r t h e r ,  the  o v e r s h o o t  of c a s e  CK is l a r g e r  than  tha t  of c a s e  C. 

Th i s  is  al l  b e c a u s e ,  with l o w e r  c o l l i s i o n a l  c o e f f i c i e n t s ,  p a r t i c u l a r l y  
the  23S l e v e l  m u s t  a ch i eve  a h i~he r  d e n s i t y  at QSS. Th i s  c a u s e s  the  
l a r g e r  o v e r s h o o t  b e c a u s e  the  2 * P  d e n s i t y  is a].lowed to depopu la t e  
f u r t h e r  b e f o r e  c o l l i s i o n a l  p r o c e s s e s  ba l ance  r a d i a t i v e  p r o c e s s e s .  

t t  c o n s e q u e n c e  of t h e s e  o b s e r v a t i o n s  is that  the  r e s u l t s  fo r  the  
o t h e r  c a s e s  s t ud i ed  wi l l  g e n e r a l l y  be c o n s e r v a t i v e .  If the  G r y z i n s k i  
c r o s s  s e c t i o n s  u s e d  in th i s  s tudy a r e  too l a r g e ,  as an t i c ipa t ed ,  the  t r u e  
t i m e s  fo r  the  a c q u i s i t i o n  of the  QSS wi l l  be l a r g e r .  

a ( t )  

a(qSS) 

0 

e 

10-10 

-1 

I I If llll I I I IIIIII I I I llllil I I I llllll I 

/ / ~ e - - ~  C l  B o l t z a a n n  D i s t .  
/ /  C: K(p ;q)  Unchanged 

/ /  OK: K(p;q)  Cu1=t by H a l f  
n_ - 1 .5  x 1016 l / o n  3 

n :  " 1 .5  x 1014 1/cm3 

T e - 10,000°K 

I i I l l i l l i  I I L I i l i l i  I i i l | i i l l  I | I i l i l i l  

10 - 9  10 -8  i 0  - 7  10 "6  

Time ( sec )  

Figure 40. rio/nil) and a(t)/a(QSS) versus time, case CK. 

I I i l l l l  

i I J i l l  

10 - 5  

90 



AEDC-TR-76-5 

6.6 ABSORPTION 

Although absorp t ion  phenomena r e q u i r e  p r ec i s e  knowledge of geo-  
m e t r y  for  expl ic i t  study, the effects  can be accounted for  by s imp ly  
reduc ing  the app rop r i a t e  E ins t e in  t r a n s i t i o n  probabi l i ty .  Thus,  ff the 
p l a s m a  abso rbs  half  of the r ad ia t ion  of a spec i f i c  wavelength,  this  is 
the same  as if only half  the r ad ia t ion  were  emi t t ed  and this  is de sc r i bed  
by s imply  reduc ing  the t r a n s i t i o n  p robab i l i ty  for  the e m i s s i o n  by 50 
percen t .  

The effects  of absorp t ion  were  s tudied in th is  way fo r  a p l a sma  at 
T e = 10,000°K, no = 1 . 5  x. 1016 1 / cm 3, one pe rcen t  ionizat ion,  and 
an equ i l ib r ium d i s t r ibu t ion  f r o m  the f i r s t  exci ted  s ta te ,  the same  in i t i a l  
condi t ions  as case C. Four  p l a smas  were  s tudied in which al l  r ad i a t i ve  
t r a n s i t i o n  p robab i l i t i e s  f r o m  an e leva ted  bound s ta te  to the ground s ta te  
were  reduced.  The p l a smas  were  a s sumed  opt ica l ly  th in  to cont inuum 
rad ia t ion ,  a m i n o r  const i tuent  at these  condit ions.  The iden t i f i ca t ion  
and amount  of r educ t ion  for  each case is given below: 

1. Case C 2 5 : 2 5  percent .  
2. Case C 5 0 : 5 0  I~ercent. 
3. Case C7 .5 :7 5  per.cent. 
4 .  Cas.e C1.0.0: 10.0 percen t .  

F igure  41 summ .a~:iz.es .the decay c h a r a c t e r i s t i c s  of these  p l a smas .  
The ord ina te  is the r a t i o  n e / n  (1). With in.creasing r educ t ion  in t r a n -  
s i t ion  probabi l i ty  the ov,ersh,o`ot of Q,S,S of .both n e  and n (1) i n c r e a s e s  
s l igh t ly  through the 75 p~..r.cent re..duction. These  p l a smas  al l  r e a c h  
QSS in v e r y  nea r  the sam..e t'un,es,, ag.a.'.m pr.-ogressively longer  with 
i n c r e a s i n g  reduct ion .  The trar~..si.tion fr...om the 75 pe rcen t  to the 100 
pe rcen t  r educ t ion  shows a dramati .c i n c r e a s e  in the ove r shoo t  of the 
ne/r~(1) curve .  The sc.ale of Fig. 4.1 d.oes not p e r m i t  showing the point 
at which n e / n ( 1 )  r e a c h e s  its, minim.u.m , which is -30 at t = 1 x 10 -8 
sec.  Even  with such an i n c r e a s e  in the overshoot ,  however ,  the p l a s m a  
ach ieves  QSS within  five percen t  at t = 1.. 6 x 10 - 6  sec ,  jus t  s l ight ly  
g r e a t e r  than the o ther  conditi`ons. 

The sudden change in the t i e /n (1 )  c h a r a c t e r i s t i c  is e a s i l y  expla ined 
by observ ing  the change in the transit i`on p robab i l i t i e s .  The spontan-  
eous t r a n s i t i o n  probabi l i ty  for  the 21p  - l l s  t r a n s i t i o n  for  example  is  
1.8 x 109 1 /sec .  In going f r o m  opt ica l ly  thin to the 75 pe rcen t  r e d u c -  
t ion, the t r a n s i t i o n  probabi l i ty  is r educed  to 4 .5  x 108 or  app rox ima te ly  
one o r d e r  of magni tude.  In going f r o m  the 75 pe rcen t  to the 100 pe rcen t  
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Figure 41. a(t)la(OSS) versus time, cases C, C25, C50, C75, and ClO0. 
reduct ion ,  the probabi l i ty  is r educed  to ze ro ,  or  eight o r d e r s  of magn i -  
tude, a much g r e a t e r  change. Hence, with absorp t ion  l e s s  that  100 
percen t ,  t he re  will s t i l l  be apprec iab le  depopulat ion of the 21p  leve l  
and then a subsequent  i n c r e a s e  in the 21p  level  as the m e t a s t a b l e  leve ls  
i n c r e a s e  in densi ty.  Fo r  case  C100, however ,  the 21p  leve l  does not 
have this  m e c h a n i s m  to depopulate and hence the re  is no ground s ta te  
r a t e  overshoot .  

I l l u s t r a t ed  in Figs .  42, 43, 44, and 45 is the t ime  development  of 
subs t a t e s  of quantum leve l s  2 and 3 for  c a s e s  C25, C50, C75, and C100, 
r e spec t i ve ly ,  in the s a m e  m a n n e r  that Fig.  9 i l l u s t r a t e s  case  C. These  
show the l e s sen ing  21p  depopulation with i nc r ea s ing  absorp t ion  with the 
somewhat  d r a m a t i c  development  of no 21p  depopulat ion for  case  C100 
in Fig.  45. The subs t a t e s  of quantum level  3 show an init ial  d e c r e a s e  in 
densi ty  in Fig.  45 because  of r ad i a t ive  t r ans i t i ons  to subs t a t e s  of 
quantum level  2. Another  in t e re s t ing  obse rva t i on  is the g radua l  i n c r e a s e  
of the 23S QSS densi ty .  This  is because  the 21p  level  p rov ides  a p r o -  
g r e s s i v e l y  s m a l l e r  sink to the va r ious  subs t a t e s  of quantum leve l  2. 
Hence,  col l i s ional  depopulat ion of the  23S level  is s m a l l e r  and the s ta te  
mus t  r e a c h  a h igher  QSS dens i ty  to ba lance  r ad i a t i ve  population with 
col l i s ion  depopulat ion.  
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Figure 44. n(p)/n(Saha) versus time for quantum levels two and three, case C75. 
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Figure 45.  n (p) /n(Saha)  versus t i m e  for  q u a n t u m  levels  t w o  end  three ,  case C100.  

The o v e r s h o o t s  of n e / n ( 1 )  fo r  ca se  C, C25, C50, and C75 w e r e  
al l  due to o v e r s h o o t  of both n e  and n (1). H o w e v e r ,  f o r  c a s e  C100, the  
o v e r s h o o t  is due e n t i r e l y  to o v e r s h o o t  of the  con t i nuum dens i t y .  Th i s  
is  b e c a u s e  fo r  ca se  C100, the  g round  s t a t e  r a t e  is d e t e r m i n e d  p r i n c i -  
pa l ly  by s u p e r - e l a s t i c  c o l l i s i o n a l  popula t ing  f r o m  al l  the  h i g h e r  l e v e l s .  
T h e r e  is no way fo r  t h e s e  l e v e l s  below the c r i t i c a l  l e v e l  to depopu la t e  
r a p i d l y  to a d e n s i t y  l e s s  than  t h e i r  QSS va lue  and t h e n  to f i l l  c o l l i s i o n -  
a l ly  wi th  the  g r o w t h  of the  m e t a s t a b l e  l e v e l  as in ca se  C. I n s t e a d  the  
g r o u n d  s t a t e  r a t e  fo l lows  the  c o l l i s i o n a l  r a t e  f r o m  the  u p p e r  l e v e l s  as 
they  f i l l  to t h e i r  QSS va lue .  The  l a r g e  va lue  of the o v e r s h o o t  of ca se  
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C100 is in  pa r t  due to the  va lue  of the  g r o u n d  s t a t e  r a t e  which  is an o r d e r  
of m a g n i t u d e  l e s s  than  the  c a s e s  which  al low s o m e  r a d i a t i v e  t r a n s i t i o n s .  
F o r  t h o s e  c a s e s  wh ich  al low at l e a s t  s o m e  r a d i a t i o n  to the  g r o u n d  s t a t e ,  
th i s  r a d i a t i v e  r a t e  c o n t r i b u t e s  to the  g round  s t a t e  r a t e  as we l l  as e v e n -  
tua l ly  d e t e r m i n i n g  the  e l e c t r o n i c  r a t e .  F o r  c a s e  C100, th is  r a d i a t i o n  is  
not  a l lowed,  so  that  the  QSS r a t e  is d e t e r m i n e d  by c o l l i s i o n s  and fo r  
t h e s e  cond i t ions  is a p p r o x i m a t e l y  one o r d e r  of m a g n i t u d e  s l o w e r .  Hence ,  
t h r o u g h  the  d e v e l o p m e n t  of the  QSS, the  e l e c t r o n i c  r a t e  is  p r i n c i p a l l y  
d e t e r m i n e d  by r a d i a t i v e  t r a n s i t i o n s  d o w n w a r d  to the  m e t a s t a b l e  l e v e l s .  
Th i s  p r o c e e d s  at a r a p i d  pace  unt i l  QSS is a p p r o a c h e d  y i e l d i n g  an i n o r d i -  
n a t e l y  h igh  c o n t i n u u m  r a t e .  As the  QSS is a p p r o a c h e d ,  the  l o w - l y i n g  
l e v e l s  b e c o m e  su f f i c i en t ly  popula ted  r a d i a t i v e l y  that  they  c o l l i s i o n a l l y  
f e e d  back  to the  c o n t i n u u m  and s lowly  r e d u c e  i ts  r a t e .  The  low l e v e l s  
con t inue  to f i l l  and r e d u c e  the  c o n t i n u u m  r a t e  unt i l  a p p r o a c h e s  the  r a t e  
wi th  which  the  g round  s t a t e  is f i l l ing ,  wh ich  is s i g n i f i c a n t l y  s m a l l e r  t han  
when  1p  t r a n s i t i o n s  a r e  a l lowed.  Thus ,  the  l a r g e  o v e r s h o o t  of QSS fo r  
c a s e  C100 is  due to  the  c o m p a r a t i v e l y  low QSS r a t e .  

The  e f fec t  of p a r t i a l  a b s o r p t i o n  has  l i t t l e  e f fec t  upon ~ (t)/~(QSS) 
c h a r a c t e r i s t i c s  of the  p l a s m a  showing  the s a m e  g e n e r a l  c h a r a c t e r  as 
the  t i e /d (1 )  c u r v e s .  Case  C25 showed  a r a t h e r  s i gn i f i c an t  o v e r s h o o t ,  
as  would be e x p e c t e d  f r o m  the  o v e r s h o o t  of the  e l e c t r o n i c  r a t e .  The  QSS 
v a l u e s  of the  CRR coe f f i c i en t  fo r  e a c h  of the  c a s e s  C, C25, C50, C75, 
and C100 is  g iven  be low.  

Case C: ~ = 

Case  C25: ~ = 
Case  C50. ~ = 
Case  C75: ~ = 
Case  C100: ~ = 

2 .16  x 10 -12 c m 3 / s e c  
1.90 x 10 -12 c m S / s e c  
1 . 6 8  x 10 -12 33 -12 cm / s e c  
1.43 x 10 cm / s e c  
1.01 x 10 -13 c m 3 / s e c  

The  e f fec t  of a b s o r p t i o n  thus  has  n o t i c e a b l e  e f f ec t s  upon the d e c a y  
c h a r a c t e r i s t i c s  of an a f t e rg low p l a s m a .  A c o n s e q u e n c e  of t h e s e  r e s u l t s  
is  that  a p l a s m a  which  is  100 p e r c e n t  a b s o r b i n g  to t h e s e  t r a n s i t i o n s  
wi l l  have  an a f t e rg low l a s t i n g  m o r e  than  20 t i m e s  as long  as one w h i c h  
is c o m p l e t e l y  op t i ca l ly  thin.  

7.0 EFFECTS ON MEASUREMENTS 

As has  been  d e m o n s t r a t e d  in the  p r e v i o u s  c h a p t e r s ,  the  QSS can 
r e q u i r e  p h y s i c a l l y  s i gn i f i can t  t i m e s  to be e s t a b l i s h e d .  Th i s  was  
p a r t i c u l a r l y  i l l u s t r a t e d  by c a s e s  CA, CB, CH, CI, and C J . j  
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The c a s e s  CH, CI, and CJ a r e  p e r h a p s  the  m o s t  m e a n i n g f u l  of the  
p e r t u r b a t i o n  s t u d i e s  m a d e  s i n c e  t h e s e  e x a m i n e  c h a n g e s  in the  e l e c t r o n  
t e m p e r a t u r e  which  a f f ec t s  the  e n t i r e  d i s t r i b u t i o n .  E x p e r i m e n t a l  a f t e r -  
glow s t u d i e s  a r e  i n v a r i a b l y  s u b j e c t e d  to changes  in the  e l e c t r o n  t e m p e r -  
a tu re .  The  p r e s e n t  s t u d i e s  have  shown that  if the  p l a s m a  cond i t ions  
a r e  such  that  the  m e t a s t a b l e  l e v e l s  a r e  i n c r e a s i n g  in dens i t y ,  the 
r e c o m b i n a t i o n  r a t e s  b a s e d  upon the  e l e c t r o n  d e n s i t y  wi l l  be  h i g h e r  than  
r e c o m b i n a t i o n  r a t e s  b a s e d  upon the  e x c i t e d  s t a t e  d e n s i t y  d i s t r i b u t i o n .  
F u r t h e r ,  it was  shown  that ,  d e p e n d i n g  upon the  t e m p e r a t u r e  g r a d i e n t  
and the  amoun t  of t e m p e r a t u r e  change  s tud ied ,  the  QSS m i g h t  n e v e r  be 
r e a c h e d  e v e n  f r o m  a p r a g m a t i c  s t andpo in t .  

A l though  t h e r e  has  b e e n  c o n s i d e r a b l e  i n v e s t i g a t i o n  of h e l i u m  r e c o m -  
b ina t ion ,  l i t t l e  of that  r e p o r t e d  con ta ins  su f f i c i en t  de ta i l  to e x a m i n e  the  
r e s u l t s  c r i t i c a l l y  wi th  the  ERE.  Also ,  m u c h  of the  r e p o r t e d  work  is  at 
h igh  enough  p r e s s u r e s  that  the  m o l e c u l a r  h e l i u m  ion  is  p r e s e n t  and m u s t  
be a c c o u n t e d  fo r .  An e x c e p t i o n  is  the  w o r k  of J o h n s o n  and Hinnov (Ref.  
22) in  wh ich  the  e x c i t e d  s t a t e  d e n s i t i e s  and e l e c t r o n  d e n s i t i e s  a r e  s t u d i e d  
as func t ions  of t i m e  fo r  low d e n s i t y  (5 ~ 10 -4 t o r r  -1 x 10 -3 t o r r )  h e l i u m  
p l a s m a  p r o d u c e d  in  the  C - S t e l l e r a t o r .  D u r i n g  the  e a r l y  t i m e  p e r i o d s  
of t h e i r  s t u d i e s  the  t e m p e r a t u r e  g r a d i e n t  was  qui te  s t e e p ,  t y p i c a l l y  of 
the  o r d e r  of -1 x 107°K/sec0  but f l a t t e n e d  to  only  about -2 x 1 0 4 ° K / s e c  
n e a r  the  end  of t h e i r  s t u d i e s .  

The  goal  of t h e i r  work  was  to d e t e r m i n e  a s e m i - e m p i r i c a l  f o r m u l a  
fo r  c o l l i s i o n a l  c r o s s  s e c t i o n s  fo r  h e l i u m  tha t  would r e p r o d u c e  e x p e r i -  
m e n t a l  o b s e r v a t i o n s  so as to al low c o m p a - ~ s o n  of e x p e r i m e n t a l  and 
t h e o r e t i c a l  p r e d i c t i o n s .  T h e i r  t e c h n i q u e  was  s i m p l y  to u se  an a s s u m e d  
c r o s s  s e c t i o n  func t iona l  f o r m  wi th  c e r t a i n  a d j u s t a b l e  p a r a m e t e r s  fo r  
the  c o l l i s i o n a l  t r a n s i t i o n s  and t h e n  to u se  the  QSS a s s u m p t i o n  to c a l c u -  
l a t e  e x c i t e d  s t a t e  d e n s i t i e s  and c o m p a r e  t h e m  to m e a s u r e d  d e n s i t i e s .  
They  inc lude  e x c h a n g e  c o l l i s i o n a l  t r a n s i t i o n s  b e t w e e n  s i n g l e t  and t r i p -  
l e t  s t a t e s  wi th  the  s a m e  p r i n c i p a l  quan tum n u m b e r  and o r b i t a l  a n g u l a r  
m o m e n t u m  fo r  L > 2 and a l so  have i n t r o d u c e d  c r o s s  s e c t i o n s  fo r  
op t i ca l ly  f o r b i d d e n  (AT, ~ 1) t r a n s i t i o n s  fo r  " s o m e "  of t h e i r  c a l c u l a -  
t ions .  Th is  is  in c o n t r a s t  to the  p r e s e n t  work  wh ich  s i m p l y  a s s u m e d  
G r y z i n s k i ' s  f o r m . o f  the  exchange  ca l cu l a t i on  fo r  a l l  t r a n s i t i o n s  wh ich  
a r e  op t i ca l l y  f o r b i d d e n .  In e i t h e r  c a s e  t h e s e  t r a n s i t i o n s  a r e  not  p a r t i c -  
u l a r l y  i m p o r t a n t  e x c e p t  f o r  t h o s e  s u b s t a t e s  of q u a n t u m  l e v e l  2. 

T h e i r  work  was  s u c c e s s f u l  in that  they  w e r e  able  to obta in  f a i r l y  
good a g r e e m e n t  b e t w e e n  m e a s u r e d  and c a l c u l a t e d  popula t ion  d e n s i t i e s  
at low e l e c t r o n  t e m p e r a t u r e s  (T e _~ ~ 3 ,500°I~ .  They  m a k e  l i t t l e  
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r e f e r e n c e  to the  h i g h e r  t e m p e r a t u r e  da ta  excep t  to no te  tha t  it was  
n e c e s s a r y  to i nc lude  the  23S - 21S c o l l i s i o n a l  t r a n s i t i o n  to ob ta in  a g r e e -  
m e n t  fo r  the l o w - l y i n g  l e v e l s .  They  do not r e p o r t  any popula t ion  d e n s i -  
t i e s  below q uan tum l e v e l  3. 

Al though  the  bulk of t h e i r  r e p o r t e d  a n a l y s i s  is c a r r i e d  out on da ta  
whose  cond i t ions  l i e  below t h o s e  wh ich  can  be c o n v e n i e n t l y  e x a m i n e d  by 
the  p r e s e n t  ElSE p r o g r a m ,  they  do r e p o r t  one s e t  of da ta  which  can  be 
e x a m i n e d .  The  e l e c t r o n  t e m p e r a t u r e  v e r s u s  t i m e  foi- that  s e t  of da ta  
is shown  in Fig.  46. 
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In an e f fo r t  to e x a m i n e  th i s  work  with the  ERE so lu t ion ,  a QSS 
d i s t r i b u t i o n  was  ob ta ined  at an e l e c t r o n  t e m p e r a t u r e  of 7 ,500°K.  
to c o m p a r e  to t h e i r  m e a s u r e m e n t s  at 7 ,543°K.  They  do not r e p o r t  the  
a c c u r a c y  of t h e i r  popula t ion  dens i t y  m e a s u r e m e n t s  excep t  t h r o u g h  
r e f e r e n c e  to s o m e  e a r l i e r  work  (Ref. 52) which  r e p o r t s  an a c c u r a c y  of 
wi th in  20 p e r c e n t  fo r  " r e a s o n a b l y  s t r o n g  s i g n a l s "  fo r  the  abso lu te  
i n t e n s i t y  m e a s u r e m e n t s .  E l e c t r o n  d e n s i t y  m e a s u r e m e n t s  w e r e  e s t i m a t -  
ed  a c c u r a t e  wi th in  15 p e r c e n t .  C o n s i d e r i n g  the  u n c e r t a i n t y  in t h e i r  
e l e c t r o n  d e n s i t y  m e a s u r e m e n t s  and s i n c e  the s t a t e s  above the c r i t i c a l  
l e v e l  can be d e s c r i b e d  by the  Saha r e l a t i o n ,  which  has  q u a d r a t i c  e l e c t r o n  
d e n s i t y  d e p e n d e n c e ,  t h e r e  is  an i m m e d i a t e  u n c e r t a i n t y  of 30 p e r c e n t  in. 
c o m p a r i n g  t h e i r  r e s u l t s  to the  ERE.  Tab le  10 shows  the  r a t i o  of the 
c o m p u t e d  or  m e a s u r e d  popula t ion  d e n s i t y  to the c o r r e s p o n d i n g  d e n s i t y  
wh ich  would be in Saha e q u i l i b r i u m  wi th  that  s t a t e  at 7 ,500°K.  

Table 10. Ratio of Excited State Population Densities to Saha Equilibriu n 
Values for ERE Calculations and Measurements, ne = 2.5 x 1() ~3 
1/cm 3, T.  = 7,500°K. 

State n (p)/n (Saha) n (p)/n (Saha) 
ERE measurement a 

31p 0.18 0.24 

31D 0.18 0.26 

33S 0.50 0.42 

33p 0.40 0.63 

33D 0.40 0.46 

41S 0.72 1.00 

41p 0.74 0.68 

41D 0.74 0.92 

43S 0.83 1.15 
43p 0.87 1.00 

43D 0.87 1.04 

51S 0.92 1.19 

51p 0.93 1.30 

51D 0.93 0.96 

53S 0.95 1.10 

53p 0.96 1.10 

53D 0.96 1.05 

61S 0.97 0.87 

61p 0.94 1.05 

61D 0.98 0.74 

63S 0.98 0.96 
63p 0.99 0.92 
63D 0.99 0.87 
91D 1.0 1.22 

93D 1.0 1.22 

aMeasurements from Johnson and Hinnov (Ref. 22) 
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T h e i r  da ta  and the E R E  c a l c u l a t i o n s  show good a g r e e m e n t  f o r  
quan tum l e v e l s  5 and 6 if a l l owance  is  m a d e  for  the u n c e r t a i n t i e s  in 
t h e i r  da ta  and one i g n o r e s  the  o c c a s i o n a l  f l y e r s  such  as  the  5 1 p  and 
61D l e v e l s .  F o r  t h e s e  c a l c u l a t i o n s  the c r i t i c a l  l e v e l  wi th  the  10 p e r c e n t  
c r i t e r i o n  would be quan tum l e v e l  5. S ince  t h e i r  e l e c t r o n  d e n s i t y  was  
u s e d  fo r  both the  c a l c u l a t i o n s  and m e a s u r e m e n t s  and the r a t i o s  f o r  the  
h igh  l e v e l s  show r e a s o n a b l e  a g r e e m e n t ,  the  e l e c t r o n  d e n s i t y  m e a s u r e -  
m e n t  is  s a t i s f a c t o r i l y  a c c u r a t e  fo r  t h e s e  c o m p a r i s o n s .  

C o m p a r i s o n  of the l e v e l s  below the c r i t i c a l  l e v e l  show tha t  in 
g e n e r a l  the  m e a s u r e m e n t s  and c a l c u l a t i o n s  a r e  s t i l l  w i th in  e x p e r i m e n -  
t a l  e r r o r  wi th  the  e x c e p t i o n  of the  33p ,  41S, 43S, 51S, and 5 I p  s t a t e s .  

Some i n t e r e s t i n g  o b s e r v a t i o n s  can  be m a d e  about  the  d i s t r i b u t i o n .  
The  E R E  c a l c u l a t i o n s  show the  r e s u l t s  of v e r y  s t r o n g  coupl ing  b e t w e e n  
the 1p and 1D s t a t e s  as  we l l  as  the  3 p  and 3D s t a t e s  as  e v i d e n c e d  by 
t h e i r  r e l a t i o n s h i p  to the f r e e  e l e c t r o n  d e n s i t y .  T h i s  is  not n e c e s s a r i l y  
ev iden t  in the m e a s u r e m e n t s  excep t  fo r  the  s i n g l e t  s t a t e s  of quan tum 
l e v e l  3 and the  t r i p l e t  s t a t e s  of quan tum l e v e l s ,  4, 5, and 6. The  
coup l ing  i s ,  h o w e v e r ,  ev iden t  wi th in  the  e x p e r i m e n t a l  e r r o r  f o r  a l l  the  
l e v e l s .  The  c a l c u l a t i o n s  show a g e n e r a l l y  f l a t t e r  d i s t r i b u t i o n  t han  do 
the  m e a s u r e m e n t s ,  wh ich  m a y  be i n d i c a t i v e  of an  o v e r e s t i m a t i o n  of 
the c r o s s  s e c t i o n s  by  the G r y z i n s k i  t echn ique .  Al though  J o h n s o n  and 
Hinnov r e f e r  to e n t r a p m e n t  of r e s o n a n c e  r a d i a t i o n  be ing  p r e s e n t ,  t h e y  
accoun t  fo r  it  in an a p p r o x i m a t e  way and i t s  p r e s e n c e  i s  not  we l l  i nd i -  
ca ted  by the m e a s u r e m e n t s  excep t  fo r  the 5 1 p  and 6 1 p  l e v e l s .  If 
r e s o n a n c e  r a d i a t i o n  e n t r a p m e n t  w e r e  p r e s e n t ,  the  1p  and 1D m e a s u r e -  
m e n t s  shou ld  show s i g n i f i c a n t l y  h i g h e r  r e l a t i o n s h i p s  to the  con t inuum 
than  the c a l c u l a t i o n s ,  which  a s s u m e d  no a b s o r p t i o n ,  but  the  c o n v e r s e  
is  t r ue .  

The  above o b s e r v a t i o n s  have  been  d i r e c t e d  at the  abso lu t e  d e n s i t i e s  
t h e m s e l v e s  which ,  b e c a u s e  of u n c e r t a i n t i e s  in both r a t e  c o e f f i c i e n t s  
and m e a s u r e m e n t s ,  a r e  qui te  d i f f icu l t  to u se  fo r  r e l i a b l e  a n a l y s i s  of 
p l a s m a  cond i t ions .  Of a s o m e w h a t  m o r e  s e n s i t i v e  n a t u r e  is  an e x a m i n a -  
t ion  of r e c o m b i n a t i o n  r a t e s .  J o h n s o n  and Hinnov a l so  i n v e s t i g a t e d  t h i s ,  
u s ing  the  c r o s s  s e c t i o n a l  f o r m s  they  deduced  f r o m  t h e i r  m e a s u r e m e n t s  
fo r  c a l c u l a t i o n s  a s s u m i n g  QSS and c o m p a r i n g  to d i r e c t  m e a s u r e m e n t  
fo r  the e l e c t r o n  d e n s i t y  r a t e .  A c h a r a c t e r i s t i c  of t h e i r  r e s u l t s  i s  a 
l o w e r  r e c o m b i n a t i o n  r a t e  f r o m  c a l c u l a t i o n  than  f r o m  m e a s u r e m e n t  f o r  
the  e a r l y  p e r i o d s  of m e a s u r e m e n t s .  

One f e a t u r e  of e a r l y  t r a n s i t i o n s  a l r e a d y  noted  is  tha t  when  the 
l o w e r - l y i n g  l e v e l s  a r e  i n c r e a s i n g  in d e n s i t y ,  a s  wi th  a d e c a y i n g  e l e c t r o n  
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temperature, the ground state rate will underestima.te QSS conditions 
while the electron density rate will overestimate the QSS condition. As 
was shown earlier, the response of the system to changes in the electron 
temperature is quite nonlinear with respect to the time scale of the 
temperature gradient. The time to maintain QSS conditions for a 
series of small temperature changes was significantly longer than when 
the temperature change was made in one step. 

To examine the possibility that the QSS had not been established 
during the early states of the measurements of Ref. 22, three cal
culations were performed. The first of them subjected the QSS dis
tribution of case M reported above (ne = 2.69 x 10 13 1/ cm3) to a sudden 
electron temperature drop of 2, 500 0 K to 7, 500 0 K. The second calcula
tion involved suddenly dropping the electron temperature from 7, 500 0 K 
to 7, OOooK in one step for the QSS distribution reported in Table 10. 
The third calculation dropped the electron temperature from 7, 500 0 K 
to 7, 000° K in 10° K increments with the plasma being allowed to come 
to the QSS before each succeeding drop. The time for QSS to be estab
lished at the terminal conditions for each of the above calculations 
was: 8 x 10- 6 sec (DoT = 2, 500 0 K, one step), 7 x 10- 6 sec (DoT = 500 0 K, 
one step), and 1.4 x 10- 5 sec (.6..T = 500 0 K, 50 steps). From Fig. 46, 
page 173, the ex.rerimental temperature gradient for this period was 
about -2.1 x 10 OK/sec. Thus, it required 2.4 x 10- 5 sec for the 
electron temperature to decay from 7, 500 0 K to 7, OOOOK in the experi
ment. 

The obvious non-linearity of the response of the ERE to tempera
ture changes, the close proximity of the time calculated with the lOOK 
increments compared to the experimental times, and the qualitative 
agreement of the predictions of this study with their results for the 
early afterglow makes it inescapable that the QSS had not been establish-~ 
ed during the early portions of their work. Further, their observed 
discrepancies between the measured and computed recombination rates 
are in direct qualitative agreement with the predictions of this study. 
To be more quantitative will require development of an ERE computer 
program with a continuously variable electron temperature. 

Since the data (Ref. 22) used to obtain cross sections were taken at 
a later time in the afterglow when the electron temperature was lower 
and the gradient smaller, their work will probably give adequate pre
dictions for most cross sections. The ERE should be used for at 
least the early portion of their studies. This will affect their reported 
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results for the 23S - 21S cross section which were obtained in the 
early portion of their studies with the QSS approximation. 

8.0 SUMMARY 

The system of rate equations describing the transient behavior of 
a singly ionized, optically thin, monatomic helium plasma has been 
solved numerically for various plasma conditions. 

The objectives of this study, as outlined in Section 1. 2, were 
achieved by studying the early decay characteristics of plasmas which 
were initially in a Boltzmann distribution for all excited states and 
also by examining the time to reacquire the QSS following an instan
taneous perturbation of plasma parameters. To the author's know
ledge, this is the first study of these early plasma decay characteris
tics or of the perturbational effects upon the plasma which includes the 
transient coupling between the various energy states. 

8.1 NUMERICAL VALIDITY 

Because these studies necessarily involve very short time periods 
which are generally beyond experimental technique, the validity of the 
solution was examined by comparing the collisional-radiative recombi
nation coefficients determined after the transient solution had developed 
to the QSS with the calculations of Chen (Ref. 21), who determined recom
bination coefficients based upon assuming QSS conditions. These com
parisons (Table 3) showed favorable agreement. Stability of the calcu
lations, an important consideration in investigations of this type, were 
examined under two criteria on the time increment allowed for the 
calculation. The solution was found to adequately reproduce itself under 
the two criteria. Hence, it is concluded that the numerical results 
presented herein do represent physical processes to the limit of the 
accuracy of the parameters used in the calculation. 

8.2 PURE AFTERGLOWS 

The study of the pure afterglows, in which the plasma relaxes from 
an initial LTE distribution, given in detail in Section 5.0, provided a 
response to the specific objectives outlined in Section 1. 2. These may 
be summarized as follows: 
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1. There is no single common mechanism by which the 
QSS is established. However, the establishment of 
the QSS is principally controlled by the time-depen -
dent characteristic of the 23S density and its effects 
on the densities of the several adj acent quantum levels. 

2. Generally, . the results of CRR theory can be applied 
to helium plasmas before the QSS condition for ex
cited atomic state densities is in fact reached. This 
is becaused the continuum rate is largely determined 
by recombination into the high-lying quantum levels 
and the QSS configuration is established rapidly for 
these. The ground state rate, however, is largely 
determined by the low -lying quantum levels and the 
QSS distribution for these requires a comparatively 
appreciable time to be established. 

3. The time required for the QSS to be established varied 
with the plasma conditions, being shortest for those 
plasmas which were strongly collision dominated and 
surprisingly long for those which were least collision 
d0minated. A summary of these times for each plasma 
to achieve the QSS as well as the time at which CRR 
could be applied to the electron density decay is listed 
in Table 11. 

4. The processes by which plasmas decay are indeed 
complex and subtle. The study of the ERE solutions 
has illustrated this because of the ability to examine 
each individual process singly as well as its coupling 
effects with other mechanisms in the plasma decay. 
Very rarely in low density helium plasmas such as 
were studied here can one mechanism (e. g., 23 S - 21 P 
collisional transfers) be singled out as a dominant 
feature of the decay but rather, the total coupled fea
tures of the decay must be considered in the transient 
mode. Steady-state theories largely mask the inter
play between the various states and cannot account for 
such phenomena as, say, the momentary radiative 
overdepopulati.on of the 21p density and then the sub
sequent rIse in the 21p density via 23S - 2 1p, 23S -
23p - 2 1p, 23S - 2 1S - 2 1p, etc. collisional transfers. 
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Table 11. Summary of Plasma Conditions, Time to Acquire Quasi-Steady 
State, and Time at Which Collisional-Radiative Recombination 
Theory Applies to Free Electron Density 

Case T n n Time (QSS) Time (CRR) 
e 0 e 

oK 1/cm 3 l/cm 3 sec sec 

A 1. 04 1. 6317 1. 6315 2.0-8 1.8-8 

B 1. 04 4.4016 4.4014 7.0-8 2.0-8 

C 1. 04 1. 5016 1. 50 14 8.0-7 3.0-7 

D 1. 04 6.5915 6.5913 1. 3-6 1.2-6 

E 1. 04 5.0014 5.00 12 3.1-5 5.0-6 

F 1. 04 1. 5014 1.5012 1. 2- 4 6.5-8 

G 1.0 4 5.00 13 5.00 11 3.5-4 2.2-7 

H 1. 44 1. 6317 1.6315 2.7-9 1. 7- 9 

I 1. 44 1. 50 16 1. 50 14 2.0- 7 2.0- 7 

J 1. 44 5.00 14 5.00 12 1. 8- 5 1. 0- 5 

K 1. 44 5.00 13 5.00 11 2.1- 4 1. 0- 4 

L 1. 0 4 2.6915 5.38 14 3.0-8 2.5- 9 

M 1. 0
4 2.69 15 2. 6913 4.3- 6 3.0-6 

N 1. 04 2.69 15 2.6912 6.0-5 6.0-6 

0 1. 0
4 2.6915 2.6911 6.6- 4 2.5- 7 

p 8.0 3 1. 50 16 1. 50 14 6.6- 7 3.0- 7 

Q 6.0 3 1. 5016 1. 5014 1.2-6 3.0-8 

In addition to the listing above, the pure afterglow studies showed 
an additional unexpected phenomena. This was overshoot, in which the 
plasma decay would overshoot QSS conditions and then return to the QSS 
at a later time. It was found that this phenomena was physical rather 
than artificial. The study of overshoot can be summarized thus: 

1. Plasmas which are strongly collision dominated at 
their initial conditions will not show overshoot of the 
QSS. 

2. Plasmas whose initial conditions are such that there is 
no clearcut domination of radiation or collisions show 
the strongest continuum rate overshoot. 

3. As excitation temperature increases in the range 8, OOooK 
.:5. T e .:5. 14, OOooK, overshoot of the continuum rate becomes 
progressively greater because of improved collisional 
efficiency. 
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4. For lower electron temperatures T e'::::' 8,OOooK, overshoot 
becomes progressively less, and there is no overshoot 
of the continuum rate at T e = 6, OOooK because of poor 
collisional efficiency. 

5. The ground state rate s1;lows generally greater over
shoot as the collision dominance decreases although 
there are inconsistencies in this behavior for increas
ing electron temperature. 

The plasma conditions and the magnitude of overshoot encountered 
in this study were summarized in Table 7. 

8.3 PERTURBATIONS 

The perturbational studies, Section 6.0, in which the plasma relax
es after a perturbation of some plasma parameter, reinforced the con
clusions drawn from the pure afterglow studies. They additionally 
indicated that an environment supporting a transient electron tempera
ture could have a significant effect upon the QSS. The findlngs of the 
perturbational studies may be summarized as follows: 

1. Parametric changes affecting the entire distribution 
require significantly longer times to achieve the QSS 
than if the perturbation affects the density of just one 
quantum level. 

2. Perturbations of the density of a single quantum level 
will induce a ripple effect through the rest of the distri
bution because of the transient coupling to the density 
of the selected level. 

3. Errors in the rate coefficients will have noticeable 
effects upon the transient decay of the plasma. There 
can be an appreciable effect upon the QSS distribution 
of densities for those levels below the critical level 
but no discernible effect upon the densities of levels 
above the critical level. The location of the critical 
level can be affected. It was estimated that the rate 
coefficients used in this study were too large; hence, 
the times calculated in this study will be short when 
compared to the physical situation. 
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4. The mathematical and thus the physical system show 
a strong non-linear response to changes in the electron 
temperature. The effects of a continuously changing 
electron temperature were approximated by a series 
of step function changes. For a series of small changes 
of electron temperature the plasma required appreci
ably longer times to reacquire QSS than for a single 
step with the same total change. The studies led to 
the observation that in an environment with a continuous
ly changing temperature the QSS may never be reached. 

5. Absorption of resonance radiation has a calculable 
but not significant effect on the times to achieve the 
QSS. Absorption of resonance radiation can have 
effects on the QSS density distribution, causing the 
1 P and the adjacent states to maintain higher popula
tion densities. 

8.4 EFFECTS ON MEASUREMENTS 

The studies of the various plasma conditions indicated that when 
the conditions were such that the metastable states are increasing in 
density, the recombination rates based upon the electron density will 
be significantly higher than recombination rates based upon population 
densities. This predicted effect was observed in data published by 
Johnson and Hinnov (Ref. 22). In calculations with the ERE at their 
conditions a QSS distribution was established which agreed with their 
measurements, within experimental error. Their work was subjected 
to severe temperature gradients and because of the qualitative agree
menf of their results with the findings of this work, it is believed 
that they did not have QSS conditions, at least in the early stages of the 
decay. 

The findings of this study have shown that the concept of the plasma 
passing from one QSS to another QSS as the plasma decays is not as 
"almost instantal1eous" as is usually assumed. However J the results 
of eRR theory can generally be applied to electron recombination rates 
without the QSS being physically necessary. In studies in which plasma 
parameters are changing rapidly J great care must be exercised in 
relating density measurements of quantum states below the critical 
level to the electronic recombination rate via the QSS assumption. This 
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will be particularly true in apparata in which severe electron temperature 
gradients are present or when there are short time scales present. 

8.5 CONCLUDING REMARKS 

The study has provided detailed information and insight into plasma 
decays and the mechanisms by which the nonequilibrium eigenstate 
population density distribution function is established. These mechanisms 
have important fundamental implications for future work in plasma 
decays and their effects cannot be fully assessed without a transient solu
tion to the ERE. 

Several implications for future applications beyond the original 
intent of the work may also be drawn. Under proper experimental con
ditions and with an analytic approach similiar to that used here, a very 
critical detailed examination of rate coefficients may be made. This 
work would not have to necessarily be restricted to plasmas but the 
approach is applicable to other chemical processes. The ripple effect, 
discovered in the calculations concerned with perturbations of a specific 
energy level, suggest mechanisms by which specific rate coefficients 
may be determined through a selective absorption experiment. Another 
application which suggests itself is the study of the processes involved 
in population inversions with a view toward prediction of possible last
ing transitions. 

Of a more immediate nature, the approach of this study should be 
put to a critical test for comparison of calculations and experiment. 
Because physical plasmas are generally characterized by a spatial 
density variation and invariably by electron temperature variations, 
the work reported here must be considered as a first approximation to 
actual physical processes, and correct modeling will need to account 
for the effects of these additional transient phenomena. The need to 
consider continuous variations in density and electron temperature as
sumes added importance in light of the observations of the effects of 
step function electron temperature changes and the physically significant 
times for the QSS to be established. The development of these capabili
ties and completion of the critical evaluation will provide a basis for 
extension to more complex species, such as diatomic molecules, so 
that the internal energy distribution funcUon development in the non
equilibrium environment may be studied. 
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The rate coefficient integrations indicated in Section 3.0 were per
formed using 32-point Laguerre-Gauss quadrature. Quadrature tech
niques are described in most numerical analysis books (Ref. 53, for 
example) and derivation will not be given here. The basis of the tech
nique is to use a weighting function so that 

a 

b 

J w (x) f (x) dx = ~ w (x . ) f (x . ) 
. 1 1 1 1= 

(A-l) 

where w(x) is the weighting function and w(xi) is the value of the weight
ing coefficient at the point xi' 

It turns out that if a weighting function 

-x w(x) = e (A-2) 

is used, the weighting coefficients are a function of the Laguerre polyno
mials (Ref. 53) 

w (x.) = 
1 

(n! ) 2 x. 
1 

where the xi are the roots of the nth Laguere polynomial. 

(A-3) 

Further, use of Laguerre-Gauss quadrature is valid on the interval 
(0, (0). The integrations in Section 3.0 do not extend to 00, but the lower 
limit is one. Compatability with the interval (0, (0) is accomplished by 
a simple transformation of coordinate. 

Various quadrature techniques are generally part of the library in 
numerical analysis laboratories. The particular one used here was 
generated by K. R. Kneile, Analyst, Central Data Processing, Arnold 
Engineering Development Center (AEDC), and is in subroutine form for 
ease of use. The 32 abcissas and the values of the weighting coefficients 
are given in Table A-l. 
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Table A-l. Abscissa and Weighting Coefficients for 32-Point Laguerre-Gauss Quadrature 

i x. w(x
i

) i x. W(X
j

) 
1 1 

1 0.04448936583326702 0.1141871057681048 17 22.63088901319677 2.884392092922042 

2 0.2345261095196185 0.2660652168976152 18 25.62863602245925 3.113261327039586 

3 0.5768846293018864 0.4187931373248530 19 28.86210181632347 3.356217692595803 

4 1.072448753817818 0.5725328464998047 20 32.34662915396474 3.615869856484269 

5 1.722408776444645 0.7276487883809713 21 36.10049480575197 3.895513044948550 

6 2.528336706425795 0.8845367193402497 22 40.14571977153944 4.199394104711585 

7 3.492213273021994 1.043618875892077 23 44.50920799575494 4.533114978534362 

8 4.616456769749767 1.205349274152353 24 49.22439498730864 4.904270287611245 

9 5.903958504174244 1.370221338521781 25 54.33372133339691 5.323500972023666 

10 7.358126733186241 1.538777256468645 26 59.89250916213402 5.806333214233621 

11 8.982940924212596 1.711619352686457 27 65.97537728793505 6.376614674159653 

12 10.78301863253997 1.889424063449484 28 72.6876280906627 7.073526580707242 

13 12.76369798674273 2.072959340246534 29 80.18744697791352 7.967693509295901 

14 14.93113975552256 2.263106633996964 30 88.73534041789240 9.205040331278190 

15 17.29245433671531 2.460889072488236 31 98.82954286828397 11.16301309076787 

16 19.85586094033605 2.667508126397117 32 111.7513980979377 15.39018041526064 

2. TRANSIENT ERE 

The numerical technique used to effect the solution to the ERE was 
the modified Euler's method. This technique has enjoyed some success 
in solution of reacting flow problems at AEDC and. because of the simi
larity in the mathematical systems. the use of the technique was sugges
ted. 

To describe the application of the method to the problem at hand. 
it is convenient to attack the problem in more general form. Thus. 
the various quantities will be described in functional form and as 
independent or dependent variables rather than closely tied to physical 
interpretation. The'system of EGs. (7) and (8) can thus be written 

~ -dx = f(y) (A-4) 

where the single bar denotes a vectoral quantity. y is the dependent 
variable. x is the independent variable. and f(y) is the functional form of 
the ERE. 

The modified Euler's method proceeds straightforwardly from dif
ference formula considerations and is written 

(A-5) 
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whe-re the subs cript i denotes some point, xi, at which the solution is 
known. i + 1 the next point. xi+l, at which the solution is desired, and 
Ax is the difference in the points. xi+l - xi' This is obviously an im
plicit method since a function of the unknown solution. Yi+l, resides on 
the right-hand side of Eg. (A-5). 

The f(Yi+l) in Eg. (A-5) can be approximated by expanding f(y) in 
Taylor's Series in terms of the solution and keeping the first two terms. 

f (y) = f (y ) + f' (y ) (y - y ) 
000 

(A-6) 

where f' (Yo) is the Jacobian 

(A-7) 

Thus. f(Yi+l) can be written 

(A-B) 

Defining the constant matrices 

A = f (y.) - f' (y.) y. 
1. 1.], 

(A-g) 

and 

B = f'(Y.) 
]. 

(A-IO) 

(A-ll) 

Note that with the definitions of A and B. f(Yi) can be written in the same 
manner: 

A + B y. 
]. 
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Substituting Eqs. (A-12) and (A-ll) into Eq. (A-5) and solving for Yi+l' 
one has 

(A-l3) 

where I is the unit matrix. Thus, the unknown solution, Yi+1, is known 
as a function of the solution of the previous point, Yi, and the indepen
dent variable increment, Llx. The B matrix is readily evaluated analy
tically if the function f(y) is known, as it is in this case. 

Relatively simple considerations of the approximations involved in 
establishing Eq. (A-13) yield a relationship between the approximate 
error and Llx and has been worked out by Mr. F. C. Loper, of AEDC. 
The error associated with expressing Yi+1 in the manner of Eq. (A-5) 
is of order .6.x3 . The error associated with expressing f(y) in the man
ner of Eq. (A-B) is of order (Yi+1 - Yi)2 which is of order .6.x2 . This 
error in f(Yi+1) substituted into Eq. (1\.-5) shows the subsequent error 
in Yi+l because of the local linearization of f(Jt+l) is thus also of order 
LlX3• Hence, the error in Yi+l is of order LlX and the error can be 
written 

= g flx 3 
';+1 ...... i+1 

(A-14) 

where gi+l is some unknown function. Relating this to the error in 
Yi and solving for .6.xi+ i yields 

flxi+1 = ~x. 
l 

Assuming the g function does not vary rapidly, gi+l ~ gi; then 

~ fix. 
l 

(A-15) 

(A-16) 

So, with a desired accuracy in Yi+l and a known accuracy in Yi, which 
can be evaluated from 

(A-17) 
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where f(y) is evaluated exactly. a AX i+I yielding the approximate 
accuracy can be obtained. It should be noted that E:i. in Eq. (A-17) is in 
fact a vector. In practice. one uses the largest element of :E1 from Eq. 
(A-17) for the estimation of AXi+I in Eq. (A-16). 

The identification of the elements of the y with the population densi
ties n(p). x with time. and f(y) with the right-hand side of Eqs. (7) and (8) 
in Section 2.0 complete the description of the technique in terms of the 
physical parameters. 
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