
AD-A020 429

WATER ENTRY AND THE CAVITY-RUNNING BEHAVIOR OF MISSILES

Albert May

NAVSEA Hydroballistics Advisory Committee
Silver Spring, Maryland

1975

pI

DISTRIBUTED BY:

National Technical Information Service
U. S. DEPARTMENT OF COMMERCE



• ~044214'

TECHNICAL
REPORT
75-2

WATER ENTRY
IAND

THE CAVITY-RUNNING
BEHAVIOR OF MISSILES

I

I NAVSEA HYDROBALLISTICS ADVISORY COMMITTEE
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

I

Rnptoduucd by -•

NATIONAL TECHNICAL
INFORMATION SERVICE

US DNpartmont o0 Co',mmrt.
SpringlieId, VA. 22151



UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (W"en Date Entered)

REPORT DOCUMENTATION PAGE READ INSTRUCTIONS
BEFORE COMPLETING FORM

. REPORT NUMBER . GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER• ~SEAHAC/TR 75-2
4. TITLE (and Subtit'e) S. TYPE OF REPORT & PERIOD COVERED

Water Entry and the Cavity-Running Final
Behavior of Missiles

6. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(a) S. CONTRACT OR GRANT NUMBER(O)

Albert May

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, FROJECT, TASK
Naval Surface Weapons Center AREA & WORK UNIT NUMBERS

White Oak Laboratory SEA-18483/SR023-01-002
White Oak, Silver Spring, Maryland 20910

il. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

1975
13. NUMBER OF PAGES

14. MONITORING AGENCY NAME & ADDRESS(II different from Control'njl Office) 1S. SECURITY CLASS. (of this report)

Unclassified
15a. DECL ASSI FICATION/.DOWNGRADING

SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited

17. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, If dilferent trom Report.'

IS. SUPPLEMENTARY NOTES
Monitored by Naval See Systems Command, Washington, D. C. 20360.

19. KEY WORDS (Continue on reverse side Ii necee*ary aid Identify by block number)

Water Entry, Cones, Ogives, Disks, Spheres, Disk Oqives,
Cavity-Running Missiles

20. ABSTRACT (Continue otn revere. aide It necessary and Identify by block number)

This report contains a comprehensiv compilation of test data
and analytical techniques for predi.ting the behavior of vehicle
during water entry and during the cavity-running phase. It con-
tains data to predict the water impact forces on nose shapes
such as disks, cones, ogives, spheres, cusps, disk ogives, o- c.
during vertical and oblique water entry. Cavity developmentJ phenomena are discussed and approximate ways of predicting

DD JAN 73 1473 EDITION OF I NOV 65 IS OBSOLETE UNCLASSIFIED
S/N 0102-014-6601

SECURITY CLASSIFICATION OF THIS PAGE (Whten Data Entered)



UNCLASSIFIED
_LtU4ITY CLASSIFICATION OF THIS PAGE(Wh•n Date Enterod)

#20.

cavity size and shape are presented. Stability characteristics
during the early running phase are also discussed. In general,
the report is intended to provide the necessary data for the
design of water-entry ordnance.

tow•

S,•l '• i -. '............ 
.

i 

• • \• \•$ ..........O ki. ..

_

S .. " " f;" -J

UNCLASSIFIED

S SZ(CURITY CLASSIFICATION OF THIS PAGE(When D &(& Entered)



S. ACKNOWLEDGEMENT

1.. This report is the culmination of an extensive
effort to compile data on water-entry phenomena. The
NAVSEA Hydroballistics Advisory Committee wished to thank
Dr. T. E. Peirce and 0. Seidmin for their support of this
effort. The report was edited, compiled and nrinted by
the Aero- and Hydroballistics Branch of the Naval Surface
Weapons Center

F .



SEAHAC/TR 75-2

WATER ENTRY AND THE

CAVITY-RUNNING BEHAVIOR OF MISSILES

Compiled by:

Albort May
Naval Surface Weapons Center',

White Oak Laboratory

ii



SEAHAC/TR 75-2

TABLE OF CONTENTS

Chapter 1 -Water Entry
Page

INTRODUCTION ........ . ............... ..... ..... .... .... 1-1
STHE PHASES OF WATER ENTRY .............. 1-3

DIMENSIONLESS QUANTITIES .................................... 1-4
THE SPLASH .......................... 00 ........... ......... 1-6

Vertical Entry ..................... . ......... 1-7
Splash at Oblique Entry ................... . .. ....... 1-10

SURFACE CLOSURE ....... ... ......... . ........... 1-10
Time of Surface Closure ................................. 1-12

PULLAWAY .......... ...................... . ....... 1-15
Vertical Entry..... ........ .............. 1-15Oblique Entry 1-17

DEEP CLOSURE ................. o ... ..... ........... 1-18
SHAPE OF THE EARLY WATER-ENTRY CAVITY ....................... 1-21

"The "Ideal Cavity" .... ..... ........... ..- 22
Shape Predictions for the Open Cavity ................ 9. 1-23
The Early Cavity After Oblique Entry ..................... 1-26
Cavity Dimensions ........ ....... ...... 1-26

THE LATER WATER-ENTRY CAVITY AND ITS DISPERSAL ................ 1-29
Cavity Added Mass...... ....... 1 ........... 1-30
The Re-Entrant Jet ..... ......................... 1-31
Flow Near the Cavity ............ ..................... 1-32

VENTILATION AND PRESSURE IN THE WATER-ENTRY CAVITY .......... 1-33
PRESSURE IN THE WATER AFTER ENTRY .......................... 1-35

SURFACE APPEARANCE OF THE WATER-ENTRY CAVITY ................ 1-36
REFERENCES .................................................. 1-37

TABLES

Table Title Page

1-1 Splash Dimensions for Various Entry Conditions .... 1-9
1-2 Average Values of Tscfa = tscUo(a/d for Steel

Spheres ........................................... 1-14

!ii ILLUSTRATIONS

SFigure Title1 i-1 Cavity Development After the Vertical Water Entry of a

Sphere
1-2 Vertical Entry Shadowgraphs; 2-Inch-Diamete- Sphere,

Entry Velocity 22 Fps After White Ref (1-8)
1-3 High-Speed Motion Pictures of 1-Inch Steel Sphere Entering

Water at 35 Ft/Sec From Ref (1-9)
/1-4 Typical Vertical Entry Splash Contour After White Ref (1-8)

iii
k . -



-i

CONTENTS (Continued)

Fiqure Title

1-5 Shadowgraph Showing Vertical Entry of 900 Cone.
Diameter, 8 Inch; Entry Velocity, 24.0 Ft/Sec fromRef (1-17)

1-6 Splash Due to the Vertical Water Entry of a Cone
1-7 Splash Configuration Followinq the Vertical Water Impact

of a Right Cylinder from Ref (1-18)
1-8 Typical Splash Contour for Oblique Entries at Steep and

Flat Angles. After White Ref (1-8)
1-9 From Ref (1-9)
1-10 Water Entry of 1-Inch Steel Sphere at 32 Ft/Sec
1-11 Dependence of Time of Surface Seal on Entry Speed and on

Air Density for the Cavities Formed by 1/2-Inch Steel
Spheres. The Lines show Average Values for Various Air
Densities. From Ref (1-9)

1-12 The Smallest Velocities of Vertical Water Entry of Small
Spheres, for which Pullaway Occurs

1-13 Dimensionless Times of Pullaway for Small Spheres After
Vertical Entry

1-14 Time of Pullaway After Vertical Water Entry
1-15 Contours of Time of Pullaway of Cavity from Water Surface

(Times are Measured from W. ter Impact (Ref 1-7))
1-16 Dimensionless Time of Pullaway for Steel Spheres After

Oblique Entry (45 to 700)
1-17 Entry of a 1/4-Inch Steel Sphere at 77 Ft/Sec. The Air

Pressure was One-Fourth of a Normal Atmosphere. Note the
Symmetrical Hour-Glass Configuration at Deep Seal Ref (1-9)

1-18 Water Entry of 1-Inch Polystyrene Sphere. This Cavity Shape
is Characteristic of Light Spheres. Note the Large Downward
Jet (Ref 1-9)

1-19 Typical Deep Closure After Vertical Water Entry from
Ref (1-18)

1-20 Cavity Due to Missile With Truncated Nose
1-21 Type of Cavity Collapse (Ref 1-7)
1-22 Dependence of Cavity Development on Conditions of Test

(Each Set of Cavity Sketches is Positioned Ro-.qhly at the
Values of F and M used in the Test) Entries were at Angles
of 45 to 700

1-23 Time of Deep Closure After the Vertical Entry of Spheres
1-24 Depth of Deep Closure After Vertical Entry of Sphere when

no Surface Closure Occurs. Equation of Line is
Ddc/d = d = 143F 0 .71 Ref (i-9a)

1-25 Depth of Deep Closure for Vertical Entry of 1-Inch Steel
Spheres from Ref (l-9a)

1-26 Depth of Deep Closure for Vertical Entry of 1/2-Inch
Steel Spheres Ref (l-9a)

iv



SEAHAC/TR 75-2

CONTENTS (Continued)

Figure Title

1-27 Scaled Cavities Ref (1-29)
1-28 Observed Flow in Water After Vertical Entxy of a

Sphere (After Birkhoff and Isaacs)
1-29 Typical Spherical "Shell" in Hydraulic Flow Medol
1-30 Variation of Cavity Diameter (at Various Dept;is) withTime After Entry Ref (1-9)

1-31 Acceleration of Cavity Wall as a Function of Cavity
Radius Ref (1-9)

1-32 Two Types of Cavities Which May Be Formed Simultaneously
Shortly After Entry. After Levy Ref (1-38)

1-33 Development of the Cavity Due to Water Entry of a Sphere.
The Water Entry of a 1-Inch Sphere was Vertical at 96 Feet
Per Second

1-34 Development of the Cavity Due to the Water Entry of a
Right Cylinder. This was a Vertical Entry of a 1-1/2-Inch
Right Cylinder at 145 Feet Per Second. R<ef (1-18)

1-35 Cavity Volume With and Without Surface Closure. Vertical
Water Entries were 1-Inch Steel Spheres at 96 Feet Per
Second. Because of Low Pressure. Above the Water, Round
R-423 Had no Surface Closure. The Vertical Line shows
the Decrease in Volume of the Attachee, Cavity at Deep
Closure. Ref (1-18)

1-36 Variation of Cavity Volume After Entry (M = 11)
1-37 Variation of Cavity Volume After Entry (M = 69)
11-38 variation of Cavity Length After Entry (M4 = 11)
1-39 Variation of Cavity Length After Entry (M = 69)
1-40 Variation of Cavity Diameter After Entry (M = 69) Ref (1-7)
1-41 Variation of Cavity Diameter After Entry (M = 69)
1-42 Contours of Maximum Cavity Volume Ref (1-7)
1-43 Contours of Maximum Cavity Length from Ref (1-7)

1-44 Contours of Maximum Cavity Diameter
1-45 Contours of Cavity Length Which is Half the Distance

Ref (1-7)
1-46 Contours of Time After Entry When Cavity Lenqth is Half

the Distance Traveled1-47 Correlation of Pressure Data With Photoqraphically Observed
Cavity Behavior

1-48 Cavity Pressure-Cavity Volume Correlation
1-49 Comparison of P ur-Cvte Data for Vertical and oblique

Entries
1-50 Minimum Cavity Pressure Vs Entry Velocity for vertical and

oblique Entries
1-51 Approximate Pressure Change in Water Due to Approach of

Water Entrant Sphere

Chapter 2 - The Forces Acting on Cavity Running Missiles
Page

INTRODUCTION....................................................................... 2-1
THE DRAG EQUATION .......................................... 2-3
DRAG OF AXIALLY SYMMETRIC BODIES ............................. 2-6

v



SEAHAC/TR 75-2

CONTENTS (Continued)

Page
The Disk .................. D.......... ..... 2-6
Stagnation Cup ................................... ...... $..f. 2-20
Cones .................................................. 2-11

The Sphere ........................................ ... 2-13
Disk Ogives ............................................ 2-17
ParaboD oi de s Bodies. . . . . . . . . .. . .. . . . . . .. . .............. 2-19Elli soi s .. ... ... .... ... .... ... ... .... ... ... 2-19
Other NoseFGps VIT... N... F.R 2-20

THE DRAG OF TWO-DIMENSIONAL SHAPES ...................... 2-21
The Flat Plate ................................... ............ 2-21
Stagnation Channel ................................ 2-22
The Wedge .............................................. 2-22
The Circular Cylinder .................................. 2-23
ElliptiD Cylinders ................. . ....... .... . .. .... 2-23

LIFT, MOMENTS AND NON-ZERO ANGLES OF ATTACK ............... 2-24
Axially Symmetric Bodies ............................... 2-24
Two-Dimensional Bodies ................................. 2-26EFFECT OF GRAVITY ON NOSE FORCES ............................ 2-27 -

EFFECT OF WALLS ON NOSE FORCES ............................. 2-28TAIL FORCES .*.............. *.................. .............. 2-28
Cylinder ............................................... 2-30Cones ......... . . . . . . . . . . . . . . . . . . . . 2-31
Other Tail Configur tos.. .. ... .. . .. .. . 2-3

REFERENCES ........................ . . . . . . . . . . . . 2-32

TABLES

Table Title Page

2-1 Test Data Comparison for Disks and Cones ......... 2-8
2-2 Analysis of Drag Data for the Cavity-Running Disk 2-10
2-3 Drag Data for Cones .............................. 2-14
2-4 Sphere Regression Data ........................... 2-15
2-5 Drag Data for Ogives and Disk Ogives ........2.... 2-18
2-6 Drag Data for Cavity-Running Ellipsoids .......... 2-20
2-7 Drag and Lift Data for Disks and Cones ........... 2-252-8 Drag and Lift Data for Wedges .................... 2-27

ILLUSTRATIONS

Figure Title

2-1 Flow Separation from Cavity-Running Missiles2-2 Pressures on Missile with Stagnation-Cup Nose While
Cavity Running

2-3 Assumed Pressure Conditions on the Nose of a Cavity-
Running Missile. After Reichardt Ref (2-5)

2-4a Drag of Cavity-Running Disk v i 0.322-4b Drag of Cavity-Running Disk (5 < 0.4
2-5 Drag of Cavity-Running Disk
2-6 Theoretical Drag Coefficient for Cavity-Running

Stagnation Cup as a Function of the Depth of the Cup
Ref (2-13)

vi



SEAHAC/TR 75-2

CONTENTS (Continued)

Figure

2-7 Drag of Stagnation Cup Cavity Running
2-8 Cavity-Running Drag of 5-Degree Cones
2-9 Cavity-Running Drag of 10-Deqree Cones
2-10 Cavity-Runninq Drag of 14-Degree Cones
2-11 Cavity-Running Drag of 15-Degree Cones
2-12 Cavity-Running Drag of 26.6-Deqree Cones Ref (2-5)
2-13 Cavi"y-Running Drag of 30-Degree Cones Ref (2-7)
2-14, Cavity-Runninq Drag of 45-Degree Cones
2-15 Cavity-Running Drag of 63.5 Degree Cones
2-i6 Cavity-Running Drag of Cones
2-17 Slope of Drag Curves for Cavity-Running Cones
2-18 Drag of Spheres Cavity Running at Various Reynolds Numbers
2-19 Cavity-Running Drac. of Spheres
2-20 Angle of Flow Separation for Spheres
2-21 Ogive and Disk-Ogive Families
2-22 Cavity-Running Drag of Disk Ogives
2-23 Cavity-Running Drag of Disk Ogives Plotted Against

Parameter Q = /(l + 2Ro) = 1/(1 + 2ro/d)
2-24 Cavity-Running Drag of Disk Ogives Logarithmic Plot
2-25 Cavity-Running Drag of Ogives
2-26 Drag of Cavity-Running Paraboloids of Various Fineness

Patios, f = L/d
2-27 Cavity-Running Ellipsoids of Various Axis Ratios
2-28 More Complicated Nose Shapes
2-29 Drag of Flat Plate with Cavity
2-30 Drag of Flat Plate with Cavity
2-31 Drag of Stagnation Channel with Cavity
2-32 Drag of Cavity-Running Wedges I
2-33 Drag of Cavity-Running Wedges
2-34 Drag of Circular Cylinder with Cavity
2-35 Drag of Elliptic Cylinders with Cavities Ref (2-43,5)
2-3E Hydrodynamic Coefficients of Cones at Angles of Attack

o = 0.1 (after Kiceniuk Ref (2-25)
2-37 Lift Coefficient Derivative for Cavity-Running Cones

(and disks'
2-38 Drag Coefficient of Flat Plate at Angles of Attack
2-39 Lift Coefficient of Flat Plate of Anqles of Attack
2-40 Values of CL/CD for the Flat Plate from Ref (2-45)
2-41 Effect of Tunnel Walls on Nose Forces for 150 Half-Angle

Wedge (Adapted Ref (2-54))
2-42 Tail Immersion Schematic
2-43 Tail Configurations
2-44 Coefficients of Cylindrical Afterbody Planning at 16-Degree

Angle of Attack Adapted from Ref (2-51)
2-45 Force System on Planning Cylinder
2-46 Lift Coefficients Vs Model Surface Angle of Attack for a

Family of 2-Inch Base Diameter Cones from Ref (2-59)

vii



SEAHAC/TR 75-2

CONTENTS (Continued)

Figure Title

2-47 Tail with Fins and Shroud Ref (2-60)
2-48 Lift Coefftcient for Torpedo Tail Ref (2-60)
2-49 Drag Coefficient for Torpedo Tail Ref (2-60)
2-50 Moment Coefficient for Torpedo Tail Ref (2-60)

Chapter 3 - Cavities
Page

INTRODUCTION ......... _ .. ,....., . ., , . . ,, . . , . 3-1
CAVITIES, CAVITATION AND BUBBLES.... .. ,.................s. 3-1
VENTED AND UNVENTED CAVITIES .......................... 3-2
CAVITIES AND THEIR GENERATION .............................. 3-2

F low Separation.....*..................a......*.* .. 3-6
SHAPE OF THE STEADY AXIALLY SYMMETRIC CAVITY ................ 3-8

Cavity Diameter dm/d...................... .......... 3-12
Cavity Lengtn L/d .................... 3-14

Cavity Fineness Ratio L/dm ............... .6. 3-16
Cavity Outline ................... 3-17

SHAPE OF TWO-DIMENSIONAL CAVITIES .......................... 3-19
Cavity Length L/d ........................... ........ * 3-21
Cavity Diameter dm/d .............. .. .. ......... t 3-22
Fineness Ratio L/dm. * .* . 3-22
Comparison of Two- and Three-Dimensional Cavities ....... 3-23

CAVITY SHAPE FOR a = 0 ............................ 6......... 3-23
CAVITY SHAPE FOR BODIES AT ANGLES OF ATTACK ................. 3-25

Dis k s. ., . . 3 -2 6
Other Axially Symnmetric Shapes...................... 3-26
Wedoes ..... 6 .............. 3-27

EFFECT ON CAVITY SIZE OF TUNNEL WALLS OR FREE SURFACE ....... 3-27
Wall Effect on Water-Entry Cavities .......... ........ 3-29

CAVITY FLOW PHENOMENA .............. 3-29
Flow About the Cavity .................. .... .. ... ....... 3-29
Closure Phenomena of Natural Cavities ................... 3-30
Air Entrainment ... ......... ...... * . 3-32
Gas Flow Within the Cavity ............................. 3-33

EFFECT OF VENTILATION ON CLOSURE PHENOMENA ........... *..... 3-33
Re-entrant Jet Cavities ............. .................... 3-34
The Critical Value of the Cavitation Number ............. 3-36
The Vortex Regime........... . 3-36
Cavity Pulsations ................... 3-37

PRESSURE IN THE STEADY CAVITY........................ .... 3-38
APPEARANCE OF CAVITY SURFACE ......... CAI....................... 3-40 I
EFFECTS OF GRAVITY FIELDS ON THE CAVITY.................. 3-41 j
REFEFERENCES. . ............... 99999 .9.9 9......o.9.. o. 3-45
APPENDIX A ....................... ...... ... .... ........... 3-Al

viii

I!



SEAHAC/TR 75-2

CONTENTS (Continued,

Table Title Page

3-i Available Experimental Cavity-Shape Data .......... 3-11
3-2 Drag Coefficients for Wedges for a = O............ 3-21

ILLUSTRATIONS

Figure Title

3-1 r.Cavity Nomenclature
3-2 .,Effect of Cavitation on the Pressure Distribution

Around a Cylindrical Body with a Hemispherical Head
'from Rouse-McNown Ref (3-3)

3-3 Cavities Due to a Cone, Showing Delayed Separation
from Rouse-McNown Ref (3-3)

3-4 Irregular Flow Separation from a Sphere Ref (3-9)
3-5 Angle of Flow Separation for Spheres
3-6 Flow Separation for Circular Cylinder
3-7 Separation Angle for the Elliptic Cyli.ider After

Brodetsky Ref (3-14)
3-8 Sketch of Cavities Due to EllipsoiO hnd Disk Having

the Same Drag Area CDA After Reich. ."t Ref (3-21)
3-9 Cavity Diameter Data for Disk WAI) Ref (3-24)
3-10 Cavity Diameter Data - Reichardt Ref (3-21)
3-11 Cavity Diameter Data - Rouse and McNown Ref (3-3)
3-12 Cavity Diameter Data for Disks - Eisenberg-Pond

Ref (3-26)
3-13 Cavity Diameter Results of Various Experiments
3-14 Diameter of Cavities Due to Cones
3-15 Comparison of Predicted and Measured Cavity Diameters
3-16 Length of Cavities Due to a Disk
3-17 Length of Disk Cavity - Comparison of Formulas
3-18 Scaled Length of Cavities Due to a Disk
3-19 Length of Cavities for Various Nose Shapes
3-20 Experimental L/dm Data
3-21 Comparison of Formulas for L/dm
3-22 Comparison of Proposed Cavity Outlines
3-23 Length of Cavity Due to Flat Plate Comparison of Formulas

and Test
3-24 A comparison of Theoretical Estimates of L/dCDo for Wedges
3-25 Comparison of Theoretical and Experimental Two-Dimensional

Cavity Lengths
3-26 Comparison of dm/d Values for Flat-Plate Cavities from

Theory and Experiment
3-27 Comparison of Theoretical Estimates of dm/dCDo for Wedges
3-28 Comparison of Theoretical and Experimental Two-Dimensional

Cavity Diameters
3-29 Comparison of L/dm from Theory and Experiment for Two-

Dimensional Cavities
3-30 Cavity Due to a Spherical Nose with a = 0

ix



71. Y

SEAHAC/TR 7'5-2

CONTENTS (Continued)
Figure Title

3-31 Values of Parameters for Use in E4uations for Length
and Diameter of Cavities Due to Disks at Angles of Attack
after WAID Ref (3-36)

3-32 The Dependence of Blockage Cavitation Number on d/h
after COHEN-DIPRIMA Ref (3-48)

3-33 The Dependence of Maximum Cavity Width on Cavitation
Number of a 15-Degree Wedge in a Channel after COHEN-
DIPRIMA Ref (3-48)

3-34 The Dependence of Cavity Length on Cavitation Number
for a Flat Plate after COHEN-DIPRIMA Ref (3-48)

3-35 The Dependence of Cavity Length on Cavitation Number for
a 15-Degree Wedge after COHEN-DIPRIMA Ref (3-48)

3-36a Cavity Behind a Disk a = 0.57, Exp. Time = 2 Sec
3-36b Cavity Behind a Disk a = 0.57, Exp. Time = 1/10,000 Sec
3-36c Cavity Behind a Disk a z 0.19, Exp. Time = 2 Sec
3-36d Cavity Behind a Disk a z 0.19, Exp. Time = 1/10,000 Sec
3-37 Entrainment for a 1-Inch Disk (after Swanson - O'Neill)
3-3f Variation of Maximum Obtainable Cavitation Number with

Froude Number (after Campbell - Hilborne)
3-39 Ventilation Curves for Cavities Due to Small Disks DataI

from Campbell - Hilborne Ref (3-30) Except Where Labeled.
Froude Numbers are Shown Above the Graphs

3-40 Cavitatiin Numbers for Constant Ventilation Rates Small-
Disk Cavities

3-41 Air Supply Rate as a Function of Cavitation Number (Two-
Dimensional, 1/8-Inch Normal Plate in 10-Inch Jet)

3-42 Comparison Between Cavitation Number Based on Vapor Pressure
and Cavitation Number 8ased on Measured Cavity Pressure
from Silberman - Song Ref (3-51)

3-43 Effect of Gravity on Cavity Due to a Dis,: (Courtesy of
Naval Ship Research and Development Center)

3-44 Effect of Froude Number on Cavity Shape in Transverse
Gravity Fields

3-45 Effect of Froude Number on Cavity Shape in Transverse
Gravity Fields

3-46 Length of Cavity Due to 15° Half-Angle Kedge in Longitudinal
Field Ref (3-76)

3-47 Length of Cavity Due to 450 Half-Angle Wedge in Longitudinal
Field Ref (3-76)

3-Al Control Surface for Cavity Problem

x



SEAHAC/TR 75-2

CONTENTS (Continued)

SChapter 4 - Forces at Water Impact
Page

INTRODUCTION .......................... ......... 4-1
THE PHASES OF WATER ENTRY .......... ................. 4-1
THE SHOCK PHASE .................................. ...... 4-2
THE FLOW-FORMING PHASE ...................................... 4-3
ADDED MASS ..... 4-4
THE SCALING OF WATERIMPACTFORCES.4-6
ANALYSIS IN THE ABSENCE OF BODY FORCES AND FRICTION ......... 4-7

The Vertical Entry of Spheres ............................ 4-10
Drag Not from Added Mass ...................... 4-12
The Oblique Entry of Spheres .............. 4-14
Smoothing of Data ...................................... 4-15
Ihe Water Entry of Disks ............................. 4-15

Entry of the Cone .................................. 4-16
The Entry of Ogiveq, Disk Ogives and Cusps ................ 4-19
The Entry of Ellipsoids and Other Projectile Shapes ..... 4-20
Impact of Two-Dimensional Bodies ................... 4-21

LIFT FORCES DURING WATER ENTRY .............................. 4-23
WHIP ........................................................ 4-24

Introduction ....................................... 4-24
The Scaling of Whip .................................. 4-26
TheDiskorVentedRightCylinder............................4-28
The Unvented Right Cylinder ... ....................... 4-32
The Hemisphere Cylinder ................................. 4-34
Disk Ogives and Spherogives ............................. 4-35
Cone Cylinders ........ .. 4-37

REFERENCES ................. 4-38

TABLES

Table Title Page

4-1 Water-Impact Formulas .............................. 4-8
4-2 Procedures for Reducing Data .................... 4-9
4-3 Sources of Sphere Data (Vertical Entry) .............. 4-11
4-4 Sources of Sphere Data (Oblique Entry) ............... 4-14
4-5 Maximum Pressures on Wedges at Vertical Impact ..... 4-22
4-6 Added Mass of Wedges (Per Unit Length) ............. 4-23
4-7 Missile Parameters and Entry Conditions (Vented

and Unvented Right Cylinders) ...................... 4-30
4-8 Compared Values of W'Xtan. ......................... 4-31
4-9 Data Comparing Whip and Attack Sensitivity ......... 4-35

ILLUSTRATIONS

Figure Title

4-1 Vertical Impact of Right Cylinder
4-2 Buffering Effect of Air During Impact After Ref (4-2)
4-3 Effect of Mass of Falling Plate on Maximum Impact Pressure

After Ref (4-2)

xi



SEAHAC/TR 75-2

CONTENTS (Continued)

Figure Title

4-4 Maximum Impact Pressure as a Function of Drop Height
4-5 Shock Pressure at Impact of Hemisphere
4-6 Proposed Working Drag Curves for Vertical Entry of

Spheres of Various Specific Gravities
4-7 Interpolation Curves for Use with Fig 4-6
4-8 Dimensionless Added Mass During the Vertical Water

Entry of Spheres
4-9 dim'/db During the Vertical Water Entry of Spheres
4-10 Drag Measurements of Two Vertical Water Entries of

Spheres (WOL- Steves)
4-11 Proposed Working Curve of Dimensionless Virtual Mass

for Vertical Sphere Entry
4-12 Comparison of Theoretical (Heavy Line) ane Experimental

(Light Line) Determinations of the Drag of a Sphere
During Vertical Water Entry

4-13 Drag of Spheres at Oblique Water Impact (Test Data)
4-14 Drag of Spheres at Oblique Water Impact
4-15 Added Mass for Oblique Entry of Spheres
4-16 Head Acceleration - Hemisphere; Variation with

7ntry Velocity; Trajectory Entry Angle 300, Pitch 0Q
from Ref (4-19)

4-17 Drag of Disks at Oblique Entry (Experimental Data)
4-18 Drag of Disks at Oblique Entry
4-19 Added Mass fcr Oblique Entry of Disks
4-20 Disk "Pushing on Solid Water" from Ref (4-20)
4-21 Water Surface Near Cone During Vertical Entry from

Ref (4-21)
4-22 Wetting Factor for Cones
4-23 Correction of Total Added Mass Constant Vs Cone Angle

from Ref (4-16)
4-24 Total Added Mass Constant Vs Cone Angle (Adapted Ref

(4-16))
4-25 Maximum Total Drag Coefficient Vs Cone Angle Ref (4-16)
4-26 Addcd Mass Associated with Maximum Drag Coefficient

Vs Cone Angle from Ref (4-16)
4-27 Added Mass Constant Vs Cone Angle
4-28 Added Mass Vs Depth from Ref (4-16)
4-29 Impact Drag Coefficionts for Vertical Entry of Cones
4-30 Added Mass for Vertical Entry of Cones
4-31 Disk-Ogive Family
4-32 Ogive Geometry
4-33 Maximum Drag Coefficient During the Vertical Entry of

Ogives
4-34 Impact Drag Coefficients for Entry of Disk-Ogives at 300
4-35 Added Mass for Entry of Disk Ogives at 300 after Ref (4-27)

xii

Ai



SEAHAC/TR 75-2

CONTENTS (Continued)

Figure Title

4-36 Total Drag Coefficient Vs Depth for Noses of Equal
Length After Ref (4-25)

4-37 Impact Drag Coefficients for the Vertical Water
Entry of Missiles with Tangent Ellipsoid Noses

4-38 Water Entry of a Wedge
4-39 Pressure on a Cylinder at 'later Entry
4-40 Application of Birkhoff's Semiempirical Method to

the Prediction of "Whip". From Ref (4-40)
4-41 "Underpressure" Cavity from Ref (4-12)
4-42 Head Shapes Used in Water-Entry Studies on 2-Inch-

Diameter Models. (Adapted Ref (4-34))
4-43 Cavity Pressure-Variation with Entry Angle from Ref (4-37)
4-44 End of Hydrodynamic and Underpressure Phases - Variation

with Entry Angles Unvented Right Cylinder from Ref (4-37)
4-45 Dependence of Whip on Sleeve Length Based on Ref (4-34)

6 and Ref (4-45) A
4-46 Whip of Vented and Unvented Cylinders Adapted from

Ref (4-37)
4-47 Whip of Right Cylinder; Angle Series Results 2", 4" and

6" Unvented Models from Ref (4-37)
4-48 Whip of Hemisphere Cylinder Data from Ref (4-18)
4-49 Variation of Angular Velocity at Different Entry Angles

Hemisphere Cylinder U0 = 225 Ft/Sec from Ref (4-19)
4-50 Variation of Angular Velocity After Entry at Various

Speeds Hemisphere Cylinder 0 = 30 0 Pitch = 00 from
Ref (4-19)

4-51 Variation of Angular Velocity with Head Radius U0 = 225
Ft/Sec 9 = 30 = 180 Adapted from Ref (4-27)

4-52 Disk Ogive Whip and Attack Sensitivity at Zero Angle of
Attack Uo = 500 Ft/Sec; 0 = 200 from Ref (4-47)

4-53 Variation of Whip with Entry Speed from Ref (4-27)
4-54 Variation of Whip with Entry Angle Uo = 225 Ft/Sec

from Ref (4-27)
4-55 Whip, Pitch Sensitivity, and Deceleration at Water

Entry as Functions of Spherical Cap Radius (Adapted
from [361)

Chapter 5 - Trajectories of Missiles While Cavity Runninq
Pace

INTRODUCTTON ................................................ 5-1
TAIL SLAP AFTER OBLIQUE ENTRY ............................... 5-2
TYPES OF CAVITY-RUNNING TRAJECTORIES ........................ 5-4

Nose-Ridinq Motion ........................................ 5-4
Oscillatory Motion ........................... ............... 5-4
Circular-Arc Motion ..................................... 5-4

i'4 [,I xiii

S-!. .



SEAHAC/TR 75-2

CONTENTS (Continued)
Page

Broadsiding Motion 5-5
Ricochet .. . . . . . . . . . . . . . . . . . . . . . . . 5-5
Proaching ............................................ 5-5

CAVITY COLLAPSE ...................... 5.-.6................5-6
EFFECT OF MISSILE DESIGN ON TRAJECTORY ...................... 5-6

Nose Desiqn . . . . . . . . . . . . . . . . . . . . . .. 5-7

Tail Design ............................... . .......... 5-8
Missile Length ..................... ............ 5-8
Moment of Inertia ...... ......... ........... ... 5-9
Mass .............. 5-9
Ceiter-of-Gravity Location ................................ 5-9

DEPENDENCE OF TRAJECTORY ON WATER-ENTRY CONDITIONS ............ 5-10
Entry Angle . 0 ............ . ................ 5-10
Entry Velocity .... .......................... 5-11
Pitch and Yaw .................... ............. 5-12
Pitch and Yaw Velocities........... ...... 5-12
Atmosphere Above the Water, and Missile Size .............. 5-12

THE DRAG EQUATION ......................... .......... 5-13
TRAJECTORIES FOR VARIOUS NOSE SHAPES .......... ....... 5-15

The Right Cylinder......................... 5-15
Curved Noses ........................ ............ 5-16
Ricochet of Spheres ................................... 5-17

MISSILE DESIGN .................................... 5-18
Water Entry ..................... 0 ........ . ....... 5-18
Cavity Running .................... ............. 5-20
Successful Desiqns ....... ................... 5-21

PREDICTION OF TRAJECTORIES AFTER WATER ENTRY .................. 5-21
Before Water Contact ............................. 5-22
Water-Impact Phase ...................................... 5-22
Estimate of Cavity Shape ............................ 5-23
Before Tail Slap ....................................... 5-24
Durin and After Tail Slao ........... 5-26
Circular-Arc Trajectory ................................. 5-27

EFFECT OF SURFACE WAVES ON WATER ENTRY ...................... 5-28
REFERENCES ............ 5-29
APPENDIX A - THE NOSE SHAPES OF MISSILES ........... 5-Al

ILLUSTRATIONS

Figure Title

5-1 Simple Nose Shapes
5-2 Missile Positions in Cavity
5-3 Cavity After Water Entry
5-4 Trajectories While Cavity Running
"5-5 Tail Immersion Schematic

K 5-6 Tail Configurations
5-7 Entry at Small Angles

xiv

~ ~-.->



SEAHAC/TR 75-2

1; iCONTENTS (Continued)

Figure Title
5-8 Angular Velocity Variation with Entry Trajectory Angle

Uo = 225 Ft/Sec. Pitch 00 from Ref (5-12)

5-9 Trajectory Data Variation with Entry Angle Entry Velocity
225 Ft/Sec. Pitch 00 from Ref (5-12)

5-10 Angular Velocity - Distance A'.onq Trajectory - Variation
with Entry Velocity Entry Angle 300; Pitch 0Q from
Ref ,5-12)

5-11 Angular Velocity - Variation with Entry Pitch U0 300
Ft/Sec; e = 300 from Ref (5-12)

5--12 Trajectory Data - Variation with Entry Pitch U0 = 300
Ft/Sec, 0 = 300 from Ref (5-12)

5-13 Trajectories after 20-Degree Entry of Torpedo with
Several Nose Shares

5-14 Aift Coefficient for a Planing Sphere after Ramsauer
Ref (5-18, 6)

5-15 Designs for Water Entry
5-16 Projectile and Rocket Configurations
5-17 Coordinates for Trajectory Prediction Adapted from

Ref (5-17)
5-18 Effects of Missile Acceleration on Cavity Shape
5-Al Types of Missile Noses, Ogive and Disk-Ogive Families
5-A2 Family of Disk Ogives
5-A3 Family of Ogives
5-A4 Family of Ellipsoids
5-A5 Family of 5.0-Cal Spheroqive Profiles
5-A6 Families of Modified Ellipsoids

Chapter 6 - Optics in Experimental Hydroballistics
Page

INTRODUCTION ............................................ 6-1
APPARENT DEPTH .............................................. 6-2
VIEWING THROUGH A SIDE WINDOW .............................. 6-2
ILLUMINATION ............................................. 6-4

Light Duration ........................................ 6-4
Placing of the Lights ......... ................ 6-4

CAVITY OPTICS ........................................... 6-5

Appearance of Body Within Cavity ..................... 6-6
REFERENCES ................... ....................... 6-8

ILLUSTRATIONS

Figure Title

6-1 Refraction at Air-Water Interface Ray may be Traveling
in Either Direction

6-2 Apparent Depth Reduction (Vertical Viewing)

xv



SEAHAC/TR 75-2

CONTENTS (Continued)

Figure Title

6-3 Apparent Depth Reduction (Oblique Viewing)
6-4 Cavity Photograph After Vertical Water Entry
6-5 Distortion Occurring at the Water Surface ...

6-6 Use of Spherical Window to Lessen Distortion
6-7 Regions where Scattering Occurs for Side and Front

Lighting
6-8 Passage of Light Through Cavity
6-9 Light Paths of Shadowgraph
6-10 Apparent Reduction in Missile Size in Cavity
6-11 Image of Object Within Cavity (Object Beyond Center)
6-12 Image of Object Within Cavity 3Object Nearer than Center)
6-13 Variation of Focal Distance with Object Position

(Distances are in Cavity Radii)
6-14 Image Formation Within Cavity

xvi



*~ .... ....v

SEAHAC/TR 75-2

Chapter 1

WATER ENTRY

..... ...



SEAHAC/TR 75-2

Symbols

A maximum cross-sectional area of missile;
maximum cross-sectional area of cavity in equation (1-5)

C parameter in equation (1-5)

c speed of sound

CD cavity-running drag coefficient

OC degrees Celsius

D distance; for example, Ddc is depth of deep closure

d truncation diameter of missile nose, or maximum
diameter of sphere or other nose having continuous
curvature

F Froude number = Uo/g-L

OF degrees Fahrenheit

g acceleration due to gravity

h depth below water surface

L a characteristic length, usually d; width of
infinite strip in equation (1-3)

M effective mass = m/pd 3

Mach number where so defined

m mabs cf missile

P a point on Figure 1-4

p pressure; medium denoted by subscript

PC pressure ii. the cavity

Po pressure of freestream or at water depth under
cons::ideration

Pv saturation vapor pressure of water at existing
temperature

R Reynolds number = UoL/V; a distance defined in
Figure 1-5

r a radius defined in Figure 1-29

s distance of missile tip from entry point
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S dimensionless distance - s/d

t time after water impact; a parameter in equation (1-3)

T dimensionless time = tuo/d

U instantaneous speed

U' instantaneous missile velocity U/UO

U1  velocity of missile when at depth h

Uo velocity of missile at first water contact

w Weber number pLU 2 /y

x,y coordinates along major and minor axes of ellipsoid

Ys Yl measures of sphere depth in Figure 1-4

0 CDA/2M, retardation coefficient

Y surface-tension coefficient

angle of water atry, measured from horizontal; polar
angle defined -Ln Figure 1-50; a coefficient introduced
by Mallock

0 a, 0b, Oo angles del.ined in Figure 1-28

m M a maximum angle appearing in equation (1-6)

I, Uparameters used by Blackwell

v kinematic viscosity

p mdss density, usually of water (fluid may be identified
by subscript)

a cavitation number = (pc - pc)/(I/ 2 )pU 2

av vapor cavitation number = (p. - pv)/(1/2)pU2

Subscripts

a air

w water

dc (time or depth of) deep closure of water-entry cavityK pa (time of) pullaway of cavity from water surface

sc (time of) surface closure of water-entry cavity
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INTRODUCTION

When a missile enters water from the air its behavior comprises
a complicated series of events which occur both above and below the
original water surface, and depends on the configuration of the
missile and on the conditions of the entry. Many details of the
missile configuration are important, including nose shape, fineness
ratio, size, tail design, weight, and moment of inertia. The experi-
mental conditions of the water entry include missile speed, angle of
entry, angles of pitch and yaw, angular velocities, and the atmos-
phere above the water. The atmosphere is included since its pressure
and density are frequently varied for purposes of scaling or research,
and the study of behavior under varied atmospheric conditions leads
to a better understanding of behavior under normal conditions.

Knowledge in the water-entry field has been developed largely
by experiment, since its problems resist theoretical solution. Water-
entry studies have been conducted under particular conditions, which
are far from spanning the ranges of experimental conditions of impor-
tance. Much early research was carried out at vertical entry, most
often with spheres and at low-entry speeds. Frequently these speedsI were less than 30 feet per second, while others extended to 100 or
200 feet per second. Studies at higher speeds (up to 7000 feet per
second) generally yielded little detailed information.

Most of the early oblique-entry research was in support of
torpedo development. Accordingly, it was frequently restricted to
entries at about 20 degrees and speeds of 400 or 500 feet per second
for a 22-inch prototype. Detailed information has usually been
obtained from models having diameters up to two inches.

Water-entry behavior involves many interconnected regimes, but
in the interest of simplification, various aspects may be treated
separately. In the present work, three main divisions will be

considered.

Entry").

2. The force systems at water impact and while cavity running,
and

{3. The trajectory of the missile after water entry.
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"Water Entry" will def.l Pspvei~ll'- with the hit..ory of the air-
water interface (that is, ch-rge, of the original water surface and
the underwater cavity which is ge.ierated) and with the flow behavior
of water and air. The force systems and missile trajectories will be
discussed in separate chapters.

The sequence of events which follow water entry, including those
which occur below the water surface, was first reported near the turn
of the century by Worthington (Refs. (1-1), (1-2), and (1-3)), who
dropped spheres into water and made observations and photographs frome
above the water surface and through a glass side wall of the tank,
using a high-speed spark. In spite of the limitations of his equipment
and the small breadth of his experiments, he established an excellent
foundation for later water-entry research.

The generation, growth, and decay of the water-entry cavity has
been described in detail in the literature and will be discussed
extensively in this report. First, the most usual water-entry
behavior will be outlined for the orientation of those who may be
unfamiliar with its most common details. Not all behavioral features
of water entry will be mentioned in this brief outline, nor does
inclusion of details here intimate their presence under rll experi-
mental conditions. Later, a detailed discussion will be given of the
various components of the water-entry process.

At vertical entry the forward portion of the missile nose is
first wetted. The nose gives a velocity, principally transverse,
to the water and the flow separates from the missile noe with the
generation of a cavity (Fig. 1-1A). Air rushes in from above the
water to fill the cavity. Later the splash forms a dome which closes
over the E.Atry point of the missile and seals the cavity from the
air above (Fig. 1-1B). When this "surface closure" or "surface
seal" occurs, the cavity is usually expanding so that the cavity
pressure tends to decrease. The pressure above the water is then
greater than that in the cavity, and the cavity is pushed down from
the water surface (Fig. 1-1C). The separation of the top of the
cavity frim the water surface has been called "pullaway." The cavity
then travels with the missile down into the water. Since the pressure
is less than the pressure in the surrounding water, the walls of the
cavity accelerate inward. When opposite walls touch at a point, "deep
closure" or "deep seal" is said to occur. This closure separates the
cavity into two parts (Fig. I-lD) and lessens the size of the cavity
attached to the missile. Often a series of deep closures occur, and
the air content of the cavity is continually reduced until, finally,
no cavity remains and the missile is fully wetted, unless its velocity
is sufficient to maintain a vapor-filled cavity.

When the missile enters the water obliquely rather than vertically,
the behavior is similar to that already described, and differs rather
in details than in any essentic." way. In particular, surface closure
occurs later after oblique entry, and the cavity grows to a larger
size.

1-2
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THE PHASES OF WATER ENTRY

During the entry of a missile into water, the successive con-
ditions which exist are commonly divided into a number of "phases,"
given variously by different authors. The following division is
frequently made. It should be noted here that the force system
which exists during the various phases will be discussed in a
separate report and no detailed explanation of the phases will be
given in this section.

Shock-Wave Phase

During this phase, which is most significant for the vertical
entry of a blunt body, a shock wave is generated in the %ater.
Although large forces which may cause damage to the missile are
effective during the phase, the time is extremely short and the
phase is usually of small practical importance.

Flow-Formin5 Phase

During its entry, the missile has to establish a pattern of
flow in water which was initially at rest. While this flow is
being generated, the missile experiences its greatest deceleration
during water entry.

Open-Cavity Phase

During this phase the missile is cavity running, that is, itis generating a cavity as it travels, but the cavity is open to the

atmosphere at its upper end (at the water surface).

Closed-Cavity Phase

In this phase the cavity has closed above the water surface
(Fig. I-lC) and envelops the missile (when conditions are suitable).

Collapsing-Cavity Phase

The cavity size decreases and later the rear of the cavity
collapses onto the tail of the missile. This phase includes all
partial cavity conditions.

Fully Wetted Phase

Finally, the water is in contact with the complete surface of
the missile.

There are a number of overlapping phases which can be, and
have been named: the nose-riding phase, when the nose alone is in
contact with the water; the tail-clipping phase when the tail of
the missile strikes the under lip of the water-entry cavity; the
tail-riding phase when the missile travels with its tail bearing
on the ccvity wall; and so forth.

1-3
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The motion of the missile within the cavity and the impacts of
the missile with the cavity wall will be discussed with the trajec-
tory in another report.

DIMENSIONLESS QUANTITIES

The systematic treatment of water entry (or of any dynamic
process) requires the consideration of scaling criteria, and of the
dimensionless quantities and parameters to which the behavior can
in general be related. The principal quantities which have been
so used for water entry and are best suited to its analysis, are
listed below.

Froude Number

Froude number, which compares the inertial forces with the
force of gravity, has special pertinence to problems in which there
is a free surface, that is, an air-water interface. In this report
it will be defined as

F = U0 /g-L

where U0 is the velocity of the missile at water impact, g is the
acceleration of gravity, and L is a cha:'acteristic length. For the
water entry of axially-symmetric bodies, L is usually taken as the
missile diameter d. This choice will le assumed unless another is

L mentioned. In defining Froude number in past years, engineers used
the definition given above, but scientists frequenCly chose the square
of this quantity. The latter usage is rare today, but the definition
used must always be verified when older reports are read. Dependence
on Froude number is strongest when its value is small, corresponding
to greater influence of gravity.

Reynolds Number

Reynolds number,

R = U L/v

where v is the kinematic viscosity, compares inertial and viscous
forces. In water entry it may be applied to flows of either air or
water, with use of the appropriate value of v.

Mach Number

Mach number will be used in the form

M = Uo0/C,

"* the ratio of missile impact velocity to the velocity of sound in
either -:r or water. For air (Ref. (1-4))

1-4
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Li Ca = (331.5 + 0.607OC) meters/sec = (1085 + 1.420 F) ft/sec

where OF and 0C are temperatures on the Fahrenheit and Celsius
scales. For air flow into the cavity, it may be important to scale
Mach number if the entry speed is of the order of 1000 feet per
second.

The speed of sound in water is much higher (Ref. (1-5)). For
fresh water

cw = 1.403 + 50C - 0.0540C2 + 0.00020C3 meters/sec, or

cw = 4603 + 9.1*F - 0.15OF 2 + 0.000550F3 ft/sec

and for salt water about 8 or 9 percent higher than this. Hence,
Mach number is less likely to be important for the water flow.

Weber Number

During water entry, surface tension is probably only of impor-
tance for small missiles at low speeds. The dimensionless quantity
which compares the surface tension forces and inertial forces is the
Weber number

W = pLU2 /y,

where y is the surface tension coefficient (72 dynes/cm for purewater) and L is a characteristic length (for example, the radius of

a bubble).

Cavitation Number

The cavitation number

; = (p,,- pc)/(i/2)PU

(where p,. is the freestream pressure or the pressure at the depth
of the cavity, Pc is the pressure within the cavity, and p is the
mass density of water) has been discussed in detail in another
chapter. Here it is sufficient to remark that it is a most useful
parameter for the "steady" cavity (that is, a closed cavity ofalmost constant size and shape), because the numerator, p. - Pc, is

the pressure tending to close the cavity and the denominator,
(l/2)pU2 , is the dynamic pressure effective in resisting this
closure.

There appears to be little logic in using a as a parameter for
the transient water-entry cavity. It is easily shown that, for
this cavity, neither p., - Pc nor (i/2)pU2 serves the purpose mentioned
above. Actually the vapor cavitation number

v= (p. - pv)/(i/2)pU2

1-5
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(where Pv is the saturation vapor pressure of water at the tempera-
ture of the cavity's surroundings) has been used as a parameter for
the water-entry cavity (Ref. (1-6)). Its application to the main
water-entry cavity is questionable since, in addition to the objec-
tions mentioned above, the cavity is vented, that is, it is filled
with air and water vapor rather than with water vapor alone. On
the other hand a is a logical parameter for the treatment of vapor
cavities formed huring the water-entry process, apart from the main
cavity (especially on the underside of the missile nose following
oblique entry).

In general, both the pressure Pa and the density p of the
gas above the water must be suitably scaled if the cavity behavior
is to be independent of missile size. When the pressure is scaled,
the pressure itself is generally a better parameter than the cavita-
tion number for use with the main cavity, and both pressure and
density can conveniently be expressed as fractions of the normal
pressure and density of the atmosphere.

Other Dimensionless Quantities

The missile speed, time, and distance traveled can be non-
dimensionalized by writing

U = U/U0 ; T = tUo/d; and S = s/d.

A reference length (usually the missile diameter d in this report)
is taken as the unit length; unit time is the time d/Uo required

for the missile to travel a distance equal to the reference length
at the impact speed; and unit speed is the speed at impact. Time
is measured from impact, that is, from the first contact of missile
and water.

When the effect of missile mass is being considered, dimension-
lests parameters of several forms can be employed. Ballistic
Coefficients are of the form A/m, where A and in are the cross-
sectional area and mass of the missile. Or, one can use CDA/m where
the product C A is called the drag area. At a given speed, CDA is
p.oportional 2o the drag force sc that CDA/w is proportional to the
acceleration. Another parameter qhich has been used (Ref. (1-7))
is the -

Effective mass = M = i/ 3,

the ratio of the mass of the missile to the mass of a cube of water
of edge d.

THE SPLASH

When a missile strikes the water surface, spray and splash
appear and a variety of changes occur above the original surface,
for example:

1-6
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a. At the first impact,drops of spray are propelled into the
air. This is a phenomenon of impact rather than of flow and the
drops do not come off tangent to the surface of the nose, but at
least for vertical entry, usually along a line approximately half
way between the nose and water surfaces. The formation of spray
probably has no importance.

b. The flow becomes established along the nose surface and
leaves it at the point of flow separation. At about the time when
this separation begins, there is a piling up of water above the
original surface, between this surface and the surface of the missile
nose. The important impact forces on the nose are strongly affected
by the configuration of this portion of the splash, since it must
be accelerated out of the path of the missile.

C. As the flow continues to separate, it forms the splash
sheath. This is the main portion of the splash and it is attached
to-tHe- water surface at the lip of the cavity where a meniscus
appears. After its generation, the splash sheath has no effect on
the missile until it causes surface closure, which influences the
whole later history of the cavity.

d. The cavity formed below the water surface represents a
region from which water has been removed. A portion of this water

v volume is accounted for by the splash (and later by a jet), but the
major part of the displaced volume appears as a uniform raising of
the level of the water surface over a large area (Ref. (1-3)).
This rise in level is detected only by a careful study.

e. Under some entry conditions, partial collapse of the cavity
generates jets, one of which may rise to a considerable height above
the water surface.

Vertical Entry

As an example of the spray and splash, the vertical impact of
a sphere will be considered first. Two series of photographs are
included to show the splash generation. Figure 1-2 is a set of four
shadowgraphs of the entry of a 2-inch sphere at 22 feet per second
(Ref. (1-8)), and Figure 1- (Ref. (1-9)) is part of a high-speed
motion picture (frame rat,- .) per second) of the entry of a 1-inch
sphere at 35 feet per second.

For the impact of a sphere, an almost flat surface hits the
water first and this is followed by a surface of increasing, but
still small slope. The first two photographs of Figure 1-2 show the
splash produced while the angle is very small. Later the increasing
slope presented by the nose, together with the establishment of a
flow pattern, results in a sheet of splash whose angle increases to
a maximum of about 60 degrees. This is shown in Figures 1-2 and 1-3

1-7
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The curvature of the splash shown in the first photograph of
Figure 1-3 does not represent the path followed by the water particles
(Ref. (1-3)). The path is almost a straight line, with a slowly
increasing drop due to gravity. The apparent curvature in the
photograph results from the different angles at which successive
contributions to the splash are ejected by the sphere.

The initial speed of the splash measured during the vertical,
low-speed entry of spheres was reported to be slightly lesq than the

impact velocity, with an average of about 0.95Uo (Ref. (1-9)).I
Earlier observers reported values of 4 to 5U0 (Ref. (1-10)). No
data are availabl-e on the thickness of the splash sheath or oak the
amount of water in the splash, but some approach to the latter
determination was reported by Ramsatier (Ref. (1-11)).

Splash generation occurs only during the impact and flow-forming
phases. There is probably no addition of water to the splash after
the nose is completely wetted, and it has been verified experimentally
(Ref. (1-12)) that the water in the splash comes from the surface
layer of the undisturbed water. After the nose is wetted, the flow -

continues to leave the nosp at the separation angle, but does not
leave the body of the liquid. The latter flow causes the cavity wall
to be a continuation of the splash sheath. Under usual conditions,
surface tension maintains the integrity of the splash sheath, that
is, no holes appear in it. Since the splash sheath continues to grow
without the addition of water after the missile nose is wetted, the
sheath becomes thinner and sometimes, if the experimental conditions
preclude surface closure, holes appear after the sheath has become
quite large.

While surface tension is responsible for the integrity of the
splash sheath, it appears that its effect on the splash is small
otherwise, except in the case of small missiles (d <1/4 inch) or
low speeds of entry (U0 - 20 feet per second). At very low speeds,
the splash attains only a bowl shape, and the bowl remains at its
maximum height for an appreciable time (as viewed in high -speed
motion pictures) during which the splash walls visibly thicken and
acquire a beaded rim at the top (Ref. (1-3)). When the vertical

entry speed is very low, Worthington (Ref. (1-3)) found 'Chat art air-
filled cavity is not always formed -- only a little spray and perhapsI
a few bubbles. May showed (Ref. (1-13)) that this condition m~ay
exist up to 20 feet per second for 1-inch steel spheres if -they are
sufficiently hydrophilic.

Table 1, which was given by Gilbarg (Ref. (1-12))' for the
vertical entry of spheres, shows the effect of surface tension on
the splash sheath for spheres between 1/4 and 1 inch in diameter.
These entries were Froude scaled, that is, the velocities were
proportional to the sc~uare root of the sphere diameter. The dimen-
sions of the splash wnen the splash was approximately vertical and
at the completion of the dome causing surface closure, are seen to
be proportionately somewhat smaller for the smaller spheres, presuniaA.,y
as a result of the inward pressure on the splash sheath due to surface
tension.

1-8
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TABLE 1 - 1 SPLASH DIMENSIONS FOR VARIOUS ENTRY CONDITIONS

PRESSURE VELOCITY DIAMETER OF CYI INDORICAL DIOAME rER OF SPLASH AT HEIGHT OF SPLASH AT

MODEL SIZE ATMOSPHERE) FT/SEC SPLASH IN MODEL DIAMETERS SURFACE CLOSURE IN SURFACE CLOSURE IN

A C

11/43 2.6 2.8 2.6
1/4 I /8 34 3.2 3.6 3.6

1/4 3.5 3. 2.

DIAMETER 1/4 1/16 3: 8.0 4.8 6.6 DIAMETER
A l28

112 1/4 49 2.8 3.0 2.6

112 1/8 49 3.6 4.0 6.6

112 1/16 50 46 .0 8.0
243 4HEIGHT

1/4 69 3.0 36 3.4 C

11/8 72 4.3 4 8 .

1/16 6g 80 NO S.C. NO S.C.

Attempts to calculate the axial force during water impact have
led to detailed studies of the configuration of the water surface
very near the entering nose (Refs. (1-8), (1-14) and (1-15)).
Figure 1-4 is a sketch of this area during the water entry of a sphere
(Ref. (1-8)). A thin sheet of water travels up the surface of the
sphere and than detaches to form the splash sheath. It is assumed
(Ref. (1-15)) that the pressure in the water is high, up to some
point P, (Fig. 1-4) and that above this the thin layer of sheath is
practically at atmospheric pressure. Hence, the sphere is regarded
as effectively at a depth Yl (measured from P) rather than y, based
on the sphere travel alone. The quantity yl/y is called the Wetting
Factor (Ref. (1-15))

Formulas predicting the value of the wetting factor for the

ve-rtical entry of spheres were developed by Shiffman and Spence3r
(Ref. (1-15)) and by Cooper (Ref. (1-.16)), and these were compared
with empirical data by White (Ref. (1-8)). The only conclusion
which appears justified by the comparison is that the wetting tactor
for spheres seems to average about 1.38.

The curves which outline the sides of the splash in Figure 1-4
are very close to being parabolas and the oblique line at the left
of the figure is the bisector of the parabola.

For the vertical entry of cones, spray is produced in a direction
approximately bisecting the angle between the cone surface and the
water surface (Ref. (1-7)). The splash and the flow on the cone
surface can be seen in Figures 1-5 and 1-6. Figure 1-5 (Ref. (1-17))
shows that the splash forms a very thin layer on the cone. The
separation of the splash sheath from the conical surface can be seen
in Figure 1-6, but the position at which the flow separates from the
surface has not been determined. The thinness of the layer on the

J tcone surface suggests that the pressure within it must be very close
to atmospheric.

1-9
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The splash for the vertical entry of the right cylinder is
somewhat anomalous. Instead of a flat saucer as might be expected,
the splash sheath forms a cup with a small separation at its sides,
from the cylindrical wall. A series of sketches of the splash
sheatli and cavity wall are shown in Figure 1-7 (Ref. (1-18)). In
this figure the ticks external to the outlines denote the height of
the undisturbed water surface. In the water entry of Figure 1-7, it
is evident that the cavity did not close onto the cylinder since
the cavity grew considerably during the period shown.

Splash at Oblique Entry

Little has been published on the splash accompanying oblique
water entry. Three studies have been made: a photographic study
of spheres, made by White (Ref. (1-8)); and predictions for the
broadside entry of two-dimensional plates (Ref. (1-19)),and of
cylinders (Ref. (_1-20)) by Cooper. For oblique entry there is
always a marked forward splash, and for the disk or right cylinder
the initial splash is parallel to the entering face.

The nature of the splash can be seen from Figure 1-8, which is
copied from White's work (Ref. (iL-9)) on spheres. White says
"the forward splash is small and thin, the forward surface rise
is less than for vertical entry, and there is a relatively large
rear surface rise which develops into quite a large hump at low[ entry angles."

inThe hump, which may be observed behind the entering sphere
inFigure 1-8B, was predicted by Cooper for the oblique entry of
plates (Ref. (1-19)). This hump has a two-fold importance;
frequently it is this hump which is struck by the cylindrical
afterbody of torpedo-like missiles shortly after entry; and the
humps frequently contribute to the formation of blind vapor-filled
cavities on the underside of the missile, and furnish the under-
pressure which contributes to the whip at entry. This will be
discussed in some detail in a description of the force system at
impact in another report.

SURFACE CLOSURE

Under most experimental water-entry conditions, the cavity
which forms behind a missile closes later above the water surface
when the splash domes over. This closure, which prevents further
flow of air into .the cavity, is called Surface Closure or Surface
Seal. It should be noted that not all workers in the water-entry
fTeld have meant the same thing by "Surface Closure." At the
Naval ordnance Laboratory (Ref. (1-9)) the term has been used to
denote the time at which the cavity becomes completely sealed above
the water surface. Birkhoff arid Isaacs (Ref. (1-21)) and Waugh
and Stubstad (Ref. (1-22)) have specified surface closure as the
time at which a visible thickening is observed in the water layer
above the cavity, near the original water surface. This is very
close to what has been called "pullaway." It will be discussed
in the following section.
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In this report "Surface Closure" will mean the time when flow
into the cavity is completely interrupted. It would appear justi-
fiable to assign a name to this event even if the closure were
entirely unmeasurable and of theoretical interest only. Actually
some quantitative data on surface closure are available, although
there are difficulties in the way of its determination:

a. The closure is gradual and may be partially "effective"
before it is actually complete,

b. A considerable randomness is to be expected because of
the imprecise manner in which the splash walls converge, and

c. The time at which the closure is complete must be inferred
rather than observed.

It does not appear feasible to attempt to determine by
measurement the instant at which flow into the cv.ity stops. Instead,
since the closure limits the expansion of the cavity, the completion
of the closure is inferred from measurements of cavity volume. This
is rather impractical as a measurement criterion, and other bases
have been adopted as fixing the time of surface closure, tsc.
Gilbarg and Anderson (Ref. (1-12)) took the time at which the dome
appeared to be closed. May (Ref. (1-9)) studied the volume
histcry of the water-entry cavity due to the vertical entry of
steel spheres and decided that the surface closure was not quite

* complete when the splash dome first appeared to the eye to be closed.
A plot of the volume calculated from measurements oi: photographs
isgiven in Figure 1-9 (Ref. (1-9)) for the entry of a sphere at

77 feet per second from air whose pressure was one quarter of the
normal atmospheric pressure. It will be shown that bhis reduction
of atmospheric pressure slows down surface closure. Along the
graph are sketches showing the cavity outline at various times.

- - Observation indicated that the rounded dome occurred too long
before the maximumn volume was reached for it to represent a
completely closed cavity. It was decided that at surface closure
the splash had a cusped appearance similar to, but not quite as
late as, that shown in Figure 1-10 (Ref. (1-9)). To provide an
objective basis (whether accurately defining the time of surface
closure or not) the closure was assumed to occur when the spray
jet (which can be seen in Figure 1-10) first appears below the
roof of the cavity.

Worthington (Ref. (1-3)) believed that surface closure
was due to surface tension. Blackwell (Ref. (1-23)) was the
first to ascribe the closure to a Bernoulli reduction of pressure
in the neck of the splash sheath resulting from the velocity
of the inrushing air. This reduction has usually been assumed
to be l/2paU2 , based on steady flow conditions. Abelson (Ref. (1-24))
has showii thaeF the actual pressure reduction is somewhat
greater than this. It has been well established that the
closure depends primarily on the density of the atmosphere and
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is almost independent of its pressure (Ref.. (1-9)). Davies
(Ref. (1-25)) first showed that the effect of surface tension
is not sufficient to account for the closure. On the other hand,
surface tension affects the splash and has some importance in
closing the cavity when other influences are small. Some
evidence of this was given in Table 1, and some will be found
later in Table 2.

While surface closure usually occurs for water entries of
practical importan~ce, it tends not to occur at entries of very
low speed, for missiles of small mass, or for entries from a
low-density atmosphere. The absence of a closure for low speeds
or low-density atmosphere follows from the need fo.c a pressure U
reduction within the splash sheath more or less equal to l/2PaU o.
When the missile mass is small, deceleration is rapid and the
speed of the air entering the cavity decreases. For vertical
entry from a normal atmosphere, it has been said (Ref. (1-10))
that surface closure occurs only if the Froude numnber is greater
than about 4.5. The question has been raised whether surface
closure occurs for "full-scale" missiles (Ref. (1-10)) (presumably
of 22-inch diameter) or for missiles entering water obliquely
(Ref. (1-26)). These questions would hardly be raised today
in application to usual experimental conditions.

Details of the surface closure following the vertical entry
of spheres can be seen from Figure 1-3. Similar behavior may be
expected for other nose shapes. For the sphere the main splash
is initiated at an angle of about 60 degrees, and is generated
only while the nose is t.aing wetted. The splash then travels
outward and upward under the influence of the force of surface
tension within the splash, which ties the splash sheath to the
meniscus at the water surface, and the drag force which retards
the forward motion of the splash. The air which flows into the
cavity through the tube formed by the splash sheath has a pressure
which is less than that about the splash, so that, a pressure i.s

exerted on the sheath causing it to move inward. This pressure
is aided in the later phases of the closure, by the inrushing V
air itself, which entrains drops of spray, and blows them toward
the axis and down toward the closing sheath. Evidently the closure
is not a precise operation and large variations in the time of
closure are to be expected because of random fluctuations.
Gilbarg (Ref. (1-12)) four~d that ripples on the water surface
could hinder or prevent surface closure.

T'ime of Surface Closure

Blackwell (Ref. (1-23)) first showed experimentally that
surface closure occurs more rapidly for higher entry velocities.
For the vertical entry of spheres, Gilbarg and Anderson (Ref. (1-12))
found the time of surface closure to be inversely proportional
to U0 , and May (Ref. (1-9)) showed a proportionality to the sphere
diameter. These scaling laws indicate that the dimensionless time
of surface closure is roughly constant, that is

1-12
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Tsc = tscU0 /d = constant,

at least for the case of the vertical entry of spheres and, of
course, at a fixed atmospheric density. Finally Birkhoff and
Isaacs (Ref. (1-21)) proved by a rough theoretical argument that
TscPa should be approximately constant when the atmospheric density
is varied.

Times of surface closure determined experimentally for the
vertical entry of 1/2-inch steel spheres are given in Figure 1-11
(Ref. (1-9)). The scatter of data is large as might be expected.
The four graphs as drawn, show the value of TscPa to be independent
of U0 but there is some evidence that the value is greater at the
nigher values of U0 . In fact, it is evident that Tsc cannot
remain independent of UO when Uo becomes very large. At this
time, as the flow into the cavity through the sheath becomes
supersonic, the flow will choke, and the speed of flow into the
cavity cannot remain proportional to U0 . The graphs of Figure 1-11
would lead roughly to the relation TsQ(pa)0- 6 = constant, but
data in Table 2 for a 1-inch sphere give a value of 0.9 for the
exponent.

The strong dependence of the time of surface closure on the
atmospheric density p makes the later development of the cavity
depend on it also. The dependence of Tsc on the pressure of the
atmosphere, as distinguished from the density, is small. but
Waugh and Stubstad (Ref. (1-22)) obtained some evidence that
a dependence exists.

Reynolds number seems to have no influence on surface closure

except when "smooth" flow separation occurs. Then, on the sphere
for example, the separation point can move because of small
surface forces. For vertical entry, when the Reynolds number
based on length of flow on the sphere is less than about 3 x 105,
the time of surface closure is apparently significantly less
than at higher Reynolds numbers, since this behavior is found
(Ref. (1-18)) in the time of pullaway of the cavity from the
water surface.

Table 2 qives mean values of Tsc~a for the vertical entry
of 1/4- to 1.5-inch steel spheres from air at pressures from
1/32 to one atmosphere (Ref. (I-Q)). The dependence on Pa can
be seen also, at medium and low densities, a faster closure for
small spheres, presumably because of surface tension.

1-13
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Table 2

Average Values of TscPa tscUoPa/d for Steel Spheres

Sphere
Diameter, d, Pressure of Air in Atmospheres

in inches 1 1/2 1/4 1/8 1/16 1/3

3/2 4.6 3.2 3.7
1 4.5 4.1 3.8 4.2

1/2 4.6 3.5 2.5 2.1 1.9
1/4 5.3 3.5 2.6 2.0 1.8 1.9

Insofar as Tsc is constant for spheres of a specific density,
the depth of the spheres at the time of surface closure is the
same for all if the drag coefficients are the same. Further,
the cavity shapes tend to be the same if C is the same (Ref. (1-27)) L
so that within the approximation considered, all cavities will have
the same volume when they close. In particular, changes of missile
density and of atmospheric density will destroy the approximate
equality.

No quantitative data for the time of surface closure have been
published except for spheres at vertical entry. Some estimate of
Tsc can be made from measured values of the time of pullaway which
will be discussed in the next section. Only a few general comments
will be included at this point.

The time of surface closure is considerably shorter for the
right cylinder at vertical entry than for the sphere because of the
small divergence of the splash, which was shown in Figure 1-7. At
low speeds the closure frequently occurs on the cylinder, and then
the closure time is shorter still.

For cones Tsc may be expected to increase with the divergence
of the splash, that is, with the cone angle. Abelson observed
(Ref. (1-24)) that surface closure after vertical entry is slower
for 70-degree half-angle cones than for the sphere, and similar
behavior has been shown (Ref. (1-18)) for pullaway with 45-degree
cones.

A special comment might be pertinent concerning the "spigot"
or "prooe" head. This head has a slender cylindrical extension,
of perhaps one-quarter the missile diameter, projecting forward
usually from a flat nose. The principal reason for this nose
is to lessen the impact shock by increasing it gradually. Blackwell
(Ref. (1-23)) noted that tsc is smaller when a spigot is added to
the nose. Because of its small diameter, it throws a correspondingly
small cavity, which commonly closes on the body, and another cavity
is generated at the base of the missile, quite slender and little
fatter than the cylinder itself.

1-14
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While no measurements are available for the tsc of oblique
entry, it is evident that the closure becomes much slower as the
entry becomes flatter. This is generally ascribed to the fact
that the opening at the water surface is elliptical rather than
circular with a major axis equal to csce times the transverse
axis (where 0 is the entry angle measured from the horizontal).
The aperature is large and therefore takes longer to cover over.
It might be argued, however, that the width of the aperture at the
water surface is the same as for vertical entry and should be
covered in the same time. Actually the closure is an imprecise
process and certainly depends on both Lxes of the ellipse. It is
a fact that the closure is much slower for entries at low angles.

It is not known how tsc varies with nose shape for oblique
entry, but it appears probable that the variation is less than
for vertical entry.

PULLAWAY

Usually surface closure is followed by "pullaway", a motion
of the top of the cavity downward from the water surface. While
pullaway does not have the basic importance of surface closure,
it is closely related to it and can be measured with precision.
In spite of this possible precision, pullaway data exhibit consil-
erable scatter which arises from the large scatter of tsc on which
it depends strongly. Apparently data on the time of pullaway are
based on only four studies: for the vertical entry of spheres in
Reference (1-9), in a comparison of several nose shapes at vertical
entry in Reference (1-18), and for oblique entry in References (1-7)
and (1-21). Pullaway never occurs without surface closure, but surface
closure may occur without pullaway following it.

Waugh and Stubstad defined surface closure (Ref. (1-22))
"as the closure of the water surface itself and not the dome of
the splash," and Birkhoff and Isaacs (Ref. (1-21)) defined it
as occurring when "the layer of water separating the cavity from
the outer air thickens visibly" following the complete blocking
of the access of air to the cavity. These definitions are approx-
imately that of pullaway in the present report.

Vertical Entr_

In the previous section it was stated that surface closure
does not occur for very light missiles, at very low speeds. or
with a low-density atmosphere. Similarly, pullaway generally
will not occur if the conditions are only just sufficient to
permit a surface closure. Under such conditions the closure is
late, the cavity is large at the time of the closure, its
expansion rate is low, and the cavity pressure does not drop
sufficiently to cause pullaway. Some idea as to the minimum speeds
at which pullaway will occur for vertical entry can be obtained
from the graphs of Figure 1-12 which are based on experimental
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data from the vertical entry of steel spheres (Ref. (1-9)). The
graphs are only roughly indicated by the sphere data and may be
in error by a factor of 2. These graphs show that higher speeds
are required to produce pullaway for missiles of larger diameter
and for lower atmospheric pressures. Two points should be noted
regarding conceivable extrapolations of the data of Figure 1-12.
When the atmosphere has a pressure near the vapor pressure of water,
no increase of speed will cause pullaway because of the small mass
flow available. Further, if pullaway does not occur at moderately
high speeds, very high speeds are not. likely to cause it because
a higher speed is unable to produce a greater drop in the pressure
of the air entering the cavity as the pressure approaches zero.

For the data on which Figure 1-12 was based, it was reported
(Ref. (1-9)) that when pullaway occurred, the ratio of the time
of pullaway to the time of surface closure, ta/ts , was always
between 1.5 and 3.5. (These "times" are measured Srom first
contact between missile and water.) As %Lth the time of surface
closure, the actual time of pullaway, tpar for these entries
decreases with increase of U0 , although the dimensionless time,
Tpa, increases slowly. At very high speeds, toa presumably will
increase with increase of entry speed. This i• indicated by the
earlier argument and is verified by data for oblique entry which
will be presented later.

Time of pullaway, T is plotted against Uo in Figure 1-13
for small spheres at ver ical entry for several atmospheric pressures
(Ref. (1-9)). It was found that data for spheres with diameters
between 1/4 and 1 inch gave the same graphs within the large scatter
of the data. The graph for a pressure of one atmosphere is shown
as a broken line with considerably slower pullaway times at low
speeds. As was mentioned earlier, this may be ascribed to the
presence of a critical Reynolds number (Ref. (1-7)).

In Figuze 1-14, times of pullaway for vertical water entry
are compared for a number of nose shapes. The data are plotted
against Froude number as they were presented in Reference (1-18). The
use of Froude number rather than Uo in the treatment of sullaway
is questionable. There is no apparent reason why the data should.
scale with F rather than with Uo, since the process of pullaway
is complicated and only slightly dependent on gravity. Since all
missiles from which data were used in Figure 1-14 were 1.5 inches
in diameter, the abscissa scale can be rewritten with Uo = 2F.
Three graphs are given for right cylinders, with M values of 9,
18, and 50. Here, M is an Effective Mass, M = m/pd 3 , the mass
of the missile divided by the mass of a water cube whose edge is
the diameter of the missile. The spheres used for Figure 1-14
were steel and had M = 18.

The times of pullaway plotted in Figure 1-14 show that the
relative behavior of the various nose shapes is qualitatively like
that for surface closure: the right cylinder has the fastest
pullaway, next comes the sphere, while the 45-degree half-angle
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cone pulls away somewhat later. While the times of pullaway differ
considerably with nose shape, the slopes of the graphs in Figure
1-14 are nearly the same, that is, tne rate cf increase of the
dimensionless time of pullaway with increase of Froude number (or
with entry speed) is about the same.

While T increases with U. for all the nose shapes shown,
the actual tme of pullaway, tpa, does not. Figure 1-14 shows that
for the lightest right cyl nders (M - 9), tpa is independent of
U0 , with a value of about 7.7 milliseconds. For spheres and
45-degree cones, tpa tends to decrease as Uo is increased, while for
heavier right cylxnd.rs it increases with U0 .

Variation of pullaway time with the Effective Mass of missiles
with right-cylinder noses is due to deceleration. The light missiles
decelerate most rapidly, the mass flow into the cavity is less,
and surface closure and pullaway are slower.

Oblique Entry

Data on the time of pullaway for oblique water entry are
principally available from a single source (Ref. (1-7)) and
are given in Figure 1-15. These data were obtained from water
entries of missiles with diameters of i and 1 1/2 inches, at angles
to the horizontal of 45 to 70 degrees. The entry speeds were
between 300 and 1600 feet per second, much higher than for known
studies of vertical entry. Although only a casual study was made
of the effect of entry angle, this dependence was evidently small
between 45 and 70 degrees, and it was neglected although there
is a slight increase of pullaway time as the obliquity is
increased.

The characteristic length used in F, Tpa, and M requires
explanation. Most of the missiles tested were truncated cones
or ogives and it was shown that the behavior was that which would
have been obtained if the missile were a right cylinder with a
diameter equal to the truncation diameter. In the case of
hemispherical noses, the "effective diam.ter" was based on the
diameter of a right cylinder with the same drag ac the hemisphere.
This behavior is at variance with that found for vertical entry,
where the angle of the splash is of great importance. In addition,
it will be seen that there is very little dependence on M, that is,
on the mass of the missile. These differences between oblique
and vertical entry result from the much slower surface closure
of oblique entry. Since it is slow, the cavity reaches a large
size before the closure, and is growing only -lowly at that time,
the closure (and also pullaway) depends much less on such
parameters as missile weight, nose shape, and entry angle.

The graphs of Figure 1-15 are contour lines--lines of constant
pullaway time, T_, on F-M coordinates. The figure shows that
.Tpa is consideraly larger than values extrapolated from the

vertical-entry data of Figure 1-14. The dimensionless time Tpa
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increases strongly with Uo, and t a also increases as U. increases.
This is partly due to the high entry velocities used.

Birkhoff and Isaacs (Ref. (1-21)) have given some approximate data
for the time of "surface closure" for oblique entries, at angles of
45 to 750, of 1 1/2-inch steel spheres. As was mentioned earlier
they have used the term "surface closure" very nearly in the sense
of the "pullaway" of the present report. Their measurements permit
an interesting extrapolation to lower entry speeds of the data in
Figure 1-15. All steel spheres have an M value of about 18, and data
read from Figure 1-15 at M = 18 and combined with datd from Birkhoff
and Isaacs, are plotted in Figure 1-16. The dashed lines at higher
values, of F are from extrapolations from the contours of Figure 1-15
and are only approximate.

DEEP CLOSURE

As a missile travels through the water after water entry, giving
each layer of water a velocity which is principally transverse, this
transverse component is proportional to the instantaneous missile
speed, and the proportionality factor depends on the missile nose
shape. The outward transverse flow is decelerated and reversed under
the combined action of the hydrostatic pressure due to depth and the
reduced cavity pressure resulting from expansion of the cavity after
surface closure. In general these influences act on cavity cross
sections at all depths, and deep closure occurs at the depth at which
the collapse first becomes complete, that is, where the opposite
cavity walls ccine together.

Most influences tend to make the closure occur at greater depths;
the "momentum-prope. led" missile slows down and gives less transverse
velocity to the water as the depth increases; the hydrostatic pressure
increases with depth; and pressure reduction within the cavity due
to its expansion, occurs late rather than early. On the other hand
the portion of the cavity nearest the water surface is generated first
and thF.:efore would collapse first if other influences were the same.

The deep closure which is best known occurs clearly at a point
on the cavity axis, and has been called a "point closure" (Ref. (1-7)).
It is most striking when produced at reduced air pressures. Figure
1-17 shows the development of the cavity due to a 1/4-inch sphere
which entered water vertically at 77 ft/sec. from an air atmosphere
whose pressure was 1/4 normal (Ref. (1-9)). Because of the reduced air
pressure, surface closure and pullaway were very late and the upper
cavity moved only a short distance from the water surface. Deep
closure, which occurred near the center of the cavity resulted
principally from hydrostatic pressure.

The behavior of the cavity due to a very light missile (a 1-inch
4 I polystyrene sphere) can be seen in Figure 1-18 (Ref. (1-9)). In the

figure the cavity is approaching deep closure which will occur rather
near the sphere because the small residual velocity can give little
energy to the water.
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1: of For the vertical entry of heavy missiles deep closure is usually

ofthe form shown in Figure 1-1D. This is a poirnt closure but the
separation is not as clean as it uppears in the photograph. It can
be seen better in Figure 1-19 where a downward jet is apparent in the
upper segment of the cavity (Ref. (1-18)) . The cavity narrows at a
point rather near its upper end, and the downward jet entirely fills
the neck but not the segment above it. Later a few bubbles emerge
from the bubble cloud. At higher speeds, depth is acquired more
rapidly and the depth of clc~ura increases slightly.

The rapid surface closure which follows the vertical entry of
right cylinders, favors still shallower deep closure (Refs. (1-9) and
(1-12)). For such entries the closure often moves all the way to the
base, or upper end, of the cavity. Pence no deep closure occurs, but
inst-ead the upper end of the cavity moves downward, often at a rapid
pace, leaving a trail of small bubbles in its wake. This has also
been described as "base closure" (Ref. (1-7)).

Similar behavior is very common after oblique entry, with two
principal modifications. The fact that depth is acquired more
slowly favors collapse at the base of the cavity, a base closure

L rather than a true deep closure. Under certain conditions the slow
increase of depth causes a type of closure which, instead of occurring
clearly at a point, occurs along a line, that is, a length of the

V cavity disappears at almost the same time. This has been called a
line closure (Ref. (1-7)). Line closures have not been reported for
vertical entry.

Figure 1-20 gives a series of cavity outlines obtained after the
oblique entry of a missile w~ith truncated nose, effectively a right
cylinder (Ref. (1-7)). The missile was 1-1/2 inches in diameter and
entered the water at an angle of 60 degrees with. a speed of' 1000 ft/sec.
The upper line is furnished as a reference from which the point of
entry can be measured. It does not represent the water surface since
the entry was oblique. Cavity details at the water surface and alongI
the sections shown by dashed lines were not available. High-speed
entries are characterized by very uniform cavities, at least if the
drag is low and the missile is stable. rhe missile in Figure 1-20 1
traveled almost 29 feet before pullaway occurred approximately 30 f
milliseconds after entry. Cavity expansion after surface closure
caused a rapid pressure drop which was followed by a rapid and rather
uniform reduction in cavity diameter. When the missile had traveled
32 feet, the upper part of the cavity was reduced to a line and a
severe shock was sent into the water.

The types of deep closure observed during a program of oblique
entries at angles between 45 and 70 degrees are shown in Figure 1-21
(Ref. (1-7). Most of the noses were truncated ogives and cones but
they are here treated as right cylinders of the diameter of the
truncation, as was described in the section on pullaway. Each
plotted point in Figure 1-21 represents a separate water entry and
the points are so placed on F-M coordinate axes as to indicate the
value of these quantities for each round. Point closures, base
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closures, and line closures are shown by dots, circles arnd crosses,
respectively. A cross in a circle shows that the line closure was
at the base of the cavity. The dashed line on the figure roughly
divides the area into regions of point closures and of base closures.

Incandescent bulbs immersed in the water for photographic
illumination, b::oke during a number of the tests (including~ that of
Figure 1-20), immediately after cavity collapse. It will be seen from
Figure 1-21 that rounds for which lamps broke, indicated by the darker
symbols, were predominantly associated with line closures. This
indicates that the most destructive pressure wave occurs at inter-
mediate speeds where these rounds were located.

The pattern of cavity development is shown for a large range of
experimental parameters in Figure 1-22 (Ref. (1-7)). The study from
which these data were taken was made with 1-inch and 1-1/2-inch models
at entry speeds from 300 to 1600 ft/sec., and entry angles between
45 and 70 degrees. As has been mentioned, dependence of the behaviorA
on angle of entry was apparently rather small.

In Figure 1-22, series of sketches of cavity outlines are placed
on an overall set of F-M coordinate axes, with each series of sketches
positioned approximately at the F and M4 values of the entry. The
abscissa of each small set of axes is at the water surface, and the
outlines have been drawn as if the missile were traveling verticaily
upward instead of downward at oblique angles of 45 to 70 degrees.
The coordinates of the small axes are the dimensionless distance
S = s/d and time T = tU0/d, and the scales are shown in the center
of the figure.

At the extreme left of the figure are three rounds of light
weight (small M). Because of rapid deceleration these cavities did
not pull away from the water surface and the deep closure occurred
very near the forward ends of the cav".ties, as has been described
earlier for vertical entry. The cavities become much longer as the
value of M is increased. At the top of the figure where F and the
entry speed are high, the cavities barely pull away from the surface.
This is because the transverse speed given to the water is very high
near the water surface and the pressure reduction of the inflowing
air is able to cause surface closure only after a considerable time,
and the several influences mentioned earlier combine to cause a deep
closure near the missile.

At the bottom of Figure 1-22 the entry speed is less (but still
rather high); surface closure occurs rapidly with a large pressure
drop which causes an early pullaway and a rapid motion of the tail
end of the cavity away from the water surface.

A study made with small steel spheres at -vertical entry (Ref.
(1-9)) showed that if the air pressure above the water is reduced
sufficiently to prevent the occurrence of surface closure, then the
behavior at deep closu--e is not affected by the actual value of the
air pressure nor the size of the sphere. On Figure 1-23 graphs are
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closures, and line closures are shown by dots, circles and crosses,
respectively. A cross in a circle shows that the line closure was
at the base of the cavity. The dashed line on the figu~re roughly
divides the area into regions of point closures and of base closures.

Incandescent bulbs immersed in the wat--r for photographic
illumination, broke during a number of the tests (including that of
Figure 1-20), immediately after cavity collapse. It will be seen from
Figure 1-21 that rounds for which lamps broke, indicated by -the darker
symbols, were predominantly associated with line closures. This
indicates that the most destructive pressure wave occurs at inter-
mediate speeds where these rounds were located.

The pattern of cavity development is shown for a large range of
experimental parameters in Figure 1-22 (Ref. (1-7)). The study from
which these data were taken was made with 1-inch and 1-1/2-inch models J
at entry speeds from 300 to 1600 ft/sec., and entry angles between
45 and 70 degrees. As has been mentioned, dependence of the behavior
on angle of entry was apparently rather small.A

In Figure 1-22, series of sketches of cavity outlines are placed
on an overall set of F-M coordi:ate axes, with each series of skatches
positioned approximately at tIh F and M values of the entry. The'
abscissa of each small set of axes is at the water surface, and the
outlines have been drawn as if the missile were traveling vertically
upward instead of downward at oblique angles of 45 to 70 degrees.
The coordinates of the small axes are the dimensionless distance
S = s/d and time T = tU0/d, and the scales are shown in the center
of the figure.

At the extreme left of the figure are three rounds of light
weight (small M) . Because of rapid deceleration these cavities did
not pull away from the water surface and the deep closure occurred
very near the forward ends of the cavities, as has been described
earlier for vertical entry. The cavities become much longer as the
value of M is increased. At the top of the figure where F and the
entry speed are high, the cavities barely pull away from the surface.
This is because the transverse speed given to the water is very high
near the water surface and the pressure reduction of the inflowing r

air is able to cause surface closure only after a considerable time,
and the several influences mentioned earlier combine to cause a deep
closure near the missile.

At the bottom of Figure 1-22 the entry speed is less (but still
rather high); surface closure occurs rapidly with a large pressure
drop which causes an early pull-away and a rapid motion of the tail
end of the cavity away from the water surface.

A study made with small steel spheres at vertical entry (Ref.
(1-9)) showed that if the air pressure above the water is reduced
sufficiently to prevent the occurrence of surface closure, then the

PC behavior at deep closure is not affected by the actual value of the
air pressure nor the size of the sphere. On Figure 1-23 graphs are
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given of the dimensionless time of deep closure, Tdc = td¢Uo/d,
against F, obtained from experiments with spheres at vertical entry.
The upper straight line in the figure represents the values of Tdc
observed for entries without surface closure. It has a slope of 1.45.

Similarly, Figure 1-24 shows (Ref. (l-9a)) that the dimensionless
depth of deep closure can be approximated by a straight line on log-
log coordinates, when no surface closure occurs. The straight line has
the equation

Ddc/d = 1.43F 0 " 7 1  (1-1)

When surface closure occurs, deep closure is sooner and shallower,
and varies with missile size and with the time of surface closure
(that is, with the pressure of the air above the water). On Figure
1-23 graphs are given of Tdc for 1-1/2-inch and 1/2-inch spheres
entering from air which has normal and half-normal atmospheric
pressure.

Graphs of depth of deep closure, Ddc/d, are given for 1 inch
and 1/2 inch spheres for vertical entry from air of various pressures,
in Figures 1-25 and 1-26; respectively (Ref. (l-9a)).

SHAPE OF THE EARLY WATER-ENTRY CAVITY

In the study of the water-entry cavity it is convenient to
relate its development and collapse to several time periods.
Considerations of the present section are restricted to the "early" I
cavity, covering the period over which cavity studies have principally
extended: the time when the cavity is open to the atmosphere and the
succeeding period durinc which surface closure seals it from the
atmosphere and deep closures detach cavity portions from the missile.

There is a later period about which comparatively little is
known, a period durinci which the cavity is rcbbed of its air partially
by closures and partially by entrainment, so that the size decreases
and the cavity eventually disappears. This period will be discussed
in a later section.

The shape of the early cavity varies greatly because of the wide
range of experimental conditions encountered and the complicated and
transient system of forces which acts. For the cavity which is open
to the atmosphere, the shape has been studied analytically and
experimentally. For the analysis it is generally assumed that the
entry is vertical and that the pressure within the cavity is the same
as that above the water surface. Experimentally it is attempted to
approximate the same pressure conditions by reducing the pressure of
the air above the water to a very low value. Although these experi-
mental conditions are not paralleled in the ordinary use of missiles,
the results obtained are instructive and furnish a basis on which
realistic solutions can be built.
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The "Ideal Cavity"

It is useful at the start to consider missile behavior and cavity
development under four simplifying assumptions: vertical water entry,
constant missile speed, cavity pressure equal to the ambient pressure,
and the absence of gravity. It is assumed that there is an "ideal"
cavity shape which would be obtained under these conditions and that
this shape can be approximated experimentally. Although a gravity-
free condition is unrealistic, the effect of gravity (through hydro-
static pressure) does not become observable on a particular cavity
cross section during some short time interval. During this time the
cavity produced has approximately the ideal shape. For a long cavity,
some portion nearest the missile nose may be very close to the ideal
shape although further back the cavity will deviate considerably from

* it. The ideal portion may be of appreciable size if the entry speed
* is high, but under other conditions it may be very short; the portion

which is ideal will be spoken of here as an ''ideal cavity''.
Li

It has been known for a long time (Ref. (1-11)) that water-entry
cavities are approximately paraboloidal, and recent measurements have
shown.(Ref. (1-18)) that the ideal cavity is almost exactly paraboloidal
except near the missile nose. Theoretical arguments and experimental
measurements lead to the conclusion that Ideal Cavities are

a. identical when formed by the same missile at different
speeds,

b. proportional to the missile size when formed by two missiles
identical except for size, and

c. proportional in size to the square root of the drag forces
at the same speed, when formed by dissimilar missiles.

An approximation to the universal form of the ideal cavity
equation was found experimentally to be (Ref. (1-18))

x
1/2 1.716 ()-2

C d)
where the equation has been written so that the cavity outline passes
through the origin of coordinates. The distance between thfe v.ertices
of the analytical and experimental outlines will be mentioned later.

The assumption that the pressure in the cavity is the same as
that of its surroundings means that this axially symmetric cavity has
zero cavitation number. The equation of the outline of this cavity
has never been derived theoretically, although the equation for the
corresponding cavity due to a two-dimensional strip, with a =0, is
found by complex variable methods to be (Ref. (1-28))
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/t~1-log(t + /t 2
-1])

4 + 7T

(1-3)

= + L + 2LT + r (t -i ,t 1

Here, L is the width of the infinite strip and t is merely a para-
meter connecting the equations. Equation (1-3) is very close (Ref.
(1-18)) to the parabola

x/L + 1.00 = 1.588 (y/L) 2  (1-4)

(within 1.0% for 1.7 < x < 23 and within 2.4% for 1.3 < x < 55).

Figure 1-27 contains cavity outlines produced under various
conditions, which approximate the ideal cavity (Ref. (1-29)). The
experimental outlines were obtained, because of availability, from
cavities due to vertical water entry from atmospheres of reduced
pressure. Presumably the shape of these water-entry cavities, insofar
as they are ideal, should not differ from corresponding shapes
generated during steady cavity 'running, except that the reduced
pressure increases the extent of the ideal portion of the cavity.

The outlines of Figure 1-27, which were scaled in accordance with
Equation (1-2), were obtained from the following entries or conditions:
A) 1-1/2-inch-sphere at 116 ft/sec, B) plot from Equation (1-2),
C) plot from Equation (1-3), D) 1-1/2-inch sphere at 41 ft/sec, E) 1/2-
inch sphere at 208 fL/sec, F) 1/4-inch right cylinder at 37 ft/sec,
and G) 450 cone at 139 ft/sec. If the outlines are superimposed,
with axes and cross lines coinciding, the agreement is very close
except near the vertex. Cavities agree in this way, of course, only
insofar as they are ideal. For atmospheric pressure the portion of
the cavity that would approximate the ideal cavity would be considerably
shorter.

The distances in calibers between the vertices of the analytical
and experimental outlines were found to be: sphere 0.5; right cylinder
0.4; 450 ccne-0.2. A positive value means that the vertex of the
computed outline is ahead of the nose tip of the missile.

The ideal cavity represents a maximum envelope within which the
actual cavity will lie. The concept should apply as well to oblique

Shape Predictions for Lhe Open Cavity

In 1919 Mallock gave the first quantitative theory (Ref. (1-30))
for the shape of the water-entry cavity in terms of the motion of the
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cavity wall. He assumed that the radial velocity of the wall at any
depth h is constant and equal to (0U 1 - /Yh). The first term is
proportional to the velocity U1 of a sphere at depth h. The second
term is the Torricelli velocity. This formula gives a constant radial
wall speed: outward if above a certain depth, inward if below.

Ramsauer, in 1927 (Ref. (1-11)) experimented with spheres at
speeds above 2000 ft/sec, much higher than in other early water-entry
studies. He confirmed the fact that the water has a velocity component
in the radial direction which is proportional initially to that of
the sphere, and concluded that later this speed is inversely pro-
portional to the distance from the trajectory, so that the area of a
slice of the cavity increases at a constant rate.

A model proposed by Biot (Ref. (1-31)) was ingenious but based
on incorrect premises, and will not be discussed here.

Richardson, in two papers (Refs. (1-32) and (1-33)), attempted

to predict the velocity given to the water from the angle of the cone
which approximates the water-entry cavity.

Blackwell (Ref.(1-23)) built on Richardson's model. He started
with an initial transverse velocity XU1 proportional to the
instantaneous speed of the sphere, and then postulated a constant
deceleration 2ph/d, proportional to the distance below the water
surface and inversely proportional to the sphere diameter. He applied
the method to oblique as well as to vertical entries.

McMillen verified (Ref. (1-34)) that the cross-sectional area of
t'e cavities due to spheres increases at an almost constant rate for
most of its growth, and he gave the formula

dA/dt = 1.77d 2U - C (1-5)

where C is a function only of the sphere diameter, and all quantities
are in cm-sec units. He states (Ref. (1-35)) that the maximum cavity
area at a given depth was found to be proportional to the space rate
at which the sphere lost energy, and he suggested in unpublished work
that, when no surface closure occurs, this rate of energy loss should
equal the work done in the expansion of unit length of cavity to the
maximum diameter against hydrostatic pressure. This latter idea was

investigated h- May (Ref. (1-9)) for the vertical entry of 1/2 inch
missiles, He ind that the ratio (dE/dh)/pA, where p is the hydro-
stati%.. pressure, varied from 0.8 at a 4-inch depth to 1.1 at 24
inches. This variation is due to the fact that flow is not restricted
to horizontal laminae, but follows flow lines somewhat like those
shown in Figure 1-28 (Ref. (1-21)).

Loomis st7 . (Ref. (1-34)) that Blackwell's formula works well
for Froude nunxL,.rs of about 14 and McMillen's for about 3000, but
that neither is good between. Birkhoff (Ref. (1-10)) said that
Blackwell's formula predicts Ddc and Tdc well but that it makes plots
of cavity diameter against time parabolic while they are nearer to
being elliptical.
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In 1951 Birkhoff and Isaacs developed (Ref. (1-21)) a superior
hydraulic model of cavity formation at vertical entry, and a detailed
application of the model to measured cavities was made by Abelson
(Ref. 1-36)). The dynamic basis of 'he model can be seen in Figure
1-29 which is taken from (Ref. (1-36)). The model assumes that the
mi~sile when at any depth, generates a flow only in a thin spherical
shell centered at the entry point and containing the missile. In
Figure l-2FA is shown the shell of radius r and a sphere which has
not yet reached the shell. In sketch b the sphere has reached the
shell and has given the water in it motion away from the axis. The
energy in the shell is that expended against drag as the sphere
travels a distance equal to the width of the shell. The system is
assumed to be conservative so that the energy given to the shell
remains as the sum of its kinetic and potential energies. Sketch c
shows the system at a later time. Within the shell an angle 0a about
the axis has become empty of water and this water is now within the
shell but above the original water level. The upward flow continues
until some maximum angle 0 is reached, when the energy is all
potential, and the angle then begins to decrease. The solution of
the problem is straightforward and leads to the result

dOa Ccos 0 a - cos M
-dt •rrn (2 - cus Oa)i + cos Oa)]

cos a (lcos 0 a) J (1-6)

where 1 2e-2rC A v2 -r

Cos 0 m =(1/2) 1 Dc po

2• 3
2 gr

The agreement between Birkhoff's model and the actual cavity fails
near the water surface where the model does not represent the flow.
Abelson found that the agreement was otherwise generally good almost
to deep closure (Ref. (1-36)), as is seen in Figure 1-29d. The
failure of the model near deep closure is due to the considerable
depth at which closure occurred and the change of flow pattern as the
sphere becomes deeper. From Figure 1-28 it is seen that the flow
becomes centered about a point much lower than the water-entry point,
so that there is a flow toward the point of deep closure. Figure
1-28e shows that the agreement of the model with experiment is good
also for entries from air at normal pressure, up to the time of
pullaway.

Birkhoff and Isaacs have discussed also the application of their
model to oblique entry where it is generally applicable but more
difficult in application.

While the entry cavity approaches a paraboloidal shape, it is
nearly conical over much of its length. This was especially observed
by early writers (Refs. (1-10), (1-11), (1-23), (1-32), (1-33), and
(1-37)) who generally gave the cone angle for the water-entry cavity
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due to a spherical nose as 60 half angle, with larger angles for
missiles of larger drag coefficients.

Graphs of cavity diameter at various depths are given in
Figure 1-30 (Ref. (1-9)) for the cavity due to the vertical entry
of a 1-inch sphere. The pressure of the air above the water was
low enough to prevent surface closure. Under such conditions the
slice of cavity at the water surface never stops expanding until it
is filled from below. For the deeper cross sections the cavity
expands to a maximum diameter and then contracts. Deep closure
occurred at a 24-inch depth. The collapse of the cross sections is
seen to be slower than the expansion, and Figure 1-31 gives an
acceleration graph from the same data, for a depth of 22 inches.

The Early Cavity After Oblique Entry

Early cavities due to oblique entry differ significantly from
those for vertical entry principally because of two influences: the
much later occurrence of surface closure and the asymmetry of the
flow above and below the nose of the missile. The greater increase
of cavity volume resulting from late surface closure is aided by the
delay of deep closure, due to the smaller depths attailed when the
en-cry is oblique.

The more constrained conditions below the missile might beIexpected to make the pressure there greater than that above the nose
where the escape of the water is easy, but the opposite condition
exists. While the flow separates readily above the nose, a slender
void tends to form on the under side. At high Reynolds numbers air
flows into this region, but at lower values the air's viscosity
prevents it. When this happen4 the void is filled only with water
vapor, and the pressure is the saturation vapor pressure rather than
the pressure of the atmosphere. The location of this closed cavity
is shown in Figure 1-32 (Ref. (1-38)) . The presence of an unvented
cavity space causes the well-known "underpressure" below the nose.
This may have a large effect on the trajectory at entry as will be
described in another section.

Cavity Dimensions

A graph of cavity volume after vertical entry of a sphere was
given in Figure 1-9 (Ref. (1-9)) and another is contained in
Figure 1-33 (Ref. (1-18)). While these graphs are similar, the
volume of the cavity attached to the sphere decreased much more at the
first deep closure in the entry of Figure 1-9 because of the reduced
density of the atmosphere above the water. After the three deep
closures in Figure 1-33 almost a fifth of the maximum volume is still
contained in the attached cavity.

14 1 Figure 1-34 shows a graph of cavity volume for the vertical entry
of a right cylinder. For the sphere the maximum volume was reached
very shortly after pullaway; for the right cylinder the cavity
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continues to expand for a considerable time. Surface closure for the
cylinder occurred very early while the cavity was expanding strongly.
Hence a rapid pressure drop occurred which triggered an early pullaway,
but could not immediately stop the expansion of the cavity. For
vertical entry the dependence on velocity of the maximum cavity volume
has not been reported. Corresponding experimental data for oblique
entry, which will be discussed later, indicate that the maximum
volume may be roughly proportional to the cube of entry speed.

A comparison is made in Figure 1-35 of the cavity aevelopment
after vertical water entry of a sphere, with and without surface
closure (Ref. (1-18)). When the air pressure above the water was
reduced sufficiently to prevent surface closure, the cavity grew to a
size which was 11 times that produced by an entry from normal air.

For oblique entry it has been shown (Ref. (1-7)) that cavity
development seems to depend significantly on only three parameters:
the angle of entry, 0, the Froude number, F, based on truncation
diameter, and the dimensionless effective mass, M = in/pd. Further,
the effect of angle of entry, for angles between 450 and 700 appears
to be small.

In Figures 1-36 to 1-41, graphs are given (Ref. (1-7~)) for the
size of cavities due to the oblique water entry of missiles with
Effective Mass values of 11 and 69, which might be characterized as
light and medium-heavy rounds. Figures 1-36 and 1-37 contain graphs
of volume against dimensionless time for various Froude numbers, and
Figures 1-38 and 1-39, and Figures 1-40 and 1-41 give corresponding
data for length and diameter, respectively, for the same cavities.

The volumne curves in Figures 1-36 and 1-37 are similar and
differ principally in two respects: greater volumes are attained
for the heavier missiles because of the smaller deceleration; and
at M = 11 all rounds had point closures while at M = 69 "base
closures" occurred rather than deep closures. Hence for M = 11 the
curves show d~tscontinucus changes of volume at deep closure while at
M = 69 the volume varies continuously down to very small values. A
slight increase in the maximum volume of the cavity as the obliquity
increased from 45 to 70 degrees, was neglected in the preparation of
Figures 1-36 E~nd 1-37.

Plots of length and diameter for cavities due to the vertical[ entries of a sphere and a right cylinder, were contained in Figures
1-33 and 1-34. The behavior is similar for the two nose shapes.
Cavity length increases continually until deep closure occurs, although
pullaway takes place much earlier for the cyliricer. For both noses
maximum diameter occurs slightly before the time of maximum volume.

For oblique entry the following details of the length and
diameter graphs in Figures 1-38 to i-41 might be noted in relation to
the volume graphs of Figures 1-36 and 1-37. The maximum volume, as

V has been seen, is greater for the heavier missile (greater M). This
behavior is due to the cavity length, sincp the Jianeter varies inL the
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reverse manner, that is, the maximum diameter is greater for M =11

than for M =9. This is explained by the greater deceleration at
M = 11, which prevents~ a considerable decrease of the cavity pressure,
and permits thie diametor to continue increasing. on the other hand,
tne greater deceleration~ at M = 11 has a direct effect in lessening
the cavity length.

Because, in Figures 1-38 and 1-39, cavity length is plotted
against the dimensionless distance traveled by the missile, the early
parts of all graphs lie on the same straight 'Line, with a 45-degree
slope. Points on this line correspond to cavities which have not
p ulled away from the water surface.

All of the graphs for volume, length and diameter at M = 11 have
vertical sections indicating a (point) deep closure, as is seen in
Figure 1-22. At M =69 "base closures" rather than deep closures
generally occur. Figure 1-22 showed, however, that (point) deep
closures start to appear at the highest value of F, and there is
some indication of this in the volume and length graphs for F = 550.

In Figures 1-42 to 1-44, contours are given on F-M coordinate
axes, of the maximum values of the volume, length and diameter. The
dependence on M is generally small. For the volume it is only at
very low values of M that appreciably higher values of F are required
tc produce the same maximum volume as for heavier missiles. It is
interesting that the maximum diameter is only slightly dependent on
M (Figure 1-44) because it occurs near the water surface before the
deceleration effect becomes significant.

C Some slight numerical inconsistencies are apparent between the
contour maps and the families of graphs for various values of F.
These result from random variations from test to test and the different
effects these have in the smoothing processes used in obtaining the

two sets of contours.

If maximum cavity volumes are read from Figure 1-42 for M = 100,I it is found that a graph against F on log-log coordinates can be
represented by a broken straigýý4 line with a change of slope at F =500.
The maximum volume varies as F below F = 500, and as F2.0 above.

In general, deep closure is not a suitable event for correlating
oblique-entry data because it is often impossible to assign a time
and position to its occurrence. Two parameters which might replace it
are shown in Figures 1-45 and 1-46; the length of the cavity when it
is half the distance that the missile has traveled from first water
contact; and the time at which this condition occurs. It generally I
exists at the time of deep closure when there is one; and when the
base of the cavity is traveling rapidly down from the water surface,
when there is not.
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1Aý THE LATER WATER-ENTRY CAVITY AND ITS DISPERSAL

The early water-entry cavity discussed in the previous section,
included the cavity while open to the atmosphere and its sealing
of f by surface or deep closures. The present section will comment on
the later cavity - its persistence and its collapse and dispersal.
It has been mentioned that com~paratively little is known about this
later cavity. Its general behavior is understood, but available
details do not permit the prediction of cavity size lon, after entry.
To provide such information is not easy; observations require a
large instrumented facility# it is improbable that data derived from
model studies can give reliable information about the collapse of
large cavities (Ref. (1-38)). fins and other appendages tend to break
up the cavity in unpredictable ways, and statistical analyses are
required because of the variation of behavior due to minor differences
in experimental conditions.

The size of the closed water-entry cavity depends strongly at
any time on the amount of air which it contains, but this amount is
not known, especially long after entry. At first the cavity is
filled with air at a pressure below atmospheric by an amount depending
on the missile speed. A rough estimate of the air loss from the
attached cavity during deep closures may be possible from the study
of photographs, but usually clouds of small bubbles are left in the
wake of the cavity and the estimation of their volume is impracticable.

For vertical entry the cavity development shown for a sphere in
Figure 1-33 is probably typical. The three deep closures included
in the graph will be followed by others until the cavity has become
quite small. At some point the cavity length becomes insufficient to
include the tail of the missile, the rear end of the cavity closes [
on the afterbody, and deep closures cease. Further dissipation of
the cavity is due to entrainment of its air in the flow along its
walls, especially in the very turbulent region where this flow meets
the missile surface. The last remnants of the cavity appear at
points of lowest pressure on the missile, such as behind a blunt after-
body. Of course the cavity will not disappear completely if the
missile speed is sufficient to sustain a vapor-filled cavity. At
higher entry speeds the cavity will be larger initially and will persist
longer because of the greater mass of air contained and also because
of the higher continuing speed of the missi~le. on the other hand, for
the slow vertical entry of a right cylinder usually the small cavity
closes initially on the afterbody. The later history of such a
cavity is similar to that of a fast-entering missile at a corresponding,
much later, cavity stage.

In general, cavity disappearance occurs soonest if the initial
cavity is small., and large cavities generated at oblique entry tend
to last longer than the vertical cavities generated at ni.same

missile speed. The rate of cavity dispersal increases ZL.ni the
deceleration of he missile. Although a high-drag missile generates
a large cavity, its deep closures detach most of the cavity volume
from the missile (Fig. 1-18). Bodies which broadside after entry lose
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their cavities rapidly. small cylinders, called spigots or probes,
have been used on the front surface of blunt noses to cause a sma~ll
cavity to close on the missile itself, for rapid dispersal. Wilcox
and Waugh reported (Ref. (1-39)) that the cavities due to missiles
with artificially roughened noses, were shed very rapidly.

Some interesting points may be observed in the oblique entry of
Figure 1-20. When the missile had traveled 30 feet, its speed had i
dropped from 1000 to about 240 ft/sec. If the cavity were filled only
with water vapor, the cavitation number based on this velocity and
the pressure above the water or at the cavity midpoint would correspond
to a steady cavity length of less thani two feet instead of the observed
length of 30 feet. The cavity is not stea.ly nor is it only vapor
filled. The cavity pressure cannot differ much from that of its

surroundings.

For oblique entry several processes are observed by which air is
taken from the cavity. When "base closure" occurs and the tipper end
of the cavity -travels rapidly toward the missile, a long1 narrow,
vortical wake is commonly seen behind the cavity, made visible by a
trail of bubbles which are individuall" too small to be resolved. A
greatly increased formation of detached bubbles is often associated
with re-entrant jets (to be discussed later) which may alternate with
deep closures. Increased entrainment of air occurs in the large
turbulence which arises when these jets strike the cavity wa~l2

With present knowledge it is not possible to predict the
variations of the cavity dispersal mechanism, nor the rate of rather
steady entrainment from air-filled cavities attached to cavity-
running missiles. During cavity running the missile usually slows
down and air is lost from the cavity, and both of these facts tend toI
increase the cavitation number. This means that the steady cavity

L would have to be smaller and have a smaller L/dm. The water-entry
cavity tends toward such a condition; it never reaches equilibrium
but always lags behind.

Studies of artificially vented cavities in the water tunnel
have shown that jets are formed at the higher values of c (Ref. (1-40)).
At high ventilation rates where a is smaller, trailing vortices appear.
It is doubtful that the same vortex condition occurs in the natural
cavity. From the water-tunnel results it might be possible to predict
the steady entrainment rate if cavity and flow conditions were
accurately known.

Cavity Added Mlass

It is well known that a fully wetted missile traveling through
water behaves as if its effective mass (called "virtual mass") were
greater than the actual mass of the missile due to the added mass or
induced mass. This is the mass of a quantity of water wihmay be
regarded as sharing the velocity of the missil~e and which must be
accelerated when the missile is accelerated. There is added mass for
the cavity-running missile also but it is less than for the fully
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wetted missile because the wake region has been replaced by a cavity
of negligible mass. Estimates of cavity-running added mass appear to
have been made only for the sphere. Birkhoff estimated (Refs. (1-21)
and (1-41)) the added mass of cavity-running spheres to be about 60
percent that for a fully wetted flow, or about three tenths the
displaced mass of water. For oblique entry (Ref. (1-21)) he gave a
value nearer four-tenths the displaced mass.

Because of cavity added mass the drag coefficient of a sphere
calculated from its decrleration after water entry appears to be
decreased, and the coefficient for a sphere of light material such
as a plastic is decreased more than that of a steel sphere. May and
Woodhull used this idea (Ref. (1-42)) to determine the cavity added
mass for the sphere. They obtained a value of about one-tenth the
displaced mass of water. Birkhoff pointed out (Refs. (1-21) and
(1-41)) that, because of the free surface and the fact that the

water does not immediately take the velocity of the sphere but lags
behind it, there will be a distortion of the cavity, and the experi-
ment does not measure the full added mass.

The Re-Entrant Jet

The re-entrant jet frequently accompanies both the steady cavity
and the water-entry cavity. In the study of the potential flow about
an ellipsoidal solid, it is shown that the reverse curvature (convex
within) at the rear of the ellipsoid can only occur because of the
pressure exerted on the water by the surface of the ellipsoid in the
vicinity of the rear stagnation point. When the solid ellipsoid is
replaced by an ellipsoidal cavity this flow becomes impossiblebecause the cavity is unable to exert the required pressure at a
rear stagnation point. The pressure in the cavity is substantially
constant and less than the ambient pressure so that the flow must
continue to be concave within. The flow, instead of being turned
away from the ellipsoid at its rear, continues to bend inward to form
a "re-entrant jet".

The closures of water-entry cavities are also accompanied by jets.
At a deep closure the flow has had an inward component at the region
of deep closure, from all sides. The pressure is built up where
these flow lines converge, and the water escapes in the only free
directions, which are along the axis of the cavity. From momentum
considerations it is necessary that an opposing pair be generated.Naturally the intensity of this jet pair will depend on the strength

of the flow to'.ard the closure point.

The first "jet" that is observed after a vertical water entry is
hardly a jet at all but a column of spray. At the time when surface
closure is nearly complete, spray in the region above the cavity is

* blown down into the cavity by the inflowing air. The resulting column
of spray can be seen in Figures 1-lB and 1-10, just atter the first
appearance, and at a later stage in Figure 1-1C. In Figure 1-1C
pullaway has occurred; flow has converged on the entry point and
generated upward and downward jets. At this time the spray jet is
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followed by a so-called "solid" jet, which can be seen also in
Figures 1-17, 1-18, and 1-19. In Figure 1-19 the jet is of sufficient
size to fill the restricted cross section where deep closure is
occurring, and it has actually completed the closure.

The very flat appearance of the top of the cavity in Figures 1-17
and 1-19 is due to the jet. The top of the cavity is concave because
of the flow of the water downward to form the jet. The flat section
seen is the rim which appears flat because of its symmetry.

Somewhat different behavior is to be expected for entries with
considerable obliquity. The slow surface closure and pullaway denote
a slow flow of both air and water toward the entry point, promising
little downward jet, if any.

In some vertical entries the jet travels the length of the cavity,
often striking the missile, sometimes disturbing it. At other times
a cloud of bubbles may appear beside the missile nose as the jet

L penetrates the cavity wall carrying air with it.

The jets are usually apparent in photographs of deep closure and
may range from very weak to very strong, depending on the intensity
of the flow. A weak downward jet can be seen in Figure 1-1D. Perhaps
the most striking jet formation is the upward jet from deep closure
which has been observed after vertical entry of a sphere from an
atmosphere of low enough pressure to prevent surface closure. The
upward jet starts out very thin but continues to widen until. its base
or root at the cavity boundary finally reaches the water surface. The
jet at that time may have a diameter five or more times that of the
sphere diameter. The velocity of the upward jet from deep closure has
been reported to be more than twice the speed of the projectile
(Ref. (1-25)).

Flow Near the Cavity

Flow in the water near the water-entry cavity was investigatedb
experimentally by Birkhoff and Caywood (Ref. (1-43)). A pattern which
they obtained for the flow due to the vertical entry of a sphere has
been given in Figure 1-28. There is some flow in advance of the sphere
but the main flow is set up within spherical shells centered initially
at the point of water entry as was described in connection with the
model sketched in Figure 1-29. As the cavity widens, reaches a
maximum diameter, and then contracts, the lateral flow at any instant
may be outward or inward at various depths. The region where collapse
is taking place is a "sink" region, and flow is toward the axis both
from above and below, as is seen in Figure 1-28.

Birkhoff and Caywood studied also the oblique entry of spheres.
The general features are similar to those for vertical entry and the
flow lines were found to be approximately concentric circles centered
at the point of impact. On the other hand, velocities above the cavity
are considerably higher than below. observations of imperfections on
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the cavity wall after vertical entry shows that there is almost no
flow along the wall until about the time of pullaway. As the downward
jet develops at the top of the cavity, an upward flow is apparent
on the upper wall.

VENTILATION AND PRESSURE IN THE WATER-ENTRY CAVITY

Before surface closure occurs air rushes into the cavity from
above the water surface. During this time the pressure in the cavity
will be less than atmospheric by a pressure difference which is
required to produce the air flow. At first this flow is through an
open tube but the beginning of surface closure causes a restriction
in the opening, with an increased pressure drop. The pressure
difference needed to produce the flow into the open cavity las
generally been taken as (1/2) cU2 (Refs. (1-9), (1- 13) and (1-21)).
This is the drop which would occur iff the flow were steady and had
the speed of the missile at impact.

After surface closure The cavity is a closed air container.
Because of the rapidity of volume changes of the early cavity, the
expansion or contraction is presumably adiabatic.

The constant shape of the part of the cavity near the missile
nose leads to an interesting conjecture concerning the ventilating
flow. In Figure 1-3, if the cavity outline in t~he third photograph
is superimposed on the seventl4 it will be found to be exactly the
same in their common portion. It is reasonable that not much change
will take place within this invariant volume as the cavity grows.
The volume may be thought of as a sealed or frczen space which travels
forward in the water. The air within it is not flowing forward in'Co
a converging tube but its trapped air is traveling forward in a container

of onsantshape and volume (even though its walis continually
made up of different- surfaces of liquid). Naturally there is some

[ I flow within this volume and it probably changes as 'Che cavity changes,
but primarily it contains almost stagnant air.

F Instead of flow into a converging pipe, the flow is closer to
that which follows a piston in a uniform cylinder, retreating downward
from the water surface. Above the water the air flows down throughI
the surface into an orifice which is continually growing.

In 1970 Abelson described determinations he had made (Ref. (1-24))
of the pressure in wather-entry cavities. Prior to that work only two
isolated measurement;, of this pressure had been reported (Refs. (1-44)
and (1-45)). In most of his work Abelson used two pressure probes
mounted in the water one above the other, and near the vertical line
of fire, so that they became enveloped in the cavity. Figure 1-47
contains sketches of 'races from probes 3 and 15 inches below the
water surface for vertical entry of a 3-inch 7Q0 half-angle cone
at 145 ft/sec. Nine outlines fr~m high-speed photographs are shown
for correlation with the pressure traces. Figure 1-48 gives pressure
traces from the two probes and also plots of cavity volume over the
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same time period. The solid-line graph shows the volume based on the
cavity outline below the water surface, and the dashed graph was
corrected for the volume above the water surface before pullaway and
the volume occupied by the downward jet as shown by the shaded areas
below the water surface in Figure 1-47. It appears doubtful that the
whole of the shaded areas represent "solid" water, and the later "true"
volumes are probably somewhat too small.

For this water entry, Abelson's measurements showed pressure
drops 15 or 20 times as large as the commonly assumed value, I/2pU
His values correspond however to the time of surface closure when t~e
drop would be greater than during the time when the cavity is completely
open, but his results show the cavity pressure dropping almost
linearly with time from water impact almost to the time of surfaceclosure. It is not evident why this variation is so strong.

After both probes are in the cavity (beyond the intersection
of the upper graphs) the graphs nearly coincide. This means that no
appreciable pressure gradient was present, nor did Abelson find any
pressure difference between two probes placed 4 inches above and 2
inches below the water surface, before surface closure. Further he
observed no transverse gradient in the cavity. Indications then are
that, within experimental error, the pressure is uniform throughout
the open cavity, but changes strongly with time.

A study of the volume-pressure variation after surface closure
showed reasonable agreement with the assumption of adiabatic expansion.

Pressure graphs for various entry angles are compared in Figure
1-49. Only the portions of the graphs to the right of the circles
are significant since the remainder represents pressure in the water.
In general the pressures after vertical and 600 entries are clcsely
the same, but those for 45 degrees are somewhat higher. The smaller

pressure drop is due to the later surface closure after 45-degree
entry.

An interesting result was obtained by plotting against entry
velocity, the minimum pressure due to cavity expansion after surface
closure, as shown in Figure 1-50. The straight line in Ficure 1-50a
for vertical entry is well defined by the data points. This graph is
repeated without the vertical data in Figure 1-50b. Data for entries
at 60 degrees are in good agreement with the vertical data, while data
for 45-degree entries define a straight graph at higher cavity
pressures.

It has been remarked that flow into the water-entry cavity is not
the flow into a converging tube because the front end of the cavity
grows to accommodate the air whi.ch had formerly occupied an almost
identical volume and shape. There are other details of the flow that
merit attention, even though they might be regarded as obvious.
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vIne ventilating air flows past the water surfaces which are the
cavity walls, and a boundary layer forms on these walls with zero
relative velocity at the wall. The boundary layer thickens near the

I. missile nose and this will prevent complete stagnation of the air in
V this region.

Flow conditions relative to the missile are totally different
from those of free flight in air. There is no flow past the missile
and hence the "base pressure" is not related to such a flow. Rather

*the surrounding air is traveling with the missile.

It was mentioned earlier that an "almost steady" cavity is
sometimes observed long after water entry, large enough to enclose

* the missile, and appearing rather like an ellipsoidal body traveling
through the water. Within such a cavity the air flow may be expected
to approximate that previously discussed for the steady cavity. The
pressure in the "almost steady" cavity can be estimated (Ref. (1-7))
by regarding the cavity as steady and applying the relations between
cavitation numb~er and fineness ratio found by-Reichardt (Ref. (1-48)).
Since the cavity long after water entry will probably, if momentum
propelled, be traveling at a slow speed, the fact that the cavity is

r. long enough to envelop the missile, requires that the pressure be
almost equal to the ambient pressure. Because of the head of water
above the missile the cavity pressure may well be above atmospheric
pressure.

PRESSURE IN THE WATER AFTER ENTRY

The water entry of a missile is, of course, accompanied by
pressure cnanges in the water near the entry cavity. Since there is
no pressure discontinuLty at the cavity wall, the water pressure
at the wall must eqt'al the cavity pressure. For a vapor-filled cavity
evidently the necessary pressure reduction in the water must be

effected in accordance with the Bernoulli equation as a result of an
increased velocity of flow along the cavity. An interesting case is
that of vertical water entry from an atmosphere with a pressure
close to the vapor pressure of water. Within the :avity the pressure
will be close to vapor pressure. In the neighboring water the static
pressure will be that of the head of water. The .:all pressur.e will be
brought down to the pressure of the cavity ýy a gravity-induced flow
along the cavity wall. The same behavior must exist at a closed
vertical cavity in which the pressure is substantially uniform.

ofAbelson's measurements (Figures 1-48 and 1-49) include readinqs
ofthe pressure in the water near the cavity; consisting especially

of a rapid increase in pressure as the descending missile approaches
the gage. In connection with earlier water-entry pressure measure-
ments, Hoover and Dawson (Ref. (1-45)) used a half-body approximation
(a superposition of a single source on a uniform flow) to simulate theJ. cavity free surface, and gave graphs of pressure due to the oncoming
missile. This approximation gives at least a qualitative picture of
the pressure distribution, although it is known (Ref. (1-47)) that the
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approximation to the cavity shape and pressure is not very close. The
method leads to the formula

tAp = l/2pU 2 (2 cosO/R2 - 1/R 4 ) (1-7)

where the symbols are explained in Figure 1-51. The figure shows the
pressure changes to be expected at two and six radii from the path of
the sphere. They are related to the instantaneous values of the
sphere's velocity, and are significant only until the cavity wall is
reached.

.1'-1ition to pressure changes related to the missile velocity
t:- v~are others of an impulsive nature. Pulses of this type are
olbserved which are due to the impact of the missile on the water
surface, but shocks due to cavity collapse may be much more severe..
Intense shocks have been reported (R~ef. (1-7)) because of "line
closures" as was described in connection with Figure 1-21.

For vertical! entry at considerably higher speeds, intense shock
waves have been reported (Ref. (1-48)) and have been photographed by
the shadowgraph technique. These shock waves are attached to the
missile (Ref. (1-49)) when the missile speed is supersonic in water,
but become detached, with the missile falling behind, as deceleration
lowers the speed below the speed of sound.

SURFACE APPEARANCE OF THE WATER-ENTRY CAVITY

The surface appearance of the steady cavity has been discussed
elsewhere (Ref. (1-27)) with a description of the principal causes of
rough surface texture. These causes are almost identically the same
for the water-entry cavity, but the relative importance of various
causes differs somewhat.

Longitudinal striations are commonly observed on the water-entry
* cavity when the entering missile has a nose from which "smooth"

separation occurs. The cause of this can be seen in Figure 1-10
where separation has occurred from a sphere along a very ragged line.
The striations can be followed along the length of the cavity, past
the meniscus onto the splash sheath. When the sheath domes over just
before surface closure, strings of drops can often be observed above
the dome, evidently representing thick regions of the striations
which did not get sucked into the cavity.

When "abrupt" separation occurs from a flat-nosed cylinder or the
truncation on an ogive or cone, the cavity surface is commonly quite
smooth and transparent but burrs or other imperfections at the edge
cause shallow cavity striations. For spinning missiles, striations
are deforme~d into helices and have been used in estimating the spin
rate (Ref. (1-50))
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A roughened: and opaque cavity surface is most often due to the spray
jet which travels down the cavity at about the time of surface closure.
In Figure 1-17 this roughening is seen, together with a coating of
small bubbles created by drops of spray when they struck the cavity
surface.

A transverse pattern of ridges is sometimes generated by vibrations
of the missile after its impact on the water surface (Ref. (1-22)).
Rather large-scale transverse corrugations may be created on the
cavity by a forward-backward oscillation of a part, or all, of the
separation line on the missile (Ref. (1-39)).
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FIG. 1-1 CAVITY DEVELOPMENT AFTER THE VERTICAL WATER ENTRY OF A SPHERE
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F!G. 1-4 TYPICAL VERTICAL ENTRY SPLASH CONTOUR
AFTER WHITE REF (1-8)
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FIG. 1-5 SHADOWGRAPH SHOWING VERTICAL ENTRY OF 900 CONE,
DIAMETER, 8 IN.; ENTRY VELOCITY, 24.0 FT/SEC. FROM REF (1-17)
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FIG. 1-7 SPLASH CONFIGURATION FOLLOWING THE
VERTICAL WATER IMPACT OF A RIGHT CYLINDER
FROM REF (1-18)

NOTE: TICKS INDICATE THE HEIGHT OF THE
ORIGINAL WATER SU1FACE FOR EACH
SPLASH OUTLINE
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A. TYPICAL SPLASH CONTOUR FOR OBLIQUE ENTRIES AT STEEP ANGLES

I.

v ~R -

B. TYPICAL SPLASH CONTOUR FOR OBLIQUE ENTRIES AT FLAT ANGLES

FIG. 1.8 TYPICAL SPLASH CONTOUR FOR OBLIQUE ENTRIES
AT STEEP AND FLAT ANGLES. AFTER WHITE REF (1-8)
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FIG. 1-17 ENTRY OF A 1/4-INCH STEEL SPHERE AT 77 FT/SEC. THE AIR PRESSURE WAS ONE-FOURTH
OF A NORMAL ATMOSPHERE. NOTE THE SYMMETRICAL HOUR-GLASS CONFIGURATION
AT DEEP SEAL REF 01,9)
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FIG. 1-18 WATER ENTRY OF I INCH POLYSTYRENE SPHERE. THIS CAVITYSHAPE IS CHARACTERISTIC OF LIGHT SPHERES. NOTE THELARGE DOWNWARD JET REF (v-9)



I 'SEAHAC/TR 75-2
B :

I-,.r

1 i 3

FI.11 mYIA EPCOUEATRVRIA AE NR

k/ .



SEAHAC/TR 75-2

10 FT.

z

C.

z -
z

=~I I
I-

"' I[

Il I
0 III

U.

w I

z

20OFT, (

600;U 1.5 INCH I
Uo 4000 FT/SEC I
DETAIL WAS NOT AVAILABLE
AT WATER SURFACE AND IN

DASHED SECTIONS

30 FT.

FIG. 1.20 CAVITY DUE TO MISSILE WITH TRUNCATED NOSE



. POINT CLOSURE
0 BASE CLOSURE
0 LINE CLOSURE AT RASE
X LINE CLOSURE ELSEWHERE

1400- eAI LAMP.BREAKAGE

1200 -
x

%f

100000'

8000
F x 110

x
.0000o

Boo VII 0*

"/•" x

o e X.o

.00 00 ,,,0

0 0

Soo-". o•

*e0 0 00
400- ' 0*-,z 0 0 0

"x " 0

0/ 8 o
Of 8 00

200- 0

0 1 I I 1 1 I I I I I I I I M
0 20 40 60 80 100 120 140 160 m

FIG. 1.21 TYPE OF CAVITY COLLAPSE REF (1.7)

'I. ./



IROUND
#131
F 1380
M 74.1

S

200

100

ROUND
#172

IF 5 48 !

M 11.0 _ _ _ _ _ _ _ _ _ _ __0200 T. I. !k t . , ,I .. ,SCALE

RROUND
1159F = 437

11M 11.0.

RROUND
#1190

F - 290 ROUND
M4 m 11.0 #189

S. "2444
M - 68.7

LROUND 1O
tF - o -3II 7

S~ROUND

#190
F -- 211
M ý 613.7



Sr-AHAC/TR 75 2

ROUND

F - 13B0
INt 74.1

ROUND
S #124

F - 1067
2W M - 104.7

200 T
SCALE

RROUND
#1142
F~~~ 21 M 525.
M -012..

FI ROU2 DPNDENEO AIYDVLPETO

F -rcdu 397bai



SEAHAC/'TR 75-2

U.

CL,

U.

0

00 z

N U
>

cv I~-

C.) 0

Cd,

U.
0.

LU

Olp 00



SEAHACITR 75-2

Y. I

x .

U.

>

xx LL~

j cn w~o z

LUW U Z

~~~~~~ Z __ _ _ _ __ _

C c ý -
LA

a 0 0) 0 0ý

SIM



SEAHAC!rR 75.2

32

30 AIR DENSITY, .....
Dd-C IN ATMOSPHERES

28 x 11

O 1/4

a 1/8
26 - 1/16

B • 1/25

24 r ]

202

20 -1/4

18

16 ___

"14

10 50F

FIG. 1.25 DEPTH OF DEEP CLOSURE FOR VERTICAL ENTRY OF
I-INCH STEEL SPHERES ffROM REF (1-9a)

.- , LIi



SFAHMc TH !) 2

36

34 - __

32-

Ddc

d 30

28,- --- ---

I I AIR DENSITY,
24 ____- IN ATMOSPHERES

22 8 11
5 1/4

___ - /4 '~ 1/8
20 - 1/16

1/4 /1/25

18

16 __

14

10 5

F

FIG. 1.26 DEPTH OF DEEP CLOSURE FOR VERTICAL ENTRYI
OF 1/2-INCH STEEL SPHERES REF (1-90)



1. FEAHAC/TR 75-2

A -_

B

C

D

IE

F _ _

FIG. 1-27 SCALED CAVITIES REF (1-29)



SEA, \C/TR 752

FIG. 1-28 OBSERVED FLOW IN WATER AFTER VERTICAL
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Chapter 2

THE FORCES ACTING ON CAVITY-RUNNING MISSILES
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Symbols

a a parameter in equation (2-4)

A maximum cross-sectional area of missile

An area of nose truncation

CD drag coefficient = 2D/pU A

CDo drag coefficient for o=0

C, lift coefficient = 2L/pU2A

CLo lift coefficient for o=0

CL lift coefficient derivative dCL/dc at cx 0

CM moment coefficient = 2M/pU2 Ad

Cp pressure coefficient = (p - po)/q

Cpo pressure coefficient for o =0

C. G. center of gravity

C. P. center of pressure of hydrodynamic forces

d maximum diameter of missile

D drag force; also cavity diameter at planing tail

f fineness ratio = L/d for nose

Fr Froude number = U//lg¢[
g acceleration of gravity

k a parameter in equation (2-16)

L lift force; also missile or nose length

L 1  distance of C.P. from center for M

M hydrodynamic moment

p local pressure on missile nose

PC cavity pressure

Po. freestream pressure

Pv saturation vapor pressure of water
ii
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q dynamic pressure =(l/2)pU2

Q correlation parameter for disk ogives 1/(i + 2RO)

0 ro ogive radius

R Reynolds number

R oqive radius in calibers = ro/d

U freestream or missile velocity

a angle of attack (see Fig. 2-42)

a p angle of attack of disk (see Fig. 2-38)

half angle of cone or wedge

6 depth of submergence of tail tip of missile (Fig. 2-47)

0 flow-separation angle, measured from stagnation point;
or angle of spherical surface on spherogive; or
surface angle of attack (Fig. 2-46)

p mass density of water

a cavitation number

S vapor cavitation number

iii
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INTRODUCTION

When a missile travels through water at a sufficiently high
speed, the flow along the nose usually separates from the missile
surface and a cavity is generated which may envelop a portion or the
whole of the missile (Fig. 2-1). The relative motion between solid
body and water may be due to motion of the body or to the flow of
water past a body which is mounted in a water tunnel. It is well
known that the cavity shape depends principally on the cavitation
number

o = Po - Pc
(2 1)

(1/2)pU
2

where p. is the freestream pressure, Pc the gas or vapor pressure
within the cavity, p the liq\: '1 density, and U the speed of the free-
stream or of the missile. Equation (2-1) is discussed in detail in
Reference (2-1). The missiles in Figure 2-1 are said to be cavity
running.

The forces whioh the water exerts on the missile nose may be
resolved into a drag force, a lift force, and a moment above a
transverse axis, or equivalently an axial force, a normal force and
moment. The drag and axial forces are parallel respectively to the
trajectory and to the missile axis, and the othir forces are perpen-
dicular to these.

For a fully wetted missile it is customary to take the moment
about an axis through the center of gravity or the center of buoyancy.
For the cavity-running missile, especially when the nose alone is in
contact with the water :'and the missile is said to be "riding on its
nose"), the moment ntay not depend on the unwetted afterbody of the
missile and it is more useful to use a center for the moment which is
associated with the nose, usually at the center of the base of the
nose, that is, the center of a hemispherical nose or the center of the
base of a cone. In the present report the center used for the
moment will be specified when values are given.

Hydrodynamic coefficients are defined as follows:

the DRAG COEFFICIENT

CD = D/(1/2)pU2 A

where D is the drag force and A 7rd2 /4 is the maximum cross-sectional

area of the missile nose;

the LIFT COEFFICIENT

. CL = L/(l/2)pU 2 A

where L is the lift force, and

2-1
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the MOMENT COE~FFICIENT

CM = M/ (l/2) pU2 Ad

where M is the moment of the force on the nose. Because C is
frequently almost proportional to the angle of attack, a, ior small
angles, the lift-coefficient derivative is frequently used. This is
defined as the slope at a =0 of the graph of CL against a, or

CLa =CL/4

Usually the instantaneous force or the integrated impulse can
be regarded as acting at a specific point on the axis of the missile,
the center of pressure. In some cases, especially when the moment
is lar7ge, the center of pressure may not be within the nose, and in
an extreme case, wqhen the force system is a pure couple, it may go to
infinity in front or behind the missile.

In the discussion of forces during cavity running, the situation
where the missile is "riding on its nose" is of special interest, but
impulsive or steady forces act on the tail or afterbody when the tail
strikes or leans against the cavity wall. It is generally practical
and useful to regard the overall forces as due to independent force
systems acting on the nose and tail of the missile. They will be
treated separately in this repo~rt.

Under fully wetted flow conditions the drag force is less than
the total force acting on the nose (form and skin-friction drag)
because of the pressure (due to "pressure recovery") on the aft end
of the missile. During steady cavity running in an envelop'ing
cavity the flow pattern on the forward part of the nose usually differs -

little from the flow when fully wetted but the aft end of the missile
is subjected to cavity pressure, which may have any value from the
ambient pressure, p,,, to the vapor pressure of the water. The force
resulting from the cavity press.are is regarded as a part of the nose
force system since it does not matter whether this uniform pressure
acts on the base of the nose or on an unwetted afterbody. Because
of the effect of cavity pressure the drag can be expressed as a
function of the cavitation number. Drag always increases with an
increase of cavitation number, and the dependence will be discussed
in detail later.

For bluff shapes which have a relatively large form drag and a
short wetted path, the friction drag may be less than one percent of
the total drag. The evaluation of the bluffness or "fullness" of the
nose shape is not always simple. It might be mentioned for example
that cone and paraboloid noses, both of fineness ratio (L/d = length/
diameter) of 3.33 differ by less than one percent in their friction
drag, but the form drag of the cone (half angle 8.50) is almost three
times that of the paraboloid. The friction drag of bodies of revolution
can generally be evaluated adequately by use of the formula for the
flat plate (Refs. (2-2) and (2-3)).

2-2
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Many investigators have c~ontributed to the knowledge of cavity-

running drag by means of theoretical predictions and experimental
measurements and both will be studied in thisF report. The larger
part of their work is related to the drag force and to the~ symmetric
cavity conditions which exist when the missile is traveling at zero
angle of attack, that is, when the missile axis is parallel to the
trajectory. For this reason the first and major part of this report
is devoted t~o drag and zero angle of attack.

Nose shapes may be divided into two classes (Ref. (2-4)) depending
on whether the flow separation occurs at a shoulder or other line at
which the tangent to the surface changes suddenly; separation has been
called smooth when the nose has moderate curvature near the line of
separation. The importance of the distinction is the fact that
abrupt separation presumably occurs always at the same position,
independent of Reynolds number and cavitation number. In smooth
separation, on the other hand, small influences (especially Reynolds
number) are able to vary the position of separatiin. Because of
this the surface of the cavity which follows "smooth separation" is
generally far from smooth. The actu~al mechanism of separaticn behavior
is treated elsewhere (Ref. (2-1)) aiid will not be discussed in this
report.

It will be noted from Figure 2-1 that the separation front an
ogive may be smooth or abrupt, depending on whether the separation
occurs before the end of the curved surface or at its end. The same

tpsof behavior may be observed with a spherical surface consisting
of a spherical segment which subtends an angle which may be more or 1
less than the angle of the surface normally wetted by the flow. When
the sphere is generating a cavity, the flow normally separates from
the windwa'd hemisphere; hence the behavior is the same for a
hemisphere as for a full sphere.

THE D1.AG EQUATION

Experimental cavity-running drag data are obtained either from
the water tunnel (or towing basin) or fruim free flight (usually during
water entry), Free-flight measurements are subject to serious objections:
the cavitation number is not known with accuracy (for water entry it
may generally be assumed that it is near zero while the cavity is
open to the atmosphere), and the determination is made over a travel
distance for which the speed is not quite constant and the force
varies because of the transient conditions of water entry. As a
consequence drag values obtained during free flight will be given
little weight compared to thuse observed in the steady flow of the
water tunnel.

On the surface of a disk during cavity running the pressure should
have a maximum (stagnationi) value of p,,, + q, the ambient pressure plus
the dynamic pressure q =(l/2)pU2 . The pressure will fall off toward
the edges, presumably to pc. For the cup shown in Figure 2-2 it may
be expected that the pressure will be very close to p.,, + q over the

2-3



SEAHAC/TR 75-2

whole inner surface of the cup since steady flow will not be set up
there. This nose is usually called a "stagnation cup", but is
referred to as a "scoop ring" in the translation of Reference (2-5).

From Figure 2-2 the effective force on the cylinder with
stagnation-cup nose should be

(p. + q -- Pc)A.

From the definition of the drag coefficient CD then, the drag force

D = (p, + q - Pc)A = qACD,
so that

CD = 1 + 0 (2-2)

From this CD (CP at o = 0) should equal unity for the stagnation
cup and the e uation can be written

CD CDO+ G (2-3)

Reports state (Refs. (2-6) and (2-7)) that equation (2-3) is
approximately correct also for slender cones. This will be investi-
gated later in this section. Actually this equation should hold
whenever the pressure over the wetted part of the missile does not vary
with the cavitation number. In general +-he form

dCDO
CD=CDC (1l+ a) (2-4)D = CDo + do CDo

is required. For the stagnation cup where CDo= 1, equation (2-3) can
also be written

CD = CDo (1 + a) (2-5)

Equation (2-5) has been predicted for other shapes as well
(Refs. (2-6), (2-8), (2-9) and (2-10)). Reichardt (Ref. (2-5)) gave
a derivation of equation (2-5) which is substantially as follows.
Figure 2-3 shows plots of the quantity 1 - Cp on the cavity-generating
nose against position across the missile diameter: the shallow graph
for zero cavitation number and the other for a positive cavitation
number o. Here

Cp = (p - p.)/q

is the well-known pressure coefficient and p is the local pressure on
the nose. At the center of the nose the pressure will equal the
stagnation pressure p, + q; and 1 - Cp= 0. At the rear end of the
nose where the nose meets the cylindrical body and the radius is d/2,
the pressure presumably drops to the cavity pressure p;. For o = 0
this pressure will be p, and 1 - Cp = 1. When the cavitation number
is greater than zero

1 - Cp = 1 + o
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at the outside of the nose. Reichardt made the assumption that the
value of 1 - C at each distance from the missile axis is 1 + a
times as large when the cavitation number is a, as when it is zero.
In general the drag force on a missile, cavity running as in
Figure 2-2, is

D= f(p - Pc)dA (2-6)

where dA is the projection in a transverse plane of an element of
nose area. The drag coefficient is then

C= D/q P - + P1 - Pc dA
q q

or

C J(Cp + a) dA (2-7)CD A C

with (CDo = • CPOdA

where C o is the value of the pressure coefficient when a = 0.
Since the ordinates of the curves in Figure 2-3 are in the ratio
(1+ 0)/l,

1- Cp = (1 + a)(i - CPO).

Hence

(1 + )C =1 + a - 1 + Cp = Cp + a (2-9)

When equation (2-9) is used with equation (2-7)

C - 1+ a JCpodA

is obtained. Hence from equation (2-8)

CD = CDo (1 + a) (2-5)

From equation (2-7)

CD= 1f(Cp + a)dA =-+ C,

where C is the average pressure coefficient on the nose of the
missile. Dawson and Seigel (Ref. (2-11) noted that when

CD = CDo (1 + a), (2-5)

* CD = CDo + CDoa = CP + a,

2-5
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leads to

Cp C Do - G(l - CDo). (2-10)

Equation (2-10) shows that the average pressure coefficient on the
missile nose decreases linearly with a if equation (2-5) is obeyed.

Various claims have been made as to the validity of equation
(2-5). Gilbarg (Ref. (2-10)) stated that it is generally valid for
both plane and axially symmetric cavities having fixed separation
points, The experimental data of the present report show the
agreement to be good for rather blunt bodies with fixed separation
points.

DRAG OF AXIALLY-SYMMETRIC BODIES

The Disk

The disk (or right cylinder) is perhaps the simplest nose shape.
Numerous attempts have been made to predict its cavity-running drag
coefficient theoretically (principally at a = 0) and many experi-
mental drag measurements have been reported.

Garabedian calculated (Refs. (2-9) and (2-12)) the drag
coefficient of the disk theoretically and obtained CD= 0.827
(Ref. (2-9)) and CD = 1.058 at a = 0.2235 (Ref. (2-12?). From these
values, a = 1.25 in equation (2-4). Plesset and Shaffer (Ref. (2-13)),
by assuming the same pressure distribution on the disk as on an
infinite strip, obtained drag values which can be written (Ref. (2-14))

CD = 0.8053 (1 + a + 0.02802),

and Armstrong, in a modification of that method (Ref. (2-15)), found
CDo = 0.823. Fisher (Ref. (2-16)) gave two predicted values for
CDo for the disk: C.805 and 0.824, with the latter being presumably
more accurate, in excellent agreement with Garabedian (Ref. (2-9)) and

Armstrong.

Numerous values of CD have been reported for the cavity phase of
the water entry of disks. Reference (2-17) shows that for such water
entries a should lie between 0 and 0.05, but this range will depend
somewhat on how the value of the coefficient is derived. A few of
the more reliable water-entry values of CD? for disks are 0.83
(Ref. (2-17)); 0.84 to 0.85 (Ref. 2-18));%.82 (Ref. (2-19)).

Values obtained from water-tunnel or towing tests should be most
accurate although the possibility that the value of the drag
coefficient is influenced by the finite width of the tunnel should be
considered. This report includes d4ta for disks from the references
shown on Table 1. Values of a for these tests ranged from 0. to 1.6.
The greatest data density is in the region a < 0.3, and this range
is considered separately in Figures 2-4a and 2-4b, where values of
drag coefficient and CD/'l + a) are plotted against a.
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It is evident from these graphs that the large differences in drag
value at given values of u are not so much dependent on random
variations as on differences between various experimenters. In many
cases the data points for different experiments can be completely
separated by a straight line, that is, there is often no overlapping
of data, and where overlapping does occur the data for different tests
define quite different graphs. For example it will be seen in
Figure 2-4a that Reichardt's data (Ref. (2-5)) lie consistently below
the least-square straight line by an average of about ACD = 0.02.
One, or both, of two reasons are presumably responsible for these
differences:

1) systematic errors due to instrumentation (such as inaccurately
calibrated drag balances), the effect of tunnel size, or incorrect
evaluation of a, and

2) true differences in drag coefficient caused by different
experimental conditions. These include the effect of Reynolds number
(through model size or flow velocity) or other dimensionless numbers,
air content of the water, etc.

The reason why various experiments obtained different nuwerical

results is not determined in this report, in part because the
information reported was generally insufficient to permit this
evaluation. The evaluator of the data has two alternatives: to
assume all data of equal probable accuracy and to obtain graphs from
the mean of all data; or tc weight the data on the basis of some
knowledge of the tests. Evidertly neither assumpt.ion is superior
a priori.

Experimental conditions for various tests of disks and cones are
given in Table 2-1. Oversmith (Ref. (2-21)) made his tests in a
towing basin while the oahers used water tunnels of various types.
The listed ratios of turnnel width to mcde±. diameter are based on the
lowest value o,: this ra'.io for each test, excupt that the distance
to a solid wall rather than th, distance to a fzee surface was used
when bot6, ware involved. Most reports express the belief that no
significant choking occurred in the experiments and this has been
assued in the evaluation of data. It is a matter which would merit
further study especially since it is the width of the cavity rather
than the diameter of the mcdf.l which is of prime significance. Some
of the experilnenters uscl vapor-filled cavities, some air-filled,
and some used both. •'ome cavitation was enveloping and some was not.
Here obviously one might look for differences, but no evidence was
seen of the effect of cavity pressure apart from cavitation number.

The equation of the least-square straight line for the disk on
Figure 2-4a is

CD = 0.807 4 0.891a = 0.807 (1 + 1.1040). (2-11)

This graph differs little from others reported for accumulated
experimental data (Refs. (2-7), (2-20), (2-22), and (2-27)). The
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Table 2-1

TEST DATA COMPARISON FOR DISKS AND CONES

Vel. Reyn. No. Air Tunnel
max or max or Model or Width
ranae range Diam. Vapor Model

Ref. ft/sec x 10.5 (in.) Cavity a Diameter
DISKS
(2-5) .08-.59 V .02-.12 6
(2-7) 38 .7-1.3 1/4-1/2 .001-.07
(2-20) 25 A .07-.16 21
(2-21) 108 A.6-20 1 A

V18-22 1 V .03-.31 84
(2-22) 50 5 1, 1.5 V .4-1.6 24
(2-23) 27-32 4.0-4.8 2 1/4 V .5-1.2 3.0

18-24 3.9-5.2 3 1/4 A .6-1.3 3.0
14-19 4.4-6.0 4-3/4 A&V ? 3.0

(2-24) 45? 9.0 3 .2-.7 13
(2-25) 17.5 1.2 1 A 21
(2-11,2-26) 8-35 .5-5.0 1 V .3-.6 12

CONES
50(2-7) 38 1.9 3/4 .01-.10

38 1.3 1/2 .01-..10
100(2-7) 38 1.9 3/4 .01-.09

38 1.3 1/2 .01-.08
140 (2-5) .08-.59 V ,02-.07 6
150 (2-7) 38 1.9 3/4 .01-.08

38 1.3 1/2 .01-,10
(2-20) 25 A .04-.19 21

100? 5.0 1/4-1/2 V .10-.25 14
(2-25) 17.5 2. 3 2 A .07-.15 21

26.60 (2-5) .08-.59 V .02-.09 6
300 (2-7) 38 5/8 .02-.09
450 (2-5) .08-.59 V .02-.12 6

(2-7) 38 .007-.09
(2-20) 25 A .05-.16 21

100? 1/4-1/2 V .18-.20 14
(2-21) 108 6-20 1 A .01-.15 84
(2-25) 17.5 1.6 1.41 A .09-.16 21
(2-11,2-26) 8-35 .5-5.0 1 V .3-1.2 12

63.50 (2-5) .08-.59 V .03-.13 6
67.50(2-11,2-26) 8-35 .5-5.0 1 V .2-.8

STAGNATION CUP
(2-5) .08-.59 V .02-.12 6
(2-20) 25 A .06-.14 21

100? 1/4-1/2 V .04-. 12 14
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CDo values from all of thege comparisons are probably contained in the

range

CDo = 0.082 t 0.013

While equation (2-11) appeared to be a satisfactory representation
of the data, the nearness of this equation to

D = CDo (1 + o) (2-5)

led to a plotting of CD/(l + a) against a as shown in Figure 2-4b.
It is immediately evident that a constant value of CD/(1 + a), as
indicated by equation (2-5) is within experimental error. Further,
data of individual experimenters generally show a reasonably constcnt
value of CD/(l + a), as is apparent from Figure 2-4b. Table 2-2
lists the average values of CD/(I + a) found by each experimenter,
given separately for the regions below and above a = 0.4. For the
lower range of a, four of the experimenters reported data leading to
almost identical values of the average, namely 0.815 ± 0.001. One
of these tests (that of Oversmith) extended beyond c = 0.4, and it
showed good agreement in the two regions. The higher range is shown
in Figure 2-5. The average CD of Klose-Acosta, in the higher range,
is hardly significant because of the large scatter at a > 1.2, as
will be seen in Figure 2-5.

From Table 2-2, Reichardt's data lie well below those of other
tests, while the data of Brennan and Kermeen lie far above. Each of
these is sel -onsistent.

While the representation of the data by the straight line in
Figure 2-4a appeared satisfactory, the substantiation of theory, by
agreement with equation (2-5), seems to make the graphs of Figures 2-
4b and 2-5 more acceptable, especially since equation (2-11) gives
values which are too high at large values of a. Hence, based on
present information, the drag equation for the cavity-running disk can
best be written

CD = 0.815 (1 + a) (2-12)

2-
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Table 2-2

ANALYSIS OF DRAG DATA FOR THE CAVITY-RUNNING DISK

Reference Average Value of CD/(l + U)

a•0.4 o> 0.4

Reichardt (2-5) 0.792
O'Neill (2-20) 0.814
Kiceniuk (2-25) 0.814
Oversmith (2-21) 0.815 0.812
A.R.D.E. (2-7) 0.816
Brennan (2-24) 0.833 0.840
Kermeen (2-20) 0.837 0.836
Eisenberg-Pond (2-22) 0.809
Klose-Acosta (2-23) 0.814

Stagnation Cup

The stagnation cup was described earlier and was sketched in
Figure 2-2. Because of the small amount of flow along the inner base
of the cup the pressure over this surface should be very close to the
stagnation pressure p. + q. Hence it is expected that

CD = 1.0 + a (2-2)

CD = CDo (1 + a) 
(2-5)

Actually, it is necessary that the cup be sufficiently deep for
this result to be obtained. Perry, (Refs. (2-20) and (2-28))
calculated the Fressure distribution across the bottom of a two-
dimensional slot for various ratios of depth to width; and pressures
for the three-dimensional cup were computed from these by the Plesset-
Shaffer method (Ref. (2-13)). A plot of CL, based on this pressure
distribution is given in Figure 2-6 together with values from
measurements (Ref. 2-20)) for several cup configuraticns. It is seen
that experimental CD values obtained for shallow cups were lower than
those predicted. Values have been calculated also by Wu and Wang
(Ref. (2-14))

Reichardt measured (Ref. (2-5) the drag coefficient of the
stagnation cup but did not state the depth of the cup used. O'Neill
(Ref. 2-20)) reported measurements by himself and by Kermeen with a
stagnation cup having a depth/diamete- = 1. The results of these
experiments are plotted in Figure 2-7. The data from the three series
of t4-sts are completely separate. The two straight lines were
computed by least squares separately from Reichardt's and O'Neill's
data. The separation of the lines is only about ACD = 3.02, and is
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remarkably constant. Kermeen's data were obtained over a very small
range of cavitation numbers and lie between the lines representing the
other data.

A least-square straight line was calculated for all of the data on
Figure 2-7, but the result evidently was not a proper representation
of the data because of the distribution of the data points within
the individual experiments: the greater concentration of data at
larger values for O'Neill and at lower values for Reichardt. More-
over the scatter of the data is obviously not random. It is probably
due to errors either in the determination of a or in the measurement
of force. The data bracket the theoretical prediction

CD - 1 + a (2-2)

Usinq all of the data, a least-squar. calculation was made to
determine the best slope with an assumed value of the intercept CDo =
1.0. The slope was found to b3 1.010 in very good agreement with
the predicted value.

It appears that equation (2-2) is the best representation of CD
tor the stagnation cup. Because of confidence in the correctnrjss of
this equation it has been suggested (Ref. (2-20)) that the stagnation
cup be used as a calibrating device for cavity measurements.

Cones

Drag-coefficient measurements have been reported for cones of
various angles and the disk may be added to these as the limiting
case Df the cone with a half angle of 90*.(The half angle a will be
used throughout in describing cones). Table 2-1 lists six references
to drag measurements of cones and shows the cone angles tested. As
with the disk, Oversmith (Ref. (2-21)) conducted tests in a towing
basin while others used various types of water tunnels. The table
shows that all six tests obtained data on 450 cones, three on 150
cones, while single tests were reported for other angles.

Drag-coefficient data for various cone angles are plotted against
u in Figures 2-8 to 2-15 and least-square straight lines, computed
for these data, are shown. The straight line seems to be quite
adequate in the presentation of drag curves up at least to a = 0.2 or
0.3. Data for the various cone angles will be compared in Table 2-3
and Figure 2-16.

Figure 2--8 gives data for the 50 cone from tests at the Armament
Research and Development Establishment at Fort Halstead, England
(Ref. (2-7)). Data for 1/2-inch and 3/4-inch diameter cones are
shown with least-square lines for each size and for the combined
tests. The 1/2-inch data arQ slightly higher than those for the 3/4-
inch, with little overlapping. Similar data for 100 cones in
Figure 2-9 display much the same behavior except that the two sizes

S L are interchanged, that is, the 3/4-inch shows a higher drag than the
1/2-inch. Reference (2-7) further shows that 150 cones behave like
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those of 100, with the 3/4-inch curve above the 1/2-inch. The
reversal between the 50 cone and the larger angles makes it
improbable that the data separation is due to such causes as Reynolds
number.

Data for the 150 cone are given in Figure 2-11. Results of the
three contributing reports (Refs. (2-7), (2-20) and (2-25)) are split
into five groups: the measurements of O'Neill and Kermeen (Ref. 2-20))
were separated, as were the 3/4-inch and 1/2-inch data in Reference
(2-7),. With this breakdown it is found that Kermeen's data (Ref.
(2-20)) and the 1/2-inch data (Ref. (2-7)) contribute to a lower graph
and the other three to an upper one, with no overlapping of the areas
occupied by the data points. The separate and combined graphs are
shown in Figure 2-11.

Reichardt's data (Ref. (2-5)) for 140 and 26.60 cones and A.R.D.E.
data for 300 cones are given in Figures 2-10, 2-12, and 2-13,
respectively.

Data from five sources are given in Figure 2-14a for the 450 cone.
There is considerable separation of the data from different sources
in certain regions of a, but with overlapping in other areas. The
single least-square straight line appears to be a good average, but
a great deal of systematic variation is evident. The only data for
a>0.2 for the 450 cone were reported by Dawson and Seigel (Ref. 2-11))
based on integration of the pressure measurements of Rouse and McNown
(Ref. (2-26)), and their two data points provide an extension of the
450 cone graph to higher values of a in Figure 2-14b.

In Figure 2-15a, Reichardt's data for the 63.50 cone are given,
together with a least-square straight regression line. An extension
is made to this graph in Figure 2-15b by using two data points
obtained by Dawson and Seigel by integration of pressures for a 67.50
cone. The data were adjusted to 63.50 by use of the results of
overall cone comparisons to be described.

On Figure 2-16 values of CD for a = 0 and 0.1 are plotted against
cone angle. The smooth curves approximate the data well for CDo and
fairly well for CD (0.1). The errors in CD which may have been made
in choosing the individual regression graphs are presumably of the
order of 0.005 to 0.01.

The differences between the CDo graph of Figure 2-16 and those
previously reported in the literature on the basis of experimental
data, are small. The equation CDo 0.01 (with ý in degrees) may be
useful as a rough rule-of-thumb for cones. Based on Figure 2-16, it
has a maximum error of 0.2 and the error is not greater than 0.05 up
to 77 degrees.

Since no mention has generally been made of skin friction in
reporting drag measurements or, cones, it is assumed that experimental
data will usually include friction, whereas theoretical results will
not. If skir friction is present. CDo should increase as the cone
angle approaches zero.
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In the best analytical predictions of CD for cones (Refs. (2-13)

and (2-15)) pressures on the cine faces are estimated from values
calculated theoretically for the wedge. The agreement with experio
mental data is feirly good. It has been discussed in the references
cited.

In Table 2-3, values are given for the least-square regression
lines for the various cone angles, and for the quantities CDo,
dCD/do, and a = (/Cpo)dC~oa. The quantity dCD/da is the c-,rfficient
of a in the expression

CD = CDo + (dCD/da)a

It was assumed to be unity in

CD = CDo + a, (2-3)

and equal to CDo in
CD = CDo (1 + a). (2-5)

The values in Table 2-3 are intermediate between these two. In any
case the predicted values are significant only for snall values of a.

The last three columns of Table 2-3 give data obtained by reading
values from the curves of Figure 2-16 where the curves deviated some-
what from the experimental points.

Figure 2-17 is a plot of dCD/do against cone angle, using the
smoothed values of the ordinate where they are given in Table 2-3.
It is seen that only for the needle does dCD/da approach a value of
unity, so that equation (2-3) is roughly valid. Table 2-3 shows also
that the data satisfy the equation

C = C (2-5)

only for the disk. D Do (1 +

The Sphere

Thus far only noses for which the flow separation is abrupt have
been considered. The sphere is the simplest axially-symmetric
example of smooth separation. Because drag varies with the separation
angle, theoretical predictions of drag are poor when smooth separation
occurs. There are two principal contributions on this subject: the
predictions of Armstrong and Tadman (Ref. (2-29)), and the calculations
and comparisons of Brennan (Ref. (2-24)).

Most experimental drag values for spheres have been based on free-
flight and zero cavitation number. Only two were found which give
drag data over a range of values of a (Refs. (2-22) and (2-30)). Hsu
and Perry (Ref. (2-30)) reported tests with spheres of three diameters
(1, 1.5, and 2 inches), and the data given permit calculation of the
Reynolds number, which was in the critical region where the flow
changes from laminar to turbulent. Values of a ranged from 0.03 to
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0.14. The tests of Eisenberg and Pond (Ref. (2-22)) were made with
a single sphere diameter of 1 inch and values of a between 0.17 and
0.38. Since the velocity is not known, precise values of Reynolds
number cannot be calculated, but it is p~obable that all tests were
made at Reynolds numbers of about 3 x i0•.

Figure 2-18 gives a plot of CD against a for all the data reported
by Hsu and Perry (Ref. (2-30)). The data involve five values of
Reynolds number (1.2, 1.7, 2.1, 2.5 and 3.3 x 105) and different
symbols are used for each. An attempt was made to obtain a set of
independent least-square straight lines, one for each Reynolds
number. There was an evident trend toward higher CD at higher Reynolds
number but the scatter in both CDo and dCD/da was enough to confuse
the analysis.

A basic difficulty of the analysis is worth mentioning. The
quantities which are usually specified are CDo and the slope, dCD/dO.
In spite of the importance of C measurements are not made at a=0.
As a result the analysis yields Dess accuracy for the value at a=O
than it does at the v2les of a used in the tests. Too low (or too
high) a value of CLo will be associated with too high (or too low) a
value of dCD/da, so related as to give the experimental value of CD
at the c of measurement.

Because of the unsatisfactory results due to scatter in the values
of intercept and slope a least-square analysis was carried out to
yield a straight line for each Reynolds number, but with the same
slope for all lines. The basis for this was a feeling that one might
expect the slope to vary little with Reynolds number even though the
drag might change. The results of the analysis are given in Table
2-4 and in Figure 2-18.

Table 2-4

SPHERE REGRESSION DATA

Reynolds Number CDo dCDada

1.2 x 105 0.2553
1.7 0.2.76
2.1 0 8 0.357
2.5 0. 53
3.3 0.2663

It will be seen that CD increases monotonically with increase of
R, for the straight graphs of Figure 2-18, except in the case of R =
2.1 x 105. The set of data for R = 2.1 x 105 contains only data
points that are at higher values of a (0.09 S a : 0.14).

In Figure 2-19 the graphs just considered for R-values of 1.7 and
2.5 x 10• are redrawn, and data from Eisenberg and Pond (Ref. (2-22))
have been added, together with the least-square straight line
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CD = 0.241 + 0.488a (2-13)

determined from their data (Ref. (2-31)). This line is seen to form
a reasonable continuation of the upper graph at higher Reynolds
numbers.

Reference (2-30) contains information also regarding the angular
posit:on at which the flow separates from the cavity-running sph-re.
These data are plotted in Figure 2-20 together with two least-square
straight lines determined by them. The data surrounding the upper
graph had R 3.4 x i, and for the lower graph R Z 4.0 x 1 The
separation of the data points is striking and unmistakable, and
presumably due to the onset of turbulence. Figure 2-20 is inc] -ed
here only to facilitate the discussion of the changes in CD' •0- is
certainly tempted to relate the two effects alth.ugh the jump in CD
was noted at about R = 2.0 x 105 and the shifting of the point of
separation at R ? 3.4 x 105. Small shifting of the separation may
occur about R = 2.0 x 105 but the accuracy of the data was not
adequate to permit so fine an analysis.

On Figure 2-19 the drag prediction of Armstrong and Tadman
(Ref. (2-29)) has been graphed for comparison with the experimental
data. The predicted values are approximately 20 percent higher than
the experimental.

It is interesting to compare the results of the present study with
experimental values in the early literature. The most frequentlyquoted value for the sphere has been CO 0.30. A principal exception
was the Eisenberg-Pond result in equation (2-13).

Most other data were taken from free flight and usually from water --
entry where for a time the cavitation number is near zero. One early
paper (Ref. (2-32)) reported results at least qualitatively similar
to those of the present study. In that work, force data from
deceleration measurements on spheres at vertical water entry were
modified to remove the effect of forces other than drag. In particular
low air pressures were used tc prevent the closure of the water-entry
cavities at the water surface. It was found that

CD = 0.0174 loge (RFr). (2-14)

where Fr is the Froude n-mber based on sphere diameter and redefined
here as Fr = U//l?. This result would be related to the small
cavitation number of the water-entry cavity.

A most interesting comparison is possible between equation (2-14)
and the results of Hsu and Perry (Ref. (2-30)). The latter include
two groups of spheres with R = 1.7 x 10 : 6 items for a 1-inch sphere
and 7 for a 1 and 1/2-inch sphere. These are identified on Figure 2-
18. For all of these readings, Table 2-4 shows a CDý value of 0.2576.
If CD reductions are carried out separately for the-wo sets, assuming
the same slope as the overall slope (0.357) of Figure 2-18, regression
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lines are obtained with CDo = 0.259 for the 1-inch spheres and
0.256 for the 1 and 1/2-inch. If CDo is calculated for the two sets
from equation (2-14), the respective values are 0.262 and 0.253. The
scatter of these data is comparable with the differences found, but
the general agreement between water-tunnel and water-entry results
is most gratifying. Moreover the idea that the value of CD may depend
on Fr should not be ignored. This effect would be related to
separation which is discussed in more detail in another report (Ref.
(2-1))

Disk Ogives

Disk ogives form a family of nose shapes which was conceived with
the purpose of coordinating and comparing coefficients throughout a
broad range of shapes. Typical members of the family are shown in
Figure 2-21. Starting with the right cylinder the edge may be rounded
by a radius of any value desired. The disk ogive is identified by the
radius of the arc expressed in calibers, i.e., missile diameters. If
the radius is small, the arc Ls drawn so that it is tangent to both
the cylindrical wall of the missile and the flat surface on the front
of the nose. In the figure, B and C are typical disk ogives. If the
radius of the circular arc is half the body diameter (a half-caliber
ogive) the nose is a hemisphere. For greater radii the arc does not
become tangent to the front surface but the arcs meet to form a
typical pointed ogive tip. If the arc is still tangent to the
cylindrical body the shape is a tangent ogive; otherwise it is a
secant ogive. Sketches E and F are typical of pure tangent ogives.
Usual ogive calibers run from one to six or more.

Finally, in the limit, the radius is infinite and the body becomes
a geometrical line. This configuration is of little value even as a
limit since it has zero diameter.

A point to be kept in mind when the disk ogives are used as a
family for cavity-running drag, is that the flow separation for some
of its members is abrupt and for others it is smooth. The importance
of this difference is not known but it is probably not significant
today because the overall accuracy of drag information is not high.

Two members of the family, the disk and hemisphere, have been
discussed already. Data for pure ogives and pure disk ogives are
given in Table 2-5.
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Table 2-5

DRAG DATA FOR OGIVES AND DISK OGIVES

Drag Coefficient Ogive
CDo + (dCD/do) Caliber, Ro Reference

0.195 + 0.209a 1 (2-21)
0.114 + 0.416a 2 (2-22)

0.1515 + 0.595a 1 (2-33)
0.0716 + 0.626a 3
0.056 + 0.54a 5
0.040 + 0.55a 7

0.70 0.1 (2-34)
0.41 0.2

0.44 0.25 (2-17)
0.14 1.5
0.62 0.1
0.09 3.5

0.11 2.7 (2-18)

0.22 1 (2-35)
0.13 3

A plot of C Do for the disk-ogive family is given in Figure 2-22.
The values indicated by circles are regarded as relatively undependable.
Most of these were derived from water entry.

An equivalent plot is given in Figure 2-23, where CD is plotted
in calibers against Q = 1/(1 + 2RO) = 1/(1 + 2ro/d), and RO i3 the
ogive radius in calibers. The quantity Q has frequently been used in
the treatment of data for the disk-ogive family. It was invented to
improve the presentation of data for the family.

Figure 2-24 is a logarithi theisting tte disk-ogive data. Excluding
the value for the disk (which would lie at minus infinity) it will beseen that the data, within the existing scatter, can reasonably bepresented by the straight line

CDo = 0.171 Ro-0.60 (2-15)

Since the graph must reach the value C = 0.8 (the coefficient for the
disk) at an infinite distance, the lef? end of the graph is almost
certainly too high.

In Figure 2-25 the curve for CDo has been copied from Figure 2-22 in
the ogive region (ogive calibers one to seven), and a graph of CD at
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a=0.1 has been added. Values for this graph were obtained from
Table 2-5. It will be seen that the slope dCD/da, in the region
0 1 a _e 0.1, has a mean value of about 0.170 at one caliber, and
rises rapidly to a value of about 0.55 which remains substantially
constant up to 7 calibers.

Paraboloids

Paraboloids or parabolic bodies of revolution are shapes of
particular interest although apparently only a single test has been
reported (Ref. (2-36)) for them. The front portion of the cavity
generated by a cavity-running missile (but excluding the portion very
near the nose) is almost exactly parabolic (Refs. (2-1) and 2-37)).
Since the pressure within the cavity is reasonably uniform, the
cavity wall approximately, at least, is a constant pressure surface.
A missile nose which is almost exactly the shape of this cay ty should
have very small pressures on its surface and a very low drag.

Reference (2-36) derives formulas for the computation of the force
on the wetted portion of ellipsoidal noses. Further it is shown that
when the eccentricity of the ellipsoid is very large, a forward portion
of this nose ( a small fraction of the major axis) is very nearly a

k paraboloid, and hence the forces on this wetted portion are close to
those on the paraboloid. I

Further, such a parabolic nose will almost exactly mateh the
Jiptical nose up to the point at which the pressure coefficient
aps to zero. Calculated values of the total force on the positive
essur e region of the elliptical nose of large eccentricity (Ref.
36)) are plotted in Figure 2-26 against the reciprocal of the

fineness ratio (1/f = d/L) of the nose. The method of calculation is
given in Reference (2-36).

aasts were performed (Ref. (2-36)) on paraboloidal nuses of fine-
ne ratios 3.33 and 1.0. The drag coefficients measured for these
noses while cavity running, less the calculated friction drag, are
plotted as circles in Figure 2-26. The experimental values, 0.025
for f = 3.33 and 0.125 for f = 1.0, lie very close to the curve.

The form drag of the paraboloid is much less than that of the cone
of the same fineness ratio, although the friction drags are alm~ost the
same.

Ellipsoids

Experimental data on the cavity-running drag of ellipsoidal noses
is scant. A start can be made with two shapes that have already been
considered: the hemisphere for which the ratio of longitudinal to
transverse axes is 1:1, and the disk with a ratio of 1:00.
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Data are available from two other sources: for the ratio 2:1
from measurements of Eisenberg and Pond (Ref. (2-22)), and for the
ratio 1:F by integration of the pressure measurements of Rouse and
McNown (Ref. (2-26)). All data are collected in Table 2-6, and
Figure 2-27 gives a plot of CDo and of dCD/dO.

Table 2-6

DRAG DATA FOR CAVITY-RUNNING ELLIPSOIDS

Longitudinal Axis
Transverse Axis

(a/b) CDo dCD/dO Source

l:00(disk) 0.815 0.8).5 this report
1:2 0.40 (2-26)

l:l(sphere) 0.265 0.357 this report
2:1 0.126 0.367 (2-22)

The drag of ellipsoids has also been treated analytically
(Ref. (2-29)) but numerical evaluations are available only for thesphere.

Other Nose Shapes

In addition to the simple geometrical shapes that have been
discussed as missiles noses in this report, many variations have been
used. Both theoretical and experimental drag information are
generally lacking on any but the simplest of these, and the best one
can do is to approximate the drag by comparison with shapes for which
coefficients are known. The most important nose variations are
created by combining two simple geometrical shapes. They may be
formed by truncating cones or ogives as shown in sketches A and B of
Figure 2-28, or by inscribing a spherical surface within a cone, an
ogive (spherogive), or even an ellipsoid, as in sketches C, D, and E.
The noses with spherical tips are specified by giving the angle 9 of
the spherical surface and the caliber of the ogive, the angle of the
cone, etc.

It is of primary importance to know where the flow separates from
the nose (without later contact with the missile surface). The form
drag will depend principally on the nature of the surface in the
vicinity of the separation. For example, if the separation from a
spherogive is from the ogival surface, the drag will depend rather
little on the spherical surface and will be fairly close to that of
a pure ogive. On the other hand if a truncated cone (sketch A) is
used and the flow reattaches after a separation at the plane of the
truncation, the drag will be considerably higher than for the cone.

In the case of the spherogive the separation may be from the
spherical surface at some Reynolds numbers and from the ogive at others,
as may be surmised from the separation angles of Figure 2-20. The
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separation position is also influenced by the cavitation number. As
[ was mentioned earlier in this report, a chopped-off spherical surface

such as that of Figure 2-28F will behave like a sphere if separation
occurs before the outside of the surface is reached. If abrupt
separation occurs at the edge of the nosethe drag will be between
that of a disk and a sphere.

Truncated noses are important especially because of their better
behavior at water entry. For the disk it was found that CDo =0.815.

This value was based on the area of the disk; for the tr ncated cone
the area would be that of the truncation. If in Figure 2-28A the
truncation has only half the diameter of the cylindrical body, then
the drag coefficient based on the cross section area of the missile
will be only 0.815/4 =0.204 (assuming that the flow does not again
strike the body). Because of this arbitrariness in the choice of the
area used in the definition Of CD, frequently the drgarea is used
instead of the drag coefficient. For the truncated nose the drag
area (for a =0) is C A =085Awhere An is the area of the
truncation. Evidently the drag area is independent of the maximum
diameter, or caliber, of the missile (assuming that the flow does not

reattach). Since D = qAC? the drag area is D/q.

THE DRAG OF TWO-DIMENSIONAL SHAPES

It is bodies of revolution, such as those discussed so far, which
have greatest interest for the hydroballistician and the missile
designer, but two-dimensional shapes cannot be ignored. A torpedo-
like vehicle approximates a two-dimensional body if it happens toI. travel sideways through the water, and knowledge regarding the two-
dimensional problem has permitted approximations for bodies of
revolution as was mentioned earlier. Analyt~ical predictions for two-
dimensional shapes are commonly more accurate than those for bodies
of revolution because of the availability of comn'plex-variable methods
for their solution. Most of the shapes that were discussed as bodies
of revolution have analogs in two dimensions but measurement of two-
dimensional drag has been infrequent. Recent literature has shown
increased interest in the flow past two-dimensional bodies largely
because of application to the struts of hydrofoils.

Since the length of a two-dimensional body is infinite or at least
indefinite, the drag coefficient is defined fox un.Lt length and the
cross-sectional area is numerically equal to the width of the body.

The Flat Plate

The flat plate (or infinite two-dimensional strip) has been much
studied since the days of X,%irchhoff. Theoretical treatments will
not be discussed in this report and the reader is referred to the list
of references, especially (2-8), (2-13) and (2-38). The drag predictions

'4 V in these three reports agree well and a graph based on them is shown
in Figure 2-29. The quantity CD/(l + U) is plotted rather than CD,
since the predicted behavior approximates the relation
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Two series of experimental measurements have been reported for the
flat plate (Refs. (2-39) ard (2-40)) and the data points for these are
plotted on Figure 2-29. The experimental data is seen to average
almost two percent lower than the theoretical. The best mean of
both is probably about

CD/(l + a) 0.870

with no dependence on a.

Figure 2-30 shows the same data replotted as CD instead of
CD/(l + a). The theoretical predictions can be approximated closely
by the straight line

CD =0.880 + 0.894a

The least-square straight line through the experimental data is

CD 0.875 + 0.849a

The close agreement between theoretical and experimental values of
CDO may be misleading. The data of Cox-Clayden (Ref. (2-40)) which
are at small values of a, separately give CDO= 0.848. The value
Of CDo for the combined experimental data is three percent above
this because of the influence of the larger number of data points
at the higher values of a (Ref. (2-39)).

Stagnation Channel

The stagnation channel is the two-dimensional analog of the
stagnation cup which was discussed earlier. It is a channel with
rectangular cross section in which the pressure presumably is every-
where close to the stagnation value pc, + q. Based on the same argu-
ment as for the stagnation cup the drag coefficient should be

CD 1 + a (2-2)

Two series of measurements have been reported for stagnationI
channels (Refs. (2-39) and (2-41)) and values Of CD - a from these
tests are plotted on Figure 2-31. For each experiment the mean value '
of CD u is 1.02, and there is no e-vi~qnce of a dependence on a.

Probably equation (2-2) gives the best prediction for this shape.

The Wedge

The drag of wedges has been discussed frequently and the accuracy
of prediction, as for the flat plate, appears to be good. In
Figure 2-32 graphs based on the calculations of Wu and Wang (Ref.
(2-14)) are given for the drag coefficient of wedges with half angles
between 5 and 90 degrees (flat plate). For the larger angles the
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graphs are nearly straight. The curvature increases and starts at
smaller values of a as the wedge angle becomes less. Other graph.
w'vre given earlier by Plesset and Shaffer (Ref. (2-13)) and Tulin
(Ref. (2-15)) but those of Wu and Wang appear in slightly better
agreement with experiment. Data from the experimental reports of
Silberman (Ref. (2-41)), Waid (Ref. (2-39)) and Cox and Clayden
(Ref. (2-40)) are also shown in Figure 2-32.

on Figure 2-33 the sama data are plotted as CD( + a)against c.
The graphs for wedges of large angle are very close to the equation

CD C~o (1 + a) (2-5)

The Circular Cylinder

In discussing the drag of spheres it was mentioned that prediction
is difficult because the point where smooth separation occurs is not
known with accuracy. The situation is similar for the circular
cylinder.

In Figure 2-34 two theoretical graphs are giv/en for CD/(l + 0)
based on smoc~th detachment (Refs. (2-29) and (2-38)), together with
experimental data points due to Waid ',Ref. (2-39)) and Silberman
(Ref. (2-41)), and a broken line from experiments of Daily (Ref. (2-
42)). The scatter in Co values is exaggerated by the expanded
ordinate scale. There is strong indication that the data points lie
on two or more graphs which depend on the condition of the boundary
layer and the resultant separation angles (Ref. (2-1)) . It should be
mentioned also that Silbermnan obtained his data in a vertical open-
jet tunnel while Waid and Daily used closed horizontal tunnels.

Elliptic Cylinders

Theoretical studies have been made of cavity flow about the
elliptic cylinder with smooth detachment (Refs. (2-43) and (2-44))
but no experimental tests have been reported. Brodetsky (Ref. (2-43))
calculated the drag coefficient for a large range of axis ratios, but
only for zero cavitation number. In Figure 2-35 Brodetsky's data are
given with modifications which were made by Tulin (Ref. (2-6)).

An evaluation and extension of the data of Figure 2-35 might be
made somewhat as follows. On the basis of the data of Figures 2-18
and 2-34 for the sphere and circular cylinder, it appears probable
that experimental results would lie from three to seven percent
below the curve of Figure 2-35 with the higher values applicable to
Reynolds numbers above the critical value. The dependence of drag on
cavitation number might be obtained from the theoretical graphs o~f
Figure 2-34.
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LIFT, MOMENTS, AND NON-ZERO ANGLES OF ATTACK

Axially-Symmetric Bodies

Thus far the force data presented have consisted of drag at zero
angle of attack. At non-zero angles of attack the literature has
contained data principally for the disk and cone family, and these
include drag, lift and moments.

Figure 2-36 contains Kiceniuk's (Ref. (2-25)) much-copied graphs
for disks, and 45-and 15-degree half-angle cones at a = 0.1. Values
of CD, CT, and CM are plotted against ne.lative angles of attack. The
drag coefficient for the blunter shapesFt-he disk and 450 cone)
decreases with increasing angle of attacl qualitatively somewhat like
the decrease of disk width presented to the flow, but more rapidly.
Up to a = 30 degrees, C for the disk decreases approximately as
cos 2 a, and for the 45-degree cone, a little more rapidly than this.

The dependence of CD on a for various angles of attack, is
approximated in Reference (2-25) by a family of straight lines. In
Table 2-7, data derived from these graphs are given foi CDo, the
slope dCD/do, and the quotient a = (dCD/dO)/CDo, together with
corresponding data for lift forces and moments.

Kiceniuk's individual data points for the disk at a = 0, were
plotted in Figures 2-4a and 2-4b, and it was shown in the discussion
of those figures, that his values, within experimental error, obey
the relation

CD = CDo (1 + a) (2-5)

and this equation was regarded as a better representation of his data
at a = 0 than

CD CDo + (dCD/da)a = CDo (1 + au) (2-4)

with a having a value slightly greater than one.

The data for non-zero angles of attack, as given in Table 2-7,
show that equation (2-4) may be used to represent the drag of disks
with an approximately constant value of a = 1.06 for a e 20 degrees.
Presumably within the accuracy of the experimental data, equation
(2-5) could be used alternatively with rather negligible increases
of the values of CDo given in Table 2-7.

The disk has a negative lift coefficient, that is, as the face of
the disk is turned slightly downward, the lift force is upward; for
the 15-degree cone the behavior is similar but opposite in sign.
For the 45-degree cone the lift is quite small. For small angles of
attack, the lift force for the disk is nearly equal to sin a times the
drag force at cý = 0.

2-24



SEAHAC/TR 75-2

Ln0c ~ o LnLnHn q 4nNc o r ae.

0 0Ln t-Ln -n C4rh -~ v q0 D 0 nC - D

t"~4 0000N 0 v o w 000,00

ro o o ko %o tD N t mrn r %

C14 C4mN n %DM mm0

H AI4nror-r-

ro~IN
44

0, 0Vý
Lt. ~ L L)hAC4v * I 0 N Dk Wq

0 ~ ~ ~ ~ *f 0 -0Nri 0CrýmU nýqwwc

00 0 N r W L 0 2f- e5



SEAHAC/TR 75-2

Within experimental eiror, Kiceniuk found the moment coefficient
of the disk and 45-degree cone to be zero. The 15-degree cone has
a large destablizing moment because of the forward location of the
center of pressure, and the same behavior is had, for the same reason,
with slender ogives and with "spigot" heads (Ref. (2-35)).

Values of the lift-coefficient derivative CLa are available from the
data of Figure 2-36 and Table 2-7, and from several data points given
by Reichardt (Ref. (2-5)). Values from these sources are plotted
against cone angle in Figure 2-37. The agreement is poor for the
two graphs for a = 0.. Since the drag data of Kiceniuk in Figures 2-
4 and 2-14 are in better agreement with other experimenters than are
Reichardt's, pre~erence perhaps should be given to Kiceniuk's CLc data.

Lift ind moment data, cavity-running, seem not to be reported for
missiles with curved noses. For spherical noses, if the flow separates
from the spherical surface and underpressure forces are not large,
presumably the drag force is independent of a, the lift force is zero,
and the moment, M = DL1 sin a, where Li is the distance from the
center of the sphere to the C.G.

Two-Dimensional Bodies

Drag and lift coefficients have been reported for the flat plate
based on theory and experiment. Figure 2-38 gives plots of CD/(l + G)
against a for various angles of attack of the infinitely long flat
plate, based on calculations of Wu (Ref. (2-45)). Experimental data
are also plotted on Figure 2-28 for comparison with theory.

The angle of attack will be designated ai for the flat plate because
of the method of specification. A right cylinder is said to be
traveling with zero angle of attack when the velocity vector is
normal to the disk which forms the front surface of the cylinder. By
contrast the flat plate is at zero angle of attack when the freestream
velocity is parallel to the surface of the plate. Hence the two
angles a and a , used in defining angle of attack, are complementary.
The wedge of 190-degree vertex angle is a flat plate, but a is used
for the angle of attack of the wedge, and ap for the plate.

In Figure 2-38 the agreement between theory and experiment is
fairly good, but the theoretical values appear to be consistently a
little high compared to those from experiment. Both theory and
experiment show that CD/(l + a) is nearly independent of a, with an
increasing dependence as the angle of attack is made small.

Lift coefficients for the flat plate are shown in Figure 2-39. The
differences between theoretical and experimental values are similar
to, but slightly larger than in the case of CD. The lift is seen to
be a maximum for an intermediate angle of attack, in the vicinity of
30 degrees. Since the hydrodynamic force is almost normal to the
plate, the force is downward when the plate is tilted upward, as shown
in the sketch on Figure 2-39.
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At small cavitation numbers where the plate is fully cavitated,
Wu's theory shows (Ref. (2-45)) that

C%/CD = cot ap

and the approximation to this relation is sketched in Figure 2-40.
At large values of a it will be seen from Figure 2-39 that CL
approaches the relation

CL = CLo (1 + a),

analogous to equation (2-5).

Cox and Clayden (Ref. (2-40)) obtained drag and lift values for
symmetrical wedges at angles of attack by theory and experiment. The
theoretical bases were obtained onlT for a = 0, and the angles of
attack in the tests ranged between - 15 degrees. The values of CD
which they reported for zero angle of attack were given in Figure 2-
32. Cox and Clayden expressed the dependence on a by a relation of
the form

CD CD(a = 0) (1 + ka 2) (2-16)

where k is constant for a given vertex angle and a is in degrees.
Values of k and expressions for dCL/da which they reported are listed
in Table 2-8.

Table 2-8

DRAG AND LIFT DATA FOR WEDGES
Ref. (2-40)

dC /da
_ k L

150 0.00742 0.116 + 0.093a
300 -0.000305 0.0398 + 0.0192a
450 -0.000342 0.0097
600 -0.00032 -0.0052900 -0.000170 -0.0171

The dependence of CD on a is in reasonable agreement with the
theory due to Wu in Figure 2-38. Within the accuracy of measurement
no dependence of dCL/da on a was found for 8 values of 45, 60 and
90 degrees.

EFFECT OF GRAVITY ON NOSE FORCES

The effect of gravity on the geometry of the cavity which
accompanies a missile was discussed in another report (Ref. (2-1))
and the effect was shown to vary greatly with the direction of the
gravity field. In the present section some qualitative remarks will
be made about the effects of gravity on the forces on the missile nose.
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When the gravity field is transverse, as when a missile is
traveling horizontally, the effects have been considered in several
theoretical studies based on the flow over the flat plate or the
wedge.

For the transverse field one theoretical study (Ref. (2-49)) has
discussed the flat plate and three have considered the slender wedge;
two from a theoretical viewpoint (Refs. (2-50) and (2-51)), and one
based on experiment (Ref. (2-52)). The results are qualitatively
the same: the drag and lift coefficients increase with increase of
1/F , where F is the Froude number, that is, with the strength of

*the gravity field, or inversely with the missile speed, although
theory shows (Ref. (2-52)) that the lift force due to gravity is
independent of missile speed, for given a and bubble length.

Two reports (Refs. (2-49) and (2-53)) have given theoretical
predictions for the effect of the longitudinal gravity field on the
CD of wedges. one experimental paper reported (Ref. (2-41)) no effect
of gravity on the lift and drag of a disk at tunnel speeds between 25
and 48 ft/sec, but found a reduction Of CD for the wedge in a vertical
tunnel when the; speed dropped from 27.6 to 19.4 ft/sec. They found
no gravity effect at high speeds.

EFFECT OF WALLS ON NOSE FORCES

While it is natural to think of missiles as traveling in an infinite
fluid, indefinitely far from bounding walls, laboratory experiments are
commonly performed in water tunnels where the walls may affect both
the geometry of the cavity generated by the missile (Ref. (2-1)) and
the forces on the missile nose. Study of wall effects on nose forces
has been made principally for drag on the wedge (Refs. (2-54) and (2-
55)), although one report (Ref. (2-56)) relates to lift forces on the
flat plate. Correction techniques are avail able in these and earlier
references.L The drag and lift at a given cavitation number are less than in
unbounded flow, and for the wedge the percent reduction in drag is
found to be in inverse relation to the wedge angle, so that the wall
effect is especially sig~nificant for slender wedges.

Figure 2-41 shows the computed effect of the tunnel walls on the
drag of a 15-degree half-angle wedge.

TAIL FORCES

while cavity-running, a missile ordinarily does not "ride on its
nose" (with only the nose in contact with the water) for very long.
After water entry thi3 condition often exists briefly, but generally,
even for truincated noses or right cylinders, the afterbody soon falls

* against the cavity wall. In some cases the tail bounces away from the
wall, but more usually it remains in contact with i~t and partially
submerged in it, as in Figurc 2-42. This behavior will be discussed
in detail in the treatment of trajectories in another report. The
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force acting on the afterbody can be resolved into drag and lift
components and, together with the force on the nose, can be used to
approximate the subsequent motion of the projectile and the cavity
generation.

The angle of the projectile while its afterbody is riding on the
cavity wall, will depend on a number of conditions. It may be highly
variable; it will increase as the cavity becomes wider and as the
missile is made shorter or of smaller diameter in its aft section.
Data obtained from experiment will be given here for the tail forces
due to several tail shapes, but more detail on these shapes and their
evaluation will be reserved for the discussion of trajectories and ofmissile-design criteria.

A number of experimental factors must be considered in the study of
tail forces.

a. The shape of the afterbody will have a large effect on the
forces. The shapes generally considered have been: the cylinder,
as sketched in Figure 2-42; the cone which has been used to prevent
the tail from remaining in contact with the cavity wall (Fig. 2-43);
afterbodies containing tail fins, shrouds and other appendages.

b. The cavitation number

= Poo- PC
(172"5 Uz (2-1)

The cavitation number must be used with some caution in the consideration
of tail forces. It was designed to relate dynamic pressure, q = 1/2pU2,
which is instrumental in opening up the cavity, to the d.fferential
pressure p. - Pc, which is effective in closing the cavity at s
downstream end. In the situation sketched in Figure 2-42, it appears
that the tail forces are principally dependent on the geometry
existing during the planing operation and on reduced local pressures
which may result from the flow, including the "underpressure" discussed
earlier, and vapor cavitation which may occur when this underpressure
becomes sufficiently large. Evidently the cavitating condition will
not depend directly on the cavitation number of the cavity in which the
missile travels, but rather on the vapor cavitation number which has the
usual definition

Ov = P - PV' (2-17)
q

where Pv is the saturation vapor pressure of the water on which the
missile is planing. Under the present cons:iderations ov might better
be expressed as

Pc - Pv
v- q

. since the cavity pressure Pc plays the role of the ambient pressure
during the planing operation;
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c. Froude number

Fr =

or other dimensionless quantities involving missile speed and size;

d. The geometry of the tail immersion, relating the submergence
depth 6, the angle of attack, etc.

e. The curvature of the cavity wall, including the curvature shown
in Figure 2-42, but also curvature in the transverse direction, which
is dependent on the diameter of the cavity at the position of the tail.

Cylinder

The most extensive experiments on the planing cylindrical tail were
carried out by Waid and Kermeen (Ref. (2-57)), and typical graphs of
lift coefficient against dimensionless immersion depth 6/d, for a
missile angle of attack of 16 degrees, are shown in Figure 2-44a.
The four curves relate to different values of av, based on the value
in the water tunnel in which these graphs were obtained, for planing
on a flat water surface.

Since there is a variation of about 40 percent in the value of CL
due to changes in cv, some idea of the value of av must be available
for proper interpretation and use of the graphs. Since its value must
be based on the difference between cavity pressure and the vapor
pressure of the water, the graph for cv = 3.22 would be characteristic
of the lift behavior when the cavity pressure is high: for example,
in the water-entry cavity soon after entry, when the entry speed is
not comparable with the speed of sound in air. The other graphs apply
when the amount of air in the cavity is small.

Graphs of Cp, CM, and Ll/d at 16-degree angle of attack are also
contained in Figure 2-44. As shown in Figure 2-42, Ll/d is the dimen-
sionless distance of the center of pressure of the planing force from
the trailing end of the cylindrical afterbody. The mome..t has been
taken about the base of the cylinder, rather than about the C. G.,
as shown in Figure 2-42.

The drag coefficient (Fig. 2-44b) and the center of pressure
distance (Fig. 2-44d) depend little on the cavity pressure, but the
moment (Fig. 2-44c) is considerably less at the high cavity pressure
because of the smaller lift.

The dependence of the same quantities on angle of attack is given
for av = 3.2 in Figure 2-45. This figure shows that both CL and Cp
increase strongly with the angle of attack. The increase of drag is
due to the change of the flow from longitudinal to transverse about
the cylindrical body. In contrast, Figure 2-45C shows that CM is
almost independent of the angle of attack up to 30 degrees. The reason
is seen in Figure 2-45D; the variation of C. P. position counteracts
the effect of changing lift. The former is due to the changing flow
pattern and its effect on separation and cavitation.
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The planing tests of Figures 2-44 and 2-45 were made with a flat
water surface, but Waid and Kermeen (Ref. (2-57)) conducted tests also
on surfaces having lateral curvature. These surfaces were formed
either by skimming on a flat water surface or by cavity generation
below water using a disk and cavity ventilation.

Although experimentation has been insufficient for the production
of precise results, and results are confused by scale effects, the
dependence on lateral curvature appears large enough to be important.
Details are available in Reference (2-57) where the coefficients are
treated as varying linearly with d/D, the ratio of missile to cavity
diameter. Results indicate that both CL and CM increase with lateral
curvature, with a variation of the order of

CL,M = CL,M(d/D = 0) (1 + (i/2)d/D), (2-18)

where CLM denotes either CL or CM. The drag coefficient depends in an
irregular fashion on the lateral curvature: for 6-degree angle of
attack the dependence is small but inverse, but it becomes positive as
Sis increased until at a = 19 degrees CD would approximate the relation
of equation (2-ia'. The variation of the C. P. position is small, but
it generally moves slightly aft with increased curvature.

Kiceniuk showed (Ref. (2-58)) that it is important to use Froude
scaling in the consideration of tail forces, but he and Waid and Kermeen
observed scale effects which have not been explained.

Cores

Kiceniuk and Greengard (Ref. (2-59)) measured the lift on cones
with half angles of 7.5, 15, 22.5, 30 and 45 degrees, while the cones
planed on water. In Figure 2-46 representative values from their lift
data are plotted not against the angle of attack but against "surface
angle of attack", the angle between the cone surface and the water,
as shown in the sketch on the figure. Kiceniuk and Greengard found
that when plotted against surface angle of attack, lift values for
various cone angles and even for the cylinder could be represented
by one set of graphs. In any particular region of the graphs they
did not vary the cone half angle by more than 15 degrees, but they
report that where the data overlap the scatter is not significantly
greater than for data from a single model. On the basis of their
results they suggest that lift data can be applied to cones of other
angles than those studied, including the cylinder, and that this may
make possible the use of theoretical results obtained, for example,
for the cylinder, in application to other members of the cone family.

Other Tail Configurations

There is some information available for forces on tapered tails, fins
and shrouds (Refs. (2-60) and (2-61)) such as the assembly shown in
Figure 2-47 (Ref. (2-60)). In Figures 2-48 to 2-50 graphs are given
for the lift coefficient, CL, drag coefficient, CD, and moment
coefficient, CM, for the bare body (no stabilizing surfaces), and for

2-31



SEAHAC/TR 75-2

fins with convex alad concave shrouds. "Convex" and "concave" relate
to the outward appearance of the tail. The angle of attack is assumed
to be positive as shown in Figure 2-47, but even for a negative depth
of submergence of the tail tip, 6/d, the fins and shroud may be in the
water and contribute forces and momeats. The lift coefficient for the
bare (tapered) body is negative, indicating that the tail is pulled
toward the cavity wall. When a shroud is provided the lift force is,
in general, away from the wall. The fins and shroud add considerably
to the drag coefficient (Fig. 2-49). Since the center of pressure of
the tail forces is behind the C. G., the signs of the lift and moment
coefficients are usually opposed.
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SYMBOLS

A drag area; usually nd 2 /4

AI,Ac cross-sectional areas defined in Appendix A

A cross-sectional area of 3-dimensional jet

a,b parameters in equations

CD drag coefficient = D/qA

CDo cavity-running drag coefficients for a =0

CDm drag coefficient based on maximum cavity crosL section

Cp pressure coefficient = (p - Po)/qo

CQ air entrainment coefficient = Q/Uod 2

c chord

D drag force

d reference diameter; usually maximum missile diameter or
width of a 2-dimensional body. Sometimes the missile
diameter where flow separation occurs

dm maximum cavity diameter

F Froude number = U./g/•

f parameter due to Reichardt = CDm/o

g acceleration due to gravity

h hydrostatic head. Width or diameter of water tunnel.

J thickness of 2-dimensional jet

Jo Bessel function of zero order

L length of cavity (especially without gravity);
width of strip (in equation (3-30)

9. length of cavity in a transverse gravity field

M parameter in equation (3-36)

n parameter in equations

p local pressure

ii
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Pa partial pressure of air in cavity PC -Pv

Pc pressure in cavity

P. freestream pressure

Pv saturation vapor pressure (of water)

Q ent;rainment or ventilation rate in ft 3/sec.;
empirical parameter in equation (3-35)

q dynamic pressure = (l/2)rpU'

q. freestream dynamic pressure = (1/2)U0U2

R Reynolds number

r radius = d/2

re a "unit radius" Defined where used

rm cavity radius = dm/2

S empirical parameter in equation (3-35)

t parameter in equation (3-3)

U flow velocity

Uc velocity on separation streamline (cavity wall)

freestream velocity or missile velocity

W mass rate of ventilation in lbs/sec.

x,y longitudinal and transverse coordinates of cavity

attack angle of projectile

half angle of cone or wedge

angl> v.'here flow separates; measured from forward
stagnation point

P mass density (of water)

cavitation number = (p,, -

dv cavitation number of vapor-filled cavity (or of tunnel
condition = (p, - Pv)/q_

critical value of cavitation number for vortex generation

cavitation number at tunnel blockage

iii
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INTRODUCT ION

A~ missile traveling through water is often partially or completely
enveloped by an air or vapor-filled cavity. Usually the presence of
the air-water interface of this cavity has a major influence on the
behavior of the missile. Cavities are usually formed when missiles
enter water from the air, and these cavities are filled by air which
follows the missile into the water. Similarly any missile traveling
through water at sufficiently high speed generates a cavity, but such
cavities may contain only water vapor. A missile which generates a
cavity as it travels through the water is said to be cavity runnincý.
When only its nose is wetted it is sometimes said to be riding on its
nose.

This chapter will discuss the cavity and its properties. In
another chapter, the water-entry process will be described from water
impact to the ultimate fully wetted condition of the missile.

It is important at the start to recognize the equivalence of two j
situations: the travels of a missile through otherwise still water,
and the uniform flow of weter past an obstacle at rest. In each case
the water is generally regarded as completely at rest or in uniform
motion, except for the disturbance due to the missile or obstacle.
Principal examples are the cavity-running missile in free flight and
the model in the water tunnel.

CAVITIES, CAVITATION AND BUBBLES

When water stream-s uniformly past a solid body, it will flow faster
at some points near the body than in the freestream, and slower at
others. The local pressure will be reduced where the speed is greater
in accordance with Bernoulli's theorem which, neglecting gravity,
may be written

(l/2)pU 2 + p = constant,

where U is the flow speed, p the static pressure at any point on a
streamline, and P is the fluid density. If, near the body, the
pressure drops to about the vapor pressure of the water at the localI temperature, the water will tend to boil locally and prcduce a vapor-
filled cavity. The well-known fact that the initiation of such
cavities m-~ay occur at pressures above or below the vapor pressure of

the water (Ref. (3-1)) will not be discussed in this chapter.

When the water is flowing very slowly past a body, it will contact
the full surface of the body and the body is said to be fully wetted.
At somewhat higher speeds the local pressure will drop to the vapor
pressure at various points, and' small separate vapor-filled bubbles
may form at these points and collapse rapidly when the pressure rises
again. This process is called cavitation.

3-1
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When the cavitation is incipient, the life of the individual voids is
extremely short, but as the flow speed increases, larger areas of the
surface of the object have a pressure sufficiently low for cavitation,
and the voids increase in size and permanence. At high enough speeds
they no longer collapse but form large cavities which may be filled
almost solely with water vapor. It should be understood that the
benavior described is that seen by an observer whose position is fixed
relative to the obstacle or missile. For travel with the water there
is no such cavitation permanence; the void collapses when the water
speed is no longer sufficient to reduce the pressure to that of the
vapor.

More or less permanent and extended cavities formed on bodies such
as missiles, propeller hlades, or hydrofoils, are said to be fullX
develped, and the phenomenon is called supercavitation. SuchF&cjvit ies
may bfilled with air or water vapor.

The term bubble will usually be re3erved for cavities which are not
attached to fast-moving bodies, but are relatively independent volumes
filled with gas or vapor. These may have become detached from water-
entry cavities, may be generated by the exhaust of a rocket, from the
detonation of explosives, by inc-ipient cavitation, etc.

VENTED AND UNVENTED CAVITIES

If permanent gases enter a cavity, it is said to be vented or
ventilated. On the other hand an unvented cavity contains onily (or
almost -only) water vapor. water ordhinaiy contains air both in the
form of very small bubbles and in solution, and venting from this
source is to be expected (Ref. (3-1)), but it is probably not
significant for large cavities. venting may core from many sources,
intentional and unintentional. The water-entry cavity is always
venedthrough its opening to the atmosphere during its early life;
hydofolsor underwater bodies towed near the water su~rface frequently

are vented from the surface; the cavities following rockets are filled
with the exhaust; explosion bubbles are filled with the products of
the reaction; and in the water tunnel a gas may be blowni into the
cavity through a small tube which terminates just behind the generating
nose of the body.

CAVITIES AND THEIR GENERATION

Authors have classified cavities in various ways, usually based on
the intended manner of treatment. In the present report cavities will
be described as steady, almost steady, and transient.

Steady cavities are produced in the cavitation water tunnel where the
water may be made to flow past an obstacle at a speed sufficient to
cause the nose of the missile to generate a cavity, assisted often by
a reduction of freestream pressure or by venting the cavity. Actually,
the designation "steady" will be used principally in this chapter to
denote a cavity which appears reasonably steady to the eye. It will
be shown later that such cavities are usually quite unsteady in their

3-2



SEA11AC/TR 75-2

downstream ends, and that under some conditions the cavity boundaries
themselves are more apparent than real.

The term "almost steady" will, be applied to cavities which are of
a shape which is not quite stea.y, but is gradually changing (for
example, to a smaller size because of the loss of air content).

The water-entry cavity is a good example of the transient cavity.
For some time after entry it elongates, grows, divides, etc., in a
completely unsteady fashion. The term "transient cavity" has also been
used (Ref.(3-2)) to describe the vapor bubbles which characterize
incipient cavitation. In the present report the latter regime will
not be discussed, so that there will be no confusion in terms.

In Figure 3-1, U•, is the freestream velocity of the water in the
tunnel. The pressure of the vapor and gas in the cavity is Pc, and
p• is the freestream pressure, that is, the pressure in the undisturbed
liquid approaching the body.

The local pressure at points in the vicinity of a body immersed in
a steady flow can be expressed in terms of the dimensionless pressure
coefficient

p - p

(1/2) pU. 2

where p is the local pressure. If gravity effects are negligible,
Bernoulli's equation for steady flow can be written

P +(1/2)ptjU 2 =p + (1/2)pU. 2

Hence

P -p 1- = 1 - (U/U.) 2  (3-1)•P (1/2)pU.2

which is a function only of the ratio of local velocity to freestream
velocity.

Cavity behavior is iwiost easily discussed in terms of a dimensionless

coefficient called the cavitation number (parameter or index)

POO - PCPc= (3-2)
(1/2) pU.2

which relates the difference in pressure between the cavity and its
surroundings to the dynamic pressure (q• =(1/2)pU,2) of the freestream.
The pressure in the cavity pc may be that of water vapor Pv or water
vapor plus air. When the cavity is unventilated and thus filled only
with vapor, the symbcl

3-3
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P00 Pv
Ov qQ q- (3-3)

is sometimes used.

From the equations given, a is closely related to the negative of
the pressure coefficient Cr.. The maaximum (positive) value of -C for
a given body is called the critical cavitation number. The ?ressure
coefficient has a specific value at each point on th-e surface of the
obstacle, and these values are reasonably independent of U., p., and p
so long as the flow pattern is steady and the obstacle is fully wetted
and at a fixed angle of attack.

There is usually a "stagnation point" on the missile nose where the
flow speed is reduced to zero and the pressure coefficient has the
value

p - PO (p. + q.) - p -Cp q+ 1•+

The value of C drops to zero where the flow speed reaches freestream
speed and becoges negative where the speed is greater than freestream
speed.

To understand cavity initiation and behavior it is useful to
consider what happens as the speed of flow past an obstacle in a water
tunnel is gradually increased from a low value at any fixed freestream
pressure p. (without ventilation). The pressure on the body will be
lowest where - Cp has its greatest value (the critical cavitation number).
At that point "

-Cp = (po - p)/qo-

will for a time remain fairly fixed in value as U, increases, with p
decreasing and q. increasing. When p drops to the vapor pressure ofthe liquid Pv

aCp = (pW - pv)/qo = Ov

and boiling tends to start at this point of minimum pressure, and
cavitation is initiated. As the flow speed of the tunnel continues
to increase, it is evident that the local pressure at the point
considered cannot continue to drop, since boiling will occur and
maintain the pressure at the value Pv once cavitation has started.
As the pressure in the flow about the cavitation starts to drop below
Pv, the cavity expands by displacing the wall at which the pressure is
dropping. This displacement changes the shape of the flow path; the
flow speed on the cavity wall is reduced; and the pressure there does
not fall below Pv. The flow, instead of being guided by the shape of
the obstacle, now travels about the shape of the obstacle-plus-cavity
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which is more streamlined than the obstacle and has a lower critical
cavitation number.

When cavitation first occurs, it will be seen that the cavitation
number of the cavity wil.l equal the negative pressure coefficient at
which it occurred. Hence the term "critical cavitation number."

Still another usage should be clarified at this point. It is
usual to speak of the cavitation number at which a water tunnel is
operated, and this cavitation number is numerically equal to
Ov (p, pv)/(i/2)pU,2. This is the cavitation number of a vapor
cavity produced at the p, and U, of the tunnei. If the critical.
number of the obstacle is less than this, cavitation will not occur.
If tile critical cavitation number of the obstacle is higher than
the cavitation num)er of the tunnel, a cavity will be produced with
the cavitation number Pv' which is also the cavitation number of the
tunnel.

A study of Figure 3-2 may assist in the understanding of the
phenomena of cavity development at an obstacle. Taken from Reference
(3-3), and based on a water-tunnel cavity study, it shows pressure
coefficients on the surface of a model with hemispherical nose, plotted
against position along the model surface. Graphs are drawn for a
variety of tunnel cavitation numbers which were obtained by changing
the ambient pressure with constant freestream velocity. The symbols
of the original figure have been changed to agree with those of this
report.

A single graph is given for cavitation numbers z 0.80, indicating
that the pressure coefficient is independent of the tunnel conditions
when cavitation does not occur. The increase of flow speed due to the
nose configuration was sufficient to lower the pressure coefficient
to about -0.73, and no cavitation or change in the C graph would be
expected until the cavitation number of the tunnel w~s reduced to this
value. When the tunnel cavitation number was reduced to 0.5, the flow
speed somewhere between stations 4 and 5 was sufficient to cause
cavitation under the reduced ambient pressure. The local pressure
coefficient did not continue to drop because it could not go below
tha vapor pressure. Instead, p, U, and C remained constant along a
part of the nose. Finally the flow speed decreased with an increase
of C .

At u = 0.2, cavity initiation occurs slightly sooner (just after
station 4). The smallness of the drop in pressure coefficient (to
-0.2) is due to the replacement of the relatively bluff shape of the
hemisphere by the rather streamlined shape of the large cavity which
is produced. The velocities on the cavity surface do not reach values
proportionately as high as those found when the whole hemisphere is
wetted, but the speed is maintained at an almost constant value for
several sphere diameters along the cylindrical afterbody of the model.
The length of the cavity is roughly eque). to the length of the flat
portion of the graph -- the portion with constant cavitation number.
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The cavitation number is most suitable in application to steady
cavities such as are produced in the water tunnel. When applied to
the water-entry cavity, the varyiJ.g missile speed should, in some way,
replace the speed of the freest. tam. Also the hydrostatic pressure
varies along the length of the water-entry cavity and along the
cavity due to the surface-pierciLg strut of a hydrofoil. The treatment
of the cavitation number of such cavities will be discussed further
when the water-entry cavity is analyzed.

Flow Separation

When a cavity is formed, the flow must separate from the nose of
the missile. The position and nature of this separation is of both
theoretical and practical importance.

Dependent on the shape of the missile nose, two types of separation
are distinguished: abrupt and smooth (Refs. (3-4) (3-5)). The
separation is abrupt when the missile nose contains a sharp edge, collar,
or shoulder from which the flow must separate; for example from disks
or right cylinders, or the bases of cones. The separation is said to
be abrupt because theory shows that the free streamline has infiniLe
curvature where it leaves the sharp edge; this streamline has a small
angular change at the edge, rather than having a smooth curva+ .re there.
Rouse and McNown (Ref. (3-3)) reported that, in many cases of dbrupt
separation, the cavity seems to start slightly behind the s '.alder.
This is evident in the drawing of Figure 3-3 which is a pa-c- of
Figure 52 of Reference (3-3). The same phenomenon was coserved by
Eisenberg (Ref. (3-6)) at about the same time.

Smooth separation occurs from convex noses whose radii of curvature
are sufficiently large that the line of separation ca.. creep along the
surface as the experimental flow conditions are slowly modified.
Smooth separation occurs from spherical, ellipsoidal, and ogivJ.l
surfaces.

Attempts to predict the position of smooth separation have been .
rather unsuccessful since theory has been based on potential flow and
separation is strongly influenced by surface forces and the viscous
boundary layer (Refs. (3-7) , (3-8)). Calculations have been made for
circular and elliptical cylinders and for the sphere. For two
dimensions the methods of the complex variable are available (Ref. (3-4));
methods of analogy have been used for the sphere (Refs. (3-4), (3-8)).

The nature of the "smooth separation" from a sphere can be seen
from Figure 3-4 (Re:. (3-9)) which shows the cavity following the
vertical water entry of a one-inch steel sphere. The flow does not
separate at a particular "latitude"; the angle varies so that
separation occurs along a very jagged line. As the flow tends to
leave the surface along a tangent to the surface, small surface forces
change the position of separa'iion by slightly changing the angle of
flow.
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At low speeds the effect of such surface forces may be sufficient
to prevent separation completely (Refs. (3-7), (3-10)). It has been
shown (Ref. (3-7)) that a very clean one-inch steel sphere can enter
water vertically at 20 ft/sec. without producing a cavity, but that the
flow will separate readily if the surface of the sphere is contaminated.
It is clear that a definite angle of separation is not to be expected
under given conditions unless the experiment is carefully controlled,
and taat attempts to predict the position of separation should give too
ear y separation since viscous and surface-tension forces are neglected.
Reference (3-11) states that measured values zeported for separation
angles refer to the earliest angles at which separation was found.

It might be expected that separation would correlate with
surface tension, i.e., with the Weber number, but it does not (Ref.
(3-5)). Viscosity limits the flow into the narrow separation slit
formed as the flow starts to leave the curved surface. This causes
an underpressure in the crevice and a tendency for the flow to reattach.
It is this underpressure that has such an important effect on whip at
water impact. After a readjustment of flow conditions, it may take
several minutes for the separation point to stabilize (Ref. (3-5)).

Separation is sensitive to the condition of the boundary layer
and, accordingly, the angle of separation for the sphere changes with
Reynolds number. Two experimental investigations have been made of
this dependence (Ref. (3-5), (3-11)), and the data were studied by
Brennan (Ref. (3-5)). They are replocted in Figure 3-5. It is
evident that the data separate into two groups having different
separation angles. The uppeg group had Reynolds numbers (based on
diameter) less than 3.4 x 1 0D and in the lower group they were
4.0 x 105 or greater. This is approximately where the boundary layer
on the sphere is known to become turbulent (although it has been
reporL'-ed (Ref. (3-3/1) thgt no pressure change occurs on t~ie spherical
surface above R = 2 x 10 ). For fully wetted flow about the sphere
it is at Lhe critical Reynolds number that the drag suddenly drops
with increasing Reynolds number, as the position of flow s(..paration
moves downstream. For cavity running, the position of flow separation
moves upstream with increasing Reynolds number.

A further analysis was attempted to determine the dependence on R
in each group on Figure 3-5. No systematic dependence could be
observed and the straight lines were obtained by least squares. It is
probable that there is some dependence on R within the groups and the
distribution of the data available has some influence on the regression
lines. The graphs show that separation may occur anywhere from 70* to
900. The lowest graph on Figure 3-5 shows the values predicted by
Armstrong and Tadman (Ref. (3-8)). The agreement is quite poor as has
been mentioned.

If the body from which separation occurs is not a complete sphere
but a cylinder with spherical tip, separation will occur from the
spherical surface if the angle of the surface is sufficient, but will
separate at the edge of the spherical surface if the angle of flow
required before separation exceeds the angle provided. The separation
from a convex surface is unaffected by the downstream geometry.

3-7
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Little work has been reported for nose shapes other than the

sphere. Predictions have been made for the two-dimensional circular
cylinder, notably by Armstrong and Tadman (Ref. (3-8)) and by Roshko
(Ref. (3-12)). Their predicted values are compared in Figure 3-6 with
the range of values obtained by Daily from experiment (Ref. (3-13)).
Daily reported merely that the measured values lay in the rectangle
shown in the figure. Hig measurements were made with Reynolds numbers
between 2.4 and 2.8 x 10 . Since this is in the critical range it is
probable that the scatter of his data wa3 large although the five
degrees reported is only half the scatter for the sphere (Fig. 3-5).
\s for the sphere, the experimental values of the separation angle
are about 200 higher than those predicted.

Brodetsky (Ref. (3-14)) calculated the separatiGn angles at
a = 0 for elliptic cylinders and the results are shown in Fig are 3-7.
Since his data show the same angle for the circular cylinder as
Armstrong and Tadman, presumably his data for the elliptic cylinder
will also be of the order of 200 below experiment.

Reference (3-3) gives the results of experimental measurements
of the pressure on one- and two-caliber ogives, and on 2:1 and 1:2
ellipsoids. It is possible to obtain order-of-magnitude separation
angle data from that report.

Although potential-flow solutions predict the same curvature
for the cavity and the missile nose where separation occurs
(Refs. (3-4), (3-15) and (3-16)), experimenters have frequently
reported abrupt changes in slope at this point (Refs. (3-3), (3-6),
and (3-15)). In fact, Birkhoff stated (Ref. (3-17)) that boundary-
layer theory predicts a jump of slope at the separation point, and the
details of this jump were discussed by Parkin (Ref. (3-15)).

The separation point moves downstream as the cavitation number
increases (Ref. (3-15)). Also, when spheres enter water vertically
while spinning rapidly about a vertical axis, the separation moves
back to angles of the order of 1100 from the forward stagnation
point (Ref. (3-18)).

SHAPE OF THE STEADY AXIALLY-SYMMETRIC CAVITY

When the flow in a water tunnel is deflected by a body of
revolution and a vapor- or gas-filled cavity is generated, it is
reasonable to assume that the cavity will be constant in shape if it
is immersed in a steady flow. This may or may not be the case. It
will be seen later that cavities sometimes pulsate, especially when
re-entrant jets occur at the aft end, and many cavities only appear
to bL voids, being largely filled with water. The concept of the
steady cavity which will be used in this section is based entirely on
practical considerations such as whether the shape is sufficiently
stable to permit the measurement of its dimensions.

The shape of the cavity is a matter of scientific interest, but
it is also of great importance to the designer of underwater missiles
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and rockets. The stability of a missile may depend on whether the
cavity length is sufficient to envelop the fins, and the diameter mayhave a great influence on the straightness of the trajectory.

Cavity shape has generally been specified by giving the length L
and the maximum diameter dm of the cavity, the fineness ratio L/dm,
and the overall outline, both by sketch and formula. The length and
diameter are written in the dimensionless form L/d and dm/d, since
they scale well with missile size. Because the early work was done
with nose shapes having abrupt flow separation, d was taken as the
diameter of the nose where separation occurred, the outside of a disk
or the base of a cone. Presumably for shapes having smooth separation
it is most practicable to use the nominal maxlmum diameter of the
obstacle since the drag coefficient is usually referred to this cross
section. For the sphere the maximum diameter is an obvious choice.
Usage has not extended to other shapes but the matter seems to have
little importance. It will ).e seen that both the lengtn and diameter
of the cavity are dependent on the drag coefficient oZ the nose, but
on the drag area CDA (where A is the cross-sectional area used in
defining 1 ) rather than on CD alone. Hence the quantities
(L/d)/'C • and (dm/d''/CD, which will be used in this section, do
not require the identification of d.

In discussing the size of the cavity enveloping a traveling
missile, there is advantage sometimes in using the cavity volume
(Ref. (3-19)) rather than its linear dimensio~ns, because cavity
oscillations change its fineness ratio and presumably have much more

A! effect on L and dm than on the volume.

It has been assumed that the size of the cavity is not dependent
on the dry afterbody of the missile, but this may not be quite true.
From their measurements in a vertical free-jet tunnel, Self and Ripken
reported (Ref. (3-20)) that "che size of the non-clear cavity associated
with a certain head form appears co be significantly influenced by
the diameter of the afterbody occupying the cavity" with smaller
cavities for larger afterbodies. A somewhat similar behavior has also
been suspected in vertical water entry.

Reichardt made the first serious study (Ref. (3-21)) cf the
steady cavity, based on both theory and experiment. He showed that
the fineness ratio of the cavity L/dm is a function only of a, and
that L/d and dm/d are functions of a and also are proportional to

1/2
C D The present study verifies the validity of these laws within
experimental error, and they will be used to guide the investigation
of the cavity dimensions. The quantities L/d and dm/d, apart from
their dependence on a, are not apparently influenced by the values of
P., pc, and U, and are substantially independent of whether the cavity
is filled with vapor, or vapor plus large quantities of air and other
gases. Even the presence of large amounts of water within the cavity
may not have a large influence on the cavity shape. These matters

• iwill be discussed later. Attempts to correlate the scatter of cavity-
dimension data with Reynolds number or missile size were usually not
successful, perhaps because insufficient experimental data were available.
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Unless statements are made to the contrary, the cavity data
presented in this report assume that the missile's nose surface is
moderately smooth, the angle of attack is zero, the cavity axis is
horizontal, and gravity effects are negligible or have been corrected
for.

Most experimental determination,; of cavity geometry have been made
in the water tunnel but at least one program was carried out in a
towing basin (Ref. (3-22)). Reichardt (Ref. (3-21)) used inside
calipers to measure the maximum cavity diameter bnt presumably all
others made measurements on photographic records. Such variations of
method do not seem to have influenced the data but further study
might well be made to investigate the causes of differences between
the results of various experimenters.

It is impracticable to measure cavity length directly. It will
be shown elsewhere that the downstream end of the cavity is a place
of inherent instability and of varying conditions. Hence, it is
usual to define the cavity length as twice the distance from the
line of flow separation to the cross section of maximum diameter.
Although this length is reasonably steady in value, its magnitude is
not easily measured since the exact position where the cavity diameter
is a maximum is difficult to determine.

Length and diameter data have been reported for the cavities due
to several simple nose shapes: disks, spheres, cones, and stagnation
cups. (Nose shapes will be discussed elsewhere. However, a stagnation
cup is an indented nose, the indentation being a cup with moderately
thin walls at right angles to the base of the cup.) Sketches have
been published (Ref. (3-3)) of cavity outlines for noses of a few
other shapes: ogives, disk-ogives, and ellipsoids. Data for these
latter are not included in the present report because it is felt that
the accuracy is not high and the cavity shapes can be obtained better
by prediction methods to be described. A list of the various sources
of length and diameter data is given in Table 3-1.

In the following pages, experimental measurements of diameter,
length, and fineness ratio, taken from published reports, will be
compared, including the scaling for noses of different drag coefficients.
The equations which have been suggested in the literature will be
considered and compared with experimental data, and formulas will be
derived which appear to fit the data best, and which are consistent
for dm/d, L/d, and L/dm. Cavity length and diameter will be discussed

in the forms (L/d)/C 2  and (dm/d) 2 /CD. The square was chosen in
one case and not in ?he other for completely practical reasons related
to the accuracy of plotting. Log-log coordinates are indicated for
the presentation of the data since their use results in almost straight
graphs. Since the use of different. cycle lengths on the two coordinate
axes appeared undesirable the square of dm/d was chosen to increase the
slope of the graphs of cavity diameter and thus fill a two-cycle by two-
cycle page. Unsquared L/d permits the same presentation, and (L/d)2
would require four cycles on the ordinate axis.
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Cavity length and diameter data for measurements made in vertical
tunnels (Ref. (3-20)), have not been included in this section because
of the effect of gravity on the cavity length and shape. Although The
data have not been included it appears that dm/d is in reasonable
agreement with data from horizontal tunnels.

Cavity Diameter dm/d

Reichardt (Ref. (3-21)) gave the theoretical formula

[ 11/2
dm D"

d _,7 (3-4)
dm 0.132o j

for cavity diameter, which he derived by source-sink methods. It
shows the diameter to be a function only of the cavity-running drag
coefficient and of the cavitation number. The derivation of this
equation is discussed in Appendix A. Reichardt gave a sketch, which
is copied in Figure 3-8, to explain why the form of equation (3-4) is
possible. The elliptical and flat nose shapes in the figure have
different drag coefficients based on wetted area. If, however, the
drag areas CDA of the two noses are designed to be the same, then th'e
cavities they form will have the same maximum diameter even though the
cavity shapes differ considerably in the vicinity of the nose.

Measurements of diameter from four experiments are plotted
separately against a on Figures 3-9 to 3-12. The choice of (dm/d) 2 /CD
as the ordinate variable provides a test of the dependence on
CD shown in equation (3-4). Drag data which were required for the
plotting of these figures were taken from Reference (3-27).

Figure 3-9 shows data obtained by Waid (Ref. (3-24)) from

measurements on cavities due to a circular disk. The graph is based on
the equation

dm/d = 0.534 -0.568 + 1 (3-5)

which Waid derived for these data. The experimental points are seen
to lie slightly above the line defined by his equation.

Figure 3-10 contains data due to Reichardt (Ref. (3-21)) for the
cavities due to cones, disks, and a stagnation cup. There is little
dependence on nose shape although for cones of small angles the points
tend to be a little low. (The half-angle 8 will be used in specifying
cone noses.) This behavior will be discussed later. The graph on
Figure 3-10 is based or. RO.chardt's formula, equation (3-4). It
defines somewhat larger cavities than those indicated by the data
points.
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Data on the cavities due to spheres, disks, and cones given by
Rouse and McNown (Ref. (3-3)) are shown in Figure 3-11. A single
graph is drawn for the sphere, disk, and 67.50 cone. The finer cones
lie below, with the finest (22.50) cone at the bottom.

Figure 3-12 gives data obtained by Eisenberg and Poi~d (Ref. (3-26))
for disk cavities and an approximating graph drawn by eye.

Figure 3-13 compares five graphs chosen by the author as good
linear (log-log) approximations to the data of various experiments
(excluding data for slender cones). Maximum differences amount to
about 40 percent in (dm/d) 2 /CD but are dependent rather on the
experimenter than on the nose shapes tested. A straight line gives
a good approximation to the data. The two dots at the sides of
Figure 3-13 define the straight-line approximation.

(dm/d) 2 !CD = 1.35&""9 (3-6)

This same straight graph is indicated on the individual plots of
Figures 3-9 to 3-12 by large dots at or near the extreme right and
left sides of the figures.

Because the scaled diameters (dm/d) 2 /CD of the cavities due to
j. slender cones seemed to be less than those of other nose shapes in

the work of several experimenters, a separate study was made for
cones of various angles. The results showed a small dependence on
cone angle. Since the slope of the graphs seemed to be rather closely
the same for all cone angles, a set of least-square straight lines
was calculated with all graphs having the same slope. The resulting
graphs are shown in Figure 3-14. The equations of these graphs are

(dm/d) 2/CD = Co-0.91 (3-7)

with
C

1.48 67.5-
1.38 450
1.31 22 n70
1.28 140

The dependence on cone angle indicated by these data appears ýo be real.
However, the variation amounts only to 10 percent in (dm/d)/CD/2 and
may simply represent a failure of the assumed dependence on CD. It is
significant that the common slope founcd for the cones by least squaresi
and given in equation (3-7) is very close to the slope, shown in
equation (3-6), which had previously been chosen by eye as an average
for the data of Figure 3-13.

No correlation with Reynolds number was attempted since the data
provided in the literature seemed generally insufficient. While Waid's
results (Ref. (3-24)) seemed to show no effect of size, a slight effect
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may be noted in the data of Eisenberg and Pond (Ref. (3-26)), with
cavities for small disks a little larger than those scaled down from
large-disk cavities. No investigation was made of the possible effect
of tunnel size.

It is interesting to compare the formula of equation (3-6) which
was derived in the present report from the study of all available
experimental results, with two published formulas which were obtained
theoretically. These formulas are: Reichardt's formula which has
been given as equation (3-4), and the equation

(dm/d) 2 /CD = 1/a (3-8)

which was derived by Garabedian (Ref. (3-28)) for small values of a.
The comparison is made in Figure 3-15 where equation (3-6) is shown
as a dashed line.

Garabedian's formula in equation (3-8) was actually given by
Reichardt (Ref. (3-21)) as an inferior approximation to that which he
adopted. Equation (3-8) is easily derived by the following non-
rigorous argument. It has been shown (Ref. (3-29)) that the flow
leaves the nose of a missile pyincipally in a transverse direction.
The energy given to the water while the missi.le travels unit distance
results in an expansion of the cavity until the work done in cavity
expansion becomes equal to the initial kinetic energy of the transverse-
flowing water. Thus

Drag force = D = qCDrd 2 /4 = (p.- pc)ndm2 /4

or

(dm/d) 2 /CD = q/(p.- pc) = 1/a.

Cavity Length L/d

The literature contains a celatively large amount of data on the
length of the cavity due to a disk end the results are sufficiently
interesting that they will be given a separate presentation before the
discussion of other nose shapes. Waid (Ref. (3-24)) gave experimental
values of L/d for cavities due to 1/2-, 3/4-, and 1-inch disks. A study
was made of these data to see whether an effect of size could be
detected. None was apparent.

Data for the length of cavities due to disks are plotted from
various reports in Figure 3-16, and straight graphs are shown which
approximate the data from the separate sources. The overall scatter
is rather small. The straight line

L/d = a-1 .1 5  (3-9)

was chosen to represent the overall data for the length of the cavity
due to a disk. The position of this straight line is indicated in
Figure 3-16 by the dots at the two ends of the string of data points.
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Four formulas are available which are applicable to the L/d of
the disk cavity. Waid (Ref.(3-24)) gave the expression

L/d - 1.08a-1.118 (3-10)

based on his measurements of disk cavities. Reichardt (Ref. (3-21))
derived not only the formula of equation (3-4) for cavity diameter
dm/d but also a formula for L/d•. From the product of the two an
equation for L/d is obtained which should be applicable to any nose
shape:

L -L dm a+0.008 D]
-m "- -- 66 + 1.7a) 1/7 (3-11)

a(1-0,132a

Campbell and Hilborne gave (Ref. (3-30))

L/d = 1/0.7a

as a rough approximation to Reichardt's data in the range 0.04<a<0.12.
The approximation is good at the higher part of this range but is
17 percent low at o = 0.04.

The expression

) 2( 1 = 1lOgo (3-12)
CD -0

was obtained theoretically by Garabedian (Ref. (3-28)). A fourth
relation based on experimental data is given by equation (3-9). These
formulas are compared in Figure 3-17. Graphs are drawn for" equations
(3-9), (3-10), and (3-11) and, to lessen the confusion, equation (3-12)
is represented bj a ser-es of discrete points. The graphs differ very
little until t becomes close to unity where equation (3-12) gives
the value zero.

The evaluation of cavity length for tne disk is carried one step
further in Figure 3-18 which contains a plot of (L/d)CD / 2 instead
of i/d. A straight line is no longer adequate for the representation
since CD approximately doubles in the range of a values studied. The
graph on Figure 3--18 was drawn by eye. The formula

1/2 -1.123
kL/d)/CD = 24a - 0.60 (3-13)

approximat~s it roughly.

A corresponding plot for all nose shapes is contained in
Figure 3-19. On this figure the study is simplified by the use of the
graph of Figure 3-18 for the disk instead of data points. Points have
been plotted for cones, spheres, and concave noses such as the
stagnation cup.
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If points with larger scatter are ignored in Figure. 3-19, the
agreement with the graph which was obtained from disk data in
Figure 3-18, is quite good This graph and equation (3-13) then
appear to represent (L/d)C;/2 for all axially synimetric noses.

Because of the dependence on cc' angle found for (dm/d) 2 /CD,
a separate study was made of (L/d)/C2 for various cone angles.
Again a set of parallel least-square straight line was calculated,
with the resulting equations

(L/d)/CDI 2 -

with

C

0.873 67.50
0.907 450
0.949 2 2-27'0
0.915 140

The behavior of these data is not as systematic as for (dm/d) 2 /CD,
and evidence of dependence on cone angle is not conclusive.

Cavity Fineness Ratio L/dm

In his analysis of tie steady cavity Reichardt first stated
(Ref. (3-21)), on the basis of theory and observation, that the
fineness ratio L/dm is substantially independent of the shape of the
obstacle which causes it, and is given by the formula

L - + 0.008

dm O (0.066 + 1.70o) (3-14)

as a function only of the cavitation number. He included a graph
showing that his experimental data were in good agreement with the
formula. The conclusiveness of his agreement was limited in two
respects: the maximum value of the cavitation number employed in his
tests was about 0.1, and all nose shapes studied were characterized
by abrupt separation (stagnation cup, disk, and cones).

In Figure 3-20 values of L/dm are plotted from all tests found
in the literature to contain the necessary data (see Table 3-1), but
to avoid confusion not all points are shown. Disks, cones, and spheres
are included as well as concave noses such as the stagnation cup. The
sphere is the only nose with smooth separation for which data were
found.

Over most of the range of a values in Figure 3-20 the scatter is

quite small especially in view of the wide range of nose shapes from
which the data were assembled. The scatter increases considerably
at higher values of a where the cavities a.:e smaller and less stable.
There is some evidence that the graph for the sphere is more concave
downward than the others, but the information is scant.
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In the present study equations (3-6) and (J-13) weLe derived toexpress the dependence of (dm/d) 2 /CD ard (L/d)D 2 on a. According

to these equations the formula
L/dm = 1.067o-0.658 - 0.520+0.465 (3-15)

should represent the L/d data. It is plotted in Figure 3-20 and is
seen to fit the data ratler well. Several other formnulas have been
proposed to express the dependence of L/dm on a. Reichardt's
(Ref. (3-21)) equation has already been given as equation (3-14). Waid
(Ref. (3-24)) gave formulas for L/d and dm/d based on his experimental
data, and from these

L/dm - (1.08ci 1 1 8 )/(0.534" 0 "5 6 8 + 1). (3-16)

Equations derived theoretically for small a have been given by
Garabedian (Ref. (3-28)),

L/dm 0 loge (3-17)

and by Mtnzer and Reichardt (Ref. (3-31))

-5/8
I,/dm = 1.261.a . (3-18)

The vaylous formulas are compared in Figure 3-21. In order to
avoid confus. n, graphs are given for only two of the equations: a
solid line fo. the equation of the present study, equation (3-15), and
a dashed line for Reichardt's equation (Ref. (3-14)). The position of
equation (37,16) of Waid, equation (3-17) of Garabedian, and equation
(3-18) of Munzer and Reichardt are shown by a number of plotted points.
Equation (3-18) is a straight line on log-log coordinates. It is
valid only for very small a. Otherwise the differences between the
graphs is small except that equation (3-17) falls off rapidly at
higher values of a and reaches the value L/dm = 0 at a = 1.

Cavity Outline

Thus far the cavity geometry has been discussed in terms of the
maximum dimensions: the length, diameter and fineness ratio. Sketches
of the cavity outline have, of course, been given in the literature
and two authors have described it as a generalized ellipsoid

(x/a) 2 + (y/b)n = 1

but in a considerably different fashion. Munzer and Reichardt (Ref.
(3-31)) used a = L/2 and b = din 2 as the semi-major and semi-minor
axes of the ellipse, and found the value n = 2.4 for the exponent.

i, Waid (Ref. (3-24)) applied the ellipsoid formula to the two arms of
the cavity outline rather than to the cavity as a whole. The symbols
y and b in his definition are the portions of the cavity radius beyond
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the radius of the disk which threw the czavity. Waid found the value
n-1.8.

A study was made to determine how widely these two cavity
representations differ. The result is contained in Figure 3-22 in
which four cavity shapes are compared. Initially the generalized
ellipsoid formula was plotted for three values of the exponent (1.8,
2.0, and 2.4) using the axis ratio a/b - 6 and ignoring the different
interpretation in Waid's paper. When superimposed and properly
positioned the major part oW the outlines agreed closely as is shown
in the figure. The graph for the value n - 1.8 is plotted in the
simple form

( -6) 2 + y 1.8 - 1 (3-19)

while the Munzer-Reichardt shape is displaced axially by writing

2i

(x 565) y2 .4
6 + = 1 (3-20)

and the third outline is the true ellipse

(x - 5.875)2 26 + y = .(3-21)

The'fourth equation compared '. the figure is of the form definedby Waid

6 + 4. +.= 1.

It is not possible to draw the four outlines completely in the
figure because tsey differ little over much of their length. One half
of the elliptical outline of equ. -jion (3-19) is drawn completely. The
graphs for equations (3-20)and (*,-.21) are complete only in the end
portions where they differ, and for the remainder of the length the
position of the outlines is Shown by several plotted piints. The
fourth outline is indicated by the nose and a set of p-)ints which
terminate at x - 0.54, y = 0.25, at the outside of an assumed
generating disk whose rodius was arbitrarily chosen as d = 0.5 for
this study. The four outlines are indistinguiahable over most of
their length.

It was shown by the sketch in Figure 3-8 that the cavities for
various nose shapes differ especially in the vicinity of the nose,
that is, at the tip of the ellipse. %aid derived Ois ellipsoid
experimentally from cavities due to a disk while Munzer and Reichardt
obtained theirs from a theoretical constant-pressure surface.
Effectively, the two bases gave different nose shapes and hence led
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to different exponents. Until quantitative information is available
concerning the portion of the cavity near the generating nose, it
appears that the true ellipsoid is the most reasonable choice as a
model. A further discussion of the vertex of the cavity will be'
given in a later section of this chapter.

A comparison was made between several experimentally derived
cavity outlines and ellipses with approximately the same L/dm. The
agreement was fair but far from perfect, and not always consistent.
In general it may be said that, to agree with the experimental outline,
the ellipse appears to have too great a diameter at very small
distances from the vertex, and too small a diameter further back.
The agreement can be improved in the latter region by sliding the
ellipse toward the vertex but only at -.he cost of greatly increased
disparity near the vertex, perhaps over a length L/4. The use of
the ellipse appears justified until ..nore information is available,
with the realization that the principal source of uncertainty is
related to the positioning of the ellipse.

SHAPE OF TWO-DIMENSIONAL CAVITIES

While most missile noses generate cavities with axial symmetry,
such as those thus far discussed, hydrofoils and struts may produce
cavities which are approximately two-dimensional. The two-dimensional
cavity is much more amenable to theoretical treatment than is the
cavity with axial symmetry,. because of the applicability of complex-
variable methods, but even in two dimensions only the infinite
cavity corresponding to c = 0 has a completely rigorous solution
(within, of course, the limitations of potential theory).

Although it is natural to think of the flow about a cavity as
approximating that about a similar solid, whether of two or three
dimensions, the actual flow on the downstream boundary of a cavity
differs greatly from that near the base of a fully wetted missile,
because the cavity is unable to provide a stagnation pressure at the
rear. The Riabouchinsky model for com.•utation of cavity shape and
drag assumes that the cavity closes in the rear on a rigid physical
surface which is a mirror image of the nose shape, and this is able to
provide the stagnation pressure. Another model, which is ascribed
to both Wagner and Efros, assumes the presence of a re-entrant jet,
a frequently observed cavity phenomenon. In this model the free
Etreamline bounding the cavity continues on the surface of a jet which
travels back into the cavity toward its upstream end. Mathematically
the jet continues on through the model to infinity, while in nature
the jet dissipates rapidly due to turbulent mixing. Detaileddiscussions of these models are given in References (3-32) and (3-33),

The flow about the cavity near the generating nose is almost
entirely independent of the behavior further downstream and the
Riabouchinsky and re-entrant-jet models give nearly identical cavity
shapes (including length and diameter) in spite of the great flow
differences which they predict at the downstream end.

3-19
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Still another cavity-flow model is due to Roshko (Ref. (3-12)).
The numerical agreement between this model and the others is fairlyi. ~close. .

The Riabouchinsky model (Refs. (.-33), (3-34), (3-35), and (3-36))
and that of Wagner and Efros (Refs. (3-33) and (3-35)) are in good
agreement and only the predictions of the former will be presented in
this report. Calculations were made by Plesset and Shaffer (Ref. (3-34))
using Riabouchinsky's model for the flat plate (which may also be
described as an infinite strip) and they extended the use of this
model by applying it to the wedge. Their calculations for the flat
plate were extended and computed more accurately by Perry (Ref. (3-36)).

Gilbarg (Refs. (3-32) (3-37)) derived formulas ascribed to
Zoller (Ref. (3-38)), as approximations for a -) 0, to the results of
the Riabouchinsky model, for L/d and dm/d of the cavity due to the
flat plate; namely [(21 2

L 4 2+__c a. (/2 in 2+o
-(1/2) ln - ,J iJ (2)d =4 + Tr 4 (3-22)

and
dm _ 4 (2 + + (323

d 4+ •+ (3-23)
d 4+ -n

These approximate formulas give values at a = 1 which are a.-curate
within 0.7 percent and they increase in accuracy rapidly for smaller
a (Ref. (3-37)).

Other simple approximations have been derived for use where a>O:

L/d = 3.5a-1.85 (3-24)

due to Gilbarg and Rock (Ret. (3-29)), and

L/d = 8CDo/7ra (3-25)

and

dm/d = 4 CDo/1I, (3-26)

(where CDo is the value of CD for o= 0),

due to Tulin (Ref. (3-39)). The latter two formulas are applicable to
any two-dimensional shape a 4prescribe a scaling of L/d and dm/d
with CDO rather than with C D' as was found for axially symmetric.
bodies. This scaling will D be investigated in the following sections.

Little information is available concerning the overall shape of
the finite two-diwensional cavity. Tulin (Ref. (3-40)) appliud a
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linearized analysis to the study of this shape and obtained a two-term
expression for it. The first term represents an ellipse while the
second term gives a 3r.Lall contribution to the diameter at the rear of
the cavity bult its largest concribution just behind the separation
plane. He finCls the aft end of the cavity near elliptical at smal
cavitation numbers.

Cavity Length L/d

In Figure 3-23 the dashed line is a plot of Perry's data (Ref.
(3-36)) for the length of the cavity due to a two-dimensi(nal flat
plate, based on Riabouchinsky's model. The graph is almost straight
on log-log coordinates. As has been stated, values derived from
Zoller's approximr'te formula, equation (3-22), agree closely with the
exact formula, and they are shown as an extension to Perry's data
at lower values of a, by a dot-dash line. The approximation of
Gilbarg and Rock, equation (3-24), is plotted as a solid straight
line on the log-leg coordinates, and it agrees closely with the
dashed graph in the region 0.05<a<0.5. Tulin's formula, equation (3-25),
gives a straight line whose position is indicated by two large dots
near the ends of the graphs on Figure 3-23. It is in good agreement
with th2 graphs for small values of a, for which it was intended.

The da+.a points plotted on Figure 3-23 are from water-tunnel
measurements by Waid (Ref. (3-41)). The agreement with theory is good
except for the two data points at the lowest values of a. These
points are undoubtedly in error because of the effect of the tunnel
walls, which is discussed in another section.

In Figure 3-24 Perry's calculated values of L/d for wedges
(Ref. (3-36)) are compared with equation (3-22), Zoller's a~pproximate
formula. In this comparison, miscellaneous values of L/dCDo for
various wedge angles are plotted as functions of a, in a test of the
scaling indicated in equation (3-22), which is represented by the
graph. The values of CDo were taken from Ref. (3-27) and are showr
in Table 3-2.

Tabl! 3-2

DRAG COEFFICIENTS FOR WEDGES FOR a = 0

Wedge Half-Angle,in Degrees_ CDo (Ref. (3-27).

5 .105
15 .283
30 .487
45 .639
60 .744
75 .821
90 (disk) .880
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A graph of L/dCDo based on Zoller's formula, equation (3-22) is
given again on Figure 3-25 together with values from the experiments
of Waid (Ref. (3-41)). The scoop channel included there is the two-
dimensional analog of the stagnation cup, a channel whose cross section
is that of a rectangular cup with thin walls. The agreement between
theory and experiment is fairly good for a>0.7 and for the 50 wedge,
but is poor under other conditions because of the effect of the tunnel
walls to be discussed later.

Cavity Diameter dm/d

Predictions of the maximum width of the cavity due to a flat
plate are compared with experiment in Figure 3-26. The solid line is
plotted from Perry's data (Ref. (3-36)) based on the Riabouchinsky
model; the dashed extensions of this curve are from Zoller's
approximation formula, equation (3-23). As already mentioned, Zoller's
formula agrees well with the exact calculations. The lower straight
graph is from the equation A

dm/d = 4 CDo/Trc (3-27)

given by Tulin (Ref. (3-39)) as an approximation for all two-dimensional li
shapes as a-0. The agreement with other predictio.ns is satisfactory
for small a. Data points plotted in Figure 3-26 are from the experiments
of Reichardt (Ref. (3-21)) and Waid (Ref. (3-41)). The agreement with
thaory is satisfactory except that Waid's data are high because of the
wall effect, at lower values of a, as was found for L/d.

Zoller's approximate formula for dm/dCDo for wedges is compared
with values from the exact calculations of Perry in Figure 3-27.
The agreement is quite satisfactory.

Theoretical and experimental values of dm/dCDo are compared in
Figure 3-28. The "agreement" is poor, as ir Figure 3-25 for L/dCDo
with a<0.7, because of tunnel-wall effects.

Fineness Ratio L/dm

It is reasonable to expect the cavity fineness ratio to be a
function only of a in the two-dimensional case, as it was for axially
symmetric noses. For the flat plate, Zoller's formulas for L/d and
dm/d, equations (3-22) and (3-23), can be combined to give L/dm, as
can the corresponding formulas of Tulin, equations (3-25) and (3-26).
Since Zoller's formulas give good approximations to the rigorous
Riabouchinsky values it is convenient to take their ratio as a basis.
A plot of this ratio is given in Figure 3-29. The graph is almost
a straight line on log-log coordinates in the region shown and it is
almost as straight throughout the range 0.005<c<5.

The data points plotted on Figure 3-29 are taken from the experi-
maents of Waid (Ref. (3-41)). Experimental data for the 50 cone are
much lower than theory and some other values are rather high.
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The expression for L/dm which is given by Tulin's formulas,
equations (3-25) and (3-26) is simply

SL/dm = 2/o (3-28)
The value 2/c is in excellent agreement with Zoller's data, as can be

seen from Figure 3-29. The approximate formula

L/dm = (2 + a)/o (3-29)

which Tulin obtained from a linearized analysis (Ref. (3-42)) agrees
with Zoller's values only for small values of a.

Comparison of Two- and Three-Dimensional Cavities

A comparison of the graphs which have been given for two- and
three-dimensional cavities shows that the two-dimensional cavities have
lengths and diameters which are much larger than those of three
dimensions for the same drag coefficient. Usually this difference
amounts to an order of magnitude. The fineness ratio, L/dm, of the
flat-plate cavity can be seen from Figures 3-20 and 3-29 to be 3 to
4 times as great as that for the disk.

CAVITY SHAPE FOR a = 0

Thus far in this report, geometry has been discussed only for the
finite cavities which are produced when the cavitation number is
greater than zero. When a = 0, theory shows that both the cavity
length and diameter become infinite. The cavitation number

P - Pc
S - PC(3-2)

(1/2) pU. 2

will be zero if the freestream velocity (or missile velocity) becomes
infinite or if the pressure in the cavity is equal to that of its
"surroundings. In the former case the pressure differential has no
time in which to effect a cavity closure and in the latter there is
no pressure differential to bring it about. Although these conditions
may not be attainable in practice, very large cavities are observed,
and many of the aspects of the infinite cavity can be approached
especially when the cavities are nted, for example, following water
entry.

The equation of the outline of the two-dimensional cavity due to
a flat plate (or infinite strip) with a = 0, can be calculated
exactly for the potential case by use of the methods of the complex
variable. The result is giv-,n in the parametric form (Ref. (3-32))

4- [t/=-7 - in (t + vt7- 1 ,

y =+ L + 2L (t - 1) t > 1 (3-30)
4+ +
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where L is the width of the infinitely long flat plate causing the
cavity and t is merely a connecting parameter. The equations (3-30)
are almost parabolic and the simple parabolic equation

x/L + 1.00 = 1.588 (y/L) 2  (3-31)

gives (Ref. (3-43)) the radius y of equation (3-30) within 1.0 percent
for 1.7<x<23 and within 2.4 percent for 1.3<x<55.

P.esumably the width of infinite twc-dimensional cavities sh ald
scale like dm/d for the finite cavity in equation (3-27). Accordingly,
the diameter is obtained by multiplying the radius y of equation (3-30)
or (3-31) by 2 CDo for the desired two-dimensional "nose," and dividing
by 0.88, CDo for the flat plate.

No comparable predictions have been made for cavities due t:"
bodies of revolution. There exists only Levinson's proof (Ref. (3-44))
that for a = 0 the asymptotic shape of the axially symmetric cavity
(that is, the shape as x - -) is

/2
y1 _1

2/(2 ( d (3-32)

\'D /CD1/ -1/2 1/2

The scaling shown for x and y in equation (3-32) is contained implicitly,
Lit not explicitly, in Levinson's paper. Unfortunately, the method
of derivation of equation (3-32) tells nothing about the length unit
to be used in the logarithmic factor. Proceeding from rather cautious
inferences of Dr. E. P. Cooper (contained in an informal, unpublished
memorandum dated September 19, 1949), Kendrick (Ref. (3-45)) expressed
the quantity x in the logarithmic factor in the unit re, equal to the
radius when a spherical nose is involved, or, in general

re = (CD/0. 3) (I 2 r,

where r = d/2 is the radius of the body which is generating the cavity.
Thus, Kendrick obtained an expression which can be written

Y= -1 x (3 -33)

cne/2 d fln (0.6x/CDd)] 1 / 2  C 12d

May reported (Ref. (3-43)) an experimental approximation to Lhe
portion of the cavity near the generating axially symmetric nose,namely i

2
(y/C d = 0.583 (x + a)/C / 2 d (3-34)
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where a is a parameter which allows for the fact that the vertex of
the cavity is not at the nose tip of the missile. In equation (3-34)
the distance x along the cavity is measured from the nose tip. The
values of a found (Ref. (3-43)) for three nose shapes and the values
assumed for CDo (Ref. (3-27)) are

____ (C~ ) 1/2
nose shape a (CDo)I/2

disk 0.4 0.898
sphere 0.5 0.515
450 cone -0.2 0.706

The table shows that the vertices of the computed cavities for the
disk and sphere are in front of the nose tip, but that the tip of the
450 cone projects through the vertex of the computed cavity.

The derivation of equation (3-34) was based on the following
reasoning. When o = 0 the growth of a cavity is influenced by no
forces, under the usual ideal conditions, except those within the
water itself. When a cavity is being generated, a portion of the
cavity starts to grow with a transverse velocity which is that
originally given to the water, but when the cavitation number has a
significantly positive value, the cavity wall is soon slowed down
measurably by the differencL in pressure between the cavity and its
surrcundings (and, of course, by the forces within the water). If
the missile has large mass, so that its deceleration can be neglected,
and is traveling at high speed with small differential pressures,
a portion of cavity near the generating nose will reach appreciable
diameters before being perceptibly affected by the external pressures.

- The shape of this portion of the cavity should be that of a part of
the cavity of zero cavitation number. The approximate forrnula given
by equation (3-34) is a pure parabola, and equations (3-33) and (3-34)
differ cnly in the logarithmic factor.

Equations (3-33) and (3-34) are compared in Figure 3-30 for the
case of a hemispherical nose. The agrecment is good except near the
generating nose where equation (3-33) becomes unusable because of a
singularity.

CAVITY SHAPE FOR BODIES AT ANGLES OF ATTACK

The cavities considered so far have all been produced by bodies
at zero angle of attack a, that is, for axially symmetric bodies the
flow was assumed parallel to the axis of symmetry; for two-dimensional
bodies with two-fold symmetry the flow was parallel to the plane of
symmetry and perpendicular to the body's leading edge in this plane.

Little quantitative data have been published on the geometry of
cavities due to bodies at non-zero angles of attack. The information
which is available is outlined in the following sections.
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Disks

The most extensive data on cavities due to bodies with s 0
were obtained experimentally by Waid (Ref. (3-24)) for the circular
disk. His equations for the disk at zero angle of attack have already
been discussed:

dm/d = 0.534a00568 + 1 (3-5)

L/d = 1.08a-lll8 (3-10)

He measured also the cavities produced in the water tunnel by
disks inclined at angles of 10, 20 and 30 degrees to the flow over
a cavitation-number range of 0.043<a<0.098. These cavities are
asymmetrical, as shown in the sketch on Figure 3-31. Since the
maximum lateral displacement of the cavity wall is not at the same
position on the two sides, it is impracticable to speak of a cavity
width din. Instead, separate radii rm are shown on Figure 3-31, with
rm/r equivalent to dm/d. Similarly, since the cavity length is
taken as twice the distance to the position of maximum width, a length
is ascribed to each side of the cavity.

On these bases Waid derived separate empirical formulas for tlie
porticns of the cavity associated with the forward and downstream
edges of the disk. His formulas may be written separately for each
side of the cavity,

rm/r = 2Q/a S + 1 (3-35)

L/d =2M,/ aI.118 (3-36)

Three empirically determined parameters, M, Q, and S, are included in
these formulas. All are functions of a and are plotted against ain Figure 3-31. The parameter M has the analytical description

M = 0.54(l±sin 2 a)

where the sign of sin2c is taken opposite to the sign of the angle a.

Other Axially Symmetric Shapes

No information at a# 0 appears to have been reported for the
geometry of cavities due to axially symmetric shapes other than the
disk.

Rouse (Ref. (3-46)) has measured the pressures on the nose and
on the cylindrical afterbodies of a variety of nose shapes at angles
of attack. Some information as to the extent of the cavities on these
bodies at higher values of a, might be obtained from the values of the
pressure which he reported.

3-26



SEAHAC/TR 75-2

Wedges

Cox and Clayden (Ref. (3-47)) obtained interesting results in a
mathematical analysis of the cavitating flow past a yawed wedge. The
stagnation point which is at the vertex of the wedge when a = 0, moves
onto the windward face when the wedge is yawed. As the flow separates
on the two sides of the stagnation point the dividing streamline going
toward the vertex is found to cause a cavity beyond the vertex on the
lee side of the wedge, and such a cavity has been photographed by Cox
and Clayden. If this dividing streamline merely continues downstream
to infinity, the flow is that past a yawed flat plate. Cox and
Clayden show that this streamline cannot reattach to the wedge face.
Instead it is assumed that after approaching the wedge face this line
doubles under and passes up the face toward the vertex (and infinity)
as a re-entrant jet. The general subject of re-entrant jets will be
discussed in a later section.

EFFECT ON CAVITY SIZE OF TUNNEL WALLS OR FREE SURFACE

While it may be expected that missiles will ordinarily travel
in regions where the water expanse is effectively infinite, tests
on which analysis is frequently based have walls or free surfaces so
placed as to seriously affect the cavity size. A number of studies
have been made of this effect, especially as related to two-dimensional
flows. The methods of solution of the problem will not be discussed
in this report, but some of the results will be presented, principally
as they are collected in a paper by Cohen and DiPrima (Ref. (3-48)).

The problem must be divided between two- and three-dimensional
lows. Much more has been done in two dimensions because of the
vailability of the method of complex variables. Even in that case
ie solutions are almost solely based on linearized models. The

Lreatment is also dependent on whether the effect is due to a wall or
a free surface, representing the use of a closed or open-jet water
tu-Ael. In general, single surfaces must also be considered, but this
caý 3 will not bc discussed here.

The concept of choking or blockage must first be considered for
the closed tunnel. The constriction of the flow causes an increase
of local velocity and a larger cavity. At a certain cavitation
number a., well above zero, the flow may become blocked; the cavity
len-th is effectively infinite and lower cavitation numbers are
unattainable.

Values of the cavitation number at blockage, a., are given in
Figure 3-32. Two two-dimensional cases are shown, the flat plate
and the 150 half-angle wedge; with the result of approximate calculations
for the three-dimensional circular disk in a tunnel of circular cross
section. The quantity d/h is the width or diameter of the model* •divided by the width or diameter of the tunnel. It will be seen that

a closed tunnel whose width is 20 times that of a flat olate (d/h
.0.05) can be used only for values of a greater than 0.6, while a
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150 wedge, because of the smaller disturbance of the flow, could
possibly be tested at a>0.33. For the corresponding three-dimensional
flows the blockage occurs only at somewhat lower cavitation numbers,
and for the circu;lar disk a,, < 0.1 for d/h = 0.05.

In Figure 3-26 a graph of dm/d was given based on Perry's
calculations from the Riabouchinsky model with no wall effect, that is,
d/h = 0. The tunnel in which Waid obtained his data shown in
Figure 3-26 had d/h = 0.027. Cohen and DiPrima (Ref. (3-48)) calculated
two values of the cavity width for the flat plate. Their points,
shown by the square symbols in Figure 3-26, are in good agreement with
Waid's data. For the upper point d/h = 0.025 and for the lower,
d/h = 0.0295. In Figure 3-33, dm/d data are given for the 150 half-
angle wedge. Graphs are shown for several values of d/h, including
d/h = 0, and data due to Waid (Ref. (3-41)) are seen to agree well
with the graph for d/h = 0.026.

The effect of jet free surface is less than that due to solid
walls and is of opposite sign, so that cavities are reduced slightly
in length and cross section. In addition, in such tunnels the jet
is commonly restricted by a plane, transparent plate on one or two
sides, to permit better observation. The effect of such a plate is
to add a solid-wall effecL to that of the free jet and to partially
compensate for it. Still another complication arises when the free-
jet tunnel is vertical as at the St. Anthony Falls Hydraulic Laboratory
of the University of Minnesota. It will be shown in a later section
that gravity tends to lenrthen cavities in the vertical tunnel.

S~Length data for cavities due to a flat plate are given in

Figure 3-34. Graphs are based on calculations for unbounded flow
and for the open-jet tunnel. Waid's measurements in a closed tunnel
with d/h = 0.027 is seen to be in good agreement with one of the
calculated values. Corresponding data for the 150 half-angle wedge
are given in Figure 3-35. The agreement between Waid's data in the
closed tunnel and the theoretical predictions is only fair. Silberman's
measurements (Ref. (3-49)) in the vertical open-jet tunnel show a a
considerably shorter cavity than that predicted for the same jet-to-
model size in spite of the fact that gravity would be expected to
lengthen the cavity rather than contribute to its shortening. The
reason for this difference is not known.

Because of the greater mathematical difficult?, fewer studies
have been made for the axially symmetric case, but :avitation numbers
at blockage were compared for circular disks and the flat plate in
Figure 3-32. As compared with the two-dimensional case, blockage for
the disk does not occur until a much lower cavitation number is
reached, but the difference would be considerably reduced if the
comparison were based on cross-sectional area rather than on width
and diameter.

Armstrong and Tadman (Ref. (3-8)) derived a technique for
computing the corrections for circular closed and open-jet tunnels at
small a and small L/h. They found that L and dm are changed by an
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amoun, proportirnal to (L/h) 3 from the values in unbounded flow, with
the increase in a closed tunnel &bout four times the decrease in a
free jet.

Wall Effect on Water-Entry Cavities

A test was carried out (Ref. (3-50)) to determine the effect
of tank walls on the cavities due to small steel spheres fired
verti-ally into water. Results ahowed that the effect on the cavity
develop.nent was negligible when the tank width was at least five
times the maximum diameter of the cavity.

CAVITY FLOW PHENOMENA

Flow About the Cavity

The -elocity Uc on the "free streamline" bounding a cavity can
be determined from Bernoulli's equation, which has the form

p. +(1/ 2 )p U. 2 = Pc +(1/2)p Uc2

if gravity is neglected, and from the definition of the cavitation

number

S= (p. - Pc)/(1/2)pUw2 = (Uc/Um) 2  -1. (3-2)

Hence, the veiccity of the free streamline is

Uc = U.(l + a)1/2 (3-37)

For a stable cavity the pressure within the water cannot anywhere be
less than the cavity pressure; the velocity on the cavity wall will be
greater than the freestream velocity (or equal to it if c = 0); and
the free streamlines are everywhere convex toward the cavity. Cavity
pressure will be discussed in a later section but it should be
mentioned here that pressure variations throughout the cavity are small
enough that both cavity pressure and the velocity of the bounding
streamline may generally be assumed to be uniform, unless variations
of these quantities are especially at issue. The constancy of flow
on the cavity wall does not extend to the aft end of the cavity, where
the flow is generally unstable. This region will be discussed
separately.

The cavities discussed in this section are "natural cavities",
that is, they are not "ventilated" by blowing air into them. The
assumption that the cavities are steady requires some discussion.
When flow separation occurs at the nose of a missile the dividing
streamlines enclose a wake, an area where the flow velocities are
relatively small. When a liquid is flowing at sufficient speed the
dividing strearalines enclose a space containing only gas - the wake
has been replaced by a cavity. Between the conditions of the gas-filled
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cavit~y and of the water-filled wake there~ is a flow condition in which
the wake region contains both gas and liquid.

If the flow speed over a fully wetted body is slowly increased
the incipience of cavitation is seen in the formation of vapor-filled
bubbles along separating streamlines. At first these cavities collapse
rapidly but at greater flow speed they persist for a longer distance
of travel and grow in size and number. As the speed continues to
increase, the separation of the flow becomes visible to the eyec because
of the cavitation. This surface becomes increasingly cavity-like in
appearance but the shape of the surface changes little except with
changes of a. In other words, at a given cavitation number there is
little change in the "cavity" geometry between the low-speed
cavitating condition and the full cavity, although short-duration
f lash photography will show that in one case the "cavity" is only an
appearance due to the passage of small cavitation bubbles. This
condition was reported by Eisenberg and Pond (Ref. (3-26)) with the

* presentation of the photographs of Figure 3-36. Figures 3-36A and
3-36B show photographs taken under the same condition of cavitation
incipience, and Figures 3-36C and 3-36D tinder a condition where -the
cavity appears rather well-developed. In the latter case the cavity
is filled with foam rather than with air alone, but it exhibits the
properties of a steady cavity since the average envelope appears
steady. Eisenberg reported (Ref. (3-2)) that the water was not all
eliminated from their cavities at a =0.116, the lowest value of a
reached in their experiments. It is quite remarkable that the cavity
shape at a given value of a seems to have almost no dependence on
whether the cavity is gas-filled or filled with a mixture of gas and
liquid.

I. There is some interest in the consideration of the transverse
motion of the cavity wall as it would appear to an observer traveling
with freestream velocity, that is, the motion of the cavity wall in
a transverse plane viewed in a tank, as a missile passes by with
constant velocity. This behavior will be discussed later in connection
with the water-entry cavity. The kinetic energy repiesented by the
transverse velocity given to the water by the missile nose, is expended
in the expansion of the cavity against the pressure difference between
the cavity and its surroundings. The cavity reaches its maximum
diameter when this energy has been used up, and alinost as much energy -

is developed again during the cavity collapse. The energy is finally
dissipated in the turbulent mixing at the rear of the cavity. The
cavity outline is, of course, a plot against time of the cavity
diameter in a given transverse plane (assuming a constant freestream
velocity).

closure Phenomena of Natural Cavities

In the discussion of cavity shape it was brought out that the
steady cavity is approximately ellipsoidal but that the defining
measurements axe made on the front half of the ellipsoid. It is
easily seen that a purely ellipsoidal shape is unacceptable since the
free streamlines would converge to the closure point with eczual and
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opposite velocities, greater than the freestream velocity. The cavity
differs from a solid ellipsoidal body in that there is no rear solid
surface to support a downstream stagnation pressure and that the
pressure exerted by the water on the cavity is substantially constant.

As mentioned earlier, Riabouchinsky suggested a mathematical model
of the flow in which the cavity closes on an afterbody which is a
mirror image of the wetted portion of the nose. In the absence of the
closing surface of the Riabouchinsky model, instead of a pressure
build-up at the rear of the cavity, a so-called "re-entrant jet" is
formed which travels back intu the cavity toward the cavity-generating
nose. Mathematically the jet travels past the nose to infinity and
the physical difficulties are avoided mathematically by putting the
jet on a second Riemann surface. Actually the jet does sometimes hit
the missile or plunge through the cavity wall past the generating
nose. It is not unusual in an air-containing cavity following a
missile in free flight, for the re-entrant jet to strike and apparently
enlarge the cavity around the forward end of the missile. Actually
the jet, by impacting the cavity wall, has driven air into the water,
and the cloud of bubbles remains as an excrescence on the cavity.
This cloud does not travel with the missile and the cavity seems to
travel through the surrounding envelope and leave it behind in the
wake.

The cavity with re-entrant jet is never completely steady. The
jet disintegrates by hitting the lower cavity wall when deflected by
gravity in a horizontal flow, or by self-flooding when the jet is
upward in a vertical water tunnel. By its collapse the jet interferes
with its own production and fluctuates in both length and vigor.

The jet is assumed to have the velocity of the bounding streamline
of the cavity

Uc = U"(l + 0)I/2 (3-37)

although in a real liquid it may be nearer to the freestream velocity
(Ref. (3-51)).

It has been assumed that in the two-dimensional problems of flat
plates and wedges, the thickness of the jet can be determined by
equating the momentum generated in the jet in unit time to the drag
force on the generating nose. The resulting ratio, jet thickness J
to thickness d of the wedge, is (Ref. (3-32))

J/d = (1 + a + /1+ a) CD/2. (3-38)

Swanson and O'Neill suggested (Ref. (3-52)) an approximation to
the jet diameter for the case of axially symmetric bodies. For this
case the momentum theory gives a relation identical with equation
(3-38) except that J/d is replaced by A-/A, the corresponding areas
for the three-dimensional case. With t~e approximation
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CD Z CDO ( + a) (3-39)

the result
a - Do -+ +

A 2( +J(3-40)

is obtained (Refs. (3-32) (3-53)). If CD is known it would appear
better to use equation (3-38) with J/d replaced by Aj/A or the
approximation

Aj/A (CD/ 4 ) (1 + 3a/4) (3-41)

which is equivalent to equation (3-40) without the use of equation
(3-39).

The rs-entrant jet is strong for short cavities (of large a),
and may be very weak when the cavity is long.
Air Entrainment

Streams of small bubbles (or froth or foam) may be seen in the
wake of a cavity which contains air. (Fresumably a p':re vapor
cavity leaves no bubbles in its wake (Ref. (3-21)). For the cavities
attached to missiles after water entry, such entrainment decreases
the air content of the cavity. If the cavity is ventilated, that is,
if air is infused into the cavity to create or enlarge the cavity,
the entrained air must be replaced if the cavity is to maintain its
size.

Although other sources doubtless contribute (Refs. (3-54)(3-55)),
most of the air entrainment from the cavity is believed to be due to
the re-entrant jet. At some point the air is mixed with the jet during
its collapse. It has been shown (Ref. (3-56)) for two-dimensional
cavities, that the entrainment is approximately twice as great for the
cavity in a vertical tunnel as for 'the horizontal cavity. This has
been ascribed to the fact that the vertical jet strikes both side
walls of the cavity while the jet in the horizontal cavity, because
of gravity, strikes only the lower wall. The mixing may occur largely
where the jet strikes the side wall or, as has been claimed (Ref. (3-"
54)), further to the rear where the air in the boundary layer is carried
backward into the collapsing jet.

The high-speed jet from a rocket, air or steam exhaust, directed
backward from the rear of the missile, will increase the entrainment
rate if it strikes the downstream mixing region. If it breaks up
before reachiag this region it will presumably act only to increase
the ventilation, .nd hence the pressure, of the cavity.
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Gas Flow Within the Cavity

Whether a cavity contains air or only water vapor, boundary
layers form on the cavity wall, representing a flow of the 4as or
vapor toward the rear of the cavity (Ref. (3-54)). Along the center
line of the cavity a reverse flow occurs because of the flow direction
of the jet and because the rear of the cavity generally is a region
of slightly elevated pressure. Hence there is a circulation of gas
within the cavity. When only vapor is present, vapor which is
entrained by the flow and therefore lost to the cavity, must be
replaced. Because of the flo'. pattern, evaporation should occur
preferentially near the fron'• end of the cavity.

When cavities are ventilated, air is usually introduced just
behind the generating nose and, in the steady condition, enough
air must be added to replace the air entrained. This results in a
flow aft .n the cavity. Nevertheless Silberman and Song (Ref. (3-57))
have determined that the mean air velocities within cavities are very
small compared with the water velocity on the cavity wall.

EFFECT OF VENTILATION ON CLOSURE PHENOMENA

It was shown in an earlier discussion that the cavity shape
depends mainly oai cavitation number and cavity size mainly on the drag
force and, for a given cavitation number, the size and shape are
almost independent of whether the cavity contains air or only water
vapor. Cavities are frequently ventilated, especially in the water
tunnel, by blowing air into the region at or immediately behind the
cavity-generating nose.

Ventilation assists in the production of cavities whiqh arelarge and of small cavitation number without the use of excessively
low freestream pressure or high tunnel speeds. Advantages may accrue
from the presence of enveloping cavities on a missile, hydrofoil,
or propeller through the reduction of cavitation damage, cavitation
noise, and skin friction. Sometimes ventilation is unavoidable as
in the case of rocket discharge or the venting to the atmosphere of
a shallow-runninq hydrofoil.

By vencilation a cavity may be created where no cavity was before.
If ventilating ai.7 is introduced into the flow at the tip or shoulder
of a missile nose (or at the leading edge of a hydrofoil), bubbles
appear and the flow carries them into the wake. As the ventilation
rate increases, the bubble density increases, building up to a froth
and, under suitable conditions, a cavity appears and grows to an
enveloping size.

If air is vented from a point which is iiot in or near an
existing cavity, a cavity will not form upstream or the point of venting
(Refs. (3-55) (3-58) (3-59)) unless the pressure in the water at the
ventilating point is very near the vapor pressure. Thus rocket-
discharge gases will usually not cause a cavity to foi'm upstream of
the base of the rocket, and ventilation will not cause an enveloping
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cavity at low speeds unless the discharge is very near the edge at
which separation tends to occur. On the other hand, if a missile or
the portion of a missile near the venting point, is already enveloped
in cavity, the gases discharged will fill the existing cavity space
and usually ii.crease its size and pressure, and decrease the
cavitation number. The most convenient method of ventilating (Ref. (3-
55)) is probably to introduce enough air near the front of the body
to cause a cavity to form, and to supply the remainder of the ventilating
air near the base of the body.

Lang (Ref. (3-59)) has reported a hysteresis in the development
of supercavitation on hydrofoils. As the ventilation increases, the
collapse point of the cavity travels back on the foil until it
reaches the trailing edge. At a critical ventilation rate thispoint
springs rearward to a point about two chord lengths behind the
trailing edge of the foil. During decrease of ventilation a similar
discontinuit'-: occurs when thQ rear of the cavity jumps from a point
about one chord length behind the foil to a point just ahead of the
trailing edge.

In 1951 Swanson and O'Neill (Ref. (3-52)) made a most interesting
experimental study of the behavior of ventilated cavities in a
horizontal water tunnel. At higher cavitation numbers they obtained
cavities with re-entrant jets but, as the ventilation was increased
and a reached a critical value, the jet tended to be replaced by a
pair of trailing vortices, through whose hollow cores it was assumed
that the air flowed into the wake. A copy of their entrainment
curves is given in Figure 3-37.

They used an entrainment coefficient defined by the equation
CQ = Q/Uod 2 , where Q is the entrainment or ventilation rate in cubic
feet per second (at NTP, that is, at normal temperature, 00 C, and
normal pressure, 760 mm/Hg). To represent the same quantity C,
Campbell and Hilborne (Ref. (3-30)) used the symbol CQd and Cox and
Clayden (Ref. (3-59)) used CQd2. Reports from the St. Anthony Falls
Laboratory of the University of Minnesota, who worked with two-
dimensional. shapes for which CQ was not Oesigned, use W or W , the
mass rate of air added, in pounds per second, equivalent to a rather --

than C0. 'he quantity CQ was chosen, of course, on the assumption
that the entrainment is proportional to the cross section of the
obstacle and to the freestream velocity.

Re-Entrant Jet Cavities

A cavity which is ventilated at a low rate continues to be closed
by a re-entrant jet and the general appearance of the cavity is the
same as when unventilated. Experimenters show little agreement,
however, in the relations which they report between CQ and a for
ventilation in this region. The varied behavior is surely due in
part to the variety of experimental conditions in the tests. Research
has been done on axially symmetric bodies, on two-dimensional bodies,
and or. wing-like plates (usually of rectangular planform). Generally
av had too high .a value to permit a cavity to form without ventilation.
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the free-jet vertical tunnel, and straight and circular towing basins.
Gravity causes differences in cavity shape between the horizontal
and vertical tunnels, and mixing and entrainment due to the jet
striking the cavity wall differ considerably in the two facilities.
The jet itself is never quite steady and is involved with the trailing
vortices. Sometimes the jet is strong enough to plunge past the
generating body into the oncoming flow, with an augmented mixing,
and sometimes it strikes the ventilating jets and thus affects the
incoming flow and the amount of entrainment (Ref. (3-57)).

In Figure 3-37 the re-entrant jet is associated with the portions
of the graphs to the right of the minima. The positive slope in this
region indicates that the cavity pressure and size decrease as the
ventilation rate increases. The authors explain the behavior by the
strengthen,:ng of the jet as the cavity shortens, with consequent
increase of entrainment due to mixing where the jet strikes the
cavity wall. Although this behavior appears anomalous, it was
verified by Cox and Clayden (Ref. (3-60)) who reported that, in this
region, "a slight increase in air entrainment rate was observed with
further decrease in the length of the cavity." Brennan reported
measurements (Ref. (3-61)) almost wholly in the jet regime, made
during ventilation of the cavity due to a 3-inch sphere. He gave data
for only three values of a, but they show almost throughout, the same
qualitative behavior as that found by Swanson and O'Neill.

It might be significant that all of these tests in which a
positive slope was found in the re-entrant jet region were made with
horizontal cavities due to axially symmetric bodies. Swanson and
O'Neill, and Brennan used water tunnels, working with a 1-inch disk
and a 3-inch sphere respectively. Cox and Clayden made tests on 1/2-,3!4-,and 1-inch disks in a towing basin.

Most of this research was carried out under experimental conditions
which would not support a caviry without ventilation. Swanson and
O'Neill described their re-entrant jet cavities as being on the verge
of collapse as the ventilation was changed. This collapse would not
ovcur if a were sufficiently low, that is, with high velocity and low
ambient pressure.

Tests at the St. Anthony Falls Laboratory have shown a negative
slope of the W against a graph in the re-entrant jet region (Refs.
(3-55) (3-57)). Qualitatively similar results were obtained in a
vertical water tunnel and in a towing basin, but the tests were made
on two-dimensional bodies or plates with aspect ratios of 2.5 to 6.
The negative slope is much easier to explain and these programs were
quite extensive.

Because of the rather complicated nature of the problem of
ventilation with re-entrant jet closures, and the incompleteness of
available information, little quantitative data will be given here.
Silbezman and Song (Ref. (3-57)) reported a dep'endence on the ratio
a/av while Schiebe and Wetzel (Ref. (3-55) used the related quantity
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Pa = Pc - Pv, the partial pressure of air in the cavity. The latter
authors have given a ventilation formula which may be written (Ref.

(3-56))

0.59 -_0.83a nACD Pa

S=(0.82 + 66a (l+/T-o (3-42)Patm.

Because this equation was derived for two-dimensional or foil-like
bodies of finite span, it is written for Q rather than CQ, which is
related to axially symmetric shapes. The parameter n has the value
unity for horizontal cavities and 2 for vertical cavities, representing
the number of cavity walls struck by the jet. In the pressure ratio,
Patm is the atmosphere pressure related to the volume rate Q.

The Critical Value of the Cavitation Number

At certain values of a, the re-entrant jets tend to disappear
or at least to become weaker and part-time. These are also the
maximum values of a at which the vortex behavior appears. Swanson
and O'Neill (Ref. (3-52)) first observed that this critical value
of the cavitation number a*, approximately obeys the relation

F = 1 (3-43)

where F = U/F-gd is the Froude number based on body diameter.

Figure 3-38, which is copied from Campbell and Hilborne (Ref.
(3-30)) shows a plot of the critical cavitation number against F,
for small disks. It is evident that the approximation given in
equation (3-43) is good over a considerable range, although the
product is somewhat higher than unity at the lower Froude numbers.

The Vortex Regime

The trailing vortices observed by Swanson and O'Neill are easily
explained. Because of gravity and the uniform pressure in the cavity,
the flow speed must be greater below than above the cavity, and the
resulting circulation is responsible for the vortices (Ref. (3-60)).
This will be discussed further in the section dealing with the effects
of gravity.

The steep slope of the entrainment graphs in the vortex region of
Figure 3-37 indicates that large increases in the ventilation rate are
required to produce small changes in the cavity pressure. The air
was supposed to escape through the expanding hollow cores of the
vortices but Silberman and Song reported (Ref. (3-57)) that the same
rapid loss of gas occurs for non-lifting bodies in a vertical tunnel
where there are no tr~iiling vortices. Even when the vortices occur,
the flow through them is sometimes into, rather than out of, the
cavity. For bodies of large aspect ratio several pairs of vortices
may appear (Ref. (3-56)).

3-36



SEAHAC/TR 75-2

Figure 3-39 contains data believed to be significant for the
ventilation of small disk cavitieL (Refs. (3-30) (3-52)(3-60)). The
Froude number is shown for each CQ - versus-a graph, and the,
dependence on Froude number is evident. A test of this dependence
is made in Figure 3-40 where plots of a against F are given for data
read from Figure 3-39 at CQ values of 0.2 and 0.4. The data for
3/4-inch and 1-inch disks agree well on Figure 3-40 and a single
graph is drawn for them. Data for the 1/2-inch disk lie slightly
lower. This lack of scaling was observed by Campbell and Hilbourne
(Ref. (3-30)). They reported that tests to detect a dependence on
Weber number (surface tension) were unsuccessful, and suggested that
the effect may be due to Reynolds number.

Ventilated cavities both with re-entrant jets end with trailing
vortices are usually observed to be "steady" although having short-
period fluctuations. Obviously from Figure 3-39 it is not possible
to obtain cavities which are arbitrarily large and of low cavitation
number, by ventilation.

Cavity Pulsations

Silberman and Song (Ref. (3-57)) reported that another phenomenon
occurs during the ventilation procrs.". While ventilating the cavity
due to a two-dimensional plate in - vwtical free-jet tunnel, they
obtained the data plotted in Figure 3-41. The graphs appear similar
to th3se already discussed except that the steep portions are
presumably vertical. The test showed that when a had been reduced
to a value which depends on the initial cavity conditions, a further
increase of the ventilation rate caused a violent vibration of the
cavity, with pulsating changes of its length and diameter, as a wave
along the cavity deformed the wall. No pulsations occurred unless a
was -reduced to less than 0.19 times the initial cavitation number,
Ov. The initial condition may be a fully wetted one, that is, the
cavity might not appear until ventilation is begun. Further, they
found that the air required at a given a, depends solely on the
initial value, av' In the vibrating cavity, air is apparently not
lost from the cavity as a continuous stream of bubbles, but as a mass
of air-water mixture discharged periodically from the rear of the
cavity.

While the cavity pulsates, the increasing ventilation rate does
not increase the average cavity pressure. Instead, a remains roughly
constant while the cavity vibrates at a rather steady rate of 40 to
60 Hz with the production of an audible sound (Ref. (3-55)).

No further changes occur as the ventilation rate increases until,
at a nigh value, the average length and pressure of the cavity
suddenly increase, with a decrease of a. The vibrations are now less
vigorous and the deformation of the cavity wall is two waves long.
This has been called a second-stage cavity. With further ventilation
increases, similar discontinuous changes can occur producing up to
six such stages.
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The cavity pulsation phenomenon is primarily related to free
surfaces (Ref. (3-62)). They have been studied also in the towing
basin where one free surface replaces the two of the vertical free-
jet tunnel. Calculations of Hsu and Chen (Ref. (3-63)) show t-hat it
may be possible to obtain pulsation of cavities without a free

Silberman and Song obtained pulsations (Ref. (3-57))under all
conditions of sufficient ventilation rate because, in the vertical
tunnel, vortices were not present. In the towing facility pulsation
appears to occur (Ref. (3-56)) in t-he transition region between the
re-entrant jet cavities and the trailing-vortex cavities. on the
other hand, for bodies of high aspect-ratio at high angles of attack,
vortices tend to appear as the re-entrant jet weakens, without the
occurrence of pulsations.

PRESSURE IN THE STEADY CAVITY .

The pressure in the steady finite cavity must be less than in the
water surrounding it, othetwise there would be no tendency for the
cavity to close. On the other hand the cavity pressure must be at -

least as great as the saturation vapor pressure of the water at the
temperature of the cavity walls. If only water vapor were present,
this pressure would be attained very rapidly.

LThe temperature drop of the cavity walls due to evaporation has
been studied to determine whether it is large enough to affect the
partial pressure of water vapor in the cavity. It appears that the
drop will be immeasurably small (Ref. (3-El)), except for minute
cavities. Hence, the partial pressure of the water vapor in the
cavity, Pv, may be taken as the vapor pressure at the temperature
of the surrounding water: 0.042 atmosphere at 300C (860F), and 0.006
atmosphere near OOC (32 0F).

Air or other gases may enter a cavity in several ways:
1) by an intentional infusion of gas; for example, Zrom rocket

exhaust or from air added in order to maintain a cavity;

2) hy venting through an "accidental" channel to the
atmosphere. For example, the cavity generated by a shallow-
running hydrofoil or a surface-piercing strut may become
open to the atmosphere. Such an open-cavity condition can
also be caused by excess cavity pressure from rocket
exhaust;

3) by diffusion from the surrounding water, through theI
cavity walls.

* In discussing cavity prassure it must be considered whether the
so-called cavity is indeed a void filled only with gases and vapors,
or whether it is merely the envelope of a region of froth, a mixture
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of bubbles and water, as was showln i.n Figure 3-36. The following
paragraphs will assume, unless the contrary is n~ced, that the portion
of the cavity being discussed is almost empty of froth.

i, In the cavity the partial pressure of air which results from
diffusion is generally taken (Ref. (3-61)) to be proportional to the
total air content of the water. Since natural water is generally
saturated with air, this condition can usually be assumed. Hence,
the total cavity pressure will always be a little above vapor pressure
but this is only a few percent (Refs. (3-20) (3-23)), where the cavity
is free of water. Diffusion into the cavity is presumably much more
rapid when the cavity surface is turbulent (Ref. (3-64)).

The pressure in an unvented cavity tends to increase with a
(Ref. (3-20)), but principally in the froth region where the pressure

may 1e several times Pv (Ref. (3-57)). Because of the pressure
fluctuations in this area the pressure measured in the froth is at
best an average value, but there is evidence that the results are
reproducible and meaningful (Ref. (3-65)).

Plots of a (based on measured cavity pressure) against 0 v, have
been given by Parkin and Kermeen (Ref. (3-65)), and by Silberman and
Song (Ref. (3-57)) and the agreement between them is good, although
the former was derived from tests in a horizontal closed-jet tunnel
and the latter from a vertical open-jet tunnel. Figure 3-42 is a
copy of the plot from Reference (3-57). The increase of air pressure
wich a can be seen from the figure.

Althouigh methods used in measuring cavity pressure will not he
discussed,a few words are pertinent concerning the relation of pressure
to cavity shape, and the estimation of the pressure from the shape
(Ref. (3-19)).

In the discussion (f cavity shape it was shown that the fineness
ratio L/dm of the steady cavity is a function only of a, and the
formula

L/dm = 1.067o-0.658.52a+04G5 (3-15)

was derived from reoorted measurements. Since

a = (p. - pc)/(i/2)pUc 2  (3-2)

the total cavity pressure Pc can be determined from the fine.._2:' ratio
if the experimental parameters p., p, and U., are known.

3-39



SEAHAC/TR 75-2

APPEARANCE OF THE CAVITY SURFACE

The surface of the cavity is sometimes observed to be smooth and
glassy, at other times milky, rough, striated, and so forth. Commonly,
some areas of the surface will be smooth and others rough. A few of
the causes of surface roughness are:

1. Water Content of Cavities. As shown in Figure 3-36 cavity
surfaces observed at higher cavitation numbers are actually only
surfaces in which small cavitation bubbles are moving. At somewhat
lower values of a the cavity is still composed of a myriad of small
bubbles with a considerable amount of water between them. This cause
of cavity roughness disappears only when a<0.1 approximately (Refs.
(3-20) (3-21) (3-66)).

2. Spray from the Re-entrant Jet, striking the cavity wall,
roughens it and produces small bubbles in the surface of the well.
This is a most common cause of surface roughness. The effect is
greatest for short cavities where the jet is most energetic. In a
long cavity the jet does not reach and disturb the forward end of
the cavity.

3. Irregular Line of Flow Separation. If a cavity-generating
disk has burrs at its edges, lengthwise irregularities or striations
will appear in the cavity surface. These are seen also in the case
of so-called smooth flow separation where some variation of separation
angle is obtained; but presumably the effect would disappear at high
speeds. Such striations are shown in Figure 3-4. Recently dilute
polymer solutions were reported (Ref. (3-67)) to produce surface
effects with both longitudinal and transverse corrugations.

4. Boundary-Layer Turbulence. When flow separation occurs with
a laminar boundary layer the cavity will be glassy smooth if other
causes of roughness are absent. Often the surface becomes rough
through turbulence only a short distance from separation. Preceding
the roughness of the surface a growing wave pattern may be observable
(Refs. (3-49)(3-61)). The cavity surface may be rough at separation
if the boundary layer is turbulent at that time.

5. Body Vibration. If the cavity-generating body vibrates while
producing the cavity, transverse wavefronts may appear on the cavity
surface. This is observed especially at water entry where the water
impact may cause ringing of the missile (Refs. (3-68)(3-69)).

It appears improbable that vaporization from the cavity wall is

an important cause of roughness although it was once so considered
(Ref. (3-70)); also it does not appear significant for cavity
roughness that the cavity does or does not contain air in addition to
water vapor (Ref. (3-1)).

It has been reported (Ref. (3-69)) that aeration of the water
beyond equilibrium cor',entration produces surface roughness. This
might be important for laboratory tests but probably not for experi-
ments with natural water.
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EFFECTS OF GRAVITY FIELDS ON THE CAVITY

Cavities produced in flows past two- or three-dimensional
obstacles are normally in a gravity field which affects the flow about
the cavity and distorts it.

In order to understand this behavior it is instructive to compare
cavity flow with the fully-wetted flow about a rigid body having the
ideal ellipsoidal cavity shape. If such an ellipsoidal body is
mounted in a horizontal water tunnel with the axis of the body
horizontal. and at a considerable depth h, the flow past the body is
unaffected by gravity while the body is fully wetted, although the
pressure exerted on the body by the water will be greater at the
greater depth of submergence.

Since the pressure within a oteady cavity is almost uniform, the
water must exert a uniform pressure on it. In order that the local
pressure may be everywhere the same, the Bernoulli theorem

p +(I/2)pU2 - pgh = C (constant)

(where C may be related to conditions in the freestream) requires that
the flow speed increases with depth.

If the flow were about a steady cavity having the ellipsoidal
shape assumed above for the rigid body, the flow distribution would be
the same as the flow about that rigid body. This is inconsistent
with the requirement of uniform total pressure about the cavity, so the
assumed ideal steady-cavity shape is unrealistic. In the gravity
fiela the cavity must be distorted to provide the proper velocity
dis ,4'.ution The undistorted ellipsoidal cavity would have the
s..'e wbiuoyan force on it as the rigid body, but the distorted steady
c: -"ty suffers no buoyant force. The pressure over the surface is
unL.-;rm and the buoyant force has vanished. The fact that the downstream
portion of an almost axially symmetric steady cavity is observed to
slope upward in a horizontal flow does not indicate that there is a
buoyant force on the steady cavity configuration. A buoyanL lurce
would cause the cavity to move upward as the free bubble does. Thesteady cavity is fixed at the end where it is generated and a buoyant
force causes its after portion to float upward until the steady

position is reached where the net buoyant force vanishes. This
distortion i7 not ure upward inclination and, as will be described,
under som, condi-;.:~s the upward slope is not an apparent part of the
deformation. It might be noted that the buoyant force on the
horizontal ellipsoidal rigid body could be equilibrated (not eliminated)
by a negative lift if the body were given a negative angle of attack.
The circulation whi-', results from the variations of flow velocity
with depth, produce. ie trailing vortices which were described in a
previous section.

Waid found (Ref. (3-24)) that, because of gravity, cross sections
of cavities attached to disks in the horizontal water tunnel tended
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to rise a distance which depended on the distance downstream from the
disk. He defined the height of rise as the distance of points on the
centerline of the cicvity above the center of the disk, although the
downstream end of t'e cavity is considerably distorted from its
circular cross section, as may be seen in Figur. 3-43. Tho= distortion
is due to a greater rise of the bottom than of the top of the cavity
near its downstream end. Waid found that tests on 1/2-, 3/4-, and
1-inch disks at tunnel speeds from 12 to 24 feet per second were in
reasonable agreement, dith an upward acceleration of the cross section
equal to 27.2 ft-sec 2 , as the cross section moves downstream.
Evidently the inclination should become very small at high speed
(strictly at high values of the Froude number), and this was found by
Brennan (Ref. (3-61)) for cavities due to hemispheres.

The behavior of two-dimensional cavities in a horizontal flow is
in surprising contrast to that just described. Parkin (Ref. (3-71))
showed theoretically that no appreciable rise was to be expected in
the cavities due to inclined flat plates, and Street (Ref. (3-72)),
derived similar predictions for the symmetrical wedge. Kiceniuk and
Acosta verified experimentally (Ref. (3-73)) that no inclination was
measurable for cavities due to wedges with half angles of 7-1/2 and
15 degrees. Parkin found that gravity effects should disappear almost
completely for F>6, where F is based on the plate width.

By a linearized aaalysis Tulin derived (Ref. (3-74)) an approxi-
mate value of the length X of a cavity in a transverse gravity field,
in terms of the length L under no-gravity conditions. He found

£/L = (cos2k)/Jo 2 (k) (3-44)

where

k = g£/2Uo 2  (3-45)

The value of L can be estimated from the earlier-mentioned formula

L/d = 8CDo/ a 2, (3-25)

also due to Tulin. From the three equations above, the length of a
cavity in a transverse gravity field can be approximated. It will
be seen that the cavity is always shortened by the field and is not
of infinite length even for a = 0.

Figure 3-44 shows the distortion of the cavity thrown by a wedge
of 10-degree half angle, as calculated by Street (Ref. (3-72)). (In
the upper sketch the ordinate scale is one-fifth that of the abscissa.)
The cavity for a = 0.0865 has a length which is 30 times the chord
length. At F = 4 the center of the ellipsoid sags about 14 percent
of the maximum diameter, but the cavity rises again at the downstream
end. It is noteworthy that the center of the cavity is deflected
downward, in the direction of the gcavitational field.
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Parkin calculated (Ref. (3-71)) the shapes of cavities due to c
flat plate inclined to the flow at 4 degrees in a transverse gravity
field. His sketches are reproduced in Figure 3-45. (In the upper
sketch the ordinate scale is one-tenth that of the abscissa). There
is a small dependence of cavity length on F.

The changes of cavity length are greater in a longitudinal
gravity field than in a transverse field and they depend in an
interesting fashion on the conditions of the experiment. Two principal
types of experimental cavities will be considered: those in the
vertical free-jet water tunnel, where the flow speed past the cavity
is accelerated by gravity; and those generated by vertical missile
motion in an "infinite" fluid (for example, in a large water tank).

It. is usual to relate the change of length to the square of the
Froude number, F 2 = U2 /gd, and F 2 is taken to be positive when the
gravity field points upstream (or a missile is traveling downwards),
and negative if it points downstream (Ref. (3-74)), (or a missile
travels upwards). The velocity U is the freestream velocity at the
level of the base (Ref. (3-75)) or the center (Ref. (3-49)) of the
test body. Froude number has also been based on cavity length,
instead of on missile diameter (Ref. (3-74)).

In the vertical free-jet tunnel the flow is of course in the
direction of gravity. The free-stream velocity is accelerated along
the cavity and thus causes an effectively smaller o with a longer
cavity. In other words, if the value of the cavitation number is
based on the freestream velocity at the position of the missile,
the cavity should be longer than is normally produced at that
cavitation number. Silberman reported (Ref. (3-49)) that this
elongation was not found, perhaps because of the shortening of the
cavity due to the walls of the free jet, or the uncertainty in
measuring the cavity length. In the vertical free-jet tunnel the
total pressure is constant along the cavity because of the acceleration
of the flow.

A cavity generated in a tank by a missile traveling vertically

upward (F 2 negative) is below the missile, ir a region of greater
hydrostatic pressure. Hence, the numerator in the expression for
the cavitation number

i = (P. - Pc)/(I/2)pU2

is greater than at the reference level (at the missile) and the
effective value of a is increased, the tendency for the cavity to
close is greater, and the cavity is shorter than is usual at the
reference value of a. On the other hand if the missile is traveling
downward (F 2 positive), so that the cavity lies above the missile,
the tendency to close is less and the cavity is lengthened. While
the pressure "at infinity" increases with depth, the flow on the
cavity wall is accelerated by gravity and thus a uniform pressure is
maintained at the cavity.
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The length of cavities due to wedges in longitudinal gravity
fields, has been calculated by Acosta (Ref. (3-75)) using a
linearized model, and by Lenau and Street (Ref. ',3-76)) with a non-
linear model. Figures 3-46 and 3-47 contain, from Reference (3-76),
curves of cavity length for wedges with half angles of 15 and 45
degrees, for both positive and negative values of F2. The graph for
1/F2 = 0 should agree with data already presented for the gravity-
free problem. It is easily showin that the agreement with Zoller's
formula, (Fig. 3-25), is good at small values of a, but not at
larger values, where the difference is especially large for wedges
of small angle.

F. Tulin gave (Ref. (3-74)) a formuia for the length of vertical
two-dimensional cavities due to a "point drag forebody", which can be
written

L. 8C

Tr a 2 [ + L ]2
2 dF2 a

It permits the calculation of cavity length as a function )f CD. For
F2  equation (3-46) reduces to equation (3-25).

The cavities in longitudinal gravity fields are not symmetrical
about their midpoints. For negative values of F2 the after part of
the cavity is blunter than the forward part, and the reverse is true
when F'2 ipotve(Ref. (3-74)). For negative F2 there is a minimum
value of a, which is reached when the rear end of the cavity becomes
cusped. This occurs when the drag on the missile becomes equal to theI
buoyant force on the cavity (Ref. (3-74)).

The significance of -quantitative length data for cavities in aI longitudinal field, may be questioned (Ref. (3-74)). For the cavity
due to a missile traveling vertically in an infinite fluid, the
ambient pressure on the cavity is continually increasing or decreasing
with depth, with corresponding changes in a, and the cavity configuration
cannot be steady. Steady c-onditions are maintained in the vertical
free-jet tunnel but it appears improbable that prototype conditions
are simulated.
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CST Eng. California Institute of Technology, Engineering
Division

DTMB David Taylor Model Basin

NACA National Advisory Committee for Aeronautics

NOL Naval Surface Weapons Center, White Oak Laboratory,
Silver Spring, Maryland (formerly Naval Ordnance Laboratory

NOTS Naval Ordnance Test Station, Pasadena

ONR Office of Naval Research

SAF St. Anthony Falls Hydraulic Laboratory, U. Minnesota
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APPENDIX A

DERIVATION OF EQUATION (3-4)

Reichardt (Ref. (3-21)) presented a formula, which is equation
(3-4) of this report, for the maximum diameter of the steady cavity
as a function only of the drag coefficient and cavitation number.
The major part of the general argument underlying this formula is
presented below in simplified form.

The obstacle which generates the cavity may be regarded as
mounted in a water tunnel of uniform cross section, large enough that
the effect of the walls can be ignored. Control surfaces are located
across the tunnel at AA and BB in Figure 3-Al. At AA freestream
conditions exist with U. and p.. The surface BB is at the maximum
cross section of the cavity where the pressure is p and the velocity
U outside of the cavity. The pressure is Pc within the cavity and
the velocity there may be taken as zero since it is the momentum of
the flow that is significant. The area of the general cross section
is split into two parts based on the cross section BB: A1 outside
of the cavity and Ac within the cavity.

The force acting on the volume of water and reducing the momentum
of the flow consists of the pressure force and the drag force D. In
general terms

rate of change of momentum f(p.-p)dA - D = -pf(Um2-U2)dA

where the integration is over the control surfaces. In detail

D (p.-p)dA + J (p,-pc)dA + p /(U2-U2)dA + pU 2 Ac (3-Al)
Sc 1

J1 cI~ffl c

Reichardt introduced equation (3-Al) in discussing a wake problem
and then applied it to the cavity. For the cavity problem the second
integral contains the force on the missile due to cavity pressure.
This small (cA.ponent of the drag force is accordingly included
erroneously both in this term and in D.

If Bernoulli's equation

p- p (1/2)p (U 2 
- U, 2 )

3-Al
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is used in the first integral of equation (3-Al), and the continuity
relation

dAUUA+ UdA fUo.dA+ U.A
1 1 c 1

is inserted in the last term:

D (1/2)of (U,. 2 - U2 )dA + f(P.-PC) dA +p f .Uda -P U. 2 dA

1 c 1 1

or

D= (p- Pc)Ac - (1/2)1 (U- 0) 2  (3-A2)

If

CDm = D/Acq, = D/Ac (I/2)pU. 2

is defined as the cavity-running drag coefficient based on the maximum
cross-sectional area of the cavity instead of the cross section of the
obstacle, then, from equation (3-A2)

P• - Pc 1 U_ 1 __
mUU) dA (3-A3)

CDm oAc 1 UAcf U

Thus the drag coefficient CDm has a value which is less than a
by an amount which depends on the reduction of speed of the streamlines
outside of the cavity.

For convenience, equation (3-A3) can be written

CDm = of (3-A4)

where f may be a function of a. Further, from the definition of the
drag coefficient,

CD = (dm/d)2CDm

where CD and CD are the drag coefficients related to the maximum body
area A = IT dm2i". Hence

3-A2
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CD = (dm/d) 2 of

and
1/2

dm/d = (CD/Of) . (3-A5)

Reichardt reported the value
1/7

f = 1 - 0.1 3 2a (3-A6)

based on a source-sink theoretical determination. This leads to
equation (3-4).

If the last term in equation (3-A6) is neglected, equation (3-A5)
reduces to equation (3-8), the result obtained by Garabedian (Ref.
(3-,38)).

I

I1

Ii

3-A3
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Chapter 4

FORCES AT WATER IMPACT
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Syobols

A cross-sectional area of missile used as reference

Ai cone cross-sectional area at original water surface

An cross-sectional area of wetted portion of missile nose

b s/r, nondimensional penetration distance

B buoyant force !

B1 effective depth of cone

c speed of sound

CD drag coefficient referred to instantaneous velocity

CD drag coefficient referred to impact velocity

•Dw for missile of infinite mass

Cds steady cavity-running drag coefficient

CDs assiuned partial Cds during water entry

d maximum diameter of missile J
D drag force

f skin-friction force

F total force on missile

h drop height before water impact; missile depth;penetration ratio = i/w .
I transverse moment of inertia

k added-mass constant = m/ps 3 (tan $/2)3

"total" added-mass constant k + lTCds/ 6 tan (a/2)

t half width of plate

L half wetted breadth of wedge

m added mass

m= 2m/p Ar, dimensionless added mass

M mass of missile

ii
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M= 2M/p Ar, dimensionless missile mass

p pressure

r maximumi radius of missile

ri cone radius at original water surface

ro ogive radius

Ro= ro/d, ogive radius in calibers

s distance along trajectory

t time

t*= Uot/r, dimensionless time

T half period of pressure pulse

du/dt acceleration which would exist if W-F-B were zer)

U missile velocity

Uo velocity of missile at water impact

w wetting factor

W weight of missile

W, impulsive-moment coefficient

x distance from central plane of wedge

dhalf angle of cone or wedge

•" ~deadrise angle of wedge = 7/2-

angle of water entry (measured from horizontal)

dimensionless lever arm

p mass density of water

a specific gravity

angle between normal to surface element and trajectory

angle turned through by missile

AW whip = transverse angular velocity acquired by ..-ssile at
water entry

iii
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Subscripts

a quartity in air

m quantity evaluated when drag of cone is maximum

w quantity in water

iv
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INTRODUCTION

When missiles enter water from air, they commonly experience
force systems which not only affect the motion but may cause serious
damage. The axial force, in decelerating the missile, may deform
the nose or destroy internal instrumentation. The moment of the
impact force may seriously affect the straightness of the trajectory
and even cause the missile to buckle or break in two.

In this chapter the only forces considered will be those elfective
while the nose of the missile is being wetted and shortly thereafter.
Forces which arise when the tail strikes the cavity, will be discussed
in connection with the trajectory, elsewhere.

Forces, especially when derived experimeitally, may be of several
types. They may be the forces on the missile case, as derived for
example, from pressure sensors; they may be based on the readings of
accelerometers variously placed in the body of the missile; or they
may be derived from the motion of, and about, the center of mass of
the missile. In this r'eport the type of force will generally be clear
from the discussion, but it is a matter which should be kept in mind.

THE PHASES OF WATER ENTRY

During the entry of a missile into water the successive conditions
which exist are commonly divided into a number of "phases", given
variously by different authors. The following division is frequently
made.

Shock-Wave Phase. During this phase, which is most significant for the
vertical entry of blunt bodies, compressibility is important, and a
shock wave is generated in the water. Although large forces which
may cause damage to the missile are effective during this phase, the
time is very short, and the phase is usually of small practical
importance.

Flow-Forming Phase. During its entry the missile has to establish a
pattern of flow in water which was initially at rest. While this
flow is being generated the missile experiences its greatest water-
entry deceleration, the forces are most destructive, and have the
greatest influence on the trajectory.

Open-Cavity Phase. During this phase the missile is cavity running,
that is, it is generating a cavity as it travels. The cavity is open
to the atmosphere at its upper end (at the water surface). This, and
the later phases are not discussed in this chapter.

Closed-Cavity Phase. In this phase the cavity has closed above the
water surface and envelops the missile (when conditions are suitable).

Collapsing-Cavity Phase. The cavity size Oecreases and later the rear
of the cavity collapses onto the tail of the missile.

4-1
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Fully Wetted Phase. Finally, the water is in contact with the

complete surtace of the missile.

THE F OCK PHASE

If a plate or disk or the flat end surface of a right cylinder
impacts a level surface of water vertically with zero angle of attack
(Fig. 4-1), a high pressure builds up at the colliding surfaces and
a shock wave travels downward into the water. Until recently it was
assumed that this pressure was relieved only by the compressibility
of the water, and that the duration of the shock would depend on the
travel time of the shock in the water from the center of the disk or
plate to the free edge. It was held that the pressure at the front
surface of the disk would equal pcwUo, where p is the mass density
of the water, cw is the velocity of sound in chle water, and Uo is the
impact velocity of the missile. Experiments showed that tle pressure
did not attain a value as high as this prediction.

It was demonstrated experimentally and theoretically by Chuang
(Ref. (4-1)) and at approximately the same time by tests of Verhagen
(Ref. (4-2)), Lewison and Maclean (Ref.(4-3)), and Johnson (Ref. (4-4)),
that the lessening of the pressure is due to a layer of air whic'r is
compressed and deforms the water surface below the flat plate
approximately as shown in Figure 4-2. This cushions the impac . As
a result many reports which were written to discuss the effe of
water compressibility on the force of impact, have little si-inificance.
Irnjtead, the compressibility of the air layer is important, and the

S._i~tion of Clie shock is greati, increased because of the different
flow mechanism (the pressure buildup takes as long as the decay), and
the fact that the compressibility cf air is involved rather than that
of water. In addition, air which cannot escape from the high-pressure
region is ,ressed into the water, and the mixture has a considerably
lower sound speed than water alone. Chuang reported that ripples on
the water had little effect on the pressures, but Lewison and Maclean
stated that rough-water performance was not repeatab*le.

While the shock would be much more inrtense if air were not
present, it is believed (Ref. (4-1)) that the total impulse is about
the same; the smaller amplitude when air is present is compensated by
the increased dura4 ".on. It will be shown later that the dieceleration
of a missile entering water is associated with the "added mass" of the
flow set up in the water. The total amount of this aeded mass is not
greatly affected by the presence or absence of air below the missile.
On the other hand the impulse will depend on the mass of the impacting
body. This dependeice, as predicted by Verhagen (Ref. (4-2)) for a
two-dimensional falling plate, is shown in Figure 4-3. Figure 4-.4
compares his predictions for two masses of the plate with his experi-
mental results and tiose of Chuang. For Chuang's tests, as is shown,
the effective mass M/p£ 2 z 2. Since compressibility was neglected
in the predicted values, the theory is not suited to heavier masses,
and Verhagen suggested that the lack of agreement of Chuang's values
with theory may be due to this error in the analysis or to deforz.iability
of Chuang's dropping mass. The three-dimensional nature of his experi-
ment may also have importance.

4-2



orh fod at SEAHAC/TR 75-2

Chuang found that the maximum pressure is approximately the same
over all of his falling plate except at the extreme edges, but the time
variation of the pressure varies greatly. He gave the following
predictions for the pressures

Pmax - 32 x 144 -I'* pCaUo 4.5Uo

wit p in psi and U0 in ft/sec. Further

l.4t/Tp(t) = 2 Pmaxe sinfft/T

with the half period

T = 4 X/ca.

It appears improbable that these formulas can have wide
applicability. The half period T has a value of approximately 1/300
so that if a plate hit the water at 300 ft/sec, it would travel a
distance 2k during the full shock duration. By this time, as will be

seen later, added-mass effects, which scale with U0 2 rather than with
U0 , must be quite strong, and the force is surely not dependent
principally on the shock.

Measured values of the maximum shock pressures for the water
entry at 200 of a torpedo with hemispherical nose are shown (Ref. (4-5))
in the polar diagrams of Figures 4-5a and 4-5b. Pressures were
measured at the angle.. shown by the radial lines. The u.•aximum pressure
was found to be at an angle somewhat ahead of the angle of -entry,
presumably because of the piling up of water as sketched in Figure 4-5c.
The results appear reasonably consistent with those obtained for flat
surfaces.

Denting of the missile nose has often been ascribed to the impact
shock but it is improbable that internal damage to thQ missile is
likely because of the shortness of the shock pulse.

THE FLOW-FORMING PHASE

As a missile enters water from air, the water, which may usually
be regarded as initially at rest, must be set into a pattern of
motion characteristic of the nose and the cavity shape. This flow
establishment taker place principally while the nose is being wetted
but invariably extends beyond this time. This is especially evident
in the vertical entry of a disk. While most of the work of flow
e.;tablishmnt is done in a very short time following the contact of
the disk with the water, obviously the flow pattern will grow as the
penetration of the disk progresses. While the pressures are somewhat
less during the flow-forming phase than in the shock phase, the duration

is usually much longer. Hence the forces have great influence on the
trajectory and have a great pctential for damage to the missile.

4-3
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It might appear that the behavior of a missile could be predicted
accurately from the time variation of the pressure distribution on
the body of thrŽ missile and principally on its nose. This is a great
oversimplification because the missile is never a rigid body. The
forces acting on and about the center of mass may differ greatly from
those measured near the nose tip.

The force acting on the missile is not a simple one. It is
combined from pressures distributed in both space and time. However,
the time required for the missile tc enter the water, even for a
missile length, is usually short enough that the force system can be
treated its impulsive.

The main constituents of the nose force are an axial or drag
force, which causes deceleration and perhaps damage, ana a lift or
normal force, whose greatest importance is through the transverse
angular velocity created by its moment. (It will be shown that axial
forces may also produce angular velocity). The angular-velocity change
is called "whip."

It is important to be able to predict, on the basis of theory
or experiment, what time variation of drag and lift may be expected
for an arbitrary body shape under arbitrary entry conditions. This
is a problem of considerable difficulty. Theoretically a solution is
required of a boundary-value problem in which the boundary varies
with time in a fashion which must be determined as a part of the
solution. Only primitive solutions have been obtained so far. Almost
all productive analytical treat;.<ents have used a momentum method which
will be discussed in the next chapter. Experimentally the water-entry
problem is a very difficult one also, because of the large forces
and moments and the brief time during which they act. Instrumentation
equal to this assignment has only recently become available and
measurements have not yet been extended to high-speed entry.

ADDED MASS

Prediction of drag forces during water entry has been due
principally to a method suggested by von Karman (Ref. (4-6)) in 1929.
This method assumes that momentum is conserved during the water-entry
process; momentum lost by the missile as it slows down is converted
into momentum of the added mass of water.

The concept of added mass (or virtual, induced or apparent mass)
was first applied to potential flow (Ref. (4-7)). When a body moves
through quiet wader a flow is induced in the vicinity of the body

(and theoretically to infinity), which is dependent on the body shape,
and its velocities are prcportional to the speed of the body. The
"added mass" is that mass which would have the same kinetic energy
as that of the flow, if traveling with the missile speed. Some
justification of the association of added mass with the momentum
rather than the kinetic energy of the induced flow, has been given by
Shiffman and Spencer (Ref. (4-8)).

4-4
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The basic idea of the von Karman method, which was originally
applied to the vertical entry of two-dimensional wedges, is the
estimation of the added mass duriiig the water entry as a function of
the penetration depth, and a calculation of the time variation of the
force required for the transfer of momentum.

Many have used the von Karman method for the prediction of the
water-entry force but the most elegant use is probably the application

* of the method to the estimation by Shiffman and Spencer (Ref. (4-8))
of the drag force during the vertical water entry of spheres. The
conceptual basis for the method will be discussed in this section,
and its application to water-entry scaling will be treated in the
next section.

In the absence of other forces (which will be introduced in the

next section) the momentum theorem for vertical entry may be written

MUo = (M + m)U (4-1)

where M and m are the masses of the missile and the added mass, and
Uo and U are the missile speed at and after impact. The fictitious
added water mass m, which cha:nes as thz missile penetrates the
water, is thought of as having the speed of the missile at each
instant. For a given missile at a given entry angle it is assumed
that the added mass is a function only of the distance the missile
has penetrated the water, and further that m is proportional to p
and to the cube of the linear scale of the missile; but is not a
function of the mass of the missile or of its speed.

In the absence of other forces the drag force could be written

D = - MdU/dt = (l/2)pU2 ACD = (l/2)pU2 AC* (4-2)

where A is the reference cross-sectional area of the missile and
CD is the usual drag coefficient. Generally the drag coefficient
C6 is used for the water-impact forces. It is referred to the impact
velocity U0 which is easily measured, instead of the instantaneous
velocity U.

By using equation (4-1) and the relation

d d db ds U d 4
dt db ds - t r db

(where b = s/r is the distance traveled, expressed in radii of cross
section of the missile), equation (4-2) can be written

U2M dm M Uo2 dm _ Uo2°ACD
D - (M + m) r -b \R + m m r b 2

4-5
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or

2 dm 
(4-)3

p A'--- REb CD = CD.. (4-3)

From equation (4-3) it will be seen that the scaled value of dm/db,
the rate of increase of added mass with increase of penetration, is
proportional to CD., the drag coefficient related to the impact
velocity foi a missile of infinite mass, that is, in the absence of
deceleration.

Although it is difficult to predict theoretikally the values
of added mass for water entry (for example, see Ref. (4-8)), there
seems to be no evidence against its adoption as an exact basis. In
other words we :may hope that drag due to increase of added mass, as
measured during water entry, may be ascribed to definite values of m
at various water penetration distances, even though these values
cannot be justified theoretically.

The goal then will be to determine, where possible, the graphs
of m versus b, for various angles of entry. Preferably the graph
for dm/db should also be given, although it can be found from the
slope of the m graph. Correspondingly the dm/db graph suffices
for the determination of the m graph by integration.

After some penetration the added mass should reach a steady
value so that no further contribution to the drag will result. The
drag will not drop to zero, of course, as the penetration increases,
but will reach the steady value *of CD characteristic of cavity
running (Ref. (4-9)) although CD will continue to decrease. On the
other hand, predictions calculated from added mass will give graphs
reaching zero drag after sufficient rnenetration.

For the experiments that hav& been performed to study drag at
water entry there is no indication that the scaled added mass or
the drag due to it, is a function of missile entry speed, or missile
size or weight.

THE SCALING OF WATER-IMPACT FORCES

Comparisons of the drag data reported for any single, simple
nose shape have shown little agreemcnt among the various determinations,
except that the force (or drag coefficient) has a single maximum.
This lack of agreement has arisen from two causes: the considerabla
difficulty in determining the force by either theoretical or experi-
mental means; and the failure, when comparisons are made, to allow
properly for the differing experimental conditions under which the
measured results were obtained.

The purpose of the present section is to show how such comparisons
should he made, how drag force can best be presented, and, as a first
example, to apply these methods to the comparison of the drag data

4-6
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for spheres at vertical water entry. As has been inferred, the
method of presenting data will be essentially that used by Shiffman
and Spencer (Ref. (4-8)) in their classical analytical work on spheres.

A number of assumptions will be made in the comparison of data:

1. The entry speed is sufficiently high so that an air-filled
caiity forms behind the missile but not high enough to make
compressibility effects important. Because of the cavity

2. only the forward, wetted part of the missile contributes
to the impact forces. Accordingly,

3. missiles whose wetted portions are identical, experience
the same water-impact forces if other conditions are the same.
For example, a missile with hemispherical nose will experience the
same forces as a sphere, if only the hemispherical portion is wetted.

4. The impact force can be used to define a drag coefficient

CD by means of the equation

D = (1/2)0Uo2 ACD*

If the drag area A*C is considered, rather than just CD, the value
of the product ACD is independent of the area A to which C* is
referred.

From equations (4-2) and (4-3) it will be seen that
= (U/Uo)I2 CD (U/Uo) 3C (4-4)

A great difficulty experienced in the comparison of water-
entry force data for a given nose shape, is the variety of coordinate
variables used in the presentations. Data for spheres include plots
of D, dU/dt, CD, m, and dm/db against s, b, t, and the dimensionless
time t* = Uot/r, as well as some variants of these. In addition,
many reports contain only maximum values of quantities, and some
give values of the pressure on the wetted surface.

Unfortunately the accelerations of a missile entering water
may depend on several forces in addition to those due to added-mass
changes, and those of steady cavity running, namely, gravity forces
(weight and buoyancy) and skin friction. These can complicate the
problem of determining the added mass as a function of penetration,
and also the problem of predict-ing the motion or forces from the
added-mass data.

ANALYSIS IN THE ABSENCE OF BODY FORCES AND FRICTION

An analysis will first be carried out for the vertical entry
of spheres under the assumption that weight, buoyancy, and skin friction

Scan be neglected. This assumption is good fr-;r most reported data on
spheres. It is easily shown that the steady drag on a 1.5-in4Th

4-7
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steel sphere will be about i00 times its weight if Uo = 30 ft/sec.
The buoyant force will be negligible except in the case of very
light spheres such as the light wooden shell used by Watanabe
(Ref. (4-10)), and friction is generally small.

The equations already derived are listed with others in
Table 4-1. The quantities M and m have been written in the
dimensionless forms

M'= 2M/pAr

and
m' = 2m/pAr.

Multiplying by the naturally recurring quantity 2/pAr makes these
masses independent of the liquid density and missile size. Equations
(4-8) and (4-9) in Table 4-1 can be obtained by integrating
equation (4-2)

TABLE 4-1

Water-Impact Formulas
(when gravity and friction are absent)

Equation

(4-1) M'U 0 - (M' + m')U

(4-2) 2 D -- M' dU/dt = (U 2 /r)CD = (Uo 2 /r)CDpAr I+l3DD

(4-3) dm (M' + m'CD=
db CD,* = (Uo/U) C UoDU)CD

(4-4) CL, = (U/Uo) 2 CD (U/Uo) 3 C*

(4-5) M' = 2M/p Ar; m' = 2m/pAr,

(4-6) t = rfdb/U

(4-7) b = (l/r) fUdt

(4-8) f C• db = (l/2)M' (1 - U2 /Uo 2 )

(4-9) - f dU/U = ln Uo/U = (1/M') fCD db

A single graph of a function against b is sufficient for a
c~mplete data evaluation, and the function may be m', dm'/db, CD or
CD. Plots of m' and dm'/db are preferable and it is desirable that
both be pro'ided. If either is plotted, the other can be obtained
by graphical differentiati(rn or integration.

It has been assumed tha: for a given nose shape at a given
angle of entry, m' is a unique function of b, so that the same can
be said about dm'/db, and its equal quantity CD•. From equations
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(4-3) and (4-4) then it can be seen that the ordinary drag coefficient
CD depends on both b and U, and therefore on the missile mass.

It will be assumed that M', r, and U are known and that plots
are given against b or t (or the equivalen? s or t*). The problem
ij to determine any of the quantities m', dm'/db, U, dU/dt or D, or
CD for a set of values of b (or t). If plots are against b or t,
corresponding values of t or b, respectively, may be found from
equations (4-6) or (4-7),

When axial force data are to be presented so as to be useful
with a minimum of subsequent calculation, curves of CD should be
plotted for a number of values of missile mass, M, or of the specific
gravity, a (Ref. (4-8)). Such curvek for the vertical entry of
spheres are given in Figure 4-6. Their derivation will be discussed
later. The topmost graph of this set is that for C% = dm'/db from
equation (4-3). The user can interpolate Letween these curves by
reading interpolated values of CD from plots of CD against 1/a for
the b-values of interest. A cross plot for this purpose is provided
in Figure 4-7.

"Calculations from reported data will usually fall into one of
four classes, and Table 4-2 shows how the required data can be
obtained in each case.

TABLE 4-2

Procedures for Reducing DataGiven

plots of against Procedure
Ia m' and b or t U from equation (1-i).; C• from

dm'/db equation (4-3); dU/dt from
equation (4-2).

Ib m' or b dm'/db from graphical differentiation
dm/db or m' by integration and proceed

as in Ia.

Ic m' t U from equation (4-1); dU/dt by
graphical differentiation; CD from
equation (4-2); dm'/db from
equation (4-3);

Id drmr'/db t provides insufficient data

IIa CD b dU/dt from equation (4-2); U by
integration in equation (4-8);
m' from equation (4-1); dm'/db
from equation (4-3).

"IIb CD t dU/dt from equation (4-2); U fromU f(dU/dt)dt; m' from equation
(4-1) dm'/db from equation (4-3).
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TABLE 4-2 (Cont'd)

Procedures for Reducing Data
Given 2

plots of against Procedure

III D or b or t CD from equation (4-2); proceed
dU/dt as in lia or IIb.

TVa CD b U by integration in equation (4-9) ,j
m' from equation (4-1); CD and
dU/dt from equation (4-2);
dm'/db from equation (4-3).

IVb CD t provides insufficient data

The Vertical Entry of Spheres

This section applies the method just outlined to the vertical
entry of spheres for which a relatively large amount of experimental
data are available. In addition, the theoretical investigation by
Shiffman and Spencer (Ref. (4-8)) of the vertical entry of spheres
is probDably the best analysis of its kind available.

The data to be compared are taken from References (4-8) and
(4-11) to (4-15), aq well as unreported data from the Naval Surfaca
Weapons Center. (The latter data were kindly made available by
Howard K. Steves, who obtained them as a part of a comprehensive
program to be reported later.) Informati.on regarding these sources
is listed chronologically in Table 4-3. The missiles used in such
tests are rarely complete spheres, but rather cylindrical bodies
with hemispherical noses, or weighted spherical shells containing
an accelerometer. It is seen from the table that the impact speeds
were consistently low, often less than 12 ft/sec; and the (effective)
specific gravities were usually quite low. Othez theoretical and
experimental results might have been included in the comparison,
but none were considered sufficiently reliable to justify inclusion.
In particular, theoretical methods have generally neglected the I
splash entirely and it has been shown (Ref. (4-8)) to be far from
iegligible. Earlier experimental research suffered instrumental
limitations which prevent it from competing in accuracy with recent
work.

Figure 4-8 shows the variation of the dimensionless added mass,
as derived from the sou:ces listed in Table 4-3, by the methods of
the previous section. Tihere is reasonable agreement for the sources
which were expected to be most reliable: Shiffman-Spencer, Mosteller,
Hobbs, and Steves.

Corresponding plots of dm'/db = C* are given in Figure 4-9.
* Figures 4-8 and 4-9 show that the curves based on the work of

Mason-Slichter, Richardson, and Blundell are in poor agreement with
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the later determinations. (Only one curve of Richardson--that showingbest agreement--was included here.) These sources have self-
variations of 20 to 80 percent at the peak of dm'/db, and they will

not be considered further, The results furnished by Steves
comprise two graphs for CD,. Figure 4-10 shows the small deviation
between them. Data obte.ined from the mean of these curves are given
in Figures 4-8 and 4-9.

Based on the evidence of Figure.s 4-8 to 4-10, it was decided
to determine m' and dm'/'db from the graphs of Figures 4-10, but the
accuracy should be substanLiated by further tests.

Using the mo.thod of Shiffman-Spencer (Ref. (4-8)) a family
of curves for C*, based on Figure 4-10 has already been given as
Figure 4-6. The graphs are for four values of the specific gravity,
o, related to the volume of the basic sphere: a = 0.25, 0.5, 1.0
(the neutrally buoyant sphere), and a = -, the sphere of infinite
mass and constant speed. This last is the curve for dm'/db
(equation (4-3)).

TABLE 4-3

Sources of Sphere Data (Vertical Entry)

U r curves
Source Ref. Year a ft/sec,. inches used

Watanabe (4-10) 1934 0.116 10.3 6.3 not used

Blundell (4-11) 1937 .212- 8-11.4 10.0 mean
.331

Shiffman- (4-8) ).945 theoretical
Spencer

Mason- (4-12) 194 6 1.082 17-29 9.0 mean (a=1.082)Slichter

Richardson (4-13) 1948 0.304 9.5 10.u "best" only

Hobbs (4-14) 1950 3.19 7.5 3.0 one only

Mosteller (4-15) 1957 7.95 25. 1.0 one only

Steves - 1968 4.45 18-24 1.5 two

Curves for the interpolation to intermediate values of a were
contained in Figure 4-7. Here CD is plotted against 1/a for
various values of b.

Figure 4-11 is a copy of the m' graph based on the data of
Figure 4-6.

4-11
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Drag Nct From Added Mass

The behavior of CD for large values of b, requires discussion..
Values based entirely on added mass, such as the theoretical estimates
of Shiffman-Spencer, approach zero as the added mass becomes nearly
constant. Shiffman-Spencer found this condition to be approximated
as the penetration of the sphere becomes one radius, that is, when
the equator reaches the undisturbed water surface. Actually the flow
separates from the sphere at a penetration as little as 0.65-,
although the added mass inCreases beyond this point.

Of course, the experimental value of CD approaches not zero but
the steady cavity-running draga If CD becomes constant, CD approaches
zero as V? since CD = (U/Uo) CD, How the "steady" component of
drag builds up from zero during the early stages of the entry to the
full cavity-running value, is not known.

In Figure 4-12 the heavy lines are Shiffman-Spencer's C• curves
from graph 1 of Reference (4-8). The two lighter (solid) lines are
copied from Figure 4-6. The agreement of theory and experiment is
excellent up to the peaks, but the experimental curves then fall as
much as 15 percent below the theoretical ones. At about b = 0.5
the experimental curve starts to swing back 4-'ýward the theoretical
curve, presumably because of the incipience Z the "steady" drag.
The dashed line faired to the a = curve in Figure 4-12 represents
a guess as to how the experimental curve would behave if the drag
were due only to addLd mass. Such a change in C* would move the m'
curve in Figure 4-11 only to the dashed line.

Since the region above the entering missile is filled with air
rather than water, it is generally assumed that the added mass is
about half that for fully wetted flow about the immersed shape. For
a sphere, for which the fully wetted added mass is 0.5p(4nr 3 /3), this
would give

2m 2 0 41Tr 3  2PAr prr3 4 3

as compared with the asymptote of the dashed graph in Figure 4-11,
which is perhaps a little more than m' = 0.45.

Actually the importance of being able to draw graphs of "pure"
m' and dm'/db appears questionable, except that failure makes the
comparison of theory with experiment difficult. Values of m' and
dm'/db obtained directly from experiment contain a false contribution
due to the steady drag but, if uncorrected, they may be used to
compute the actual drag coefficient, including the steady component.

When weight, buoyancy and fr4.ction must be allowed for, the
problem is a more difficult one. A more complete momentum equation
for vertical entry may be written
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W - B - f - (1/2)pU2 ACDs = d U(M + m) = (M + m)dU/dt + Udm/dt

(4-1C01

including the weight W, the buoyancy B, and the "steady" drag force.
As indicated above, the "steady" drag force, (l/2)pU2 ACDs, is an
assumed part of the total drag, which represents a cavity-running
drag which is buildinr up toward its full value. The full value will
be designated (I/2)fTU ACds (Ref. (4-16)).

Usually the total drag is measured through the acceleration
which it causes. The term Udm/dt is the part of this force which
is effective in increasing the added mass. To help in its evaluation,
several of the forces can be calculated and removed from the equation;
the weight is assumed to be known; the buoyancy, B = Anz is the
product of the cross section of the wetted part of the nose and its
depth; the skin friction is calculated from flet-plate data (but
generally is significant only for bodies such as slender cones and
ogives). The friction increases with the penetration and may be
treated as a part of the increasing "steady" drag force, (l/2)pU2ACDs.
Presumably friction generates added mass proportional to the friction
drag, but this is probably not important.

When various forces in equation (4-10) are large enough to
be significant, the procedure may be as follows. From a plot of
acceleration against time, a graphical integration gives U as a
function of t, and a second integration gives values of b. The
total force on the missile is given by

F = MdU/dt.

If the "extra" forces are subtracted from this

F + W - f - B = M du/dt

where du/dt is the fictitious acceleration which would occur in the
absence of W, F and B. Then, from equation (4-1)

(M' + m')du/dt = -U dm'/dt = -(U 2 /r)dm'/db. (4-11)

The added mass, m', is calculated in steps starting at impact, by
computing successive increment rates, dm'/db, using the values of m'
previously found. Because du/dt does not represent the actual
acceleration, the true velocity, U, must be used at each step.

Similarly, in working from available dm'/db data, such as those
of Figure 4-6, the total force (or acceleration) can be calculated
for entries in which W, f, and B are sianificant, by first finding
the force due to dm'/db from equations (4-2) and (4-3), and adding
the forces W, f, and B. The correspondii • acceleration follows
immediately, and values of U are found bý a step process.
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The Oblique Entry of Spheres

This section will evaluate and compar3 published drag data for

spheies at oblique water entry. The handling of the data differs
from that for vertical entry in the previous sections only because
each oblique angle of entry yields a distinct graph of m' and dm'/db.
The evaluation is assisted however by the fact that the graphs for
various angles should form a family with systematic variation as
the entry angle is changed.

Only four sources of data were found (Refs. (4-15), (4-17),
(4-18) and (4-19)) for spheres at oblique entry. Test conditions
are shown in Table 4-4. As can be seen from the table, Norman's
data cover the range of entry angles from 15 to 33 degrees at intervals
of 30; the Hydroballistics Design Handbook covers 10 to 400 at 100
intervals; and Mosteller's data range from 15 to 900 with an interval
of 150. The data of Hobbs et al, were obtained at two angles only:
approximately 650 and 400.

Values of dm'/db were calculated for all of the entries listed,
using the techniques described for vertical entry. Curves for
dm'/db were plotted as shown in Figure 4-13, and from these plots
a family of curves for entry angles from l00 to 900, with an
interval of 100, was deduced as shown in Figure 4-J4.

Graphs of m' obtained from Figure 4-14 by integration, are
given in Figure 4-15. These curves contain the steady drag and do
not approach fixed values but presumably asymptotes which have
slopes such thtt dm'/db = Cds. Thc graphs of Figures 4-14 and 4-15
are based on CD. and do not contain any effect of change of speed.In using the graphs, data are required for C* at finite rather than
infinite mass. A family of curves similar to those of Figure 4-6

can be drawn for any entry angle by application of equation (4-3).

TABLE 4-4

Sovrces of Sphere Data (Oblique Entry)
O range angle o r

Source/Ref. Year o (deg.) increment ft/sec inches

Hobbs, et al. 1951 1.54 37-68 280 11-17 4
(4-17) 0.109 36-65 250 12-17 10

Hydroball. Design 1955 7.35* 10-40 100 ? 1.0
Hdbk. (4-18)

Mosteller (4-15) 1957 7.95 15-90 150 25 1.0

Norman, et al (4-19) 1959 8,57 15-33 30 225 10

*Value in Reference (4-18) was incorrect
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Smoothing of Data

The family of smooth curves in Figure 4-14 for spheres at
oblique entry, was obtained from thE. raw data of Figure 4-13 by a
smoothing technique. At any particular value of b (say, b = 0.3)
the value of dm'/db was read from each graph of Figure 4-13. These
values of dm'/db were then plotted together (for b = 0.3) against
the corresponding values of 0, and a smooth curve was drawn through
the points. This smoothing was carried out for values of b at
intervals of 0.05 for 0 < b ý 0.3, and at intervals of 0.1 from 0.3
to 1.0. Judgment was used in drawing the smoothed curves rather
than mathematical method because of the inconsistencies evident in
Figure 4-13. Values were then read from the smoothed curves at 0
intervals of 100, these values were plotted on coordinates of dm'/db
versus b, and graphs were drawn to give the curves of Figure 4-14.

Evaluation and interpretation of tne data for oblique sphere
entry meant the taking of liberties with data from each of the
references, somewhat as follows.

The Handbook states (Ref. (4-18)) that the drag coefficients
whi':h it gives for oblique sphere entry are of questionable accuracy,
and Figure 4-13 shows that these graphs have peaks at much lower
values of b than the other data. The Handbook data were regarded
as less reliable than other data, when the smoothed curves were
drawn.

One set of Norman's smoothed curves (Fig. 9 of Ref. (4-19)) are
given in Figure 4-16. The initial peaks shown in this figure werý.
not included in data transferred to Figure 4-1.3 since their geometry
appeared questionable. They were removed by fairing the original
graphs past the peaks to the origin. The effect on the later resu-lts
of the deletion of the peaks may be analyzed as follows. In
Figure 4-16 the ordinate values of the peaks represent accelerations
and th~se are proportional to the axial force. Equation (4-2) sh-wed
that CD is directly proportional to the acceleration, and the ,
removal of peaks from dU/dt will prevent peaks from occurring in
at the same abscissa values. On the other hand, from equation (4-3)e
later values of dm'/db will be affected by the removal of the peaks
since the peaks decr'7ase U. This effect is small because of the
small area under the deleted peaks.

The data of Hobbs, et. al (Ref. (4-17)) show scooped-out areas
in the peaks which are hardly believable. These have not been
allowed to influence the smoothed values.

The Water Entry of Disks

Some discussion of the vertical water entry of disks and plates
was given in the treatment of the shock phase of entry. No data
were found in the literature from which the added mass for vertical
entry could be estimated.
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Studies by Mosteller (Ref. (4-15)) and by Norman, Burden and
Suter (Ref. (4-20)), have been reported for the oblique water entry
of disks. Mosteller used models of 2-inch diameter and entry speeds
of 25, 50, and 75 ft/sec. Because of the greater accuracy claimed
for his 25 ft/sec. entries, these alone are reported here. In
Mostellar's work the angle of entry was varied from 15 to 75 degrees
at intervals of 15 degrees. Norman's missiles had a diameter of
20 inches, and his U. values were 175 and 325 ft/sec. The angle was
varied from 15 to 33 degrees in steps of 3 degrees.

Plots of dm'/db calculated from these reports are given in
figure 4-17. Both tests included entry angles of 15 and 30 degrees.
For these entries Mosteller's graphs peaked at somewhat earlier
times. A smooth family of graphs was obtained from the data of
Figure 4-17 by the method discussed for hemispheres. The result in_
Figure 4-18 is practically a 67moothed version of Mosteller's data,
since it was deemed more reliable.

Presumably for all angleis of entry the drag coefficient should
approach the steady cavity-running value at sufficient p-netration.
No attempt was made, however., to make all graphs approach the
horizontal at 0.8, the cavity-running drag coefficient, because
of lack of precision in the data.

Values of m' obtained by integrating the graphs of Figure 4-18
are plotted in Figure 4-19. The resulting graphs are approximately
parallel straight lines for a: -ator part of the region plotted.
This is, of course, the immediate result of the steady drag values
at the right side of Figure 4-18. It might be expected that the
time required for m' to reach any percentage of i.s maximum value
(excluding the apparent contribution of the steady drag) would be
related to the time at which the front face of the disk becomes
fully wetted. The times at which the disk is completely b(cw the
original water surface are indicated on Figure 4-19 by small flags
on the graphs. For the 15-degree entry the slope is approxin'~ately
constant some time before the disk is submerged, while the straight
portion comes long after this time for the 75-degree entry. Usually
the time when the disk starts "pushing on solid water" is regarded
as more important than the time of submergence. At the former time
the whole region in front of the disk (that is, the volume which
will. be swept out by the disk itsel.f) is entirely filled with water
due in part to the rise of the water surface in front of the disk.
The condition is sketched in Figure 4-20.

Entry of the Cone

The cone has a very special characteristic in common with its
bwo-dimensional analog, the wedge: ideally at least, it is self-
scaling. In other words when. the penetration of a con•e is doubled
(while its surface is still being wetted), the submerged part
becomes effectively a similar cone of double the linear size. This
feature has proved attractive to the mathematician.

4-16



SEAHAC/TR 75-2

i In the discussion' of the entry of a sphere the importance of the
splash was mentioned and the fact that analytical methods ignoring
it are usually considerably in error. The same is true for the cone.
Shiffman and Spencer first disctissed (Ref. (4-21)) the effect of
the splash on the drag. They used a sketch which is reproduced in
Figure 4-21, to show that the effective immersion is increased by
the splash from s, the length of the cone beneath the original water
surface, to B1 = ws, where w is a Wetting Factor. It is commonly
assumed that the wetting factor is constant for a given cone angle,
so that the rise of level near the cone is proportional to the
length immersed. It is usually reported that the cone beha. ,ýs as
if it were immersed to the length which is "pushing on solid water",
and this is the condition sketched in the figure. For vertical
entry, Baldwin found (Ref. (4-16)) that the force on the cone reaches
a maximu~n value, for blunt cones when the end of the cone bears on
solid water, and somewhat later for slender cones. He defined a
"penetration ratio", h, as the ratio of the length of the cone

a.: below the original water surface when the drag is a maximum, to the
actual length of the cone. Evidently,

f.

h = 1/w.

Data on the wetting factor for the cone are given in Figure 4-22.
The data include a theoretical graph due to Shiffman-Spencer (Ref.
(4-21)), a point due to Chuang (Ref. (4-22)), and experimental data
of Baldwin (Ref. (4-16)) and Watanabe (Ref. (4-23)). Baldwin found
that the drag force was a maximum (and so presumably the full cone
was bearing on solid water) when the 70-degree half-angle cone had
three quarters of its length (and half its surface) below the
original water level. He presented experimental evidence, which he
d4d not regard as conclusive, that the maximum drag for very slender
coQas occurs after the cone is completely submerged.

Because of the scaling property of the cone, Shiffman and
Spencer assumed that the added mass can be written in the form

m = Kps 3 (tan a)? (4-12)

where a is the half angle of the cone and K is a proportionality
factor which they called the "dimensionless virtual mass". Hence,

*2 dm 6Ks 2 (tan 0) 3  6Kb 2 (tan G)3
pLr db itr2  W

in terms of the quantities defined in the treatment of spheres.
For the cone there is advantage in expressing the drag coefficient

in terms of the cross-sectional area at the original water surface
rather L-hcn relative to the base area of the cone. The notation CD
will be used for drag coefficients referred to the former area,
(which will be written Ai = wri 2 ), instead of CD. Then
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C* = *

CD D= CDr i = 6Ks2 (tan 8)3/nri2 6K(tan 8)/n (4-14)

As was discussed for the sphere, the drag force during impact
is dependent on more than the increase of added mass. As the added
mass approaches a constant value, the drag approaches the steady
cavity-running drag. Because of this, Baldwin (Ref. (4-16)) defined
the "total mass constant" K, as including the coefficient of the
increasing "steady" drag, Cds•

K = k + vCds/6 tan(a). (4-15)

He assumed that the "steady" drag reaches its cavity-running value
when the impact drag is a maximum, since presumably the cone is
completely wetted at that time even though its base has not reached
the original water surface. He described the "steady" drag coefficient
at any instant, in terms of the maximum drag coefficient as

CDs = C, ri 2 /rm 2  (4-16)

where the subscript m denotes values when the drag is a maximum.

Shiffman and Spencer assumed that K should be constant during
the entry of a cone with a particular nose angle, but found it to
vary strongly for experimental cone data obtained by Watanabe (Ref.
(4-23)). Baldwin (Ref. (4-16)) showed that approximately constant I
values of K would result from that data if the time of impact
assumed by Watanabe was slightly changed. [

Friction makes a negligible contribution to the drag of blunt
cones, but for slender cones it may form the major portion. This
is shown in Figure 4-23 (Ref. (4-16)) where the skin-friction
correction to the total added-mass constant, K, is plotted for
slender cones. Data presented in this section have been "corrected"
for friction. It is interesting that the graph in Figure 4-23
passes through the origin when skin-friction has been removed.

Figure 4-23 shows the graph for the total added-mass constant,
K, for cone half angles up to 35 degrees, and the extension of this
graph to higher angles (slightly modified from a graph of Reference
(4-16)),is given in Figure 4-24 where the lower experimental graph
and data points are compared with the (upper) theoretical prediction
of Shiffman and Spencer (Ref. (4-21)).

Values of the maximum drag coefficient for the ve:tical entry
of cones are shown in Figure 4-25 (Ref. (4-16)), including Baldwin's
experimental results, and theoretical and experimental data quoted
by Weible ýRef. (4-24)). The lower graph in Figure 4-25 is a plot
of the values of "steady" cavity running drag assumed by Baldwin.
It will be seen that the maximum drag coefficient is approximately
equal to the steady drag coefficient up to cone half angles of
abcut 23 degrees. This means, of course, that the drag curve has no
peak, that the drag increases from zero to the cavity-running drag
value,
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K A graph due to Baldwin is given in Figure 4-26 to show the
actual added masses which he calculated for maximum drag of his 3-
inch cones. Values here have been corrected for the "steady" dragF and, since its increase is known only very roughly, good accuracy
cannot be presumed for the values shown. Actually the added masses
undoubtedly increase slightly after tha time of maximum drag
because of the nearness of the cone surface to the water surface
(Ref. (4-16)).

The Added-Mass Constant corresponding to the corrected added
mass, as given by Baldwin, is shown in Figure 4-27. It is lower
than the lower graph of Figure 4-24 by the amount of the apparent
added-mass contribution due to the increasing "steady" drag.

Figure 4-28 gives graphs for three cone angles, which Baldwin
determined for the "corrected" added masses for his 3-inch cones.
SThe small circles show the times at which the maximum drag
coeificient was observed.

Figuie 4-29 presents a family of total drag curves for cones
of various half angles. These were given as average graphs by
Baldwin (Ref. (4-16)), and in Figure 4-30 are corresponding graphs
for added mass. The dashed curves show the added mass as derived
directly from the graphs of Figure 4-29, containing a contribution
of the steady drag; the solid curves give values after removing
the estimated contribution of the steady drag.

The Entry of Ogives, Disk Ogives, and Cusps

The ogive and disk-ogive families comprise a broad range of
nose shapes. Typical members of the family are shown in Figure 4-31.
Starting with the right cylinder the edge may be rounded by a
radius of any desired value. The ogive or disk ogive is usually
identified by the radius of the arc expressed in calibers (missile
diameters). If the radius is small the arc is drawn so that it is
tangent to both the cylindrical wall of the missile and the flat
surface of the front of the nose. Disk ogives result as at B and C
in the figure. If the arc radius is half the body diameter
(a half-caliber ogive),the nose is a hemisphere. For greater radii
the arc does not become tangent to the front surface but the arcs
meet to form typical pointed ogive tips. If the arc is still
tangent to the cylindrical body, t" shape is a tangent og~ve(sketches E and F); otherwise it - a secant ogive. Ogive caliberscommonly run from one to six or more.

While it has been usual to specify ogives, especially tangent
ogives, in calibers, as on Figure 4-31, Baldwin (Ref. (4-25)) has
specified the ogive by two angles, as is seen in Figure 4-32.
(The symbols on Figure 4-23 are those of Reference (4-25) and are
not used with the same meanings elsewhere in this report.) The
two-angle specification has two advantages for the purpose of
Reference (4-25); it can be applied equally to cusps as Figure 4-32
shows, and it allows a comparison with related cones. One of the
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angles used is the total angle of the related cone, and the second
is the arc length (or "swept angle") which generates the ogives or
cusps. Whether tangent and secant ogives of the same caliber
behave similarly at water impact, depends on whether or not
separation occurs (with cavity generation) before the end of the
secant ogive. This will not be discussed further in this report.

Values of the maximum total drag coefficient are plotted in
Figure 4-33 against the reciprocal of the tangent-ogive radius,
Ro (in ca'ibers). The experimen.'.i data were given by Baldwin
(Ref. (4-25)) and the values from theory were calculated by Hoover
and Reardon (Ref. (4-26)) using the von Karman momentum method.
The latter data ar:pear much too high, and some further evaluation
of the method will be given in connection with data for the ellipsoid
(Fig. (4-37)

Graphs of the drag coefficient C*. = dm'/db are given in
Figure 4-34 for a family of disk ogives, based on smoothed experi-
mental results of Norman, Burden and Suter (Ref. (4-27)) for water
entry at an angle of 300. The data for the extreme members of the
family, the disk and hemisphere, have already been presented.
Graphs of the dimensionless added mass, m', calculated from the
data on Figure 4-34 dre given in Figure 4-35. As was discussed for
the oblique entry of disks, the graphs for m' become straight
after a sufficient penetration, but for the disk-ogive family the
slopes differ because of differing cavity-running drags. An
interesting comparison is possible for the hemisphere. In Figure 4-11
it appeared that the true added mass reached a maximum value of about
0.45 for vertical entry. It would be expected that the added mass
would reach the same limit for oblique entry, and Figure 4-35 shows
that the value 0.45 is reached for the hemisphere with 301 entry,
at a penetration of about 1.75 radii. The straightness of the
temaining portion of the hemisphere graph in Figure 4-35 tends to
justify the comparison.

Figure 4-36 gives a comparison of the drag coefficients at
vertical entry of various ogives and cusps having, the same fineness
ratio as the 450 cone (Ref. (4-25)). The shape includes ogives
and cusps with 30* swept angles, and the ogive with 90-degree sweep,
which is the hemisphere, the bluntest ogive. The graph for the
hemisphere has been'taken from Figure 4-6 of this report. The drag
peak is highest by far for the cusp, lowest for the corresponding
ogive, and the related cone is close to the hemisphere.

The Entry of Ellipsoids and Other Projectile Shapes

Hoover and Reardon (Ref. (4-26)) have given graphs of the drag
coefficient for the vertical entry of a family of ellipsoids,
calculated by simple momentum theory. As already mentioned, such
calculations are inaccurate because the splash is neglected, but
one may hope that useful information can be drawn from the behavior
within a family of shapes. For this reason the ellipsoid graphs
are reproduced in Figure 4-37. The hemisphere is a member of both
the ogive and ellipsoid families and it has already been discussed.
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A second source of error in the application of the momentum
method usually occurs because the unknown added mass of the nose
shape is approximated by using the known added mass of a simpler
shape. The approximation suggested in the original presentaticn of
the method (Ref. (4-6)) and used in computing the data for Figure
4-37, is the added mass of the flat plate or disk at the watersurface. Since this is used for all ellipsoids in Figure 4-37, and

they have the same caliber, all are found to have the same final
value of m', and the areas under all graphs are the same.

The data that have been presented in this report for disks,
spheres and disk ogives are believed to be the only oblique-entry
data available. Beyond this one may say, in general, that greater
obliquity results in smpller and later peak drag coefficients, and
with sufficient obliquity the peaks disappear and the drag simply

V increases to the steady cavity-running value.

Impact of Two-Dimensional Bodies

A relatively large amount of study has been devoted to the
water impact of wedges, both because of their mathematizal simplicity
and their importance in relation to ship slamming. For vertical
entry, theory is based on Wagner's classic study (Ref. (4-28)) of
the wedge of small deadrise angle, (80 = r/2 - 8), and its
clarification in a paper of Pierson (Ref. (4-29)). The rather
difficult experimental investigation has been carried out by Chuang
(Ref, (4-30)) and others.

The geometry of the problem can be seen from the sketch in
Figure 4-38, which Chuang adapted from Wagner. Wagner made a careful
study of the splash and found that the half width of the wetted
portion of the wedge, L, is IT/2 times the half breadth of. the wedge
at the original water surface. He derived the expression

p(x) = (1/2)pU2 [ / - x2/L2
0."(l - X2/L2),V2 1 - x2/L2_

+ 2 i - x2/L2 ) ] (4-17)I:. U2
for the pressure at points on a symmetrically entering wedge.
According to this equation the pressure at any point is dependent
only on V, U, and the position of the point, and is constant in
time if the deceleration is negligible. In that case the pressure
has a maximum value

Pmax (I/2)pU2 (l + ff2/4 8"2) (4-18)

and this occurs at the position

x = L(l - 402T2)/2 (4-19)
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rather than at the vertex or keel.

Chuang performed tests (Ref. (4-30)) to determine the importance,
for various deadrise angles, of air-trapping which he had found to
buffer the normal impacts of the flat plate (Ref. (4-1)). His tests
showed the effect is unimportant for angles of 3 degrees or more.
Combining information from theory and experiments at low specds, F

Chuang concluded that the maximum values of pressure on the wedge
may be written, for various deadrise angles, as shown in Table 4-5
(Ref. (4-50)).

TABLE 4-5

Maximum Pressures on Wedges at Vertical Impact

Deadrise Maximum Pressure
Angle

(degrees) At Vertex Away from Vertex

0 0.68Uo2 0.68Uo 2

1 1.ooU0 2  1.OOu 2

3 1.72U2

6 0.75U2

10 0.68U •cOts 0.36U2

15 0.2002

>_ 18 2.17(1+2.47cot 23 - ) -*

Adapted from Reference (4-50). Values are for fresh water and would
be 2.5 percent higher for salt water. Pressures are in psi; and
U and Uo are in ft/sec.

0j
Values of the added mass of the impacting wedge have been

estimated and values due to Pierson (Ref. (4-31)) are listed in
Table 4-6. The values in parentheses are extrapolations to Pierson's
data based on comparison of the trend of his calculations with
those of other authors.

Some additional t-wn-dimensional solutions have been attempted,

but they will not be outlined here. An extensive bibliography isavailable in a recent review article by Szebehely and Ochi (Ref.

4-32)).
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TABLE 4-6

Added Mass of Wedges (per unit length)

m
Degrees (1/2)npL2

10 (0.69)

20 0.575
30 0.483
40 0.40
50 0.34
60 (0.30)

From calculations of Pierson (Ref. (4-31)), except values in
parentheses which are estimates from comparison with other sources.

LIFT FORCES DURING WATER ENTRY

In contrast to the extcnded treatment which has been given to
the drag forces during water impact, only a brief comment will be
made about lift forces. There are two reasons why it appears
unprofitable to devote much space specifically to lift forces:
their importance arises principally from the whip which they generate
and this will be discussed in detail in the next section; and the
scant data that have been published do not permit a systematic
*reatment of these forces.

Measurements of lift which have been reported for such simple
-iies as the sphere (Refs. (4-12) and (4-17)), show that CL behaves

__Ke CD, in that it has an early maximum followed by a deciease to
relatively small values.

Only primitive studies have been made of the scaling of lift,
and even for the sphere it is known that the lift behavior may be
e- cted to change with sphere diameter and entry speed. A
principal cause of such dependencies is the "underpressure" which
does not scale like the hydrodynamic fcrces. It will be discussed
in the next section.

The study of lift is hindered by the fact that the projectile
is never completely rigid, but consists of a deformable body,
usually with a quite complicated structure. Values of transverse
acceleration vary greatly throughout this structure and iLake the
evaluation and systematizing of lift a matter of great difficulty.
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WHIP

Introduction

During oblique water entry the pitching moment is a most
important component of the force system acting on the missile. This
moment tends to turn the nose of the missile up (positive) or down
(negative), giving the missile an angular velocity about a transverse
axis and often strongly affecting the subsequent behavior and
trajectory. The major contribution to this moment comes during the
flow-forming phase, but this is followed frequently by a negative
moment due to an underpressure below the nose, then a continuing
"cavity-running" moment on the nose, and finally, moments due to
slaps of the tail against the cavity wall. In fact, it is reported
(Ref. (4-19)) that under some conditions, "the angular velocity is
seen to rise in a continuous sweep until practically the whole
length of the projectile has entered the water".

The effect of the water-entry moments has baen measured by
the whip, which is defined as the impulsive change of angular *

L velocity in the pitch plane during water entry. Significant
contributions to the knowledge of whip have been made by few
laboratories: by the California Institute of Technology during
WWII, by the Naval Ordnance Test Station at Pasadena and Morris Dam
especially during the following decade, and more recently by the
Admiralty Research Laboratory at Teddington, England and Glen Fruin,
Scotland. Today some studies are being made by the Naval Surface

weapons Center, white Oak Laboratory (formerly the Naval Ordnance Lab).

The integrated effect of the moments has been discussed rather
than the time variation of the moment itself, because the instrumen-
tation available during early studies did not permit the resolution
of the moment variation. Later research has given information on
this variation but there seems no point in discarding the concept
of the integrated effect of the moment since it i3 usually this
which proves useful for subsequent behavior anrt.'¶.ysis, and the time
variation often is not important.

Because of the continuing existence of moments and the different
periods during which various components are of importance with
various missile shapes, numerous choices have been made for the
duration of whip, and this variation of period necessarily affects
the angular--velocity change which is measured. The aim is to include
all impcdrtant moments which are especially associated with the
water-impact process and to exclude other continuing moments which
are related rather to the later phases of the water-entry sequence
of events.

4. Choices which have been given for the whip-producing period
include the time (some concepts mentioned are still to be discussed):
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1. during which the full diameter of the projectile is being
submerged below the original water surface (Refs. (4-33) and (4-34)),

2. while the whole missile is being completely immersed
beneath the original water surface (Refs. (4-18) and (4-35)),

3. until- the plotted angular-velocity data show a sudden
change in slope (Ref. (4-36)). (Such a sudden change is reported
for ogive data but not for most other noses.)

4. until the drag is a maximum (Ref. (4-19)) (because this
choice was found suitable for shapes such as the hemisphere),

5. for unvented disks or right cylinders, until both
hydrodynamic entry forces and underpressure forces have ceased
(Ref. (4-37)).

No single definition of the time of whip production has been
adopted and accord~ingly the comparison of whip data is difficult.
At least, each nose shape should have a whip period associated with
it, but for some shapes the choice might prove arbitrary because
the moment continues to increase until the missile tail strikes the
cavity wall, without significant changes of the increase rate.

It has beern mentioned that the largest contribution to the
whip is made during the flow-forming phase, or "while the nose is
being wetted". It should be noted tnat shearing forces are very
small at this time, so that the force on the surface of the nose
is everywhere almost normal to the surface. Tests of the water
entry of small spheres at an angle of 19 degrees and a speed of
about 95 ft/sec. (Ref. (4-38)), showed that the shearing force
was less than one percent of the drag force. It is interesting that
the rotation observed for the spheres was retrograde, that is, the
front surface moved up. It is believed that this resulted from a
higher flow speed upward in front of the sphere, than past its underF surface.

Prolate noses such as the hemisphere and ogive. have forces
which, in the early entry stage, are predominantly upward, so as
to give a positive moment and positive whip. Actually, this is
true of practically all noses except right cylinders, disks, or
truncated shapes. For the latter noses, the forces initially are
parallel to the axis and below the ordinary center of mass, as
sketched in Figure 4-39, so that the whip of a disk is slightly
negative.

A method of predicting the whip was proposed about 1944 by
Birkhoff, although he categorized the method only as "plausible"
(Ref. (4-39)). It was assumed that thle pressure on the nose of
the missile can everywhere be taken equal to (l/2)pU 2  obwhr
Sis the angle between the normal to any surface element and

the trajectory. The questionable theoretical basis for this has
been discussed by Burt (Ref. (4-40)) and by Tate (Ref. (4-41)), and
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will not be entered into here. Burt has given the result of applying
the method to the whip of disk ogives and the comparison with experi-
ment is shown in Figure 4-40. Whilc. the calculations agree with
experiment in order of magnitude, the comparison does not suggest
that the method may be relied on for other nose shapes without
further confirmation.

An important phenomenon known as the "underpressure effect".
often occurs just after water entry, with the formation of a thin
cavity below the missile nose, as sketched in Figure 4-41. 111
corntrast to earlier opinions, it is believed (Ref. (4-42)) that
this is a simple case of cavitation in which the cavity initially
has a pressure equal to the saturation vapor pressure of the water.
Later the cavity often breaks open to the upper air, is "vented",
and the pressure rises approximately to that of the atmosphere.

The earlier interpretation was that the underpressure cavity
appeared when a cavity tended to open both above and below the
entering missile. Below the missile the greater constraints on..3
the flow made it difficult for the thin cavity to open up, that
is, for air to flow into it. Hence, it was interpreted as a
Reynolds number effect (Ref. (4-43)). It will be discussed further
in the next section.

It has been assumed in the discussion thus far, that the
missile strikes the water with zero angle of attack, that is, that
the missile axis is parallel to the trajectory. The presence of
an angle of attack will tend to change the value of the whip, but
this will be discussed in connection with the 'various nose shapes.
H~ere it is only necessary to state that effect of angle of attack
on whip will be small for blunt noses, but will be large in the
case of slender ogives. A

The variation of whip with angle of attack was described in
early work (Ref. (4-36)) as "pitch dependence of whip", but the
term "attack sensitivity" was later adopted (Ref. (4-18)) as more
appropriate.

The Saigof Whip

Whip is not a satisfactory quantity for the analiysis of missileI behavior since it is not dimensionless. It has been customary to
report values of whip for a given missile at a given angle of entry
as, for example, a whip of 100 degrees per second for a missile with
a transverse moment of inertia of 800 slUg-ft2, and a C.G. 71 inches
from the nose Lip, entering water at 500 ft/sec.

For the hydrodynamic forces at water impact, scaling laws may
be derived as follows. The impulsive moment which acts on the missile
due to these forces ait water entry is the time integral of the moments
during the flow-forming phase. The total impulsive moment may be
regarded as some total impulse on the nose times some lever arm,
Xd, from the C.G. to the line of action of the impulse. One may
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write the proportional scaling relations

force pU 2 d 2

lever arm -Xd,

duration -d/U.

From the product of these proportions

impulsive moment = W'Ud4 X (4-20)

where W' is a dimensionless "Impulsive Moment Coefficient". If
the transverse moment of inertia about the C.G. is I,

whip = impulsive moment/I = W'pUd 4 X/I (4-21)

It is instructive to calculate the angle that the missile would
turn through with constant angular velocity (whip) during a travel
of one caliber (or one missile length). Again the duration is
proportional to d/U, so that the angle turned through is

angle due to hydrodynamic force - whip x d/U-pd 5 x/I.(4-22)

When tests are made with scaled models, that is, models geometrically
similar and with the same average density, I-d 5 , so that, from
equation (4-22) the angle will be proportional to pX for both
prototype and model, and independent of size and velocity. This is
true for the hydrodynamic forces only.

The situation for the underpressure forces is as follows. The
pressure in the cavity below the nose is substantially zero, so that
there is a downward pressure equal to that of the atmosphere Pa' and

force P pad 2 ,

lever arm -xd,

duration -d/U, and

whip due to underpressure -Paxd 4 /IU. (4-23)

With the same process as before, the angle turned through for
scaled models (I-d 5 ), will be

angle due to underpressure aXPa/U2 . (4--24)

If model and prototype are compared at the same Froude number =
U/V¶g, U2cd, and

* -angle due to underpressure -XPa/d. (4-25)
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Equation (4-25) shows that underpressure tends to make small missiles
turn downward more strongly than large ones, and the prototypes of
some missiles are known to come back out of the water (broach) while
scaled models of these missiles dive at the same Froude number. It
is seen also from equation (4-25) that if the pressure of the
atmosphere is made proportional to the scale of the missile, (i.e.,
1/10 atmosphere if the model scale is 1/10 that of the prototype)
the underpressure effect will be independent of missile size at
the same Froude number.

Only one systematic study seems to have been reported of the
effect of atmospheric-pressure scaling to produce the same whip in
model and prototype (Ref. (4-35)) and the scale factor between model
and prototype was 11.2. The model whip data with scaled pressure
lay within the scatter of the prototype (d = 22.4 inches) data,
except for the 0.1 -caliber disk-ogive which had the least whip of
all missiles included. Because of the influence of the air density
on cavity-closure phenomena the density of the atmosphere should
be maintained constant while the pressure is dropped for model
scaling. 'When this was done in the tests just mentioned, satisfactory
scaling was obtained.

It must be emphasized that correction of the scaling by
reduction of atmospheric pressure is useful in model tests but does
not provide simple scaling relations between prototype missiles.
Missiles must travel in normal atmospheres except in laboratory
tests, and scaling difficulties therefore are present in the
dependence on various experimental parameters, especially size and
velocity. I

A comment regarding Froude scaling appears appropriate here.
comparison of data at the same Froude number should be made when
both hydrodynamic and gravity effects are significant. It has been
usual (Refs. (4-37) and (4-45)), to compare whip at the same Froude i
number. However, gravity plays only a small part during the

generation of whip, and it is probable that the importance of Froude
scaling has been overemphasized.

Although the use of a relation such as equation (4-20) for the
scaling of whip may appear impracticable today, it should not be
inferred that scaling attempts are either futile or useless. The
aeroballistician would nct discard the concept of drag coefficient
because CD is strongly velocity dependent for a bullet in the
transonic region. Further study should make possible the scaling
of whip at least for particular missiles under restricted conditions.
In equation (4-21) all quantities except W' and X are experimentally
accessible, and the product WAX, as determined from experiment, will
be used in the following sections.

The Disk or Vented Right Cylinder

Although the right cylinder is a simple geometrical shape,
its whip is greaLiy complicated by the existence of underpressure.
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Conditions are much simpler for the disk, where an open cavity
rather than vapor cavitation, is generated. Primarily, in order to
separate out the whip due to underpressure, programs comparing the
disk and right cylinder were carried out at the Naval Ordnance
Test Station (Refs. (4-34) and (4-45)), and at the Admiralty
Research Laboratory (Ref. (4-37)). Figure 4-42 shows models used
in one of the NOTS tests (Ref. (4-34)). The model in sketch A is
a disk, the presumption being that the cavity formed behind the
front edge is completely vented, that is, that air fills the cavity
to ambient pressure. For the other mlodels, sleeves of various
lengths were provided just behind the disk, to test the value and
extent of the underpressure. In the ARL tests models similar to
sketches A and F were provided for study of the completely vented
and unvented cylinders.

The parameters of the missiles and the entry conditions of the
tests are given in Table 4-7. It will be seen that the NOTS tests
were carried out at substantially a single entry angle of 200,
using two models with diameters of 2.0 and 22.4 inches, each at,
or corrected to, a single speed (but with some variation of impact
angle of attack). In the ARL (and AHBRE) tests the diameter ranged
from 2 to 6 inches, and the entry angle, entry speed, moment of
inertia, C.G. position, weight, and angle of attack were varied
systematically.

For the vented disk ARL found that the whip was proportional
to the entry speed, to cote, and to the reciprocal of the moment
of inertia, but was independent of the distance of the C.G. behind
the nose. Tests at NOTS showed it to be independent of Pa (Ref.
(4-44)). These very important results may be analyzed as follows.

The fact that the whip was found proportional to the entry
speed is a verification of the hydrodynamic-force theory of the
previous seýction and it shows that no appreciable underpressure
effect existed. It appears probable that it would be so for all
noses in the absence of underpressures. In particular, the whip
should be proportional to U if the nose is effectively vented,
but there are few nose configurations for which underpressure will
be completely absent, even with venting. Presumably the whip may
be expected to be proportional to cotO on.ly for the disk.

It is probable that the whip is usually inversely proportional
to thr moment of inertia; at least this result would be expected if
the total impulsive moment (hydrodynamic and u.iderpressure) is not
changed by a simple change of I. It should not be changed if the
moment is of very short duration so that little rotation of the
missile occurs during the development of whip.

It. scaling whip with I, the added moment of inertia due to
entrained water should be added to that of the mis3ile. The scaling
has appeared satisfactory without this refinement.
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The constancy of the whip as the C. G. is moved fore and aft,
should mean that the force causing the pitching moment has little
transverse component. As was shown in Figure 4-39 the hydrodynamic
forces are almost completely perpendicular to the disk, that is,
parallel to the axis of the missile. The lever arm is therefore
transverse and the moment is unchanged by a displacement of the C.G.
along the missile axis.

There seems to be little dependence of whip on the mass of the
missile (Ref. (4-37)i unless th( missile is light enough that the
speed changes significantly during entry.

Since the whip of the vented disk is proportional to cote
within experimental accuracy, it is possible to compare values of W'X
tane from various tests, and nine such values are collected in
Table 4-8.

The first two values are from NOTS "torpedo" and model entries
at about 20 degrees; the next three are values read at 20 degrees
from straight graphs obtained at ARL from a series of tests in which
e was varied; and the last four are from ARL cests in which entry
speed was varied and in which the entry angle ranged from 6 to 25
degrees.

The variation of the quantity W'X tane in Table 4-8 appears to
be due to experimental error rather than to scaling effects. The
low values found for the entries at 6 degrees are probably due to
water hitting the afterbody. The value

WX = (Iiw/pUodd) cote = 0.0162 cote (4-26)

TAB.LJE 4-P

Compared Values of W'Xtan e
Missile Entry Impact

Diam. Angle, 6 Velocity
(inches) (degrees), (f__sec) -W'tarn Reference Remarks

22.4 21 400 0.0164 (4-45) NOTS, Morris Dam
2 20.35 137.5 0.0186 (4-34) NOTS, Pasadena

4 20 107 0.0162 ARL
4 20 283 0.0163 (4-37) e-variation
2 20 75 0.0147 series

4 25 100-280 0.0159
4 8 110-280 0.0174 (4-37) ARL
4 6 105-290 0.0127 Uo-variation
6 25 135-350 0.0116 series

is a reasonable "best value" from these data. It is expected that
this formula will give a fair approximation for most entries of vented
disks, where the water strikes only the front face of the disk.
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Three reports have included data for the dependence on angle of
attack of whip of the vented right cylinder (Refs. (4-34), (4-37),
and (4-45)), but the data are not conclusive. There is evidence that
the whip at 20 and 25-degree entries decreases with positive (nose-up)
pitch angles (Refs. (4-37) and (4-45)), and that the whip may become
positive for 25-degree entries at pitch angles of about +8 degrees.
It appears that the whip may also become less negative at increasing
negative angles of attack.

It was pointed out by Borrows (Ref. (4-46)) that the "underpressure
effects are extremely sensitive to small variations in flow, such as
those caused by small changes in initial pitch, so making a projectile
at model scale appear to be much more sensitive to pitch than in fact
is really the case".

The Unvented Right Cylinder

The underpressure effect was first noted on relatively fine
noses (Ref. (4-12)) and the initial observation was that the effect
is much greater on small than on large missiles. Later it was
shown that it may be large even for right cylinder3, and for 20-degree
entries the effect was found for right cylinders with diameters of
2 inches (Ref. (4-34)) and of 22 inches (Ref. (4-45)).

Measurements of pressure in the cavities beneath right cylinders
during entries at angles between 6 and 60 degrees are shown in
Figure 4-43 (Ref. (4-37)). The cylinder had a diameter of 4 inches
and Uo was 106 ft/sec. The ordinate in the figure is the amount by
which the cavity pressure is below atmospheric pressure. The cavity
pressure is practically zero at the start, and this is shown at the
left of the graphs as a pressure of -14.7 psi. The pressure stays
at this value for a time depending on the obliquity of the entry and
then the cavity vents to the atmosphere and the pressure difference
drops in 2 to 4 milliseconds to a value near zero. The dashed line
at the foot of each graph shows by its intersection with the abscissa
the estimated effective time at which the underpressure phase disappears.
These times are given in Figure 4-44 with the times at which the
hydrodynamic forces terminate, both expressed as fractions of the time
to submergence of the missile face.

The duration of the underpressure phase is short, of the order
of 4 milliseconds, for entry of 25 degrees, and the missile travels
about a quarter caliber during this phase. For 8-degree entry the
underpressure lasts about twice as long.

Mention has been made of a NOTS test (Ref. (4-34)) in which
sleeves of various lengths, on which the underpressure may act, were
provided behind L 2-inch disk, and the models used are sketched in
Figure 4-42. Values of -W'X tanO, obtained from that test are
plotted in Figure 4-4J against the length of the sleeve in calibers.
As the length is increased from zero (completely vented conditions)
at the left of the figure, to a completely unvented condition at a
sleeve length of 1.78 calibers, the whip increases by a factor of
2.8. The build-up of whip with sleeve length is complicated by the
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varying length of the undeipressure cavity and the varying time at
which the cavity vents to the atmosphere.

Two points are shown on Fiqure 4-45 for the completely vented
and unvented conditions of a 22.42-inch cylinder (Ref. (4-45))'. For
this missile the whip of the unvented cylinder is only 37 percent
greater than when vented. While part of the difference between the
performances of the two missiles probably depends on unexplained effects
of missile size, water-impact speed also contributes. The speed was
137.5 ft/sec. for the two-inch cylinder and 500 ft/sec. for the
22.42-inch cylinder. The lack of scaling with speed can be seen from
Figure 4-46 which shows the whip of two 4--inch cylinders which entered
the water at 25 degrees: one completely vented and the other unvented
(Ref. (4-37)). The ratio of vented to unvented whip is 5.5 at 100
ft/sec. and 2.0 at 300 ft/sec. The reason for this is given by
equation (4-23) which shows that the Whip due to underpressure varies
as the reciprocal of the impact speed. This reciprocal dependence
assumes that the size of the underpressure cavity does not vary with
the speed but that the duration is inversely proportional to it.
Actually it is probable that the size of the cavity increases with
missile speed so that the whip due to underpressure will not decrease
quite as fast as the reciprocal of the speed. The graphs of Figure
4-46 do indicate that the underpressure contribution is decreasing
with increasing speed, but not a! -trongly as 1/UO.

Mention was rm ade earlier of the effect of atmospheric pressure
on the whip due to underpressure. Tests have showed that the whip
of an unvented 2-inch right cylinder may be five times as great at
Pa = 1.5 atmos. is at Pa = 0.1 atmos. (Ref. (4-44)).

The possibility of developing scaling laws applicable to the
unvented cylinder, does not appear bright, and the prospect for the
more complicated shapes seems poor indeed.

It has been mentioned that whip of the vented cylinder scales
well with cote. A plot of whip against cote is given foz unvented
cylinders in Figure 4-47 (Ref. (4-37)). Data points are shown for
scaled cylinders (I-d 5 ) with diameters of 2, 4, and 6 inches. The
deviation from proportionality with cote is not large. The tcýsts of
Figure 4-47 were Inude scaled, that is, the velocities were
proportional to d . As was stated earlier, this scaling is not
generally indicated for water-impact tests. Equation (4-21) shows
that, for scaled models, better agreement might be expected if the
velocities are proportional to d (rather than dI/ 2 ) and the data of
Figure 4-47 substantiate this conclusion.

Attack-sensitivity data for the unvented disk cylinder are
somewhat inconsistent. Probably it can be said that the attack
sensitivity is small and positive (increasing upward whip with upward

, pitch angle) (Refs. (4-34) and (4-37)), although a negative attack
sensitivity has also been reported (Ref. (4-45)). Tests at ARL
(Ref. (4-37)) indicated that the whip increases with positive and
negative angles of attack, with a minimum whip usually between 0 and
-2 degrees.
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The Hemisphere Cylinder

So far, whip has beein discussed for the right cylinder only.
In proceeding to other shapes, the rather simple hemisphere cylinder
(a cylinder capped by a hemisphere) is considered first becauseI
information, although scant, is still more plentiful than for others.

The most extensive program reported for the hemisphere cylinder
is that of Norman and others (Ref. (4-19)). Using missiles with
diameters or 20 inches, the entry spaed, angle, and pitch were
varied. A smaller program carried out with 22.4-inch missiles at
NOTS, is reported in two papers: one gives the whip and attack
sensitivity at 20-degree entry (Ref. (4-36)) and the other (Ref. (4-18))
presents data, for which accuracy is not claimed, for whip at a
number of entty angles. In the plot of the latter WX data against
cota in Figure 4-48, the rdeviation from linearity is only moderately
large. The data were obtained from photographs of tail flares on
the missile, and the whip was evaluated when the flares and the tail
disappeared into the water.

Figure 4-49 is a plot of the variation of angular velocity with
time after entry for the ARL test (Ref. (4-19)) of the hemisphere
cylinder at entry angles of 15 to 33 degrees. The graphs are
approximately the same shape for all entry angles. An initial peak,
which becomes only a shoulder for the smallest angles, occurs just
before 10 msec (2.2 ft). The positive whip is then decreased by the
underpressure, but subsequently increases steadily until about 130
msec after water impact (30 ft. of travel) when the tail of the
missile hits the lower cavity wall. Between 10 and 130 msec there is
a rather constant overturning moment which increases the angular
velocity of the missile. Presumably the whip is best evaluated at
the first peak and ARL (Ref. (4-19)) used approximately this time
when they chose the time when the drag is a maximum. The NOTS entries
from which Figure 4-48 was obtained, used for whip the angular velocity
after a travel of about 6.4d. This distance was reached in about 24
msec for the NOTS entries or 48 msec for the ARL entries of Figure 4-
49. At that time, Figure 4-49 gives a whip of about 56 deg/sec for
e = 20 degrees or W'X = 0.130, which is in fair agreement with
Figure 4-48 at cot (200) = 2.75.

comparison of whip and attack-sensitivity values can be made
from straight graphs that are given in NOTS and ARL reports. Data
are listed in Table 4-9. rhe values of whip were evaluated at NOTS
when the missile completely disappeared into the water and at ARL,
25 msec after entry. In contrast, ARL usually evaluated whip at about
8 msec. The whip given for 8 msec by ARL data was

Aw = 31.1 + 1.64ý,

less than 60 percent of the 25-msec value at zero pitch, and less
than 1/3 the attack sensitivity. Considering the different distances
at which whip was evaluated, the 25 percent difference in W'X values

is not discouraging. The most discouraging feature of the comparison
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is in the variation of whip with entry angle. As compared with the
smooth dependence found by NOTS kFigure 4-48) that of Figure 4-49 is
quite irregular. TABLE 4-9

Data Comparing Whip and Attack Sensitivity

Laboratory NOTS ARL

Reference (4-36) Fig. 4-9 (4-19) Fig. 4-78

0 (degrees) 20 18
d (inches) 22.42 20
I 800 sl-ft 2  14405 lb-ft 2

Uo (ft/sec) 500 225
C.G. to nose tipt

(calibers) 3.17 2.93
Whip evaluated 6.4d 3.4d

after 24 msec 25 msec
Whip 133 i0.2ý 54 + 5.60
WX 0.157 + 0.012q 0.125 + 0.0130

A simple study of the variation of whip with velocity (Ref. (4-19))
tends to confirm the elementary theory. If in Figure 4-50 whip is
evaluated for 30-degree entry at the first peak (at about 10 msec),
the values are rather well given by the expression

A = 0.249U - 3430/U,

where U is in ft/sec. The two terms correspond to the hydrodynamic
contribution of equation (4-21) and of the underpressuie in equation
(4-23).

Because of underpressure, Pa causes a large negative contribution
to the whip of the unvented hemisphere cylinder. For example, for a
2-inch model, a whip of 250 deg/sec was reported at Pa = 0.1 atmos.
and -400 deg/sec at 1.5 atmos. (Ref. (4-44)). For the higher values
of pa the contribution of underpressure to the whip was found to be
variable, and a change in angular velocity of comparable magnitude
was sometimes observed in the yaw plane.

Disk Ogives ant Spherogives

The programs already mentioned for the hemisphere were extended
at both NOTS (Ref. (4-47)) and ARL (Ref. (4-27)) to other members of
the disk-ogive family and, in addition, tests were made at NOTS for
pure ogives and for spherogives (Ref. (4-36)).

The members of the ogive and disk-ogive families were sketched
in Figure 4-31. Three different methods have been used to specify
members of the family: reports of ARL have given the ogive radius,
ro, in inches; historically this radius has been given in calibers,
that is, Ro ro/d; and sometimes the function

4-35



SEAHAC/TR 75-2

1Q = /(l + 2ro/d) = 1/(1 + 2Ro),

is used. This quantity has the advantage for ogives, where the
radius can become very large, that Q has a range only from 0 to 1.

For RO 0 the missile is a right cylinder; for 0<R <0.5, a disk
ogive; for Ro = 0.5, a hemisphere; and for 0.5<RO, an ogive. Tests
at ARL with a mi3sile diameter of 20 inches (Ref. (4-27)) used radii
of 0, 1, 2, 4, and 10 inches, or 0, 0.05, 0.1, 0.2, and 0.5 calibers.
At NOTS (Ref. (4-47)) the radii were 0, 0.1, 0.25, 0.5, 1.5, and
3.5 calibers. Since the noses were unvented in all of the tests
described in this section, whip results will usually be given without
attempt at scaling.

In Figure 4-51, graphs of angular velocity are plotted against
time for the noses tested by ARL at entry angles of 18 and 30 degrees.
Most of the graphs have shoulders which furnish an obvious, if poorly
defined, position for the evaluation of whip. From the figure, the
whip is evidently near zero for an ogive radius of 0.1 caliber or
perhaps between 0.1 and 0.2. The noses contained in Figure 4-51,
ranging from the flat to the hemisphere, have a whip which varies
monotonically through this range, going from a rather large positive
(nose-up) whip for the hemisphere to a rather large negative one for
the flat, or right cylinder.

Figure 4-52, based on NOTS data, shows the same qualitative
behavior with the whip becoming more positive as the nose is varied
from flat to hemisphere, and reaching a maximum at about the 1.5-
caliber ogive. The apparent decrease in whip for noses more pointed
than the 1.5--caliber ogive requires comment. In the sketch of
Figure 4-52 it is, of course, assumed that the missiles differ only
in nose shape, and that the C.G. position and transverse moment of
inertia are the same for all. Evidently the "needle nose" shown
at the extreme left of the figure as having zero whip, is completely
impractical, since this nose must have no volume but a large moment
of inertia. It is probable that the decreased whip shown for the
3.5-caliber ogive is also misleading in most cases. As the nose
becomes more slender it is usually difficult to prevent an aft
displacement of -he C.G., with increased lever arm and increased whip.

The increase in attack sensitivity with increased sharpness of
the nose, is shown by the dashed graph of Figure 4-52.

The missiles with which the data of Figures 4-51 and 4-52 were
obtained are similar but the velocity and moment of inertia were
roughly, half as great for Figure 4-51 as for Figure 4-52. Values of
W'X agree fairly well for noses having negative whip (with roughly
the same values of X) but not very well in the region of positive
whip wh3re the hydrodynamic and underpressure contributions are of
opposite sign and scaling failures become more evident.

Figures 4-53 and 4-54, based on the ARL data, show the dependence
of the whip graph on entry velocity and angle. There are several
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interesting features in these graphs. From Figure 4-53, the ogive
radius for which the whip is zero, varies with the entry speed
because of the scaling failure of the underpressure forces. The fact
that the whip for noses at the right of Figure 4-53 has values which
increase a little more rapidly than the first power of U. is due to
the decreasing importance of the underpressure at higher speeds.

It has generally been accepted that the magnitude of the whip
increases as 6 decreases, as shown for unvented right cylinders in
Figure 4-47, and for hemispheres in Figure 4-48. According to
Figure 4-54, however, for disk ogives having positive whip, the
whip increases as e increases from 18 to 30 degrees. If this
behavior is correct, it must mean that, as the angle gets flatter,
the underpressure contribut-on to the whip increases more strongly

U. than the hydrodynamic. Evidently the whip must approach zero as 8
approaches 90 degrees,

Figure 4-55 contains data obtained at NOTS in a test including
spherogives (Ref. (4-36)). An ogive is changed into a spherogive
if its tip is replaced by a spherical surface so that the sphere and
ogive have common tangents where they meet. As can be seen from
the sketches the sphere can be given any radius from zero to that of
the missile cylinder, and spherogives form families based on given
ogival radii. Two families are shown in Figure 4-55, based on 1.5
and 3.5-caliber ogives. The whip is less for the 3.5-caliber than
for the 1.5-caliber ogive family. The he:nisphere nose is a member
of both families and the point g in the left-hand part of Figure 4-55
must lie on extensions of both solid graphs. Evidently each graph
has a minimum, probably between the point g and the points f and c.
The st-aight dashed graph between the origin and point g, is drawn
merely to show how close the points f and c lie to it. No theoretical
impc- .n:-ce is ascribed to this fact. Attack sensitivities for the
fa;:iL>.es arc, iven in the right-hand graphs.

Cone Cylinders

Apparently only one experimental report has been published
(Ref. (4-48)) on the whip of cone cylinders, and no theoretical
results are available although the problem has been discussed (Ref.
(4-49)).

Experiments were reported by Gurney of NOL only for a 10-degree
half-angle cc. • cyi ler entering water at 45 degrees at speeds
usually 10- to 13• ic/sec. The data were too incomplete to be
regarded as dependable. The center of pressure (CP) of the integrated
force was found to be far in front of the tip of the cone. This
indicates that the principal component of the force system is a
positive couple. S_ '- a couple could easily arise from an upward
hydrodynamic force o i-e forward part of the cone and a downward
underpressure force -arther aft. Such a position of the CP would make
the whip almost independent of the position of the C.G. except that
the CP position might be strongly variable.
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The data indicate an average W'X = 0.54 approximately for the
10-degree cone. For 3 5-caliber ogive data (Ref. (4-36)), similar
calculations show WX = 1.43. The ogive was measured at 20-degree
entry and the cone at 45 degrees, and scaling by cote shows the two
W X values to be very nearly the same. Gurney fou d comparable
values of attack sensitivity from the tests of the two shapes. These
comparisons are probably only order of magnitude, but the behavior of
cones might somewhat resemble that of ogives.
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FIG. 4-32 OGIVE GEOMETRY
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Chapter 5

TRAJECTORIES OF MISSILES WHILE CAVITY RUNNING
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SYMBOLS

A maximum cross-sectional area of missile

CD drag coefficient = 20/pU 2 A
D

CD drag coefficient based on water-impact speed = 2D/pUo 2A

CL lift coefficient = 2" U2 A

C.G. center of gravity

d maximum diameter of missile

D drag force

dn diameter of truncation on missile nose

L length of missile; also, lift force

M mass of missile; also, hydrodynamic moment

Pa pressure of ai• above water

PC cavity pressure

freestream pressure

Q correlation parameter for disk ogives = 1/(l + 2RO)

ro ogive radius

r s radius of sphere tip of missile nose

R radius of circular path

R = r0 /d, ogive radius in calibers

S path length

So = S/d, path length in calibers

t time after contact with water

= tUo/d, dimensionless time after water contact

U missile velocity

U1 = U/U 0 , dimensionless missile velocity

U missile velocity, at water entry; also, "first" missile
velocity

ii
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U2  missile velocity at water exit; also, "later" missilevelocity

Uo missile velocity at water impact

X0 y coordinates of cavity outline

= pA/2M, retardation coefficient; also, angle of attack

in pitch plane

half angle of spherical nose tip

ec critical angle for broach or ricochet
81 trajectory angle at water entry, measured from horizontal

82 trajectory angle at water exit, measured from horizontal

p mass density of water

= (p• - pc)/(l/2)pU2, cavitation number; also, specific
gravity of sphere

angle of circular path in radians; also, angle of attack
in yaw plane

iii
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INTRODUCTION

This chapterdeals principally with the cavity-running trajectories
of inertia-propelled missiles, but after the collapse and disappearance
of the cavity, usually these trajectories become those of a fully
wetted motion.

The cavity-running condition exists especially after water
entry (Ref. (5-1)). Because the water-entry cavity is air-filled,
the missile generally travels in full cavity for a considerable time.
Later the cavity decreases in size and, when the speed reaches
relatively low values, the cavity collapses onto the missile and
ultimately disappears. A similar behavior is found when inertia-
propelled mispiles are launched at high speeds under water, except
that the cavity may not contain air and its existence depends
principally on missile speed. On the contrary, a rocket-propelled
missile may start its travels without a cavity and subsequently be
contained in a large cavity created by the increasing speed, and
containing the exhausted gases.

The factors which influence the trajectories of missiles while
cavity-running and while fully wetted are generally quite different.
For cavity running the stability does not depend on the usual hydro-
dynamic coefficients but rather on nose moments and on moments of
tail forces due to contacts between the tail of the missile and ther cavity wall. Missiles which lack stabilizing surfaces may be
satisfactorily stable during cavity running but quite unstable when
fully wetted.

The different behavior in the two regimes makes it difficult- to
evaluate tests made on unstable missiles. For example, thie plunge
bomb (Fig. 5-lA) is designed for short-range attack and is stable
only when cavity running, that is, while the cavity persists. If a
plunge bomb is found unstable in a test, it may be because of an
inherent instability while cavity running, or because the cavityI
collapsed as a result of too high drag or too low mass or initial
speed. In particular, in the evaluation of model tests, trouble may
arise because of the use of Froude scaling without cavitation-number
scaling. When a trajectory is reported as being "straight" without
precise information, one cannot deduce how the behavior would be
influenced by change of entry speed, the presence of pitch or
pitching at entry, increase of the fineness ratio, L/d, of the missile,
and so forth.

Parenthetically it might be mentioned, relative to straightness
of trajectory, that all buoyant and nonbuoyant missiles are deflected
by gravity and the ultimate part of the trajectory may be expected
to be vertically downward (or upward, if the missile is buoyant).
As a rule of thumb, it may be said that if gravity would not change a

trajectory significant'ly in air for the same time of flight, it may
be neglected for the corresponding trajectory in water.
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Before leaving the evaluation of model tests, another difficulty
should be mentioned. There is a considerable flexure of torpedo-like
missiles when they enter water at a low angle, and results obtained
with over-rigid models may be in error. Similar troubles arise when
the fins on model and prototype are not equally rugged.

At water impact and for a time thereafter, usually only the nose
of the missile is in contact with the water, and the missile is said
to be "riding on its nose" (Fig. 5-2A). Almost invariably, however,
the afterbody of the missile eventually swings around until the tail
strikes the cavity wall (Figs. 5-2B and 5-2C). The force system at
impact generates an angular velocity called "whip" (Ref. (5-2)) It
is positive or nc~se-up for slender and streamlined noses. Only for
almost totally blunt shapes, such as the disk, is the whip downward.
During cavity running the missile continues to rotate about its nose
within the cavity. The angular velocity of whip is now augmented by
a continuing moment on the nose due to the angle of attack of the
missile (Ref. (5-3)). Throughout cavity running this is almost
invariably such as to produce instability; the only exception is a
weak stability for the disk.

Still another contribution to the angular velocity comes from
"underpres sure". During water entry there is usually a region below
the missile nose in which the pressure is substantially zero (Ref.
(5-2)) while above the missile the pressure is that of the atmosphere.
The result is a downward force which normally gives a nose-down
moment to the missile. A similar moment may arise during cavity

running if one side of the nose is wetted and not the other. The
result can be a strongly asymmetric force, and instability.I

TAIL SLAP AFTER OBLIQUE ENTRY .

The first impact of the missile tail on the cavity wall is an
event of some importance since it has a considerable influence on
the trajectory. How fast it occurs depends on many factors. The
general behavior is somewhat as follows for oblique entries.

if a missile with a disk nose (Fig. 5-1B) contacts the water
without pitch, it acquires a small negative (nose-downward) whip
(Ref. (5-2)), so that the missile tail may be expected to move toward
the upper cavity wall (Fig. 5-2C). If the missile is a right-cylinder
(Fig. 5-1C), an underpressure may be expected to increase the negative
whip and shorten the time to tail slap. A hemispherical nose (Fig. 5-1D)
has a moderately large positive whip which will tend to make the tail
strike the lower cavity wall (Fig. 5-2B). In this case the under-
pressure will give a moment contribution of opposite sign, but
probably only large enough to delay the contact. A slender ogive will
behave like the hemisphere but the contact will occur sooner. The
tail slap can vary greatly in intensity, the higher intensity
evidently accompanying a higher angular velocity.

The first tail slap sometimes occurs at the cavity lip, below
and behind the missile as in Figure 5-2D. It is at the position of
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this lip that the cavity was first generated, and gravity causes the
cavity to rise, and the wall to form a cusp and curve inward there
(Fig. 5-3). Sometimes the contact at the cavity lip is primar'ily
due to the missile tail traveling downwa'rd and sometimes to the splash
moving upward. Usually this type of tail slap is of small intensity
and importance.

W\hen the tail. of the missile strikes the wall, it moves into the
wall a cause o' momentum. During this penetration a continuing moment
on the nose usually serves to increase the angle of attack but the
greater restoring moment resulting from increased tail penetration,
tends to reduce the angular velocity to zero. If the impulsive
moment on the tail is large enough, the angular velocity decreases to
zero and then may grow to an approximately equal maximum value in the
opposite sense. It is such behavior that leads to an oscillating
motion.

If the tail rebounds from the wall with a small angular velocity,
an opposing moment on the nose may reverse the direction of this
angular velocity shortly after, or even before, the tail leaves the
wall on its first rebound. The missile tail will fall back onto the
same wall again, or will not leave the wall but remair. buried in it,

and tail moments about the C.G. are equal and opposite.

The failure of the tail to rebound results from, damping of the
angular velocity, and the continuation of the nose moment. Greater
damping may be expected for greater immersion in the wall.

striking the upper cavity wall but, because of gravity, cannot rebound

from the lower wall. This difference would not occur for steep entry
angles.

If the tail moment is insufficient to reduce the angular velocity
to zero, the tail continues to penetrate deeper into the wall until
broadside results. Often a missile is stable in this broadside mode
and travels onward broadside, with large drag and a large cavity.

When the afterbody strikes the cavity wall the missile may be
at a small or large angle of attack (Figs. 5-2B and 5-2E). When the
angle is large there is usually a large overturning moment on the nose,
and a strong curvature of the path results. The angle at wall impact
is dependent on:

1. the drag area, CDA, of the nose, where CD and A are the
drag coefficient and cross-sectional area. The cavity width increases
with the drag area (Ref. (5-4)) and increa.,.d width means larger
angle, as in Figure 5-2E.

2. missile length. The longer the missile the smaller the angle.
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3. diameter and contour of the afterbody. If the afterbody
is made more slender,the angle will be greater at contact; this is
especially evident when the afterbody is tapered (boat-tailed).

4. shrouds, which effectively increase the afterbody diameter

and decrease the angle at contact. Fins alone do not act in this way.

TYPES OF CAVITY-RUNNING TRAJECTORIES

Nose-Riding Motion

Seldom do missiles, no matter how blunt, "ride on their noses"
(Fig. 5-4A) throughout the trajectory without the tail impacting the
cavity wall. The right cylinder has small whip and a limited
stability when cavity running and may ride on its nose for a
considerable distance. Usually such a blunt body has a rapid
deceleration and short cavity life.

When a missile is riding on itq nose, i:- trajectory is usually
quite straight, and this applies even during the unsteady motion
while the missile is falling toward the cavity wall (Ref. (5-5)).
During this time the tail configuration has no importance.

Oscillatory Motion

If the hydrodynamic moment due to the tail is sufficiently
stabilizing, the missile, after tail-slI:, may rebound from the wall.
If it rebounds successively from opposite walls, the missile will
iollow a sinuous but almost straight trajectory (Fig. 5-4B).

Circular-Arc Motion

Under most conditions the tail of a missile does not rebound to
the opposite wall after tail slap but remains leaning against, .)r
partially buried in, the wall which it struck first (Fig. 5-4C). The
lift forces on nose and tail are in the same direction, their moments
about the C.G. are equal and opposite, and a curved trajectory is
produced which is approximately circular.

The greater the lift forces the greater the transverse
acceleretion and the smaller the radius of the circular arc. Usually
greater curvature accompanies greater angle of attack.

The nose force on a simple right cylinder is almost completely
along the missin axis. At wall contact in a narrow cavity (Fig. 5-4D)
the angle of attack and the lift force are small, and the moment is
almost zero. Accordingly there is little pressure between the tail
and the wall, and the trajectory is nearly straight even though the
tail leans against the wall as the missile travels.

The circular trajectory does not start at the water surface
but approximately at the point of tail slap (Ref. (5-5)). Hence, the
trajectory appears as an initial straight section blended into a
circular arc (Fig. 5-4E).
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The radius, R, of the path may be as short as ter missile
lengths for conical and ogival noses, and short projectiles, and as
great as 60 lengths for missiles which are less unstable (Ref. (5-6)).
For broaching (q.v.), Birkhoff has given the horizontal plow during
the circular-arc motion (Fig. 5-4E) as ap roximately 2RsineI, the
maximum depth of submergence as (i/2)Rsin 01, and the ratio of exit
to entrance speed as U2 /U1 = Roe- 2 " The maximum depth has been
given also as approximately (S/4)sinal (Ref. (5-7)). (S and * are
the length and the angl3 in radians, of the circular path in water,
and ct = pCDA/2M, with p the density of the water, CD, A, and M the
drag coefficient, cross-sectional area, and mass of the mis.ile).

Circular-arc motion is usually undesirable since the path may
be far from straight and broaching may result, as described below.
It has some potential for underwater attack on surface ships.

Broadsiding Motion

If the moment exerted during tail slap is insufficient to stop
the angular motion, the tail penetrates the cavity wall (Fig. 5-4F) and
often oscillates about an orientation approximately transverse to the
trajectory. This attitude is accompanied by a greatly increased drag.
It is usualJv quite unacceptable, but it has been employed for the
rapid deceleration of ordnance to prevent bottom damage and for
decrease of dispersion in shallow-water planting.

The broadside mode is stable for many missiles at high speeds.
It is especially likely to occur for missiles without stabilizing
surfaces, or for bombs whose fins have been stripped or damaged.
Typically, broadsiding occurs after 3 to 5 missile lengths of travel
(Ref. ,5-6)).

Most missiles curve upward at water impact, and when broadsiding

occurs the lift force causes a strongly ascending trajectory.

Ricochet

A missile is said to ricochet when it bounces off the water
surface without having been completely below water (although any
rebound of a sphere is regarded as a ricochet). The skipping stone is
the typical example. There is another form called "tail-up ricochet".
This occurs especially for very flat entries with negative (nose-
down) angle of attack; the tail travels over the nose of the missile,
which leaves the water surface. The ricochet of spheres is discussed
in a later se~ction.

Broaching

If a missile comes out of the water after entry and complete
immersion (Fig. 5-4E), it is said to broach (Ref. (5-6)). Missiles
following upward circular-arc trajectories will broach if the speed

- Ais adequate to maintain an enveloping cavity during such travel. Both
ricochet and broach have been considered as methods for attacking
surface ships.
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Considerable study of broaching (and ricochet) after circular-arc
trajectories, was made in the 1940's and interesting statistics for
this condition were given in Reference (5-6). Some of these follow.

The critical angle, ec, below which broaching occurs, usually
varies between 8 and 25 degrees, but it depends strongly on entry
velocity. The critical angle may double (more tendency to broach)
for a doubling of entry velocity (say, 100 to 200 ft/sec). Above
some speed, the angle no longer increases but reaches a maximum value
asymptotically.

The exit angle, 82, is greater than the entry angle, e1• At
shallow angles, 62 is often between 201 and 38l, but nearer to the
critical angle it is rather between 01 and 281. As 01 approaches 6c,
02 stops increasing and may even decrease. On the average 02 201.

The plow, (or plough) (horizontal distance of travel in water)
varies from about 15L (missile lengths) down to about 3L. The latter
distance might be for I= 4*, with 0c =15

The model always turns nearly 45 degrees, and loses at least
25 percent of its speed before broach. The projectile usuallyemerges with nose vertical or even tilted slightly backwards, and a
large nose-forward angular velocity is imparted to the projectile

during exit.

The dependence of ec on missile speed is easily explained. At
low speeds two forces combine to resist the upturning of the
trajectory: gravity and the underpressure force. The latter force,
arising from a reduced pressure under the entering nose, is present
on almost all nose shapes. At high speeds (say 600 to 800 ft/sec)
the hydrodynamic force is predominant and causes the missile to follow
an arc of relatively small radius.

CAVITY COLLAPSE

If, after water entry, the inertia-propelled missile does not
broach, the cavity decreases continually in size until finally it is
unable to envelop the missile. When this condition is reached, the
rear end of the cavity collapses onto the tail of the missile. The
effect of this depends on the nature of the stability. If the missile
is without stabilizing surfaces, it will usually become unstable, and
broadside. If the missile has stabilizing fins and is stable fully
wetted, the collapse of the cavity onto the tail is usually without
obvious effect. The collapse does not generally disturb the missile
and the fins supply the stabilizing moment provided earlier by the
reaction with the cavity wall.

EFFECT OF MISSILE DESIGN ON TPAJECTORY

There are many aspects of missile design that affect the
trajectory and behavior of the missile, including nose shape, tail
shape, missile length, C.G. location, missile mass, and moment of
inertia.
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Nose Design

The nose shape influences missile behavior through water-impact
drag, whip, cavity-running drag, nose moments while cavity-running,
and cavity shape. Force systems at impact and while cavity running
have been discussed in other chapters (Refs. (5-2) and (5-3)).

Very roughly, it may be said that the stability is improved by
making the nose more blunt, and the drag, by making it more stream-
lined. The right cylinder (and the equivalent adequately-truncated
nose) and disk ogives with radii less than about one-quarter caliber,
have low whip, the highest stability when cavity running, and the
greatest drag at impact and while cavity running. Finer noses tend
to have large positive (nose up) whip and large upsetting moments
when cavity running, but they have smaller drag both at impact and
while cavity running.

Noses designed for water entry almost invariably have front
surfaces which are completely flat, at ,,ast over the central portion.
Most often the nose is a truncated ogive or cone, or a disk-ogive
with radius of 1/4-caliber or less. The right cylinder has the bes' •
stability but the drag is usually excessive, so that the missile
travels only a short distance in full cavity.

Because of their large whip and large overturning moment when
cavity running, fine noses generally follow circular-arc trajectories.
An oscillating motion can be obtained by adding a flared tail or by
making the missile quite long. Both of these means (which will be
discussed in later paragraphs) will usually result in high drag
after the missile becomes fully wetted, and thus the advantage of
the fine nose is lessened.

It is shown in anotherchapter (Ref. (5-4)) that the diameter of
the steady cavity is proportional to the square root of the drag
area, CDA, and the same relation holds for the forward part of the
water-entry cavity. The small diameter for the low-drag missile means
that the angle of attack of the missile is small when tail slap occurs.
This condition favors an oscillatory motion, but the advantage is
often negated by a strong upsetting nose moment.

If a truncated nose is used to provide stability, the diameter
of the truncation will generally be made as small as practicable, to
minimize the drag. If the nose is adequately truncated, its drag will
be that of a disk of the truncation diameter. The drag coefficient of
the disk is 0.81 (Ref. (5-3)), so the truncated nose will have
CD = (dn/d) 2 0.81, if dn is the truncation diameter.

The diameter of the truncation is adequate only if the flow
leaves the edge with a clean separation from the rest of the nose.
If t:ie flow, under unfavorable conditions, wets part of the nose
behind the nose tip, an underpressure generally results, with great
instability. The smallest truncation diameter can be used if the
portion of the nose aft of the truncation is made quite slender

5-7



:7-7

SEAHAC/TR 75-2

(a slender cone or ogive, for example) preferably with a sharply
reduced diameter just behind the tip. Slender noses tend to displace
the C.G. toward the tail, however, and make less room for explosives
near the nose of the missile.

Tail Design

The forces arising when a bare, uniform cylindrical afterbody
planes on the cavity wall as in Figure 5-5, have been discussed in
anotherchapter (Ref. (5-3)). If the missile is long enough, these
forces may be sufficient to make the tail rebound from the cavity
wall and to produce an oscillatory motion. If the missile diameter
is large, the angle of attack when the tail hits the wall tends to
be small and the cylinder offers a large surface to the wall. Both
of these conditions increase the probability that the tail will re-
bound. When fully wetted, the missile with uniform cylindrical
afterbody is almost never stable, and its form drag is large because
of base pressure. The tapered afterbody shown in Figure 5-6B has
a lower form drag when fully wetted, but, without fins and shroud,
would provide little moment to aid rebound.

To assure the rebound of the tail, appendages such as fins and
shroud, or conical tails (Fig. 5-6C), are generally used when a
missile must have a straight trajectory while cavity running. Any
of these devices may produce stability and all will inczease the
fully wetted draq more or less directly with the increase in stability.
The shroud is especially effective because it meets the wall before
the missile body does.

A cone tail is quite effective in aiding rebound, but it causes
considerable increase in drag. If the cone i3 made too large, the
missile has excess activity in the cavity, bouncing back and forth
rapidly between the walls, and increasing the cavity-running drag.
The cone should be of small angle (say, 15 degrees) and small area.

The recessed flare shown in Figure 5-6D, has two major advantages.
Fully wetted it offers less drag then the projecting cone, an" it can
be launched from a smooth tube without saboting.

Missile Length

Increased length generally improves the stability of cavity-
running missiles; the angle of attack and the angular velocity are
smaller when the tail hits the cavity wall; and the tail presents
a larger area to the wall. These conklitions favor a rebound of the
tail.

Great length can provide cavity-running stability with a low-
drag nose. For example, a missile with a 20-degree half-angle cone
nose and a cylindrical afterbody with a fii.eness ratio of 30 would
oe stable cavity running because of the small angle and large surface
presented at tail slap. However, the cavity is large enough to
envelop the missile only at high speeds and the skin-friction drag
when the missile is fully wetted, is very high.
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Even if the oscillating motion is not attained, the long missile
has a circullar-arc motion with large radius (absolutely or when
measured in model lengths) because of the small missile angle of
attack. Conversely, the very short missile gives a trajectory with
small radius, and favors broadsiding.

Increased missile length tends to be accompanied by increased
mass and moment of inertia, and a displacement of the C.G. away from
the nose (but not necessarily as a percentage of missile length).
These influences will be discussed in other paragraphs.

Moment of Inertia

Large transverse moment of inertia is generally desirable in a
missile at water entry, principally because it prevents appreciable
rotation while the missile is subjected to large moments at impact.
An important. example is the entry at almost grazing angles, where
the nose meeLs resistance but the tail can turn freely about the nose.
The missile tends to stand on its nose and ricochet. A large moment
of inertia resists rotation during the early entry moments, and the
angle of attack is still moderate when the unbalance of forces on
the nose has lessened.

Mas s

The mass of the missile i!3 principally of importance in its
effect on the maintenance of missile speed and therefore of cavity-
generating power. The rapid deceleration of light missiles results
in an early approach of the partial cavity phase with wetted tail.
The wetting may cause an unstable missile to lose its cavity-running
stability, or allow the tail surfaces to create stability during
cavity disappearance.

Center-of-Gravity Location

For cavity-running, as for fully-wetted behavior, it is usually
advantageous to have the C.G. as far forward as practicable, since
this tends to decrease the overturning nose moment and to increase
the moment of the tail forces. Thus, the tail is more likely to
rbound from the cavity wall and produce an oscillating motion. I

a circular-arc motion is established, the curvature will be less for
forward C.G., because of small wall penetration and smaller angle of
attack. A broadside motion may occur if the C.G. is too far aft.

As the tail sinks to greater depth in the wall in attempting to
produce a greater restoring moment, the center of pressure of the lift
force on the tail moves forward (Ref. (5-3)), arid this increases the
probability of instability due to an aft position of the C.G.

Axial ain

Spin of the missile about its axis is introduced here among
design criteria since it necessarily must be considered in missile

5-9



SEAHAC/TR 75-2

design, if at all. For fully wetted motion through water it is well
known that missiles cannot he stabilized by spin as they can in air
because the greater density of water makes the hydrodynamic forces
more than 800 times those in air. Ot the other hand, slow spin,
usually produced by a canting of the fins, i effective in reducirg
the scatter due to missile asymmetries.

Better behavior as the result of missile spin has been reported
(Refs. (5-6) and (5-8)) principally in the prevention of ricochet
and broaching. The improvement is caused by the gyroscopic
resistance to rotation about the axis of the applied torque. The
spin axis of the projectile tends toward the applied-torque axis.
A nose-up moment causes the usual spinning shell to turn slightly
toward the right, but not to nose-up further and thus leading to
broaching. When the tail of a spinning shell hits the cavity wall,
it tends to follow around the wall instead of bouncing away. The
resulting helical motion has been reported to increase the dispersion
(Ref. (5-8)).

DEPENDENCE OF TRAJECTORY ON WATER-ENTRY CONDITIONS

The trajectory of a missile after water entry depends not only
on the design of the missile, as has been described, but also on the
experimental conditions of the entry. These conditions include:

1. entry angle, /

2. entry velocity,
3. angle of attack at water impact, including both pitch (in

the vertical plane), and yaw (transverse to Ui•is plane),

4. pitch velocity and yaw velocity, that is, the angular
velocities about the transverse axes,

5. pressure and density of the atmosphere above the water.
This atmosphere is substantially fixed for prototype use, o
but not in the laboratory. The density and other properties
of the liquid might also be treated. The use of liquids
other than water is quite unusual and will nut be discussed
here.

Only general aspects of the influence of the experimental para-
meters will be outlined in this introduction. Specific applications
will be described in connectiol. with the various nose shapes.

Entry Angle

Whip and underpressure are of great importance in determining
the trajectory of a missile after water entry, and both have 4-heir
strongest effect when the entry is at a ielatively small ang.A, to
the horizontal.
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At grazing incidence, noses such as the sphere (Fig. 5-7A)
experience an early force which is principally vertical. Hence,
there is little retardation of the missile, but a large lift force
tends to cause ricochet, If the overall configuration is a cylinder
with hemispherical nose, the mi.:sile may experience a large whip,
and tumbling may occur. In Figure 5-7B, it will be seen that the
cone experiences a similar force if the entry angle is less than the
half angle of the cone. For the ogive (Fig. 5-7C) the side force is
present when the entry angle is less than half the angle at the ogive
tip, but the effect becomes small when this angle is approached.

The behavior of the missiles sketched in Figure 5-7 depends
greatly on the transversc moment of inertia. If this is smal; the
whip will be very large and the missile may ricochet. A long missile
with large moment of inertia acquires only a small whip and turns
through a small angle before the strongly asymmetric force on the
nose is relieved.

In general, if the moment of inertia is not large, ricochet
is probable for grazing entries except for right cylinders or
adequately truncated noses.

As the entry angle increases, the chance of ricochet becomes
smaller but a broach may still occur. If the trajectory is a nose-up
circular-arc trajectory the missile will leave the water if the
missile retains sufficient velocity for cavity generation until water
exit.

At steep entry broach is improbable if the missile has stability
when fully wetted. On the other hand, an unstable nose such as a
slender cone or ogive on a short cylindrical body without fins,
may broach with high exit velocity, when fired into the water
vertically.

Entry Velocity

High entry speed is most likely to affect the trajectory because
of missile damage; nose or fin deformation results in asymmetric
forces, and fin-strippir ] causes later instability. As for direct
influence, high speed tends to simplify the trajectory problem by I
lessening the importance of gravity and underpressure forces. These,
however, are downward forces, and their ineffectiveness at high
speeds makes the missile more likely to veer upward and to broach.
This effect is aggravated by the fact that at high speeds the cavity
generation continues for a longer time, and frequently until the
circular-arc trajectory has carried the missile out of the water.

At entry velocities high enough that gravity and underpressure
are unimportant, whip is proportional to the velocity, but the angle
through which the missile rotates while it is becoming submerged, is
indepundent of the speed. The shape of the front part of the cavity
which surrounds the missile, is almost independent of speed when the
cavity is well developed, that is, if the cavity does not close too
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near the missile tail. Hence, at various speeds the tail will strike
the wall at roughly the same position and while at the same angle
cf attack. Both the angular velocity at tail slap and the planing
speed of the tail at that time are proportional to the missile entry
speed, so that the hydrodynamic forces will increase as the square
of the speed.

Pitch and Yaw

Pitch, or angle of attack in the vertical plane, may have a
large influence on the trajectory. Since the forcc~s on most nose
shapes are destabilizing during cavity running, the presence of
positive or negative pitch tends to curve the trajectory up or down,
respectively. There is usually a critical angle of attack, a value
of pitch for which the missile, at least initially, tends to follow
a trajectory curving neither up nor down. The behavior when an
initial angle is present in the yaw plane is similar to that described
for the pitch plane, except that at zero yaw angle the missile does
not tend to swerve. A prolate nose generally swerves in the direction
of the pitch or yaw, and the flat nose, in the opposite direction.

Pitch and Yaw Velocities

Pitch and yaw velocities at water impact (that is, angular
velocities of pitch and yaw) have little direct influence on the
forces and moments acting on a missile. For example, the fact that

a missile has a pitch velocity at impact does not change the whip
appreciably, but the angular velocity attained will equal the whip
plus the initial pitch velocity.

Atmosphere Above the Water, and Missile Size

In the service us:: of ordnance no changes can be made in the
pressure and density of the atmosphere, but for laboratory testing
there is importance which requires discussion.

It has been shown in anotherchapter (Ref. (5-2)) that the downward
moment due to underpressure is proportionately stronger for small
missiles than for large ones. In particular, if model and prototype
are compared at the sartte Froude number, the angle they will turn
through due to underpressure alone is proportional to pa/d, the
pressure of the atmosphere divided by the missile linear sc'Ale. The
technique of testing small models with the atmosphere reduced in
pressure by the scale facto:,r is well known (Ref. (5-9)). The purpose,
of course, is to produce the same trajectory for model and prototype.

* In using this reduced pressure technique it is important, in general,
that the atmospheric density be the same for model and prototype
(although this may not be required in some cases of oblique water
entry where the cavity surface closure is very slow (Ref. (5-10)).

Evidently, if air is used above the water, the pressure cannot
be reduced without reducing the density also, and heavy gases are
required for this scaling (Ref. (5-9)).
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If the gas density is reduced, the time of surface closure is
delayed and the cavity grows to a larger size (Ref. (5-1)). This has
small effect on the ear'y trajectory, but is important because it
results in a cavity which persists longer before collapsing on6o
the missile.

The designer of missiles must consider the possibility of
variation of behavior with missile size because of underpressure, This
effect should vanish at high speeds where underpressure becomes un-
important.

Underpressure can be prevented by venting (Ref. (5-5)), that is,
by providing a path for air to flow from above the missile into the
region below it, where underpressure would exist. An adequately
vented missile should suffer no changes of trajectory due to under-
pressure effects.

THE DRAG EQUATION Al

In addition to the trajectory or path of a missile in its travels
after water entry, it is important to consider its speed along this
path. For the momentum-propelled missile the speed con.inually
decreases in a fairly steady fashion. During the ear er part of the
trajectory, at least while the missile is cavity rur .ng in an open
cavity, the drag coefflicient does not change great]

The drag force can be written

D =-MdU/dt = MaU 2 = (I/2)pU2 CDA (5-1)

The quantity

a = PCDA/2M (5-2)

is known as the retardation coefficient.

If the variation of CD and the presence of other forces can be
neglected, solutions of equation (5-1) can be written

aS = ln(Uoat + 1), and (5-3)

U=Ue-s, or (5-4)

1/U = 1/Uo + at, (5-5)

where S and t are distance traveled and time measured from water
impact; and Uo is the velocity at impacC.

The quantities U, a, S and t can be nondimensionalized, using
Uo and d, the maximum diameter of the missile (Ref. (5-10));

tU, = U/Uo a = ad; S = S/d; t = tUo/d, (5-6)

and equations (5-3), (5-4), and (5-5) become
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i/U' = 1 + a't' = ea'S (5-7)

The three equations (5-7) are "universal equations" (Ref. (5-10))
in the sense that each can be represented by a single graph of U"
versus aS, U versus at, or c'S' versus at'. These equations
do noc bold when CD changes appreciably or when other forces, such
as gxAvity, become signi.ficant.

After water entry, as the velocity along the trajectory varies
with the drag force, the cavity development can be divided into
several phases: impact, open-cavity, closed cavity, travel with a
collapsing cavity, and fully wetted.

During the impact phase, CD varies strongly with time and with
nose shape and angle of entry as is discussed in another chapter
(Ref. (5-2)). For vertical entry the average CD following first
water contact is greater than the steady cavity-running drag beca -e
of the force needed to accelerate the added mass of water. The
change of missile speed during the entry is significant, however, only
for light missiles, and it can be estimated by reference to the graphs
in Reference (5-2). For entry at low angles the average CD after
entry is less than the steady value because, for a time, the missile
nose is only partially immersed.

During the open-cavity phase, that is, while the cavity is open
to the atmosphere, the drag can usually be based on the assumption
tnat the cavitation number (Ref. (5-4)

= (Pa - pc)/(i/2)pU2  (5-8)

is equal to zero. In equation (5-8) Pa and Pc are the pressure of
the atmosphere above the water and the pressure in the water-entry
cavity. If U is very large, a is small, and if U is small Pc is
very nearly equal to Pa during the open-cavity phase, sc, that a is
again small.

After ;3urface closure of the water-entry cavity, Pc normally
drops as the cavity expands, thus increasing the values of a and of
CD- Quantitative data for this phase are not available (Refs. (5-10)
and (5-11)). Even less is known about the drag coefficient while
the cavity is collapping on the missile, but some approximation might
be attempted if the size of the cavity were known (Ref. (5-10)).

If equation (5-4) is written in the form

Ul/U 2 = es,

it will be seen that for any fixed drag coefficient (or a) travel
over any given distance S, causes the velocity to drop by a fixed
ratio UI/U 2 . For example, the distance in which the speed drops to
half of its initial value is
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U 2 = eaS

so that S = 0.69/a. After each distance of this magnitude the speed
will have dropped by another factor l/2, provided that changes in
the drag coefficient may be ignored.

TRAJECTORIES FOR VARIOUS NOSE SHAPES

The Right Cylinder

Much can be learned about the early behavior of a right cylinder
after water entry, from a detailed study due to Norman and his
associates (Ref. (5-12)). Figure 5-8 shows a family of angular-
velocity graphs for a right cylinder after water entry at angles
between 15 and 33 degrees to the horizontal. The missile was torpedo-
like with a diameter of 20 inches and a length of 148 inches, and
the boat-tail on the aft end was provided with fins and shroud.
Since the study extended only slightly past the time of first tail
slap, the makeup of the tail seems unimportant.

During the first two calibers or so of entry, a negative
angular velocity (whip) was acquired which was greater (but attained
more slowly) for the'flatter entries. The whip produced a negative
angle of attack and, because the disk is weakly stable, the angular
velocity subsequently decreased. For the 15-degree entry the
negative angular velocity did not decrease appreciably, and it
remained negative. For the 33-degree entry the negative angular
velocity decreased so strongly that it became positive after 16 feet
of travel. At about 27 feet for the 15-degree entry and 34 feet for
33 degrees, the missile tail struck the cavity wall, with a change
of angular velocity. It should be noted that, under the conditions
of the test, even when the angular velocity was continually negative,
the tail of the missile always struck the bottom of the cavity so
that the angular velocity became more negative. It struck the
bottom because the impact between the tail of the missile and the
cavity was not due primarily to the motion of the missile, but to the
collapse of the cavity upward onto the missile. It appears probable
that the influence of the collapsing cavity on the missile is
usually not as significant as that seen in the figure but that this

rather large influence is due to the asymmetrical conditions
accompanying the shallow entries.

The tail contact is due in this case to cavity collapse because
the rapid deceleration of the missile makes it unable to throw a
wide cavity. The missile was light (slightly buoyant) and with its
high-drag nose its velocity had dropped to about one-fourth of the
entry speed when the tail contact occurred. As is shown in Figure
5-9B, the missile had a negative pitch at all speeds and would have
tended to strike the top of the cavity if the cavity were straight
and noncollapsing.
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For 30-degree entry the angle of the missile changed very

little (Fig. 5-9A). It did not rotate in space, but th• trajectory
turned about 30 degrees (Fig. 5-9C) so that the travel then was
almost horizontal and the pitch angle (Fig. 5-9B) was about -30
degrees. Nevertheless, the cavity collapsed upwdrd onto the missile
tail.

Figure 5-10 gives the effect of changing the entry speed for
30-degree entries. A comparison of Figures 5-8 and 5-10 shows that
qualitatively the trajectory varied in the same manner with speed
as with angle, with the maximum negative angular velocity at the
lowest speed. Figure 5-10 shows that contact of t'e missile tail
with the cavity wall occurred after about 32 feet of travel for the
175 ft/sec entry, and at about 36 feet for 300 ft/sec. Since this
contact is primarily due to cavity collapse, the slight variation
resulted from greater cavity persistence at the higher speeds.

It is shown in Figure 5-11 that the presence of a pitch angle
at water impact of a right cylinder, produces an angular velocity
which is inversely related to the entry pitch. In spite of these
angular velocities, Figures 5-12A and 5-12B show that the missile's
angle in space and its pitch were not greatly affected for some two
missile lengths of travel. Figure 5-12C shows that th3 trajectory
angle or direction of travel varied inversely with the entry pitch
but the effect was large only for negative angles of pitch. For a
pitch of -4 degrees at 30-degree entry, the traje-tory is
horizontal 36 feet after entry.

In Figure 5-11 both entries with positive pitch showed an impact
with the cusp at the cavity entrance and a subsequent increase of
negative angular velocity. The entry with +4-degree pitch was given
sufficient negative angular velocity to make the tail hit the upper
cavity wall, with the change of pitch angle seen in Figures 5-11 and
5-12B.

For the flat-nosed missile that has just been discussed, a
continuing well-behaved trajectory might be expected if the missile
is stable fully wetted; but if it is completely unstable it would
start to broadside at the end point of the trajectories discussed.

Numerous tests have been reported on the trajectory after water

entry of the plunge bomb (Fig. 5-1A) (Refs. (5-13), (5-14) and (5-15)).
Because of the complete instability of these rounds when fully
wetted, it is difficult to evaluate the tests and to determine
whether, in general, instabilities are due to the behavior cavity
running, or to the absence of a cavity.

Curved Noses

Although trajectories have been reported for many missile
configurations, it is difficult to draw general conclusions from them.
Comparisons are available from tests carried out by the Naval Ordnance
Test Station at Morris Dam on a full-sized mock-up of a torpedo
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provided with 14 different nose shapes (Ref. (5-16)). Trajectories
from these tests are plotted in Figure 5-13 (Ref. (5-17)) for 20-
degree entries. Three representative nose shapes are included: a
spherogive made up of a 57-degree spherical cap of 0.30d radius on
a 1.5-caliber ogive; a hemisphere; and a 1/4-caliber disk ogive.
Trajectories are given for three values of the pitch at impact;
about +0.5* and ±50.

All of the vehicles were slightly buoyant and the disk ogive,
for example, was moving only 18 ft/sec after -.raveling 160 ft. At
that time the vehicle was not cavity running and some upward effect
of buoyancy might be expected.

The spherogive and hemisphere curved upward strongly except when
there was several degrees of negative pitch at impact. With a pitch
of -6* both missiles tended to dive. Under all the conditions of
pitch, the disk ogive traveled rather well along the line of fire for
about 80 ft, and for positive pitch it apparently deviated from the
straight line only because of buoyancy.

Ricochet of Spheres

The ricochet of spheres has some interest and importance as a
rather special and simple case. For grazing angles of impact the
depth of penetration is extremely small. The plow, or distance
that the sphere is in contact with the water during the ricochet, has
been reported (Ref. (5-6)) as about 10 to 50 sphere diameters, but
Ramsauer cited (Ref. (5-18)) a firing in which an 11-mm ball ricochetedV' after complete immersion and a plow of 86 diameters.

The energy lost in a ricochet may be very small. de Jonquieres,
who first made a study of sphere ricochet in 1883, described the
horizontal firing of E-inch spheres at a speed of 1500 ft/sec

. (Ref. (5-19)) With an initial impact angle of about one degree
these rounds executed an average of 22 ricochets in a flight of 1.5
miles. The average deceleration per ricochet was estimated as about
7 ft/sec, and the water penetration must have been very small.

For each sphere there is a critical angle, ec, below which
ricochet occurs from smooth water. A lighter sphere is moie easily
deviated from a straight line and therefore ricochets at a larger
angle. Simple theory shows that 0 c should have little dependence
on the speed of the sphere and Birkhoff reported (Ref. (5-20)) an
observed increase of 20 percent as the speed increased from 200 to
2000 ft/sec. The formula derived by Birkhoff

0c 180//-G (5-9)

where a is the specific gravity of the sphere, is in reasonable
agreement with various measurements (Refs. (5-6), (5-18), (5-19),(5-20) and (5-21)) although the sphere diameters varied between 0.43

and 6.2 inches.
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There are several forces which arise because of the asymmetry
of the flow about the sphere. There is a main Jift force due to the
gliding behavior; a lift, even when the sphere is completely submerged,
because of the nearness to the free surface; and a downward force due
1o underpressure below the sphere (Ref. (5-7)). And, of course,
gravity. The downward forces are important only at low speeds, and
a downward "refraction" hao been reported at less than 50 ft/sec
(Ref. (5-6)).

The attraction toward the free surface is generally unimportant
(Ref. Q3->)). Ramsauer computed the lift force due to incomplete
immersion during the plow (Ref. (5-18)) and his data, following
Birkhoff (Ref. (5-6)), are presented as a lift coefficient, CL,
against fractional immersion, i: Figure 5-14. Initially, the coef-
ficient in.:reases with immersion depth and reaches its maximum when
the sphere is half submerged. Its value then is about one-quarter
of the d:-q coefficient.

The angle 62 at which the sphere leaves the water is reported
(Refs. (5-6) and (5-21)) to be alway.; less than the impact angle
61. Ine ratio 02/01 is largest when a1 is much less than Oc, and Uo
is high, while in general, 0.8 ' 0 2/ 0 1 *I.0 (Ref. (5-6)). de Jonquieres
found (Ref. (5-19)) 02 to be larger than 01 by about 8'.

Presumably the underwater path of the sphere depends little on
the size of the sphere or on its speed (Ref. (5-18)). For the same
value of 01/0c, theory and experiment show (Ref. (5-20)) that the
maximum penetration depth (in diameters) is approximately the same
for all spheres. The sphere will just submerge when 01/0q z 0.9 and
the maximum depth compatible with ricochet is about two diameters.
For el = 10, Ramsauer (Ref. (5-18)) found the maximum depth about
one-sixteenth the diameter.

MISSILE DESIGN

Design criteria for missiles depend csrongly on the intended use.
It will be assumed here that the missile is not to be used solely for
fully wetted travel, but rather for water entry at various angles,
for short runs in full cavity or long runs ending up fully wetted,
for inertia or rocket-propelled applications, and so forth.

Water Entry

There are two casualities which especially must be guarded
against in designing for water entry: instability arising from whip
at water impact, and missile damage resulting from the high stresses
during high-speed entry.

Noses on missiles designed for water entry almost invariably are
flat or truncated, with the truncations unually on cones or ogives
(Figs. 5-15A and 5-15B), or are disk ogives (Fig. 5-15C). The
diameter of the truncation is usually 0.5 or 0.6 of the body diameter.
Diameters less than 0.5d may be used, as in the plunge bomb, where the
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afterbody is a slender cone. If the truncation is too small, one side
of the nose will be wetted when conditions are unfavorable, such as
when the missile has an appreciable angle of attack, and this will
generally make the missile quite unstable. With sufficient truncation,
missiles can be designed to enter water reliably at angles as low as
2 degrees without ricochet or broaching. The objection to a large
truncation is the large water-entry shock and cavity-running drag.

At one time the probe or spigot (Fig. 5-15D) was a popular
design idea. It is a cylinder of diameter less than the missile
diameter and a length up to about one caliber. If the flow hits the
blunt surface behind the spigot, the behavior is generally unsatis-
factory; if not, the behavior is like that of the truncated nose.

In the design of the plunge bomb (Fig. 5-15B) for short-range
attack after water entry, the drag was kopt low by using a small
truncation on a slender cone. The stability is optimized by making
the bomb longer and moving the C.G. as far forward as possible. The
plunge bomb is unstable except in full cavity. Hence, the range is
effective only while the bomb speed is sufficient to generate an
adequate cavity.

It is possible to use an untruncated slender ogival or conical
nose on a water-entry missile if the body is a cylinder 20 calibers
or more long (Fig. 5-15E). The transverse moment of inertia should
be so high that the missile will resist turning during the short
entry time of large upsetting moment. Such a body will travel nearly
in a straight line so long as the velocity is high because the tail
will be guided by the very narrow cavity. When fully wetted the
missile has excessive drag.

In some respects the disk ogive is an optimum nose for water
entry since its whip can be made almost zero for specific conditions
of entry. Its advantage over the flat are small espec~ially since
whip varies with angle of entry, velocity, and missile size.

Various "fixes" have been used with slender noses such as theI
ogive to prevent large whip at entry. The most popular of these has
been the kopfring, sketched in Figure 5-15F. It is a narrow ring
of app;ioximrately triangular form which projects from the ogival
surface. When the lower edge of the kopfring strikes the water
during oblique entry, it gives a strong downward moment to counteract
the nose-up moment characteristic of fine noses. The ring works
well but it increases the drag considerably when the missile is
cavity running or fully wetted. There are variants of this stabilizing
device. Sometimes more than one kopfring has been proposed; the ring
can be replaced by separate projecting fi.ngers, called spades
(Fig. 5-15G); and an appendage, aptly called a "pickle barrel", was
tested on the ogive nose, with the idea that it would be removed by
the entry forces (Fig. 5-15H). It has some potential also for shock
mitigation. In most applications adequate truncation appears to be
the best way of providing water-entry stability.
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The high air speed before water entry, of recently designed
missiles has required that means be provided for slowing up the
missile before entry, or of mitigating the entry shock so that the
missile case will not be deformed or the internal instrumentation
severely damaged.

Parachutes and retro-rockets are effective in slowing up the
missile for water entry but this solution has the disadvantages that
the decelerition makes the missile a better target prior to entry,
and considerably increases the time to depth for the missile.

Shock mitigation at entry has been accomplished by providing
means on the nose for lessening the maximum stress experienced by the
missile during entry. This is effected by an energy-absorbing device
during the time of maximum stress. The most usual approach is to
mount a fairing on the truncated nose, which completes the ogival
shape and lessens the drag during air travel. If the fairing is
made of a frangible plastic, energy taken up in breaking and removing
it is taken from the drag force (Refs. (5-22) and (5-23)). Other
shock mitigators have employed the compression of trapped air or of
spring devices (Ref. (5-24)).

Cavity Running

Design features suitable for cavity running are similar to those
for water entry and include adequate, but small, truncations or other
blunt noses, in general; C.G. far forward; and long cylindrical after-
body. In addition, it is usually desirable to have tail-stabilizing
surfaces which will cause rebound of the tail from the cavity wall
and will furnish stability during the fully-wetted phase. Fins may
furnish adequate stability but the addition of a shroud ring is
generally advisable; its additional drag when fully wetted is usually
more than compensated by improved stability and better cavity-running
behavior.

The disk ogive seems to have no advantage over the truncated nose
for cavity running. The cavity size is the same for two noses if
they have the saiie drag, and cavity separation is cleaner at the sharp
edge of a truncation.

A bare afterbody will behave better when cavity running if it is
a uniform cylinder without taper or "boat-tail". On the other hand,
the fully wetted drag is lower if it is boat-tailed. Boat-tailing
increases the need for a shroud during cavity running.

If an up-curving trajectory is desired after water entry, the tail
surfaces should gernrally be made only large enough to provide the
stability needed when fully wetted. The radius of the curved path can
be lessened by shortening the body of the missile.

An almost straight path can be obtained by making the missile
very long so that rebounding from the cavity wall is hardly needed,
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or by adding a conical tail o.- flared skirt (Fig. 5-6C) to produce
positive rebound. If the cone is added, it should be made quite narro~w
and of moderate angle, so that rebound is obtained but not excessive
activity within the cavity. There is advantage in providing the cone
on a recessed region (Fig. 5-6D) , but none of these means are likely
to provide stability after the cavity is gone.

Successful Designs

In Figure 5-1-6 are sketched a numrber of projectile designs which
have proved satisfactory, especially for water entry. All are either
truncated ogives or disk ogives, stabilized by fins and shroud.
Figures 5-16A to 5-16C, (Refs. (5-25), (5-26) and (5-27)) give designs
of truncated ogives with considerably different fineness ratios and
main body lengths. The EX-30 Projectile in Figure 5-16A has an L/d of
10.5 and the body of the missile extends to the shroud. This design
has the advantage of large volume and moment of inertia. The missiles
of both Figures 5-16A and 5-16C enter the water stably at angles of
2.5 degrees or less although at the smaller angles the side of the
nose, instead of the flat, first strikes the water. They have
oscillating trajectories which are satisfactorily straight. Test,.
showed that the presence of a fuze on the nose, lessened the straight-
ness of the path, probably ceausing a circular-arc trajectory.

The sketches of Figures 5-l6D and 5-16E show similar configurations
with the truncated ogive replaced by a 0.2-caliber disk ogive (Ref s.
(5-28) and (5-29)). These configurations were designed for water
entry at angles of about 15 degrees or more. They give good entry
stability at these angles and probably at somewhat smaller angles.

Usually the fins on these missiles are given a cant of 5 to 10
degrees to produce a slow rotation with the purpose of reducing the
dispersion due to asymmetries in manufacture.

PREDICTION OF TRAJECTORIES AFTER WATER ENTRY

it is of obvious importance to the missile designer to be able
topredict the trajectory of a missile for various experimental

conditions. Several reports have proposed methods for such
computations (Refs. (5-30), (5-31) and (5-32)) and many investigations
listed earlier in this report have discussed parts of the problem
and have derived data needed for the predictions. The descriptions
given here will pertain primarily to unpowered (or inertia-propelled)

missiles, but the extension to rockets is rather obvious.

Trajectory prediction after water entry, is complicated by the
facts that the missile is traveling in a gas-filled cavity and the
variation of the fc-.rces is strongly nonlinear or even discontin'uous.
The most practicable method is a step-by-step analysis, in which the
trajectory is divided into a number of intervals, in each of which
initial velocities and position of the missile lead to final velocities
and position, usually by graphical integration.
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Divisions of the trajectory must be made in an ad hoc manner, but
should proceed somewhat as follows. In the first, or impact phase,
there are drag and lift forces on the nose of the missile, and whip,
and these have been discussed elsewhere (Ref. (5-2)). After impact
the missile travels for a while with only the nosc' in contact with the
water, so that only nose forces and moments need be consicared (Ref.
(5-3)). The tail of the missile commonly striker the cavity wall and

may rebound or ride on the wall. The time of wall impact depends on
the cavity shape and size (Refs. (5-i) and (5-4)), and the forces
depend on conditions at the missile tail (Ref. (5-3)). Later the
missile travels in partial cavity, and finally, and outside the extent
of this discussion, the missile is fully wetted.

It is convenient to use an inertial coordinate system with origin
at the position of the C.G. at the time of wr.er contact, as shown in
Figure 5-17; the x axis is in the direction of the velocity at water
contact, with z in the vertical (pitch) plane. The trajectory is at
an angle 6 with the horizontal. The analysis requires the value of
the linear and angular accelerations during each step. In general,
these accelerations are known very imperfectly.

Before Water Contact

The initial conditions are those at first water impact. These
include the position in space of the coordinate origin, xi and zi;
the direction of the trajectory, ei (or ki and ti); the orientation of
the missile axis (its angle of attack, a in pitch and * in yaw) ; and
the components of angular velocity of the missile. The trajectory is
frequently quite sensitive to the initial pitch angle, and the change
from a few degrees of positive pitch to a few degrees of negative
pitch can change the trajectory completely (Ref. (5-16)).

Water-Impact Phase

A missil.e usually expexiences very strong fo':ces during a few
calibers of travel just after water contact. Publiqhed drag and whip
data for impact are collected and analyzed in Rcference (5-2), with
drag given as graphs of

C = 2D/ o(5-12)

(drag coefficients .;.:eerred to the impact velocity) plotted against
penetration into the watai. These drag coefficients can be averaged
graphically over the early penetration, but must be adjusted for the
mass of the misdile by a method given in Reference (5-2).

The change of speed is usually small duriny the short entry phase.
It can be calculated from the equation

U= = PUo0 AS/2M, (5-ii)
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where CD is the average C over the displacement AS, which extends
through the period when tee drag is varying rapidly.

Few data are available for the lift force during entry. For
missiles with flat noses it can be assumed that the total nose force
is along the missile axis so that the ratio of lift to drag force is
the sine of the pitch angle. Data are available for the spherical nose
(Ref. (5-2)); for many others the effect of lift may be neglected.
The transverse velocity at the end of the impact phase can be obtained
from the relation

S= PUOLAAS/2M (5-12)

if lift data are available. The new values of x and z define the
value of e from

tan(e - eo) = (5-13)

The most important change at impact is generally the whip.
Available whip data are given in Reference (5-2). While the scaling
of whip is poorly understood, estimates are possible from the published
data. The whip is a change in the angular velocity in the pitch plane;
changes in angular velocity in the yaw plane can usually be neglected.
The angular velocity in the pitch planF at the end of the impact phase
is the sum of the whip and angular veir ity assumed at first water
contact. The impact phase for bluff shapes at steep entry is too short
to permit significant changes in the missile attitude. For entries
at low angles the impact phase may be long, and the angular change
must be calculated by the method of a later section. The total change
of angle of attack in the pitch plane is the sum of this angular change
and the change of the trajectory direction, A6.

Estimate of Cavity Shape

The tail of the missile usually strikes the cavity wall and the
position of the tail slap depends on the cavity shape. Shape has been
discussed in detail for the water-entry cavity (Ref. (5-1)) and for
the steady cavity (Ref. (5-4)). Although the overall size of the water-
entry cavity increases greatly with entry speed, its size and shape
near the forward end, which contains the missile, is almost independent
of ictissile speed, if this speed is reasonably high.

It has been shown (Ref. (5-4)) that this part of the cavity would
always be of the same shape for missiles of constant speed if there
were no pressures acting, such as hydrostatic pressure, which tend to
restrict the cavity development. If these pressures are present, there
will still be a portion of the cavity whose shape has not been
observably affected by them. The shape of the cavity which has
suffered no collapsing effects of this sort (substantially a part of
the cavity of zero cavitation number) was found experimentally to have
the shape (Ref. (5-4)).

1/2 1/2

(y/CD d) 2 = 0.583(x/CD d) (5-14)
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with the vertec of the cavity slightly displaced from the none tip of
the missile. This so-cal led "Ideal Cavity", corrusponding to c~onstant
missile s~peed# is shown by the solid-line graph in Figure 5-18

(with CD d a 0.685). It will be seen from. equation (5-14) that all
Ideal Cavities are geometrically simi~lar.

Although some forward part of a large cavity is almost independent
of missile speed if that speed is constant# the shape is considerably
different if the speed decreases or increases rapidly, that is, while
the portion of the cavity being viewed, was being generated. ýn a
cavity photograph such as Figure 5-3, the cavity, at each cross section,
develcped at a rate which was proportional to the missile speed when
the nose was at that cross section, and the photograph shows the
cavity growth at each cross section in the time required for the missile
to travel to the vertax of the cavity shown, from the position of the
cross section.

The two broken lines in Figure 5-18 give calculated cavity shapes
for cases in which the missile doubles or halves its speed in traveling
from A to B in the figure. These are merely examples of the "lag
effect" because of which the cavity width at the tLail depends on an
earlier velocity of the missile. The angle of attack of the missile
also has an effect on cavity shape (Ref. (5-4)).

The cavity size, given by equation (5-14), is a limiting size in
the sense th,*., any part of the actual cavity will not be larger than

E ~this, and will. tend to be narrower because of the effect of the]
pressure difference between the cavity and its surroundings. The
oftevcatity brmeingtconsideredssmale, antcnhe negleted when sethmissil
dfteviation frmequations(5-14)disasmallerethegshoter he the section
is traveling at high speed and shallow water depth.

Considerable study has been given to the steady cavity such as
that produced by a uniform flow about an obstacle in the water tunnel.
The geometry which has been observed for such cavities under constant[ hydrostatic conditions cannot be ascribed to the transient water-entry
cavity with its strong gravity gradient. Moreover, the cavitation
number is generally not known for the water-entry cavity, although it
nil be near zero while the cavity is still open to the atmosphere.
After it closes, the amount of air in the cavity gradually decreases,
but a cannot be higher than about 0.2 if the cavity is large enough
to envelop a missile. outlines have been reported for the steady
cavity long after water entry (Ref. (5-4)) and these may be used as
approximations from which a can be estimated. Even for the steady
cavity, some portion nearest the generating nose (perhaps a very
small portion) will approximate the Ideal Cavity.

Before Tail Slap

Unless a missile nose is almost completely flat it has a nose-up
whip at oblique water entry and is unstable when cavity running. There
is a critical angle of pitch for rounded noses at which the missile,
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at least initially, does not terd xo rotate either nose-up or nose-
down. For pitch greater or less than this value the missile tail
tends to hit the bottom or top of the cavity, respectively.

Since the trajectory is approximately straight between water-
impact and tail slap, it is not the shape of this part of the
trajectory which is at issue, but the time and conditions of tail slap,
since these determine the subsequent behavior.

For the estimation of the time of tail slap it is necessary to
calculate the probable angle of the missile as a function of time and,
from a series of sketches of the cavity outline, to determine when
the tail will reach the cavity wall.

During the impact on the water surface, the angular velocity
(whip) acquired by the missile is added to any which existed at water
contact. After the impact phase the angular velocity usually changes
further because of a nose moment exerted on the missile while cavity
running, and this moment depends on the instantaneous value of the
angle of attack. Underpressure, the low pressure which may exist in
a region below tl-e nose of the entering missile, makes another
contribution to the nose moment.

First, a determination should be made of the maximum angle of
attack at which tail slap may occur. This can be approximated by
drawing an outline of the IdeiLl Cavity based on equation (5-14),
and sketching the missile on a transparent overlay.

For steep entry, the missile, immediately after the impact
phase, has substantially the angle of attack of its airflight. The
nose moment during cavity running must be based, for the given angles
of attack, on the little experimental data available (Ref. 53)
Since the dependence of momen-t on angle of attack will not generally
be a simple one, it may be necessary at first to assume the moment to
be constant at some "average" value over a small time interval and to
calculate t* 'e change of angle during this interval, adding a contri-
bution of underpressure if necessary. Some estimate of the latter

may be possible from the experimental data in Reference (5-2). OtherI small increments should then be chosen until a sufficient angle is
reached, as indicated by the Ideal Cavity outline.

Because the Ideal Cavity is larger than the actual cavity, an
estimate is made of cavity length and volume from experimental data
(Ref. (5-1)), and this information is used to modify the Ideal Cavity
width, and thus to determine the time of tail slap.

For flat angles of entry it cannot be assumed that the angle of
attack at the end of the impact phase is nearly that in air, since
the impact (or nose-wetting) pha~c may persist through a considerable
part of the trajectory. For some simple nose shapes excperimental
%-ata are available (Ref. (5-2)) from which estimates can be made of
the variation of the whip-producing moment with v~iwe during entry.
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The variation of missile speed during this phase (and the phase
after tail slap) can be calculated by use of cavity-running drag
coefficients (Ref. (5-3)). To the accuracy of the trajectory
calculation, these may be assumed to be independent of angle of attack.
If the drag coefficient can be taken as constant, the relations of
velocity, distance, and time can be determined from equations (5-3)
to (5-5). If CD must be treated as variable, it may be necessary to
divide the trajectory into sections in each of which CD is then assumed
to be constant.

A different type of tail slap was mentioned earlier -- a type in
which the tail strikes the under lip of the cavity at the water surface
rather than a side wall of the cavity. Such slaps appear in the
trajectory data of Figure 5-11 for entries of a right cylinder at 30
degrees. It is not easy to predict when such tail slaps will occur
nor how much effect they will have on i-he subsequent trajectory. In
the tests of Figure 5-11 the slaps cccur becau3e of the flatness of
the entries and the presence of positive (nose-up) pitch at water
contact.

During and After Tail Slap

Because most missiles are unstable when ca'ity running, the tail
of the missile usually does not rebound from the cavity wall after
tail slap but remains against the wall and slightly imbedded in it.
At tail slap the angle of attack will always be large enough to ensure
an ui.stable moment, and a rebound would have to take place in the
presence of a continuing and often large overturning moment. This
moment accelerates the tail toward the wall before tail slap, and A
afterwards, also, if rebound occurs. Often the tail i3 observed to
bound away from the wall and then fall back onto it.

The depth to which the tail will penetrate into the wall can be
calculated by combining the angular velocity at tail slap with tail
forces measured f.r various depths of penetration, for similar tails
during planing (Ref. (5-3)). The correctness of the result may be
seriously affected by neglect of energy loss at tail impact and of the
effect of underpressure forces. Underpressures arise when the tail
leans against the wall just as when the underside of the nose is
producing a cavity. This force, which attracts the tail to the wall,
is especially evident when a simple right cylinder remains leaning
against a cavity wall.

There is an increase of drag coefficient during tail slap whether
the tail leaves the wall or not, and its magnitude is probably at
least as large as the calculable contribution of skin friction on the
wetted portion of the tail and its appendages.

If the missile is provided with a conical tail (Fig. 6-6C) of
sufficient angle and width, rebound will occur, but in most other
cases it may be assumed that the tail remains against the wall.
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When the tail rebounds alternately from opposite sides of the
cavity wall, the oscillating motion is sinuou1s but deviations from a
straight line can usually be neglected. As has been mentioned, the
drag is greater than it would be if the missile were "riding on its
nose". If the rebounds are very vigorous, this increase may be very
large.

The straight trajectory just discussed was based, of course, on
the absence of gravity, Generally, the effect of gravity is negligible
d3uring the early part of a trajectory, but becomes of great importance
when the velocity is small. The trajectories of inertia-propelled
missiles usually approach the vertical (downward or upward) when the
velocity has become small, And the gravity force can usually be simply
superimposed on the cavity-induced forces. In these later stages of
the trajectory, as the cavity collapses on the body, the behavior will
depend on whether the missile is stable fully wetted. Plunge bombs,
which may be adequately stable when cavity running become completely
u nstable, and broadside. Re-entrant jets often occur intermittently
in the later stages of cavity travel, and these, traveling forward
in the cavity, can seriously affect the missile motion. Such inter-
ference is not common, however; the effect of the jet more often is
merely to hasten the disintegration of the cavity.

In the case of a rocket, the thrust must also be introduced into
* the calculations. The effect is primarily to oppose the drag, but thie

thrust is along the missile axis rather than along the trajectory.

Circular-Arc Trajectory

The circular-arc trajectory is given a separate section at this
point, since it is the mode of travel of most missiles after water[ entry. The curvature is usually upward unless there is negative
pitch. Even when there is a rebound from the upper cavity wall,
gravity often preven~ts a rebound from the lower wall, and this leads
to an upward-curving trajectory.

may n bhda cruar trajectory is assumed, the radius of curvature
maybefound as follows, using force data available from Reference

(5-3). s bfore a robblecavity shapeisdrvdfothIea
Cavty nd he izeof aviiesobserved eprmnal fe ae
entr, pus acuratur ofthecavi~ty due to the trajectory shape.

The ageof attack at wihtetail will bear oi., the cavic'-y wall i
estimated as already described (wi-th allowance fior curvature and for
penetration into the cavity wall). For this angle of attack the
moment of the nose force about the C.G. can be estimated from experi-
mental data. If the trajectory is a circular arc, the tail and nose
moments must be equal, and the tail penetration needed to produce
the necessary moment may again be available from experimental data.
The sum of the lift forces on nose and tail must equal the centrifugal
force of the missile in its circular trajectory, F MU2/R, and the

* radius o0 F the path is given by this relation.
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As the cavity decreases in size and collapses onto the missile
tail, the discussion above loses meaning and, depending on the stability
of the missile, it tends to broad,:ide or to travel off on a tangent,
influenced, of course, by gravity. Such collapse of the cavity can be
most important in determining whether a missile in a circular arc
trajectory, will broach.

EFFECT OF SURFACE WAVES ON WATER ENTRY

In treatment of water entry, whether discussion involves the
impact forces, the cavity behavior, or the subsequent trajectory, the
water surface is usually taken as horiiontal and undisturbed. It is
of some importance to consider the probable effect of surface roughness
on missile behavior. Little of the quiantitative experimental informa-
tion available for waves is useful for this evaluation, and most data
aze derived from analytical calculations based on simple models.
Frequently consideration is restricted to the "steady-wind wave"
(Ref. (5-33)), which is uniform and two dimensional with an infinite,
straight wave front. For analysis this wave is usually taken to be
troichoidal, based on observations of Stokes (Ref. (5-34)). He found
that instability occurs when the maximum slope exceeds 70 degrees,
corresponding to a ratio of wave height to length of 1/7. Greater
slopes are possible especially in the vicinity of breakers, but the
probability of a missilc striking in such an area is so small that
these conditions may be neglected.

From experimental observation Boeckel estimated (Ref. (5-33)) that
the wave slope does not exceed 14 degrees 98 percent of the time, or
12 degrees 90 percent of the time. The radius of curvature of the
principal wave surface is generally large compared with the missile
caliber so that locally the surface can be regarded as plane. small-
scale variations of slope are probably important only because they
tend to prevent the trapping of air, or slamming over large areas,
in the case of very blunt noses.

On the basis of the facts just enumerated, it is usually only t
necessary to recognize that the water-entry angle may effectively be
a little more than 10 degrees greater or less than the angle between
the trajectory and the horiz-ntal. It appears unlikely that the
probability of ricochet is significantly increased by grazing contacts
with wave slopes, since the effect tends to be canceled by the
presence of the next wave.

Local flow velocities are generally small compared with missile
velocities, and can be neglected. Some special consideration is
necessary in the case of the missile which is decelerated by a
parachute before water impact (Ref. (5-33)). In a steady wind the
parachute and its load tend to move with the wind. If the wind is
effective for a considerable time the attitude of the parachute and
its load will be the same as if the wind were absent. Nt low entry
speeds it may be necessary to consider the horizontal component of
velocity due to the wind, and this may result in an angle of attack if
the load is hanging vertically.
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FIG. 5-1 SIMPLE NOSE SHAPES
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FIG. 5-2 MISSILE POSITIONS IN CAVITY



SEAHAC/TR 75.2

4 -(

jrr

iiM. -. Lw. 4 ~.*~



SEAHAC/TR 75-2

C D

A. MISSILE RIDING ON ITS NOSE
B. OSCILLATING TRAJECTORY. MARKINGS ON OUTLINE

ARE GOUGE 'OR BUBBLES DUE TO TAIL SLAP
C. AND D. CIRCULAR-ARC TRAJECTORIES
E. CIRCULAR-ARC TRAJECTORIES SHOWING STRAIGHT

SECTION BEFORE TAIL SLAP
F. BROADSIDING MISSILE

--2•PLOW -----I-
FIG 5F

FIG. 5-4 TRAJECTORIES WHILE CAVITY RUNNING
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FIG. 5-6 TAIL CONFIGURATIONS
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A. 5" A.S. PROJECTILE EX-30

B. 3" VERTICAL FALL DEPTH BOMB

C. 6" PROJECTORl CHARGE EX-1

D. SIGNAL DEPTH BOMB EX-12

E. 12.75" ROCKET MK 1

FIG. 5-16 PROJECTILE AND ROCKET CONFIGURATIONS .
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APPENDIX A

THE NOSE SHAPES OF MISSILES

This appendix defines the various nose shapes used on missiles
designed for water entry and underwater travel. All of the shapes
listed have axial symmetry, and nearly all are bodies of revolution.
Some have been much used; some have rarely been tried and are included
principally for definition. Samples of the various types are
sketched in Figure 5-Al.

SIMPLE GEOMETRICAL SHAPES

Right Cylinder or Disk. (Also called blunt, disk-cylinder, plate-
cylinder, or flat cylinder). Some behavior (for example, whip) may be
dependent on the shape behind the front flat surface. In discussions
of behavior which is not so influenced, the designation "disk" may be
used for convenience.

The Ogive and Disk-Ogive Families. The ogive and disk-ogive families
1.i include the right cylinder, disk ogives, ogives, and the hemisphere.

They are generated geometri.cally by rotating a circular ýrc about the
missile axis to form part or the whole of the forward section of the
nose. On a lathe, any of them might be generated from a right
cylinder by sweeping the cutting tool in a circular arc of suitable
radius. The arc is rotated about the missile axis but the center
of the arc is usually not on the axis.

It has sometimes been found convenient to identify members of
these families by means of the parameter.

Q = 1/(l + ?Ro),

where Ro = ro/d is the ogive radius in calibers. Th.j parameter Q has
the advantage that its value varies only from 0 to 1 as the ogive
radius goes from infinity to zero.

Disk Ogives. (Formerly called Plate Ogives)(Ref. (5-16)). For the
disk ogive the radius of the generating arc is less than the radius
of the cylinder, that is Ro<1/2; and 0.20 to 0.25-caliber disk ogives
are most common. In the disk ogive, the arc is tangent to both the
cylindrical wall of the missile and the flat surface on its front. A
family of disk ogives is sketched in Figure 5-A2.

Hemisphere. The hemisphere is a half-caliber disk ogive. When flows
separate from a sphere, it is usually on the windward side. If so,
the presence of a lee surface may be unimportant and the hemisphere-
cylinder may beneve like a sphere.

Ogives. (Refs. (5-35) and (5-36)). For the ogive the radius of the
circular arc is greater than a half caliber, and the arcs do not
become tangent to the front surface of the nose, but meet to form a
typical pointed ogive tip (Fig. 5-Al). If the arc is still

5-Al
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tangent to the cylindrical body, the shape is a tangent oyive;

otherwise it is a secant ogive, (Ref. (5-36)). Usual ogive calibers
run from one to six or more. If the half angle subtended by a
spherical nose is less than 90 degrees, the nose will be related to
the secant ogive rather than the tangent ogive, as shown in Figure
5-Al.

A family of ogives is sketched in Figure 5-A3, with R ranging
from 8.12 to 0.5 caliber. If the missile's cylindrical wahl meets
these curves at their common right-hand point in the figure, they aretangent ogives. If the missile body is a cylinder of smaller diameter,
so that it intersects each curve, the ogives are secant ogives.

Cones. Cones will be specified by their half angles in thi_ report,

but the total angle is often found in theTliterature. It is
important to note which is employed.

The disk may be regarded as a cone of 90-degree half angle.
Cones with half angles greater than 90 degrees appear also in
reports (Ref. (5-37)). These represent heads with a conical cavity
in the nose surface (Fig. 5-Al).

Ellipsoids. (Also called Spheroids). This family is made up of
ellipsoids of revolution - usually prolate. The hemisphere and disk
may be regarded as members of this family. Ellipsoids with axis
ratios of 1, 2, and 4 are shown in Figure 5-A4.

Truncated Noses. Truncated ogives and cones are the most popular
noses for water entry, and the diameter of the truncation is usually
from 0.5 to 0.6 times the body diameter. Other nose shapes have also
been truncated.

Sphere-Tipped Noses. Families of sphere-tipped shapes were developed
at the Hydrodynamics Laboratory of the California Institute of
Technology during WWII in the attempt to produce configurations with
improved water-entry and cavity-running behavior. These included
sphere-cones, spherogives, and spherellipsoids. Where the sphere
tips meet the "transition section", their tangents are the same. The
sphere tip can be specified by its radius, but the half angle of the
spherical tip, c, has usually been given.

A family of spherogives has been sketched in Figure 5-A5. The
upper envelope in the figure is the outline of a 5-caliber ogive, and
the individual curves are spherical nose tips which might be used
with this ogive, specified by the half angle, c.

Concave Heads. Noses with a concave front surface have been tested
in the expectation that they would mitigate the water-entry shock
and decrease the whip, but they have received little acceptance. The
stagnation cup has been suggested as a standardizing test nose for
water tunnels. In addition to the stagnation cup, with the wall of
the concavity parallel to the missile wall, conical and ellipsoidal
(or spherical) concavities have been tested (Ref. (5-37)).

5-A2
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Other Geometrical Noses. A modified ellipsoidal nose was introduced
by the iowa institute of Hydraulic Research (Ref7 (5-37)), as relatively

cavitation free. As shown in Figure 5-Al, it is generated by an
elliptical arc which is rotated, not about the centerline of the missile
as is the case for the simple ellipsoid of revolution, but about a
right-cylindrical center section of the missile. Figure 5-A6 shows
the meridian plane of two families of modified ellipsoids with
different axis ratios.

The cusp (Ref. (5-36)), is created like the ogive by the
rotation of a circular arc about the axis of the missile, but the
arc is concave outward. Presumably the cusp has not been found to be
an advantageous shape.

The paraboloid has low form drag when cavity running (Ref. (5-38)).
other power laws may be used also, as well as polynomials, (Refs. (5-39)
and (5-40)).

Special Water-Entry Heads. Special nose designs have been developed
to improve the behavior at water entry. Some were sketched in
Figure 5-15. It is intended that they reduce the shock at water
impact and the whip at entry.

Effect of the After Part of the Nose. It was mentioned that noses
which are hemispheres and complete spheres may behave the same.
Generally, it is assumed that a forward part of the nose is wetted
and that the shape behind this wetted area is not of importance.
This is true if the flow separation is unquestionable, but often
conditions are such that some part, and sometimes a major part, of
the body of the missile is involved. This is especially important
with fine noses, but appears even in the comparison of the performance
of such shapes as zhe disk and the right cylinder, when underpressure
effects (Ref. (5-2)), have importance because of incomplete flow
separation or flow reattachment. The underpressure may makb the
moments acting on these shapes very different, although the drag
forces are the same.

5-A3
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FIG. 5-Al TYPES OF MISSILE NOSES, OGIVE AND, DISK-OGIVE FAMILIES
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FIG. 5-A1 TYPES OF MISSILE NOSES (CONT.)
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Chapter 6

OPTICS IN EXPERIMENTAL HYDROBALLISTICS
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SYMBOLS

h depth in water of object point P

h' depth in water of image point P'

n index of refraction of water relative to air

P, Q positions of object points

PII positions of image points

r radius of missile

R radius of cavity

y ray separation, defined by Figure 6-8

0a angle with normal of ray in air

0w angle with normal of ray in water
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INTRODUCTION

When tanks of water are used for water-entry, water-exit, and
trajectory research, especially when cavities are involved, conditions
exist which cause optical distortion for visual observation or for
photographic recording. A number of fhese conditions are discussed
in this report. Most of the phenomena are well known and only
elementary principles of optics will be employed; reflection and
refraction. The purpose is to draw attention to certain optical
effects and to provide numerical data concerning them.

When a ray of light passes obliquely from air into water, the
ray is bent or refracted at the water surface because light travels
with a different velocity in the two media. This is shown in
Figure 6-1A, where the light travels along a broken line from A to B.
The process is reversible; the ray might be going from B to A in the
figure, at the same angles.

The angles which the rays make with the normal to the interface
of the two media (and all angles will be so specified), are related
by Snell's law:

n = sinea/sinew. (6-1)

In the equation, ea is the angle with the normal in air (the "less
dense optical medium") and ew is the angle in water (the "denser
optical medium"). Introductory discussions commonly refer to these
as the angles of incidence and refraction but such designations
become confused when the direction of travel of the light beam is
reversed. The nomenclature of equation (6-1) applies to passage
in either direction. The index of refraction, n, is the ratio of
the speed of light in the two media:

n = velocity in air/velocity in water.

The index of refraction in water (relative to air) may bt, taken as
1.333. This value is for pure water at room temperature and yellow
sodium light, but variations from the value 4/3 are nec'igible for
the purposes of this paper. For oblique travel the angle will
always be greater in air.

For a ray traveling from water into air, as ew increases, ea
increases until 0a becomes equal to 90 degrees when ew 480 35',
the angle of total internal reflection. For this angle the
refracted ray proceeds along the water surface, as shown in Figure
6-1B. For ew> 4 80 35' the ray reflects from the water surface at the
same angle, as shown in Figure 6-1C.

Although Figure 6-1A represents the refraction of a ray
originating either in air or in water, it must not be assumed that
there is no reflected ray. Specular reflection occurs in air or
water at all incident angles, including normal incidence, but the

6-1
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fraction of the light that is reflected is small unless the angle of
the incident ray is nearly glancing, for a ray originating in air, orj
nearly equal to the angle of total reflection for the ray in water.

APPARlENT DEPTH

The apparent depth of an underwater object when viewed through
the surface is less than its true depth. When one looks directly
downward into the water, any rays which enter the eye make a very
small angle with the vertical, so that angles with the vertical can
be set equal to their sines, and (for these rays) Snell's law can be
writtp' ')m./e n. From Figure 6-2, it is easily seen that the
depthi _tr- to be only 3/4 as great as it actually is; since

hl= h/n,i

where h and h' are the real and apparent depths of the point P.

The problem of the apparent depths of objects viewed _)bliquely
through the water surface is much more difficult, but it is easily
seen that the apparent depth becomes less as the obliquity is
increased. The approximate apparent depth is shown by the curve
in Figure 6-3. A number of object points on the bottom of the tank
are represented by the circles on the abscissa. It is assumed that
the water has unit depth and that the eye is located at unit distance
above the water, as shown in the sketch. The broken lines show the
apparent light paths fromr the objects since the images of these
objects appear to be on the rays entering the eye. The distances
are roughly at the positions where the dashed continuation of the
rays in air, meet the curve. The apparent depth is seen to be very
small when the obliquity is great.

VIEWING THIROUJGH A SIDE WINDOW

Winc~ows are usually provided in the vertical side walls of tanks
for viewing and photography. Since these windows have plane parallel
surfaces their optical e~ffects are small. Refraction occurs at both
surfaces, but there is little bending at the inner surf-ace, betweenI glass and water.

The field of view of a camera is decreased when pictures are
taken through the water surface. The effect cans be seen from the
light paths in Figure 6-3. If the lens is placed right at the air-
water interface the normal angle of view of the camera is decreased
in accordance with Snell's law. If the camera is further from the
tank, as in Figure 6-3, the field covered is less restricted, and
the narrowing of the field tends to vanish as the object approaches
the air-water interface.

When photographing through a side window below the water surface,
light totally reflected from the surface will cause a double image
of objects near the water surface if this region is included in the
field of view. The two images are at an easily identifiable angle

6-2
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in the case of oblique entry, and this permits a determination of
the position of the water surface.

A camera may be located outside a window with the camera lens
at water level so that the camera field extends above and below the
water surface. In this case the camera can photograph events in
air and water simultaneously. Several complications arise in this
type of photography.

If an object is photographed above and below the surface (e.g.
the nose and tail of a missile in vertical entry) the two halves
will not be in focus at the same time. The ob-ject below water
appears to be only 3/4 as far from the camera as it actually is.
This applies only to paths in water, and if the camera is not near
the tank, only the water path will contribute to this effect. The

object in water not only appears nearer than in air, but correspond-
ingly larger -- as much as 4/3 times as large when the path to the
camera is entirely in water.

An angular distortion is shown in the photograph of Figure 6-4.
The camera was directly opposite the position of water entry so
that the splash and the cavity are in line. The stadia rod which
was located to one side appears to be broken at the water surface.
The light paths are shown in Figure 6-5. In air the ray comes direct
to the eye from the object point P, but in water the ray is
refracted at the side of the tank and appears to come from the point

While looking through a vertical side window, it would be
impossible to see through the upper surface of the liquid if its

index of refraction were greater than /2. Since the index for water
is a little less than this, a ray can pass through both the side and
water surfaces but the line of sight must he at an angle more than
620 to the normal and the image is extremely distorted.

Refraction difficulties at the windows can be obviated by the
use of spherical windows such as those sketched in Figure 6-6.
Unfortunately, the camera lens must be designed to include the window
as a part of tne lens system, and the front nodal point of the lens
must be at the center of tle spherical surfaces.

The camera may, of course, be immersed in the water. If it is
mounted in a box with viewing through a window, it does not differ
from observationrs through a tank side window except for the change
of locat;.on. A camera may also be designed for use directly in the
water, with the water wetting the front lens surface. This requires
special design since the direct contact of water and glass destroys
the focusing of the lens.

6-3
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ILLUMINATION

The illumination of tests is a matter of importance and difficulty.
Only a few comments will be made here. Details of techniques and
equipment can be found in the literature (Ref. (6-1)). Color photo-
graphy will not be discussed since it has generally proved disappointing
in hydroballistics work.

Light Duration

Illumination is either continuous (steady) or it is intermittent
(stroboscopic). Continuous illumination is provided by incandescent
bulbs or glow-discharge lamps. Incandescent lamps usually contain
iodine to permit higher fi1t temperatures. Glow-discharge lamps
contain a vapor such as meru~ry. Steady lighting has the advantage
of b.asic simplicity, but it ha--; a number of serious disadvantages.
Thase include a large power requirement; great heat development when
large areas are lig•,ted; and the need for a high-speed "shutter" on
the camera so that the motion will be "stopped." Stroboscopic
illumination requires expensive power and control equipment, but it
develops less heat and the shortness of the flash duration may be
effective in stopping the motion. The flash may be triggered by and
synchronized with the motion-picture camera.

Flash bulbs designed for photographic use, provide a light
source which is somewhat intermediate between the steady and strobo-

scopic sources. Such bulbs are made with great light intensity and
of suitablr duration to light a rapidly occurring event, such as the
passage of a projectile.

Placing of the Lights

The lights may be placed so that they illuminate the front or
sides of the object, or so that the object intercepts the light. The
former method is obvious in application and is simpler, but the
photographs which it yields are not as sharp in outline as those of
good shadow photography.

Methods based on the intercepting of the light include silhouette
lighting, shadowgraphs, and schlieren. Excellent pictures for
quantitative data-retrieval are possible by means of silhouette
lighting. A bank of lights is mounted on the side of tho object away
from the camera and sone translucent material is placed as a diffuser,
in front of the lights. The outline of underwater cavities is
sharply defined in silhouette since, as will be described later, the
outer portions of the cavity are opaque. In Figure 6-4 (which is an
enlargement of a high-speed 16-mm motion-picture frame made by
silhouette photography), the outline of the missile, the cavity, and
the jet may be clearly seen. The principal disadvantage of silhouette
lighting in large-scale experiments is tho large light bank required
in the background. The illumination can be provided either by

6-4
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continuous or stroboscopic lighting. Stroboscopic lights mounted
along a trajectory can be triggered electronically so that only one,
or a few, lights in the vicinity of the missile are lighted at any
one instant. Photographic flash lights can be operated similarly.

Shadowgraphic and schlier-3n arrangements in either air or water,
are primarily useful for showing variations of local fluid density
due to thermal effects, shock waves, and the like (Refs. (6-2) and
(6-3)).

There is considerable scattering of light in water, even when
it is very clear, and when this scattered light enters the camera
lens, the contrast and sharpness of the photography are impaired
(Ref. (6-4)). For photography in turbid water, front lighting is
especially bad because much of the light intended for the missile
is scattered before it reaches it and som~e returns to the lens.
Side lighting can be advantageous under such conditions as is
brought out by the comparison of the irradiated regions of the water
in Figure 6-7. Back-lighting, such as the silhouette, is quite
effective since the scattering of light before it reaches the
object creates no problem..

CAVITY OPTICS

The cavities caused by the water entry of missiles are often
roughly cylindrical with a taper at the front end as in Figure 6-4.
The cavity walls may be transparent or opaque and they mnay be
lighted from any direction.

Figure 6-8 represents the cross section of a circular trarnsparent
cavity of radius R, with silhouette lighting. This lighting is
supposed to come from a diffusing screen at the top of the figure.
Several rays have been traced through the cavity. The observer
(camera or eye) is at the bottom of the figure. It is assumed that
the observer is far enough away from the cavity so that light rays
which enter the lens from the vicinity of the cavity are nearly
parallel.

The ray AB passes through the center of the cavity and is
undeviated. The ray CD passes through obliquely and is deviated;
the angle change is the same at each cavity wall. The deviation
becomes quite large as the rays become more oblique, such as the
ray EF. The ray GH strikes the cavity wall at the critical angle
for water (480351) and is totally reflected. obviously the
illumination of the cavity depends on the size of the diffusing
screen. For example, the ray EF will be lacking if the screen does
not extend as far as the point E. In general, the angle which the
screen subtends determines the fraction of the cavity width that is
lighted from in back. If light comes from the side of the cavity,
rays such as GH may cause the rim of the cavity to be front-~lighted.

6-5
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The marginal ray GH travels toward the camera at a distance R/n =
0.75R from the central ray AB. In the photograph of Figure 6-4, the
dark outer portions of the cavity add up to a little more than one-
quarter of the cavity width.

In shadowgraphs of regions containing cavities, the cavities
are observed to be completely dark. The reason is apparent from the
sketch in Figure 6-9, where a point source of light forms a shadow-
graph on a photographic film. If the cavity is the only optical
obstacle, the region outside the cavity will appear bright, as shown
by the rays which are indicated by heavy lines. Rays which pass
through the cavity (dashed lines) are bent over a wide region. They
are so dispersed that no effect of the light is generally observed,
except possibly in the center of the pattern where a ray should be
undeviated.

Appearance of Body Within Cavity

In Figure 6-8, the right side of the cavity contains a circularly
cylindrical obstacle of radius r (the missile), concentric with the
cavity. With silhouette lighting this obstacle appears dark and the
edge of the missile is marked by the marginal ray JK, which is at a
distance y from the central ray AB as it approaches the observer.
The ray JK is chosen parallel to the other rays approaching the
observer.

From the sketch, sinew = y/R and sinoa = r/R. By Snell's law

4 4 r
s = . 0silow - 3 R R

and

3
y = r.

Hence, the missile appears to be three-fourths of its actual diameter.
This applies for any ratio of missile diameter to cavity diameter
(assuming it is less than one), but requires that both have circular
cross sections and be coaxial.

The cavity acts like a cylindrical lens producing a virtual
image of reduced size of an object within the cavity. The decrease
in apparent size is most obvious when a photograph is taken of a
truncated nose which is generating a cavity. The front diameter of
the truncation appears to be only three-quarters the diameter of
the flat front of the cavity which it generates. This optical effect
is seen in Figure 6-10.

In Figures 6-11 and 6-12 circular cavity cross sections are
drawn to permit a study of the image formation of objects within
cavities. In Figure 6-11 the object is beyond the center of the
cavity, and in Figure 6-12, it is nearer than the center. The
observer is at the left, and his line of sight is referred to as the
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cavity axis. Th~i'; line, transverse to the cavity is regarded as the
axis of a cylindrical lens. The artows PQ represent objects which
are seen, and the arrows P1Q' a~re their images.

A focus will be found by ray tracing, assuming that all rays
from a particular point have the same focus, that is, that they
appear to diverge from the same image point. This assumption is
good for rays which cross the cavity wall near the axis. Two rays
are traced, as is usual in thin-lens analysis. one ray leaves the
point P parallel to the line of observation (toward the left), and
strikes the cavity wall at point E. The line EF, along which the
refracted ray travels, is calculated from the geometry of the figure
and Snell's law. The line EF intersects the axis of the figure at
point F, the virtual focal point.

The second ray which is traced, is that which passes without
deviation from P through the center of the cavity. The image point
P' is at the intersection of the two rays. The figures show that
the image is nearer to the center of the cavity than is the object,
for both locations of the object.

Calculations were made for object po.ints at various distances
from the axis and these gave focal points at the positions plotted
in Figure 6-13. These distances, measured from the center of
the cavity, are the same for the object positions of Figures 6-11
and 6-12. The variation of focal distance is due to cylindrical
aberration.

When two rays are traced, as was done above, there is a
presumption that both of them contribute to the viewing of the object,
and it is obvious in Figures 6-11 and 6-12 that the rays through
the cavity center do not go near the observer. The justification
for the procedure lies in the assumption that all rays from a pointI P appear to come from a single point after refraction. While this
is not quite true, spot checks show that the "virtual" object points
are reasonably well defined.

The location of an image point at the intersection of rays
through the center and through the principal focus, is generalized
in Figure 6-14. In this figure two rays are drawn parallel to the
axis at distances R/4 and 2R/4 from the center. Object points,
shown as dots, are situated on these lines, and any two points, one
on either line, may be taken as the ends of an object line. The
corresponding image points are at the barbs of the arrows on the lines
which pass through the foci to the right of the figure.

The results of this analysis may be summarized as follows:

1. Image points lie nearer the axis than object points,

representing a reduced image size. The displacements (distance from
object to image pointi) are greater the further the object point is
from the axis.
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2. The displacement increases as the object point is moved
away from the camera (within the cavity) and goes tu zero as the
object approaches the nearer cavity wall.

3. Reduction in size is three-quarter size at the center of the
cavity, and of the order of half size when the object reaches the far
wall.

4. All bodies of circular cross section, on the axis,. are
reduced to three-que *.er size.

Longitudinal curvature of the cavity may be expected to cause
some lengthwise distortion of the image of a body in the cavity, and
a similar effect will result if the observer is not directly opposite
the missile. The application of Snell's law to this problem is
straightforward, and will not be discussed here.

REFERENCES

6-1. Hyser, W. G., "Photographic Instrumentaticn Science and
Engineering: Its Military Equipments, Techniques, and
Applications," Gov't. Printing Off., 1965; and "Engineering
and Scientific High-Speed Photography," Macmillan and Co.,
New York, 1962

6-2. May, A. and Williams, T. J., "Free-Flight Ranges at the Naval
Ordnance Laboratory," NOL NAVORD Rpt 4063, 1955

6-3. McMillen, J. H. and Harvey, E. N., "A Spark Shadowgraph Study
of Body Waves in Water," J. Appl. Phys. 17, pp 541-555, 1946

6-4. May, A., "Research for Design of a Hydroballistics Tank,"NOLTR 63-119, 1963

6-8



SEAHAC/TR 75-2

A
AIR

WATER .00 ow 450

Ow -48 0 35' C

a B

FIG. 6-1 REFRACTION AT AIR-WATER INTERFACE

RAY MAY BE TRAVELING IN EITHER DIRECTION

I P

FIG. 6-2 APPARENT DEPTH REDUCTION (VERTICAL VIEWING)

r OBSERVER

AIR

FI.6.N DWATER SURFACE

APPARENT DEPTH '

WATER

•, FIG. 6-3 APPARENT DEPTH REDUCTION (OBLIQUE VIEWING)



. . ., ' . .. . , . .

SEAHAC/TR 75.2

J.

FIG 6- AITHTGRP FTRVRICLWTENR

i 
-|

* " 4

FI.6- AVT-HOORAHATE ERIA.WTR.NR



SEAHAC/TR 75-2

I.

P
RAY IN WATER

RAY COMPLETELY IN AIR

TANK WALL

FIG. 6-5 DISTORTION OCCURRING AT THE WATER SURFACE

WATER TANK WALL

AIR

FIG. 6-6 USE OF SPHERICAL WINDOW TO LESSEN DISTORTION

S IDE AI

FIG. 6-7 REGIONS WHERE SCATTeRiNG OCCURS FOR SIDE AND FRONT LiGHTiNG

6. /



SEAHAC/TR 75-2

DIFFUSING SCREEN FOR SILHOUETTE LIGHTING

E CA

CAVITY
R -MISSILE

goo

FIG. 6-8 PASSAGE OF LIGHT THROUGH CAVITY

ii

G..

•"• w



SEAHAC/TR 75-2

SHADOWGRAPH

/ //
// /

- / / A

CAVITY

POINT SOURCE
OF LIGHT

FIG. 6-9 LIGHT PATHS OF SHADOWGRAPH

A /



* -"---n-

m. M/' Vr�rV''#!�TA�T 'TV IT S .'fl,¶v.WXr'V � YT�Tfl*9IVW 7'Ir. g,�> I]:1

'I

* 4

''1

FIG. 6-10 APPARENT REDUCTION IN MISSILE SIZE IN CAVITY

I



................

SEAHAC/TR 75-2

PF

F
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