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Optical Beam Propagation
in Turbulent Media

1. INTRODUCTION

For many years astronomers have been concerned with the effect of MMuctuations
in the index of refraction of the earth's atmosphere on light ray propagation, since
this is the origin of the twinkling of stars and image jitter in a telescope, These
sarae effects limit the useful atmospheric path for laser communications and
radar systems, That is, suppose we consider a light beam traversing a medium
with random fluctuations in its index of refraction. Because of scatter of the
light beam by the random fluctuations there will be a spreading of the beam, beyond
that normally caused by diffraction, with a corresponding decrease in the beam
intensity, * In addition, there will be scintillations of the received intensity, a
decrease in the spatial .nd temporal coherence aad even, in some cases, a
distinct wander of the beam from position to position. These and other similar
effects can seriously degrade the performance of a laser communication or radar
system. For example, it is readily shown that the possible signal-to-noise ratio
of an optical heterodyne received is limited by atmospheric turbulence effects.

The study of the interaction of iight beams with random media is important
in other applications btesidcs astronomy and optical communicaticns. Another

(Received for publication 12 August 1975,)

*The quantity ve call the "intensity" is referred to as the "irradiance" in
texts on optics,
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significant application is in the field of remote sensing, where lasers are used

to probe the properties of turbulent plasmas, hydrodynamic flows, and the earth's

atmosphere. This requires a thorough understanding of the relationship of the

scattered laser radiation to the physical pa:ameters of the medium being probed.
It is therefore important to have a theory for predicting the nature of the

propagation of a light beam in a random medium, and in the decade from 1860 to

1970 a great deal of progress was made on this problem. 1-4 1 particular, useful

expressions were obtained for the beam intensity, scintillations, coherence, etc.;
these were shown to agree quite well with measured data in the limiting case of
short propagation paths. However, when these same theories were applied to
longer propagation paths it was found that the theoretical predictions no longer
correlated well with measured data. This spurred attempts to develop improved

theories, and the last several years have been the development of some more ‘

general theoretical models which are applicable to long propagation paths. 3

In this report, we will review the properties of wave propagation in random

media and then summarize the many important results which have been obtained 1

since 1970. Cur philosophy of presentation will be to present a minimum of i

: detail describing how the results were obtained; rather we shall concentrate on 1
. expressing the mose useful results in their simplest possible form so that they

can be readily used in systems applications without the necessity of first employ-
ing a digital computer,

2. THEORETICAL BACKGROUND

Here, we will first outline the model assumed for the index of refraction
Nuctuations, We will next review the Rytov method which is applicable to short
propagation paths, then review the '"Markov Approximation' which is applicable
for paths of arbitrary length, and finally will present the lineir system represen-
tation of the propagation channel,

1. Tatarskii, V. (1971) The Effect of the Turbulent Atmosphere on Wave
Propagation, U.S. Dept. of Commerce, Springlield, Virginia.

2. Lawrence, R., and Strohbehn, J. (1970) A survey of clear-air propagation
effects relevent to optical communications, Proc IEEE §8:1523-1545.

3. Barabanenkov, Y., Kravtsov, Y., Rytov, S., and Tatarskii, V. (1971) .
Status of the theory of propagation of waves in randomly inhomogeneous
media, Soviet Physics Usp. 13:551-580.

4. Strohbehn, J. (1968) Line of sight wave propagation through the turbulent
atmosphere, Proc. IEEE 56:1301-1318.
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- 2.1 lndex-of-Refraction Model 1
9
Random fluctuations of the temperature in the earth's atmosphere lead to
| corresponding fluctuations in the index of refraction; these fuctnations are func- i
f tions of the position r and time t, so that the index of refraction n can be written E
: [ as
]
4 g a(r,t) = 1+n,(rt), (1) |
N L 2

where n, is the fuctuation in the index of refraction. For clear-air atmospheric 1
tarbulence it is generally reasonable to assume that n, is small and that its '
temporal dependence is mainly due to atmospheric winds, so that* 1
np(r, 1) ~n, [r- V(r)t] where V(r) is the local win:l velocity. This lazt
assumption is known as "Taylor's frozen-flow hypothesis, " and appears to hcld 4
in most practical situations.

—
e T

Let us now ignore, for the moment, the effect of atmospheric winds and
concentrate on the spatial variations of nj. In this report we shall only need to
calculate integrals of nj of the form [ I(x)nj (x) dx, and these are generally
gaussian random variables, Therefore, we shall only be interested in the first
two moments of nj. We have already commented that the first .noment (n;) -0 1
where ( > denotes an ensemble average. We must now specify the covariance
<"1(£)"1 (5')> . We shall assume that the random medium is locally stationary;
that is, if we deline E ={r+r')/2and p = r - r' then the moment <"l(£)"l(£')>
varies much more rupidly with p than it does withE . For this case, the
covariance of ny may be written as

ik +p

o0
(ny(xIn (r) - [/(Irdax ® (Rxle == . (2)
-

The function & (R,x ) is known as the wavenumber spectrum of the index of
refraction fluctuations, and for well-developed turbulence in the earth's atmos-
phere is given approximately by

2
@ | (320)°]
C. 033 Cn (R) exp |- 27

. (3)
11/6
(8]

e

il

« *Strictly speaking, we should state that the correlation of n| is a function of
r- vt, because n; is a random quantity. 1

:
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In Eq. (3) the quantity an is known as the ir.aex-of-refraction structure constant,
and is a measure of the magnitude of the fluciuations in the index of refraction.
The quantity L, is a measure of the largest ¢..tances over which fluctuations in
the index of refraction are correiated, whereas £, is a measure of the smallest
corre lation distances, It is interesting to note that the index-of-r« raction
Nuctuations are sometimes referred to as '"turbulent eddies," and the correlation
distances L, and £, are usually referred to as the outer and inner scale sizes of
the turbulent* eddies, respectively. In atmospheric turbulence, L, may range
anywhere from 1 to 100 meters, and {, is usually on the order of 0. 001 meter.

The spectrum given in Eq. (3) is applicable to situations other than the
earth's atmosohere. It can also be vsed to described~10 fluctuations in the index
of refraction of a turbulent plasma such as those generated on hypersonic space-
craft, and in fusion experiments,

2.2 The Rytov Method

Now that we have specified the nature of the index of refraction fluctuations,
we can begin our discussion of their effect on the propagation of a light beam or
other electromagnetic signal. The earliest8-10 attempts to study propagation in a
random medium employed the geometric optics approximation; however, this was
shown to be of very limited utility since results obta:ned by geometric optics are
valid only for propagation paths ol order klo% where k {s the signal wavenumber,
In the late 1950's, Tatarski® developed a new techniqus, based on the Rytov
approximation, which had a muck greater range of validity than the geometric
optics method. In this saction will will outline the development of this method,
and then discuss the limitations on its application to long-path propagation.

*Throughout the remainder of this report, we will use the words "turbulent"
and "random" interchangeably. Furthermore, some authors use the terminology
"macroscale' in place of "outer scale" and "microscale'" in place of "inner scale.,"

5. Houbolt, J. (1973) Atmosrheric turbulence, AIAA Journal 11:421-437.

6. Fox, J., and Rungaldier, H. (1872) Electron density fluctuation measure-
ments in projectile wakes, AIAA Journal 10:7980-795,

7. Fox, J., and Rungaldier, H. (1973) Turbulent scattering spectra of electron
density fluctuations in Mach 16 projectile wakes, AILAA Journal 11:1059-
1064, B

8. Bergmann, P. (1946) Propagation of railiation ir a medium with random
inhomogeneities, Phys. Rev. 70:486-492.

9. Tatarskii, V. (1967) Wave Propagation in a Turbulent Medium, Dover
Publications, Inc., New York,

10, Chernov, L. (1967) Wave Propagation in a Random Medium, Dover Publica-

tions, Inc,, New York.
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The electric field E of a narrow-bani* beam pr agating in a random medium
is governed by the Maxwell wave equation

PE+1¥(1+n)2E- Wv- B -0 . (4)

{t can be shown“' 12

that the last term in Eq. (4), which represents depolarization
effects, is negligible for optical waves in the atmosphere, Coneeq .5 ly, it is

acceptable to approximate Eq. (4) by

V2E+k2(l+nl)2E=0 . (5)

We next write

E=exp(¢)=expix +i8) (6)
and substitute Eq. (6) into (5) to get

v2y + (wy)? + k2 @+ nl)2 =0 . N

In the Rytov method y i3 next written** as y = wo + “’l' where wo catisfies the
vacuum equation

2 2
Vgt (vwo) +k° - 0. (8)

If we substitute v, = Vot Yy into Eq. (7), use Eq. (8) and then neglect | vy, | in
comparison with | v¢0| and nlz In comparison with znl, it is found that 'l’l satisfies

o2 v+ 2V, vul+2k2nl:0, (9)

*By narrow band w meag that the spread of the-2 signalzln frequency space is
sufficiently small that 9“E/3t“ can be replaced by w“(1 +n)°E, where v is the signal
frequency. !n Section 8, we will consider the case of wide-band signals.

**yo is the nonfluctuating portion of y, whereas y, is the random component.

11, Strohbehn, J., and Clifford, S. (1967) Polarization and angle-of-arrival
fluctuations for a plane wave propagated through a turbulent medium,
IEEE Trans., Ant, and Prop, AP-15:416-421,

12, Collett, E., and Alferness, R. (1972) Depolarization of a laser beam in a
turbulent medium, J. Opt. Soc. Am. 62:529-533.




which has a solution wl X4 iSl given by

2 iklr -r'
= k W3 n € 1= =
d/l (.!_'-) = -2-"E._n(_"_) j-/- ar nl (E_') EO (r_) —l;:T 0 (10)

where Eo
log-amplitude X and the phase Sl: this will not be done here, but will rather be
presented later. However, it is quite clear from Eq, (10) that the moments of Uy

L Xp (wo). From Eq. (10) it is possible to calculate the moments of the

can be expressed in terms of the moments of the index of refraction fluctuation n,.

The assumption that |v¢1| << |vwo| leads to an important restriction on
the range of validity of the Rytov method. When the Rytov method was first
developed it appeared to give quite good agreement with all the available experi-
mental data, which had been taken over propagation paths of less than 1 km ir the
atmosphere. However, 1n the late 1960's when experiments were performed
using horizontal propagation paths much greater than 1 km, it was l‘ound13 that
the experimental data deviated significantly from predictions made using the Rytov
method. In particular, it was found that if the propagation path x is sich that the

2 11/16

!
parameter o, = 1,23 k7‘ 6Cn2 X is greater than 0,3, the Rytov approxima-

tion is invalid. It was soon recognized that, because the Rytov approximatioa is

equivalent to the scatter of the incident wave by a series of random phase screens,14

it did not adequately account for multiple scatter of the electromagnetic wave by the

turbulent eddies. This spurred attempts to develop new theories which properly in-

clude multiple scatter, and led to an exploration of diagrammatic teclmiques?' o

13. Gracheva, M.. Gurvich, A., and Kallirtrova, M, (1970) Dispersion of
strong atmospheric fluctuations in th:: intensity of laser radiation, Radio-
physics and Quantum Electronics, 13:40-42,

14, Lee, R., ‘and Harp, J. (1969) Weak scattering in random media, with
applications to remote orobing, Proc. IEEE 57:375-406.

15, Brown, W. (1972) Moment equations for waves propagated in random media,
J. Opt. Soc. Amer, 62:45-54.

16. Brcvn, W. (1972) Fourth moment of a wave propagating in a random medium,
J. Opt. Soc. Amer. 62:966-971.

17. deWolf, D. (1973) Strong irradiance fluctuations in turbulent air: plane waves,
J. Opt. Soc. Amer., 63:171-178.

18. deWolf, D. (1973) Strong irradiance fluctuations in turb.'ent air II: spherical
waves, J. Opt. Soc. Amer, 63:1249-1253.

19, deWolf, D. (1974) Strong irradiance fluctuations in turbulent air III: diffrac-
tion cutoff, J. Opt. Soc. Amer, 63:360-365.

20, Sancer, M., and Varvatsis, A, (1970) Saturation calculation for light propa-
gation in the turbulent atmosphere, J. Opt. Soc. Amer. 60:654-659.,
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transport methods, 21, 22 ooherence theory, 23-25 and a host of other ap-
proaches“- 27 which we will discuss further in Section 5. Up until now, however,
the Markov lpproxlmationl' 28-30 technique appears to be the most successful in
overcoming the limitations of the Rytov method and the easiest to understand.
This approximation is discussed below.

2.3 The Markov Approximation

We ccnclucded in the last sectinn that the Rytov uzethod is inadi:quate for
predicting the properties of a light beam propagating over long paths through
clear-air atmospheric turbulence. We will not outline a methed which gives ac=
ceptable r_3ults over long paths.

We consider a light beam which is propagating along the x-axis in a medium
with random {ndex of refraction fluctuations, and write the electric field as

E = ulx, y, 2) e c (11
If Eq. (11) is substituted into (5) and the term 82u/ ax? is neglected, we obtain
(approximsting 2n; + nlz by 2n,)

2 2
gu 9%u 97u 2 -
2tk 50+ 232 + 222 +2k"n,u - 0, (12)

21, Dolin, L. (1964) Propagation of a narrow light beam in a random medium,
Radiofizika (Russian) 7:380-39i.

22. Fante, R. (1973) Propagation of electromagnetic waves through a turbulent
plasma using transport theory, IEEE Trans. Ant, and Prop. AP-21:750-755.

23. Beran, M. (1970) Propagation of a finite beam in a random medium, J. Opt.
Soc, Amer, 60:518-521. -_—

24, Beran, M., and Ho, T. (1969) Propagation of the fourth-order coherence
function in a randon. medium, J. Opt. Soc. Amer. 59:1134-1138.

25, Molyneux, J. {1971) Propagation of Nth order coherence functions in a
random medium, J, Opt. So~. Amer. 61:369-377.

26. Lutomirski, R., and Yura, H. (1971) Propagation of a finite optical beam in
an inhomogeneous medium, Appl. Optics 10:1652-1658,

27. Furutsuy, K, (1872) Statistical theory of wave propagation in a random medium
and the irradiance distribution function, J. Opt. Soc. Amer. 62:240-254.

28. Tatarskii, V. (1969) Light propagation in a medium with random refractive

index inthomogeneities in the Markov approximation, Soviet Phys. JETP
29:1133-1138.

29, Klyatskin, V. (1970) Appli «bility of the approximation of a Markov random
process in problems relate. .. ...c propagation of light in a medium with
random inhomoegeneities, Soviet Phys, JETP 30:520-523.

30. Klyvatskin, V., and Tatarskif, V. (1970) The parabolic equation approximation
for propagation of waves in a mediuin with random inhomogeneities, Soviet
Physics JETP 31:335-339.
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Equation (12) is known as the parabolic apprroximation, and is applicable to the
propagation of light beams with narrow angular spread. Later in this section we
will give the quantitative conditions under which azulax2 can be neglected, We
can be neglected. We can solve Iiq. (12) for the moments {u (x, pl)>

<u(x 3 )u tx,_2)> etc, where ) s (y, z), by a method known as the '"Markov
approxlmatlon. 'l In this method it is first assumed that the index of refraction
MNuctuation n, is delta-function correlated in the direction of propagution, so that
the turbulent eddies look like 'lat discs oriented normally to the propagation path.
That is, it is assuined that

(n (x, @) n  (x',p") = &(x-x"VAlp-p" , (13)
where
(] ik 2
Alx,p) = Bn/]. dky dkz on(x, kx =0, k_v' k.z)e . (14)
=on

Equation (12) can then be solved [or the moments of the field by using (13) along
with the Novikov-Furutsu formula, o0 which states that if n, is a gaussian random

variable and ¢ [nl ] is an arbitrary function of ny, then

o0
. bélny |
(n (x)s[ny]) Jffdar (n,(®n (") 6“1‘”' (15)
=00

where 6¢/6n, is a variational derivative. *

If Eq. (12) is ensemble averaged directly, and Eqs. (13) and (15)=with the
functional ¢ set equal to u—are used to evaluate (unl> , one finds (reference 1,
Section 65-72)

2 .2 3
2i By (24 ) () + a0 (u) - 0. (16)
X ay’ oz 4

*The use of a delta-function index-of-refraction correlation is a mathematical
artifice. In a receni review of research in the Soviet Union, Prokhorov et al32 have
provided a more physical means of deriving Eqs. (16), (21), and (24).

31, (a) Novikov, (1965) Functirnals and the method of random forces in the
theory of turbulence Soviet Physics JETP 20:1290-1294,
(b) Furutsu, K, (1963) On the statistical theory of electromagnetic waves in
a ﬂuctuating medium, J. Res NBS 67D:303-310.

32, Prokhorov, A., Bunkin, F., Gochelashvily, K., and Shishov, V. (1975)
Laser irradiance propagation in turbulent media, Proc. IEEE §_I_3_: 790-811.,
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This equation is readily solved for <u>, The result is

kip.

(ulx, p)) = (2rlx> ffd p'u (e_')exp{

- "s—i Alx’, 0)dx' an
0

where uo(&') is the electric field in the plane of the transmitter; we have chosen

this to be the x = 0 plane. For the spectrum in Eq. (3 the function A(0) appear-
ing in Eq. (17) is readily evaluated to give

5/3
k> / A(x', 0)dx' = 0.391 k2 Lo/ / c?unae . (18)
8
0 0

If we use Eq. (18) in (17) and then consider the limiting case of a plane wave,
it is readily shown that

. (17a)

3/ X
(u(x)) = exp ,-0 391 k2 L, 3 f an(x') dx'

0

For an optical wave propagating in the lower atmosphere, (u) = 0.* For example,

for a signal of wavelength um propagating over a path of 1 km in homogeneous
turbulence with C - 10714, -2/3 and L, = 100 m, we find that

I(u)l = exp (=3.4x 109). It can also be shown that |<uu)| >~ 0, but as we shall
see later in this section, this is not true for (uu*),
It can be demonstrated! that the conditions required for the validity of boch

the parabolic approximation in Eq. (12) and the '"Markov Approximation" leading
to Eq. (16) are that

klo >> 1 (19a)

and

2, 5/3
kCn l‘o << 1. (19b)

The condition in Eq. (19a) requires that the scatterir - pattern of even the smallest
turbulent eddies must be primarily in the forward direction, while that requirement

expressed by Eq. (19b) is that there be very little attenuation (due to scatter) of

*The vanishing of the field is a consequence of the randomization of the phase,
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the signal over one wavelength, This condition can alternately be written as

ae A << 1, where a, is the axtinction coefficient, In addition to the conditions
given in Eqs. (19a) and (19b), a number of sufficient conditions for application of
the Mzrkov approximation have been obtained. 1 Among these ave that

an 10'1/3 x << 1 and kan Lo"’/slo'l/sx <<1l, However, it is not presently clear
whether these are also necessary conditions,

' 1f we substitute numbers typical of an, Lo and /, in the earth's atmosphere,
we lind that ‘he condition in £q. (19b) is really not very restrictive and that the
Markov approximation is valid over horizontal prepagation paths of many hundreds
or thousands of kilometers in the earth's atmosphere; this is quite an improverment
over the Rytov approximation, discussed ir the last section, which was valid only
over distances less than about one kilometer,

It is also possible to derive the equations satisfied by the higher order
momeants of the field; the equation satisfied by second moment

1‘2 (x, ey &2) = (u(x, 21) u* (x, [P )

can be obtained by multiplying Eq. (12) by u* and then using Eq. (15) with
¢{n;) = ulx,p,)u(x, p,) to evaluate the moment (n1 uu*) . The result is

/.3 T )
\21k5+'r1-'1'2).2+ K (Ax,0) - Alx, p, ~p,)| T, = 0, (20)
where
S R
j- ] 2 822 )
Y 3

Equation (20) can be solved in a straight forward fashion usir.g Fourier transform
methods, and the result is

2 o
k 2 ' 2 t *
T, (x,p &2) = (m> j/d pl/] d%, uo(&l ) u, (gé)
9 Ldo

X

2 '
' 12 k ' x'! o _X
X exp izl({[(&l'ﬂl)z'(ﬁz'e.z) ]- ’% dx "["37‘&1'22“(&1 pg) 7)]
0

(21)
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where
[ ]

Hix,§) -8 // (1-cosw- €)@ (x,k, - Oky,u,)dk de, (22)
@

For the spectrum °, giver in Eq. (3), it is straightforward to show that

s 15/ g \/3
H(x, ) > 1.88C° (a) H 1 - o.sos(—lﬂl-) (23)
‘o0 ’

provided* 1, << |€| < Lo' Equation (21) gives the general spatial coherence
function of the beam; the intensity distribution I(x, &l)' u(x,e_l) u* ("-Qx) can
be obtained from Eq. (21) simply by setting [P equal to e,

It is also possible to derive the equation satisfied by the fourth moment of
the field

Ty(x, £y Lor Lyr 040 F (ulx, p ) u* (X'Qe) ulx, p,) u*(x, g

The procedure is the same as was f(ollowed in deriving Kq. (18) and the result is

. 2
9 L T . N S I . -
[ax 7k ('I'l+'1’3 T2 T4)] Tyt g [21\(\(,0) A(x,p_l 22)
(24)

- A("'&;'&) -A(x,gl-u) -A(x,&.;-&e)*A(x,ea-el) +A (x,el-e_e)] l"4 0

Unlike (20), Eq. (24) cannot be solved in closed form, This is unfortunate since
a knowledge of Ty is necessary in order to calculate intersity scintillations, beam
wander, aperture averaging, and a number ol other measurable effects, However,
a number of approximate solutions, valid for dilferent ranges of ¢ 12,
recently been developed and will be discussed in detail in Section 5.
We could also go on to present the equations satisfied by yet higher order rield
mcments such as Tee F8 etc; however, these are generally of little practical
importance and do not warrant detailed discussion. Rather, mor* of the remainder
of this report will be devoted to the study of the properties of the solutions for T,
and Fye and their application to develop expressions for the beam spread,
coberence, etc, Before we begin the detailed discussion of the solutions, however,
it Is uselul to discuss an alternate representation of the random propagation

have

i} 2 2,,25/6 5/3
*For § <t we have H(x, &) - 1,88 C, (x)[ (E° + lo) N P
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channel as a linear system. This representation is being increasingly used by
optical deiigners and should be included in our preliminary discussion.

2.1 Linear Systems Representation

It is possible to demcnstntezs' 83 that the solution of Eq. (12) can be
written as
o '
g ik(p, -p,)
k £
u(x,&l) B mj]dzp; "o(ﬁl') €xp l2x 1, v (p_l,el') (25)

where uo(&;) is the [{eld distribution in the x = 0 plane and ¢ (ﬁl' e_l') is the random
part of the complex phase of a spherical wave propagating in the turbulent medium
from the point (0, &l') to the point (x, gl). Equation (25) is merely an extended
version of the Huygens -Fresnel formula which has been shown34 to be the solution
to Eg. (12} in the limit when n - 0.

The form of the solution in Eq. (25) is quite appealing for optical systems
applications, since it can be rewritten as

[
ulp,) '-// d? pl' u, (9_1’) h (&l'e-l') . (26)
-~

where h(gl,el') = (k/(2#ix)) exp [ ik (El -g;)2/2x +y (&l' &l') ] can be interpreted
as the (spatia!) impulse response of the syste.n. It should be pointed out that

35 16 be reciprocal for propagation in atmospheric turbul-

h(g,.e,} canbe shuwn
ence. That i3, suppose ey lies in a receiving aperture ¥ and Ql' lies in some
transmitting aperture ', Now suppose the roles of £ and X' are reversed so
that ¥ is the transmitter and X' is the receiver. Then at a point E-l' in the

receiving aperture X', we can write

0

! 2 ~
u(&l) [/ d Py Y, (9_1)11 (Ql,&;) , @2n

-

33. Feizulin, Z,, and Kravtsov, Y. (1967) Broadening of a laser beam in a

turbulent mediuin, Radiophysics and Quantum Electronics }___0:33-35.

34, Born, M,, and Woll, E, (1965) Principles of Optics, Pergamon Press,
Oxford, England.

35. Shapiro, J. (1971) Reciprocity cf the turbulent atmosphere, J. Opt. Soc, .
Amer. 61:492-495,
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where "To (el) is the aperture distribution in the transmitting aperture £. This

result is important in a number of practical systems applications, as we shall see
later.

We next consider the moments of Eq. (26), We have

[
(ulx, g,)) =[’fc2pl' u ) (b epe)) - (28)
-0

If we compare Eq. (28) with Eq. (17), it is readily seen that

ik
(hepey) = 7 <e12xp_1 k- f A, 0)dx' | . (29)

For the second moment, we have

utx, p Y u*(x,p,)) // % [[ d%,u @ u lpg) (bl . p h*M0,,p,)) . (30)

Upon comparing Eqs. (30) and (21), we can readily identify

2
k k 1,2 12
<h(&1'&1')h*(f32'&2')> S T eXP lx[(el'gl) - (&2-&2)

9 X
~%/ dx'H[x' (el QZ)'f() &2)(1 -—)] . (31)

Of course, the representation in Eqs. (26), (28) and (30) does not contain any
new information, beyond what we have derived in Section 2.3. However, this systems
notation has now become so widely used that we leit it should be presented separately,

We are now in a position to begin our discussion of the various measurable
properties of a light beam in a random medium.

3. BEAM SPREAD AND AVERAGE INTENSITY

In the absence of turbulence a laser beam exiting from an aperture of
diameter D would, in the far field, have an angular spread 00 of order \ /D,
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where )\ is the signal wavelength. When turbulence is preseat, the situation
becomes much more complex because the beam i{s scattered by the moving tur-
bulent eddies. This gives rise to an angular beam spread which may be much
greater than 60; in addition, other effects such as beam wander or even breakup
of the beam into an ensemble of individual beams may occur, In this section we

will discuss thesr effects, along with the corresponding degradation of the beam
intensity (or irradiance).

3.1 Short und Long Term Beam Spread

When discussing the radius of a beam propagating in a turbulent medium, it
is necessary to distinguish between its short sad long terin spread. In general,
when a laser beam interacts with the turbulent eddies it is found that those eddies
which are large compared with the diameter of the beam tend to deflect the beam,
whereas those eddies which are small compared with the beam diameter tend to
broaden the beam, but do not deflect it significantly, Consequently, if we had a
photographic plate at a distance x into the random rnedium and took a very short
exposure picture, we would observe a broadened laser spot (due to the small
eddies) of radius Pg which is deflected (due to the large eddies) by a distance p,
as indicated pictorially in Figure 1. Now, because the turbulent eddies are
flowing across the beam, the beam will be continually deflected in different direc-
tions in time intervals or order At = D/ V, where V is the tran-,verse flow velocity
of the turbulent eddies. The time history of the beam wander is shown in Figure 2,
Because the spot dances [rom position to position in times of order At, it is clear
from Figure 2 that |7 we {ook a picture — with an exposure time much longer than
At — of the reczived spot we would see a broadened spot with a mean square
radius <p[‘2 ) given by

(pLZ> : <932> + (pcz)- (37)

where Py is the shcrt-term beamn spread and Py is the long-term spread.
Unfortunately, the model given above is not the whole story, and only holds
in the limit when the turbulence is relatively weak, When the turbulence is strong
the beam no longer wanders significantly, but rather breaks un into multiple
beams. In this case a short exposure picture of the received spot would consist
not of a single spot, but of a multiplicity of spots at random locations on the
receiving aperture. The long-exposure picture, howcver, would be a blurred
version of the short exposure, but with approximately the same total diamcter,

18

e




LASER SPOT

SPOT LOCATION
AT t=0

SPOT LOCATION
AT 1= At ;
"\.\‘_‘_“_
SPOT LOCATION /
AT t=241
Figure 2.

Receiver in a Turbulent Medium

19
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We now desire to pursue the previous discussion further in a more quantita-
tive fashion. It is conventional to define the beam centroid e by

/]dzp e lix,p)
Le " g
[/de (l(x,&))

where I(x,p) is the intensity of the beam. The mean square beam deflecticn can

(33)

then be written as

®©
2 2
/7 Sie) /]d P2 e 29! Tytxey ey g £2)
44 .
°°w 3 (34)
[/d2p1 T‘2(x,gl, 9—1)
~%

where Ty and T, are the solutions of Eqs. (20) and (24) respactively. Also, the
mean-square long term beam radius Qa[2> is usually defined by

®
/]dzp p2 r, (x,p,p)

<0L2> : — % . (35)

fdzp r, (x,ge)

<"c2> :

Therefore, if ry and r, were completely known we could readily calculate <p02>
and <pL2> . However, as was pointed out in Section 2.3, a rigorous solution

is available for 'y but we have only limited approximate solutions for T,.
Furthermore, the definitions in Eqs. (34) and (35) for pc2> anc pé are
clearly not unique, and there are a number of other definitions possible. We have
therefore chosen to calculate gp L2> . <p 2> and pc2> in a different fashion.
In particular we will define <pL> and psz as the radii at which the long and
short-term averaged intensity distributions are reduced by a lactor of e! from
their maximum values. The long-term-averaged beam radius can be deduced
directly [rom Eq. (21), and the short-term beam radius can be obtained by

modifying Eq. (21) in such a way that the contributions from turbulent eddies,
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which are larger than the beam diameter, are excluded because they -ause only
beam tilt., We will first present the results for <pL> and then discuss the
calculation of <p 2\ and <p c2 g

In order to simplh’y the calculation of (p L?> we shall assume that the

initial field distribution has the gaussian rorm

2 2
> 2p° _ i .
u (@) =exp |- —lﬂ).z- RL" 2 (36)

2F

This corresponds to a beam with an initial diameter D and a radius of curvature
-F. For this distribution it is possible to show, by using the solution for r,

presented in Eq. (21) that36 U
2
05 >=T'f*—“'""* 7 g
k Po
where
1
-3/5
oy [1.46 k2 x / d¢ (1-6°/3 c? (Ex)] . (38)
0

Equation (37) is an excellent approximation for <p L2> when x << (k2C : l°5/3)-l.

For x << (k2C 2 5/3) , we have

1
6.6 x3/ (1-5)2C:(§::) dé

d 2 2 2
2y _ 4x D, X 0

(o]

*Results equivalent to Eqs?’.8 (37) and (39) have also been obtained by tBB
method of small perturbations’® and the method of amooth perturbations.

36. Yura, H. (1973) Short term average optical-beam spread in a turbulent
medium, J. Opt. Soc. Amer, 63:567-572.

37. Fante, R. (1974) Mutual coherence function and frequency spectrum of a
laser beam propagating through atmospheric turbulence, J. Opt. Soc.
Amer, §_4_:592-598.

38. Poirier, J., ard Korff, D. (1972) Beam spreading in a turbulent medium,
J. Opt. Soc. sAmer, 62:893-898.

39. Bunkin, F., and Gochelashvili, K. (1970) Spreading of a light beam in a
turbulent medium, Radiophysics and Quantum Electronics 13:811-821.
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Eq. (40) has been verilied experimentally,

The first two terms in Eqs. (37) and (37a) represent the beam spreading in
v-cuum; the last term represents the additional spread due to the scattering of the
beam by the turbulent eddies.

The validity of Eq. (37) has been studied in some detail, Measurements in
the Soviet Union4? appear to confirm the validity of the result; however, other
experiments“ in this country do not. That is, Eq. (37) predicts a dependence of
<plf> on Cn of Cnl?'/s, but Dowling and Livingston‘2 found a dependeri_e of Cnﬁ/s‘
However, as pointed out by Wesley and Derzko42 this discrepancy is because
Dowling and Livingston used exposure times which excecded LO/V.

In order to present the approximate results for <p52 and <pc2> , we
shall have to cornsider a number of separate cases:

() Ifp, << D<L,andx <k L2, where p_ is givenin Eq. (33) and L is
the smaller ol the beam diameter D and the coherence length Po then the beam

controid and short-term beam spread are given approximately byas' 43-45
2] €/5
2 o D%, x2. 4x° Al /
<Ps>= 22 "oyt 33 |08y , (38)
k°D k"o,
2
<pc2> S 2,97 x ] (40)

k2p°5/3 p1/3

In writing Eqs. (39) and (40), we have also assumed that D> t,. The validity of

40,41, 486, 47 although the neasured

40. Kallistrova, M., and Pokasov, V., (1971) Delocusing and fluctuations of the

displacement of a focusied laser beam in the atmosphere, Radiophysirs
and Quantum Electronics 14:940-945, -

41. Dowling, J., and Livingston, P. (1973) Behavior of focused beams in atmos -
pheric turbulence: measurements and comments on the theory, J. Opt. Soc.
Amer. 63:846-858.

42, Wesley, M., and Derzko, Z. (1975) Atmospheric turbulence parameters
from visual resolution, Appl. Optics 14:847-853.

43. Fried, D, (1966) Optical resolution through a randemly inhomogeneous
medium for very long and very short exposures, J. Opt. Soc. Amer.
956:1372-1379.

44, Andreev, G., and Gel'fer, E. (1971) Angular random walks of the center of
gravity of the ross section of a diverging light beam, Radiophysics and
Quantum Electronics _l_i:l 145-1147.

45. Kon, A. (1970) Fucusing of light in a turbulent medium, Radiophysics and
Quantum Electronics }_.’_!.:43-50.

46, Gel'fer, E., Kravtsov, V., and Finkel'shtein, S, (1972) Measurement of
the light intensity on the axis at the center of gravity of a focused light
beam, Radiophysics and Quantum Electronics -l_§:696-699.

47, Chiba, T. (1971) Spot dancing of the laser beam propagated thrcugh the
turbulent atmosphere, Appl. Optics 10:2456-2461.
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coefficient appears to be slightly smaller than the theoretical value of 2, 97% i
In addition, the wander of the center of gravity of the beam apnears to satisfy a
gaussian dis:tributlon;41 based on this, several authors49' 20 have developed
theories for the statistics of the laser beam fade induced by beam wander.

(i) If po~ Dand x g k 1.2, there are no simple expressions for <pc2> and

<ps2>. In this case, <p32> can be obtained from the numerical results in
Figure 3. In that figure

2\2 2
2 (kD X ]
Be - < 4,() (l F) (41a) ;

- &52> 1/2 .
<"L§§_

Once <p92\ has been obtained from Figure 3, <pC2> follows immediately from
Eq. (32),

(iii) If Py >> D and x gk I,Z, there is very little beam wander, and the short
and long term beam spreads are approximately :qual, and are given by Eqs. (37)

or (37a), depending on whether x is less than or greater than k2 Cn2105/3'

(iv) If x>k L2, we expect the beam will be broken up into multiple patches,
with negligible (compared with the total beam spread) wander of the beam centroid.
Some calculations for this case have been made by Klystskin and Kon. Sl For

sl ikt

and

e

(41b)

g

x >> kD? and D,bo >> 1, it is found that in homogeneous turbulence**

/pc2> < Cn8/5 -1/15 37/15 2

*]'he temporal correlation function <p (t)p (t+ 1)) has also been obtsiined;48

as expected it is found that the correlation fime Tor beamn wander is approximately 1
D/V.

**By "homogeneous' turbulence, we will mean that an is independent of
position,

48, Gel'fer, E., Kon, A., and Cheremukhin, A. (1973) Correlation of the shift
of the center of gravity of a focused light beam in a turbulent medium,
Radiophysics and Quantum Electronics 16:182-187. ]

49. Fried, D. (1873) Statistics of laser beam fade induced by pointing jit r, 1
Appl. Optics, 12:422-423.

50. Titterton, P, (1973) Power reduction and fluctuations caused by narrow laser
beam motion in the far field, Appl. Optics 12:423-425.

51. Klystskin, V., and Kon, A, (1972) On the displacement of spatially-bounded k
light beams in a turbulent medium in the Markovian-random-process
approximation, Radiophysics and Quantum Electronics 15:1056-1061.
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Figure 3 Ratio of the Short to Long-term-averaged Beam Spread

If we use Eqs. (37) and (42) to form the ratio <p _‘2> / <pl2>, we find that

<p02> N <kpo2>l/3 |
<"Lz>
2 2

Because x >> kpoz, it is clear that <pc > << <pl > , so that any motion of the
beam centroid i3 negligible in comparison with the beam spread.

X

In the previous case where the heam {: broken up into multiple beams, a
knowledge of é’c2> and <p112> does not teli us how many beams will be formed,
or correspondingly how many bright patches wiil be formed on a receiver at some
distance x into the random medium, All we can say {¢ that the mean square
radius of the region where the bright patches will be furmed is <p[‘2> g

1.2 Averuge Intensity

The formal expressions for the long-term averaged beam {ntensity is given

by Eq. (21) with e ep "e In particular, for an arbitrary initial field distribu-
tion uo(&) the long-term-averaged intensity is
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(x,p) - (g% [ydeIY u @) u * (g

2 F ' ¢
X exp {i [(e_ E—l -(e-eé)z]-%‘— /dx'H[x'.(e_l-ge')(l-x;)];. (43)
o

: In our discussions, we will not explicitly evaluate Eq. (43). Rather, we will
f ,h assume that the initial field uo(a) is given by Eq. (36) and then use the results of
Eqs. (37) and (37a), along with energy conservation to calculate (I(x, 0)) . That
is, since the turbulent eddies are much larger than the signal wavelength, nearly
all of the energy is scattered in the forward direction. Consequently

<I(x, 0)> <92(:)§ is spproximately a constant. If we denote the intensity at x = 0
by I,, we then have for the axial intensity

'lﬁ: <I(x, 0)> <pz(x)> . (44)

We next substitute Eq., (37) into (44) to obtain for x << (k2 an 105/3)'l

7 - (45)

For x> (k2 ’o L we get, upon using Eq. (37a) ir (44)

(2
Qum§ e (46)

1-% +a£L/ﬂxe)ac<h)

s s (A S
L
[
o
[N
——

1/3

o
S

The approximate results in Eqs. (45) and (46) agree quite well with more
rigorous theoretical results 1+ 37 obtained by using Eq. (43), and also with
experimental data, 52, 53 In almost all practical situations, we may use the
52, Starobinets, E., (1972) The average illumination and intensity fluctuations

at the focus of » light beam in a turbulent atmosphere, Radiophysics and
Quantum Elect: onics 15:738-742,

53. Mironov, V. and Khmelevstov, S, (1872) Broadening of a laser beam propa-

gating in a turbulent atmosphere along inclined routes, Radiophysics and
Quantum Electronics _1__5_:567-571.
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result of Eq. (45) for the long-term beam intensity, since in atmospheric tur-

bulence (k2 an 105/3)'l is of order of 100 km.

We now observe that if the MNux P - wD210/4 through the transmitting aperture
is held fixed, Eq. (45) predicts that, in turbulence, there is a limiting value of
the intensity at the focus (x = F) of the beam, no matter how large the initial
diameter D of the beam is made. This maximum intensity is

0.051 P
Q

2/s5| A ]
pl6/s 2/ j aga-5%3 ¢ ? €m
0

|

Kallistrova and Kon54 have made detailed measurements of the focused beam

(47)

(Dmax * 6/5

intensity in turbulence; they have found that there is a limit to the intensity of a
focused beam, and that Eq. (47) is a good approximation to that limit.

As we mentioned above, Eqs. (45) and (46) give the long time averaged axial
beam intensity in the plane x = x in a random medium. It is also possible to use
energy conservation to estimate the short term-averaged intensity, 1If Eq. (39)
is used in (44), we have (for Po<< DL, and x < k L2 where L is the smaller
and o and D) for the short term averaged intensity on the instan*aneous beam axis

D2 1
()> T (48)
I (x ~ , .
<9 4x> +P_2_(1 _x)z . 4x> [1_0 62(."_Q_>l/3] 6/5
2p? 4 F k2p02 D

Equation (48) gives the spot intensity we would measure if we took a short expo-
sure photograph of the beam spot in the plane x. We note, upon comparing
Eqs. (48) and (45), that the short term spot will be brighter than the long term
averaged spot.

{. SPATIAL COHERENCE OF THE ELECTRIC FIELD

The function T, (x, el,ge) = <u(x, 9-1) u* (x,e2)>is a measure of the long-term
spatial coherence of the electric field, in a plane transverse tc the direction

54, Kallistrova, M., and Kon, A, (1972) On the effect of ‘he size of optical
systems on the definition of light beams in a turbuvient atmosphere,
Radiophysics and Quantum Electronics 15:545-549.
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of propagation of the beam, * This function is important for interferometry
experiments in radio astronomy, and because it determined the signal-to-noise
ratio in an optical heterodyne receiver, 54 Exact expressions for I, in the
limiting cases of plane and spherical waves have been available37.98 for some
time; however, the general solution for Ty for a finite beam has only more recently
been derived!: 3759 ang numerically evaluated, Ny In particular, the gene:ral
solution for the coherence relative to the average center of the beam is given by
Eq. (21) with p, set equal to zero. We will not present the general solution for r,
here, but will rather present an approximate evaluation of Eq. (21) fur the case
when the {nitial electric field of the beam {s given by Eq. (26). We then find that
the long-term coherence function M(x, p) which measures coherence relative to
the undisplaced center of the beam, 1859

r,(x,0,p) r 5/3
. 2 e -[_P
M(x, &) = rz(x. 0. o) > exp l (Tb) ] ’ (49)
where
[ o ad ) 1Dy
F 2.4 Ty
Py, =P L) P . £
bop 1_13(1)+11<x)2+ ax® 1+1(-D->2
TN\F) T TN\F, 3k2DI T %

Pp is the plane-wave coherence length given by

1
-3/5
pp | 1.48 K2 x/ d€ cf (Ex) , (51)

0

*In some cases, it may algg be desirable to know the longitudinal coherence
length of the beain. Breanmer as evaluated the longitudinal coherence length and
found it to be of order (k anl..o5 3)°1 That is, <ulx,p) u*(x',p) >is correlated
over distances | x - x'| of order (k2Cn2L°5/3)°1.

55. Bremmer, H, (1973) General remarks concerning theories dealing with
scattering and diffraction in random media, Radio Science 8:511-534.

56. Fried, D., (1967) Optical heterodyne detection of an atmospherically discorted
signal wavefront, Proc IEEE 55:57-67.

57. Hufnagel, R., and Stanley, N. (1864) Modulation transfer function associated
with image transmission through turbulent media, J. Opt. Soc. Am.§_§_:52-61.

58. Kon, A., and Feizulin, V. (1970) Fluctuations 1n the parameters of spherical
waves propagating in a turvulent atmosphere, Radiophysics and Quantum
Electronics 13:51-53.

59, Yura, H. (1972) Mutual coherence function of a finite cross section optical
heam propagating in a turbulent medium, Appl. Optics 11:1399-1406.
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and it i{s assumed that ‘o << Pp < Lo‘ The simplified expression in Eq. (48) can
be shown37 to be a good approximation to the exact results obtaincd from
Eq. (21). It can also be demonstrated that the same trends, as predicted by
Eq. (49), are observed experimentally. For example, consider the plane wave
limit in which

M (x, p) = exp ’ -<—ﬂ-)5/3

(52)
Pp

Gilmartin and Holtz5%%nd Dainty and Scanlon®0P have found experimentally that
fp varies as k'6/5, as predicted by Eq. (51). Further verification is found in
recent Soviet experiments®! which indicate that pp, varies as (~8/8 :("3/5Cn.6/5
in complete agreement with Eqs. (51) and (52).

It is imporiant to emphasize that Pp is the long-term averaged coherence
length ~f ihe beam. This means that if we performed an interferometry experi-
ment over times much longer than At = D/ V , we would measure a coherence
length pp- However, if we made measurements, relative to the instantaneous
center of the wandering beam, over times much shorter than At we would not
measure a coherence length equal to Py but rather some short-term length Pbs’
which is greater than p, . The short term coherence length has not been studied
in any rigorous fashion; however, a rough lpproxlmatlons6 is readily obtained,
and it is found that the short-term beam coherence length Pbs is also given by
Eq. (50), except with Py, replaced by Pps’ which for pp/D < 1 is given by

1/3

[}
Pps = Pp[1¥ 0.37<1§) . (53)

Before leaving our discussion of the apatial coherence of the field, it is uselii
for us to point out that in most optical systems applications the coherence function
of the beam is not explicitly computed; rather, it is generally sufficient to know
the coherence function for a purely spherical wave, For example, let us consider
a direct-detection optical communications system. Suppose we have a transmitting

60. (a) Gilmartin, T., and Holtz, J. (1974) Focused beam and atmospheric

coherence measurements at 10. 6 and 0. 63 micrometers, Appl. Optics
13:1906-1912,

(byDainty, J., and Scanlon, R. (1975) Measurements of the atmospheric
transfer function at Mauna Kea, Hawati, Monthly Not. Royal Astr, Soc.
170:519-532,

61. Gurvich, A.,, Time, N., Turevtseva, L., and Turchin, V. (1874) Reproduc-
tion of temperature pulsation spectra from optical measurements in the
atmosphere Izv., Akad. Sci. USSR, Fiz. Atmos, Okeana (Russian)
10:484-492,
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rigure 4. Typical Direct-detection Receiver
System Operating Through a Turbulent
Medium

aperture of diameter D in the x = 0 plane and a receiving aperture of diameter D'
in the plane x, as shown in Figure 4, Then using Eq. (30) we can easily show
that the received power PR is

’ Py - [/dzp ffdzp'l /] a0, u (e u_lp,) (hig, o)) h*, £3)) (54)
D D D

where

(Me,e,’h‘(e,e.z)} (2,,,) oxp | ot [(a-p.l -(e-gpz] T i0,p, -p) (55

e L

1 ]
and Y (&1 < Lo £ '9-2) is the two-source spherical-wave coherence function
deiined as

e S

5/3

' o 2 2 x! v x"
Talei g £)7@g)" ®XP )-1.46% /!""'Cn ) ;‘el'&z“‘eree""“;’l
0

(56)
In obtaining Eq. (56), we have used Eq. (23) in (31) assumirg D and D' were both
small compared with L_, so that the term 0. 805 13 1/3/L01/3 can be ignored in
Eq. (23). From Eqs. (54) - (56), we sec that in evaluating the Lerformance of

the system we generally do not need to :xplicitly calculate the beam coherence
function.
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3. INTENSITY SCINTILLATIONS

If we measured the intensity of a laser beam in the plane x in a turbulent
medium, we would find that the measured value of I would fluctuate with time 1
! about its average value (I) . It is desirable to be able to predict the magaitude ﬁ
of the intensity scintillations, since this is an important consideration in the design
of any receiver system. At present, extensive experimental data on the intensity
scintillations, is available!3: 62-68 b1y the theory is complete only for the limiting
case of weak turbulence.* That is, as we pointed out in Section 2, extensive 1
calculations!: 2. 69 of the intensity Muctuatioris have been made using the Rytov
approxima’.ion, but these are valid only for 012 - 1,23 k7/6Cn?’ x“/6 <0.3. This
1 point is clearly demonstrated in Figure 5 jere we compare theoretical predictions
} of the norinalized variance of the intensity fluctuations

P 012 . <122 - glz 2

(n?

made using the Rytov method? with measured data, It is evident that the Rytov
method fails for 0122 0.3; for this case a number of theories have been proposed l

to calculate the intensity fluctuations, but none is completely 3atisfactory, as we
shall see later,

L —

*We shq,l call the bulence '""weak' if the parameter
= 1,23 k << 1; for 012> 1, we call the turbulence "strong."

62. Dunphy, J., and Kerr, .7, (1973) Scintillation measurements for large
integrated -path turbulence, J. Opt. Scc. Am. 63:981-986,

64. Gracheva, M., Gurvich, A.,, Kaslkarov, S., and Pokasov, V. (1973) 1
Similurity Correlations and their Experimental Verificalion in the case of

Strong Intensity Fluctuations ol Laser Radlation (Russlan). English
Trnm'laﬂon No. LRG-73-T-28 avallable Irom Aerospace Corp., Library
Services, P.0O. Box 92957, Los Angeles, California.

64, S'edin, V., Khmelevstov, S., and Tsvyk, R. (1972) Intensity fluctuations in
a focused light beam that has passed through a stratum of turbulent "
atmosphere, Radiophysics and Quantum Electronics 15:612-513.

65. Dietz, P,, and Wright, N. (1969) Saturation of scintillation magnitude in |
near-earth optical propagation, J. Opt. Soc. Amer, 59:527-535.

66. Ker, J. (1972) Experiments on turbulence charuncteristics and multiwave-
length scintillation phenomena, J. Opt. Soc. Amer. 62:1040-1051.

] 67. (a) S'edin, V., Khmelevstov, S., and Nevol'sin, M. (1970) Intensity fluctu-
ations in a pulsed laser beam propagating up to 9.8 km in the atmosphere, {

Radiophysics and %mtum Electronics, 13:32-35. i
| {b) Khmelevsiov, S. opagation of liser radiation in a turbulent .
1 atmosphere, Appl. Optics 12:2421-2432.
| 68. Young, A, (1970)Saturation of scintillation, J. Opt. soc, Amer, 60:1495-1501.

j 69. Ishimaru, A. (1969) Fluctuations of a beam propagating through a locally
homogereous medium, Radio Science 4:295-305.
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Figure 5. Average of the Measured Values of the Variance
of the Intensity Fluctuations of a Plane Wave Propagating
Through a Turbulent Medium

In the remainder of this section, we will first present the theoretical results
for the variance and covariance of the intensniv fluctuations in weak turbulence,
We will then present those result; prescaily available for strong turbulence, and

finally we will discusy the tempao.c-al frequency spectrum of the scintillations,

a1 semtillations in Weak Turbulenee

For the case of weak turbulence, it is conventional to calculate the variance
and covariance of the logarithn of the amolitude Nuctuations rather *han ol the
intensity fluctuations. This pres-ents no great difficulty because if the log-

amplitude  ; is normally distribited, it can be shown (see Appendix A) that

B (x,p.y) = (0 (X0, x; (X,p,)) (67

i3 related to

( ; (I(x,&l) ”"'Qe)> - (1 (x'P-l)> (l(x,&z»
b x,p,. g, : (58)
N (1x, gy (1x,p,)) ?
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via

L
BX (x,&l,ge) 2 4m[l +bl (x,&l,ee)]. (59
We shall therefore present the theoretical results for B\ ; the results for bI

follow from Eq. (59).
The ensemble average in Eq. (57) can be readily evaluated by using the Rytov

method; the quantity x , (x, ) can be calculated by taking the real part of Eq. (10),
This result is then multiplied by .8 (x, 9_2) and ensemble averaged, with Eq. (2) used
to evaluate <nl(x, p_l) n, (x, Q:z}> . The phase fluctuations can be calculated by

taking the imaginary part of Eq. (10) to obtain the phase S|(x,p;) and then
obtaining

By(xp,.p)) = (5% 1) Sl(x,e2)> : (60)

The results for both the log-amplitude and phase fluctuations for a beam with the
inifial field distribution in Eq. (36), are®9

X
B\ (X'E-I'EZ) nzf dn fxdx Qn (n,x) {JO(KP) *JO(KP*)} |Ili2
8 0 0

£ Q) He s J o Q") wmn2 | (61)

% 2
where Jo(. ..) i3 the zero-order Bessel function, Pz (wl@ o i212 2L

Q% HL Qg ey ee oyt pg)/ 2y i,

|

, 2
H2 -k® exp sy (x - ;('1) < 1,

1 - g X + [(ﬂrlZ + 1122) X - o, n}

Y ’
: (1 = ag0)? + (o, 07
a, (x-n)
Y L r
2 {1 - (12)()2 + ((rlx)z
o 2\ ” 1
[ - » 9 »
! 2 2 F
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and

On(n,x)=0n(n, xx=0,x= xy +xz) .

The expression given in Eq. (61} for Bx is valid only for 012 < 0.3, but that for

Bs is a good approximation for both large and small values of 012. Calculations

of B, , made using Eq. (61), have been compared in detail with experimental data
and the agrecment is quite favorable, 67 provided 012 < 0.3. This point is quite

evident from Figure 5; there calculations of

of - <12> - <1>2 : exp

for a unit-amplitude plane wave are compared with experimental dats.
In the limiting case of a plane wave (F - o, D - «) Eq. (61) reduces tc

-1

4 Bx (x,0,0)

2 [x¥(x-n)
S SN stn” [t

B, (x,p) - 4,2k2/dnfxdx J o) 8 (n,x) ’ : (62)
s 0 () cosz[ﬂn—(-ﬂ—“ (x-n)

A good approximation to Eq. (62) for B_ can be obtained for the case when the
turbulence is homogeneous (that is, Cn} independent of x). In that case, for
A = k/2x = signal wavelength

52 5/6 5
1 ]
B, (x,0) x7 b (x,0) = ¢~ |i - 10.9 (!i:?) - 10.7@;) , (63)

provided lo << /p\<< (xx)l/z. We note from Eq. (63) that in weak turbulence, the

cha—acteristic transverse length for correlation of the intensity fuctuations is
(xx)l/z; we will see later that in strong turbulence there {s an entirely different
characteristic correlation length for the intensity fuctuations.
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2.2 semntillations in Strong Turbhulenee

A great deal of effort! 5720, 24, 25,27,30,32,70-74 |\ cen devoted in

attempting to explain the reasons for the failure* of the Rytov method when the

turbulence is strong and to develop new theories which are adequate when o) > 1.

70-72, 75-84

Most of this effort has been an attempt to obtain solutions to Eq. (24},

dince the intensity fluctuations are directly related to I',, through
(I(x,&l) I(x, 32) Y - (T p ) ) (T, &2)
Ty (x, ey &1'9-2'9-2) -T, (x, Ql'e-l) T, (x, &2'&2) .

*Physically, the reason why the Rytov method fails is because it does not
properly account for the fact that the incident wave becomes more ar.d more
incoherent as it propagates into the medium. Thus the turbulent eddies are not
scattering a coherent wave, but rather a partizlly coherent wave,

70, Clifford, S., Ochs, G., and f.awrence, R. (1974) Saturation of optical
scintillations by strong turbulence, J. Opt. Soc. Amer. 64:148-154.

71. Yura, H. (1974) Physical model for strong optical-amplitude fluctuations in
a turbulent medium, J, Opt. Soc. Amer, 64:59-G(7,

o

72. deWolf, D. (1974) Waves in turbulent air: a phenomenoulogical model, Proc,
IEEE 62:1523-1529.

73. Gochelashvili, K. (1971) Soturation ! the [luctuations of focused radiation in
a turbulent medium, Radiophysics and Quantum Elcctronics 11:470-473.

74. Dagkesamanskaya, I., and Shishov, V., (1970) Strong intensity Muctuations
during wave propagation in statistically homogeneous and isotropic media,
Radiophysics and Quantumn Electronics 13:9-12.

75. Shishov, V. (1972) Strong fluctuations of the intensity of o plane wave prupa-
gating in a random refractive medium, Soviet Phys, JEPT 34:744-748.

76. Shishov, V. (1972) Strong tluctuations of the intensity of a spherical wave
propagating in a randomly refractive medium, Radiophysics and Quantum
Electronics 13:689-695.

77. Fante, R, (1975) Some new resuits on propagation of electromagnetic waves
in strongly turbulent media, IEEE Trans, Ant. and Prop. AP-23:482-385.

78. Fante, R. (1975) Electric field spectrum and intensity covariance of a wave
in a random medium, Radio Science 1_9:77-85.

19. Gochelashvili, K., and Shishov, V. (1974) saturated intensity fiuctuations of
laser radiation in a turbulent inedium Zh, Eksp, Teor. Fiz. (Russian)
66:1237-1247.

80, Fante, R. (1975) Irradiance scintillations: comparison of theory with experi-
ment, J. Opt. Soc. Amer. 65:548-550.

81. Gochelashvili, K., and Shishov, V, (1971) l.aser beam scintillation bevond
a turbulent layer, Optica Acta 18:313-320,

82. Fante, R. {1975) Some results for the variance of the irradiance of a finite
beam in a random medium, Opt. Soc. Amer. 65:668-610.

83. CGochelashvili, K., and Shishov, V. (1972) Focused irradiance fluctuations
beyond a layer of turbulent atmosphere, Optica Acta 19:327-332.

84. Banakh, V., Krekov, G., Mironov, V., Khmelevtsov, S., and Tsvik, S.
(1974) Focused-laser-beamn scintillations in thr turbulent atmosphere,
J. Opt. Soc. Amer. A4:516-518.
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Aithough a great deal of effort has been expended, approximate asymptotic solu-
tions for 012 >> 1) have been obtained only in the limit of plane and spherical
waves; there {s, at present, no acceptable analytical solution for the intensity
fNluctuations of an arbitrary beam in strong turbulence, although some progress
has been made in obtaining solutions to Eq. (24) by purely numerical methods,
Dagkesamanskaya and Shishov74 have numerically evaluated Eq. (24) in the plane
wave limit, for the special case when the spectrum ¢ (x) is gaussian; this is of
course unrealistic for clear-air atmospheric turbulence. Brown! 6 has obtained
numerical plane wave solutions to Eq. (24) in the tvo-dimensional limit; his
solutions show the same trends as measured values for b, (x,p), but the two-
dimensional approximation is unrealistic and consequently a direct comparison of

184 have obtained a

his results with measured data is inmipossible. Banakh et a
computer solution to Eq. (24) for the intensity scintillations on the axis of a [linite
beam in strong turbulence; despite several unjustified assumptions in their
analysis, their results do agree reasonably well with experimental data.

We will now present the available analytical results in a little more detail.

In the plane wave limit, it has been shown by several different techniqucsaz' 78,79

that for 012 >> 1 an approximate solution to Eq. (24) for the normalized intensity

scintillations bl(x, p) in homogeneous turbulence is

( ) AVG/3 1 2 [p °16/”J (
b x,p) ~exp |-2 + Q== ! + , (64)
(X (pp) (a 2/5 [(u)lﬁ 016/5] (»‘)l/2

where b, is defined in Eq. (58), ’p\ lﬁl 7_&, B pp is the plane wave coherence
length, defined in Eq. (51), 0,2 = 1.23 k' c 2 x! and the functions f(S) and
g(S) are shown in Figure 6. We can obtain the variance of the intensity Nuctua-

tions by setting$ = 0 in Eq. (64); the result is

2 (19 - (DY | 0.99
OI-S_H_L l+;(:2—)-27—5- . (65)

This expression is in good agreementso with measurements; the decay of 012 to
unity as (012)'2/ has been predicted by a number of authors 32.70,71,78,79, 81,83
In Figure 7, we present a co.nparison of the analytical predictions, made using

Eq. (64), and recent Soviet measured data®3 for the covartiance of the intensity
fuctuations. The agreement is quite good; further comparisons are given
elsewhere.ao In Figure 7, the abscissa R is defined as R =A/(Ax)l 2. The

sharp decay in bl(R) near R = 0 is governed by the first term in Eq. (64), whercas

the long tail is governed by the second term; the last term is important in the

transition region between the first two terms,
35
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Figure 6. Plots of the Functions f(S) and g(S) Whick Appear in
Eq. (64)
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Figure 7. Comparison of Aélalytlcal and Measured Vulues of the
Intensity Covariance when 0/° = 27, The solid curve is calculated
from Eq. (64), and the dashed curves are the envelopes of the band
over which data points were found experimeatally. The averages
of the data points for collimated and ?%ergent beams are indicated
by x and 0. In this figure, R = p/ax)
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It is important to note that the nature of the intensity covariance function, by,
s quite different in strong turbulence than in weak turbulence; this is evident
from Figure 8. We observe that in weak turbulence the intensity liuctuations are
correlated over transverse distances p of order ()\x)l/z. However, in strong
turbulence we see from Eq. (64) and Figure 8 that the . orrelation is over trans-

verse separations* §
0. 36 (»‘)1/2 i
P~ oy - Mok & 1. AR (66)
(01"’-)3/5 1
1
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Figur% 8. Calculations of the ImensitY Sovariance for 012 >> 1
and 0 2<< 1. In this figure R = p/(ax)}/

*A recent Soviet pap'tzr85 has questioned whether the transver?f corrg&aucn 4
distance is given by o, since a correlation distance of order (Ax)! (012)' /11

seems to give a better fit wiih syome of their data (of course, Eq, (64) also

contains this scale length), Further experiments appear necessary to examine

this point in more detail.

85. (a) Gurvich, A., and Tatarskii, V. (1975) Coherence and intensity fluctuations
of light in the turbulent atmosphere, Radio Science 10:3-14, E
(b) Gurvich, A., and Tatarskii, V. (1973) The [requency spectra of strong ;
fluctuations of laser radiation in a turbulent atmosphere, Radiophysics and
Quantum Electronics 16:701-704.
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Since 012 >> | in strong turbulence, it i8 clear from Eq. (66) that the correlation
distance i3 much shorter in itrong turbuience than in weak turbulence, The rerult
in Eq. (66) has also been predicted un physical grounds by Clifford et 2170 and
Yura’! who gereralized the physical model, based on geometric optics, prouposed
by Tatarsk ! ‘ction 47, That i3, Tatarskii has modeled the turbulent cddies

by focusing lenses . 1d has shown that the {ntensity scintillations are produced by
the smallest ienses which are capaole of focusing the radiation at 1he receiver,

In weak turbulence, these lenses (eddies) were shown to be those with diameters

of order (xx)!/2, The aforementioned papers by Clifford and Yura have generalized
Tatarskii's model to include the effect of diffraction and the loss of transverse

spatial coherence of the inciden. w as it propagates into the turbulent madium,

They have demonstrated that in siro ., t~hulenrce, the eddles most elfective in

producing intensity scintiliationa are .00 + 1 s with diameters of order of the
1/2. Predictions of the

coherence length Pp (for plane save case) u, not (Ax)
intensity scintillations and covariance made with the aforementioned model are in
qualitative agreement with measured date, and with the result in Eq. (64),
Although Eqs. (64) and (65) are strictly valid only for plane waves, it i4
expected that they will also yield a fair approximation for finite beams, except
possibly in the focal plane, In fact it has been shown82 that for 012 >> 1 and

2 2 5/6
025> 0.5 —‘l‘,—¢(—kQ— e . (&7)
i sz “ 4x F

the properties of the intensity scintili.tions of the beam are independent of {ts
initial structure. Therefore, for sulficiently strong turbulence the normalized
scintillations of a plane wave are the same as those of a {inite beam; thin effect
has also been observed experimentally. 13, 67

We should also point out that some approximate results for the focusseu Leam
case have been given by Prokhorov et al, 32

2.3 \perture \rveraging

The intensity fluctuations 012 show 1 ip Figure 5 and discussed tn Sectiona 5,1
and 5.2 tre rcally those which would be meusured by a receiving aperture with an
infinitesimally small diameter. In practice, the receiving aperture has a finite
diameter and the intcnsity Nuctuations measured will not be 012 but rather an
average of the luctuations over the whole aperture, [n order to discuss this
point quantitativelv, let us conside: the fluctustion 6PR in the power received by
circular aperture of diameter D' when a signal of irtensity I is incident on it.
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This is

tPp = Py - (PR - [f dp -1y,
it

Therefore, the mean square fluctuation ir the received power is

Copgty [l 4% ffa%, ((1ep ey ) - (L)) (Tigy)
D D

2 2
) (s >
fjd o ff"'z”x 1%, 0, ) (68)
" n'

where Bl('\' LI'QQ) ( I(p_l)‘ , ”&2) » bI ““Q]'Qz)' and h[ iz defined v Fa, (58),
l.et us now define G(D') as the ratio of the received power fluctuations in an
aperture of diameter I)' to those measured by a point apertur~ By using Eq. (68),

1t {s straightforward to show! that for a plane wave

n' A 1
bo(x,) ~ ~ A\
oy | ! B AR ) (P A A .
Gen) .(D')?—/ ‘)l G, m COs ( 0 ) -i;r [l ( [), ] sl d,l . (ﬁJ)
n

I we use Egs, (62) and (64) in (09), we can readily calculate G(D") for both strong
and weak turbulence; the result is shownan Figure 9, We observe that as the
diameter of the receiving aperture o increased, the magnitude of the fluctuations
in the received power decreases;  this effect is known as aperture averaging,
86, 87

and has been observed experimentally, FFrom Figure % we can note that in

) . . N P pe
weak turbulence ( T 1), the fluctuations in the received power are significantly
reduced whenever the aperture diameter D' exceeds () ! 2. In strong turbulence
(013>" 1}, however, there is a significant reduction in the fluctuations whene er

. - . 2 2.=% 5 . .
the recewving aperturce diameter exceeds 0. 34 ()«x)l (o 2) ), which is
g 4} Yp
) 0
much smaller than (Ax)l 2 hecause o i 1.

1

*The reciprocal phenomenon of transmitter -aperture averaging is responsible
for the well known result that planets twinkle less than star s, because of their
larger disc size,

86. Homstad, G., Strohbehn, J. Berger, R,, and Heneghan, J. (1971) Aperture-
Averaging effects for weak scintillations, J. Opt. Soc, Amer. 64:162-165,

87. Kerr, J., and Dunphy, J. (1973) Experimental effects of finite transmitter
apertures on scintillations, J, Opt, Soc. Amer. ﬁi:lﬂ.
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Figure 9. Aperture Averaging in Strong and Weak Turbulence,
The function G(D') is defined in Eq. (69) and is the ratio of the 1
power fluctuations measured by a receiver of diameter D' to
those which would be measured by a point aperture

3.} Frequenaeys Spectrum of the Intensity Scintillations

b In some applications it is desirable to know the frequency spectrum of the
intensity fluctuations of a light beam which would be measured by a receiver in a
! turbulent medium. This spectrum W) is given by ]
o0
Wl (x, &l'U) ‘/ drcoswr [( I(x, ey t) I(x,&l, t+7))y - (I(x,&l, t)) (I(x, £y t+ﬂ)],
|
0

(70)

where w is the radian frequency and I{x, £y t) is the instantaneous intensity at the
position (x, El) at the time t. In writing Eq. (70}, it has been implicitly assumed
that the turbulence is a (temporally) stationary random process; for frozen flow
this is a good assumption. For strong turbulence the expression in Eq. (70) has
been evaluated in the plane wave limit by using Eq. (64) and equivalent

! results;"' &8 the result is lengthy and will not be presented here. For weak
k
f
! 88. Yura, H. (1974) Temporal-frequency spectrum of an optical wave propagating
under saturation conditions, J. Opt. Soc. Amer, 64:357-36¢ . 1
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turbulence, it is customary to aztudyag'95

the frequency spectrum Wx (w) of the
log-amplitude fluctuations. This is related to the results obtained in Section 5.1

via

Wx (x,&l,u) = Fdrcos wT BX ""&1'&1' 7.

The time lagged version of B is readily obtained®® from Eq. (61) by replacing
PZby P2 - (vyp, - i2v,p, + v-r)2 and Q% by Q2 - (yp + V)2 where V is the
transverse flow velocity of the turbulent eddies across the beam. Appror‘:aate
analytical expressions for W (w) have been obtained in a number of limiting cases
but because they are extremely lengthy they will not be written out here. Tatarskii
has evaluated Wx in the plane wave limit, and Clifford®® and Reinhardt and
Collins®! have studied the case of a spherical wave, Approximate expressions
for W for a finite beam have been obtained by Time. o

Experimental measurements of W and W have been made for both weak and

62, 63, 85, 96, 97 For the case of propagation in the clear

strong turbulence,
atmosphere, it is found that for propagation paths such that the turbulence para-
meter 012 << 1 the width of the [requency spectrum W (w) is on the order

v/( )tx)l/z, which is typically about 10 to 100 Hz; for paths such that 012>> 1
the width of the frequency spectrum is of order V/pp, which is typically about

100 to 1000 Hz.

89. Ishimaru, A. (1969) Fluctuations of a focused beam w.ve for atmospheric
turbulence probing, Proc. IEEE 57:407-414.

90. Clifford, S. (1971) Temporal-frequency spectra for a spherical wave propa-
gating through atmospheric turbulence, J. Opt. Soc. Amer. 61:1285-1292.

91. Reinhardt, G., and Collins, S. (1972) Outer-scale effects in turbulence-
degraded light beam spectra, J. Opt. Soc. Amer. 62:1526-1528,

92, Time, N. (1971) The spectrum of the amplitude Muctuations in a bounded
light beam, Radiophysics and Quantum Electronics 14:936-939.

93. Strohbehn, J. (1974) Covariance functions and spectra for waves propagating
in a turbulent medium to or from moving vehicles, IEEE Trans, Ant. and
Prop. AP-22:303-311.

94. [Livingston, P,, Dietz, P., and Alcaraz, A. (1970) Light propagation through
a turbulent atmosphere: measurement of the opti-al filter function, J. Opt.
Soc. Amer. 60:925-¢35.

95. Lawrence, R., Ochs, G., and Clifford, S. (1972) Use of scintillations to
measure average wind across a light beam, Appl. Optics 11:239-243.

96. Mandics, P., Lee, R., and Waterman, A. (1173) Spectra of short-term
fluctuations of line-of-sight signals: electromagnetic and oecoustic, Radio
Science 8:185-201,

97. Gurvich, A., and Pokasov, V. (19173) Frequency spectra of strong laser
radiation fluctuations in the turbulent atmnsphere Izv. Vyssh., Vcheb.
Zaved., Radiofiz, (Russian) 16:913-917,
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PROBABILITY DISTRIBI TION OF THE INTENSITY

in Section 5 we considered the second moment ( 12y.

In Section 3, we studied the first moment ( I) of the recetved intensity, and

ledge of thes 2 two moments is sufficient; however, in some applications, such as

the calculation of the probability of error in a communications link, it is desirable

to know the probability distribution satisfied by the received intensity. For the
case when 012 << 1, it has been found®3: 78 that the probability distribution of the

intensity is very nearly log-ncrmal,

probability dernsity p(I) satisfies

2
2
| o 2 -ll
pi) = ——>—exp { - (lnl+,—> (20°) . (71)
en'/?s1 2 \

where a° - 4Bx (x,0) = n [ 1 + 012| can be obtained from Eqs. (59) and (62). The
above result is physically reasonable since it implies that x = (1/2) in(1) is

normally distributed. By returning to Eq. (10), we 33e* that x Re (v,) is

essentially the sum of a large number of independent forward scatterings; there-

fore, by virtue of the central limit theorem99 1

variable,

For 012> 0.3, it is no longer true that p(I) is log-normal. Experimental

measurements have been madeﬁs' 8 for 0 < 012 < 100, and for 012 < 0.3 the

distribution in Eq. (71) is reasonably accurate; also, for 25 012

100 Eq. (71)

appears (o be a reasonable approximation. However, for | < 0125 25 the

measured probability distribution appears to deviate significantly from the result
in Eq. (71). This is especially true for | gol‘ < 4, In no case studied®3 did the
results indicate that the probability distribution is Rayleigh, as predicted by

into a sum over independent regions of order of an ealy size.

72, 81

dewolr, 100 However, it i3 expected from physical considerations that for
SA w, the probability distribution p(I) should approach
p(I) = exp (-1}

*In reaching this conclusion, we have decomposed the integral ir Eq. (10)

ment, we may also conclude that the fluctuations in the phase S are also normally
distributed.

Gurvich, A., Kallistrova, M., and Time, N. (1968) Fluctuation in the para-
meters of a light wave from a laser during propagation in the atmosphere,
Radiophysics and Quantum Electronics 11:771-776.

Beckman, P. (1967) Probability in Communication Engineering, Harcourt,
Brace and World, Inc., New York.

deWolf, D. (1968) Saturation of irradiance fluctuations due to turbulent
atmosphere, J. Opt. Soc. Amer. 58:461-466.
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In most applications, know -

That is, for a unit-amplitude plane wave the

is a normally distributed random

(72)

By a similar argu-
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In deWolf'a 72 physical model, it is argued that there are two principal components

1 which contribute to the field received at the point (x, 0): one is the component

forward scattered by the large eddies on the propugation uaxis, and the other is the

component which arrives at (x, 0) after multiple scattering by the off-axis eddies,

This latter component is small in weak turbulence. By employing physical argu-

ments, it can be shown®9 that the amplitude of the former component satisfies a

- log-normal probability distribution, whereas the amglitude of the latter component l
obeys a Rayleigh distribution. The general form of the probability distribution of 1
the sum of these components in the aforementioned physical model is given in

i r.ppendix B, It is shown there that the resulting probability distribution gives the

j correct behavior in the limits 012

t 012, further investigation is required. 1

<< 1 and 012 —- w; for intermediate values of "‘

Because it is excenrdingly difficult to derive the probability distribution of the

intensity fluctuations from first principles (such as the characteristic functional
methodn), Wang and Strohbehn!91-103 Lave used a novel technique in which they
k guess a possible probability distribution and then examine its consequences. They
F first!92 assumed a log-normal intensity distribution and then proved that over
part of the propagation path the probability density cannot be log-ncrmal; they
also ruled out a Rice distribution in the same region. Further invcu;tigationslo3

showed that, although the intensity probability density is not exactly log-normal,
small perturbations on the log-normal distributi.n lead to results which are
consistent with measured data. Other posasible distributions are presently under
dlo“’ that a

consideration, 104a,b fact, recently it has been demonstrate

three-term truncated log-norimal is an excellent approximation to the irradiance
statistics for finite 012.

In summary, Eq. (71) is a good approximation to the probability distribution
of the intensity fuctuations for 012 < 0,3 anc for 25 < 0125 100, Feor other ranges
of olz, either a perturbed log-normal or a distribution such as given in Eq. (B4)
of Appendix B may be a good appropriation, Further work on this problem is

clearly needed.

101, Strohbehn, J., and Wang, T. (1972) Simplified equation for amplitude
scintillations in a turbulent atmosphere, J. Opt. Soc, Amer. 62:1061-1068,

] 102. Wang, R., and Strohbehn, J. (1974) lL.og-normal paradox in atmospheric
scintillations, J. Opt. Soc. Amer, 64:583-591

} 103. Wang, R., and Strohbehn, J. (1974) Perturbed log-normal distribution of
irradiance fluctuations, J. Opt. Soc. Amer. $4:994-999,

104. (a) Strohbehn, J., Wang, T., and Speck, J.(1975) On the probability distribu-
tion of line-of-sight fluctuations of optical signals, Radio Science 10:59-70,
(b) Davidson, F., and Gonzalez-del-Valle, A. (1975) Measurements of three-
parameter log-normally distributed uptical field irradiance fluctuations
in a turbulent medium, J. Oft. Soc. Amer. 65:655-662,
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7. ANGLE OF ARRIVAL FLUCTUATIONS

A wave propagating in vacuum has a uniform wavefront; however, because
different portions of the wavefront experience different phase shifts, a signal
propagating in a random medium has random surfaces of constant phase, such as
shown in Figure 10, This phase distortion leads to Mluctuations in the angle of
arrival o of the wavefront; these are the cause of image jitter in a telcscope, an
effect which is well known to astronomers, In this section, we will firs* discus3
the mean-square angle of arrival, We will next discuss the [requency spectrum
of the angle of arrival Nuctuations and, [inally we will discuss methods for com-
pensating for these fluctuations.

SURFACE OF SURFACE OF
CONSTANT PHASE CONSTANT PHASE

IN VACUUM \: / IN TURBULENCE

NORMAL TO Figure 10, Typical Surface of Constant
| CONSTANT PHASE Phase for a Wave in a Random Medium,
SURFACE The angle o is the local angie of
x arrival

7.1 VMeun Squure \ngle of Amaul

Consider the receiving aperture of diameter D' shown in Figure 4; the phase
difference AS across this averture can be approximated by

AS~ kD' sine~kD'o

44




Therefore, the mean square angle-of-arrival fluctuation can be written as*
(see Figure 10)

. 2 d_(x,0,D"
Quty=aaa D g (13)
kD' kD

where d_; is known as the phase structure function and is defined as

(X,e_l LZ (| \ (x, P—l) -8 (\,ﬁ,)] (74)

From Eq. (73), it 15 clear that in order to compute the angie of arrival fluctuations

2. 0.3
; : i 69,73, 89 :
this can readily be done by employing”®, 2, the Rytov method, which was

we must first compute the pha.e structure function; for the case when o

described in Section 2.2, The result for a laser beam with a field distribution at
x 0 given by Eq. {36) is

X a0
(15(’('&1'2-.2) an j dn fxdx On(v.',x) Jo (in'&llvz)
0 0

g 26y va) - Ig b BT - 3g G P) |n|?
i -agwa) v? - cageanh m? | (75)

where H, P, Q and Ty have been defined previously in Section 5. 1. Because the
diameter of the beam at the receiver location is often much larger than the
diameter of the receiver, it is usually acceptable to approximate Eq. (75) by its
plane wave limit. This is

1 2 oA 1/2
~ 3 (o) 1, )
d_ (x,p) > (76)
3k ~ A 1/2
dl(p) p>> (ax) .

*Because (5)) 0, itis clear that (@) 0. When (a?) is defined as in

. (13), it is a measure of the "average" angle of arrival, That is, if 1, '(a)
ls the distribution of the angular fluctuations over an aperture of diameter
D', then Eq. (7'!) is a measure of (( IolD-(a) da/f Ipyrie) da)? y. This is especially
clear when D' is large because AS/kD' does not give the local normal to the
phase surface, but rather the average normal.
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A AN
where dl(e_) is known as the plane-wave structure function and for 1< <| &|< 2 Lo

is given by*

|
1
A ~5/3 2 2 ' ) ]
dl(g) = 2,92 |9_| k Cn (x') dx . (77) i
]
If we use Eq. (77) in (73), we have the result for a plane wave in nearly~homo- {
geneous turbulence | ?
X
! 2 ' P ' l/‘2
1.46 {cx C, (x") t, D .. (xx)
2 . (78)
STV S e L >0'>>(n!/?
2,92 D o

Although Egs. (75), (76) and (78) are strictly valid only for weak turbulence,
it can be demonstrated77 that they are also approximataly valid in strong turbulence,
In particular, Eq. (64) can be used to derive the phase siructure function for a

plane wave when 012 >> 1, The result is

A
/N
d, (x,p) - . , (79)
(p) /;>> pp

where p  was defined in ..q. (51). Therefore, in strong turbulence the mean

square angle of arrival for a plane wave is

A
*For p < Lo, we have:

X
A A 7~ 1/3
) 5/3 .2 pl/ .2 '
d ) - 2.921p)°"" k [1 - 0.805 |7~ ]fcn (x") dx’,
0

A
whereas for p < ’o we have

X

i~ 2, -1/3 ~2 .2
d (p) - 2.45k" 1 ol Jf c, (x') dx'.
0




v 0 2 ' N g | :
2.19 fdx ¢ éx gy~ D' 1
(a2§ > .

2,92 X

0 (80) i
173 '
D I D>>»p k
! 0 p
|
r' If we compare Eqs. (78) and (80) we see that, except for a slight difference in the 1
l value of the numerical coefficient, the results are identical. This same conclusion
4
1 can be shown to hold for a spherical wave, and we can infer that it also holds for
f an arbitrary beam, except possibly in the focal plane, This conclusion explains

why predictions made using the weak turbulence theory were able to give98 good
agreement with experimental results taken for clz S0,
Therefore, we may conclude that the weak turbulence resuits of Eqs. (75) -
! (78) can also be applied to give an estimate of the mean square angle of arrival in

strong turbulence; the results should be accurate to within a numerical coefficient ‘
of order unity.

7.2 Angle of \rrival Spectrum 3

Y

The spectrum Wa(u) of the angle of arrival of fluctuations can be obtained by
evaluating

1
) W (w) - 2—1-2- drcosuwr (AS(() AS(t+ ), (81)
a kD'

! where AS(t) = S(x,0,t) - S(x,p,t) and t is the time variable. If we assume that the
turbulent flow is frozen, as we discussed in Section 2.1, then the product
4
(AS(t) AS(t+ 7)) can be rewritten as

(18,,0,0 - 3,(x,p0, 0] [S/{x, -V7, ) =S (x,p-V7, 0] ), (82) ;

where V is the [low velocity of the turbulence in the direction transverse to the

direction of propagation. If Eq. (82) is used in (81), we find for a plane wave that

EA Wa(w) : 2k2[)-2 drcosuwr |dS(X,e_-\i‘r) + ds(x,&* Ve - 2ds(x,!7)|.(83)
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If Eq. (7€) is used for the ohase structure function, it is found that for a plane

1, 2, 91, 105

wave * in homogeneous turbulence

'o <<D'<<(xx)l/2

0.0326
v3/3 c,*x (uo’) 2n/0)®/3
wa(u)= —'2——— l-cos—‘—,- 2‘/3
D 1.07V ' 1/2
0.0652 1+l D >>(xx)
w L0
(84)
For a spherical wave propagating in homogeneous turbulence, the angle-of-
arrival spectrum is given bygo' 2
1/2
0.0326 ' 1 <<D'<<(ax)
V5/3C 2, sin -QQ) (21/0)8/3 °
e n Vv )
W () = 1-
@ p'? wD' [
0. 0652 ( \' 1 4(1-‘,°ﬂ D! >>()ux)l/2
w Lo }
(85)

The validity of these expressions has been verilied in detail by measure-

ments, 26 98, 106-108

A plot of the normalized angle-of-arrival specti-um is
shown in Figure 11. Note that the spectrum decays sharply (as u°8/3) when
wD'/V) >> 1. From Figure 11, we also observe that if D' << L, nearly &1l of the

*
angle of arrival fluctuations will have frequencies f = w/"r in the interval

0.01V 10V
=== <l G
2¢D ~ ~ 2xD

- (86)

In Section 7.3, where we briefly discuss adaptive methods to compensate for angle
of arrival fluctuations, we will better understand the importance of the results in
Eqs. (84) and (86),

*In practical systems, angle of arrival scintillations are generally slower
than amplitude scintillations, For example, in weak turbulence the ratio of the
width of the angle of arrival spectrum to that of the log-amplitude spectrum is
(x)1/2/D', which is usvally small because D' ~ 1 meter.

105. Woo, R., and Ishimaru, A. (1974) Effects of turbulence in a planetary
atmosphere on radio occultation, IEEE Trans. Ant. and Prop. AP-21:
566-573,

106. Clifford, S., Bouricius, G., Ochs, G., and Ackley, M. (1971) Phase vari-
ations in atmospheric opticrl propagation, J. Opt. Soc. Amer. 61:1279-1284.

107, Ar sen'yan et al, T. (1972) Interferometric investigation of phase fluctuations
of coherent optical radiation in the atmosphere, Radiophysics and Quantum
Electronics _1_2:937-940.

108. Bertolotti, M,, Camevale, M., Muzii, L., and Sette, D, (1974) Atmospheric
turbulence elfects on the phase of laser beams, Appl. Optics 13:1582-1585.
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Figure 11, Angle of Arrival Spectrum for a
Spherical Wave Received by an Aperture
with D [ 0.1
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T3 \daptive Methods

Because angle-of-arrival fluctuations are the principal limitation on the
effectiveness of an optical communications system, [ried and yural®9 have
suggested some methods for their compensation using adaptive techniques, One
such technique for improved spacecraft-to-ground communications through the
turbulent atmospherc involves, placing a laser on the spacecraft which sends a
pilot tone to the ground. 7This provides, because of atmospheric reciprocity,
sufficient information for pointing the ground trans.mitter (by spatial modulation).
In particular, the uptimuml 10 ground transmitter signal is obtained by simply
reversing the direction of propagation of the received pilot signal. In order for the
system to work properly, however, the response time of the ground receiver
transmitter system must be short enough to respand to the temporal fluctuations

in the angle of arrival; this 13 why we studied the angle -of-arrival spectrum in

109, Fried, D,, and Yura, H. (1972) Telescope-performance reciptocity for
propagation in a turbulent medium, J. Opt, Soc. Amer, 62:600-602,

110, shapiro, J. (1971) Optimal power transfer tnrough atmospheric turbulence
using state knowledge, IEEE Trans., Comm, Tech. COM-19:410-414,
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section 7.2, since we learned there that the ground receiver/transmitter system
must be able to respond in times t, ~ 1 'f ~ 27D'/(10V). For the case of a seg-
mented adaptive receiver, D' would correspond to the segment size,

In order to quantitatively study the operation of an adaptive communications
syvstem, let us suppose that the transmitting aperture is located in the x - 0 plane
and that the receiving aperture and a beacon (which emits the pilot tone used for
compensation of the transmitting aperture) are co-located at the position x. If we
assume that the field on the transmitter is u“(&) and that the receiver is a circular
aperture of diameter by, where p is the spherical-wave coherence length

given in kq. (38), we have from Eq. (26) that the field at the receiver can be
approrximated byv

o«
3 2 ' 1k 1,2 ! - '
u(x,p_l) (m) fd P\ un(e_l) ('XP[K(&X -9_,\ ‘X (O,Ql) : ‘“(0'&1)] (87

wnere the complex phase y has been decomposed into a log-amplitude x and a
pha<e S. We now assume that it is possible to instantaneously measure the ampli-
tude and phase fluctuations induced onthe pilot tone from the heacon by the turbulent
medium, We commented in Section 2.4 that the atmosphere is reciprocal, We
can, therefore, use these measurements tc adjust the amplitude and phase of the

transmitter field, U, to compensate for the cffect of the turbulence. In particular
we chou=e (in the Fraunhofer zone)

1kp red
0N u()(&l‘) exp| - v (0, P—l') - 15(0, ‘Ll')-_f;L—
u ) 2
o=1

. "o 142
(ﬂ ez\(o,p_)dzpv)

where u”(g;) is the signal we desire to transmit if there were no turbulent atmos -
phere between the transmitter and receiver, If Eq. (88) is used in (87), it is easy

(88)

to show that the received power is, on the average, precisely what would be
obtained in vacuum; therefore, when both the amplitude and phase of the trans-
mitted field are compensated the turbulence does not cause any loss in the received
power,

Next, let us suvpose that it is only possible to measure and compensate for
phase fluctuations induced on the pilot tone by the turbulence. For example, this
might be done by point-to-point tracking and compensating for the angle of arrival
fluctuaticas. 11 In this case, the field which would be irnpressed on the trans-
mitting aperture is

111, Dunphy, J., and Kerr, J. (1974) Atmospheric beam wander cancellation by
a fast-tracking transmitter, J. Opt. Soc. Amer. 64:1015-1016.
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u, (&l') : uo(el‘) exp [ -iS (0, &l')l : (89)

If we use Eq. (89) in (87), we find that the (long-term) ensemhle averaged power
received is

/ 2 [ -] [ ] [ ]
kT 2 2 2 ' *, 1
Pree - (5 ) s e ffe Jfesnse e

L we _ . ko w2 1 ' '
X exp liﬁ(el-gl) 5% (&2-&2) -2 dx ‘0'9_1 -9_2)] , (90)

where W(El) = 1 for 2y < D'/2 and is equal to zero otherwise, and

1 1 t ty, &
dx (E-l-ﬂa' P-x'fle) = ([x ‘Ql'&l) - X (8.2'9-2” ) is the two-source log-amplitude
structure function for a spherical wave. For 012 < 0,3, it can be shown that 93

d ) = (2 k)2 d wd o ( 17 c032 xzn(x-n)
)’(ﬁ'é”' nJ xdx @ (n,« =

0

% {1-.1 (x
o

- o . "o 1,2 < 2
where dS (Ql Lo £ 9_2) = ([ .s(p_l, e_l) S‘Qo.' 2 )]°) . Because dX < 4ax ,
where axz = Bx (x, 0, 0) is the variance of the log-amplitude fluctuations, it is

Lasvg (1-;—'>|)} . (91)

possible to obtain a lower bound on the received power. To do this, let us suppose
N N = ' 4 12 == i ' .

that "0(9-1 )= uo(p_l) exp | -lkpl /2x} where u, is a real function. We als¢ assume

that kDD'/2x <1, where D is the diameter of the transmitting aperture, It is then

easy to show that

-20

P__>e * P (92)

>
PV&C - rec = vac

where Pvac is the power which would be received in vacuum. Experimental

measurements indicate that o 2

is always less than 0. 6; therefore, in an adaptive
communications system with point-to-point angle of arrival compensation only,
Piec 20.0 Pac’ This conclusion has been verified by the measurements of

Dunphy and Kerr. 1
Before leaving our discussion of adaptive systems, it 1s appropriate to also
briefly discnss imaging systems. A great deal of effort has been devoted to this

problem;l ‘2 two of the most promising systems for atmospheric turbulence

112, Huang, T., Schreiber, W., and Tretiak, O. (1971) Image grocessing, Proc.
IEEE 59:1586-1609.
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compensation are intensity interferometry and predetection image compen=ation,
In intensity interferometry. it is found! 13-116 that the autocorrelation of the
received intensity pattern (sometimes called the speckle nattern) is proportional
to the square of the spatial Fourier transform of the short-term intensity distri-
bution of the source. Because intensity interferometry eliminates phase fluctui-
tions and since the amplitude fluctuations saturate, as we saw in Section 5, this
method of imaging is rather insensitive to atmospheric turbulence (it i3, howevey,
quite sensitive to system noise),

In order to discuss pre-detectic . 1mage compensation, let us consider the
system in Figure 12, PFrom Eq. (26), we have that the ficld u (Q, ) s

u(p_l) ﬂdzp uO(Q) h(&p&) , (93)

TURBULENT
ATMOSPHERE

Vo ‘ | IMAGER
DL ulp) hli,g-;:) u(g)
|

|8
— ‘ L
TRANSMITTER IMAGE
PLANE PLANE

“igure 12, System Geometry tor an Adaptive Inager

113. Gezari, D., Lebeyrie, A,, und Stachnik, R, (1972) “peckle interferometry:
diffraction limited measurement of nine stars with the 200 inch telescuope,
Astrophys J. 173: L1-L5.

114. Dietz, P.,, andCarlson, F. (1973) Intensity interferometry in the spatial
domain, J. Opt. Soc, Amer. 63:274-280.

115, Dietz, P, (1975) Image information by means of speckle-pattern processing,
J. Opt. Soc. Amer, 65:279-285.

116, (a) Korff, D, (1973) Analysis of a metiod for obtaining near-diffraction-
limited information in the presence of atmospheric turbulence, J. Opt.
Soc, Amer, 63:971-980. —

(b) Roddier, €. and Roddier, F. (1975) Influence of exposure time on

spaectral properties of turbulence -degraded astronomical images J. Opt,
Soc. Amer. 65:664-667, -
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and the received image field can be written neglecting noise, as i

E ‘
| A
k A ul(ﬁ2) = jf d2pl U(&l) hI (‘12'9-1) , (94) !
' = '
where h, is the (as yet unspecified) spatial impulse response of the optical filter. !

1
Qver distances A such that the atmosphere is isoplanatic,

hé,-8,p-8)=bl,.p). (95) g
The isoplanatic distance has not been precisely defined; a sufficient condition for

Eq. (95) to h.old i3 that 'él < p, where p  is given by Eq. (38), The necessary
' conditions for Eq. (95) to hold are still somewhat vague. If we use Eq. (95) in (93;,

S TR T e

with A set equal to p. we can write Eq. (93) as a convolution integral

stey) - ff % u_(p) hig, -2, 0) (96a)

on equivalently

Y N - A\ —_ A\ =
‘ L?l(f)'L'o([)H(f) , (96b)
AN A
where Ul' L‘o and H are the spatial Fourier transforms of u, u, and h, respectively,
and [ is the spatial frequency. Because Eq. (94) is also a convolution, we can A
! then combine Eqs. (94) and (96) to write for the Fourier transform .LT](f-) of u;
AN N A A ]
U (F) = U (f) H(D H.(f) . (97) .
I o I k
:
. ™ . 117,118 . i
t From Eq. (97), we see that in the absence of noise the optimum image
E filter HI is
i A _ 1

H(T)

>

Therefore, if we could continuously measure h(e_l, E.) and we can assume isoplana-
city, the optimum image filter would be obtainied by c~ntinously adapting HI in such

a fashion that Hj (-1, Unfortunately, when noise is present this system is

TR YT

117, Horner, J. (1970) Optical restoration of images blurred by atmospheric
turbulence using optimum filter theory, Appl. Optics 9:167-171,

118. Horner, J. (1969) Optical spatial filtering with least mean-sguare error
filter, J. Opt. Soc. Amer, 59:553-558.
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no longer optimum, and it can be s-lhown119 that the variance (','[ul -u°]2d2p ) :
may be quite large. {

One simple adaptive imaging system which approaches the optimum system in ;
noise is the transmit:ed relerence channel-matched filter, 19 11 this system a !

. point cource is placed at the location (x = 0) of the transmitter, and this signal is

used to obtain short-term measurements of h (el, 0) in the x-plane. The channel-
R . .

matched f(ilter has hl(&z'&l) =h (31-9-2' 0). If we use this result in Eq. (94),

combine Eqs. (93) and (94), and then use Eq. (31) to evaluate (hh*). we find that

the (long-term) ensemble-averaged field (ul\ is

e, 2 o (2 kD
' uegh e 7 - J[ & v dze T eoed)
} I 4 7x 2 o IQ-E-Z'

2 '
X exp -% dx' H ["'-Qz + (1 --’i—) (&‘&2)] (99)

From Eq. (99), it can be shown that if D' > D this system approaches vacuum-
limited diffraction as DD’ /4AX - .

8. SHORT PULSE PRIOPAGATION

|
T

The discussion in the preceding sections is applicable to ¢ ontinuous -wave

signals or pulses longer than about 100 picoseconds. For the very short pulses
proposed for high-data-rate communications systems, the dispersion due to the ¢
turbulent atmosphere must be included. That is, temporal fluctuations due to eddy {
motion plus random delays incurred by the scattered radiation in propagating from 1
the turbulent eddies to the receiver can cause pulse distortion and broadening.

In order to study this problem quantitatively, let us write the field in the
turbulent medium as

iw (t - %)
Ao(u)u(x,e_,u)e dw (100)

-

Ulx,p, t)

g8

i

119, Shapiro, J. (1974) Optimum adaptive imaging through atmospheric turbulence, {
Appl. Optics 13:2609-2613,
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T

where Ao(w) is the complex frequency spectrum of the pulse at x = 0, c is the
speed of light, and u(x,p,w) is the solution of Eq. (12) for a specilic radian fre-
quency w. If the pulse has a carrier frequency Wor it is convenient to rewrite
Eq. (100) as

w (t-%) 2 iw (t-%)

¢ fdw Ao(u +wo)u(x,e_,u+uo)e . (101)

=00

Ulx, p,t) = e

If we use Eq. (101), we can readily write the ensemble averaged signal intensity
(I{x,p, t)) at(x,p) as

00 o0
*x -~
(1x, p, 1)) - f du, fduz A o) AN -uy) T(x, 00 p g0y, wp)
- a0 -0

b g exp[i (wl-uz) (t-%)] , (102)

= - *
where T (x, Ql'ﬁ2'ul'w2) = (u(x, £ u1+uo) u ("'P-e""z" uo)) . From Eq. (102),
we can see that the intensity of a very short pulse can be determined if we know*
the function T . The equation satisfied by T can be determined by a straight-
forward extension of the methods given in Section 2.3 For frozen-flow turbulence,

the result is!20-122

1= L2 =
k2T2) r-3 [(kl +k22)A(x, 0) - 2k, k, A(x, e;-eo) I‘], (103)

- B R
(21ax+ lel

*Qf course, once we know F, the generalized mutual coherence function
H(x,p 00t to) = (ulx,p,, tl)u*(x, o ty)) follows immediately from

b SR PO (O BRI (S
mx'ﬂl'ﬂe'tl'tz) fdulfdwze Me e g e G r""ﬂx'ﬂz""l'“’z)
- =%

120, Erhukumov, l.., Zarnitsyna, I., and Kirsh, P. (1973) Selective properties
and the form of a signal passed through a statistically inhomogeneanus
arbitrary-thickness layer, Radiolizika (Russian) 16:573-580.

121, Sreenivashiah, I,, amd Ishimaru, A, (1974) Plane Wave Pulse Propagation
Through Atmospheric Turbulence at mm and Optical Wavelengths, Dept.
of Electrical Engineering, University of Washington, Research Report
AFCRL-TR-74-0205,

122. Liu, C., Wernik, A., and Yeh, K. (1974) Propagation of pulse trains through
a random medium [EEE Trans. Ant. and Prop. AP-22:624-627,
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where kl = wl/c, k2 =wy/c, gy -V py - o - vt,

2 2
T' - ) ” 9 3
j ay|2 2z 2
j j 1

and A(x, p) is defined in Eq. (14). In writing Eq. (103), it has been assumed that
Alx,p) is independent of w . The conditions governing the validity ~f Eq. (103) are
those given in Eq. (19); consequently, this result is valid in either strong or

weak turbulence. The general solution to Eq. (103) 1s not available, although

121, 122

s.olutions are available for some specia!l cases. In addition, some solu-

tions for T have also been obtained in the weak turbulence limit using other
approaches such as the Rytov method, L2350 and related techniques. el
) The solution to Eq. (103) has been obtained!¢! in the hhmiting case of a plane

! wave propagating in nonflowing (V ~ 0) homogeneous turbuleace. The result is

5 iy -k 2 1 2
F(x,ul,uz) Le === C_x" |exp | -7 (k -k,i" Alx,00x [, (104)

where A(x,0) - 3.12 C 2. 3 and c, 3.626C 26 '/ By using Eq. (104)

in (102) and then taking the inverse Fourier transform, we can show that the fre-

5 /
o

quency spectrum of the ensemble averaged intensity i 1
ooy 1o ¢ @ esn| - 5 amox| 1 ) (105
oy 1o e e [exp| - S5 Am o |10,

i

where lo(w) is the frequency spectrum of the pulse at x 0,
By studying Eq. (103), it is evident that 1f the bandwidth 2 of the pulse is
such thdt

123. Su, H., and Plonus, M. (1971) Optical-pulse propagation in a turbulent
medium, J. Opt. Soc. Amer. 61:256-060.

124. Plonus, M., Su, H., and Gardner, C. (1972) Correlation and structure
functions for pulse propagation in a turbulent atmosphere, IEEE Trans,
Ant, ana Prop. AP-00:801-805,

125. Gardner, C., and Plonus, M, (1974) Optical pulses in atmospheric turbu-
lence, J. Opt. Soc. Amer, 64:68-77,

] 126, Ishimaru, A. (11¥72) Temporal frequency spectra of multifrequency waves in
turbulent atmosphere, IEEE Trans. Ant. and Propagation, AP~20:10-19,

127, Fried, D. (1971) Spectral and angular covariance of scintillation for propa-
gation in a randomly inhomogeneous medium, Appl. Optics 10:721-731,
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Q 2 0.91 Q C2x2

C x° - ———17— << 1 (106)
Ic o cll 3

o)
and

2 0.3 02 c? L 5/3
Q—-2— (A(x, 0) - — << 1 (107)
8c c

the spectrum (I(x,w)) of a short pulse in a turbulent medium will be approximately
equal to the spectrum Io(u) of the incident pulse. Consequently, when the condi-
tions in Eqs. (106) and (107) hold, there is neither broadening noi distortion of the
pulse. A plot of the conditions in Eqs. (106) and (107) for a typical value of an

128

in the lower atmosphere™ on a clear day is given in Figure 13,

100 =

~ NO PULSE BROADENING

a OR DISTORTION
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Figure 13. Plot of the Conditions li‘,gpreqlse;d in Eqgs.
(106) and (107) for C.2 - 6.4 X 10°19 m=2/3,

L -100 m and ¢ .00l m
o o

*We have also assumed that ¢* is not so large that there is overlap of the
pulse spectrum with any of the atmospheric absorption lines,

128, Brockner, E, (1971) Improved model for structure constant variations with
altitude, Appl. Optics 10:1960-1262,
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9. WMISCELLANEOUS RELATED RESULTS

In this section, we will survey some additional results which are not important
enough to warrant fuller coverage, but are of interest in some applications.

9.1 Phase-Amplitude Scintillations

We have already discuszed intensity fluctuations and related quantitiss such
as amplitude fluctuations (xl(x, &l) xl(x,e_z)) and phase fluctuations
{S(x, &1) S(x,gz)), but have not considered the phase-amplitude correlation func-
tion ("1("'?_1) Sl(x,&a)) since it i3 of lesser practical importance than the cther
quantities. For weak turbulence, this quantity has been evaluated by the Rytov
method and studied in some detail;! however, for strong turbulence it has been
shown!29 that results for (xlsl) computed using the Rytov method are incorreact.
Some attempts have been made to calculate this in strong turbulence, but the only
useful results so far obtained are applicable only in the geometric optics limit
(x< k 102). In this case, it has been shown!30, 131 that, for a plane wave

(st - - ke [VZA(x 9_)] (108)
16 [Y . p-0 ’

where A(x, p) was given previously in Eq. (14) and I - exp (2x ). This expression
is valid provided 2. 94 012 (kloz/x)-"/6 (x/lo)"2 << 1, which is easilv satisfied
even in strong turbulence (012 >> 1.

9.2 Fluctuations Behind a Turbulent Layer

In addition to obtaining a knowledge of the field statistics inside a turbulent
medium, it is also important in some applications to know the statistical properties
of the field after it has exited from the turbulent medium. One specific application
of such a result is in determining the statistics in the exit ptane ol a refracting

telescope, as illustrated in Figure 14. The equations satisfied by the second and

fourth™ moments of the field behind the objective lens can be obtained directly

*As we pointed out in Section 2, the first and other odd moments of the field are
negligible at optical wavelengths; we therefore consider only the even moments.

129. Klyatskin, V. (1972) On amplitude-phase fluctuations of a plane light wave in
a turbulent medium, Radiophysics and Quantum Electronics _1_5.:406-409.

130. Zavorotnyi, V., and Klyatskin, V. (1872) The geometric-optics approxima-
tion and amplitude-phase functuations of a plane light wave in a randomly
inhomogeneous medium, Radiophysics and Quantum Electronics 15:684-A88.

131, Klyatskin, V., and Tatarskii, V, (1972) Statistical theory of light propaga-
tion 1n a turbulent medium, Radiophysics and Quantum Electronics
15:1095-1112.
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"\ OBJECTIVE (x:0)
I, SPECIFIED HERE

NEXIT PUPIL (a0 x,)

Figure 14. Geometry for Calculating the Fluctu-
ations in the Signal Received Beyond a Turbulent
Layer

from Eqs. (20) and (24) by setting A(x,p) - 0. If we assume that the field in the
objective plane can be approximated by a plane wave, it is pogsible to solve

Eqs. (20) and (24) in a straight-forward fashion. For example, suppose thc
secoi.d moment of the field in the objective plane is ', (x - 0,p) - (u(0, e)u‘(o,&z)\

2
where g £ ey Then it can be shown!32. 133 that in the pupil plane

1 4 A ix xo
Fz(xo,p_) b xd« Jn(x o) r‘z(O,x)exp k . (109)
0

.

A

where r2(0, k) is the Fourier transform «f r2(0, p). Equation (24) can be solved
il we assume that the four points £1: L2 03 and py are located at the corners of a
parallelogram such that ey " Lo 04 "fg3’ in this case, [‘4 is a function only of

Torrieri, D., and Taylor, i.. (1271) Propagation of random electromagnetic
fields, J. Math. Phys. 12:1211-1214,

[.eVine, D. (1972) The propagation of stochastic waves in uniform media,
IEEE Trans. Ant. and Prop. AP-20:809-811.
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El gy - ppand E2 * pp - pg- If the fourth moment of the [ield in the objective
plane is I“(x = 0, 51,52), it can be shown!34-136 that in the pupil plane

x_, & E)--L2 a%2d%31,(0,0,8) L@ - € -], (110
TglXgr 30 5 ‘(vao ad”BT,(0,a,3) exp X, ‘21 a)(&,-8)].
- a0

Merclerls? has studied the higher order field statistics for the case when the
objective field u(0, ﬂl) can be written as exp [i6(p;)] which is equivalent to a
random phase screen. Assuming X, is sufficiently large and that the correlation
function for tlie phase [luctuations is gaussian, he demonstrates that Ao (uu"‘)l/2
is Rice distributed. (In the limit of large phase fluctuations, the distribution
approaches Rayleigh.) Related results have recently been obtained by Rums-:ey138

and Furuhama!3? for more realistic phase correlation functions.

9.3 \onforward Scatter

The nature of the field scattered by a random medium is quite often used to

probe the properties of that medium. For example, radar backscatter has long

been used to prove the characteristics of the clear atmosphere, 140-142 1y

microwave and laser scattering is commonly used as a diagnostic for

134, Taylor, L. (1972) Scintillation of randomized electromagnetic fields, J. Math.
Phys. 13:580-595.

135. Liu, C., Wernik, A., Yeh, K., and Yous'um, M. (1974) Effects of multiple
scattering of scintillation of transionospheric radio signals, Radio Science
9:5909-607. -

136. Beran, M., and Whitman, A. (1974) Free-space propagation of irradiance
fluctuations and the fourth-order coherence function, J. Opt. Soc. Amer.
64:1636-1640.

137. Merctier, R. (19862) Diffraction by a screen causing large random phase
Muctuations, Proc. Cambridge Phil, Soc. 51:382-400.

138. Rumsey, V. (1975) Scintillations due to a concentrated layer with a power-
law turbulence spectrum, Radio Scierice 10:107-114,

139. Furuhama, Y. (1975) Probability distribution of irradiance fluctuation propa-
gating through the turbulent slabs, Digest of 1975 URSI Meeting, page 14.

140, Hardy, K., and Katz, I. (1969) Probing the clear atmosphere with high power,
high resolution radars, Proc IEEE 57:468-480.

141. Booker, H., and Gordon, W. (1950) A theory of radioscattering in the
troposphere, Proc. IRE I_!_§_:401-4l2.

142, Villars, F., and Weisskopf, V. (1954) The scattering of electromagnetic
waves by turbulent atiiospheric fluctuations, Phys. Rev. 94:232-240.
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laboratory plasmas. 143-145 1 order to calculate the relationship between the
scatterec intensity and the index-of-relfraction fluctuations in the scattering
medium, the Born approximation is commecnly used. 1,9, 140-142, 146 This appro-
ximation is obtained by assuming tl.at the field i{ncident on the random medium is
scattered only by a single turbulent eddy, so that miultiple scattering effects are
ignored. For this case, it is found that the scattering cross section per unit
volume >5[ the turbulent medium is

4 2 /\ e
av(ni-ns) = 27k sin ‘o On [ x, « = k(nl -ns)l , (111)

where ,n\t is a unit vector in the direction of propagation of the incident wave as
indicated in Figure 15, 3\5 is a unit vector pointing from the scattered to the
receiver, ¢0 is the angle between’n\s and the direction of polarization cf the field
of the incident wave, and on is the three-dimensional spectrum of the index-of-
refraction fluctuations which was defined in Eq. (2). If the receiver is a distance s
from the scattered, the received intensity ( !b\ is then given by

TURBULENT
SCATTERING
MEDIUM
Figure |b, Scatter of an Electromagnetic

Wave by a Turbulent Region of Volume

Vs

<L
TRANSMITTER HECEIVER

——— —

143. Sheffield, J. (1975) Plasma Scattering of Electromagnetic Radiation,
Academic Press, New York,

144, Wort, D. (1966) Microwave transmission through turbulent plasma, Plasma
Physics (J. Nuclear Energy, Part C) 8:79-93.

145, Wort, D. (1969) Microwave scattering by turbulent plasma, J. Phys. A,
(General Physics), Series 2 2:75-86.

146. Wheelon, A. (1959) Radio-wave scattering by tropospheric irregularities
J. Res. NBS 63D:205-%33.
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(L) = —& T Lne (112)

where the integral in Eq. (112) is over the volume V, of the scatterer, and Iinc

is the intensity of the incident wave at the position of the scatterer. The Born

approximation may also be employed to calculate the [requency spectruml' Fy

of the scattered radiation, and its mutual ccherence function. 148. 149
Equation (111), and other results obtained from the Born approximation, are
valid as long as the size of the turbulent scatterer is small enough to ignore
multiple scattering effects, I[n particular, it can be demonstrated! 50 that multiple
scattering may be ignored as long as the characteristic dimension X of the

dcatterer is such that

L4

21(-=1rk4X[d9 sin9(1+c052)8 ¢>n[.<_=lr.({1\l -/n\s)l <1, (113)
t

where f is the angle between n; and n_. For the spectrum given in Eq. (3), the
condition in Eq. (113) becomes 0. 78 k2 L05/3Cn2x < 1. Inorder to include
multiple scattering, an approach based on transport thecry may be

used. 21,22, 150-155 By using energy conservation, it can be shown that the

147. Brown, E. (1974) Turbulent spectral broadening of backscattered acoustic
pulses, J. Acoust. Soc. Amer, 56:1398-1408.

148. Pieroni, L., and Bremmer, H., (1970) Mutual coherence function of light
scattered by a turbulent medium, J. Opt. Soc, Amer. 60:936-947,

149, Denison, N., and Tamoikin, V. (1971) Correlation theory of the backscatter
of radiowaves, Radiophysics and Quantum Electronics 14:1045-1048.

150, Salpeter, E,, and Trieman, S. (1964) Backscatter of electromagnetic
radiation from a turbulent plasma, J. Geophys. Res. 69:869-881.

151. Bugnolo, D. (196!) Radio star scintillaiion and multiple scattering in the
ionosphere, IRE Trans. Antennas and Prop. AP-9:89-96,

152. Watson, K, (1969) Multiple scattering of elec*romagnetic waves in an under-
dense plasma, J. Math. Phys. 10:688-702.

153. Stott, P. (1968) A transport theory for the multiple scattering of electro-
magnetic waves by a turbulent plasma, J. Phys. A 1:675-689.

154, Feinstein, D., and Granatstein, V. (1969) Scalar radiative transport model
for microwave scattering from a turbulent plasma, Phys. Fluids
12:2658-2668.

155. Ishimaru, A. (1975) Correlarien functions of a wave in a random distribution
of stationary and moving scattzrers, Radio Science _1_9_:45-52.
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ensemble averaged intensity ( I(r,n)) at position r propagating in the direction
of the unit vector n satisfies

(n Y. +-—)(I(r n)) ffdﬂ ov(n n)(I(r n)) . (114)

where lt is defined in Eq. (113), ov(ﬁ\-/r}') ve3 given in Eq. (111) and dQ' is the
element of solid angle, For the limiting case of nearly forward scatter Eq. (114)
can be shown's 196-159 ¢ e equivalent to Eq. (20). That is, for narrow-angle
beams transport theory and the Markov approximation are equivalent, The solu-
tion of Eq. (114) can be used to calculate the radiation scattered in sny direction,
except backscatter (6 - r); for that case, the solution of Eq, (114) must be
modified as pointed out by Watson and deWoll. 152, 160

A general solution to Eq. (114) is not presently available, although some

161-

results have been obtained for special cases, 163 One case of particular

interest 13 the backscatter of a plane wave wnich is normally incident on a turbu-

lent slab of thickness Lg- In this case, it s foundzz' 161 that if x <<L, and

2

l‘s >> kL ", the backscattered intensity is

-2q
. Ll-e 77
( Ib\ linc Ls Uv(ﬂ = 1) [2 o] ] , (115)

156, Fante, R., and Poirier, J. (1973) Mutual coherence function of a finite
optical beam in a turbulent medium, Appl. Optics _1_3:2247.

157, Fante, R. (1974) Intensity of a focused beam in a turbulent medium, Proc.
IEEFE 62:1400-1402.

158. Barabanenkov, Y., and Finkel'berg, D. (1968) Radiation transport equation
for correlated scatterers, Soviet Phys, JETP 3_(}_:587-591.

159, Ovchinnikov, G., ana Tatarskii, V. (1972) On the problem of the relationship
between coherence theory and the radiation-transfer equation, Radio-
physics and Quantum Electronics 15:1087-1089.

160. deWolfl, D. (1972) Discussion of radiative-transfer methods applied to
electromagnetic reflection from turbulent plasma, IEEE Trans. Antennas
and Propagation AP-20:805-807. -

161, deWolf, D. (1971) Electromagnetic reflection from an extended turbulent
medium: cumulative-forward scatter single-backscatter approximation,
IEEE Trans. Antennas and Propagation AP-19:254-262,

162, Feinstein, N., Butler, F., Prech, N., and Leonard, A. (1972) Radiative
transport of electromagnetic propagation in isotropic plasma turbulence,

Phys. Fluids 15:1641-1651.
1€3. Granatstein, V. (1972) Multiple scatter of laser light from a turbid medium,

Appl. Optics 11:1217-1224.
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where Ii is the i{ntenaity of the incident radiation and

q = (L,/1) = 0.18¢ 21 5/3 k?L,. We note that ifq = (Lg/t) << 1, Eq. (115)
reduces to (I,) = Ilnc Ls°V-‘ which is the single-scatter result. The term in
square brackets is a measure of the effect of multiple scattering, For q¢ - o, we
note that the scattered intensity including multiple scattering is twice the intensity

calculated neglecting multiple scatter,

10.  CONCLUDING REMARAS

In this report, we have presented areview of some important results on
the propagation of low-power electromagnetic waves through large-scale isotropic

turbulence; the results are equally valid for microwave or optical frequencies,
provided klo > 1. We have chosen to stress the electromagnetic aspects of the

propagation; consequently, we have not presented results Jor the index-of-refraction

e

fluctuations in the earth's atmosphere in any detail, The reader interested in such
data can consult references 128 and 164-169. We have also tended to avoid dis-

e

cussing in detail the systems applications of the results presented; an idea of their

application in optical communications may be found in relere.:.ces 170-171,
Throughout our discussion, we have ignored the effect of any absorption, such

as would be due to water, vapor clouds, etc. That is, for the case of atmospheric

propagation we have assumed that the only eflect is due to clear-air turbulence;

in general, this is not the case, Absorption is reuadily included in our analysis,

For example, if o (x,0) is the net absorption coefficient then we can include the

164. Brookner, E, (1970) Atmospheric propagation and communication channel
model for laser wavelengths, IEEE Trans, Comm. Tech, COM-18:
396-416,

165, Hufnagel, R. (1966) Restoration uf Atmospherically Degraded Images, Woods
Hole Summer Study, Vol, 2.

166, Lawrence, R., Ochs, G., and Clifford, S. (1970} Measurements of atmos-
pheric turbulence relevant to optical propagation, J. Opt. Soc. Amer,.
60:826-830,

167. Strohbehn, J. (1973) Optical and millimeter line-of-sight pronagation
effects in the turbulent atmosphere, Boundary Layer Metecrol. 4:397-422,

168. Hufnagel, R. (1974) Variations of atmospheric turbulerze, OSA Topical
Meeting on Propagation Through Turbulence, Paper No. Wal-1.

169. Dolukhov, M. (1971) Fluctuation Processes in Radiowave Propagation
(Russian) Svyaz Press, Moscow, )

170, Kennedy, R. (1970) Communication through optical scattering channels: an
introduction, Proc IEEE 58:1651-1655.

171, Pratt, W, (1969) Laser Communications Systems, John Wiley and Sons, Inc.
New York.
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effect of absorption in our solution for ry simply by multiplying Eq. (21) by

X
exp [- {ao(x',u)dx'].

Finally, we comment that, in our view, the most significant recent advance
in the field of propagation in turbulence has been the development of analytical and
ohysical models which are capable of explaining and predicting the saturation of
the intensity scintillations in strong turbulence. Especially important in this
rega=-d are the analytical models presented in references 32 and 78 and the
physical models developed in references 70-72 and 172, The aforementioned
physical models show clearly the relative importance of refraction, diffraction,

coherence loss, and turbulent eddy size in producing intensity scintillation.

172. Clifford, S., and Yura, H, (1974) Equivalence of two theories of strong
optical scintillation, J. Opt. Soc. Amer. 64:1641-1643,
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Appendix A

The intensity [ of a wave is related to its log-amplitude ¥ via
I (‘x})[Z(\()*\l)l , (A1)

where N, and x| are defined in Section 2. 1. If y | is a gaussian random variable,

it is readily demonstrated! that
\ . . 2 . \ 0
(I(x,,_)_l) exp .2xu(x,£,_l)+2(\l (‘\'&1) . (A2)

In deriving Eq. (A2), we have used the fact that ( | V= 0; this point is evident

from Eq. (10) since /n, * 0. similarly, for ( I{x

! YI(x, po)) we get

:&1
( I(x, fil)l(x' &2)‘ exp {2 \()(X,p_l) “ 2\”(?&.&2)

52 (Xlz(x,e_l)" + 2(\(12(.‘(,[)_2))* 4 (\1 (x'&l) \l(x,p_z)‘ (A3)

If we now use Eqs, (A2) and (A3) to form the quartity in Eq. (58), we can reaaily
show that the result is Eq, (59).

1. Beckmann, P. (1967) Probability in Communication Engineering, Harcourt,
RBrace and World, Inc., New York,
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Appendix B

In the physica model proposed by de Wolf, L the field at the location (x, 0) of
the receiver consiits of two comnonents; one is the component which is forward
scattered by the eadies on the propagation axis, which we denote by A exp (i¢),
where the phase ¢ 15 assumed to be gaussian distributed and the amplitude A

satisfies the log-normal distribution

A B3
(fnA - )~
plA) _“—"l— exp |- '——"L o (B1)
9 N D)
(2-) -’J“A 200"

In weak turbulence, nearly all the received signal is that scattered by the on-axis
eddies, and therefore Eq. (B1) is & good approximation for the probability distri-
bution of the field amplitude. However, as the length of the propagation path 1s
increased, and 012 1.23 Pl an x” 4 becomes comparsble with or greater than
unity, there are no longer any axial eddies large cnough to strictly forward scatter
the enerpgy, and nearly all the received signal at (x, 0) is due to energy which is
scattered to (x, 0) by off-axis eddies. The field at (x, 0) due to all the different
off-axi- components can be denoted bv 7 em; because these contributions are all
statistically independent, then by the central himit theorem 7 is Rayleigh distri-

buted according to

1. deWolf, D. (1974) Waves in turbulent air: a phenomenological model, Proc,
IEEE 62:1323-1529,
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9- 9
p(2) L7 exp - !‘, . (BB2)
( 22y (73

< 1, but ;s

. 2 . 3 .9 P . )
We note that (Z7V is a function of o,“; ( 2<% is quite smuall for 0 )

l <
. 9 C . . 52 2
sizable for o= >~ 1. An explicit relationship between (74 and 9" has not yet
been determined,

The total field at (x, 0} is the sum of the two components discussed above, and

can be written as

, .
uel vt oA o' © . (B

; 2 . . :
It can be read:lv demonstrated” that the nrobability density for the amplitude u

of the total field at (x, 0) then satisfics

)y AN\ N\
A A A (fnA -4 7 2 2
’u A 2u A - 0 u” + A
) ——— G 2D ) e |- S LA )
(27) -' A s 207 e
() (0] 0 \

where IU(. .. ) is the zevoth order modified Bes:el function, We can note that in
2 oy . )
the limit of very small ¢ 725 or correspondingly very small 97, Bq. (1R4)

approaches

A :
~ 1 (fnu - y“)'
plu) ~ NI U Rt (B5)
(z-y - o 2m
4 O

as expected,  For large values of 72 the result i g, (B4) approaches the

Ravleigh distribution

. N av)
o 2u u~ .
plu) =~ 5 Y e s , (B13)
7" A
as expected’ for 112 - .

In writing g, (B3), we have neglected the contribution from the coherent
component of the electrie field, This 15 generally negligible for optical tfrequen-
cies propagating in the atmesphere,

2, beckmann, P, (1967) Probability in Comn unication £ ngineering, Harcourt,

Rrace .mi World, Inc.,, New ork,
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Symbols

defined in Eq. (14)

normalized covarian e of the intensity [luctuations - defined in g, (58)
covariance of the phase fluctuation- - defined in kq, (60)

covariance of the le r-amplitude fluctu-tions - defined in Eq. (°7)

specd of light

index-of-refraction structure constant - see Eq, (3)

phase structure function - defined in Eq. (74)

plane-wave structure function - defined i Eq, (77) 1

transmitting aperture diamewver
receiving aperture cianeter

erectric field strength

frequency

initial radius of curvature of the beam

1eduction in intensity fluctuations due to aperture averaging

linear system spatial impulse re .ponse - see Eq. (26)
defined in Eqs. (22) ana (23)
(=aylRe

intensity or irradiance
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(1

Yh

P e o S P

long-term averaged intensity

short-term averaged intensity
signal wavenumber 291/
inner scale size of the turbulent eddies - see Y, (4)
outer scale size of the turbulent eddies - sce Ego (1)
smaller of p and D

fluctuation in the index of refraction

position  (x, v, 2)

CARES il
phase of the electromugnetic wave
random part of the phase

time

b (‘—ik\(

complex congugate of u

uin the plane x 0

transverse wind velocity

frequency spectrum of the intensity uctuations
frequency spectrum of the angle-ot-arrival fluctuation
frequency spectrum of the log-amplhitede fluctustions
distance measurcd in direction of propagation

di-tince Trom objective to pupil plane in Figure 14
di-tance in plune transver-c to direction of propagation
distance in plane tran-verse to direction of propagation
angle of arrival of signal wavefront - sce Figare 10
~econd maoment of the electric field "L.(x,;_)_l\ u’ (\‘,_:2)
fourth moment of the electrie field  culx, V)
two-source spherical wave coherence function
sipnal wavelength

distance transverse to the x-axis (v, 7)

eam coherence length (long-term) - defined in b, (H0)

Yu (Y ulx p e (s

'

‘)

e




Pe deflection of the beam centroid - see Figure 1
P long term beam radius - see Figure 2
&% spherical wave coherence length - defined 1in Eq. (38)
1
P o plane-wave coherence length - defined 1n Eq. (51)
]
N short terr beam radius - sce Figure |
g s
~
2 . . . .
1 oh normalized variance of the intensity fluctuations
oy Born-approximation cross section ol a turbulent scatterer - sce Eq, (111)
1
u\‘ variance of the log-amplitude TMuctuations
P Y R TR T B I
a° oaa kB 2 0
n
. wavenumber spectrum of the index-of-refraction fluctuation- - see
Fqs. (2) ana (3)
\ log-amplitude - Re()
\ fluctuation of the log amplitude
1 n(E)
< 2-f  radian frequency
3 4L bandwidth or electromagnetic pul
3
k
p
P




