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20. ABSTRACT (Cont.)

analysis of a s*ripline fed notch antenna and antenna array
(broadband anteanas). This report briefly summarizes the
first two study areas where detailed accounts are included in
Scientific Report No. 1 (AFCRL-73-0587) and Scientific Report
No. 2 (AFCRL-74-0173). The investigation of the notch antenna
and notch antenna arrays for broadband application are the
primary subject material covered in this report.

The stripline fed flared notch antenna is shown to be a
broadband radiator, capable of octave or greater bandwidths,
in both isolated element and infinite array configurations,
As shown by theoretical considerations the broazdband nature of
the element is associated primarily with the stripline-~to-notch
coupling region and the proper selection of plares for the
notch and center conductor terminations.

Analysis of the coupling regions for both isolated element
and infinite array configurations is restricted to the dominant
modes of the stripline and notch regions. Higher order modes
are partially included via the expressions for slit susceptance.
The numerical results obtained from dominant mode analysis have
shown excellent agreement with measured data for tw> broadband
notch elements in the isolated configuration, and with a 256
element E-plane scanning array.

The computed results for the E-plane scanning array are in
agreement with measured array gain loss to within 1dB over an
octave band and 45° scan range. Computed reflection
coefficients for the isolated elements are within .l of
measured values over 2:1 and 3:1 frequency bands.

Wave slowing has been observed for H-plane active array
element patterns for one of the arrays considered. The
slowing produces dips in the H-plane active element patterns
at high frequencies, and consequently poses a restriction on
the high frequency scan volume. The scan volume may be
increased by approapriate change in element spacing.
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1. INTRODUCTION AND SUMMARY

This final repor: describes the studies performed for
AFCRL under Contract No. F19628-72-C-0202., The subject
material may be classified in three separate topics. These
are: the analysis of dielectric slab-covered waveguide
arrays on large cylinders (extended array coverage),scatter-
ing from dielectric-covered periodic screens of small rectangular
apertures (broadband antenna/radome technology),and the
analysis of a stripline fed notch antenna and antenna array
(broadband antennas). This report briefly summarizes the
first two study areas where detailed accounts are included
in Scientific Report No. 1 (AFCRL 73-0587) and Scientific
Report No. 2. (AFCRL-74-0173). The investigation of the
notch antenna and notch antenna arrays for broadband appli~

cation are the primary subject material covered in this
reylrt .

1.1 Analysis of Dielectric Slab-Covered Arrays on Lardge
Cylinders

This study was performed during 1372-73. The objec-
tive of the study program was the investigation of techniques
to obtain hemispheric scan coverage (no more than 6 db

antenna gain fall off or oscillation over the hemisphere)
by using an array of waveguide apertures covered by a dielec-
tric slab. The array is on a cylindrical ground plane of
large radius (R 22 100 A ) and its aperturs gain is between
20 and 30 db above isotropic. The most significant result
of the study tras that hemispheric scan coverage is indeed
achievable with dielectric covered arrays.

In a first phase of the study the properties of in-
finite cylindrical arrays covered by dielectric were in-
vestigated. The problem was approached by separately

[ UR -~ e e e aem e e - e e e e e e e A i g R BT 5
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Figure 1-1. Flared Notch Antenna
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ar..orcing the continuity of the EM fields at the air-die~
lectric and at the dielectric-cylinder interface.

The computations showed that there are only minor
differences in the element pattern and in driving point
admitiarce between dielectric-clad cylindrical arrays of
large radius and the correspcnding planar arrays. Cover-
age performance of a finite dimension array (aperture gain
20-30 db) on a large cylinder can be evaluated with excellent
approximation by means of a plane array model.

In the second phase of this study program efforts were
directed at the investigating the radiation properties of
finite arrayé of wavequide elements in an infinite ground
plane covered by an infinite dielectric sheet. The main
results of the second part of the studies was in developing
a method of analysis of finite arrays. Computations of the
coverage of an array of 61 circular wavequide elements
t howed that it is not possible to obtain hemispheric cover-
age from arrays in an infinite ground plane covered by
dielectric. No radiation can occur in directions close to
endfire because the energy leaving the array is trapped in
a surface wave propagating along the dielectric sheet. 1In
order to achieve endrire coverage the energy bound to the
surface wave must be radiated in free space by terminating
the dielectric sheet.

In the last phase of the program the radiation proper-
ties cf surface wave excited dielectric wedges were studied
by generating a transmission line model. The patterns and

the reflection coefficients of several tapered two dimensicnal

wedges were investigated. The analytical results showed

that by properly rtapering the dielectric wedge, it is possible

to obtain hemispheric scan coverage from an array of 20-30
db aperture gain.




1.2 Scattering From Dielect -Covered Periodic Screens of

Small Rectanqular Apertures

This study was performed during 1972-74. The objective
was to investigate the use of self complementary screens
as broadband devices to plane wave incidence. The results
of this study confirmed that the screen of small apertures
is highly transmissive; however, when used in combination
with dielectrics suitable for radomes at microwave freg-
uencies, the self-complementary screen will not enhance the
bandwidth. More significantly, for increasing frequency
(s/5, 2 0.1 to s/ £, 0.21), the reflection characteris-
tics cf the uncuvered screen are such that a constant shunt
capacitive snscepthnce is realized. The constant capacitive
element characteristic suggests the use of self-complementar_ -
screens as:

1) Low pass filters or filter sections;
2) Dispersionless capacitive microwave circuit elements:

3) Harnoﬁic filters‘hiwaveguides or integrated to radomes,
and

4) Matching devices in waveguides.

1.3 The Notch Antenna and Antenna Array (Broadband Antennas)

The notch antenna study was performed during 1974-75.
The objective was to theoretically determine the bandwidth
properties of this antenna as an isolated element and an
element of a ?canning phased array. Comparisons with
experimental #esults would determine the validity of analysis
and the ranga\of applicability.

- The broadband behavior of the notch antenna has been
demonstrated:; th isolaced and as an elewment of an infinite
array. The well matched broadband (over an octave) charac-
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teristic is in éxcellent agreement with measurements. These
comparisons are for both an isolated antenna example and
a scanning phased array.

The notch antenna is sketched in Fig 1-1. The basic
broadband characteristic is associated with the stripline
feed coupling into the constant width notch formed by
symmetrical etching of the parallel plate walls., Bandwidth
properties depend on the stripline and notch termination
as well as notch and stripline dimensions. The radiation of
the antenna is via a travelling wave launched at this coup-
ling junction, into this slit or notch. The properties of
this junction are determined by 1) enforcing conservation
of energy between the stripline dominant mode and that of the
guided wave (source of radiation) and 2) &ssuming an
approximate aperture susceptance.

For both the array and isolated elemenrt cases the guided
wave spectrums of the slitted regions are required. These
are determined by applying transverse resonance to the
appropriate configurations.

For ea2ch antenna configuration (isolated or array)
the transition tu free space off the element edge presents a
second diécontinuity. This interface is well matched for the
isolated case:; demonstrated experimentally aad inferred from
the analysis. In a -:anning arrav this discontinuity is
not necessarily well matched with scan, and is thus explicitly
modeled analytically. The transverse fields in the unit cell
of the infinité array are mode matched across the plana
of discontinuity via Galerkins method.

In chapter 2 the formulation of the analysis for the
isolated notch antenna is presented. Circuit analoqgiaes are
used to enhance understanding of the coupling mechanisims.
Equations for reflection coeSficient ave obtained and used

to compute results for a representative range of physical




parameters ovel wide bandwidths. A comparison with several
measured elemeuts is included, where agreements are excellent.
The guided modes appropriate for the notch region are
determined in chapter 3. The spectrum is that of a slitted
parallel plate guide which can be extended for use in a
non-uniform tapered notch region. These modes are found
by requiring continuity in power flow across the slitted
waveguide region. The lowest order guided modes are surface waves,
higher modes are leaky, with relatively large attenuation. The
surface wavenumber is very slowly varying with both frequency and
slit width; necessary for a broadband coupling region and well
matched flare. Curves of normalized wavenumber versus geometry
parameters and frequency are presented.

Basic to the evaluation of an infinite array analysis of
notch elements is the determination of the modes of an array of
slitted parallel plate guide. These wavenumbers and modal fields
are solved for in Chapter 4. The dispersion relation is derived
via application of transverse resonance in a unit cell of the
infinite structure. This dispersion rclation limits correctly
to the cases of: 1) slit width equal to lattice spacing, and
2) parallel plate spacing —» 0. The modes are expressed as
normalized wavenumber as a function of inter-element phase
excitation. The trends observed in the variations of wavenumber
are justified by examining the dispersion diagram for the case
where plate spacing—» O,

The mode functions are,dériveqrfxomr;ransmission line
circuit relations of a network representation in thertrénsééESé>
plane. The modes limit properly at the band edges (boundary
between pass and stop bands);either short or open circuits. 1In
the formulation the symmetry with a cell is exploited to simplify
the equations and computations.




The analysis of an infinite array of notch elements
is presented in Chapter 5. The elements are linearly polarized
and the array configuration forms an "egg crate" type construction.
Active reflection and coefficients are derived in terms of scatter-
ing matrices at the stripline-notch coupling region and notch-free
space transition. An equivalent circuit in terms of these
scattering matrices is used to derive these results. Computed
results show 1) the brcadband characteristic is retained with
scan and 2) there is some premature element pattern dip associated
with wave slowing from the corrugated surface. The broadband scan
characteristic i. very encouraging for use in broadband-wide scan
application: however, there is some constriction of the resonance
free-scan vol&me. Thus, at some increase of element density high
performance goals can be achieved.

The computed element'patterns for octave band 45° scan,
compare very well to those measured on a 256 element scanning
" array.

An ej“t time dependence is assumed throughout.
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'~ dominant mode and couples to the notch discontinuity. The notch

2. THE ISOLATED NOTCH ANTENNA

A stripline fed tapered notch is an antenna capable of
broad bandwidths. A sketch of the antenna configuration is
shown in Fig. 2-1. The strip transmission line is fed in the

is etched away on both outer conductors forming a balanced
(symmetric) termination. The basic radiation mechanism is via
a coupled leaky wave in the notch region. A traveling wave is
launched off the board edge and radiates normal to it.

There are essentially two transition regions of the
structure which must individually possess broadband behavior:
the coupling from the dominant stripline mode (TEM WRT Ho ) to
the traveling wave in the notch (with and without the terminations
in the stripline and at the notch bottom), and the transition
to free-space off the board edge. Empirically, it has been
established that for particular notch widths, line widths and
center conductor placement the coupling to the leaky mode is
very broadband. The notch free-space transition was found to
be broadband for a range of wide gaps at the notch edge.

This chapter is concerned with the analytic formulation
and calculations of the coupling from the stripline to notch
region.* The basis of solution involves establishing the mode
spectrum of the notch region (Chapter III) ard detetmining the
coupling to these modes from the stripline feedguide. The
coupling is found from consideration of the infinite slitted
region fed by stripline extending to infinity beyond the slit.
The symmetry of this four port can be exploited to obtain a o
scattering matrix into which appropriate terminations of the

The broadband behavior of the free-space transition for large
parameter variations has been established empxrlcally.
Moreover, the leaky mode impedance (Chapter III) is shown to
be very close to that of free-space further Justxfyxng the
observed results,

LA




Figure 2-1. Flared Notch Antenna
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notch bottom (short circuit) and end of the stripline center

conductor (:3 copen circuit) can be incorporated. The matching
oroperties of the four port are derived from a requirement of

conservation of encrgy and an assumed form of slit susceptance
in the coupling region.
The broadband characteristic of the notch antenna is

theoretically demonstrated., Comparisons of computed refloction

coefficients with results of several measured aniennas show

excellent agreement.

2.1 Analysis of Isolated MNotch Antenna

The unique bandwidth properties of the notch antenna are
associated with the stripline feed-to-notch coupling region
and the location of the open and short circuit terminal planes.

In order no solve for the coupling the guided wave spectrum of

the notch is required. These modes are developed and discussed

in chapter III.
The analysis for the coupling or scattering into the notch

is conveniently first solved for an infinite slit fed by strip-

line extending beyond the slit to infinity. This geometry is

shcwn in Fig. 2-2. The scattering matrix of this geometry can
readily incorporate the stripline and notch terminations from
which the reflection and transmission prcperties of the antenna
are obtained. The solution to this slit geometry provides

insights into the nature of the coupling mechanism of the

notch.
For small slit width ( a/A << 1 in the coupling region for

the notch antenna) the slit (or aperture) field may be assumed

Yo directed and uniform in y. With TEM stripline feed excita-

= + () or both) the notch field distribution

tion (from y =
remaing symmetric in x. The aperture field is thus represented

as a superposition of guided waves with uniform amplitudes,

10
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symmetrically leaving the x = 0 plane,

(2-1)

"y
Ep = 4o ZZE ™ pyy)
iyi¢ a/2

otherwise

where Fly) ={é'
P

The procedure outlined by Pelsen[l_J is used to find the
coupling of this longitudinal slit in stripline. The total
field inside the stripline is given as a superposition of the
scattered fields from the slit properly added to those of the
unperturbed region. The equivalence theorem is used to obtain
those scattering sources associated with the aperture based on
the aasumod form of Eap in (2-1). A suitable Green's function
is then used to find the resulting coupling into the stripline.
The unperturbed solution for the longitudinal slit reduces to

the trivial case of uniform matched strip transmission line.

The scattered fields in che stripline arise from the
equivalent magnetic current source, given by,

M (493 = 3o x Ewpp[dty)-83-1))
where 6(;) is the Dirac-delta function. The aperture (or slit)
may be closed and the short circuit wall will sustain M with
the resulting fields inside the stripline the same as the
This equivalent current is put in a representa-

2]

(2-2)

original problem.
tion in terms of stripline modes,

Mxyy) = 2 vt haooy)

In this representation hn are the transverse to y magnetic mode

(2-3)

functions of stripline, and vn(y) are the corresponding scalar

The dominant mode functions (-3 and h

a
h, are

*
voltage amplitutes.

* . .
The formalism is carried out for single mode which appears

justified based on the excellent comparisons with measured
results. Higher mode effects are included in both the
assumptions for slit susceptance and the power flow relations,
to be discussed. :

12
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derived in Appendix A, with a corresponding orthogonality
relation. The voltage amplitudes are i.nterpreted_as distributed
series voltage sources in the stripline media.£ 1] This circuit
équivalence facilitates solutions of the scattered fields -

The orthonormality properties of the derived mode functions
are used to obtain an equation for the voltage amplitude,

wp e [ genEybcuplip-sgrilde, o

where C_ is the stripline cross section extending from -h¢ z<0
and -00 ¢ x<00. With the particular representation of -E—"ap
given in (2-1) and h, (x,z) defined in Appendix A equation

(A -38 to A -30) the voltage defined in (4-2) is,

YY) = 2 EE Ty . (2-5)
with E. - N{ dw '-e'l":%
‘ jhyw/e
‘J":“ amu 4
+ 8e "2' ,'A rw.. k Ja } (2-6) *
odd

where %
N= (9% +101)

h = stripline plate spacing
w = center conductor width

For dimensions typical of practical radiating elements, €. is
essentially frequency independent and is approximately given

b

Y E: ~ N (2 sres)

where the summation in equation (‘.2-6} reduces to 16/ n‘ p(z)
and p(z) is Catalan's constant

13
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The voltage amplitude, ‘UZ). obtained from the magnetic currents

. in the aperture is equivalently a distributed series voltage

source in the y directed modal transmission line corresponding
to the dominant stripline mode. 7The equivalent network of this
scattering source is shown m Fig. 2-3.

_ The transmission line modal current, I:(y) in -a/2 ¢ y € a/2,
resulting from the applied scattering source ‘U‘o (g ) is given

“a
I, (§) = - Ldt ?‘1,5) % (2-7)

there g(y. ) is the admittance Green's function for a unit

voltage source at a point § on the uniform modal transmission
line. For the TEM stripline mode (defined with normalizations
in Appendix A) in an infinite line this Gteen's function may

be written as,
ll. Iy-§l

y‘s.t) z-q. e

where ’]‘t %//é'; s = free-space imped;jnce = 37748 ; and
=ky§. Using (2-8) and (2-5) in (2-7) yields,

I‘()----E——[c-e"‘ l.‘] lo4l
o™y % yd , y§laal
With the generater voltage Vg+ set equal to zero and only the
scattered source considered residing in -3/2 § y § a/2, then
propagation is away from the planes at y = - a/2 and y = a/2,
Thus at y = - a/2, :

Desraf = W%

The reflected voltage at y = - a/2 from the scattering aperture

(2-8)
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is obtained from (2-9) and (2-10) as,

S- _. Sinw a
Va = u e a ZE‘&; (2-11)
é
where u = Lia/z. From the symmetry of (2-9) and the radiation

condition requiring +y propagation, y » a/2, the scattered voltag
at a/2 is given by,

V(%) = “V;‘ | (2-12)

To obtain total voltages and currents at the planes
y = * a/2, the unperturbed (scatterer removed) solutions must
be considered. Removing the equivalent aperture source M leaves
a uniform (in y) cross section strip transmission line

of infinite extent. The voltage at y = -a/2 in this case is,
0/7.a - ¢+ . . l
V(%) -Va C (2-13) *

The voltage at y = a/2 is the excitation voltage with an
appropriate phase delay given as,

Ve(%a) = v e N" C (2-1a)
The total voltages at the planes y = + a/2 are:
Ven)= v e Btel g R ge (2-15)

and

34“- sinu -4
V)= el pten

M.o

Z E; &-] (2-16)

-
The plane y = -a/2 has been arbitrary selected as the phase
reference plane for the internal (stripline) geometry.

16
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The trancmission and reflection preperties of the structure
con thus be determined from the above equations with a
kncwledge of the aperture field excitations Ei'

To datermine the aperture field Eap the following

arsroximations are made:

a) Single mode g E: tnis approximation has been
partially justified from calculations of the next
higher mode coupling coefficients, being of the order
-2ud3 from that of the dominant mode.

b) The radiated power is associated only with the
surface wave mode. This implies that the space wave
contribution is small. The measurad directional
properties of the antenna, shown for example in Fig:.
2-4 and 2-5, are constant with this assumption. Ir
rarticular ccmparing the rear and side response to
that in the forward direction indicates the direct-.onal

nature of a travelling wave antenna.

The first approximaticn simplifies equation (2-1) for tue

aperture field:
-tk
54,? =N & el e ix P(j) (2-16)

The second approximation facilitates a conservation of energy
*
relation that is used to solve for the unknown field amplitude
E .
o]

The solution for the unknown aperture field in terms of a
conservation of energy relation needs a further assumption of
slit susceptance. These approximations are all justified
individually, and yield results in excellent agreement with
measurcments. An alternative field matching approach involves
an lntcgral of the form,

“

9&, s\nk A J!t.l k" k 2&
j Py 1 Eh J"”" € VTR K

-

which is very Qdifficult to solve.
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Real power conservation requires that,

| 4 = P
inc ref , + P l + P
- trans - rad (in the (2-17)
y=-a&3 y = &2 surface wave)
where,
Pinc - incident power or maximum available power from the
generator,
 §
= 'V{'AI‘ :
Pref - reflected power at y = - /2, scley arising from

the scattering aperture.

- IV /7, |  (see(2-11))

Pt - power going to the infinite stripline termination:;
rans
= e /7, |
- the total radiated power:; this power is assumed to
be soley associated with the x directed surface wave.

Praa

The numerical results for the modes in Chapter III exhibit a
surface wave character for the dcainant guided wave in x.

An expression for this surface wave power flow is obtained from
a modification of results derived in reference[43.

This power flow relation uses the travelling wave form for the
" fields on the infinite structure (i.e. oIk, X dependence) and
is given as[ 5]

The first integral expression of (2-18) is the power flow
normal to the slit at 3- 0" (-’ direction) and the second

term is the power flow normal to §. for B ot (+,_direction).

20
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The individual power expressions are derived in Chapter III
in connection with the determination of the slit guide mode
spectrum. Equation (2-18) is solved nuﬁerically for Prad

from the formal expressions of Chapter III, The result may

- be cast as,

P . =A laol"- ' (2-19)

rad

with A = A (k,k ;7 a, h, € ). Using the results of (2-11),
(2-15) and (2-19) in (2-17) yields,

'E‘L[l "OS(’.‘*0G& _'.&'_'_‘E.-——'s':—&pt— | (2-20)

KA, vulgP o

where §_ is the phase of E , fg is the phase of &o' and a
factor of 4 is included into the first term of the denominator
because of the double-sided slit geometry, and the symmetric
excitation in x.* Equation (2-20) forces conservation of energy
in terms of the magnitude and phase of E By deriving an
approximate equivalent circuit for the slxt discontinuity, an

expression for the phase of E , #_, is obtained.
' o]

o’
The codpling region from the stripline to slit is very smail

(even three center conductor line widths<€\) and within this

region the dominant guided mode field is approximately constant

(i.e. Eap s E, v, for Ix| small). In this fashion, the

susceptance associated with a unformly excited infinite slit

is about the same as for the stripline-slit coupling region.

The slit susceptance is presented in Appendix B.

The equivalent circuit of Fig. 2-3 can be further
specialized, in light of the derived form of controlled
scattering source and the assumed slit field in the coupling
region. This network may be reduced to that of Fig. 2-6. The

* Total power in the surface waves is 4 A/E_ /2

21
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aperture voltage is then given by,

2
V‘r 2 E"—f_:%’: \/3 = Va -V '%4)  (2-21)
;z (Gep *Bep) |
= 'Y
| o = (Gg*jDe
Using the voltage expressions of (2-15) in the right hand
side of (2-21) yields, '

where

| -2} -1 SINL
Vep = Va'(l-e 1“) vage, eV - (2-22)
which for u «¢ 1 becomes,
V‘r % aEE, (2-23)

The conductance, Gap' is a radiation conductance determined
by associating the radiated power as that carried in the surface
wave mode. It follows Cthat,

‘ . .
P’.‘& = ’Vql G.,r"-' ‘JA 'E.' | (2-24)
Substituting (2-23) into (2-24) yields |
4A
G‘l’ = Z.TE.T{ (2-25)

Based on a knowledge of Gap and Bap' an explicit expression
for the phase of E  is obtained. Using (2-12) and (2-13) in
(2-21) and solving for Vg"'s yields ‘
=2k
V.S = Qeel" e

-s . . .
where Q = zap@ap +7h). Vg is the i = 0 term of the summaticn
in 2-15a thus, the phase of Eo is,

@ = x-vg" ru ~¢¢ (2-27)
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It is a simple matter now to recast the original field

problem as a network.

in the stripline and x =
structures of both infinite and notch gecmetries are fully

By assigning ports to phase planes + a/2
0% in the slits ard since the physical

symmetric in z about the stripline center conductor, the network

reduces to the four port shown in Figure 2-7. Normalizing

the

conservation of energy expression ( equation 2-17) to the incident
power we may make identifications for the scattering parameters
of the four port network in Figure 2-7 for which we define:

. +
vy A1
- +
V2 - E% V2
- - +
V3 - V3
- +
V4 V4
Thus,
-8 -
" Vy' VE Lvd=vfavgs
= 858 w smu
, zzﬂf .
s 'V(%ﬁ) Ay l
- 1
~at V30 V;i' V: =‘v’g’ - \'ﬁ‘za
= ' - 5"
Sq\ * .\.,;’5_ ‘1"‘5 A .__.[S”
V.J- .‘1}.;\,-!3:\7?:_0- QY7250 \;I;?
d
*

The scattering parameters defineil in equatigns 2~-30 a,b,
are defined such that power is given by VyIn =Y 1V | 2
where Y _ is the characteristic admittance of th8 1lifle

associated with port n.

24
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(2-29a)

(2-23b)

(2-29c¢)
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Requiring reciprocity and exploiting the symmetry of the
structure the scattering matrix may be written as

Su S A8y Sy,
S Su s - (2-30)
Ss: “%u S 3a
S “% S d

o
"

vhere 9 is the ratio of surface wave admittance, Y, = kx/k’b

to stripline wave admittance, 1/ % - Applying lossless conditions

L Sa(sg-s¥)
‘ -d

Ses * I 0, (2-31)

and
Ses ® 1+ Sy (2-32)

The minus signs predeeding certain elements of the scattering
matrix follow from reversal of direction of slit field via
excitation of port 1 compared with that of port 2 (the stripline

ports).

Figure 2-8 shows the frequency variation of ‘511' and 15,1
for a typical coupling region over a 3:1 frequency band. Both
{Sy,l and {8441 are slowly increasing with a/a , and the curves
remain approximately parallel throughout. The conservation of
energy statement of (2-17) may be rewritten in terms of the
scattering parameters as '

- 'R
0= (5,1 -QRelsh + 7 Isy,) (2-33)
which shows that the phase of Sll must also be a slowly varying

function of a/A, . In particular it is found that the phase
of sn for the parameters of Figure 2-8 is a slow monotonically

26
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clecreasing function of a/» as shown in Pigure 2-9.

The scattering matrix developed above may be applied directly
to the notch geometry (ccmpare Figures 2-1 and 2-2) by including
the notch and stripline terminations. Measured antenna reflection
coefficient data indicates that the free-space transition and
flare are well matched. Thus, an adequate mndel of the notch
element (insofar as reflections back into the generator port
are concerned) is that of Figure 2-10.7This model ccnsists of
an open circuit terminated stripline (i.e. abruptly terminated
stripline center conductor at y = yz) and short circuit termin-
ated (at x = -xq) semi-infinite slit. These last two terminations
are readily 1nserted into the seattertng formulation via the

relation of V2 and V2 and V3 and V3 as measured at the appropriate

phase planes. That is, at y = a/2,
- 'g(lg-.va.)
Vr=7 Vt e’ = «Vy (2-34)
and at x = 0
Vs = =V Q‘ik"u‘ = pVs | (2-35)

In equation 2-34, the reflection coefficient i’ " has a modulus

1 and phase slightly different from zero, corresponding to a
8mall translation of the open circuit plane from the physical
location of the termination, (slight phase shift due to fringing
capacitance). P is given by

. _ lanke 1
Fr ) fnw\ﬁgc‘ijt

(2-36) »

where
Jde 42w

t = Taw

C = h#z

*
For detailed discussion of l-" , See Altsluller and Oliner.[sj‘.
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———=—Y=Y, (0.C)

Y= 0/& - 7

(S0) —— ;;{
’ e
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CONDUCTOR

Figure 2-10 Approximate Model of Notch Element
with Open and Short Circuit Terminations
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and w and h are the stripline certer conductor width and plate

spacing, respectively.

Similarly, a translation of the slit short circuit plane
might be.expected since (as will be discussed in Chapter III)
the surface waves are not tightly bound tc the slit plane.
However, excelleat agreement with measured reflection coefficient
suggests that this translation is negligible.

By inserting (2-34) and (2-35) into (2-29) the matrix
cquation maybe reduced to two equations in cthe unknowns
V. and V, (V+ = 0 since reflection at the flare is assumed

1 90 Tq g TV SRS +
nzgligible), with V., V2, and V3 determined directly. Thus,

V™= SAASEL So V3 + ::? 53|V§ (2-37)
Vi = S,V -5, Ve e sV (2-38)

where

a;!
v = -vpal

/G S5, [_;-m ] / i« =Sy W 1=3S-q) = c:@‘:}’:;@]

o} -
- - ‘.f:. (:"5"'3‘&)

r‘e v \f:-.- "v{i’

e
1

= (80=505,V5)/(1-50)
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From equations 2-35 and 2-36, the antenna reflection and
transmission coefficients are

Vo +
L - . V - 4
V‘Q - 5|| + S, -Vz?' + ”z Sn VV!—.’ - (2-39)
and
Yo v".. v
T 7‘* "3"5"7'0' 1‘%;’1 (2-40)
[}

Examination of equations (2-37) - (2-40), shows that,
since the scattering parameters are essentially constant over
wide frequency ranges, the locations of the open and short
circuit planes are critical if broadband operation is to
be achieved. In particular, if the open circuit plane is
moved to Yz = a/2, &« —»1 (independent of frequency), vV; = V; = 0,
V;=V;=1and M"=e+ 1. Similarly, if x, = 0, A--1, and
~—®» + 1 for « =1, In this latter case, I would oscillate
rapidly if y,>» X\ . Figures 2-11 and 2-12 show iIr]l as a function
of a/a with parameters y2/a and x,/a, respectively. In Figure
2-11, yz/a has been taken over a wide range of values to indicate
the type of behavior discussed above. In particular, for the
larger values of yz/a. increasing variations of ("] are observed,
with |l =1 for &« =1, ¥hen yz/a is too small with respect
to lea. there is a strong p@s»_e j.mbaqucq ;n ﬂthe gprfgfibution
of the last two terms of equation 2-39 and {"| remains constantly
large.

In Pigure 2-12 lea has been varied #20%, with yz/a fixed.
The change in parameter has relatively minor effect. However,
it should be noted that there is a general tendency for the
level to rise as lea departs significantly from the value yz/a.
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2.2 Calculations and Measurements of Isolated Notch Antenna

In the previous section, it was shown that the broadband
properties of the notch antenna are associated with the nature
of the coupling region and the relacive locations of the open
and short circuit terminal planes. 1In this section, measured
and computed active reflection coefficient are compared. The
agreement between experiment and theory.is very good. The
broadband behavior is clearly demonstrated and correlates well
with measurements.  Some deviation occurs where the theory
predicts the occurance of a low frequency cut-off somewhat
higher in frequency than is found experimentally.

Six notch elements have been selected for discussion.
The configuration is shown in Figure 2-13, and the dimensions of
the six elements are given with respect to free-space wavelength
at low frequency, fo’ Table II-i. All elements are etched onl
.03125" Duroid ( “r = 2,2), giving stripline plate spacing of
.0625",

Measure and calculated reflection coefficient for elements
5 and 6 are shown in Figures 2-14 and 2-15 respectively. Both
elements are well mat.ched over greater that 2:1 frequency bandé.
For both elements; a low frequency cut-off is predicted by the
calculations. This cut-off has heen observed experimentally'a£
slightly lower frequencies. Over the remainder of the frequency
bands, the agreement is quite good. Calculations for these
elements have shown that they remain well matched at frequencies
well above the range of experimental data.

Figure 2-16 shows measured reflection coefficient elements
1 and 2 for an approximate 3:1 frequency band. The elements
differ only in length of flare, I and flare radius of curvature,
R (see Figure 2-13 and Table 2-1). Both elements are poorly
matched over the entire band, however, the data indicates certain
characteristics of practical interest to designers. First,

the shapes and levels of the curves are approximately the same
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and show no translation, indicating that the length cf flare is
not a significant consideration for element design. That element
2 is somewhat better matched over a segment of the band, suggests
that the more rapid discontinuity looking inot the flare may
have some advantageous consequences, though it seems fairly
apparent from previous experience that the slower transistion

is more desireable. Secondly, the first humps in the curves
occur that (y, -a/2)/Ae = .5, or &= 1. The second humps

are due to the cleose-in notch short circuit. To further
illustrate that the influence of the flare is negligible,

. measured reflection coefficient is shown in Figure 2-17 for

elements 1, 3, and 4. These elements differ only in the E
and R dimensions.
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3. CUIDED WAVES OF SLITTED PARALLEL PIATES

The mechanism for radiation in the notch antenna is
associated primarily with the guided wave properties of
the slittad parallel plate region. The piece-wise exten-
sions of mwdal solutions for infinite strips (coms tant width!
of this slitted guide well approximate the field distribution
and match in a slowly varying flare with the same transverse
cross section. A similar approximation was used in determining
dielectric wadge radiation for extending array coverage
using dielectric sheat:hs.[7J

The slitted parallel plate configuration is shown in
Fig. 3-1. Tha2 resonant solutions (guided modes) correspond
to either open or short circuits at the symmetry plane,
% = -i/2. For the case of stripline TEM mode excitation
of the notch antenna the short circui: modes are decoupled
and do not contribute to the radiation field or junctién
susceptance. The geometry of concern here is simplified to
the open circuit symmetry as shown in Fig. 3-2. The guided
wave sps ctrum are the wavenumbers kxn which are dependent
on k and slit width a. A dispersion relation for kx as a
function of k is required.

The method of determining the dispersion relation,
D (kx,k;a) = 0,.assumes a uniform (in y) travelling wave
field along x in the siit and enforces conservation of
complex power per unit length of slit at the z = 0 (slit)
discontianuity. The total transverse electric field in the
plane of z = 0 is assumed to be,

= = =ik
z Ey» By, = B * g Yo (3-1)
|
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‘Figure 3-1 Slitted Parallel Plate Region
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where P(y) is a pulse function given ‘as unity in y ¢ (4fa)
and zerc otherwise.

3.1 Complex Power z = 0+

The assumed transverse electric field in the aperture
is E_only: thu; the complex power leaving the z = 0 inter-
+, .
face (z = 0) is

Ss Eyloh)y, » u:"(o'f) ;_(.-;,JS ,(3-2)

where S is the infinite extent of the plane z = 0. The
assumed guided wave is TE with respect to x and may be
derived from a longitudinal magnetic field Hx. For the
single mode excitation of kx the magnetic field Hx (x,y.2)
can be defined in terms of the transform h (ky) as,

k(. o ‘-\:‘ .
ur.“"ig)F% he ka) bﬂ 17 Jkﬁ (3-3)

The electric field,,By, in terms of H, (for Ex = 0) is
via Maxwell's equations,

E —3“”“ (> “ﬂ

7 kL, PEe . (3-4)

Using (3-3) in (3-4) yields,

(3-5)

| : Y
c “'3-3)': ﬁ‘. k kk:)e" ]‘e&‘k kﬁ ‘ﬁh

"'l

d
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where

k£' k" + L'\; | (3-6)

The magnetic field transform h(ky) is determined as a
resulct of comparing the electric field in a transform
representation in equation (3-5) with the assumed form of
E in equation (3-1) at z = 0. Whence, |

3%”)‘ £e 8, E"Wa) 'ﬂ_.c t -\" h( 'thﬁ k1 (.3;7),

The term of (3- in parenthesis is identified as the trans-
form of Yk° - k‘__2 h (k. ). Taking the inverse transform of

both sides of (3-7) yields a simple equation for h(ky), as;

} w0 .

VER bty - E=be ey e, oo
B YN | y
Ef'rom which: ®

W)= 46 Chamle) swbh o,
o Nkl B
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The complex power equaticn of (3-2) is written in terms

of h(k ) using (3- 3) and (3-5) as,

P r A I )‘ a G’u)j:l tf\ha h Hl\&;){—:‘—‘c | (3-10)

. The integral on y only has a concribution at ky = k;z
specifically,
<
.'E-Ll S ! .
Je_ -(3 3)513:1'«' L\!."h\‘) (3-11)
-to

The indicated identity of (3-11) and the result of (3-9) used

n (3-10) with an integration on ky yields

Edw {k,-k L k“d .‘
P,l} )= I\TN}\ ;E‘:#::;l Sﬁ(ﬂ:——n); Q’“‘f‘/;)z (3-12) .

Rewriting (3-~12) using the even symmetry in'ky gives,

¢ d el (3-13),
e (R mtiw’&':"ﬂ

TR,

where W, = free space impedance 37748,

Since the orthogona.ity condition for the leaky modes is
obtained by extension intc the complex plane, the integral
on x has been eliminated. Thus P, has units power per

unit length of slit.
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The integral in (3-13) in general requires numerical solutions
for an arbitrary choice of parameter ka. However, for small
slits ka €< 1, asymptotic expressions can be derived.

An alternative form of the integral in equation 3-13
is obtained via the following representation of the Hankel

function H.“’(ka) ;[83

e JHU‘ 1)
T

Taking successive integrals’'in y and yl reproduces the
integral of interest;

% s o° "A_

d sm b
4-3 A-, Iy (\zh‘ 4'l) = \“:3 Q" ,‘/ (3-15)
’“/; -ya
2_ .2

The transformation k"—p k° - kx2 is valid due to rhe separability
of the wave equation. The left hand side of (3-15) can thus
be used for the integral of (3-13) with R-> Y k™= k,?

For small ka, the small argument approximation of the Hankel

(3-14)

HEhR)s O Ciy-i) = & (4\3
-c)

*

function permits a simple integration:

H (Etv\ -« ~ l-j= — ln(ku' G -l

The computed solution for complex power (i.e. dispersion
relation for kx) used these asymptotic forms to facilitate

numerical results.

*Since the integration on the right hand side (RHS) of

equation 3-15 is along the real axis, the square root appearing

in the integral may be analytically continued nto the complex
plane. Frovided that I} S*o the conjugated sgy,a.:e_——-;—;y
root appearz ‘c_; 1n e‘quatmn 3- 13 may be expressed asV k- -(k‘)
Thus for b. » the RHS of eguat ion 3-15 reduces to the

integral in equatlon 3-13.

¥
w
4
&
&
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%
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For kx = 0, the integral expression for complex power, o
equa-ion 3-13, reduces identically to that given by Harrington : -
forvthé power per unit length transmitted Ly an
aperture when excited by a rormaily incident planelwave.

As a check on the validity of the numerical techniques
employed in the evaluation cof P, the integration was
carried out for kx = 0. The results obtained were exactly

those published by Harrington,

3.2 Complex Power = 0

To determine an expfession for the complex powver flow
in 3 atg= 0  a suitable representation for the fields in
=h/2 » 7 ¢ 0  is needed. 1In contrast to the external
problem (% » 0), the fields in this bounded (in g) region
can be expressed as a discrete modal series. The aperture
fields for gz = 0  are formed by matching electric and magnetic
fields in the slit to a quided wave representation of modes
that propagate in the y direction between the plates. 1In
this fashion a rapidly convergent series for aperture magnetic
field is formed and a corresponding closed form series for
complex power is determined.

Making use of the eguivalence theorem, the assumed
‘aperture electric field Eap is equivalently a magnetic
current M applied to the closed parallel plate region in
12 ;,% & 0. This equivalént current source couples to the
mgdes of the parallel plate geometry. 1In particular, for
this aperture in the wavequide wall with uniform field in
Y., (longitudinal slit) the coupling mechanism is a series
voltaQe source for each of the discrete modal transmission
lines. The coupled traveling wave mode amplitudes (trans-
mission line voltages and currents) are found by applying
che équivalent voltage excitation to an appropriate trans-

mission line Green's function for the series source. The
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aperture magnetic field is then determined as the series
sum of magnetic mode funttions and modal current amplitudes,
taken in the aperture plane.

The equivalent magnetic current for the assumed aperture

electric field, Eap' is

. _':\‘:,_x
M 43):Baprde s E. € g hb) (3-17),

where S:(i) is the Dirac-delta function. For the fields

in 3 & 0 bounded by the reactive planes at 5= 0 and

$= -h/2 the electric wall may be closed and sustain M in the
aperture region to be equivalent to the original problem.

In following the prescription outlined above, this equivalent
current source is put in a representation in terms of modes
of the parallel plate structure,

H YY) - Z Vi) 51“.}3 (3-18) ,
(8 N ‘

In this representation hi are the transverse, to y, mode
functions and v (y) are scalar voltage amplitudes, inter-
preted as series voltage sources in the transmission line
media of modal lines characterized by h!Z2-

The orthonormal transverse co y mode functions in the
parallel plate region of oﬁen and short circuit walls as
derived in Appendix C are inen below as:

i

' -3 k" . N @Ra )T -
o | & [T e T sty ) (g0

ke. Tt
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) ' |
hnsde X Ca (3-20) ,

2 ,(2n + 1 )g\* '
for E-modes, with ky, = \k*C : T)

and

-3\51 |

[ Y . |
{ hen® ;'{.Q-'"EA“:““—'”%"""?{J)-T*N(&;'EW ,.] (3-21)

{ "
f | Cu= b"' * Qe | ‘ (3-22)

for H-modes.

s The mode functiouns {3-19), (3-20), (3-21) and (3-22) form a

complete orthonormal set such that,*

S?a €} ds- SE&-L?JCS - $y (3-22
S C

the mode function is established via

*The orthogonality of
extention of the result for kx real into the complex plane.
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{Qu[\f Y, c\Cs- S;j (3-24)
Ce -

where S. . - ° ’ i"‘j
SJ -
) ) L= j e
The cross secticn of the transverse plane, C s’ includes the
infinite x dimension and the region -h ¢ 3 ¢ 0 . The
dispersion relation for the longitudi%al modal wavenumbers

A,

i is given as,

X =\ el E‘:':‘ (3-25)

for both E and H modes. |

Application of the crthonormality properties of the mode
functions (3-23) in equation (3-18) results in an equation
for the unknown voltage amplitudes given as,

2%
Vi ty) = g My (r4,%) kgi.uo‘j) J Cs (3-26)
cs

The particular forms of mcde functions, (3-20) and (3-21),
used with M given in (3-17), yields,

Volts
v“&)-‘-‘eo{é.—‘:hﬂa-n‘ .nhitﬂptn) ), unit length in x (3-27)
53




for E-modes and

" k |
V J th | %), Volts (3-28)

unit length in x

for H-modes.
"The voltages of (3-27) and (3-28) are series distributed
sources £2J in each of the E_ and Hm-mode”transmission
lines. Figure 3-3 is the equivalent circuit for the bank
of transmission lines and the connected voitage sources.

The transmission line currents (modal current amplitudes
I) resulting from the voltage sources are defined via,

| I‘-a)-'- - g 433('333)0'(5) " (3-29)
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Figure 3-3 Circiait of Transmission Line Bank

Excited by Equivalent Aperture Voltage Sources
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where qg (y, ‘f )} is the admittance Green's function for a
unit voltage source at a point EE on a uniform transmission
line. For infinite lines this Creen's function is,

\ “3niy-
Ypayg €3NI

(3-30)
)

with 2 defined as the transmission line characteristic
impedance. Using (3-27), (3-28) and (3-30) in (3-29)

and performing the indicated integrations yields the modal
currents* within the aperture region, given as

(3-31)
all n and m,v

with V= ‘\J',.' or Vo'
z &2“' TS
2:‘ g % .

'The x directed magnetic field in the aperture region ( 3 = 07) s,

H,L’h%;o) a ZI I"(a) Lyill.o)’w-”)

\ all E and H modes

i

o Ere——————

*It is noted that these modal currents are related 2s usual
to the modal voltages by the transmission line equation

\

d
;JS.]Ccts) .

V(%)a;“_
KZ
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The complex power flow in the Z direction at 3 = 0 is

defined in (3-2) as

s} . :
S

In terms of the E and H-modes of the parallel plate region,

complex power is

-Pc : ’S E:?("-) [Zﬂ L‘!::vf‘)')- + Zh: ‘A'\;M(o‘)] JS‘ (3-34)
S

The derived values of v and I used in (3-34) yield?*,

[}

K -3* t —
P{‘ - g [Z_, Ka Sn 'é'Z, K: Sw\] (3-35)
n ™

where | SL L~ ( i — C-J ){LQ/L SN ﬁiQ/z_ )

W,
/ ) - ‘:\ Eoi [(2"\-&-\)“—1 | W
N t\ \f\ ‘1‘:’“ “:
and 3 4 b \
/ - o=y a_ g S
\\\m = 4 E}’ h \:._;" W ‘

Both the sums in (3-35) are of order 0(;—2-); 0 (-1—2) which are
' n

rapidly convergent. m

*#Sece comments following equation 3-13.
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3.3 Dispersion Relation

The dispersion relation for the gquided wave solutions
to the slitted waveguide is obtained by equating (3-35)

with (3-13),

P, P, (3-36)
> . .
?,(kh;u)—-f:(kk,’, whe) = o (3-37)

Eguation (3-37) is used to compute the x directed wavenumbers
kx‘ " The particular solutions are formed by iterative mmerical
methods to obtain- the zero crossings of the function. The
normalized infinite set of solutions kx/k are given as 1& .
This notation for the x directed normalized eigenvalues as 1;
is used throughout the text.
The solutions for 'f in (3~37) are in general complex

and correspond to improper leaky waves that attenuate in x
and tend to grow in 3 The lowest order (least attenuation)
solutions reside very c lose to the positive real ¥ axis
such that their behavior is that of bound surface waves
propagating in x. A plot-of the real part of.. 7{, versus
slit width a/,  for the lowest order mode U' is shown in
Fig. 3-4 with h%% as a parameter and dielectric loading

€ = 2.2 (duroid). The imaginary part of X; is ~ 0
for the wide range of values shown. The wavenumber lies
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between that of TEM propagation in air and that in the die-
lectric. This is anticipated as these solutions are perturb-
ations about modes of the parallel plate geometry. The
wavenumber ¥, varies slowly with a/5  for a fixed h/y .
This slow variation is necéssary in light of the step-wise
approximation to the flare.

The curves of Fig. 3-5 are computed values of Y vs
a/ ) for a fixed geometry a/), . These curves show that for
a large range of frequency variation the surface wavenumber
Y, does not significantly change. For wide slits compared
to the stripline plate spacing these variations are extremely
slow with frequency. The range of interest in a/j, is 2*1
and the variations with frequency are still not significant.

The higher order leaky modes are increasingly evenescent
in x. The lowest complex wave, ¥, is plotted versus a/)
in Fig. 3-6 and Fig. 3-7 corresponding to real and imaginary
parts respectively. The parameter h/) is varied for both
c urves. The curves remain relatively fiat with frequency
except for very small slits. The large imaginary part of
"; indicates strong attenuation in x and hence, a small
contribution to the radiating field. Decreasing attenuation
with increased plate width is obscrved, as might be expeétec'l
from a bounded structure. There is a corresponding decrease
in the real value as cutoff is approached.

*The range of interest is established by the empirically
designed notch elements, where a/\,\% 1. ,

60




y/e xejoweied- y/® A fA}oy G-t danbig

0
AR R S SR S
—— _ — Mnl..lll.l-l.'l..\W\O.. xn.nx

61

s> :
d

e s A




Y/4 1938weaedg- ,
uo1bay o3eld 1o1TRIRd P93ATIS 3O SPONH Kyearp x9ybiyg JOo 3xIEg TEdDY 9-¢F axnb1g

X/0
B 0 o 9 1 4 4
-0}
€400
- 0'2
€00 O
ﬁo.m ¢
o
X
£00 = Yy FO'P oy
- 0'G
A RY

|
1

i
2

K| Smm——t

Ous Py s Y

62




Y /4 x933wexeg-
uoibay ajeld TeTTeIRd PP33TTS 30 9poN Axeeq I9ybiy jJo 3Ieg Areutbewr (-¢ sanbig

| /o
(0 & 9 ¥ 3
-0'¢
€400
-0'd
{
€00 m..
) ™
o ©
= 0°9 v
£0'0 = Yyy o {
1
-0'0!
- 1.1 2 .,.”,.. s e A et i

i




4., PROPAGATION CHARACTERISTICS OF A PERIODIC ARRAY OF SLITTED
PARALLEL PLATE GUIDES ‘ :

The periodic array of slitted (constant width) parallel
plate juides finds application as the canonic modal solutions
for the tapered notch element array. The slitted parallel
plate guide array is shown in Fig. 4-1. This array is assumed
linearly polarized (in y) with modes H-type with respect to x
(Bxso). In addition the field is approximated with no y variation.

The infinite array approximation allows the solutions for .
consideration be reduced to those of a unit cell.[xn The
unit cell wave guide for this infinite slitted parallel plate
guide array is shown in Fig. 4-2. The distance between the
short circuit walls is D_ (spacer plates for the arfay case)
and the periodicity in z is d. The slit width is a and parallel
plate spacing is h, as in the isolated slit guide case. The
dielectric loading between plates is .

4.1 Modes

The dispersion relation is an équation, p( ¥,k) =0, for
an arbitrary;choice of parameters, Dy' a, h, & , d and phase
excitation # . The solutions )’i are the longitunal wavenumbers
(in x) that characterize a mode propagating along the unit cell
with a unique bhase velocity. Symmetry of the structure may
be exploited in deriving the dispersion relation which is given
by, _ | '

A d = Yeb * Yobo
Cos Xd = -——-—Ych Yot (4-1)

where the subscripts ob ans sb correspond to the admittance
seen looking into the unit cell circuit at the accessible
terminals (see Fig. 4-3) for open and short circuit bisections

* .

The approximation of no y variation of the field does not
result from a fundamental limit of the method of solution but
merely a simplification to expidite numerical results.
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Figure 4-1 Infinite Array of Periodic Slits
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Figure 4-2 Unit Cell of Infinite Array of Slitted
Parallel Plate Guides
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at the mid-plane.

The normalized (to Yo) admilitances are,

- E,-B‘?“*M + tanSes
YA Y, Tl T-Blanded L bnkhel

(4-2})

and '
W 3 ¢ Tl 1tands
1 T/ Blants -, tan tanbea (4-3)
where
S = Ye (normalized modal admittance
e é/Y.‘ in dielectric region)
= 3/'(9 (normalized susceptance of slit)

2 #(d-h)

= f‘.l‘l

& = k/l-:;i' } oy |
ffe . lr.,/e:——’-y‘ | variation

and Yo and Y are either k/!‘& or ‘/},k with % wnfree-space

impedance 377 £ .

S P Bl




The dispersion relation of (4-1) with (4-2) and (4-3),
reduces to known solutions for the limiting cases of 6—~»0
and for B —® 0. These dispersion relations are:

0, —=0:  cos £d = co86, - B3ing, (4-4) 13
and

— ‘i* .

B —»o; ecs Rd = cos, cosq, - sm8 s1k6, (4-5)  [12]

The susceptance of the slit with k # 0 is obtained by extending
known results of susceptance for TEM slit excitation 1y to the
H-type mode case via the transformation k2 -0k2 - k2 Thus,

-— 333 /‘ » [ (e-n?: -')“l"
B Kok, [ 4nesc 2‘3& _ﬁ‘;____ ] (4-6)
00(-’;% -|)u.:

*

with It = (%)t*l\:"l‘

Tn c ¢ T
and &, =c.os‘_'{§; y % T Ly “—?j. "

a

Figs. (4-4) - (4-6) are curves of Y, versus ‘?kh’(phasing)
for three notch configurations in a square array, with frequency
2s a parameter. Each fiqure is associated with a fixed geometry,
specifying a/d and a/h, and presents the family of curves for
a/A . The selection of parameters is based on assuming the
stripline plate spacing, h, remains constant, and the a’‘h
ratios vary from curve to curve in a manner typical of the range
of notch flare. In similar fashion the choices of a/d are mad..

The relative dielectric constant is assumed to be 5: = 2.22 for
duroid.
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N

In general, the 4 mode is a slow wave ( ¥ > k)
for ﬁd/ﬂ’ =0. As ﬂl/fr is increased, the mode eventually
passes through ) =k. Further increase in &J/r drives the
mode toward cut-off. At the high frequency, ¥ varies only
slightly out to the band edge, with only nominal change in a/mn
ratio. At the middle and low frequencies, ¥ tends toward
cut-off as the %=0 band edge is approached. 1In particular,

» .
“at the low frequency, », is cut off beyond #d/ ~ .82, for

a/h = 2.35, and beyond ¥d/Mm ~ .52, for a/kh = 5.09.

Some interesting trends of the dispersion relation may
be seen from a consideration of Fig. (4-7). This curve fixes
hA and spacing 4/A for a square grid array and vary a/A .
For scanning, a4¢h>0, the ¢, mode goes from a slow to a fast
wave ( ”o € k) eventually being cut-off and then increasingly
evenescent. This cut-off behavior is typical for array scanning,
and ti'e slow-to-fast wave characteristic has been shown for
the liniting case of a periodic array of dielectric slabs.u'z-]

Fig. (4-7) shows that for increasing slit width the cut-off
condition moves closer to broadside scan. A close look at the

dispersicn relation for periodically iris-loaded waveguide

verifies this trend. The dlsperswn relat1on for the wavegulde
is given in equation (4-4) as cose = coso - Bsme, with 6 = & a.
A plot of (4-4) for B versus 6 1is shown in Fig. (4-8) for the
lowest order gassband where 6 is taken as a parameter. Band
edges are at 8 = 0 and W, with corresponding band edge curves
given as B (8:;0)s - tan68/2 and B (8; 7" ) = -cot@/2. The passband
region is shown shaded in the figure.

The actual behavior of susceptance versus & is given

"~ by equation (4-6) and may be plotted onto Fig. 4-8 to graphically

display the cut-off trends of interest. The iris susceptance
equation of (4-6) shows that B is linear in 9, (@ kag - k!).
In particular for the range 0 § a/Dy € 1 the corresponding slope
of B(9) varies between zero and infinity. Figure 4-9 is the
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" superposition of "load lines," conto the applicable region
of the dispersion curve of Fig. 4-8, (B = C9, with C a parameter
- proportional to a/D ). A family of load lines is drawn with

decreasing slopes as a/Dy increases,

The cut-off trends of Fig. 4-7 are seen by assuming a
cut-off ccndition for the simplified dispersion curve of Fig.
4-9. A cut-off line ( ¥ =0) at @ ~ kd is drawn. Intersections
of this cut-off line with three load lines are labelled 1, 2,
and 3. In this same order (1, 2, and 3) the valuis of a/Dy are
increasing. These intersections lie on constant 8 curves which
'ére decreasing for this same ordering following the trends

shown in Fig. 4-7.

4.2 Mode Functions of the Unit Cell Waveguide

Since the unit cell waveguide is uniform in the x, direction
it supports modes with e °kax variation., With no y variation

the transverse to x field of a typical mode may be set,

ve

3k.u

ifi
NG
72~
%
o
et
"

e(3)
T (4-7)
Led ™ hy)

1T
-
~
o
-
<3
LS
n

for 0s3sd.

The assumed polarization is H-type with respect to x,

(Ex=0) such that for no y variation,

1]

G(3) = 8y (3) Y

and

4
!j(“}) 'ﬂs(?)..do
The field is thus TEM at an angle to the x axis; modes are H

with respect to x where it has been shown that 112

] L
3(5(3) = é’\g('é) z - iv“'" (4-8)
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V(,) is computed from the equivalent circuit of the unit cell
Fig. 4-3, with appropriate H-mode network parameters. The
quantity N is a normalization given by, .

S r A 1 .(4-9)
N --.LIV(;)ld} -

This normalization was selected such that complex power carried
by the Nth mode in the x direction is given by V I The
H-mode impedance of the x directed transmission lxne is “9%7?.

. The voltage variation V(,), can be easily found from the
open and short circuit bisections of the unit cell circuit.
The open circuit bisection results from the real part of the
terminal voltages and the short circuit bisection is obtained
from the imaginary parts. For symmetric excitation (open
circuit),

A A
V(-;) = V(3) - 4-10)
where a
V eos §4 [eos {.(3*‘%) -ji,\:l sin ’Q(r""j: "“35"'/1

(‘,() - (4-11)
] - .
9(-‘\/'»)[095’»’.‘30‘&)-3?-;% SM&(;“K).], -h¢30

with

1Yo * N cot x,(d-0)Aa

=% Yo cot #, (d-hYa. +jY._

i (Gteni s +B)

Y, 2 tanigha




For antisymmetric excitation (short circuit),

A A '
ViR == V(3) . (4-12)

. Vain %[wsl,(y‘k)—:‘!n sinf,(}*‘%)]) -9/ ¢ as"&'%.
V(z) = 0(_“‘)[&”%(3'%) -3 z.Yl S‘M&Q‘ ‘K_)J, -has 53 o

Curves of the n = 0 mode functions are shown in Figs. (4-10)

and (4-11) with “‘}% as a parameter. In Fig. 4-10 the slit
width is made equal to element spacing and, these results limit
to those of the periodic array of lielectric slabs. The
physical configuration that corresponds to mode function
curve of Fig. 4-11 is that of a thin slab with a fairly wide
slit and a small pfriodicity. The field is essentially

constant in , for MdAT < 0.8, and then shows the development of

the short circuit at = -d/2 end open circuit at ’ = 0 associated

with the ®dAr =1 band edge.
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S. THE INFINITE PHASED ARRAY OF NOTCH ELEMENTS

The notch antenna used as an array element is a lightweight
low cost approaéh for broadbanding. The notch element in a
practical array configuration is shown in Fig. 5-1. The E-plane
is formed by the plane of thz elements, with metallic spacers
in the H-plane. A pracLiéal feed can fit broadband phase shifters
behind each element connected through the rear ground plane: a
right angle stripline bend from the notch coupling region toward
the ground plane and then a stripline-coax or stripliae-waveguide

adapter to tile phase shifter.

The analysis of a large phase array of this type is
facilitated by using the infinite array approximation which permits
a consideration of only the unit cell. The array may be charac-
terized by three distinct propagation regions whose modes remain
decoupled except at the discontinuities separating these regions.

. These regions are the stripline feed, the notch parallel plate
guide and free space. A scattering matrix for each discontinuity
is determined in terms of the modal transmission lines connecting
the regions. Calculations of reflection and transmission
coefficient result from evaluation of the network of these

scattering matrices.

Basic to the analytic solutions for reflectior and transmission
of the array is the determinations of modes in the notch region.
For the tapered notch this region is non-uniform along the
propagation direction (in x), but modal solutions for the array of
\ constant width slitted parallel plate guides (Chapter IV) may
be extended for the taper by a stepwise approximation.

‘ The array reflection coefficient is determined from a

‘ formulation involving the scattering matrices of the interfaces

\ ketween a) the aperture plane (x =4 ) and free-space, §é
b) the stripline feed to notch transition, g?, and c) t;e
transformers representing the stepwise approximation of the
flared notch. An equivalent network involving the scattering

matrices for junctions a) and b), and the variable impedance
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transmission line for the flare region is shown in Fig. 5-2.
The network N connecting the junctions a) and b) is composed
of equal lengths of non-uniform, uncoupled transmission lines.
The particular choice of N is that of small steps of uniform
regions to approximate the flare.

‘The scattering matrix g? is obtained by matching transverse
fields at the aperﬁure interface, via Galerkin's method. This
type of evaluation is standard v3. (M, and has been carried out
specifically for a scattering matrix approach to phased array
analysis, The scattering matrix g? is obtained in a manner
similar to the isolated notch, in Chapter 11, requiring conserva-
tion of energy. A transmission matrix is conveniently used for
the cascaded transmission lines of the fla .. For each step
of this cascaded line the appropriate wavenumbers (modal impedances)
are obtained via the dispersion relation of equation {4-1).

Both the scattering matrix g? and transmission matrix T are
found for single mode representation of stripline and ;btch
regions, the scattering matrix é? is multimode.

With the discontinuities characterized by the scattering
matrices and knowledge of the network N (Chapter 4) for the
connecting Zfiare regyion, the input reflection coefficient,
element patterns, as well as unknown modal voltages, are readily

obtained from the network of Fig. 5-2.

5.1 The Scattering Matrix §é

The determination of the scattering matrix at the free-space
interface, x = { , is based on appruximate field matching via
Galerkin's methnd. The notch region is assumed to extend from
x =4 to x = -00 and is of vniform width. With the notation

of Fig. 5-2 and with

| y-! vl
V, = ('\77 A (5-1)
~ -~ ~b -
| e J ‘\‘/‘
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. ., : .
tho matrix S° is defined by

vV = éa' M{. (5-2)

5 -

For the excitation conditions of interest, where va‘ =0,
only gijénd galz' are of concern. The order of these partitioned
blocks is determined by the number of modes used to approximate
the fields in the notch and free-space regions. The orthonormal .
mode functions, €, h of the notch region have been derived in
Chapter 4. The transverse fields in the unit cell at the
plane x =4 (at the discontinuity) are given in terms of the
mode functions with corresponding modal voltage and current

amplitudes as,
p— - 'z
E, =)= ZVA e,
n

(5~3)

H, (x=0)= %: ! b,

where the mode index includes arbitrary intergers for both a

y and awdependence and the division of E and H modes. The
free~-space modal representation for the infinite doubly
periodic array embedding is given in the Waveguide Handbook.“—'-’J
The orthonormal mode functions are e, and h,.

A simple set of equations relating total modal voltages
and currents in the free-space and slitted regions results
from application of Galerkin's method for matching the fields

at the boundry. These are:
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Vo = éﬂ .Yﬁ
* .
and . (5-4)
' 4 Y-
;E = é; a

where g, is a coupling ccefficient matrix or Fouricr transforms
of the slitted parallel plate guide array fields. The elements
of & are

—

En = (Q.,. . ‘f..‘v.m" Ka ) (5-5)

where the parentheses is an inner product integral over the unit
13 3 . . Y s [3 .
cell., The explicit expressions for <ﬁmn are given in Appendix D.

The scattering block §1? is defined via,

v"' - SCL v.,.,'

(5-6)

This matrix has been shown d to be,

2&.]" T (5-7)

.

g

& a i&‘l‘f + ég Z@%

= =

where Y and ga are diagonal matrices of the modal admittance
Yn and Yam for the slit and free-space regions, respectively.
From the voltage relations in the two media and the definition of

Sa

311 one finds,

=l =2))

@ = é”‘(:}uax,_ﬁ"') | (5-8)

with 1 being the unity matrix.

*
The tilda is the transpose operator, and the asterisk denotes
conjugation.
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5.2 The Scattering Matrix §°

. : . . . O :
The determination of the scattering matrix, S, at tho
g9 2

stripline-to-slitted parallel plate coupling rcgign is Juvelopcd

scattering matrix (see Chapter 2).  An assumed form of eloctric
field is prescribed in the uniform infinite slit. In the
infinite stripline region, the equivalence theorem is inveked
to replace the slit field by an equivalent magnetiz surtace
current which sustains the internal field distribution in the
absence of the slit discontinuity. This equivalent magnetic
current is put in a representation of stripline mode functions.
Form the representation of the magnetic currents, cquivalent
series voltage source distributions are deduccd for cach of the
modal transmission lines. From a knowledge of the functional
relationship of the induced sources to the aperturc field
amplitude, the modal transmission line voltages and currents
are obtained as functions of the aperture field, giving a
complete formal discription of internal traveling wave scattering
due to the transverse slit. 1In the region extcrnal to the
stripline, the aperture field is matched to the dominant array
mode. Specializing to single mode in the stripline fecod and
slit, conservation of energy is enforced to obtain the aperturc
field amplitude. A second relation is bbtaincd forvaperturc'
field phase, and a complete traveling wave discriptioh.of the -
coupling region is obtained. |

For reference, various views of the cell geometry are
shown in Figure 5-3.

The aperture electric field is uniform in y and is given
by v :

E“f =-\;]o %7-\ Ele"k';'“?f\j) | (5-9)
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where

\ t, lsl‘gﬁ
?<S>- {o, 1 4l> s

and kx are the modal wavenumbers of the array of slitted
parallél plate guides. By the equivalence theorem, the aperture
and its assumed electric field distribution are replaced by the

equivalent magnetic. current density

MG = 3.x é..r [S(a-%) -J(ao‘vi)_] (5-10)

Putting M (x) in a representation of stripline mode functions, as

M) = Z Y, (a)b (x,a) (5-11)
{ : #nd enforcing the equality of equations (5-10) and (5-11)
@ver the space spanned by hn results in an expression for the
modal voltage coefficients, v, (x), given as

Uply) = f] Mcx)e bn("'a)“‘cs (5-12)
Cs

B L N,

where Cs is the traisverse stripline cross-section. For the
slit geometry, v (x) may be identified as a controlled series
voltage source excitation of the 1-';-1-1- modal transmission line.

In analogy to the development for the isolated element, vn(x)

may be expressed as

L — ’ = ‘ W A
‘U",.(y L ‘C‘n (5-13)

4

20




i Y

where the coupling coefficients, ein' are given by eQuatidn
2- 6 . Since the coupling coefticients, ain' are identical

(save for the kxi) to those appearing in the isolated element
results, the single mode results for the isolated element may
ba applied directly to obtain the total feedguide transmission line
voltages at the reference planes, y = +a/2 for feed excitation

+

Va. These voltages are given by

V(-%4) = Vz’ J‘ ei* =  (5-14)%
V(%) = V“e e - _59.‘1“ sty (5-15)

where u = k /& a/2. The second term of equation 5-14 is

recognized as the toval reflected voltage due to the aperture
discontinuity, Vg-.

Since the modal fields of the array of slitted parallel
plates are uniform in y, matching of electric field in the slit
plane must be accomplished via a functional best fit. The total
array transvers to x electric field is given by

A 5 .
Z V" . . (5-16)

- b

th arfay mode,

where V is the modal voltage amplitude of the n
(the modes of periodic arrays of slitted parallel plate
gunde are developed and discussed in Chapter 4). At the slit

plane, ¥ =$h/2,

Eit0d= & (5-17)

“p <)

*
The plane y = -a/2 has been arbitrarily chosen as the phase
reference plane for the stripline region.
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or

L. inl
r Pl:) (5-18)

. A . v - — .j
;Z [ gs L‘!"ﬁ -30 rzcre

where it is recognized that the right hand side (RHS) exists
only in the aperture plane, 3= h/2.

Extending the domain of definition of the aperture field
such that the tangentail electric field is zero on the ground

planes yields,

O.k.' ‘“‘
_a.‘gztngéli ¢ i’(s\ ,‘3=l1‘ﬁéu )
E.~ (5-19)
=P o ; elsewchane
Substituting equation (5-19) for the RHS of equation (5-18)
and forming appropriate inner products with gn-over the
extended domain results in
A ' FYaN ':'k-; in
V.00 = 2ea(hada )l Ere -
é (5-20)

A unique phase velocity for each mode in x requires for the
single mode approximation that,

A -k -
V,(x) = 2a el (s) e’ e (5-21)

For stripline excitation V; conservation of energy requires
| v * k * |
+ - - ‘. A
NV A7 Nl /e« VA + 2 2510 (54
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vy

where V_ is the second term on the RHS of equation (5-14).
Making appropriate substitutions in equation 5-22 for V_,
v{a/2), and G(o) from equations (5-14), (5-15, and‘(S-Zl?.
respectively, and rearranging results in an expression for the

unknown aperture field coefficient, E, given as

lVi“&.‘l s

1E,| zcos(weg +¢, +u) zk.‘aiét"/x)l"'ﬂﬂl%,l"-'{”{-‘-‘ (5-23)

where ﬂo is the phase of'Eo and ﬂ‘ is the phase of Eo .
As was found for the single notch element, the requirex?\ent of

conservation of energy results in an expression for the

magnitude of the aperture field in terms of it3 phase. Thus,
a second independent relation for either |(E ] or ﬂo (or
between bo:h) is required to uniquely specify E, . and hence,
v~, V(a/2), and V(o). This second relation (for ﬂo) is obtained
from equation 2-24 , where

k

ok, 18,
G‘p'zup. e (5-24)

and Ba is derived from the uniformly excited slit approximation

presented in Appendix B,

From the above results the definition of _S_° is straight
forward. Figure 5-4 defines the terminal pairs for the stripline-
to-slitted pa\‘rallel plate region. The particular choices of
notation for Eparts 1l and 4 are made to coincide with the notation
of Figure 5-2. Thus, for voltage excitationrvector{\(“,v“,vs’,v‘]

we have \

\ - vt

ve £

V; - §° v;

= (5-25)

- +

Vi Vs,

vt v

93




- o——— —— <

- - -

P

Y=%

N

| ..33_.

r—& - AN
]
! tv&ybc —®
]

g AN

lf r—
Al }——f——
a0 '/1)‘ v,t :
L }—e—
[
0
Y= -%,

i

- -~ -X20"

1,

Figure 5-4 Network Definitions for Stripline-to-Slitted
Parallei Guide Coupling Region

94




Applying recceprocity and symmetry arguments one finds,

éo

SR
R L
s;c °5:, 5;3 . 3..“

S; '5§ 3;; Ss3

ms— s RS e S S St

(5-2€)

where i% =k /ko'/E: . Making appropriate identifications

with V'
- g

Su

Ss,

- o)
’ Vg. V(a/2), and V(o), we can write,

v,

Ly - N
V: 'V;-V,,‘zv‘so Va’
“Eoe.. IR 5"““
:Ng el wu
Vo V(%)  .am
Vf: ’v,‘-v;z\/';o . Ty €3 -5]

Y -
Ve It sviavre N V%

- 2m§£%i e,(k/;)

By requiring losslessness,

- =
34 - 3:'- s;l (5:‘ -sl.'__
3 7 PY -
5%
and
° - o
Syg = 1+ 93
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(5-30)
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The scattering matrix §P exhibits the broadband
characteristic. Figure S—S—Qhows the variation of §S oland
$32( with frequency for a fixed array geometry and for ®¥3d/4T =0
(no scan). As seen from the figure, there is only a small
change in either scattering matrix element over a 3:1 frequency
band.

5.3 The Transmission Matrix T of the Flared Notch Region

The transmission matrix T, connecting the scattering
matrix at the upper interface? §a, to the scattering matrix
of the coupling region, §°, is geveloped for single mode.

The flared region is assﬁhed to considt of piecewise uniform
equal length segments. Provided that the granularity of

this approximation is sufficientl ' fine, (slow variation in
wavenumbers known in results of Chapter 4) the piecewise
approximation is an appropriate representation of the non-
uniform region. Numericai results indicate that for the small
notch elements considered, a ten-segment approximation is

sufficient.

For single mode, the transmission matrix T representing
the network N in Figure 5-2, is obtained by muIEiplication of
the junction transmission matrices (evaluated at the junctions
of the uniform segments) and the uniform line transmission
matrices, where T is defined in terms of the network terminal

vt | vt
(v‘) - I ( vt ) (5-32)

(¢} O

voltages via

T is then given by

I L1 Ad |
I=TT'A, A. (5-33)
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where étjl is the transmission matrix representing the junction

- : .th a . :

cof the (1--1)!—ll scament and the 17 segment: A7 is the transmission
.th -

i uniform line sagment; and the
scgments are ordered from right to left with respect to the
network representation in Figure 5-2.

matrix represeonting the

For the pth junction, the junction transmission matrix

Ap-l is given by

“ .
A3 _ (% ey .
A = . . T 0,y , Tt (5-34)
=p- ay A yP7 BhT
where
. . Y., *+Y
‘ p=! ?
aJ - aJ - ——— S— -
1) A ;1 2YP.| (5 35)
aly = ) Tl (5-36)
P g
a3, w (5-37)
where Yn==k'~ﬁg“ is the characteristic admittance of segment n.
The elements of the zﬁh uniform line transmission matrix
d o
/}d au acl
1 = 4 L -
...; Q% dn (s-38)
9




are givea by

e A

B R A

ay =027 7 (5-39)
4N

oty = a8 (5-40)

d 1 _

Q= a3 =o (5-41)

~ra A is the length of the uniform line segment.
5.4

Tho Active Array Roflection Coefficient

o

C o] a :
rom the definitions of S° and §, one has for arbitrary
stripline mode excitation,

Y= 8 L/; + S ¥V (5-42)
Z+ - :E;_l..; +§?u_y’” (5-43)
'\‘/'-P =D !'4 (5-44)
v = sty )

A set of auxiliary

haon found where,

\/t

relations for the network have also

T \/d +

=l A

vt

-]

(5-46)

= A

4 -4
T \/4-..
sa T LY (5-47)
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Using (5-44) in (5-46) and (5-47) and solving V in terms of

+ .
V' one finds
N

VAR

(5-48)

- a a -1
where M = (L)) + Ty, 51y ) (T, + Ty, 5,7)

Solving for ¥~ in (5-b}) and using the result in (5-43 yields

active array reflection

. - o o -1 e
Y% - (.§=u + ___S.:J. (P___:I "_érx,) ._5=1| )M;' (5-49)

Array transmission coefficient is found uéing (5-83), (5-44)
(5-45) and (5-47):

+ & -l 0 o +
V. = ,§:u Q (C__ﬂ "én) 220 Ay (5-50)

A

where

For the one mode approximations, the active reflection

coefficient reduces. to

YA VA vt -
‘5‘ 1 4] .0 ____3' -y c® Y3 - ~q V

— = {1 7 5, + 5y NS, o+ S — (5-51)
t " 2oyt 'yt (e TRV

Y f Y
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\

where the port conventions of Figure 5-4 have been used

and .
-l - k‘(? 1"“) N
v = e Vi (5-52)
arke x5 -
vit = - e ey (5-53)
- = _ark, x
V: =[,e 37Ty (5-54)

t

In equations 5-52 and 5-54,F; is the reflection coefficient
due to tbe open circuit stripline termination as seen at y = y
(see equation 2-34), X is the distance from x = 0 to the
beginning of the flare, and f' is given by 4

—» v~
Fu =yt L,x,

. - .l .
TuVH e v (5-55)
Tuvitam, v

5.5 Numerical Results

The calculation of active array reflection coefficient
follows from equation 5-51, which is a single mode specialization
of equation 5-49. 1In the calculations, it is assumed that only
the n = 0 array mode is coupled to the stripline excitation.

The higher order array modes are assumed terminated in thk=2ir own
characteristic impedances at x = -@0, and are coupled only at the
aperture plane, x = l . These approximations are justified by
the well matched interface at x =.Q , and by the higher mode
attenuation in the notch region. Moreover, higher mode efiects
are partially included at the feed discontinuity by the assumed

circuit for determination of g?.

Two array configurations have been selected for modeling.
Both configurations are square lattice. An array typical of this
lattice is shown in Figure 5-6. The dimensions of the two arrays
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T e,

- e

- are given in Table 5-1 with respect to free-space wave length
at low frequency for the pertinent operating bands. The elements

S i s e A A

of array 1 are element #5 of Table 5-1. These elements have

been shown both theoretically and experimentally (see Chapter 2), to
be well matched over a 3:1 frequency band (isolated). Array 2

has been built and tested, and exhibits nearly full array gain

over an octave band.

Computed active array reflection coefficient, is shown
with parameter d/j, versus H-plane scan angle, @, in Figure 5-7
and 5-8 for arrays 1 and 2, respectively. The element spacing

"for array 1 is such that an end fire grating enters at midband.

For array 2, no grating lobes appear. (
As seen in Figure 5-7, array 1 is well matched out to
approximately 70° scan at low frequency. The reflection
coefficient remains below .333 (VSWR of 2:1) out to approximately
25°, and below .5 (VSWR of 3:1) out to approximately 70°. As
end fire is approached, I'} increases rapidly to 1. For J/» =,55
(just above midband) a grating lobe enters for 0 = 54.9°. The
array remains well matched out to approxlmately 25°. The
resonance at @ = 40. 5° corresponds to entry of the n = -1 array
mode at 8 =39,1°% At high frequency theigratxng lobe enters at
0 = 19.5°, with a resonance at @ = 14°.} For d‘z' = ,75, the
reflection coefficient is above .4 ocut to the appearance of the

grating lobe.

[14,15]

For array 2, the element spacing is such that neither the
-1, space harmonic nor the -1 array mrocde comes in. Thus, as
seen in Figure 5-8, resonances do not occur. At low frequency
a/) = .245, I™M remains below .333 out to approximately 47°,
and below .5 out to approximately 60°, being better matched
off-broadside. For d/a = .367,(P\ remains above .38 throughout,
and below .5 out to 30°. For d/) =.465, the match is poor
at broadside. but improves as the array is scanned out to 33 .
Beyond 40°, || rises rapidly.
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bad

Array Ao E/No P/Ao Freqﬁ:ﬁ:[g

1 .25 .1875 .1875

"
1
W
h

2 .245 .204 .635

TABLE 5-1

Pertinent Array Data with Respect to A o at Low Frequency.
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Figure 5-9 shows the active array reflection coefficient
for array 2 when scanned in the E-plane. For d/) = 0.245 and
a/n = 0.367,IN & .5 beyond @ = 60°, then rapidly goes to 1
as end fire is approached. For d/) = 0.465, I > .67 for all

scan angles,

H-plane array element patterns, (1l- | 2) cos@, are shown
in Figures 5-10 through 5-12 for the two array configurationms,
with parameter d/) . In Figures 5-10 and 5-11 the resonances
exhibited occur'just after the n = -1 array mode begins propagating.
Only nominal gain loss (approximately 1dB) is observed over the
3:1 band. For array 2, the element patterns in Figure 5-12,
shows increasing gain loss at broadside as frequency is increased.
At the high frequency, d/) = .465, tne broadside gain loss is
approximately 3dB.

Typi cal E-plane element patterns are shown in Figure 5-13
for array 2. For d/), = .465, the array is better matched
off-broadsidz., At the lower frequencies, the patterns are broad
and, essentially differ only in level, consistent with broadside

gain loss.

Calculated element patterns have been compared to measured
gain for E-plane scanning of array 2 over a 2:1 band. The
overall agreement is found to be excellent. Figures 5-14
through 5-16 show these comparisons for scan angles of O°. 30°,
and 45° versus frequency. The measured array gain is presented
with respect to theoretical full array gain. At broadside, the
calculated results are within 1dB of measured gain over most of
the band. The notch appearing near l'sfo in the measured reéplts
has been associated with a connector problem, and a more ‘
representative curve would follow theoretical results more closely.
This notch also appears in the measured results shown in Figuﬁes
5-15 and 5-16. In general, the calculated results are seen to
form an envelope for the measured data. At 45° scan, this
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envelope is approximately 1dB above measured gain over the entire
band. Howevexr, as iz found for broadside, the shape of the
envelope is in excellent agreement with measured data.
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Figure 5-13
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6. CONCLUSIONS

The stripline fed flared notch antenna has been shown to
be a broadband radiator, capable of octave or greater bandwidths,
in both isolated eiement and infinite array configurations. As
shown by theoretical considerations, the broadband nature of
the element is associated primarily with the stripline-to-notch
coupling region and the proper selection of‘planes for the notch
and center conductor terminations. '

Analysis of the coupling regions for both isolated element
and infinte array configurations has been restricted to the
dominant modes of the stripline and notch regions. Higher order
modes have been partially included via the expressions for slit
susceptance. The ndmerical results obtained from dominant mode
analysis have shown excellent agreement with measured data for
two broadband notch elements in the isolated configuration, and
with a 256 element scanning array. The computed results for the
E-plane scanning array are in agreement with measured array gain
loss to within 1dB over an octave hLand and 45° scan range. For
the isolated configurations, the theory predicts the occurance
of the low frequency cut-off at slightly higher frequencies. .
However, calculations of isolated element reflection coefficient
are within .1 of measured results over 2:1 and 3:1 frequency
bands, respectively, for the elements considered.

Wave slowing has been observed for H-plane active array
element patterns for one of the arrays considered. The slowing
produces dips in the H-plane active element patterns at high
frequencies, and consequently poses a restriction on the high
frequency scan volume. The scan volume may be increased by
appropriate change in element spacing.
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Appendix A

Stripline TEM Mode Functions

The stripline TEM mode functions, &£ and h, are devel-
oped by determiniag the static electric and magnetic fields
in the stripline region, and then normalizing them such

that

{f €, EfdC ~ | . (a-1)
cs

where Cs is the stripline cross-section as shown in Figure
A-1. In the following, subscripts 1,2,3, and 4 will refer
to ﬁhe‘regions of Figure 1 in which the particular expressions
are valid. Subscript "t" refers to transverse fields.

To within two unknown constants, Ay and cp, the potential
distributious fgiasymmetric stripline in regions 1l through

3 are given as

) .
Voo ® Z. A, -osk""f‘l"‘ CO7simiaTy 3V 3
e : h

h (a-2)
= Qe o Ay aVv
Vilxg1: 2 ApcohTZ2 S 20 o 52 g (A-3)
v )_ 21 c -r'ﬁx/h P . m _ (A—4)
45 -TZ;, & (-1) swm gz
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Figure A-1 Stripline Cross-Section
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It has been assumed that the center conductor is infinitessimally
thin, From symmetry it must follow that

Lo Vila,8) = VG inychek)

Ci- Vatx,8) = Vadx,-h-%)
where 03 §2-5 ,

a. V, (x,8) = ;\. A*uasl« ::"hl"" C-ﬂmsmz:hls - 3%’-! ¢
¥ v
V;(n,-h-t) ¢-§ Amcos?\_“?\&'suné%‘lg - a'_k!;

Therefore condition h is satisfied if m is odd.
b. Similarly, condition ii is satisified if p is odd.
Let the potential distribution at x = 2 ve given as

- ‘3;},’3 rP(3),0232-%
5(3) i
f(&u}) ->¢(3¢A),-%§5;-‘1

(A-5)

where

ney

B4) = ZI % sin 08 (7-6)

It is reasonable to assume that the potential distributions
at x = -_t_»l are approximately linear, i.e. g(z) = 0. With
this approximation

ey

\A N

‘ (A-7)
|
| |

and \

- wl/h 87,
CP ? (P“.)'L S\V\?/Z. (A-8)
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E.
The approximate potential distributions are then,
~ AN,
i -~ V:(x,a) = - —h"q (r-9)
- |
s AV
| Vita3) = 52 (heg) (A-10)
l (1 sin®T s inP
; V;s“'s'b)° GVZ ™ sintls :—-3 (A-11)
The total electric field is given as
.jk‘s
E =-¢ vv (A-12)
and the magnetic .-field is
!
=\t VXE -13
H | ke VX (a-13)

where ’{, = 120 ohms. For TEM waves, the magnetic field )
equation must reduce to

e

H =j Eft: _30,‘ E (A-14)
122




or

3 ) |
518 " x&G=o0  (a-15)

o

which results in

. & Q_é
&bbxv D)\Jg

H

(A-16)

Equation A-16 is clearly satisfied by the potnn‘-als given -

above, ;
The approximate electric and magnetic fields are then )

given as:

S
E = -ﬁge"ks 2o C(A-17)

~ _aV, -1k
E, = °e“ “1 Zo (»-18)

E '-5\7 G’Sz 2‘9: P () saPeindT L

=3 h
\ ™
m P A-19 _.
" i
-2, L.e h(l ) ST cas'Lh%
P! I
odd
"'\
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H,= -“:f'.b v E, - (A-20)
= 2,
Ha ® 5, Ye ® €. (A-21)
k yxE
ﬂsz ‘%"IOL.X =3

(A-22)

These expressions possess all the necessary symmetries and
are continuous at x = f. zZ = q—h. As might be expected,
the nature of the approximation for the potential distribu-
tion at x = & , L& & (x) results in E_,,,(I,}) Ko
and Hs,‘(-l,a) 4o for 3 7 o,~his, -h.

The mode functions are defined as

in>
1]

-9V (A-23)

h

Mo % _e:  (a-24)

such thataclcf"} is power and the characterisitic impedance
is che TEM wave impedance thus,

€ = % Z, (A-25)
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e, =- - 2, (A-26)
x A gonlE
o r - B[P T B
47 PY (A-27)
“3.2:- e‘gﬂ-:) s eos B3
A7 PT
| (A-28)
L\l = .3. ® gl
hez yoxes (A-29)
hy = yxe, (a-30)

The normalization constant, N, is then determined from

ijg.gdc, =14 (A-31)
S

‘here Cg is the stripline cross-section. The normalization
constant N is given as

_ -VYa
N = (9‘-“!- +1.6855092288/4) (A-32)

The numerical constant is 4(71") A(3) where

AL) = 2h k" = (1-2") Z.,', k™"
ko fes {

and the last summation is recognized as the Riemann Zeta
function.
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Anzendix B

Slit Suczceptance for Slitted
Parallel Plate Guide

An infinite slit excited with a uniform electric
ficld is capacitive. Values of this capacitance have been
ccrzuted by both Harcuvitz [17] and Harrington (9] .
In those cases the aperture voltage is taken as aE (a is the

slit width), while for the proklem under counsideration here
the aperture voltage is given as aE,{, (see equation (2-23)).
This difference of normalization is adjusted by using a
transformer at the aperture discontinuity. In this fashion
the susceptance as vicwed at the terminal pair with voltage

-

22, can bz transforaed properly to the reference plane with
voltage aB, &, -

The ratio of apcrture voltages is ¥&, which reflects
a '/ multiplier tr those results of capacitance at the
a2, reference plane. The capacitance C:P at the reference

plane V., = aB,_ is C“f’ =C;P/£:' at the terminal pair

i o
"{1? = aEa(’;'a .
[
For the isolated slit, CLT is given as[17'93
’ <
Cor ™ 77 (2035 -adnka) (B-1)

For the arrxay of slicted parallel plate guides, the capacitauce

CJ.l, is taken as that of a symmetric septum in parallel
: ‘ . . . 12
plate guide, and is giver ast ~
- AT T
oL 2 duese T 4 A0 —i)
- JIB - {B-2)

(e

Ky T
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Appendix C

Orthonormal Mode Functions of Parallel Plate
] Regions with Open and Short Circuit Boundaries

E Figure C-1 shows a parallel plate region for which the
i; planes z=o0,-h are perfect electric conductors (PEC or short

3 circuit boundary) and the plane z = -h/2 is a perfect
magnetic conductor (PMC or.open circuit boundary). The
region extends to infinity in x and y. Longitudinal ( in Y
scalar wave functions satisfying the boundary conditions at
the open and short circuit planes and the radiation condition
at x = +@® are: '

(i) longitudinal (in y) electric field E-modes.

'k,x

@i = Ansinkyye ™ (c-1)

(ii) longitudinél (in y) magnetic field (H-mode)

” . -.L' .
By = B cos %"‘3 g™ (c-2)
; where
; (2d+1)TT
i l‘;; = T (c-3)

and An and Bm are unknown normalizations.
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Figure C-1 Parallel Plate Region

with Open and Short Circuit

Boundaries
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It then follows that for E-modes, the transverse to y mode

functions are given as

’ .lki
P -/ q‘ _ ed™ ) . ‘
g" = :’“ = A"‘q“ [E‘jh’s‘“ké“‘) 'Bkénw’lﬁnzz (c-4)

b; = .\s.x_e_.:\ : (c-5)

'1. . |1t
where k‘“ = L,‘ + LZ“ . For H-modes

b
. -% 8 _’3“ ed™

e =

IS"
!

” ' c=-7
em - h.: *-\jo ( )

The normalization constants An and Bm are taken such that

|
!
I
|
!
i

Eefvy1y § = @R Uﬂ,[v,, I* ¢ (c-8)

represents real power flow per unit length in x and ky
is the longitudinal wavenumber. Thus

’(———‘o

e

f% (c-9)
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]
” "
jdz br ‘ L‘s = é:'s
whe:e é}s is the Kronecker delta function

Thus

2
A=Bn = 7

(c-10)

- (c-11)

With equation C-11, the mode functions are readily extended

to the complex k,  domain.
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Appendix D

Coupling Coefficients for Slitted Parallel Plate
Array to Free Space Transition

The elements of the coupling coefficient matrix, €,
for the slitted parallel plate array to free space transition

are given, for array normal nllax, as
A
Exrs,v\ = Ifdsén (4)-2,,.,(2) (D-1)
Cell

L where .¢ the generalized position vector

& = 3%0 + 5-30 | (D-2)

€n (4D is the nth slitted parallel plate array mode function

A o '
(see Chapter 3), and eg,,(a_i_.) is the space of Floquet mode
functions for the mode spectrum (rectangular grid)

“3* < 1‘8 'Ot 31_\' ' b(D-3) '
A aw
L!' < xa - I'.' ‘ (D-4)

! A . L]
i The g._t“(,i) are given by
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PN

g!‘awm
st
oo Aa4

(D~5)

S iyl [ -y gelyy)
(5=l go- by 30 )

A (
= Cees (£)= A0
( —5“ ‘Dj kefr
where s = 1{2) for E-(H-) mode with respect to the array
+ L;, . Performing

| normal, x,, and ke = le;
' the operations in equation xD-]. results in

83(3,1& = [(1'3) "!r 4 (" 3 ) l‘a,] Fin, n | (D-ﬁ)

and

L 12

. 1k
| F, = ;‘?‘4‘"—' snb e g% ”
; grs‘,n ,x,t/dbj kx,'bslt. Nu

{ x - ‘,}; [(,s'm 6 “s(ﬁé "%"“')“ L’t ‘0565 5’"(??'%).]
. ’
“jR-g Lo (BA B4 lyoine, (24,240
= %, 050, (B.Ay+ BrAs) ]

‘T Lglc-cuma, 2A)+ K, 0me

.2 ‘
N @A D ) hpsia, ] (327
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where
Ho = k/imnE
0, kvE, %
Yo = ki k.

O, = Xald-h)'h , o, "/z

A Cos té 4 -smL

2 %in L&h us‘-}*‘.&
6 = incas ‘{" R 6,*= 2Yf's;n"¢;}$
¢, = cosd (cose, -j2 I sman)
C® S\'“’E,i_é (coso, - AZ‘Q‘SMGK)
D, =CRE Y, Dyl 2, N>

erz;s j&lifudgL¢ab¢fmn€r
' /=Y, tom g 1016, ~Blaméb,,

pog e | Boeste, dane,
11s ‘?c.oof‘é‘,“fme.\ -dtanda

Tyt e jleng, , 2,87 (2,44
Vea® Xes/ %y , B = B/ Kudusp)

B is given in Appendix B by equation B-2, and N, is
the slitted parallel plate array mode normalization given by

! | \

N -

U e (4)enes)dA (D-8),

eell

. —tn i A ——— - |

135




SEBP—

10.

11.

12.

13.

" REFERZENCES

L.B. Felsen, "General Formulation of Diffraction Problems*
- class notes, 1968.

L.B. Felsen and N, Marcuwitz, Radiation and Scattering
of Waves, Chap 2, Prentice Hall, New Jersey, 1973.

M. Abramowitz and J. Stegun, Handbook of Mathematical
Functions, pg. 807, Dover, 1965.

H.L. Bertoni and A. Hessel, "Group Velocity and Power

Flow Relations for Surface Wave in Plane Stratified
Anisotropic Media,” IEEE Trans. Ant. and Prop., Vol. AP-14,
NO. 3. pr 344-352' May. 1966.

Private Communication for A. Hessel.
H.M. Altschuler and A.A. Oliner, "Discontinuities in the

Center Conductor of Symmetric Strip Transmission Line”,
IRE Trans of Microwave Theory and Tech., Vol., MIT-8,

Q. Balzano, L.R. Lewis, K. Siwiak, "“Analysis of Dielez..:
Covered Arrays on Large Cylinders" AFCRL-7C-73-0587
Scientific Report, Aug. 1973.

P.M. Morse and H. Feshbach, Methods of Theoretical
Physics, Part 1, McGraw-Hill, New York, 1953, p. 823,

R.F. Harrington, Time-Harmonic Electromagnetic Fields,
McGraw-Hill, New York, 1961, pp. 180-184.

S. Edelberg and A. Oliner, "Mutual Coupling Effects in
Large Antenna Arrays: Part I - Slot Arrays”, IRE Trans.

AP, May 1960.

R.E. Collin, Foundations for Microwave Engineering,

L.R. Lewis and A. Hessel, "Propagation Characteristics |
of Periodic Arrays of Dielectric Slabs*, IEEE Trans. on ‘

MTT, Mar., 1971. ‘

G.V. Borgiotti, "Modal Analysis of Periodic Planar
Phased Arrays oi Apertures”, IEEE Proc., Nov. 1968.

137




14.

15.

16.

17.
18.

G.H. Knittel, A, Hess. and A.A. Oliner,"Element Pattern

Nulls in Phased Arrays and Their Relation to Guided Wave”,

IEEE-Proc. Nov.

1968.

L.R. Lewis, A. Hessel and G.H. Knittel, "Performance of
a Protruding Dielectric Wavequide Element in a Phased
Array", 1EEE - Trans AP Nov. 1972.

Nol\ . BegOVi.Ch,

"Capacity and Characteristic Impedance

of Strip Transmission Lines with Rectangular Inner
Conductora, IRE Trans. on MTT, MTT-3, #2, 1952, pp.

127-133.

N, Marcuwitz, Waveggide Handbook, Dover, 196S.

R.E. Collin, Field Theory of Guided Waves, McGraw-Hill,

1960.

138




