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Introdut-; .on 

The concept of CENSORING as a method of obtaining high resolution 

images through atmospheric turbulence is based on the assumption thai of 

all possible forms that  random wavefront distortion will assume during some 

period of time,   there is a finite probability that at some instpnt the random 

pattern will very nearly resemble a plane wave.     At  that  Instant,   a nearly 

diffraction-limitad image  can be obtained.     A CENSORING system would be 

able to recognize this condition quickly enough to allow a photograph to be 

taken just then,   while preventing exposures at times of more normal dis- 

tortion. 

The limplicity of the  CENSORING concept makes it seem quite 

attractive,   but on the other hand it is entirely dependent on random occur- 

rences for  its operation.     It  is therefore critical that we understand the 

probabilities involved and be able to estimate the time we will have to wait, 

on ar  average,   before the  CENSORING system will provide us with a picture. 

It appears likely that the probability that at any instant of lime the distorted 

wavefront will be reasonably close to a plane wave is inversely proportioncl 

to the telescope aperture area (divided by   r0
2    ) so that there is a practical 

limit of useful telescope size for a CENSORING system.     The larger the 

telescopf diameter,   the longer we have to wait for a good picture,  with 

waiting time increasing dramatically as telescope size  is increased. 

For this reason,   we desire a ouantitative understanding of the 

probabilities involved in a  CENSORING system's operation.     This paper 

is aimed at the formulation of that theory.    Here we  shall be concerned 

with setting up the basic formulations and deriving equations suitable for 

computer evaluation.     In a later paper,  we shall carry out  the necessary 

computer calculations. 



 I1 ■" 

Wavffront   Distortion Analysis 

The key to analysis of the vvavel'ront  distortion probabilities  Involved 

in   CEN80  .1NG operation  is the decomposition of a  sample  of the  random 

wavefront  taken over the  aperture   into a  set of orthonormal functions whose 

coeffu unts  , n the decomposition series  representation are independent 

random variables.    From knowledge of the mean-square value of these 

random  coefficients,   we  can calculate  the appropriate probabilities for 

CENSORING system operation. 

The orthonormal decomposition with independent random  coefficients 

is  related to the Karhunen-Loeve theorem and we  can antic ipate  that the de- 

velopment of the orthonormal functions and the evaluation of the mean-square 

value  of the coefficients will depend on the solution of a  homogeneous  integral 

equation for its eigentunct ions and eigenvalues,   respectively.     The key to 

that effort   is the development of the Kernel for  the integral equation.     The 

kernel  is developed from  the  statistics of wavefront  distortion and,   as we 

m   y naturally expect,   is related to the phase structure function.     However, 

as we  shall see,   the  relationship is  by no means trivial  and requires careful 

development. 

In order to calculate the  kernel,   we first have to define  in exact 

terms the nature of the wavefront distortion statistics and the "portion" of 

the distortion that is of concern to us.    We denote the random wavefront 

distortion (measurea in radians of phase) at a point   r    on the aperture plane 

by   0(r)    .     Over a circular aperture  of diameter    D   a  random  sample of 

the distorted wavefront has a random average phase   0    ,   and a random 

average tilt   a   .   where 

and 

(4 TT i>Tl   r d7 W(r.O)#(r) 

a   -   (n ^ Of1   ' dr W^, 0)^0(7) 

(1) 

(2) 

- 
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where \V(r, 13) us ^n aptTturt- function defining, in ;he r-plane, a rircla 

of diameter D centered at the origin. This aperture function is defined 

by the equation 

II.       if      |r|    <   |  D 
W(r. D) , (3) 

i   o   ,     if    I r|   > I 0 

so tliat in fltcct,   it defines the limits of integration for the r - integration 

in Eq. '■ (1) and (2),   which are otherwise taken to be over the  infinite 

r-plane.    Th« normalization in Eq.   (2) has been chosen so that if   0(r) = a ■   r 

then we would ohtain from Eq.   (2) the relationship   a = a    . 

We note that   in forming a short-exposure image,   neither the average 

phase,    J)   ,   nor the wavefront tilt,    a    ,   disturb the resolution of the image. 

The tilt produces an image shift which is basically a nonobservable in the 

sense that without special effort to provide an absolute angular orientation 

reference,   the effect of the tilt will not be measurable.     Thus,   from our 

point of view,   the effective instantaneous random wavefront distortion over 

the aperture is 

cp(r;D)    ■   0(7)  - 0  - a *  r . (4) 

If   cp    is small enough,   then the image will be nearly diffraction-limited no 

matter how large   0    and   a   are.    We wish to calculate the probab.iity dis- 

tribution for   «3    as the  basis 'or determining the statistics of the operation 

of a CENSORING system. 

To provide the basis for our calculations of these statistics,   at 

this point we introduce the set of functions,     {fB(r;D)]    with the orthonormal 

property that 

I 1    ,     if   n -  n' 
f   d7 W(7. D) fn*(7;D)fB,rr;D)   ■   I (5) 

'   o   ,   If Hfl a' 

.4 
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and tho coiuplrtoncss property that for any random lample   ^»(r; D)   wt  i an 

writ e 

*(riO)      ) an »"n0
r;D) (6) 

Where   fSBl    's an appropriately chosen set of coefftcientea    Because o£ the 

orthonormal property of   f      ,   as defined by Eq.   (5),   it follows from E<|<   (6) 

that 

0. dr W{r, D) f *(r;D) 9{T',D) (') 

Obviously,   then,   just as   *    i s a  random function,    ^n    is a   random variable 

We also note that since   0    is a gaussian random function,   then   0    and    a    , 

being linear functions of   0    are gaussian random variables.     From  this,   in 

turn,   i. follows that   cp    is a gaussian random function --  and this,   in turn, 

implies that   ä       ,   being a linear function of   qj    ,   is a gaussian random 

variable.    This fact,   together with our ability to calculate the variance 

of   3,     (which   we   shall obtain as  the eigenvalues of the integral equation 

defining    L     ).   will provide the basis of calculating the probability of   -45 

taking a low enough wavefront distortion form. 

The key to the definition of the set of orthonormal functions    ff l 

from all possible sets of functions that are orthonormal over  the region 

defined by   W(r, D)   is the requirement that the various random coefficients 

|a    must be  independent.     We require  that 

I   B.r(D 

<i. e.-) 
(D)     ,      if     n = n' 

if    n 3^ n' 

(H) 

where    B 2(D)   denotes the variance of the random variable   PB     .    (In writing 

B 2   ,   we have chosen,   as a matter of convenience for later work,   to make the 

dependence of    B 2    on the aperture diameter,     D   ,   explu it.)    To see the 

5  - 

- - ■ - — - —   
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implications of Eq.   (8),   we consider the quantity 

I « < J dr' Wfr*. D) cp (r'jD) cpf?. D) f,(r';D)> (9) 

We define the covariance of   p    as 

C (|r - r'IsD)       (9*(ri0)tp(r':0)) (10) 

where the homogeneity and isotropy of the propagation statisti   s have 

allou-ed us to write th.    dependence on   r    and   r'    in the form of    |r -  r'l 

We note that hy interchanging the order of ensemble averaging and inte- 

gration,   we can rewrite   Eq.   (9) in the for n 

i   ■   /d?' W(?',D)<L(|?-?'|;0)fs(?';DI        - (11) 

However,   if we use Eq,   (6) to provide  a series representation for   -,p*(r';D) 

to be  substituted into Eq.   (9),   we get 

| = <;d7' «r(?'.DU(r;DJ ^ eB,* f^V^D) fnf?';D)) , (12) 
■' 

which on interchanging the order of integra'ion and summation gives us 

l«<»(r{D)2 ^*/d?#W(?',DM/(?';D)^(r#jD»    .     (13) 

The orthonormal property of   fB    as expressed in Eq.   (5) allows  the inte- 

gration to be performed,   and the result of this allows us to reduce the sum- 

mation over       n'    to the single term for which   n' = n    .     Thus we get 

I   ■   <cpr?;D)0n*) (14) 

- 6   - 

»■i     
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Now ii we apain use Eq.   (6) to provide a series representation for 

cp(r;D)    ,   we fjet 

S  m <IK t^(riD)t* ) (15) 

^n interchange of the order of summation and ensemble averaging 

It-ads to the result 

i  ' ; M^u) <*„*.'> (16) 

Now we makf use of the requirement that the random coefficients   öa    and 

ÖB<    be independent,   a^ expressed by Eq.   (8),  which allows us to reduce 

the summation on   n'    to a single term with   n'  -   n   .    Thus we get as a 

consequent e of the requirement of independence of the   Pn' s 

I    ■-    Bn-(D){m(7;D) (17) 

which,   when combined with Eq.   (11),   gives the basic Karhunen-Loeve 

homogeneous  integral equation 

Jdr' W(r#.D| C^(|r - r#|;D) ^0'iD)     Bn2(D) fn (7;D)  . (18) 

The eigenfunctions of this equation are the orthonormal functions we wish 

to work with.     these functions have statistically independent coefficients in 

a series representative of   f    as required by Eq.   (8).    The variance of 

these coefficients are the corresponding eigenvalues of the Karhuncn-Loeve 

integral equation. 

Our basic remaining tasks in this paper are    1) to see how the prob- 

ability of the effective wavefront distortion,    cp    ,   being adequately small can 

be calculated from the eigenfunctions and eigenvalues defined by Eq.   (18), 

--  ■   *a^MMAaMM 
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tnii 2) to develop in expresaion for C'„ to be substituted into Eq. (18). 

However, before delving tuo deeply Into these matten, wo first wish to 

consider the question of how we can "dedimenaionalise" our problem so 

thai a sini^lf i ,isi- solution of the Karhunen-Loevc Integral equation will 

provide  the  baaic   trr.-itim-nt  for   ;ill  iiperturt- diameters and  strength of 

turbulence conditions^ 

IJednncnMonal i /.nion 

The hasir  statistics of wavefront distortion are provided  by  the 

wave-atructure function,     .Mr)   .  where 

M\T <!?(?) -^f?')!2) (19) 

It  «.an be  shown that  the value  of the wave-st rutture function may be 

wr itten ■ ■ 

Mr) b. 88(r/r0f
/3 

(20) 

where    r,     is  a quantity with  the dimensions of  length.     The value of    r, 

is  determined  by  the optu al wavelength in question and the distribution 

of the  strength of turbulence alonp the propagation path,     for our purposes 

here,   the nature  of that  relationship is of no consequence.     It   is  sufficient 

to know the value; of   r0     as this quantity,   as we shall see,   completely 

characterizes the effective strength of turbulence for evaluation of the 

performance of a CENSORING system. 

At this point,  we state without proof the fact that we c an extract 

the dependence  of    C.;(|r  -   r ' | ; D)    on  both the  strength of turbulence,   as 

*   It  should be noted that although we have spoken of   0    as a phase distor- 
tion,   we actually consider it  to be a complex phase with its real part 
( orresponding to ordinary phase and the negative of its  imaginary part 
< orresponding to log-amplitude variations.     Thus both   0    and the ran- 
dom  coefficients    fö,]    are  complex quantifies.     In all  of our analysis,   we 
have been c areful to introduce c omplex c onjugation where appropriate, 
though we have not made a point of the fac t that the quantities are complex. 
In most cases,   the imaginary part  is much smaller than the  real part. 

8   - 
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defined by    r0     .   and tht- .-ipcrlurt- dianftt-r,     U   .   by writing 

C^(|r - r*|:DI   -   (D/r0^ <s(\x - x'|) (21) 

where 

■-/a and r'/D (22) 

We note  in particular that   (T(|x  -  x'|)    is  independent of the value of    I)   . 

The v .lidity of Eq.   (21) will  be established  in a  later  section,   where we 

shall consider in detail the evaluation of    CL    and will ^-ive an explicit 

expression for   E    . 

If we substitute Eq. (21) into Eq. (18) and Cheng« the variables 

from r, r' to x,x' , noting that dr ' |Oei into D;;dx' , we p,et the- 

re suit that 

dx' \v(xM)(r(|x - x'|),3n(x':D). t,»(D)gfi;D| (23) 

where 

and 

k&m fJOx;!))        , 

**{D] V   (Ü/r0)-5/3BB2(n) 

Qrll* rfß   Bn
2(D) 

(24) 

(25) 

We note that Eq.   (23) is a homogeneous integral equation with eigenfunc tion 

^B(x:D)    and eigenvalue   «^(D)    .     However,   sine e the kernel  of that  integral 

equation,   as well as the limits on the integration,   is  independent of the 

aperture diameter,     D   ,   then it follows that the eigenfunctions and eigen- 

values must be independent of    IJ   .     We therefore may write the eigenfunction 

^B(x;D)    as   ^„(x)    without any loss of def initeness,   with the understanding 

-  9 
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that the eigcafunction we originally soughtt   i. <.•. ,    fB(r;D)   tan bf written 

as 

f   (r;D) ».(r/D) (2.. 

Since the eigenvalue! of Eq,   (23),  i.e.,    [8B
a(0)]   ,  arc Independent ol 

13    (and ol    r0     ),   w»- can without  any loss of information write them as 

{JPg2}     •     I'  tht-n follows that  tin- oi^t-nvalues we onuirially sought,   namely, 

BL   (DJ    •   ^ a" be written as 

B.^O) DM*   r0-6-  iBB
: 

(27) 

Wf  retail thai  in accordance with the above disiussion,     [S al    and    fa   (x)1 

are the set ot eigenvalue! and eigenfunction! for the Karhunen-Loeve homo- 

t'l-n.-ous  integral equation 

•   i ■•' dx' W(x'. 1)T(|X - ->.'!),-5r(x')     V -3.^) (28) 

At this point,   ".e need only H.-velof   an expression for    T(|x  -   x'| )    ,   in 

accordance with  Kq.   (21),   to set up the problem for solution of the  integral 

equation in  its general form.     Then,   after obtaining these generalized  solu- 

tions,   for any value of aperture diameter,     D   ,   and turbulence parameter, 

r0     ,   we can obtain the eigenvalues and e igenfunc f ions,     f B '•'■ ID)]    and 

rfn(r;D)]    from Eq.'s (26) and (27),   for that particular problem.     In the 

next  section,   we takf up the evaluation of   g   , 

Evaluation of the   Kernel 

Though we are  interested  in developing the kernel,     ^"((x  -   x'|)    , 

we  shall proceed in that by means of Kc.   (21),   and in most of this section 

shall  be concerned with the evaluation of the (.r-Kinal kernel,     C, (IT-"?' I ; D) 

as defined by Eq.   (10).    We shall find,   at the end of this section,   that 

extraction of a result for    (j( ( x  -   x'| )    then drops out  as a  trivial addi- 

tional manipulation. 

10 
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If we  substitute  Eq.   (4) into Eq.   (10),   we obtain 

Q.(|r     ?' 50) «<[#(?) -f-a'   rrl*r0(7') - 0 r-]> 

(#V)#(r')) - ^*ri:)0> - (0(7') 0*) H <0*0> 

<0*C?) a •   r')-<0rr')K*-   r)i<0* a •   ;'N + <0a*-   7) 

(29) + (a     *   r a "   r   > 

Making use of Eq. 's (1) and (2),   and interchanging the order of ensemble 

averaging and integration,   we can rewrite Eq.   (29) in the form 

Q.(|; - ?■ |;D)      <0*(7)0(7')) 

- (1 TT D2)-' f rf?* W^". D) (#•(?)#(?*)) 

- (i TT 02)-' 1 dr* wr?", D) (#*(?*I 0(7')) 

t (i TT D2)-?  'f d7' d^* ir(?*, D) Wf?'"', D) 

- (JI n D
4
)-I 

1 d?" w(r-,D)<0*r7)0Or'')> 7' • 7' 

- {el " o4)"'   r^?* W(r',0)<#*(r*)#(?')> r* ■ 7 

T (fs n D3)-2 P ' dr* d7~ w^", D) WC?"', D) 

x <0*f7'')0C7''))lr' • 7~ 

+ (Ti n D'')"2  ^ d7' dr~ ^(7". D) W(r*, D) 

+ (il ti D
4
)-

S
 ff 07' d7" W^'.D) W(7~. D) 

x (0l,,(7'')0(7''))(7- 7') (7' • r~) . (30) 

We note that in the first four terms on the right-hand-side of Eq.   (30), 

if the ensemble averages are each replaced by a constant,   then 'he sum of 
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T
?       ^ (?!  nD^-^d?" Wf?-,D)/.(|?- 7-1)7- •■?'    , (38) 

T^       ^ (i; "ü*)-i   ' d7- W(7-, D)^(|f' - r'l) ?' •   7     , (39) 

x   ."(Ir'-^-l) (7- ?") f7'-7~)   . (40) 

In developing  Kq.   (33) from Eq.   (29),   we have dropped the two terms 

x  M\T~'r~\)1'-rm 

T8      -t (f«'1 i)3)-3;; d7- d?- wf7-, D) W^^.D) 

x ^(7"-7-1)7 • 7~ 

(41) 

(42) 

which i orrespond to the seventh and eighth terms ia Eq.   (29).    Our reason 

for doing this  is that both terms can be shown to have zero value.     To see 

that these terms do indeed vanish,   we note that if we consider pairs of 

values of   ?*    and   7"    that hold   7"    ,  r"    ,   and the angle between   7" 

and    r*    constant,   then as we integrate about the orientation of the   7'*'.vectoi 

everything in the integrand is constant except   7 • 7".     As a result of the 

variation of this factor,   the integration over    2TT   yi-lds a zero value.     (It is 

interesting to note that    T.,    and    T9    correspond to the correlation of   0    and 

a    ,  which,   as we should have expected,   are uncorrelated. ) 

With Eq.   (33) established,   we now look into the problem of using 

)) for   j?   to simplify our expression for 

this point to introduce the following functions: 

Eq.   (20) for   J   to simplify our expression for    C        .    It is convenient at 

(x)    ■    3.44 x6^ (43) 

1/2 

0, (x)    --    3.44 (-n)-»   '   dx" x"   " de^+x'^xx^cos 9K3     (44) 

1/3 
Öa 

:    8 Jdx'  x-    ^(K") (45) 

13   - 

-■•■  



■ ■  '      ' ■ 
1     «     "1 PTWfT^WPWWVW^^W^WF 

1/2 "" 
^(x)    -    3.44 (-nr1   ^dx-  x's   [ d«' CO« e# 

o 6 

x  (x34 x'2 - Zxx"  cos  ff (46) 

1/2 

@4 
=   64   J  d*~ *~7' 93{x') (47) 

We sha"'. sot-  shortly that    C      tan be expressed in terms of these five 

functions (or more precisely,   three functions and two constants). 

From  Eq.   (20),   we see that 

T,        -3.44 (r24 r'2- 2rr' cos  ff   r0-
5/3 

■  -3.44 (ü/ib)
B/i[(r/D)r,-f (r'/D)2-2(r/D)(r'/D) COI %'JV 

■ -(D/r.F3 a0 (1(7/13) -  (?'/D)|) . (48) 

Proceeding in the same vein,  we see that 

l/E 2TT 

Ts       3.44 (,;TT)-» (D/r0f
/3   " dx"  x'    \   U' 

X    r(r/D)a+x~2- 2(r/D) x" cos a"]5'6 

• (0/reF^ •, (r/D) 

where we have made the transformation of variables 

(49) 

?* « Dx- and dr*  ^   D2  dl (50) 

and later will also use 

and        dr ^  ~   rf  dx (51) 

14   - 
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For    T3     ,   working   la exactly the same way but with    ?    replaced by 

r       ,   we j^et 

f 

T3       (D/r0F- ©^r'/O) (52) 

Working  in the  same manner with    T4     ,   as defined  in tq.   (37), 

we gel 

2TT 2n 1/2 "" 1/6 
-3.44 (i nfiO/ttf*   '  dx*  x"    P   d9'     ^  dx" x~     P   d9' 

0 0 0 0 

x   [x 2 + x~2-2x" x*" cos (e^-e*)]5/6 

l/B 
3.44 {ivr9(D/r0f*   ;  dx" x" 2- J     f   CUT x"     •  de^ 

0 00' 

X    [x"^ x~2- 2x~ x~ cos (e-)]^! (53) 

Here we have  repla-ed  the variable    a"    by    9~^Q"    (treating    9'    as a 

constant for the    •".integration),   and then shifted the limits of that inte- 

gration from   e',. 2-7.9"   to   o„2~   .    Thia then allowed the ••-integration 

to be performed, yielding a factor of 2" for the final result in Eq. (53), 

We note that the quantity in the curly brackets in Eq. (53) is directly re- 

lated to   (J), (x*)   .     Thus we can write 

1/2 

T4        -8 (D/r0f
/3     1  dx' x"©   (x") 

(D/rftf« (54) 

For    T5     as defined by Eq.   (38),   we have  the  necessary ext ra 

powers of    IT '     in front of the mlegral to convert    ?* •   r'    in the integ. and 

into   x'  •   x'    .     Following the same procedure as above,   this allows us to 

15 
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The evaluat.on of   T9    follows the .„no ,eneral approach as the 

above.    In th.s case,   we have enough extra poW. of    I> >     m frünt  of the 

•n.e.ral to allow us  to convert    (7-   ?-,(?'.   ?-,    lntü    [(?/i>) .   -][f?Vn).- 

Thus we can write 

1/2 2TT 1/2 2n 
-3.44(r4nr

2;dx'  x";   ciQ-     'dx-x-    •   d9~(r/D)(r'/D)x- 

X    cos I*  cos (e**-  e') Tx'2 
) [x'24 x^2 - 2x~ «• cos (e'"- |-)]l ft 

2TT 
3-^ (h  ^(r/D)(r'/D)    ^dx'   x^   f df   Klx* x^   fd.-  cos ■ 9 

cos  :9-M9--  9')](x'24x^.2x* „- t,os  rp/i 
(59) 

In order to obtain the f.nai form of Eq.   (59),   we have replaced    |-    by 

r+|-    (treaty    ,-    - instant for the 9--.nte^rat.on).   and then ad^sted 

t-u-l1m1tsofthenewe--inte^atIonfrotn    .«^ 2« + ,-    to    0^^    .     ^ 

can rewrite    cos  rq~ 4  (f*-0*)1    as 
*v we 

c OS 
+ («'-?')]   - cos.-' cos (9'-9') <  ■tof-  sm (e'-g') (60) 

and us.n, the same arguments as were used to develop Eq.   (57) from Eq.   (55) 

••'•. ^dropping the    s.n o~   dependence because l| leads to an odd .ntegrand 

in    o'"    ,   we obtain 

2n 
T9   "  -3.44  (^ -)-^(r/D)(r'/D)    ^dx'  x"2     I* df co 

s 9" cos (e". e') 

{ 
1/3 2- 

dx* 
/  d9~ cos 9" (x^ + x^-2x' «- cos e~Fs ^   (61) 

First of all,   we note the close relationsh.p between the quant.ty I. the curly 

brackets .nEq.   (61) to the integrate def.n.n,   a3     in Eq.   (46).    Second we 

17 - 
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note that the only 9~-dependence in Eq.   (61) is    cos 9' cos (9"-9') 

Since 
ZTT 

J d9* cos 9" cos (9'- e')   ■   n cos 9' (62) 

we see that Eq.   (61) can be rewritten at 

T9     ■    -   (D/r0FMr/D)(r'/D) cos e'Ql4    . 

With all of these results in hand,   we can now rewrite    C 

given by Eq.   (33) in the form 
as 

(63) 

C^il'r-r'l-D)   .    C^r .   r'.   9' ; D) 

" (D/r0^(-a)b(|C7/D)-C?'/D)|) + 0l(r/D) 

+ (3)I(r'/D) -(Jg + (r'/D) cos 9'(5»3(r/D) 

+  (r/D) cos 9' Qb (r'/D) -  (r/D)(r'/D) cos 9' ^ }  .   (64) 

In writing Eq.   (64),   we have taken the liberty of introducing the notation 

Ccp(r  -   r*.   9'  ; D)   to make it explicit that the dependence on    |r-"?'|    can 

just as well be considered a dependence on   r, r'    ,   and    9'   .    We note that 

although    9'   has been defined in terms of the   T' .   physically,   and in our 

futuic work,   it can be considered as simply being the angle between   7   and 

r '    .if we choose. 

The first thing we wish to note in considering Eq.   (64) is the fact 

that it is indeed a function of   ?/D   and   7'/D   multiplied by   {DfrJ* 

thus justifying the assertion that led us to write down Eq.   (21).    In fact, 

comparing Eq. 's (21) and  (64).   we see that the value of   S(|x-x'|)   can 

be written as 
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£(|x-x'l)    -    r(x  ,   x',   9') 

- öo (|x-x'|)  1 Qtjix) t rt^x')  - (ä)3 

4  x' cos I' Qi^ (x) -t  x cos  9' ©a (x') - x   x' cos 9' a)4   .   (65) 

With this expression in hand for   9   ,   with the ©-functions defined by 

Eq.'s (43) to (47),   we can now turn our attention back  to the problem of 

solving the integral equation for the eigenvalues   <P1
2    and the eigenfunctions 

5B (x)    .   in accordance with Eq,   (2K). 

Integral  Equation Reduction 

As indicated at the start of this paper,   we  shall not attempt here to 

solve  the  Karhunen-Loeve homogeneous  integral equation,   the pertinent 

form of which is given by Eq.   (28).    Ultimately we intend to solve this equa- 

tion using numerical techniques,   in particular the Givens-Householder 

method.     At this point,   however,   we are  interested in numerical procedures 

that will simplify this equation.    We note that the basic   integral equation is 

two-dimensional and that as a consequence,   the size of the matrix required 

to obtain any reasonable resolution over the aperture for our eigenfunctions 

will be unreasonably large.     We propose to avoid this problem by introducing 

a separation of variables  in the eigenfunction. 

We postulate that the eigenfunction   ^n(x)   can be separated into a 

radial dependence and an azimuthal dependence,   and further postulate that 

the azimuthal dependence can be written in the form   exp (i q a)    ,  where 

q=0,±l,3:2,...     is a  "quantum number'   for a set of solutions cor- 

responding to   a     subset of the   n   'quantum numbers. "    The radial depen- 

dent e would have its own set of "quantum numbers",   p-1.2,3  

with each combination    (p, q)   corresponding to an element in the set that 

was "counted" by   n   .     Thus we would write 

^B(^)   ■   !]RpMx) cxp (i q 9) (66) 
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Where the supi-rsi. ript    q    owr the  radial dependence  term,   i.e. ,   the 

function   S    ,   is used to indicate that for each value of   q    ,   we may ex- 

pect to obtain a different set of radial dependence functions.    The eigen- 

value- would now be written as   tf in place of   iP^    . 

To validate our hypothesis concerning the validity of Eq.   {6t')),   we 

shall substitute Eq.   (66) for   ,"5   fx)    into the  Karhunen-Loeve homogeneous 

integral equation given  by  Eq.   (28),   and show that  it  leads to self-consis- 

tency in the sense that the form of   "^ (x)   will be found to have .the form 

given by Eq.   (66).     While this is not I  rigorous proof of the validity of the 

separation of variables,   our manipulations will define the key steps re- 

quired to develop such a rigorous proof.     We shall not concern ourselves 

further with the matter of a rigorous proof. 

If we substitute Eq.   (66) for   rj   (x)    into Eq.   (28),   we obtain 

'dx' wf^'.i) ^(|x-x'l)gB(x') 

1/2 
2TT 

-     ' dx'  x'    "   d9' ^(x.x'.e'- 9)!RMx') exp (i q ^)     , (67) 

where here we have chosen an arbitrary angular reference point  so that 

we can define angles    9    and    9'    associated with    x   and    x'    ,   respectively, 

rather than merely having   q'    defined as the angle between   x   and    x'    . 

Then in writing   S    ,   we took note of the fact that the 9'-dependence  indi- 

cated in Eq.   (65) was in this case a dependence on    9'- 9    •     Now if we 

replace    9'    in Eq.   (67) with   9'-* 9    and then readjust the limits of the 

9'-integration from    9*-. 2- -t  9    to   Ü <_, 2n    ,   we obtain 

r dx- wiS*. i)(?(|x-x'|) g (x'j 

1/2 
=   exp (1 q 9)    1  dx'   «„(x.x')   ^{K) (68) 
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where we have used   ff       to mean 

2n 

Q    (x, x')    ■    x'     Pd9'   (^(x.x'.e') exp (i q 9') (69) 

Now combining Eq. 's (68) and (28),  we see that 

i/s 
3.^) - exp (i q 8) ^SB."2   P dx'«q (x. x') KMx')i . (70) 

Comparison of Eq.   (70) with Eq.   (66) shows that our assumption of Eq.   (66) 

for   ,3B(x')    leads to self-consistent results for   |l   (x)   .     Combining Eq. ' s 

(66) and (70),   we obtain the equation 

1/8 
J  dx'R^x.x'J^Mx') «^•,   KpMx) (71) 

This is a Karhunen-Loeve integral equation type definition for the radial 

function,    %*    ,   with a kernel 

of the    quantum number,"   q 

function,    H^     ,   with a kernel,    ff(J     ,  which can be different for each value 

Eq.   (71) provides us with a basis for calculation of the complete 

set of eigenvalues,    ^z.    (or   SB^    in our original notation),   and together 

with Eq.   (66) provides a definition of our two-dimensional eigenfunction, 

Sp'(x) exp (i q 9)   (or   ^„(x)    l» our original notation).     The set of kernels, 

{flq]    ,   can be obtained by substituting Eq.   (65) into Eq.   (69).    We get 

2TT 

q0(x,x') -  -x'    r  d9'ö0 Tx2   + x'2  - 2x x' cos 9']1/2 

4 2TT X' [#, (x) 4 &l (x') - Ql2] (72) 

2TT 

«±I(x,x') ■ -x'    ^dg'Olo^x2   + x'2   - 2x x   cos 9']1/2) ^os (90 

+  TT   x'   [ x' ®3 (x)   +   X (»a (xO   -   X   x'  ^ ] (73) 

21 

. , - _     -     1-^..^.   - -  "^ 



7 
I ...    .IM,.,.,   _ wm*wwr~^*~~* 

and for the magnitude of   q    greater than one 

2n 

^5(x.x') -  -x'   J  dO' @0   ([x
2   + x'2   -  2x x'  cos e']1/2)   cos  (q ,') 

for   q      ±2  ,   ±3 ,   ±4  ,   .   ,   . (71) 

In obtaining these  results,   we have made use of the fact that    exp (i q 9') 

can be written as   cos 9'+ i sin 8*    .   and noted that the    sin I*    bads to 

integrands  odd in    J*    so that  their value after  integration of    0«-, 2^    vanishes. 

The combination of Eq. 's (2*,).   (27),   (43),   (44),   (45),   (46),   (47),   (66). 

(71),   (72),   (73),   and (74) provides the basis for calculating the eigenvalues 

and eigenfunctions we  shall need to determine  the probability of an accidental 

Occurrence of a low energy wavefront distortion condition so that the 

CENSORING system will be able to produce a near diffraction-limited image. 

In the next  section,   we take up the problem of calculating this probability, 

given the set of eigenvalues.    As noted before,   we leave the problem of 

numerically evaluating the eigenvalues and eigenfunctions for treatment 

in a  subsequent paper. 

Probability Formulation 

The key to the evaluation of the probabilities associated with a 

CENSORING system's performance is to recognize that this is essentially 

equivalent to a study of the probability distribution of the effective  mean- 

square wavefront distortion over the aperture.     The term "effective" as 

used here  refers  to the fact  that we are only  interested in wavefront varia- 

tions excluding tilt and average phase variations -- i.e. ,   the effective 

wavefront distortion is to be calculated from   cp(r;D)   and not from   0(r)   . 

We write  the mean-square wavefront distortion over  the aperture as 

Aa   - (ITT  D2)"1     1 dr* W(T',D) I^C?;!^!2 
{7b; 
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It  should be recognized that the term "mean" in reference to   A2    rciers 

to an average over the aperture and not to an ensemble average.     Thus 

just as the effective wavefront distortion,    cp    ,   is a random function,  we 

-je-   from Eq.   (75) that   A2    is a random variable.    If,   at some instant, 

A2    is small enough,   then we may expect nearly diffraction-limited quality 

for an image formed at that instant.     The problem we face in calculating 

CENSORING system performance is one of calculating the probability that 

A2    «-ill be  sm.ll enough.     We set as a nominal threshold the requirement 

that    A2 < Af2   radian-square as the dividing line between good and poor 

images.    Our problem is to calculate the probability of   A2    being less 

than   A/    ,   this being the nrobability that the CENSORING system will 

see good enough conditions to allow an image to be formed. 

If we substitute Eq.   (6) into Eq.   (75),   we get 

n, •' 

(76) 

Now making use of the orthonormality of   fn     ,   as defined in Eq.   (5),   we 

can reduce Eq.   (76) to the form 

A2    =       (i  TT    &f I.     3. 

• l [••/(Jn O^1]* [•,/(!" D2)] (77) 

Thus the mean-square wavefront distortion is seen to be the sum of the 

square of a set of gaussian random variables,    0,,/G TT E>2)i/s    .    We recall 

that according to Eq.   (8),   the random variable   BB    has a variance given 

by the eigenvalue    Bn
2(D)    ,   so that the variance cf   SB/Ü "  D2^2    can be 

written,   using Eq.   (27),   in the form 
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rorresponds to 

Limit 

• = J 

V . »,•; (83) 

Eq.'s (82) and (83),   in conct-pt at least,   provide a  basis for the «alculation 

o1    Pc,n,9r     i   U«. i   the probability of a  CENSORING system  image  being 

formed.     However,   because of the  infinite limits on    n    in these  two equa- 

tions,   no praetual calculations can be performed. 

To provide I pracdeal basis for carrying out tli« calculation of 

^c.nmr     >   Wi' nvv(i ,0 truncate the- series.     To do this,   we first note that 

in accordance with results which we have previously obtained elsewhere,5 

we know that  the ensemble average value of    *■"    can be written as 

(A2)    --    0. 13 4S (O/r0P*        . (84) 

Now if we assume that  the eigenfunctions are arranged in such an order 

that    c^    is monotomcally decreasing with    n    ,   then we know  that  if    N 

is large enough so that 

L <A3)   -   €  &„ (85) 

then it    e    has  been chosen to be a  small enough quantity,   we may con- 

sider    N   ,   rather than   x    ,   to be the practical upper limit on the   n 

dependencies in Kq, 's (82) and (83).     As a practical matter,   we would 

replace    AT
:J    in Kq.   (83) with   &v*(l>«)   . 

This has the effect of saying that above some value of   n    (namely 

n = N   ),   we are not particularly concerned with the exact amount of wave- 

front distortion introduced by each degree of freedom.     The exact value 
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PART   II 

Numerical      Evaluation      of      Probabilities 

Governing      the      Performance      of      a 

CENSORING      S y s t e m 
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Int roducj ion 

In Pc'rt I of this report,   a formal basis was developed for the analy- 

sis of the expected performance of a CENSORING system.     The basic quantity 

of interest was identified as the probability that at any instant of time,   the 

wavefront distortion over the entrance aperture would ha\e an rms devia- 

tion from a plane of less than one radian.     (The term " rms '' is used here 

in the sense of an average over the aperture. )    Because the CENSORING 

system is designed to form a short exposure image,   the wavefront deviation 

is  to be measured relative to the optimally chosen tilted plane,   i.e. ,   that 

plane whose tilt is such as to minimize the rms deviation. 

It was shown that the probability of interest could be calculated 

in terms of a multi-dimensional gaussian distribution in a hyper-space, 

where  the hyper-space was defined in terms of a  set of functions which 

could be used to decompose a sample of the randomly distorted wavefront 

taken over the aperture into a  set of statistically independent components. 

Because the wavefront distortion is a gaussian random process,1 and be- 

cause the magnitude of each of these independent  random components is 

obtained by a linear process from the  random wavefront distortion,   it 

follows that each component is a gaussian random variable.     The random 

amplitude of each component   represents  one of the dimensions in the hyper- 

space,   and the probability of interest  is the probability that all of the ran- 

dom variables will take on small enough values at some instant of time. 

Because the functions used for the dec omposition of the wavefront 

are a set of functions that are orthonormal over the space defined by the 

CENSORING system's aperture,   it follows that the mean square deviation 

of the wavefront at any instant (with the mean taken as an average over the 

aperture) is just equal to the  sum of the square of the component amplitudes 
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in  the wavefronl  decomposition.     This moani  thai  the probability of the- 

rms «ravftfronl distortion being less than or equal to one-radian is just 

the probability that  the   random  components will define a point  in  the hyper- 

space that  lies within a hyper-sphere of one-radian radius and centered at 

the  origin.     Since the c omponents each ubey an  independent gaussian distri- 

bution,   the problem of evaluating the probability of interest can  be  seen '•" 

reduce to a multi-dimensional integral within a unit hyper-sphere  of a  set 

of paussian distributions.     All we need in order to be able  to carry out this 

evaluation is information on the variances to be associated with each element 

ol  the set of gaussian distribution.    In the previous work,   it was  shown that 

these variances could be obtained by solving the Karhunen-Loeve integral 

equation associated with the wavefront distortion statistics,   and that they 

were proportional to the eigenvalue =, of that equation. 

The  single wavefront  distortion statistic  required for this problem 

is  the wave  structure func tion,    .Mr)    .   where 

Mr) 6. 88(r/r0F
3 

(l) 

The orthonormal function set    ^(„(r)]    and the associated set of variances, 

fc^"}    ,   which appropriately decompose the distorted wavefront and which 

define the gaussian probability distributions of interest  in our hyper-space 

integration have been shown to c orrespond to the eigenfunctions and to be 

proportional to the eigenvalues of a Karhunen-Loeve integral equation util- 

izing a function of   ^(r)   as the kernel of the integral.    The relationship be- 

tween the set of variances of interest and the set of eigenvalues,  fB2]    ,   is 

givt r. by the equation 

0  2    "-    lL»/( )   TT    D») (2) 

In seeking a solution of this integral equation,   it has been shown 

that the set    ^„(r)]    can be decomposed in subsets by separation of variables 
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into polar (.oordinates,   i. e. 

7   =    (r,9) (3) 

It has been shown that we  can write 

fn(r) -   fy (r) exp (i q 9)    ,    q      -« -2, -1 . 0, 1, 2 +« 

p = 1 , 2, 3, . . . +»        , (4) 

where the function    ^(r)    represents a set,   on   p    ,   of functions that 

satisfy a homogeneous integral equation with a kernel that is differer* for 

each value of    q    .     (Actually the kernel for    q    and  -q    are   identical.)   The 

eigenvalues of this integral equation,     B    2        can be equated with the eigen- 

values of the original integral equation,   i.e. , 

Pi ^ n (5) 

and equivalently,   the variance of interest can be written in the form   a     2 

p.i 

where 

a.   2   =  a' (6) 

The integral equation defining    RpMr)   and    R    2    involves the 

aperture diameter of the  CENSORING system,     D    ,   and the basic wavefront 

distortion turbulence parameter,     r0     .    It is convenient to cast the integral 

equation in a form which is independent of these two parameters  so that a 

single set of numerical solutions to the integral equation can be applied for 

all possible values of   D   and    r0    ,    It has been shown that if we define the 

eigenfunctions,    ^ (x)   and   SPp ^    by the integral equation 

1/2 
fdx'ftfx.x')    ■   t »VOO 

P. Q (7) 
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then 

and 

w^muKt^yM 

^ ^.t"   B   1311/3 'om^%.%* (8) 

f.ir) -   V(r) exp (i q  9)  -MpMr/D) exp  (i q 0) (9) 

If wc define  | (x, x')   as 

Z" 

«q(x,x') = - x' ; de'6b(rx2Hx'2-2xx' cos e']1/2) coS (qfj , (i 0) 

then th« kernel for the  integral equation of Eq.   (7) tan b e written as 

• ,(X,X'J   «t,(x.x'J it      q   ■  tZ,   iS,    ±4> (11) 

«lU.x^'ÄtCx.x^ + nx'CxH^CxJ + x^Cx')-«*^]   ,       (i2) 

«o^-x')  =ft0(x,x') ^ ZTTX'^XMOI^X') -0);,]      . (13) 

The 9-fuilctioni are defined as 

% (x) 3. 44 x5'3 

(14) 

Mx)      3.44 (inr1     fdx- x"   rde^x^ + x^-Zxx' cos ff*,   (15) 

Q)?       =   8    f   dx" x"    ^«x'J    . (16) 

%(x) - 3.44 (ITT)-I r ax- ,*■ r de- cos B-(JI(i+x-i 

- 2x x" cos e')^6 

1/2 

64     P    dx'  x^ fc(x*) 

(17) 

(18) 
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We note in passing that if we had been interested in a  system in 

which,   even during a short exposure,   wavefront tilt had to be considered 

a portion of the wavefront  distortion (which  it does not  have to be for 

normal  short exposure purposes),   then the only change  in the above  results 

would have  been to modify Eq,   (12) to the form 

fl^x, x')    ■   ^(x, x') (12') 

Our basic problem is to solve the integral Eq.   (7) for all of the 

eigenvalues.     f<P     2]    and then for a particular set of values of    D   and    r0 

obtain the corresponding set of variances    f 7„. n
2l    in accordance with 

Eq. 's  (2) and (8),  from which we get 

-f, i 

Pt I 

4    -_0^3 

TT   Vr0 / 
(19) 

The  second half of the problem is the evaluation of the integral in hyper- 

space which defines the probability that at any instant the random wave- 

front distortion relative to the optimally chosen tilted plane will have a 

mean square value,   averaged over the aperture,   of one radian squared 

or less.     This probability can be written as 

CENSOR «Tf   (2n 
p> (i 

,.,ari/3    ;    dx^,  exp(-SxPf//op>^)        .   (20) 
spit 

here the limits on the integral correspond to a hyper-sphere for which 

Pf i 

V, s    1 (21) 

In Eq. 's  (20) and (21),   the product and the summation run over all possiole 

combinations of values of   p   and   q    . 
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In the next seit ion,   wt- take up the problem ol rastin^ the integral 

equation of Eq,   (7)  in a form  suitable lor numerical evaluation.     In the 

sections alter  that,   we  shall first  present  the numerical solution technique 

.md results,   and then go into the problem of formulating an explicit form 

for the hyper-space  integral of  Eq.   (20) for  various values of    D/r0     .     Then 

we  shall move on to consider the evaluation of that hyper-space probability 

integral.     Based  on the  results of this evaluation,   we shall present  a gen- 

eral discussion of the expected performance of a  CENSORING system. 

Integral Kquation Numerical Formulation 

The numerical solution of the  Karhunen-Loeve integral equation 

presented  in Eq.   (7) can be developed using  standard numerical techniques. 

However,   if will  greatly simplify our numerical treatment   if we first  recast 

that equation into an equivalent form in which the kernel,   i.e. ,    G  (x   x')    is 
i 

replaced by a kernel that manifests  symmetry between    x    and    x'    .     r We 

note  that  the leading factor of    x '    in the  right hand side of Eq.'s  (10),   (12). 

and (13) destroys the  symmetry of   q   (x.x')   .1 

In order to obtain the desired symmetry,   we introduce the following 

symmetrizing functions: 

2lT 

t,,(x,x'J = -  (xx')1/«    •  d9'(3)0([x24 x'2-2xx' cos 9']1/2) cos (q 9') ,    (22) 

t0Mx,x') -q0Mx,x') i 2n (x  x'F^U) t ^(x') - &2] 

ttMx.x') =ifl
,(x,x') + n (xx'F«[^(x) ^<»3(x') - a,: 

(23) 

(24) 

JLi* (X. x')-R1
s(x,x') (25) 

'\Ux)    -    x1^- V(x) (26) 

Now it follows from direct  substitution that Eq.   (7) can be  rewritten as 

33  - 
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l/l 
'   dx'qqMx,x')XMx') B. s\Mx) (27) 

which integral equation hai ■ iymtnetrlc kernel and i an be solved u.sinfj 

gtraightforward numerical techniquea.    The eigenvalues of Eq.  (27) are 

Identical to thoae Of £q.   (7).   and the ei^enfumlions of Eq.   (7).   i.e.,    ^ (\) 

can be  obtained from  the eiganfttnctiona of Eq.   (27).   i.e. ,     ,3lf*(x)    by use 

Of Eq.   (2*.). 

To obtain the eigenvalues and aigenfunctiOM of Eq.   (27),   it  is nec- 

essary to transform the integration into a summation,   thereby obtaining a 

homogeneous set of simultaneous equations with a determinant that deter- 

mines the eigenvalues and eigenfum tions.    In order to repla< e the integra- 

tion by a summation,  we subdivide the range    x ^ 0 to 0. 5    into 20 sections 

and  consider the values of    x   at  the midpoint of each section,   which we 

denote by    x      for   I ■ 1 tO 20   .    We can then make the  replacement 

1/2 
2 O 

"'dx'*1
s(x,x'pv(x') • )   K,Mi.n »v^'J (28) 

which allows us to rewrite Eq.   (27) as 

KM'-i')5 V(i')  r «V.,2 sV(i) 

!'= t 

(29) 

where 

and 

Rfii)   -   5SpMxt) 

Kq
s(i.i') ■ (|/20)   ^Mx^x.J 

(30) 

(31) 

Eq.   (29) presents us with the straightforward problem of obtaining 

the eigenvalues and eigenfunc tions of the matrix   K^fi. i')    .     This is a 
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We have utilized the trapezoidal rule to carry out the 9-integral ions in 

Eq.'s (32). (33), and (34) and Romherg interpolation'1, and have used a 

10-point Gaussian quadrature to evaluate the u- and v-integrations. 

For a value of   q   much  greater than two (2),   there  is a potential 

•CCuracy problem  in the evaluation of the  integral in Eq.   (34).     This  is 

most  easily  studied  if we  split the 0 - i nie grat ion in Eq.   (34) in such a way 

that each  region of integration goes over only one-half cycle of the oscil- 

lating function    c os  (qa)   .     This  gi\c 3 us 

'  dl (x.; ♦ x,; - 2xt x(, cos ef'6   cos (qe) 

1 

-     N 

ka 1 

k Ti/q 

(k-   )n/q 
d9 (x,;3 + Xj,2 - 2 x, x., cos e)^^    cos (qQ) .     (35) 

The fact or    (x,2 4 x,,' - 2 Xj x,, cos 9)5/6    is a positive monotonic ally- increasing 

func tion of   9    in Eq.   (35),  from which we see that the right-hand-side of 

Eq.   (35) consists of the sum of a set of alternating sign terms.     When there 

is a large difference between   x,     and    x, <    ,   we note that    (Xj2-t x, ^ - 2 x. x. , 

x c os ;:')6''0     is a very weak function of   9    ,   so that the terms  being summed 

are nearly equal in magnitude,   but of alternating sign -- a situation that can 

seriously stress the accuracy of the computed results. 

To avoid this accuracy problem,   we can expand the integrand in 

Eq.   (34) in the form 

TT 

■ 

0 

dQ (xt
?^x. 2-2xf x,, cos e^6 cos(qe)=^/6    " d9 (1   -   e cos 9)B/a    cos(g9) 

SS/"      r d« fl • f   e cos 9 -f 7 
L        6 

5/1      I 
ZK'ZJZI**0* e + -  • -^ cos (q9) 

ss/s    £•: 
Dl 

n= I 

d9 cos"   9 cos (q9) 
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where 

8*X*  i   K,» 

€  z 2 x, x^/S 

p. * 4 r4. 6 u-vU"2;- • -u-" 11 

(37) 

(38) 

(39) 

Th,.  mtt^ral in the final form of the right .hand-tide 

shown to have   th»' value4 
of Eq.   (36) can be 

( 

'  dS » osn 9 coi (qQ) =, 

if   n < q 

•f   n-q    =    odd •     (40) 

'•>-.' n4(f   . 'n-M 

.   2   J   .   Z    I 

      if   n+ q  - even 

so that Eq.   (36) may be  rewritten as 

^ U.' fXj'.Z«,^, cos ep'  COi (q5) 

=   n s^6 

T   =0 (q-Hn)l m ! 
(41) 

For    € < . 5 
whuh corresponds to «, and x,, s^n.f.cantly d.fferent 

- •i.e. Eq. (41) ,s fairly „pldly convergenl and a 40-term summation 

JTleld. aufflcient accuracy.     For    e . . S    ,     .,     and    ^    are  sufficiently 

dose   in  value  that    fv 2+   v   2     J ~   „ *\KI.~ 
IX,       K,, -Zxjx,, cos e)B/s    is a significant function 

of    9    .   and the evaluation of the  integral  in Eq.   (34) can proceed  by 

•tmlghtforward numerical quadrature without axcaiv. loss of accuracy. 

For   q    greater than two (2),   we have evaluated the 9 -in.egrat ion in Eq.   (34) 

U.lng »tthar ordinary nun erica! integration techniques if   2 X, x, ,/(«t + „ ?) 

I.  greater  than one-half,     or   u.St.d Eq.   (41)for „.^  x%%% ^„J^ 
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With these numerical technique•< the   K^i.i')   matrices were 

evaluated for    q      0 tO 41    .     These  results are listed in Table I,   giving 

he matrix  in upper  right  triangular form.     With these matrices,   we were 

then able  to carry out  I determination of the e igenfunc t ions ancj eigen- 

values.     These are  listed   in Table  II.     The  ei genf unctions as  listed here 

have been reetored to their unsymmetri aed form,  i.e..   \q{x)   instead 

of   s^ ' (x)    by making use of Eq.   (26). 

The set of all eigenvalues were rank-ordered without regard to 

p-  and q-values.     In this procedure,   we counted each eigenvalue  twice 

if  its q-value was not  zero,   since  it  then applied to both    q    and    -q    . 

This  set  of eigenvalues  is  listed  in Table III.     We note that the  leading 

eigenvalue for each value  of   q    for    q ;> 4    appear  in order according to 

the  value  of    q    .     Since we only worked with   q < 41     ,   and  since  the lead- 

ing eigenvalue for   q      41    is the    569    ,   we can probably consider the list 

of aigenvaluei complete up to the 569,   or thereabout.     The sum of all the 

eigenvalues listed,   of which there are  1660,   is    0.105127   .     This  is  in 

good agreement with the value of    0. 1056   expected for the total of all 

eigenvalues,   as derived from an earlier work which considered the ex- 

pected mean square wavefront distortion.'      We note  that the cumulative 

sum  at  the   569U   eigenvalue  is 0.104708/0. 10527 >  99.60%   of the total  of 

the eigenvalue! listed,   and   0. 104708/. 1056      99. 15%   of the total of all 

the eigenvalues. 

With this list of eigenvalues,   it is possible to proceed immediately 

to the  imaging probability evaluation aspect of the problem.     This we take 

up  in  the next   section.     Before turning to that,   however,   we first note that 

because of the ease with which we could adapt our mathematics to the case 

in which tilt is considered to be a significant wavefront distortion,   we have 

carried out such calculations.     As noted previously,   this involves nothing 

more  c omplex than using Eq.   (34)  in place of Eq.   (33) for    q       1    .     With 
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this repUc«m«nt,   we obtain tht- symnu'trizt-d kernel shown in Table la, 

und the eigenvalues and e if-enfuncf ions (with symniet ri zation removed) 

shown in Table 11a.    It  is particularly  interesting to not-   that the first 

eigenvalue   in this case  is  about  3.-     times  larger than the  sum of all the 

eigenvalues when tilt elfeets are suppressed as not  contributing to effec- 

tive wavefront distortion,   and that the first eigenfunc tion appears to be 

very nearly |   simple tilt.     We also note  that the  second and subsequent 

eigenvalues with  tilt distortion allowed (Table Ila) are very nearly equiv- 

alent  to the first  and subsequent eigenvalues when tilt distortion is not 

allowed    (Table II,  q       1    ). 

Probability Integrals 

Having the  list  of eigenvalues given  in Table III reliable out  to the 

569      eigenvalue,   and thus reliably containing more than 99% of the  sum 

of all eigenvalues,   we are now in a position to start  the evaluation of the 

probability  integral governing the performance of a CENSORING syst-m. 

We  recall  that  this  integral  is given by Eq.   (20).     Rewriting this  to work 

with the    n-notation (overall  rank order) of  Table III,   rather than with  the 

p, q-notation,   we write 

P --I 
TENSOR 

I   (2n^ri/a     P   dXn  t.xp(.f:     2/    2) (42) 
spn 

where the    "Sph"    limit on the n-dimens iona 1  integration corresponds to 

the c onstra int 

\S  -  I      ■ (43) 

In accordance with Eq.   (19),   with   ^     denoting the    nth    eigenval 

Table III.   we have 
ue in 

2       _     Z (D/%JM r (44) 
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«T« set- that to avoid pushing the cut-off,     N      .   beyond the  reliable  limit 

of our e.genvalue table,   i.e. .   beyond about  569,   the largest value of   D/r0 

we can use   is    14.60 (whuh we lake to be   15). 

For each value of    U/r0     ,   we determine    Nc     in aceordam e with 

Eq.   (48) and Table II,   and then proceed wnh the evaluation of the trunc ated 

probability integral of Eq. 'i (42) and (43),   which we now rewrite as 

P.. 
> 

(«ti s, r i/? l-\   fxp (-g  ^»/o») (49) 
■» i 

where now the limit    on the N -dimeusional inteRration is given by the 

c onstraint 

x,2    <    0.9 (50) 

In the evaluation of the  integral in Eq.   (49) by Monte  Carlo methods, 

there are a number of approaches to the random sampling that can be 

used.    First,   and most obvious,   we consider selecting points uniformly 

distributed  in the hypersphere of Eq.   (50),   and evaluate the  mtegrand of 

each point.     Unfortunately,   the integrand «rill be very small for most of 

the points selected,   since many values of   ~n     ,   for large    n    ,   will be much 

less than unity.     Th > s will give very poor sampling efficiency and an unman- 

ageably large number of samples will be needed to yield even modes, accur- 

acy. 

A sec ond approach to the random sampling is to select the random 

points in accordance with the gaussian probability distributions for each 

dimension  inherent   m the   integrand  in Eq.   (49).     Then the  integral would 

be evaluated by counMng a one for each such randomly selected hyper-space 
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Using a gaussian sampling distribution with variance    oc 

for variables    x, ,   x^ ,   and variance    a 2     for the variables 

*s   .      •   \, *2 •   •   •   • •   **    ■   wt' havt' found that Eq.   (50) is satisfied between 

one-third and two-thirds of the time by the hyper-space random vector so 

chosen.    Using this  sampling procedure,   and noting that now the probability 

integral of Eq.   (49) has the form 

CEN«« 

rand« 
MiP 1« ■ 

n   v. 

where 

Jf 
n- 1 

(2n affl  e-:p (-^ K^h/) Q({S)) 

(211 a0
2)-»  exp (-1 x,2/^2) ^ ..„!., j 

.(53) 

n 

Q(fxJ) 

/   0 
l 

J 

x,"    > 0.9 

(54) 

it" <   0. 9 

The evaluation of    PCEN50R    was carried out in accordance with Eq.   (53) 

uting samples of 100 points for various values of    D/r0    .     By repeating the 

ev; luation    a number of times,   it was possible to obtain an estimate not only 

of   P CENSOR 
,   but also of the rms uncertainty in our answer.    In Table IV, 

we list our results.     These results are the basic objective of our numerical 

exercise.     In the next section,  we discuss the interpretation of these results, 

Discussion of  Results 

The basic results are those presented in Table IV and we shall center 

our discussion about these results.     The very large variation of   PgiMM    w't^ 

D/r0     is apparent from even a cursory examination.    In Fig.   I,   we have 

plotted    PMMM    as a function of    (D/r0)
2    .    It is interesting to note how well 

the data is fit by an exponential dependence on aperture area.     This is in 
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good agreement with an earlier conjecture by Hufnagel,6    though the coef- 

ficients of the fit are significantly different from those  suggested by 

Hufnagel.     We find that the data is well represented by the relationship 

PCENS0R-    5. 6 exp [- 0. 1557 (D/rr)2]        , (55) 

at least for values of    D/r0  ^ 5    . 

It is interesting to remark that if a  CENSORING experiment were 

performed with    D/r0   = 1 5    ,   as would be the nominal condition for a  1. 5 m 

telescope (with    r0    nominally equal to   0. 1  m ),   then the probability of 

getting a good picture in a single short exposure would be about    3. 4 X   10" l5 . 

If independently distorted wavefront short exposures could be obtained  at the 

rate of 100 per second,   it would take more than 800 million hours "on an 

average" to get a good picture,   i.e. ,   one for which the average wavefront 

distortion over the aperture was less than one-radian.    If the aperture dia- 

meter   vere reduced to    1  m    ,   so that    D/r0   -  10    ,   the probability would 

be about    1. 1  X  10~a    ,   and the expected waiting time to get a good picture 

would become about 2. 5 hours (if we can get 100 independent wavefront 

distortion samples per second).    With a    0. 7 m   diameter aperture,   the 

waiting time shrinks to only 3. 5 seconds.     Clearly,   in a CENSORING ex- 

periment,   it is critical to know what    r.     is and to not make the aperture 

diameter much larger than about    7 r0     ,   unless very long waiting times 

are acceptable. 

We note that in certain cases,   astronomical seeing with    r0    values 

in excess of   0. 1 5 m   have been reported.7     In such cases,   it would be quite 

appropriate to attempt a CENSORING experiment with aim diameter aper- 

ture,   but it is critical that the aperture be properly stopped,   and this re- 

quires current knowledge of    r0     ,   and appropriate planning in the imple- 

mentation of the experiment. 
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Figure  1.    Probability of Obtaining a Good Short Exposure Image as a 
Function of Aperture Diameter.     A good image  is defined as 
one with less than one radian2  effective wavefront error 
(i.e. ,   wavefront error excluding tilt) over the aperture. 
Aperture diameter    J   is measured in units of the wavefront 
distortion length,     r eiNSO« is the probability, 
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Ta ble   III 

Eigenvalue      List 

Each eigenvalue and its associated values of 

p    and   q    are listed,   for all values covered 

in Table II.     When   q ^ 0    ,   the eigenvalue is 

considered to be listed twice,   as indicated by 

the nature of the overall rank-order column, 

N    ,   and by the Q   , ilue column. 
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.0000007b5 
.O000007bl 
.OQOOOO/bl 
.0000007S7 
.000000 7S7 
,0000007SO 
.000000744 

.lf'4H?iJ?44 lb 

. 1 04ftlln73 H 

. 1 04M VR77 1 1 

. 1 04« Ub^R 4 

• 104D)M1« 7 
,iü4«<H?n \i 
,104«19971 9 
,104H4l7?b 1^ 
.lC4fl4l47« U 
.104R4b?3 1 1 7 
, ) 0<»H4bO-V 1 b 
.10«»fl4«73'' 5 
.104«S04«3 b 
.loawc,???? 2 
.104Rb}9c>S 14 
, 1 O^H^s*,«! 5 
• 1041197407 IH 
.104^b9l('l IS 
.i04Bbotn? io 
.in<,ftb?S?7 8 
,iOfcBb4?n3 11 
.104«bbflbO 4 
.104flb7Sn 1? 
.IfUPb'-nb? 7 
,104A70«01 13 
.lÜ4fl7?43b 9 
,104M740b? 14 
.104R7bbR« b 

• 1041177313 b 
.in^flTRqi«, lb 
.104HRi)ei49 lb 
,104H«?lbn 3 

• 104M3792 10 
.104RRb3?7 M 
.104«BbP'J7 17 
.10409R4bl 11 
,104Bq00l0 12 
.10<»P9lSbl 4 
.104flq3093 13 
,104B94b31 14 
.104fl961bb 7 
.104flq7b99 15 
.104fl99?3? 18 
.I049n07bl 19 
.104902PRH 16 
■ 104fOMIC 9 
.In4?0b3?b 5 
,10490<S«»3fl 6 
.104908338 3 
.10490<»825 10 

I 

s. -b 
?1.-?! 
14.-14 
n.-33 
?4.-?4 
12.-12 
19.-19 

1 . -1 
10,-10 
^. -3 
4. -4 

30.-30 
27.-27 
41.-41 
a. -H 

37.-37 
?. -2 
b. -6 
17,-17 
2?,-22 
lb,-15 
34,-34 
n.-J3 
2b.-2'3 
11.-11 
20,-20 

-», -9 
2*,-28 
31.-31 
b, -5 
7, -7 

3B,-38 
1M.-18 
23.-23 
4* -4 

lb,-16 
14,-14 
3b,-35 
12.-12 
10,-10 
2b,-26 
8» -8 
3t -3 
2. -2 
6, -6 

21.-21 
32.-32 
29.-29 
39,-39 
19,-19 

v? 
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^ 

M EIRfvj vAi.'tE ru'i, sjM, P 

78? , 7«J ,oooooon9 .104^1 no? 17 
784 .7fib .000000737 ,10491?777 16 
7B*> .7«7 .000000715 . 104914?47 15 
788 »7B9 .000000735 .104Q15717 8 
790 .791 .000000733 . 10491 71«4 11 
792 .79J .000000731 • 104918646 14 
794 ♦ 79b .n000007?8 .104970103 12 
79^ ,797 .000000728 .104T?1669 13 
79« ♦ 799 .0000007?« .I049?3nis IH 
800 ,«01 .000000770 .104974455 4 
80? ,«03 .000000716 ,1049?5««6 7 
Hdfc ♦ Hn^ .000000715 .104Q77116 17 
80. ,«0/ .000000712 . 1 P4O?«740 9 
80« ,«09 .000000706 ,104930153 6 
910 • Mil .000000706 ,104911565 5 
81? .«13 .000000705 .104917975 16 
81* • «lb .000000 703 , 104934-»«! 3 
•li .«i r .000000S97 .104Q3577S 10 
«i« .HI'* .000000697 . 1049 ^7169 15 
H20 .«?l .000000691 .10491«557 1* 
«?? .H?J ,000000*,«9 ,104919011 11 
8i»4 .«7^ .0000006«« . 10 4941106 13 
B2«» >*?f .O00JÜO6«7 ,104942A«0 « 
rt?« ,H?V .OOPOOOS«17 .104044063 I? 
830- .«31 .O00O00')73 .104945399 4 
H72, .«13 .000000<,70 .104046710 7 
814, «lb ,noooon'16!4 ,1049480/4 9 
83*«< .«V .nonnno66i . 104049197 5 
8m, «i^ .OOOOOOS^l . i04oso7in 6 
«40, «4l .'jOOOOO^Sb .104OS7030 3 
84?. «43 .00000(1666 .10405314? 10 
844, Mtb .O0000OS4^ ,104064619 11 
84h, «4 f .000000,-46 .104955931 '.? 
84R, «4^ .n0000O',4S .104Q67?70 « 
8«in, «51 .000000^45 .10495H609 13 
B5?, «S3 .000000^44 .104959707 14 
854, «Sb .000000S44 ,1040610H4 15 
856, «S7 .000000^43 .104967171 16 
85«, «S^ .000000^42 .104O61655 1 7 
8hO, «f,l ,000000«>40 .104064035 1« 
8f,?, «63 .n00ijn0s3i , 1 C^Qfyh] 07 4 
864, «6b .OOOOOOSll .1 Ü4067460 19 
8hf., «6^ . 0 00000s?« . 104O^H715 7 
8b«, «69 .nonnoo»,^« .104069070 9 
870, «71 .oorooo*.?o .104071?)0 b 
87?, «73 .oo()noo»»i9 .10407744H 5 
Uf4, «7-> .OOOOOOM 7 . 10407 <6«7 in 
H7H» «77 . 0 0 0 0 0 0 s 1 o , 104074001 11 
H7«, M7W . 0 0 0 0 0 0 '> 0 f, .104076114 M 
«80, MWl . "OOOOOSOS .104077171 I? 

*♦   -5 
7,   -7 
9.   -9 

24,-24 
17^-17 

15,.15 
13,-13 
4, «4 

36,-36 
27,-27 
6, -6 

2?,-22 
30,-30 
31,-33 

B, -8 
40,-40 
20,-20 
10,-10 
1?,-12 
1«,-!« 
14,-14 
?^,-?5 
16,-16 
37,-37 
?M,-28 
?l,-?3 
34,-34 
31,-31 
41 ,-41 
?1,-21 
19,-19 
17,-17 
26,-26 
16,-15 
13,-13 
11,-11 
9,   -9 
7, -7 
b,   -5 

3«,-38 
1,   -3 

?9,-?9 
24,-74 
P,-3? 
J5,-35 
?7.-?? 
70,-20 
77,-77 
1«,-1« 

i^^MMM^iMa» 



^MV^WiapiP im iii^Ii 

Pjr,!^   VAL'1»:' rim. S   |M, 

M9 NHQH 

^dl *9f\d 

9n7.9rH 

911 .^i*' 

9 \ b.:* 1 ^ 
91T.QIH 

9i»3t9?<» 
9?^«J?h 

9(J9.y-<<) 

931• * ^ 
933.^1* 
91^."Jib 
9 3 7 . ^ ■» 'i 
■i 3 9 ♦ -«4 u 
9<»1 * ■»4«' 
-*/. I« 94* 
94S»^4^ 
94 ?*'■>(** 

9ii^»4S0 
9S7.9c,n 
9^9.9MJ 
9t»l »^2 
■*e3»9h4 
9»;.6.',9äH 

9f»7»^H 

971 .97«f 
97''.47* 
97-..97h 
977t ^7H 
979,9R(l 

(P00000i92 

. 0jnunnt%9) 

• 00000A^HJ 

• O00000M1 
•000000%*] 
. ) ti n (j o 0 -) 7 ? 

1000000% ? 1 
, 000000 %M 
, 0ü0(.0ft-)ft3 
, noonnosw 

.OOOOOOTS 7 

• ;)V0000SS0 
• OOftOUO51»6»? 
,OOni)00-'*9 
,nnoonns4H 

t000n00%*0 
,onnoooi4^ 
•000000H41 
.oooooo^* 
•OO000OS17 
• 000000 ^IS 
•000000%?5 
, r.UOoOO^b 
•C00000%?% 
,POOOOOi?? 
,000000^1 7 
. no^r.oosi 7 
•OO0O0OS17 
• iWOOOOSt' 

•OOOOOOHOS 
• ooooooso 1 
, iHin(iOO'*9R 
,OUf)(iü04Qh 

•000000*** 
, T 0 n o o n 4 .< 9 
,noooi)n<»«*9 
,nuooon4«8 
, 0 0 0 '> 0 <"i -♦ M <♦ 
,nnnoor>4M? 
,noooöo<»><o 

,'>0ftnii04*(9 
.noonoo u^s 
•000000*^9 

. 1 'l4t}7HSP1 11 ]*,.\b 

. in4q747ns 4 39,-39 

.i044AOft>M 14 \4,-l4 
, \ 04QO?r>h9 9 2S,-?5 

. loftina?*!! 7 30,-30 

.104^«» 3^39 ?0 n 

. i ('49«snn4 s 3'>.-3h 
. 1 n4Q0»)l ^9 h 33,-33 

.lfi40R7331 15 l?.-l? 

. 104'?«H49? 10 ?3,-?3 

. i 04Q«T*'3h 11 ?1,-?! 
,i0494O770 H 2M,-?M 

,1 (UOQl 31 1 Ifr 10,-10 
. 1 04993037 \? 19,-19 

. 1 0 4Q'J4 1 rl 4 40,-40 

1 (i499S?»>- 9 ?f<,-2h 
, 1 fw99hT7k) r 31 ,-31 

,1o^QQ 7401 11 17,    17 
, 1 0490^7« b 34,-34 
.104999^7 1 b 37,-37 

,iosnoMTftb 10 ?4,-?4 

. 10SOOl«^1 i r B,    -R 

,iot<in^^3? ?(> 1,    -1 
, 1 (16,1)0400« g 29,-?9 
, i OMIO^O«? i* 1*«-15 
.lO^OO^lSi? n 22,-?2 
,10lsno7?o3 7 3?,-3? 
, IOSOOMPS^ 4 27,-27 
,1050A4301 4 41,-41 
,1 osni.)344 1? 20,-20 
.10401 1370 IS 13.-13 
, 1 0C,01 2414 h 3^,-35 

. 1 nc,oi 144* S 3R,-3H 

. \ OHOl447? 10 24,-25 

.1 0r-,0lS4R9 R 30,-30 
, insoi *>^on 13 i*fia 
,10^01 f*0? 1^ *.,    -h 

, i r'.oi H49H 11 23,-23 

,1050194^0 7 33,-33 
,1OSO?0479 4 ?o,-2fl 

• I0«>0?1*%7 1* ll.-U 
, 1 I1SOP243*» h 3»»,-3h 

,1 O^O? Uli b 39,-39 
, 10S0?43Hn 1* 10»-16 
,1ÜS0^S343 I/» 21,-21 
,10SO?^3I)3 10 2«<,-2h 
, i oc;o?7?f.? H ^1 .-31 

,ioso?H7ni r 34,-34 
,lfiSnP91 3? 9 2^,-29 

• )0S030AM 1 1 24,-24 
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Reproduced   from 
best  available  copy. 

riMS  va'.^iE       ri'w.   SUM, o 

4P i I 

^0 < 

99%* 
y^7 

i I'd*' 
Id OS 
loor 
1009. 
mn 
inn 
101« 
10] 7 
1019. 
10?1 
10?3< 
10?*' 
10??. 
lOi».» 
1031 
1031 
iras. 
ll>17 
1039 
1041 
104.1 
10*5 
1 0*7 
1 04-) 
10bl 
1051 
lObS 
10S7 
1 O^-^ 
lü<Kl 
10^1 
1 O^V 
loe7 
1 Ofi 
1071 
1071: 
ion. 
10 7 7. 
10 7^ 

.   'B^        . 
« V M H         , 

• 9Mb      , 
« ^ R H          , 

• *mi     , 
*-«)<! 
• -ig« 
.9Qb 
.QQH 

.InUM    , 

.|<W)P    , 

tlOiU    . 
• 1 OH»-    , 
. 1 0 U H     , 

»101 d   . 
♦ irl-?   . 

»1*19   . 
.lolh   . 
.loin   . 
• Wf.   , 

.lo^/'   . 

.lod«.   . 

.in^«.   . 

•102*   . 
•loio  . 
. 1oJ?   . 

.1o3<*   . 

.IMS    . 

. 1oj*   . 

. 1 r <» '»   . 

•I0*^   . 
• 1 rtku    . 

. 1 0 <» 'i    . 
• I 04^   , 

.lobu   . 
•lob^   . 
« ) ob<.   . 

•loss   , 
»lot* . 
»inbo   . 
*\rhj   . 

• 1 r>h4   , 
«10b*>   , 
•10b4    , 
» 1 o 7 0    , 

.107^    . 

«10^    , 
,\nfh   . 

. 1 0/H   , 
tloHO    , 

•100000«^J 
.'»OOOUOufc? 
,'iooooo(»^i 
.00000 04^,7 
.oooooo^si 
. 0II0 0 0 0 <» <» ^ 
.000000447 
.000 0 00444 
.000000 444 
•OAA000919 
. o 0 0 o 0 0 4 ■» 7 
,000 0 00'♦17 
»0000004 ^-5 
.000 01) 0 4^0 
.0(i0u0 0 4?« 
, o o 0 o o o •♦ ? i 
, 0 (. o 0 0 t u ? 0 
»000000419 
.000000419 
.00000041fe 
.0 (in,-) 00 4 1 1 
.0 000004 10 
»Aooooo%oi 
. ^0000040«» 
.0 0 0000401 
.0 000 00 399 
.00000019« 
»ooooooios 
. oooooo v^? 
.oooooo mo 
»000000 3Oft 
,O0000O3Ml 
»00*000101 
,000000 ilH 
»000000170 
.000000 j75 
, TOOC0077S 
.O00000'!|70 
.0000001«^ 
.oooooo ^5 
."000003^3 
.OOOOOO<M) 
.oooooo |^i 
.OÜOO0O 357 
.9000004S? 
,O0n0 0 0>49 
.00 0 00034b 
.000 0 00 344 
»OOOOOO <<»3 
»OOOOOO 191 

.105ni09R4 b 37 

.10503190« 5 40 
,105032«no 13 19 
.105033743 15 U 
.105034^50 P 19 
.10503S547 10 27 
,10S03b44? 17 9 
,105037330 7 3^ 
.1O503HP17 \i 27 
.10ein39n94 b 3B 
.105039Qb9 9 30 
.105040^43 5 41 
.10S041713 14 17 
.10504?si73 11 ?5 
,1050434?9 H 33 
,10Sn44?70 7 3A 
,10^045110 10 2« 
,iosn4Sq49 13 2o 
.10S04b7nb lb 1? 
.105047^17 b 39 
,105044439 9 31 
,10504'JPbO 19 4 
.1050e;007b 12 23 
,105050BB4 H 34 
,1050Sl^«b 15 IS 
.10505?4«5 11 25 
.105053?R1 7 37 
.1050S4O71 b 40 
,1050'>4n5S 10 29 
.105OS5b34 14 18 
,10SOSh4OS 9 3? 
»10§0971M I 35 
.1050S7Q31 13 21 
,1050Sflf.R8 18 7 
,1050e19443 7 3« 
.1050^0193 0 41 
.105060943 12 24 
.lüSOMf«? 11 27 
,105n«.24l4 10 30 
.10S053144 17 10 
.105063«f)9 9 33 
,105nb4«;«9 8 35 
.105065304 7 39 
.10506601« 16 13 
.10506b72? 15 16 
,10S0b74?0 14 19 
.10606811? 13 22 
.10506RB01 12 25 
.105069486 U 2P 
,105070169 10 31 

-37 
-40 
-19 
-14 
-32 
-27 
-9 

-35 
-22 
-3B 
-30 
-41 
-17 
-25 
-33 
-36 
-28 
-20 
-12 
-39 
-31 
-4 

-23 
-34 
-15 
-26 
-37 
-40 
-29 
-18 
-32 
-35 
-21 
-7 

-38 
-41 
-24 
-27 
-30 
-10 
-33 
-36 
-39 
-13 
-16 
-19 
-22 
-25 
-28 
-31 
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N r 1 r;f M    VAMIf rii^.' .   »IM«. P IS 

IfM« \?H? ,U() 0000 1 ?1 , 1 OS 1 14047 IS ?^ .-?5 
lt«l« 1 rti* , n o o u o o n « , 1 05 1 1511S I 7 Ift .-16 
l?«S» ] ?H^ . 0 U 0 0 0 0 1 1 H . 1 05 1 l5-»70 1 I H .-19 
\?Hf, 1 ?HW ,100000116 ,105 115^0? 1 % V* ,-lo 
\d><-)* IfVQ .oOOOOnj1 1 .105 1 1S«?M 1 * 7 .    -7 
\m\* \-?vs ,000000113 ,105 1 1^0S4 1 h f\ .-?! 
if**. 1 ?y4 ,000000113 , 1 05 116?74 I 3 15 .-I6» 
12Q^. l?^^ -ooooooi10 ,105 1 16500 1? 4P .-40 
\?*1* 1 7V^ ,000000104 .106 11^71« IS ?«« .-?6 
I2<i*, 11U0 .Oü0OÜ0]06 ,105 I 16430 I • 31 .-11 
Hol« 11«?    . ,000000105 , 1 05 1 7140 t- 1? .-1? 
1301. 1 104 ,000000105 ,105 ||TJ*fl 13 J6 ,-36 
I3rs. 110*)    , .000000103 .105 117S^6 1 ? 41 .-41 
1307. 110»    . ,000000^      , ,105 117754 7 17, .-17 
130^. 1110    . .000000100 .105 1 74S4 6 ?? .-?2 
1311. 111? , ,000000144      , .1051 1815h      1 5 27, ,-?7 
1311. 1114    . OOOCOO i4H      , 105 1H-JS? 1 4 1? ,-3? 
131S. M16 .000000no7      , .1051 ll«547       | 3 17 .-17 
1317, 111*    . .000000041       , ,105 nH7?9 3 3« .-38 
13W. 1V0    . , OOOOOOr.Qo       ( ,105 11R4()9 1 * n .-13 
13?1, 11?? . .000000040      , ,105' 119oag 5 ?« ,-2« 
13?1, 11?4     , ,oonooonH4 .105 14?66 lb 21 .-?3 
1J?S. n?^ . .000000">M7 .105 119441 17 l«i • -18 
13?7, 1^2«   , , 0 00000"«5      , .105 119*. 11 « 11 .-13 
13?-). 1130    . .00000 0'>«5      , ,105 1147R1 3 34 .-39 
1331. 113? »O000ü0r,H4      , .105 1444« .4 34 .-34 
1331. 1134   . .000 00 0 OH?      , .1051 1?0111 IS ?9 • -?4 
133=». lU^   . .0000000*0      , .105 l?0?71       ' 19 H. ,   -8 
1337, 113M   , O0''0ÜO')79       , .1051 l?0430 13 40. .-40 
133=». 11*0    , 000000^79 1051 ?(ieift9      , 6 24. .-24 
1341, 11*?    . ,orooooo77    , 1051 ?074l       ! 14 35, -35 
13« 3, 1144    , OOOOOOI76      , 1051 ?0B45       ' 1 7 14, .-19 
134T, 1146    , 000000^75      , 1051 ?1045 5 30, -10 
1347, 1 14«    . 000000074      , 105] 91193 (3 *1, -41 
1345, Ilbn   , 000000^7?      , 1051 ?1117      1 4 36, ,-3fr 
13^1, lib?   . 000000171      , .1051 71474       - 6 25, .-25 
13S3. 1lb4   . 000000070      , 1051 ?1*.14       ] 1« u, -14 
135-.. lib*.   , ,000000064      , ,105 l?1756       I 5 31, • -31 
1357. lib«   . .000000^67      ( 1051 ?1R90 1* 37, • -17 
135«. 1160   . 00 0 0 00 06*»      , 105 l?20?? 17 2o, • -20 
13M. 116?   . 000000064 1051 ??151       l 6 2^, -26 
13^3. 1 164    , O00000'i6i      , 1051 ???77      ] 5 3?, -32 
138=», 1 lb6    . OOO0OO06?      , 1051 ??401        1 4 3H, .-?p 

1367, 1 <M   , 000000061       , 1051 ??5?i    ; >0 1. •3 
13^. 1170   . 000000058      , 1051 ?2*.40 9 9, -4 
1371, 117?   . OOOOoOoSH 105] ??756      1 A 15, -15 
1371, 1174     . O0OO0OOS8      . 1051 ??«7?      1 7 21 1 -21 
137S, Il7h   . 00000005«      , 1051 P?4R9       1 6 27, -27 
1377, 137S    , ooooooo6^    , 105] ?3105      1 5 11, -33 
1379, 11«')   , 00000005H      , 1051 ?3??1       1 4 44, -39 

60   - 
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1 

f IriF NJ    VA'  'IF riiM, SUM, 

1*M . 1 <.H^     . 
|*f<1« 1 '•*<•     . 
1 't f -). 1 4H*.    , 
l<»^r. UHU     , 
!<»»■), I4V0   , 
u«-. 1. UVI   , 
1<»4 4. |««4   . 
1*0^» U«^    . 
\<*v r, 1   4 >* H       , 

|499* mOQ   . 
lO'il . ISO?   . 
1 -)0 1. IMU    . 
I'sO-»« ISO*,   . 
lD(i7. ICJIM       . 

1*0»« 1*10   . 
ie<) i. mi ^   . 
Ibl 4. mu  , 
|»1S« 1*1«  . 
l b 1 ? • IMH   . 
IS19« ISi?'1    , 
l^cl. iSi»^    . 
ibeu 1 ^^<*  , 
Ib?^. m^^ . 
lb?7, is^ . 
\b?i. l«in . 
|%31« ISJ/'   . 
Ibli« ISJ4   . 
l*3S« ISJH    . 
lb^7. ISJM  , 
I"?!-*. IMO   . 
lb<»l. IMJ!   • 
Ibtl, 1 *44   . 
15*^. 1^*4   . 
1S47. 1 ^^'A    , 
15<»J. iSbO   . 
ism, iSb^   . 
lbS3. lSb4    . 
ISSS. J^b*.   , 
1SW. Ibb«   . 
ISb-v. \*h[)    , 
IbM. mt»? . 
IS^.U l^h*»   . 
Ib^S. ISh*.    . 
lSh7. l*6H   . 
IS^-J. I6./'»   . 
iSM« IS^   . 
1S73. 1^74   . 
1S/S, ic./'i    . 
1577, ^7^   . 
157^, IVM   . 

ooonoo llfl 
000 (»d o is 
OO0i)UO M b 
OOOiHMl"! S 
0(io;ii)i)( 11 
ooooon 11 <♦ 
OOO'iOOi i < 
.100u00 i)i 
OOO'M/O'i 1 J 
0 0 0 i) 0 o ^ 1 ? 
0 0 0000 il ? 
oooooo.1 i 
0 0 0 0 0 0111 
0 0 0 0 0 0 n 1 1 
o o o r; o o r l o 
AOQUUAfi 10 
oooooorin 
oonooono^ 
900000004 
OOOOOOoOq 
OO0liöO'">OM 
o 0 OOOOftOt 
onoooofioH 

OOOOQOOfi 7 
OOQoOO i17 
0 0 0 0 00 10 7 
00 0 000') Oh 
OOOOOOOOfe 

ooonno.ipb 
oOQ'joO^Oh 

000000005 
oooooooob 
o o n o o o o o e, 
0t)0i)00005 
0000 0 0^)05 
000000104 
0 0 0 U 0 0 0 0«» 

000000104 
000 000004 
000000104 
OuOoOOOOB 
000000003 
000000O03 
000000003 
0 0 0 0 0 0(103 

ooooonooif 
nooooooo? 
') 0 0 0 0 0 0 0 ? 
0010Oo IQ? 

.iom 

.10*1 

. iom 

.1051 

. K'bl 

. 1 OS! 

.1051 

. 1 oe.1 

.1051 
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T a bl«     IV 

CENSORING      System      Probabilities 

^TCNSCR    
is ttu' probability that an aperture of diameter    D/r0 

will,   during a single short exposure,   receive a wavefront 

whose   rms distortion over the aperture (with tilt not con- 

sidered a form of distortion) will be  less than one radian. 

D/rfl ^CENSOR 

2 Ü.986 ± 0. 006 

0. 765 ± 0. 005 

0. 334 ± 0, 014 

(^. 38 * 0. 33) x  10-* 

(1. 915 i 0.084) x  lO"2 

(2. 87 ± 0. 57) x   10-3 

10 (1. 07 ± 0. 48) x   10-6 

15 (3.40 i 0. 59) x   10-'5 

64 

■■ -     





T 

MISSION 
of 

Rome Air Devebpment Center 

RADC is the principal AFSC organization charged with 
planning and executing the USAF exploratory and advanced 
development programs for information sciences, intelli- 
gence,  command, control and communications technology, 
products and services oriented to the needs of the USAF. 
Primary RADC mission areas are coimtunications, electro- 
magnetic guidance and control,  surveillance of ground 
and aerospace objects, intelligence data collection and 
handling,  information system technology, and electronic 
reliability, maintainability and compatibility.    RADC 
has mission responsibility as assigned by AFSC tor de- 
monstration and acquisition of selected subsystems and 
systems in the intelligence, mapping, charting, command, 
control and communications areas. 
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