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ABSTRACT

In Part I of this report, the performance of a CENSORING system
is examined from the point of view of determining the probability, P., . .
that at any instant of time the random wavefront distortion over a circular
aperture of diameter D will be smail enough to allow a nearly diffraction-
limited image to be formed. It is pointed out that the effective wavefront
distortion for this calculation is not the total distortion function, o(T) ,
but rather ©{r;B) . which represents the distortion after subtraction of
the instantaneous average phase and tilt over the aperture. The problem
of calculating the probability is related to the probabilities for the value
of the various randem coefficients 3, of the decomposition of ¢(r;D) into
a series = Bk (F;D) , where the functions f are orthonormal functions
over the aperture chosen so as to make the various g, statistically inde-
pendent. (It is moted that the g8, are gaussianly distributed, since % is
a gaussian random function.) The appropriate Karhunen-Loeve homogeneous
integral equation is developed to allow the f to be obtained as eigenfunctions.
The variance of the 3, are seen to be the corresponding eigenvalues. It is
then shown how the probability P, .. can be calculated as a multi-dimen-
sional integral over the product of gaussian distribution with the variances
corresponding to those of the 3, . The numerical solution of the Karhunen-
Loeve homogeneous integral equation to obtain the eigenvalues (and the eigen-
functions) and the numerical evaluation of the multi-dimensional integral

which finally gives P,  are taken up in Part Il of this report.

In Part 1I of this report, the eigenvalues and the eigenfunctions for
average tilt and average phase suppressed wavefront distortion on a circular
aperture are developed. (The eigenvalues and eigenfunctions without tilt
distortion suppressed are also developed.) Using the eigenvalue set, the

CENSORING system probability, P, - Of getting a short exposure
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image with less than one radian squared distortion averaged over the
aperture is evaluated as a multi-dimensional integral, evaluated by Monte

Carlo techniques. The results are found (o have the form

P, w0.6expl -0 1557 (D/r )] i

CENSOR =
The exponential dependence on aperture area is in agreement with an
earlier conjecture by Hufnagel (though with significantly different coef-

ficients than were suggested by Hufnagel).

It is noted that this exponential dependence on aperture diameter
makes the proper selection of D/r, a very critical aspect of a CENSOR-
ING experiment. It is pointed out that if independent samples of wave -
front distortion are obtained every 10 msec, and D/r, =15 (corres-
ponding to D=1.5m , r, = 0.1 m ), then we would have to wait about
800 million hours for a good picture. If D/r, is reduced to a value of
10 (correspondingto D=1.0m , r, = 0.1 m ), the waiting time is
reduced to about 2. 5 hours, while if D/r, is reducedto 7 (corres-
ponding to D=0.7m, ry = 0.1 m ), the waiting time drops to only

3. 5 seconds.

The report has been bound in two volumes. The main volume
presents the derivation and principal results. The addendum volume
presents the more voluminous tables of intermediate results, particularly

those that may be of use in working other problems.

viii




of

CENSORING Systems Operation

i
i
.
1
q
g
{
1__




Introduc!.on

The concept of CENSORING as a method of obtaining high resolution
images through atmospheric turbulence is based on the as sumption that of
all possible forms that random wavefront distortion will assume during some
period of time, there is a finite probability that at some instant the random
pattern will very nearly resemble a plane wave. At that instant, a nearly
diffraction-limited image can be obtained. A CENSORING system would be
able to recognize this condition quickly enough to allow a photograph to be
taken just then, while pPreventing exposures at times of more normal dis-

tortion.

The simplicity of the CENSORING concept makes it seem quite
attractive, but on the other hand it is entirely dependent on random occur-
rences for its operation. It is therefore critical that we understand the
probabilities involved and be able to estimate the time we will have to wait,
on ar average, before the CENSORING system will provide us with a picture.
It appears likely that the probability that at any instant of time the distorted
wavefront will be reasonably close to a plane wave is inversely proportionzl
to the telescope aperture area (divided by r,® ) so that there is a practical
limit of useful telescope size for a CENSORING system. The larger the

telescope diameter, the longer we have to wait for a good picture, with

waiting time increasing dramatically as telescope size is increased.

For this reason, we desire a quantitative understanding of the
probabilities involved in a CENSORING system's operation. This paper
is aimed at the formulation of that theory. Here we shall be concerned
with setting up the basic formulations and deriving equations suitable for

computer evaluation. In a later paper, we shall carry out the necessary

computer calculations,




Wavefront Distortion Analysis

The key to analysis of the wavefront distortion probabilities involved
in CENSO 'iNG operation is the decomposition of a sample of the random
wavefront taken over the aperture into a set of orthonormal funetions whose
coefficients .n the decomposition series representation are independent
random variables. From knowledge of the mean-square value of these

randon coefficients, we can calculate the appropriate probabilities for

CENSORING system operation.

The orthonormal decomposition with independent random coefficients
is related to the Karhunen-Loeve theorem and we can anticipate that the de-
velopment of the orthonormal functions and the evaluation of the mean-square
value of the coefficients will depend on the solution of a homogeneous integral
cquation for its eigenfunctions and eigenvalues, respectively. The key to
that effort is the development of the kernel for the integral equation. The
kernel is developed from the statistics of wavefront distortion and, as we
moy naturally expect, is related to the phase structure function. However,

as we shall see, the relationship is by no nmieans trivial and requires careful

development,

In order to calculate the kernel, we first have to define in exact
terms the nature of the wavefront distortion statistics and the "portion' of
the distortion that is of concern to us. We denote the random wavefront
distortion (measurea in radians of phase) at a point T on the aperture plane
by ¢(r) . Over a circular aperture of diameter D a random sample of
the distorted wavefront has a random average phase # . and a random

average tilt o . where

§ 3]

(47 DF' [ dF WE D) o) (1)

and

»

1 (R e =
i (7 on DY T AT WE D) e[ (2)




where W(r,D) is an aperture function defining, in the ?-planc, a circle
of diameter D centered at the origin. This aperture function is defined

by the equation

[ T, & Y$] « B
Ww(r, D) j (3)
l 0, if |¥] >#D

so that in effect, it defines the limits of integration for the ?-integration
in Eq.'s (1) and (2), which are otherwise taken to be over the iufinite
-

?-plane. The normalization in Eq. (2) has been chousen so that if ¢(?) =a*T ,

then we would obtain from Eq. (2) the relationship T=32 .

We note that in forming a short-exposure image, neither the average
phase, B , hor the waveiront tilt, E , disturb the resolution of the image.

The tilt produces an image shift which is basically a nonobservable in the

sense that without special effort to provide an absolute angular orientation

reference, the effect of the tilt will not be measurable. Thus, from our
point of view, the effective instantaneous random wavefront distortion over
the aperture is

9(f;D) = ¢(F) -¢ -a- T . (4)

If ¢ is small enough, then the image will be nearly diffraction-limited no

matter how large ® and @ are. We wish to calculate the probability dis-

tribution for ® as the basis ‘or determining the statistics of the operation

of a CENSORING system.

To provide the basis for our calculations of these statistics, at
this point we introduce the set of functions, [f.(?;D)] with the orthonormal
property that
1 , if n=n"

" df W(T, D) £,*(FD) f,,(£;D) = (5)
0 , i mpaw”

e ————




and the completeness property that for any random sanmiple »(r:D) we can

write

o(riD) - ) 8, £, (F:D)
]
n

. (6)

Where (B,} 1s an appropriately chosen set of coefficients, Because of the
orthonormal property of { , as defined by Eq. (5), it follows from Eq. (¢)

that
5, - dr W(E, D)1 ¥(E:D) o(FiD) . (7)

Obviously, then, just as ¥ is a random function, £  is a random variable.
We also note that since ¢ is a gaussian random function, then ¢ and 7 ,
being linear functions of ¢ are gaussian random variables. From this, in
turn, it follows that ¥ 1s a gaussian random function -- and this, in turn,
implies that 8, being a linear function of ¢ , is a gaussian random
variable. This fact, together with our ability to calculate the variance

of 8, (whichk we shall obtain as the eigenvalues of the integral equation

defining f, ), will provide the basis of calculating the probability of

taking a low enough wavefront distortion form.

The key to the definition of the set of orthonormal functions (f }
from all possible sets of functions that are orthonormal over the region
defined by W(F, D) is the requirement that the various random cocfficients

2, rmust be independent. We require that

B,2(D) , if n=n’

*
B Bep) ® (8)
0 , if n£n’ ,

where B (D) denotes the variance of the random variable e, . (In writing

an , we have chosen, as a matter of convenience for later work, to make the

dependence of B_? on the aperture diameter, D , explicit.) To sece the




implications of Eq. (€), we consider the quantity

‘ p —.I -.I * 4 rd
§ =( /dr’ W(r’, D)o (r*;D) o(r, D) ,(r*;D)) . (9)
We define the covariance of ¢ as

D) = (o*(T;D) (D)) , {10)

Cw(lr =M

where the homogeneity and isotropy of the propagation statistics have

allowed us to write the dependence on r and ©’ in the form of I? ¥
We note that by interchanging the order of ensemble averaging and inte-
gration, we can rewrite Eq. (9) in the for«

-,

§ = [dr’ W', D) G, (|T-T°|;D)£,(F";D) . (11)

However, if we use Eq. (6) to provide a series representation for :p*(;';D)

to be substituted into Eq. (9), we get

8 =([dr’ W{E D) o(r;:D) ) g%, *F*;D)1,¢";D)y , (12)

’

™~

which on interchanging the order of integra'ion and summation gives us

§=(e(FiD) | 8,% [ dF* WE*, D) £, ¥ D) ,F*iDyy . (13)

n’

The orthonormal property of f, as expressed in Eq. (5) allows the inte-
gration to be performed, and the result of this allows us to reduce the sum-

mation over n’ to the single term for which n’ = n . Thus we get

8 = (o(r:D)g * ; (14)




Now i1 we again use Eq. (6) to provide a series representation for

@(;;D) , We get

$ = ¢ Za f,.(F:D) 8. %) (15)

n’

An interchange of the order of sumimation and ensemblec averaging
leads to the result

g =) £,(FiD) (8" B,.) . (16)

ne

Now we make use of the requirement that the random coefficients 8, and
B,, be independent, as expressed by Eq. (8), which allows us to reduce
the summation on n’ to a single term with n” = n . Thus we get as a

consequence of the requirement of independence of the 8, 's
6§ = B2(D){, (r;D) : (17)

which, when combined with Eq. (11), gives the basic Karhunen- Loeve

homogeneous integral equation

tdrt W(E, D) Co(|Y - T

;D) £, (r*;D) = B2(D) {, (v;D) . (18)

The eigenfunctions of this equation are the orthonormal functions we wish
to work with, "These functions have statistically independent coefficients in
a serics representative of © as required by Eq. (8). The variance of
these coefficients are the corresponding eigenvalues of the Karhunen-Loeve

integral equation.

Our basic remaining tasks in this paper are 1) to see how the prob-
ability of the effective wavefront distortion, ¢ , being adequately small can

be calculated from the eigenfunctions and eigenvalues defined by Eq. (18),

e ®g




and 2) to develop an expression for Co

to be substituted into Eq. (18).
However. before delving too deeply into these matters, we first wish to
consider the question of how we can "dedimensionalize' our problem so
that a single case solution of the Karhunen- Loeve integral equation will

provide the basic treatinent for all aperture diameters and strength of

turbulence conditions.

Dedimensionalization

The basic statistics of wavefront distortion are provided by the

wave-structure func:tion.* H{r) . where
My -7 = (Jalr) - 072y : (19)

It can be shown that the value of the wave-structure function may be

written as

S{r) 6. &8 (i / op P/® , (20)

where r, is a quantity with the dimensions of length, The value of Ty

is determined by the optical wavelength in question and the distribution

of the strength of turbulence along the propagation path. For our purposes
here, the nature of that relationship is of no consequence. It is sufficient
to know the value of r, as this quantity, as we shall see, completely

characterizes the effective strength of turbulence for evaluation of the

performance of a CENSORING system.

At this point, we state without proof the fact that we can extract

the dependence of C, (|f -1’ 1D) on both the strength of turbulence, as
p © g

* It should be noted that although we have spoken of @ as a phase distor-
tion, we actually consider it to be a complex phase with its real part
corresponding to ordinary phase and the negative of its imaginary part
corresponding to log-amplitude variations. Thus both ¢ and the ran-
dom cocefficients {8,] are complex quantities. In all of our analysis, we
have been careful to introduce complex conjugation where appropriate,
though we have not made a point of the fact that the quantities are complex.
In most cases, the imaginary part is much smaller than the real part.

8 -




defined by Io . and the aperture diameter, D , by writing

Col|T - F°|:D) = (D/rB” s(|x - %°]) (21)
where
% =r/D and % =7’/D ) (22)

We note in particular that &(|x - x’|) is independent of the value of D
The validity of Eq. (21) will be established in a later section, where we
shall consider in detail the evaluation of C(p and will give an explicit

expression for §
If we substitute Eq. (21) into Eq. (18) and change the variaties
from ¥, T’ to x,x° , noting that dr’ goes into D2dx’ , we net the

result that

TdxT WL ) 6(]% - X)) 3, (D) = 9,2(D) §, G:D) (23)
where
3a ;D) = £, (Dx;D) (24)
and

#,2(D) = D2 (D/r,)-5/2B2 (D)

D-11/3 I.Gs/-s Bna(D) (2 5)

We note that Eq. (23) is a homogenecous integral equation with eigenfunction
;_}n(?c;D) and eigenvalue 8,°(D) . However, since the kernel of that integral
cquation, as well as the limits on the integration, is independent of the

aperture diameter, D , then it follows that the eigenfunctions and eigen-

values must be independent of D . We therefore may write the eigenfunction

{}n (x;D) as :31\6(.) without any loss of definiteness, with the understanding

T T el Bl g e e B ™ .lm
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that the eigenfunction we originally sought, i.e., f, (r;D) can be written

as
f (r:D) = §, (F/D) . (20)

Since the eigenvalues of Eq. (23), i.e., {\an(l))} » are independent of
D (and of r, ), we can without any loss of information write them as
{Q\f] . It then follows that the eigenvalues we originally sought, namely,

BHE(D) , tan be written as

31/ -5 /5 2 -
B #(D) LS gy =hie B, . ‘ (27)
We recall that in accordance with the above discussion, {87} and {3, (;)1
are the set of eigenvalues and eigenfunctions for the Karhunen-Loeve homo-

senous integral equation

it

JdxT WERLDE(x -3, ) =8, 3,5 . (28)

At this point, we need only develop an expression for (S(I.x - %’

) ., in

accordance with Eq. (21), to set up the problem for solution of the integral
equation in its general form. Then, after obtaining these generalized solu-
tions, for any value of aperture diameter, D , and turbulence parameter,
r, . we can obtain the eigenvalues and eigenfunctions, fB2(D)} and

(f,(r:D)} from Eq.'s (26) and (27), for that particular problem. In the

next section, we take up the evaluation of &

Evaluation of the Kernel

Though we are interested in developing the kernel, f?(,; - ;'l) ]
we shall proceed in that by means of Ec. (21), and in most of this section

shall be concerned with the evaluation of the original kernel, C (|T-7*|;D)

as defired by Eq. (10). We shall find, at the end of this section, that
extraction of a result for g( I; - -)E'l) then drops out as a trivial addi-

tional manipulation.

- 10 -
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If we substitute Eq. (4) into Eq. (10), we cbtain

Coll7 - 77Dy = (0@ -F -3+ T 0(F) - 8-7- 77D

(¥ o)y - (B*DIFY - BENFHY + (3T 9
S*AF THeE)ET THH@T T Ty T T

T G &R , (29)

Making use of Eq.'s (1) and (2), and interchanging the order of ensemble

averaging and integration, we can rewrite Eq. (29) in the form

Col|T -7 ]:D) = (@*(F) o))
- (DA T dET WES, D) 0FF) e (7))
(3 D AT WETLD) 0T oF )
to DT dr” dr ® W(r~, D) W(r™, D)
x (P¥FT ") o(r 7))
-Gz DA dT WET DKM E) g FIN T T
(33 DA [T WETLDIH(FT e F N T T
4 (35 M D)2 dF " dF " WE”, D) W™, D)
x (@¥E*)OE~)H T T
+ (73 M D2 [ dY” dF” W(F~, D) W(r=, D)
X (@*E") oG T T
t 5 n D42 [ dF ~ &7 W, D) W(¥ ~, D)

x (@*T )o@ NE - T)E - T) . (30)

We note that in the first four terms on the right-hand-side of Eq. (30),

if the ensemble averages are each replaced by a constant, then ‘he sum of

= JMlr =




the four terms vanishes. This means that we may add or subtract a con-
stant value from the ensemble averages in these terms. We further note
that if the ensemble average in any of the remaining terms is replaced by a
constant, the integration is such that the term will vanish. Hence we may
add or subtract a constant from any of these ensemble averages. Because
of the stationarity of (¢*(r) ¢(r)) , it is identical in value to (2¥(F*) 9(F*)"
or (¢*(;')¢(F")). etc. We find then that by appropriate manipulation
(which, amongst other things, includes taking note of the fact that for physical
reasons C, is real, so that we can replace the right-hand-side of Eq. (30)
with one-half the sum of its value plus its complex conjugate), we can re-
place each ensemble average of the product of phases on the right-hand-side
of Eq. (30) by minus one-half the ensemble average of the difference of the

phases absolute value square. Thus

@*F)oE)y = -85 (7 -F°]) : (31)
or

@*EVoE") = g (T -7~ (32)
etc., where 5 , the wave-structure function, is defined in Eq. (19), with

the value given in Eq. (20).

We can now rewrite Eq. (30) in the form

c$(|}'-?'|;o) =N+ s v+ T, v+ T, 40 . (39)
where

T, = -#5(|F -7’]) ; (34)

T, =3 Gy [dr” WE*, D) SIT - F|) (33)

I s inp @ WE. DY M -7 (36)

T, = -4GnDPr2/"dr~ dr” W(¥*,D) W™, D)

X 8(T" -F7)) , (37)

Wi S



Ts = # (53 "DY [ dF” WE=, D) p(|F-T*NT~ - T* ., (38)
T, =% (5 7D " dF” WE~, D) ([T -r )T T (39)

Ty = -# (337 DY-2["dF” dF * W(F*~, D) W(f~, D)

vu

A ME" -FENE - TENE T (40)
In developing Eq. (33) from Eq. (29), we have dropped the two terms

T, = -3 (137 DY)-2 " dF~ d~ W(F~, D) W(r~, D)

[,

A irT - TE* : (41)

Te = -4 (537 D27 dF" &7~ W(E ", D) WE*~, D)

x BE"-T\)T- T, (42)
which correspond to the seventh and eighth terms in Eq. (29). Cur reason
for doing this is that both terms can be shown to have zero value. To see
that these terms do indeed vanish, we note that if we consider pairs of
values of T* and T* thathold ** , T , and the angle between T~
and T~ constant, then as we integrate about the orientation of the ?'”—vector,
everything in the integrand is constant except T *T*". As a result of the
variation of this factor, the integration over 2n yiz:lds a zero value. (It is
interesting to note that T, and T, correspond to the correlation of ¢ and

; , which, as we should have expected, are uncorrelated.)

With Eq. (33) established, we now look into the problem of using
Eq. (20) for 5 to simplify our expression for Cp - Itis convenient at

this point to introduce the following functions:

G, (x) = 3.44 6P : (43)
1 2n »
G, (x) = 3.44 (Any? [ dx* x* Jr' de “(x®+x“2-2xx"cos 9% (44)
o 0
1/2 =
@, = 8 [dx” x* @ (x*) ; (45)
0

e




2 Zn
dx” x®2 [ dg” cos 9~
o

O, (x) = 3.44 (0N

1

&
v
[¢]

X (x24+x72.2xx" cos a"f/e

1/2
G, = 64 J‘ dx” x*2 @, (x7)
)

We shall see shortly that C(p can be exnressed in terms of these five

functions (or more precisely, three functions and two constants).

From Eq. (20), we see that

= .3.44 (3®+72- 2rv’ coe § Ve ; 08
= 3,44 (D/1, B[ (r/ D)+ (r’/ D)2 - 2(r/D)(r* /D) cos §°]s/8
= - (D/r " @ (|(f/D) - (£*/D)}) . (48)

Proceeding in the same vein, we see that

172 2r
T2 = 3.44 (%_n)-l (D/rof/a f dx' X” .p de.
(o} [o}

x [(r/D)?+4x%2-2(r/D) x” cos 9™ 756

= (D/r,F® @, (r/D)

where we have made the transformation of variables

dr* = D? dxX”




For T, . working in exactly the same way but with T replaced by

-

r’ , we get
Ty = (D/ry* @, (r*/D) . (52)
Working in the same manner with Ty . as defined in Eq. (37),
we get
14 g” 12 © 2w
L = -3. 4803 7T 8D/ P2 [ ax” x* [ 88" [ ax* &~ [ a¢”
[ [ ] .
) o ) 0

% [£7T4 2™ 2% 2™ cos ™ - A T

i 12 :
= =344 (In)2(D/r R T dx* x* 2nm { Tdx™ x™ 7 de”
0 o 0

X [ ®-29" 2% cus (9")]5/6} : (53)

Here we have replaced the variable 3~ by 87+8” (treating 8% as a
constant for the &-integration), and then shifted the limits of that inte -
gration from 8% .. 2748 to 0. 27 . This then allowed the 8%-integration
to be performed, yielding a factor of 27 for the final result in Eq. (53).
We note that the quantity in the curly brackets in Eq. (53) is directly re-

lated to @, (x") . Thus we can write

1/2
T, = -8 (D/ro)s‘/3 T odx” x” @, (x")
0

= - (D/r PR @, 2 (54)

For Ts as defined by Eq. (38), we have the necessary extra

-

powers of D! in front of the integral to convert £” + £’ in the integiand

»

into x” + x° . Following the same procedure as above, this allows us to

ek
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z 172 2n
T, =3.44 (55 n)"(D/r‘,F’sd]' dx* x* j' de” x” x” cos (8*-8°)
)

X [{r/DP+ x"2- 2x x* cos 9" F/8 ) (55)

where the 3 value is referenced to the r orientation so that 8= 0
when X* is parallelto T (or rather when T* is parallelto ¥ ). 8°
is similarly referenced to the T vector. At this point, we note that

since we can rewrite cos (8°- 2°) in the form

cos (8°- 8°) = cos 8" cos®" + sin 2" sin 2° i (56)
then we can separate the 8%-integration in Eq. (55) into the sum of two
integrations. The first would be multiplied by a factor of cos a° and
would have cos (8- 8") in the integrand of Eq. (55) replaced by cos ¢*
The second would be multiplied by sin 8° and would have cos (8”- 6°) in
the integrand replaced by sin @ . We note, however, that since the inte-
grand in the second integration would be odd in 8* , the second integral
being over the range 0+« 2n will have zero value. Thus we obtain the

result that

. ya 2n
Ty =3.44 (Gnrt (D/r PR x* cos & e j'da" cos 8*
0 0

x [(r/D)® + x** . 2x x* cos 8" Jue

= (D/1P” (/D) cos 8° @y (r/D) . (57)

Exactly the same procedure applied to the evaluation of Tg leads to
the result

Te = (D/1gPR (r/D) cos 8° @y (r*/D) . (58)

e g
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The evaluation of Ty follows the samo general approach as the

above. In this case, we have enough extra powers of D! in front of the

integral to allow us to convert (r - T (F - T*) into [(?/D) ¢ ?”][(F'/D)‘;"] g

Thus we can write

" Ve 2n 1/2 2m
-3.44 (772 [dx" x* [ dg* | dx*” * P w®™ (r/D)(r’/D) x* x™

o} o) o o]

"

Ty

X cos 8% cos (8*- §*) £ % 2® o ads (8- 8%) /e

g 1/2 2n 1/2 2n
= -3.44 (34 Tre(e/DNr* /D) [ dx® x*2 ¢ d8® [dx* x*2 "'de* cos 8
X cos [8%+(3”- ) x4 2% 25" x*® cos 8™ p/s . (59)

In order to obtain the final form of Eq. (59), we have replaced e* by

87+ 8" (treating 8" as a constant for the §%-integration), and then adjusted

the limits of the new 87 -integration from §*.. 21 + " to Ow 2w

Now we
can rewrite cos [g* + (87-¢°)] as
cos [8%+ (a~”- 0°)] = cos 8" cos (8°-8°) + sin 8™ sin (67-9°) , (60)

and using the same arguments as were used to develop Eq. (57) from Eq. (55),

l.e., dropping the sin 8~ dependence because it leads to an odd integrand
in 8™ | we obtain

2n
/2
To = =344 (33 "2 (1 /DN /D) ¥ dx” x72 [ d8” cos 8% cos (§”- 67)
0 0
V2 2 " "
X { [ dE™ 2T [ 34~ <63 6 (P4 x™2. 2% 2® cog e"F/S} . (61)
) 0

First of all, we note the close relationship between the quantity in the curly

brackets in Eq. (61) to the integration defining @, in Eq. (46). Second, we

= % .

-
e
i‘



note that the only §%-dependence in Eq. (61) is cos 8~ cos (67-90")

Since
2n
v," de” cos 8% cos (6“-9¢°) = ™ cos ¢° i (62)
)
we see that Eq. (61) can be rewritten as
Ty = - (D/rgP (r/D)(r’/D) cos 5" @, . (63)

With all of these results in hand, we can now rewrite C:p as

given by Eq. (33) in the form

Collx-7*

;D) = Cw(l' y 9‘ ; D)
= (D/rP”{ -8 (| (/D)-(F*/D)|) + @, (r/D)
+@,(r’/D)-@ + (r’/D) cos g’ ®, (r/D)

+ (r/D) cos 8° @ (r*/D) - (r/D)(r*/D) cos 9¢* G} . (64)

In writing Eq. (64), we have taken the liberty of introducing the notation
Cq,(r » r’, 8 ; D) to make it explicit that the dependence on I?-?‘I can
Just as well be considered a dependence on r,r’ , and 8° . We note that
although 8° has been defined in terms of the t° , physically, and in our

future work, it can be considered as simply being the angle between T and

) .
r’ , if we choose.

The first thing we wish to note in considering Eq. (64) is the fact
that it is indeed a function of T/D and T‘/D multiplied by (D/r ) ,
thus justifying the assertion that led us to write down Eq. (21). In fact,

comparing Eq.'s (21) and (64), we see that the value of S(I;-}"I) can

be written as
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- s,

- & (| x-x

)+, (x)+ @, (x") - @,

+ x” cos 8”@ (x) + x cos & @, (x") -x x" cos 8" @, .

With this expression in hand for & , with the @-functions defined by
Eq.'s (43) to (47), we can now turn our attention back to the problem of
solving the integral equation for the eigenvalues $.2 and the eigenfunctions

‘Lj‘(_;c) , in accordance with Eq. (28).

Integral Equation Reduction

As indicated at the start of this paper, we shall not attempt here to
solve the Karhunen-Loeve homogeneous integral equation, the pertinent
form of which is given by Eq. (28). Ultimately we intend to solve this equa-
tion using numerical techniques, in particular the Givens-Householder
method. At this point, however, we are interested in numerical procedures
that will simplify this equation. We note that the basic integral equation is
two-dimensional and that as a consequence, the size of the matrix required
to obtain any reasonable resolution over the aperture for our eigenfunctions
will be unreasonably large. We propose to avoid this problem by introducing

a separation of variables in the eigenfunction.

We postulate that the eigenfunction 3"(;) can be separated into a
radial dependence and an azimuthal dependence, and further postulate that
the azimuthal dependence can be written in the form exp (i q 8) , where
q=0,+1,=22,... isa ''quantum number' for a set of solutions cor-
responding to 2 subset of the n ''quantum numbers." The radial depen-
dence would have its own set of '"quantum numbers', p =1, 2, 3, . . .,

with each combination (p,q) corresponding to an element in the set that

was '"counted' by n . Thus we would write

B (%)

R3 (x) exp (i q 8) ; (66)
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where the superscript q over the radial dependence term, i.e., the
function ® , is used to indicate that for each value of q , we may ex-
pect to obtain a different set of radial dependence functions. The cigen-

value would now be written as % . inplace of . g

To validate our hypothesis concerning the validity of Eq. (66), we
shall substitute Eq. (66) for 3, (X) into the Karhunen-Loeve homogencous
integral equation given by Eq. (28), and show that it leads to self-consis-
tency in the sense that the form of 7, (x) will be found to have the form
given by Eq. (66). While this is not a rigorous proof of the validity of the
separation of variables, our manipulations will define the key steps re-
quired to develop such a rigorous proof. We shall not concern ourselves

further with the matter of a rigorous proof.

If we substitute Eq. (66) for :}-(3'(') into Eq. (28), we obtain

-,

JdxT WE ) s(1%-%7]) g, ()

2n

v/2
i fde” &(x, x", 8- B) R3(x") exp (i 9 37) , (67)

dx” x’
("

o o}

where here we have chosen an arbitrary angular reference point so that

we can define angles @ and @° associated with x and x’ , respectively,
rather than merely having g° defined as the angle between x and X’
Then in writing § , we took note of the fact that the 8°-dependence indi-
cated in Eq. (65) was in this case a dependence on §°-8 . Now if we
replace 8° in Eq. (67) with 84§ and then readjust the limits of the

§’-integration from 35« 27 + 9 to 0« 2T , we obtain

[dx” WE 1D e(|%-%7]) 3, ()
1/2

= exp(iq8) [ dx @ (x,x") R3(x") (68)
]
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where we have used R, to mean

2n
R (x,x") = X [dy” G(x,x",8") exp (i q 8") : (69)
0

Now combining Eq. 's (68) and (28), we see that

L 1/2 4
Ba (%) = exp (i g 8) 1872 [ dx’ R, (x, X) R (X)) . (70)
) o

Comparison of Eq. (70) with Eq. (66) shows that our assumption of Eq. (66)
for ;jn(;c') leads to self-consistent results for 3 x) . Combining Eq.'s
(66) and (70), we obtain the equation
r%/a ”, » , 2
DX R (G X)RI(X) = B2 RS (x) (71)
0
This is a Karhunen- Loeve integral equation type definition for the radial

function, R3 ., with a kernel, % , which can be different for each value

q
of the '"quantum number, ' q

Eq. (71) provides us with a basis for calculation of the complete
set of eigenvalues, ®% (or B2 in our original notation), and together
with Eq. (66) provides a definition of our two-dimensional eigenfunction,
Ry (x) exp (i q 8) (or 3. (X) in our original notation). The set of kernels,

{f,} . can be obtained by substituting Eq. (65) into Eq. (69). We get

2n
Rolx,x) = -xX [ do" @ ([ + x’2 - 2x x* cos &' ]*/2
0
t2n x' (@ (x)+6, (x)-0,] ' (72)
2n
Ry, (x,x) = -x [de’ @, ([% +x2 - 2x x’ cos 8°]*2) cos ()
o
+ﬂx'[x'@3(x)+X@3(X')'xx’gq,:‘ ) (73)
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and for the magnitude of q greater than one

2n

R x,x) = -x" T de @y ([¥ +x°2 - 2x X cos 8°1/2) cos (q )

for q = 2, 23, 24, . . . (71)

In obtaining these results, we have made use of the fact that exp (i q 8°)
can be written as cos 9°+i sin 8° , and noted that the sin 8 leads to

integrands odd in @° so that their value after integration of 0« 27 vanishes,

The combination of Eq.'s (26), (27), (43), (44), (45), (46), (47), (66),
(71), (72), (73), and (74) provides the basis for calculating the ecigenvalues
and eigenfunctions we shall need to determine the probability of an accidental
occurrence of a low energy wavefront distortion condition so that the
CENSORING system will be able to produce a near diffraction-limited image.
In the next section, we take up the problem of calculating this probability,
given the set of eigenvalues. As noted before, we leave the problem of
numerically evaluating the eigenvalues and eigenfunctions for treatment

in a subsequent paper.

Probability Formulation

The key to the evaluation of the probabilities associated with a
CENSORING system's performance is to recognize that this is essentially
equivalent to a study of the probability distribution of the effective mean-
square wavefront distortion over the aperture. The term "effective' as
used here refers to the fact that we are only interested in wavefront varia-
tions excluding tilt and average phase variations -- i.e., the effective
wavefront distortion is to be calculated from cp(_x:;D) and not from ¢(r)

We write the mean-square wavefront distortion over the aperture as

42 = (im DPrt Tdr W(r;D) |%(7;D)|? : (755




It should be recognized that the term '"mean' in reference to A? rcfers
to an average over the aperture and not to an ensemble average. Thus
Just as the effective wavefront distortion, ¢ , is a random function, we
se« from Eq. (75) that A? is a random variable. If, at some instant,

2% is small enough, then we may expect nearly diffraction-limited quality
for an image formed at that instant. The problem we face in calculating
CENSORING system performance is one of calculating the probability that
4% will be smzll enough. We set as a nominal threshold the requirement
that A% < A,? radian-square as the dividing line between good and poor
images. Our problem is to calculate the probability of A% being less
than 4,2 , this being the probability that the CENSORING systern will

see good enough conditions to allow an image to be formed.

if we substitute Eq. (6) into Eq. (75), we get

02 =Gn Pyt ) 8 Ye,. [dF WE D) LE)L.G) . (76)
LT 34
Now making use of the orthonormality of f, . as defined in Eq. (5), we
can reduce Eq. (76) to the form

A2

-

i n DRy Z 8" 8,

) (8 /G m D?F/21% (8, /(4 v DR : (77)

Thus the mean-square wavefront distortion is seen to be the sum of the
square of a set of gaussian random variables, Bg,/(3 ™ D?}/2 .| We recall
that according to Eq. (8), the random variable B, has a variance given
by the cigenvalue B_2?(D) , so that the variance cf B,/( m DP}/2 can be

written, using Eq. (27), in the form

<28 : .




T

]

Var [B,/(; m DP)/2] (™ DP)' B2(D)

= (D/r = (4/m) 82 . (78) |

For convenience, we shall denote this variance by ¢ (or cp_: ) as |

appropriate.
0,2 = Var [g, /(3 n DPP/?] : (79)

If we can compute the eigenvalues, #8.° (or 2Bp’q2 ) for the dedimension-
alized Karhunen-Loeve Homogeneous Integral equation of Eq. (28) [ or of

Eq. (71)], then we can immediately write

c 2 = (D/ryP” (4/n) 82 : (80)
or
@ 2 = {D/z PP (4/m) g, 2 ; (807)

It now follows that the probability of CENSORING system at any
instant seeing low enough distortion to allow an image to be formed can
be written as

= Prob (CENSORING System Forming an Image)

Congor

Prob (4% < 4,%) ; (81)

Since the random variables g, are independent and gaussian distributed

with variance 5,2 , it follows that
- 3
P angor -7 e o )2 [ dx exp (-§ x2/0,2) ., (82)
a=1 s

Lisits

where the limits on the integration are to be understood as a composite

limit on the product, or rather on the n-tuple multiple integral, The limit

2B .



corresponds to

]

Limit = ( ' ! (83)

Eq.'s (82) and (83), in concept at least, provide a basis for the calculation

of P ,» i.e., the probability of a CENSORING system image being

Cansor
formed. However, because of the infinite limits on n in these two equa-

tions, no practical calculations can be performed.

To provide a practical basis for carrying out the calculation of
cengor @ W€ need to truncate the series. To do this, we first note that

in accordance with results which we have previously obtained elsewhere,®

we know that the ensemble average value of A? can be written as

(%) = 0.1345 (D/r P - (84)

Now if we assume that the eigenfunctions are arranged in such an order
that ¢, 2 is monotonically decreasing with n , then we know that if N
is large enough so that

N

b (Y st . (85)

~a
a= |
then if ¢ has been chosen to be a small enough quantity, we may con-
sider N , rather than ® , to be the practical upper limit on the n
dependencies in Eq.'s (82) and (83). As a practical matter, we would

replace A,”% in Eq. (83) with 4 ,2(1-¢)

This has the effect of saying that above some value of n (namely
n =N ), we are not particularly concerned with the exact amount of wave -

front distortion introduced by each degree of freedom. The exact value

= 52
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of those 8 's does not concern us since we know that the corresponding
variances, ¢, , are so small that the values of the B,'s will be toler-
ably small. We expect the contribution of all those higher order terms,
which we are suppressing, to the mean-square wavefront distortion to
only be of the order of eA,® , which, by our choice of ¢ , we have made

sure is tolerably small,

In an actual calculation of P , we would first compute an

Cengor

ordered series of eigenvalues 8,2 . Then using Eq. (80), we would com-
pute the variances, ¢, . By applying Eq. (85), we could then determine

the truncation level, N . At that point, our calculation would reduce to

the evaluation of the integral

N
Pc.n“” = "“" s ..ﬂ dx, dx . . .dx, T[ (2m 3‘3)’1/2 exp (-é xnzlcua) ., (86)
g n=1
Limie

where

Limit %2 < A,2(1-¢) ) : (87)

1

n
A
1=

Our problem is thus reduced to the numerical evaluation of the integral

in Eq. (86), having first solved the Karhunen- Loeve homogeneous integral
equation for the eigenvalues. Neither is a trivial numerical task, but in
practice can be expected to be rather straightforward, if somewhat pon-
derous in terms of required computer effort., These tasks are taken up in

Part II of this report.
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PART 1I

Numerical Evaluation of Probabilities

Governing the Performance of a

CENSORING System

- 2 -




Introduction

In Pert I of this report, a formal basis was developed for the analy-

sis of the expected performance of a CENSORING system. The basic quantity

of interest was identified as the probability that at any instant of time, the
wavefront distortion over the entrance apertire would have an rms devia-
tion from a plane of less than one radian. (The term " rms" is used here
in the sense of an average over the aperture.) Because the CENSORING
system is designed to form a short exposure image, the wavefront deviation
is to be measured relative to the optimally chosen tilted plane, i.e., that

plane whose tilt is such as to minimize the rms deviation.

It was shown that the probability of interest could be calculated
in terms of a multi-dimensional gaussian distribution in a hyper-space,
where the hyper-space was defined in terms of a set of functions which
could be used to decompose a sample of the randomly distorted wavefront
taken over the aperture into a set of statistically independent components.
Because the wavefront distortion is a gaussian random process,! and be-
cause the magnitude of each of these independe:nt random components is
obtained by a linear process from the random wavefront distortion, it
follows that cach component is a gaussian random variable. The random

=1 amplitude of cach component represents one of the dimensions in the hyper-

space, and the probability of interest is the probability that all of the ran-

dom variables will take on small enough values at some instant of time.

Because the functions used for the decomposition of the wavefront
are a set of functions that are orthonormal over the space defined by the
CENSORING system's aperture, it follows that the mean square deviation
of the wavefront at any instant (with the mean taken as an average over the

aperture) is just equal to the sum of the square of the component amplitudes
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in the wavefront decomposition. This means that the probability of the
rms wavefront distortion being less than or equal to one-radian is just

the probability that the random components will define a point in the hyper-
space that lies within a hyper-sphere of one-radian radius and centered at
the origin. Since the components each obey an independent gaussian distri-
bution, the problem of evaluating the probability of interest can be seen '~
reduce to a multi-dimensional integral within a unit hyper-sphere of a set
of gaussian distributions. All we need in order to be able to carry out this
evaluation is information on the variances to be associated with eack element
of the set of gaussian distribution. In the previous work, it was shown that
these variances could be obtained by solving the Karhunen- Loéve integral
equation associated with the wavefront distortion statistics, and that they

were proportional to the eigenvalucs of that equation.

The single wavefront distortion statistic required for this problem

is the wave structure function, &(r) , where
A(r) 6. 88 (r/r P2 ’ (1)

The orthonormal function set ff, (—17)} and the associated set of variances,
fz,2} . which appropriately decompose the distorted wavefront and which
define the gaussian probability distributions of interest in our hyper-space
integration have been shown to correspond to the eigenfunctions and to be
proportional to the eigenvalues of a Karhunen-Lo¢ve integral equation util-
izing a function of B(r) as the kernel of the integral. The relationship be-
tween the set of variances of interest and the set of eigenvalues, B2} . is
given by the equation

ar = Br/i® DN : (2)
In seeking a solution of this integral equation, it has been shown

that the set ff G-')} can be decomposed in subsets by separation of variables

=29 -




into polar coordinates, i.e.,

=
r

= (r,9) . (3)

It has been shown that we can write

SN R = ol NS (0) ) 7 e

"

()= Ri(r)exp (ig®) . g

P

Y 5 : (4)

where the function R3(r) represents a set, on p , of functions that

satisfy a homogeneous integral equation with a kernel that is different for

each value of q . (Actually the kernel for q and -q are identical,) The
eigenvalues of this integral equation, Bp,q2 can be equated with the eigen-

values of the original integral equation, i.e.,

Bis 12 =0BLE ; (5)

and equivalently, the variance of interest can be written in the form cp'q2 ;

where

L ; (6)

The integral equation defining R2(r) and B‘,'q2 involves the
aperture diameter of the CENSORING system, D , and the basic wavefront
distortion turbulence parameter, r, . It is convenient to cast the integral
equation in a form which is independent of these two parameters so that a
single set of numerical solutions to the integral equation can be applied for
all possible values of D and r, . It has been shown that if we define the
eigenfunctions, RS (x) and %, 2 by the integral equation

1/2

‘(' dx’ Rq(x, x’) = 8, & R (x) . (7)
0




then

B2 = Bp.qz = /3 ro-S/Smp 2 , (8)

n »q

and

fy(r) = Ri(r) exp (i q 8) =R (/D) exp (i q0) . (9)

If we define ﬁq(x,x') as
2n
R (X, x)E -x" F de " G ([ +x°2- 2xx’ cos 8"7%/2) cos (q8*) , (10)
0

then t% kernel for the integral equation of Eq. (7) can be written as

Rq(x.x') =§q(x,x') if q=42, £3, +4,. . ., (11)
R,(x.x’)=§,(x.x')+WX’EX'®3(X)+X@a(X')~XX'@4] , (12)
Rolx,x7) =R, (x,x7) + 27 x" [, (x) +0,(x") -6,] . (13)

The @-functions are defined as

@ (x) 3. 44 5/ ; (14)
172 2m
@, (x) = 3.44 (Inyl [ dx* x* Fde*(x®+x%2-2xx* cos 878, (15)
o o
1/2 b
G, = 8 [ dx* x" ¢(x”") , (16)
o
1/2 2n
Ga(x) = 3.44 (2n)"1 [ dx* x*2 [ de* cos 07 (x2+ x*2
o 0
-2xx” cos g” )" . (17)
1/2
@ = 64 [ dx* x*2 @,(x”) . (18)
0
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We note in passing that if we had been interested in a system in
which, even during a short exposure, wavefront tilt had to be considered
a portion of the wavefront distortion (which it dces not have to be for
normal short exposure purposes), then the only change in the above results

would have been to modify Eq. (12) to the form

R, (x,x") = El(x,x') 5 (12°%)

Our basic problem is to solve the integral Eq. (7) for all of the
cigenvalues, (8 12} and then for a particular set of values of D and 1o
obtain the corresponding set of variances {c, q2} in accordance with

Eq.'s (2) and (8), from which we get

4 ,D{u/a
cv.q2 : ; \:o— suqz ¥ (19)

The second half of the problem is the evaluation of the integral in hyper-
space which defines the probability that at any instant the random wave -
front distortion relative to the optimally chosen tilted plane will have a
mean square value, averaged over the aperiure, of one radian squared

or less. This probability can be written as

pCENSOR =i[ (Zn cpt qa)-l/z :‘ d’%vq b o (-% )an;?/cplq;?) D (20)

Soh

where the limits on the integral correspond to a hyper-sphere for which |

.. *® 1 A (21)

In Eq.'s (20) and (21), the product and the summation run over all possiple

combinations of values of p and q
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In the next section, we take up the problem of casting the integral

ecquation of Eq. (7) in a form suitable for numerical evaluation. In the
sections after that, we shall first present the numerical solution technique
and results, and then go into the problem of formulating an explicit form
for the hyper-space integral of Eq. (20) for various values of D/ry . Then
we shatt move on to consider the evaluation of that hyper-space probability
integral. Based on the results of this evaluation, we shatl pPresent a gen-

eral discussion of the expected performance of a CENSORING system,

Integral Equation Numerical Formulation

The numerical solution of the Karhunen-Lobtve integral equation
presented in Eq. (7) can be developed using standard numerical techniques.
However, it will greatly simplify our numerical treatment if we first recast
that equation into an equivalent form in which the kernel, i.e., fo(x, x%) is
replaced by a kernel that manifests symmetry between x and x’ . [We
note that the leading factor of x’ in the right hand side of Eq.'s (10), (12),

and (13) destroys the symmetry of £.(x.x") .]

-

In order to obtain the desired symmetry, we introduce the following

symmetrizing functions:

Q. (x, x") = - (xx’ W2 Eﬂde' @, ([ +x2-2xx" cos 8°1%2) cos (q8°), (22)
0

Ro® (x, %) = Qo' (x, x) + 2m (x x“P/20@,(x) + §,(x) - 8,] . (23)

@, (%, x7) =R, (%, x7) + 7 (xx” P2y (x) + @ylx") - @ ] , (24)

Lt (o xT) =R 5 (x, %), (25)

"Bt (x) = =B W (x) . (26)

Now 1t follows from direct substitution that Eq. (7) can be rewritten as
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dx’ Rqs(x,x')sfﬂpq(x') = %p'qz Sfﬂpq(.\’) ; (27)

which integral equation has a symmetric kernel and can be solved using
straightforward numerical techniques. The eigenvalues of Eq. (27) are
identical to those of Eq. (7), and the eigenfunctions of Eq. (7). i.e., ‘Rp“ (x)
can be obtained from the eigenfunctions of Eq. (27), i.e., sF)tp"(x) by use

of Eq. (26).

To obtain the eigenvalues and eigenfunctions of Eq. (27), it is nec-
essary to transform the integration into a summation, thereby obtaining a
homogeneous set of simultaneous equations with a determinant that deter-
mines the eigenvalues and eigenfunctions. In order to replace the integra-
tion by a summation, we subdivide the range x = 0 to 0. 5 into 20 sections
and consider the values of x at the midpoint of each section, which we

denote by x, for i=1to20 . We can then make the replacement

1/2 .?
Todx” e,k x7) SRUXT) = KS(i,i’) SRa(i") : (28)

o]
{t=1

which allows us to rewrite Eq. (27) as

20
RS IRGY) = g, 2 SR . (29)
12=1
where
Ra(i) = *R,%(x) : (30)
and
qu (i,i%) = (3/20) Qqs(x,,x,,) g (31)

Eq. (29) presents us with the straightforward problem of obtaining

the eigenvalues and eigenfunctions of the matrix qu(i. i’) . This is a
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standard problem in numerical analysis. The 20 x 20 size of the matrix
means that we are dealing with a rather small problem as such computa-
tions go on a large high-speed digital computer. The mathematical pro-
cedure that we shall use is based on the well-known Givens-Householder
algorithm? and associated procedures. (The details of the actual compu -
tation will not be discussed, as the computer program utilized a proprietary

CDC subroutine for this task. )

Computationally, the evaluation of K?®(i,i”) n.atrix elements
represented alrhost as large a task as the determination of the eigenvalues

and eigenfunctions of this matrix. The pertinent expressions can be written

as

cos 8F/®

" m
K5(i,i’) = 6.88 (. 025)(x, x,,)"/‘?i-d:" de (x,aw*xi,z-Zxt %
1/2 T
+8 [duu :"de[(x,2+u2-2xiuc05 afF/f+(x, 2 +u?
0 o

- 2x,,u cos gf/e ]

1/2 prEe Tr \

-64 "duu " dyvv " ds (WC+v2-2uv cos 8)5/61} ! (32)
v v v
o o )

o

th(i. i’) = 6. 88 (.025)(x1 x,,)‘/"‘—‘-:- a8 P P -2n, x,, cos 8F/8cos 9
o

1/2 “
+ 64 [ duw de [x, (x,2+u®-2x,,u cos af/®+ x, ,{x®
Q 0 & 2.2 ~ /8
u®-2x, ucos 8f/®] cos @

o

1/2 1/2

- 4096 x,x,. " duvw’ " dvv® " de (u2+v2-2uv cos 8fcos 8}, (23)
e B J ]

v

o ] o]

and
KS>(i,i") = -6.88 (. 025)(x, x, , P/? ' de (x,2+x, ?-2x, x,, cos 9P/8 cos (q8) ,
o

for |q| > 1 : (34)
.




We have utilized the trapezoidal rule to carry out the 8-integrations in
Eq.'s (32), (33), and (34) and Romberg interpolation®, and have used a

10-point Gaussian quadrature to eviluate the u- and v-integrations,

For a value of q 1much greater than two (2), there is a potential
accuracy problem in the evaluation of the integral in Eq. (34). This is

most easily studied if we split the 0-integration in Eq. (34) in such a way

that cach region of integration goes over only one-half cycle of the oscil-

lating function cos (q8) . This gives us

| d8 (x2+x 2-2.»:1 x,, cos 8F/® cos (q3)

kn/q

3
) dé (x°+x,”-2 R, X, €O 3)¥c cos (q8) . (35)
—

| (k-’ﬂ/q

The factor (x,®+ x, it 2x x,, cos 8)%/¢ is a positive monotonically-increasing

~

function of 2 in Eq. (35}, from which we see that the right-hand-side of

Eq. (35) consists of the sum of a set of alternating sign terms. When there

is a large difference between x, and x,, , we note that (x13+ xi;?- 2x1 %y »
x cos ?)¥% s a very weak function of 8 , so that the terms being summed
are nearly equal in magnitude, but of alternating sign -- a situation that can
seriously stress the accuracy of the computed results,

To avoid this accuracy problem, we can expand the integrand in
Eq. (34) in the form

n n

fde (x,2+x,2-2x,x,, cos 8F/® cos(qe)=5/ I de (1 - ¢ cos 8)5® cos (q8)

0 0

(-%)-il—‘ € cos® 8+ . .. cos (q0)

-

o

n
SE/5 "de[l-%ecose+
0

[ d® cos® 8 cos (g8) ;
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where

v , (37)

€ =2xx,,/S , (38)
s A (B e N 2 '

pn-()(b-l)(() 2j e (gmm) (39)

The integrat in the final form of the right-hand-side of Eq. (36) can be

shown to have the value4

- ‘ 0 if n<q
" d® cos"§ cos (q9) =< 0 if ntq = odd , (40)
s T n!
{ if nt+q = even
\2:(:1'1'}9’ y/n-q ‘!
)Tz )

\

so that Eq. (36) may be rewritten as

-

" de (.\<£:'+x,,3-2x1 Xy, €25 8)/% cos (q8)

o
= PQ‘Q: (C/Z)Q‘QI
= 7 g&/8 » o (41)
Lwo (q+tm)! m!
For e€<.5 |, which corresponds to x, and X,. significantly different

in size, Eq. (41) is fairly rapidty convergent and a 40-term summation

yiclds sufficient accuracy. For ¢~ .5 |, X, and x., are sufficiently

close in value that (x2% x 2-2x X,, cos 8)8/8 g significant function

of § , and the evaluation of the integral in Eq. (34) can proceed by

straightforward numerical quadrature without excessive loss of accuracy,

For q greater than two (2), we have evaluated the 8-integration in Eq. (34)

using either ordinary nunerical integration techniques if ZX:X:'/(X:2+X:'2)

is greater than one-half, or ysed Eq. (41) for values less than one-half.
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i With these numerical techniques, the Kq’(i, 1’) matrices were

t evaluated for q 0 to 4l . These results are listed in Table I, giving

| he matrix in upper right triangular form. With these matrices, we were

i then able to carry out a determination of the eigenfunctions and eigen-
values. These are listed in Table II. The eigenfunctions as listed here

have been restored to their unsymmetrized form, i.e., Dtpq(x) instead

of *®. % (x) by making use of Eq. (26).

The set of all eigenvalues were rank-ordered without regard to
p- and g-values. Inthis procedure, we counted each eigenvalue twice
if its q-value was not zero, since it then applied to both q and -q
This set of eigenvalues is listed in Table III. We note that the leading
eigenvalue for cach value of q for q 2 4 appear in order according to
the value of q . Since we only worked with q < 41 , and since the lead-
ing eigenvalue for q - 41 is the 569 , we can probably consider the list
of eigenvalues complete up to the 569, or thereabout. The sum of all the
eigenvalues listed, of which there are 1660, is 0.105127 . This is in
good agreement with the value of 0. 1056 expected for the total of all
eigenvalues, as derived from an ecarlier work which considered the ex-
pected mean square wavefront distortion,® We note that the cumulative
sum at the 569! eigenvalue is 0.104708/0.10527 = 99.60% of the total of
the cigenvalues listed, and 0. 104708/.1056 = 99.15% of the total of all

the eigenvalues.

With this list of eigenvalues, it is possible to proceed immediately
to the imaging probability evaluation aspect of the problem. This we take
up in the next section. Before turning to that, however, we first note that
because of the case with which we could adapt our mathematics to the case
in which tilt is considered to be a significant wavefront distortion, we have
carried out such calculations. As noted previously, this involves nothing

more complex than using Eq. (34) in place of Eq. (33)for q=1 . With

.38 -
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this replacement, we obtain the symmetrized kernel shown in Table la,
and the cigenvalues and eigenfunctions (with symmetrization removed)
shown in Table Ila. It is particularly interesting to not- that the first
eigenvalue in this case is about 3 times larger than the sum of all the
eigenvalues when tilt effects are suppressed as not contributing to effec-
tive wavefront distortion, and that the first eigenfunction appears to be

very nearly a simple tilt, We also note that the second and subsequent

eigenvalues with tilt distortion allowed (Table IIa) are very nearly equiv-

alent to the first and subscquent eigenvalues when tilt distortion is not

allowed (Table II, q = 1 ),

Probability Integrals

Having the list of eigenvalues given in Table III reliable out to the

569l eigenvalue, and thus reliably containing more than 99% of the sum
of all cigenvalues, we are now in a position to start the evaluation of the
probability integral governing the performance of a CENSORING system,
We recall that this integral is given by Eq. (20). Rewriting this to work
with the n-notation (overall rank order) of Table III, rather than with the

pP.g-notation, we write

Peewson =1 (2™ g 2Fi2 f dx, exp (-# % /9,2) , (42)

Sph

where the '""Sph'" limit on the n-dimensional integration corresponds to

the constraint

82«1 . (43)

In accordance with Eq. (19), with %, denoting the nth eigenvalue in l

Table III, we have

4
cn2 = ; (D/rof'p Q‘na

(44)




o

e

G S —

for an aperture of diameter D with wavefront distortion characterized

by the length rg

We plan to evaluate the n-dimensional integral in Eq. (42) by
Monte Carlo techniques. As an immediate reduction in the magnitude
of the problem, we recognize that ¢ ° decreases rather rapidly with
increasing n , and that beyond some cut-off value of n , the expected
value of the sum of the square of the random variables is very tightly
constrained to the sum of the ¢, , with very little variability. The real

variability in the overall sum of the squares comes from the much fewer

xy's for which 5 ? is large and decreases rapidly with increasing n .

To establish the cut-off value of n , namciy, N , we arbitrar-
ily allow the random variables x  beyond the cut-off to have an expected

value of 0.1 for the sum of their values squared, i.e.,

o] = <]
¢y %2y = ) gf = 0:1 z (45)
e Ne

Since we know that
£

) 5.2 = 0.1345 (D/r P : (46)
L- n
1

then we can obtain N, from the running cumulative value of the eigen-

values in Table III. We write in accordance with Eq. (44)

N
%(D/ro)f‘/a j 82 =0.1345 (D/r, f” - 0.1 (47)
1
from which it follows that
Y
3 8,2 = 0.1056 - 0.07854/(D/r,F"* i (48)
1
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We see that to avoid pushing the cut-off, Nc , beyond the reliable limit

of our eigenvalue table, i.e., beyond about 569, the largest value of D/r,

we can use is 14.60 (which we take to be 15),

For each value of D/ro , we determine N, in accordance with
Eq. (48) and Table II, and then proceed with the evaluation of the truncated

probability integral of Eq.'s (42) and (43), which we now rewrite as

N

P

i

pr
JENSOR T "l (2n o,fpi/e .,. dx, exp (-3 % ' (49)
1
oh

where now the limit on the N, -dimensional integration is given by the

constraint

x“ < 0.9 . (50)

In the evaluation of the integral in Eq. (49) by Monte Carlo methods,

there are a number of approaches to the random sampling that can be

used. First, and most obvious, we consider selecting points uniformly

distributed in the hypersphere of Eq. (50), and evaluate the integrand of
each point. Unfortunately, the integrand will be very small for most of
the points selected, since many values of c,  forlarge n , will be much
less than unity. This will give very poor sampling efficiency and an urman-

ageably large number of samples will be needed to yield even modest accur -

acy,

A second approach to the random sampling is to select the random
points in accordance with the gaussian probability distributions for each

dimension inherent in the integrand in Eq. (49). Then the integral would

be evaluated by counting a one for each such randomly selected hyper-space




:;%:ﬁnzm-fmﬁhﬁ
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point that satisfied Eq. (50), and zero for each point that did not, and
taking the average of these counts of one and zero. Unfortunately, this
method also suffers from the problem that an unmanageably large number
of sample points are needed to obtain acceptable accuracy in the integral
evaluation. In this case, the problem is associated with the smaller values
of n , especially for larger values of D/r, . The values of o, are so
large that the gaussian distribution of X, Causes most points selected to

lie outside the hypersphere defined by Eq. (50).

To get around the problems of both the first and the second methods
of sampling, we used an arbitrarily chosen sampling distribution B, (x,)
for each of the N, dimensions of the integral. To compensate for this
method of choosing the samples, it is merely necessary to introduce a
factor of rﬁ B, (;.g"):'_1 into the integrand. We choose P, (x,) tomatch
the gaussia;mx distribution with variance c,2 for the larger values of n in
the integration, for which ©y° is small and there is, therefore, no ten-

dency to pick values of x, that are incompatible with Eq. (50). For the

smaller values of n , with larger corresponding values of e? ., we
chose a gaussian distribution with a variance %9%° . Here o2 is the same

for all of the dimensions, and significantly less than the corresponding o ?
values. To establish the transition between what we have called the large
values of n and the small values of n , we determined a transition value,

N,

; » which would satisfy the requirement that

N o2+ : o2 = 0.9 . (51)

where

O = g% . (52)

The value of N is directly obtainable from the eigenvalues of Table III,

using Eq. (44).
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. . : N A : ; N
Using a gaussian sampling distribution with variance 0, = O

for variables x ., x, , %, . . . X , and variance 0"9 for the variables

N

T

Xy o1 0 Xy ez o o0 Xy We have found that Eq. (50) is satisfied between
¢

one-third and two-thirds of the time by the hyper-space random vector so

chosen. Using this sampling procedure, and noting that now the probability

integral of Eq. (49) has the form

_ M (2m 5 25! exp (-% x,2/0,%) Q({x,})
Piensor - | — . (mﬂm ") ,(53)
randon =14 (2m OO‘) bexp ('% Xn /oo ) samples
samPles
Ixn]&
where
Ne
0 ; i ) = » 0.9
!
Qfx,}) = : (54)
x
1 : if 0 x2 < 0.9
T
The evaluation of Py, Wwas carried out in accordance with Eq. (53)
using samples of 100 points for various values of D/r, . By repeating the

eviluation a number of times, it was possible to oubtain an estimate not only

of P , but also of the rms uncertainty in our answer. In Table IV,

CENSOR
we list our results., These results are the basic objective of our numerical

exercise. In the next section, we discuss the interpretation of these results.

Discussion of Results

The basic results are those presented in Table IV and we shall center
our discussion about these results. The very large variation of P, .., Wwith
D/r, is apparent from even a cursory examination. In Fig. 1, we have

plotted P

censon @S @ function of (D/r,)® . It is interesting to note how well

the data is fit by an exponential dependence on aperture area. This is in
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good agreement with an earlier conjecture by Hufnagel? though the coef-

ficients of the fit are significantly different from those suggested by

Hufnagel. We find that the data is well represented by the relationship

Peensorn = 5.6 exp [- 0.1557 (D/r. /2] : (55)

at least for values of D/ry, 2 5 .

It is interesting to remark that if a CENSORING experiment were
performed with D/ro =15 , as would be the nominal condition for a 1.5 m
telescope (with ry, nominally equal to 0.1 m ), then the probability of

getting a good picture in a single short exposure would be about 3.4 x 10715,

If independently distorted wavefront short exposures could be obtained at the
rate of 100 per second, it would take more than 800 million hours ''on an
average'' to get a good picture, i.e., one for which the average wavefront
distortion over the aperture was less than one-radian. If the aperture dia-
meter vere reduced to 1 m , so that D/r, = 10 , the probability would
be about 1.1 X 108 |, and the expected waiting time to get a good picture
would become about 2. 5 hours (if we can get 100 indepenuent wavefront
distortion samples per second). With a 0.7 m diameter aperture, the
waiting time shrinks to only 3.5 seconds. Clearly, in a CENSORING ex-
periment, it is critical to know what r, is and to not inake the aperture
dianmieter much larger than about 7 ry , unless very long waiting times

are acceptable.

We note that in certain cases, astronomical seeing with r, values
in excess of 0.15m have been reported.” In such cases, it would be quite
appropriate to attempt a CENSORING experiment with a | m diameter aper-
ture, but it is critical that the aperture be properly stopped, and this re-
quires current knowledge of r, , and appropriate planning in the imple-

mentation of the experiment.
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Figure 1. Probability of Obtaining a Good Short Exposure Image as a

Function of Aperture Diameter. A good image is defined as
one with less than one radian? effective wavefront error
(i.e., wavefront error excluding tilt) over the aperture.
Aperture diameter D s measured in units of the wavefront

distortion length, r, . Pgyeos is the probability.
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Table 111

Eigenvalue List

Each eigenvalue and its associated values of
p and q are listed, {or all values covered

in Table 1I. When q # 0 , the eigenvalue is
considered to be listed twice, as indicated by
the nature of the overall rank-order column,

N ., and by the Q- alue column,
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Table 1V

CENSORING System Probabilities

Pivwn 15 the probability that an aperture of diameter D/r,
will, during a single short exposure, receive a wavefront
whose rms distortion over the aperture (with tilt not con-

sidered a form of distortion) will be less than one radian.

D/r, Peensor

2 0.986 + 0.006

3 0.765 x 0.005

4 0.334 £ 0.014

5 (9.38 £ 0.33)x 102

6 (1.915 £ 0.084) x 10-2
7 (2.87 £ 0.57) x 10-3
10 (1.07 + 0.48) x 10-#
15 (3.40 £ 0.59) x 10-15
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MISSION
of
Rome Air Development Center

RADC is the principal AFSC organization charged with

planning and executing the USAF exploratory and advanced
development programs for information sciences, intelli~
gence, command, control and communications technology,
products and services oriented to the needs of the USAF.
Primary RADC mission areas are communications, electro-
magnetic guidance and control, surveillance of ground '
and aerospace objects, intelligence data collection and §
handling, information system technology, and electronic
reliability, maintainability and compatibility. RADC

has mission responsibility as assigned by AFSC tor de~
monstration and acquisition of selected subsystems and
systems in the intelligence, mapping, charting, command,
control and communications areas.
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