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A NEW, GENERAL THEORY OF PLASTICITY
FOR STRUCTURAL METAL ALIOYS
Janmes F, Bell

Professor of Solid lechanics
The Johns Hopkins Univursity

Prefaoce

During the five-year interval of this finel report, a very
large amount of research in theory and experiment was performed
wvhich culminated in the disocovery, presented in the report which
follows, that the years of research on the large dynamio and
quasi-static deformation of twenty-seven different fully amnealed
netals served as the fundamental basis for the derivation of the
mneral plasticity of the important structural metal alloys.

Because of the importance of the final result and the
fact that much of the work of the first years of this contract
wore contributory to its achievement, I have dcoided here to
sunmarize the important aspeots of the research on the Ifully
annealed motals in the introduction and devote the major portion
of the work to their extension to the description of the sitruscturczl
metal alloys., TFor completeness, however, I shall list some of
these individual areas of research, the results of which are
appeering in journal publications or have eppeared in my Handbuch
dor Physik treatise of 1973, They include my own ressarch and that
of my doctoral students,

1, Murther study of incrementzl waves with dynamic pre-stress,

2, H, Moon's experimental and thecretical study of annealed
alunminum for non-proportional loading below the first
critiocal strain,

3, rfurther detailod study of the unloading waves,

4, The study of annealed aluminum and copper for proportional
and non-proportional loading paths which vrovided the
base for the alloy recearch,

5. Further studies of dynamic plasticity in the vicinity
of the melting point in ernealed aluminunm,

6. Elastic wave refleotion experiments by Professor /. Hartman.

7. An extensive experimental study of reflections of plastio

waves at an elastiec boundary,
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8, An experimental and theoretical study of annealed
aluminum undergoing double compression,

9, A detailed study of the inhomogeneous deformation of
the grains of aluminum multicrystals undergoing
statistiocally parabolio large deformatiom,

10, An experimental study o the effects of varying the
prior annealing and deformation of aluminum as
affeoting tho narabolic generalization on subsequent
Teloeding.,

11, Exporimonts chosen to further explore the second-order

trensition phenomena in large deformation,

All of the studies above were carried to completion during
the interval of this contraet, They have indeed vrovided the
background for the continulng resecrch on the structural nmetal z2lloys

described here;

Althouzh it is certainly true that much remains to be done
in extending the gencral theory of plesticity to a more oxtensive
list of alloys,in comprehending some of the details, and in further
studying the wave propagation, interaction, recflection, eto, in
these "as-roceived" hardened metals, it is t'ought that the historic
problem of deternining general constitutive equations for structural
metael alloys subject to arbitrary loading has beci resolved, The
major problems now lie in applied mechanios and desirm,

Aclmoirledzements

The labors in this resaarcn of "aith [locel:cl and Janes
Jandall, resocarch assistants, and 2Rajendra Khanwelliar, sraducte
student, as well as those of carlier perticirants in tho work ~re

much appreciated,
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A NEW, GENERAL THECRY OF PLASTICITY
FOR STRUCTURAL METAL ALIOYS
James F, Bell

Professor of Solid Mechanics
The Johns Hopkins University

Introduction

The theory of plasticity for structural metal alloys to
be presented here is one which came entirely from the study of the
patterns revealed in hundreds of experiments of a great many types.
It is my opinion that experiments in three dimensions, when available;
will correlate with the completely generalized theory. In fact,
cvidence is available {rom my earlier three-dimensional studies of
the development of plastic waves oclose to impract surfacos, that the
oresent theory indeed does correlate with observation,

The main body of experiment from which the present.theory
for structiural metal alloys was developed is two dimensional,
Therefore, I shall present the new developments within the bounds cf
the experimental situations considered up to this point in time,
This means, that for all experiments, including the 25C0 from my
laboratory, at least one normal stress component is zero., Whether
in microseconds during wave propagation after high velocity impaot
or in quasi-static experiments lasting three or more weeks, five
physical situations have been studied,

The five physical situations studied are;

l. The axial loading of solid cylinders, which includes
the symmetrical impact of identical specimens in free flight to study
finite amplitude wave propagation by means of diffraction gratings;
the quasi-static loading of polyorystalline specimens; and the axial
loading of single orystals with known initial orientations to determine
the resolve§ shear stress; resolved shear strain response function,

2. The loading of thin-walled tubes in any combination of
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axial stress and torsional shear, with simultaneous internal pressure
to produce a tangential stress component, Such thin-walled oylinders
also have been submitted to tensile and compressive impact to study
the propagation of finite amplitude waves.

3, Two=dimensional compression, sometimes called double
compression, in which an axial load is applied on a cubloc specimen
on one palr of oube faces, a second load is applied perpendicularly
on a seoond pair of oube faceg of just the proper amount to maintain
gero strain in that direotion, and a third pair of cube faces is
free of stress but permitted to deform;

4, Tension and compression tests performed on specimens
removed from rolled plates at a variety of angles from the rolling
direction, including that perpendiocular to the plate;

S5« Relatively thin cantilever beams subjected tc large
defleotion,

The maximum number of stress components simultaneously
considered in any of those physical situations was tiree; at least
one normal stress gomponent was zero, Within the framework of
these measurements, however; (a) ambient temperatures have been
varied over nearly the entire temperature scale, to 0,95 Tm;

(b) maximum strains were from infinitesimal elastic, values to 60%;
(¢) strain rates have ranged from 1077 to 104, i.e,, a range of a
million milliony (d) specimen purities have varied from alloys to
metals of 99,999% purity; (e) polyorystals with five different
orystal structures and oubic single orystals with initial orienta-
tions over the entire stereographic triangle were studied;

(f) impact velocities included values from infinitesimal elasiio
to 25000 om/sec; {g) invesiigations were made of many different
prior deformation, thermal, and chemical historiess (h) specimens
were of various grain sizes, diameters, and lengths; (i) many
different boundary conditions were chosen to explore jn plas*io
waves the problems of initiation, growth, propagation, reflection,

interaction, etc.

As indicated above, the only truly three-dimensional



problems in plastiocity which I have studied are the initiation

and growth of plastio waves in the first diameter of an impaoted
oylinder, ‘' In‘’a number of papers I desoribed this proocess in great
deta1,172139415  mmoge results are not part of the development

In the work descriped below, Ty Sy and 8 -v-,a*n
are defined in experiment as, respectively, the axial stress, the
direction of which is maintained throughout the experiments the
tangential stress whioh remains perpendioular to the axial ocomponent
throughout the testj.and the torsional shear stress in the twisting
of thip-walled tubes, In every instance, no matter how large the
strain, these strespes are defined with respeot to the undeformed
oonfiguration; i.e., they are nominal or engineering stresses.

The extensional strains, €x Cyr Ego and the
torsional shear strain < = %—L are direotionally ocoinoident
with the corresponding stresses, These strains also are defined
with respect to the undeformed configuration,

For the hollow tube, where T is the mean radius and
r, and r, are the outer and imner radii, _{  is the initial
length, © 1is the measured angle of twist, and P is the applied

torque around the specimen axis, we have Eq, (1)

- £ _ e
S = @mnn)  * =% (1)

The ocholoe. of stress definition and strain measure, of
course, 1s arbitrary. The advantage here of choosing engineering
stress and strain oomponents is that it has revealed a great
simplification, which has been discovered both for theory and for
experiment, Incompressibility is pot assumed since, as these
experiments amply have demonstrated,

€ +€y, + €, =0 (2)
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For internal pressure - tension in hollow tubes, the
ratios of O, /6« from 0 fo ) have been oansidered, For the
double compression of ocubes, a‘y /6‘ PR = 4 . For combined axial -
torsion loading with 6, = 6‘Y = 0, combinations of stress ratios
from simplo tension or simple ocompression to simple torsion have
been studied for proportional and for non-proportional 1oa.d1ng;

The cholioce of a generalized stress and generalized strain
for large deformation must be oommensurate with all loading paths
oonsidered, including simple axial loading and simple torsion. To
the experimentists, a satisfactory generalized stress is given in

Eq, (3)0

T =V—§ ﬁ‘a*o}"é*‘sr*asa (3)

4

As will be shown below, the study of non-proportional
loading paths for fully annealed pure metals and for structural
metal alloys has shown that the generalized strain must be
determined from integration along the strain pa.th,(*) as given

in Eq. (4).

[ - j V(de;)a*(d‘y)a*(""z)a*('éf_)a (4)

For proportional loading, Eq. (4) may be integrated to
provide Eq. (5).

P a2
[ - el g rer v = (5)

(*) A single exception was discovered by H. }lloon6 for very small
plastic strains in fully annealed aluminum, Moon found that
the integrated form of Eq. (5) was appliocable during
rnion--proportional loading, His oonstitutive equations for
non-proportional loading are incremental, with the inotemental
strain veotor not perpendioular to the loading surface, °
However, for strains above the order of 1% in this solid,

Eq., (4) must be integrited along the strain path, as in all
other known situations,

4
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From the statement from experiment of Eq. (2), this may be written

r" =Va {2 + &) * &E, + o2

Y

Unless specifically designated, in experiments oonsidering
elther dynamic or quasi-statio umloading, all the results here are
for monotoniocally inoreasing or non-—decreasing generalized stress,
dT > 0, The range of strain for quasi-statio loading has been,
from O to 0,60 for axial loading in tension and in, compression,
0 to 0,30 for the, simple torsion of thin-walled tubes, .0;15 in
double compression, and simultaneous maxima of 0,14 in tension
and 0,24 in torsion for oomhined tenslon-torsion loading, The
maximum measured compressior strain in my studies of plastio wave
propagation has been 0,25, corritponding in annealed aluminum to
a projectile velocity of 25000 om/sec, The maximum strain rates
have been 25000/sec measured in the vioinity of the impact face.

This study of the large deformation of structural metal
alloys, inocluding a number of high-strength stee¢l and aluminum
alloys, has shown that there exist two distinot, well-defined
regions cf plasticity, separated by an equelly well-defined boundary,
There are thus two yleld, surfaces: an inner yield surface at the
end of linear elastiocity, and an outer yield surface at the end of
the intermediate elastio~plastic region; This disocovery is
analogous to but different from the earlier discovery of two
yield surfaces first observed by H, Moon6 in his dooctoral research
in this laboratory in 1973. Moon's observations were made during
the reloading after unloading of a fully annealed metal, whereas
the outer yield surface for the metal alloy is a fixed determinable
boundary, not related to a previous unloading or loading,

The first plastic region, bounded by the inner yield
surface or the end of linearity and py the outer yield surface
or the beginning of total plastioity, I have found is an elastio-
plastio region whioch I have chosen to designate as the intermediate
plastic region, This name is ohosen to be historioally just to
Henri Tresca, and to James Guest who, in the 1870's and 1900,
respeotively, protested that the developing theories in ideal
plasticity denied its existence,

¢

The second plastio region, whioh I have designated as

[ 4



the totally plastio region, is bounded by the outer yield surface
and the ultimate stress., It is important to point out that muoh
of the ocontroversy surrounding the interpretation of yield surfaces,
including the normality to the yleld surface of the strain increment
veotor, has arisen because the properties of the inner and outer
yield surfaces are markedly different., Since preparation of
specimens oan alter the location of these yleld surfaces,
contrasting earlier experimental results are easily understood. .
Fig. 1 is a schematic diagram of these oonocepts in axial loading;

} ELASTIC-
PLASTIC TOTALLY PLASTIC REGION

REGION Noa —me ™~
o0 - Arns el
N |, :
//-TL Outer Yield Surface
)
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To develop a general statement from experiment for the
response function for the "as-received" structural metal alloy, it
is essential to trace briefly my previously established results in
theory and experiment for the fully annealed polyorystal; The
new theory of plasticity for the metal alloys is derived directly
from those results in terms of the dominant component of the metal
alloy. This brief statement regarding those earlier studies is
fully supported in experiment and has besn deseribed in numerous



papers, in a mcnograph in 1968 for the Syringer Traots in Natural
Philosophy entitled The Physios of Large Deformation of Crystalline
Solidl7, and in a jreatise in 1973 in Springer-Verlag's Handbuch der
Physik, Vol, VIa/1, entitled "The Experimental Foundations of Solid
Meohanioa."e The Handbuoch volume inoludes a tibliography of

my earlier papers and those of my former doctoral students,

To state that it is possible to predioct in detail the
enitire response funoction from gero strain to the ultimate stress
of, say, 1095 quenched and tempered tool steel or 7075-T¢ aluminum
in the as-repeived condition, from measurement of the resolved
shear siress, resolved shear straip response function of single
orystals of the dominant component, requires the delineation of
more than a little experimental development, Experiment does
bear out that such indeed is the fact.

We therefore begin with the parabolic response, function,
of the stage III deformation of the cubic single crystal, Eq. (6),

/;

or, in incremental form, Eq. {7),

atdft

2R ™)

A decade and a half of the study of the properties of the
parabola coefficients (7 in Eq, (6) has been described fully in
the monograph and treatise referred to a.bove.7’8 From many
hundreds of experiments, thoge in the general literature end those
performed in this laboratory, we see:

6 (3

d¥ =

)%,u(o) Bo (i —T/—r,,,)

(8)

where Bo = 0,0052 1s a dimensionless universal constant shown by



experiment to be common to over 30 orystalline solidsy; L (0) is
the measured shear nodulus of the isotropio solid at the sero point;
rwly, 2y 3y eee is the integral index of a disorete distribution
of deformation modes of orystalline solidgp; T 4is the ambient
temperature and '.l‘ln is the melting point, both in degrees Kelvin,

The ocomparison of several hundred measured response
functions for polyorystalline solids with an equal number of
stage III resolved shear respanse functions for ocublc single orystals
revealed that when all siresses and strains are referred to the
undeformed oonfiguration, the aggregate ratios of Eq, (9) characterize
the entire group of ocubic solids studied;

i . 47
__:F___ = K ] where k = 2.50 (9)

From Eq, (7) we obtain for.the fully annealed polyorystal
the incremental parabolic form of Eq, (10),

a T dT
Ar' = T(-! ﬁsa (10)

For the fully annealed polyorystal, the integrated form may be
written simply as 2q. (11),

— Ya a
T - R s (r'-l—'b> (11)

vwhere f"b is the intercept of the parabola on the strain abscigsa,

with r’b = 0 for all dynamioc tests in the fully annealed metal,

and l"bz O for the initial parabola for quasi-static testing, To observe
parabolicity in experimontal data it is neeessary to note only that in the

12 vs [ plot of Eq.(12),

T - ke (- (12)
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1:he3 responge funotion will appear as a straight line whose slope ip
- a
K G .. Illustrations of this behavior are shown in Figs. 2,

3, 4, and 5e

1100 Aluminum, annealed
50 Test 1451 “. T
ol . (1
€ 40 Torsion to Tension
~
g f
L 30 -~
[, ]
B~ ‘y Nzi0
20F
NsI3
1o} 1
N:i8
o 1 1 1 1 L 1 [l i -
0 ) 2 3 4 5 6 7 8 9 10
T (%)
Fl‘} _?_:_
]
3N|-
- Mo 978

o mil' s o
L]

ALUMINUN POLYCRTETALS
R Py
300"
' 1wt}

H-Il N=I0

T R T T R S S




G.LTAYLOR ond H.QUINNEY (1934)
‘¢ L
rons, b . — 4
C v § T 1
g p 4
S0
m‘ 4
€ Siwaia, Comgrossien log A /M
40
a,l
llo'. W0k
0P N0
[ies 2-07]
' °r Parabolic low (BELL)
log ¥+1.000
A b 4 ey Fy ‘u'\“.‘d'”'!
°o 0.l 0.2 03 [-2] 0s (1} or o8
€
Figi 4
T, psi ANNEALED COPPER .
20000} Test no.2033 oo * )
Tension to Torsion e S ° 1
- ® v b
pdfh - ® . ii
15000 chonqez et ~{4co L
s T x10
10ooof- ,*° 300 (esi)*
5 000 1200
0 I - 100
N:=6
0 L L)
(4] 13 e 20 22

10




In all these tests we note the presence of second-order
transitions which I first discovered in impaot tests in 1959-60,
intensively studied during the next eight years, and first desoribeu
in detail in the 1968 mopograph! referred to above. These are
second-order transitions, or discontinuities ir the slope, Over
‘'v0 thousand experiments performed in this laboratory since 1960
lave shown in detail that the slopes of the indiyidupl members of
this sequence involve a change of th® mode index, r , of Eq. (8),

As with Bridgman who in the 1930's and 1940's first found
second-order transitiong in the, hydroptatic compression of several
solids including nickel, rubber, ets., the second-order transitions
which I have discovered in large distortional deformation also
ooour at fixed strains, Wnen second-order transitions are found,
they occur in a.well defined sequenoe of eight oritical strains
or shear angles,

From the statistical study of the results of hundreds
of tests which provided from thirty to over sixty determinations
of each oritical strain for both single and polycrystals over the
vwhole range of proportional and non-proportional loading paths,

I found that these oriiical strains ocour in the form given in

Eq. (13).

(13)

Whero N = O’ 2, 4, 6, 8’ 10, 13, 18.

In Table I the values determined for the generalized
strain F‘N are tabulated and may be compared with a few illustra-
tions given in Figs, 2, 3; 4, and 5,

15



TABLE I.

TRANSITION STRAINS

N ] N Ty N

0 1.000  0.577  0.707  1.766
2 | o0.667 0.38 0.471 1.178
4 0.444 0,257 0.314 0,786
6 0.296 0.171  0.209  0.523
8 0.198  0.114  0.140  0.349
10 0.132 0,076  0.093  0.233
13 0.072 0.041  0.051 0.125
18 0.026 0.015 0.018  0.046

Setting s“y = S = O, the series of critical strains for
axial loading € n nay be determined from a knowledge of r N
The values for this special oase ere included in Table I. Similarly
for & g " G“y = 0 , the sequence of oritiocal strains O N for
simple torsion may be obtained, We note that the largest value
for N = O oorresponds to a shear angle of 45° , a faot of no small
signifiocanoce in understanding the. struoture of this critiocal strain,

Finally, from the, aggregate ratio, since Yn may be
determined from F‘N y 1e0sy Yy =K [Ty » we may caloulate the
oritical values N for the single crystal resolved shear strain,
These also are included in Teble I.

In Bologna, Italy in the fall of 1970, while ocontrasting
experimental results in the large deformation of fully annealed metals
from this laberatory with those of several other investigators, in
particular while "de~true-ing" the measurements of Evan A, Davis gn
copper and steel tubes in 1943-45, I discovered constitutive equations
in the two-dimensional domain for nominal stress and nominal strain,

12




In the original form, these constitutive equations were limited to
proportional loading save for a few non-proportional loading tests
in fully annealed aluminum, The deformation of the latter paths,
as is now known and as will be shown below, is approximated olosely
by deformation type response funotions applicable to proportional

loading.

In the past several years a large number of experiments
have been performed in fully annealed metals with many different
loading paths ohosen to ascertain whether incremental type or
deformation type constitutive equations are applicable, The results
for the fully annealed metals are decisive,

‘

In general, the constitutive equations are incremental,
but of course they may be readily integrated to provide deformation
type response functions for proportional loading, It should be noted
that for engineering purposes, for a large class of non-proportional
loading paths, the use of deformation type constitutivas equations will
closely approximate observation, This is perhaps on2 of the reasons
for the previous controversy over different experimental results.

Whether the generalized strain is obtained by integrat-
ing along the strain path for ocompletely general loading paths or
by the direct use of [7 sn Eq. (5) for proportional loading, the
aggregate ratios for Eq. (9) and the parabolic response.for the
generalized stress and strain of Eq, (10) are umchanged,

For general loading paths in the fully anne¢led metals in the .
two-dimensional domain for shich & = 0 , we have Egs. (14).
The corresponding integratec form for, proportional loading 1is
given in Eqs, (15) where <7 p » ©tc., designates the intercept
on the strain absciassa for the particular domain of strain

consgidered,

13



GENERAL LOAIING PATHS PROPORTIONAL LOAIING PATHS

. 46 -35 w 2% - Sy r €
d(‘; = 3R‘ fsa C]T 6; 3R,ﬂ,a T x b
- &,
de, - A82a— T s - ST
v 3k” 6

(14) (15)

Sy
_alsrsy) 4T €, -=55"T'+ €
4SJ'T-I - - ;z—ﬁa"]_\a + ’db

d -0 - > @7 A

S

For g ¥ = 0 we have the situation for the simultaneous
tension-torsion of & thin-walled tube for which the second and third
of the incremental equations (14) merely state that d éy =dc -
- <= . For this situation for any loading path, the

a .
incremental strain veotor d¢, /JA becomes Eq, (16).

S S5
T o (16)

We thus expeot for the fully annealed solid that the
normality condition will hold, A single exception for very small
plastic, strain in fully annealed aluminum has been observed by
H, Moon, as 1s footnoted on page 4 above,

For the comparison of the fully annealed polycrystalline
response functjon with the resolved shear response function of the
single orystal, the most important situation is that for whioch

14



s~ vy S = 0, for which the aggregate ratio of Eq. (9) becomes
that of Eq. (17).

6_;,:_ . = aE wheroi-\r.—%—'—‘ = 3,06 (17)
'

The value of m = 3,06 is nuw arically equivalent to that
obtained by C. I. Taylor 1~ 1930 and by Bishop and H311197in sheir
reconsideration of his theory in 1951, These theories, however,
do not provide the observed k of Eq. (9) for more general loading
states, T, Dawsopu in his dootoral research ir this laboratory
seveoral years ago, reexamined the Taylor theory to include not only
continuity but also stress equilibriumy he obtained aggregate ratios
which differed from experiment in all instances, including the ratio

for the value of m .,

It is my opinion that the past difficulty in correlating
experiment and theory lies primarily in the implicit assumption of
homogeneous strain always heretofore made, Measurements
referred to in the preface of this report show that this assumption
is seriously in error, but, nevertheless, for axial loading, the value
is indeed m = 3,06 for every one of the large number of orystalline

solids for which such comparisons have been made,

In recent researoh, not included in this report, I have
succeeded in formulating a new theory of the aggregata for which
inhomogeneous deformation is permitted, and in which individual
crystallite stresses and strains and their sum may be determined
from a single resolved shear response function which applies to
the bounded crystal. In the present report, in my earlier work,‘vla'-z.l
and in the theories of Taylor, Bishop and Hill, and Dawson, the
comparison is between the aggrogcate and the free, unbounded single

crystal,

Introducing Eq. (6) and Eq. (7) for tho unbounded single
orystal into Eq. (17) provides for the axial loading of the polycrystal,
Eqs. (18) and (19).
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The strain Gﬂb is the intercept on the strain abscissa,, For ,
all dynamioc tests, &y = 0, For fully annealed metals, S
vhich.easily may be determined from measurement, is exoeedingly

small.

The resolved shear stress, resolved shear stirain for
the shear deformation of the single orystal of Eq., (6) is ocalou~
lated from axial tension or ocompression in a specimen whose
initial orystallographic orientations are known from x-ray
measurement, This is the response function for the free single
orystal, The key to the main discovery reported upon here for
the structural metal alloys is that when for simple axial testing
the resolved shear response function of Eq., (6) is compared in
terms of the aggregate ratios of Bq, (17), the value of m is
increused, compared to the value obtained for %he fully annealed
metal, Designating this new ratio as M , we have Eg, (20),

N o= NS (20)
where )SN-1+€N.

With each of the many metal alloys which have been
studied, the value of > N in Eq. (20) is a material constant
independent of the type of tegt, independent of the shape of the
specimen, whether it be a bar, a tube, or a plate, and independent
of whether or not the loading paths are proportional or non-proportional.
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Theory of Plastioity for Struotural Metal Alloys

During the last year of the five-year contract for which
this 1s the final report, I began a systematio effort to oconsider
vhether or not a general theory of plasticity for the fully annealed
solid, briefly outlined above, was ip any way oxfendible to gtruotural
metal alloys such as 1095 tool steel, HF-1 gteel, mild steel, or
aluminum alloys such as 7075+T6 and 6061-T6, and coppar alloys such
as hardened alpha~brass, eto, All these metals were tested in the
"ag-received" condition exocept for 1095 tool steel and IF-1l steel which hed
to be annealed in order to machine specimens, but subsequent quenching
and tempering produced the original metal.

The experiments performed were many and of many types.
They included diffraction grating measurements of wave profiles
during propagation of plastic waves, measurements of the time of
ocontact and coefficient of restitution in a symmetrical free-flight
impact, and quasi-static measurements in thin-walled tubes for many
different types of proportional and non—proportional loading paths.
The results of this work far exceeded the original expeotation, for
in every instance, without exoception, the theory and concepts which
I had developed in neerly 25 years of research with B, R. L., the
Army Research Office, and the Air Force Office of Scientific Research
have been shown to be essential for the understanding of the large
deformation of the structural metal alloy, The deformation from
zero strain to ultimate stress for.any arbitrarily chosen loading
path now ocan be completely defined,

As the experimental @ata accumulated, it became obvious
that there were two regions of plarstic deformation, In the discussion
above it was pointed out that the intermediate region of elastic-plastio
deformation is bounded by an inner yield surface and an outer yield
surface and that the seocond totally plastic.region is bounded hy the
outer yleld surface and the ultimate stress,

Denoting TY and [’ y 88 the generalized stress and strain |
at the immer yleld surface or the end of linearity in small deformation,
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and TN and l'" c °s the generalized stress and measured strain
at the outer yield surface or the boundary between thg intermediate
elastio-plastic region and the totally plastio region, we find from
experiment for both proportional and non-proportional loading paths
that in the intermediate elastio-plastio region for the struotural
metal alioy the aggregate ratio of Eq., (9) for the fully annealed
metal bevomes Eq, (21),

AT AT

= v 4 (21)

Q
L

xt
1

where )\ y=1+ € y is the parameter introduced in Eq. (20).

For the totally plastic region in generalized stress and
strain, experiment has shown that the aggregate ratios of Egq, (9)
become Eq,. (22),

T - av
T’A~k=‘§‘ﬁ (22)

A comparison of the, incremental form of Eq., (7) provides for the
intermediate region, Eq. (23),

_ a(m-T1y) 4T
Af_'— >\3F,55l (23)

N

and for the totally plastic regiorn, Eq. (24).

AT d7] (24)
) 3 _.3 2
N K @5
Tese equations may be integrated in‘ their respective

regions of strain providing, from Eq. (23), Eq. (25) for the
intermecd.ate region,

d

'/a

—— 3/;\__3/;
T =TT A kA (M) -

and Eq. (26) for the totally plastic region,
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where r'N' méN

TN at the ¢ ter yield surface which bounds the second plestio
region at [ = r'c is given, from Eq. (26), as Eq. (27).

- ¥ 'fa
T = N ka8 T (27)

N N
.. YA )
Letting ¢ =k fs?, the parabola coefficient for the fully
annezled metal, and designating ﬂ a - 28 the parabola coefficient in
Eqs. (25) and (26) for the metal alloy, we have Eq. (28).

g - (20)

N

When the experimental values of T and [ have been determined
for an arbitrary loading path, they may be plotted in two ways: in a
(T - TY)2 vs [ ! plot from which the observed constant slope will
provide the wvalue of f’; for the intermediate regiony and in a
'I'2 vs r1 piot from which the observed constant slope of the straight
line will provide the value of ﬁ’ , for the totally plastic regiom,

In general, these two measured parabola coefficients are identical.

From the original parabola coefficients, ﬁs , for the single
crystal, Eq. (8), we find that knowing the ambient temrerature, the
melting point, and _«( (0), a sequence of parabola coefficients for
the integral indices r provides from the fully annezled metal
a value for f" for the dominant component of the metal alloy. Again,
it is solely from experiment that the following result is obtained.

With & known, the measurement of 'I‘N
parabolicity in the totally plastic region in a T2 vs F plot,
or as the end of parabolicity in a (T = Ty )2 ve [' plot for the
intermediate region, provides a value of >\ N frem éxperiment

[_q. (27)] The value so determined must be compatible with the

as the beginning of
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observed value of (9 a? i,e,. the slope of the measured straight

line portion of the stress squared vs strain plot, When these values
are ocompatible, as they have been in every instance in over one hundred
experiments performed to determine A N for 16 struotural metal
alloys, then the value of ?\N may be determined for the general
statements of Egqe. (25) and (26),

Before examining the data whioch reveal that a precise value
of ) n is indeed associated with eaoch metal, irrespective of the
type of test or loading path, it is worth while to look a little more
closely at the nature of this calculation of A e

In the 'I‘2 vB r‘ plot, the intermediate region is olearly
not a straight line. However, from the diffeveatiaticn of Eq, (25)
ono mey obtain the slope of such a plot at any value of T dincluding
that at the boundary between the two regions, TI y &8 is glven in

1
Eq. (29).
T TLA
- % 29

A comparison of the slope on one side of the outer yield
surface and ﬁ a2 for the totally plastioc region will reveal the
sharp discontinuity at which parabolicity begins in the totally
vlastic rcoion, One of the important values of A N v es will be
shown inmediately below, is that which characterizes 6061-T6 aluminunm,
5083-H131 2luminum, hardened alpha~brass, end hardened copper, for
exanple, and which has tho value A N - 1,385 , In Fig. 6 we sce
that for uniaxial loading, wnere & y = S = 0 , where for the node
index r = 1, (@ of fully annealed aluninunm is given as
€ = 6.86 x 104 psis for r =2, £ =5.6x 10 psi; eand for
r=3 £ =4.57zx 104 pei, wo have from Eqs. (27) 2nd (28), the
three calculated curves showm in the 6Jl ves & plot.

20



Aluminum Alloy
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The caloulated values of O,
shown, Also shown,  is the slope in ad‘,‘a‘ ve &

£ at the outer yield surfaoce are
prlot from the

intermediate region, i.e., Eq. (29) for only 6, # 0.
First, we note that these slopes are markedly different aj
the boundary which, as will be shown in the experiznental data below,

may be specified with preocision,

Seoond, we note that the values

of Sw 2 differ by such a magnitude when the mode index r 1is
changed by unity that, there is no possibility of confusion in these

determinations,

And, finally, we observe that with such large

differences present in these determinations, the compatibility
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between yalues of A N ? simultaneously determined from Eqs. (27)
and (28), establishes the applicability of the concept of.the plastic
deformation of metal alloys discovered from this research,

On the follcwing, pages I shall provide many illustrations
of different loading paths, eto.,, for each of the 16 metal alloys
thus far studied, At this point, however, I shall summarize the
results to facilitate the overview of the data,

The first and most important fact, as indicated above, is
that the value of ) y ©or oorrespmd..gly € , is a fixed material
constant for each metal alloy. The seoond important fact is that when
the )\ y's are determined from Egs. (27) and (28), the ocalculated
values of & N fall with great preocision into the sequence of
oritiocal strains ¢ N shown in Table I, What is remarkable about
this recent discovery is that the & H's are stable values defining
the state of a given metal alloy, and they are identigcal with the
critical strains observed in the fully annealed solid, i.oc., the
strains at whioch second-order transitions ocour for the monotonically
increasing large deformation of the fully annealed metal and the
single corystal. Thus it becomes obvious that it is essential to
comprehend this quanij.zed phase and second-order transition structure
before developing any general theory of plasticity purporting to
deal with the physical facts,

For example, the second-order transition structure for
the fully annealed metal, as well as the ralsing of the elastio
limit 'It for the metal alloy, can give rise top an apparent
viscosity in the sense of an inocrease of stress, when the underlying
response function in faoct is non-viscous, and the observed increase
is due solely to t}s presence or non-presence of a second-order
transition at a critical strain,

In Fig. 7 is shown a plot of the experimentally determined
values of & N for all the metal alloys thus far examined, For
clarity, I have plotted the experimentally determined ratio

a
"§‘:— = l@‘— T/ﬁaa (sinoe r: -V—T:Jf 6;/) a'gainStGN .



The arrows in Fig, 7 show the loocation of the oritical strains & N
from Table I, My discovery of this distribution, which in fact came
just after the termination of this contraot, in research under a
subsequent B, R, L, oontract, oocourred only after a large amount of
data had been accumulated in the different metals,

o3 | DISTRIBUTION cf MEASURED A,

.ﬂi tsata) /

o experimentol dolo
| W=D
ok Er-1 Steel

{28 teots)

7075-T6 Al

2024-T3 Al

Maraging Steel

1095 steel (quenched
and tempeted)

S
o= ek

0.3 = He2
(& testa) 6061-T6 Al
5083-K131 Al
Hard Copper
1 o Hard a-brass
(2 tents 1095 steel (snnealed)
ol o 1030 weesl 2014-Té Al
10780 AL
teata) 12
. Al . <y --6'(’)
e.l T I .
1100-H1& AL -
1100-F Al A" Qa+ c')
R= 10
1100-HIE Al e 0,2,46,8,10
§061-0 Al i 1 1 1 l
0.1 0.2 0.3 3 0.4 0.5 0.6
fully sonsaled
Fig. ?

A sunmary of the values of N and the mode index r for
the different metal alloys is given in Table II, These are the
results of nearly 100 individual tests in tension, comprescion, torsion,
and combined tension-torsion, in proportional or non-proportional
loading paths, In the final column of Table II, I have compared
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the average value of all the measured values of )\ N for all of
tne metal alloys in each olass designated by N , As may be seen,
the correlation of these values with predioted )\ y &nd with the
predicted values of oritical strains from Table I is indeed precise,

TABLE 1I
Nareging Steel o 1)
HP-1 Steel, quenched & tempered N-0 r-3 ‘“’35' B‘f'l 575
HF-1 Steel, isothermal N0 r-4 | " .
1095 Steel, quenched & tempered N0 r-4 p“‘;“:dl o
7075-16 Alunizua 50 1 B
2024-T3 Aluminum _ K0 "?,
5083~H131 Aluminum K2 r1)
6061-T6 Aluminum K2 2 Avg. Exp.
2014-T4 Alumimum K2 r2 Ay - 1373
1095 Steel, annealed M2 r6 | P"‘;“"‘_’dl st
Hard Copper N-2 14 LT b
Hard Alpha-brass (70-30) N2 r-4
Hard Alpha-bress (70-30) N-2 r5_J
1020 Steel N4 r4) Exp. - 1.254
7075-0 Alumirus N-4 1\-1} Pred. - 1.257
1100-E14 Alwaimm 8 2\ PBxp. - 1.1144
1100-F Alumizum N-8 zsz} Pred. - 1.1140
1100-H18 Alusinum *10 r~1] Erp. - 1.075
6061-0 Aluminum §-10 1\-2} Pred. - 1.076

Fron an insnection of Table II, we note thot the value
of W 1is dependent upon the »rior thermal, mochanical, and cherical
histories, i.e., the metallurgical reeipe which »Hroduced the stable

siructural metal alloy. Thus, for 7075-T6 aluminuz, Il =0, T =1

]
|
-

for 7075-0 aluninum, however, this solid is defined for Ii = 4, =
Sinilarly, for 6061-T6 aluminum, we have N = 2, r = 2 j3 whereas for
6061-0 alupinum, N = 10, r = 2 , From a serics of experiments

involving a very large number of tests on "as-rcceived" 1100 aluninun,

the material state N = 8, r = 2 4is firmly established, If this solid
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is annealed at 90% of the melting point, i.e., at 1100°F, one obtains the
fully annealed solid for which )\N -« 1,000, If, on the other hand,
the annealing temperature is successively altered, then values of
Nwl),rm?2; N=13, T =2} Nel8, r=2; and N=18, r=1

are obtained as the annealing temperature is raised,

With the values of A N known for a given metal alloy, it
becomes possible to provide constitutive statements for the two-dimensional
donmain similar to those for Eas. (14) and (15) for the fully annozled
solid, There is one difference, however, For the fully annealed
solid, the intermediate elastio-plastic region elther is non-existent
or is so small that it can be ignored; whereas for the metal alloy,
it is necessary to define the response functions in each of two

domains,

For the intermediate region, where l'"Y y < r' < r: we have
the incremontal equations for general loading paths, Zqs. (30), and
the integrated form for proportional loading, Eqs. (31).

i _ o, - 0yy) - 200, - 0uy) dT\
X 3 T3p2
3)\Nk88
. _Mcy-oyY)-z(ox-oxY) i
y 3 73,2
3)‘NEBS L (30)
der_-_2(c1x oxY)+2(oy-oﬂ) -
z 3% K°82
4(8 - S.)
ds .———_—’PB: dr j
KBy
2(0. - 0.,) - (0 -0.) N
ex- : 3x33 2 * & (T-TY)+€xY
3XNk Bs
2(c o) - (@ -0.) .
e, = y__y¥ X x (T -1 +¢
3A§k382 Y
8 e (31)
(0. ~0 )+ (@ -0)
e, == X aY_ Y X (T-TY)+eY
3 2y k3 g? Z
2(S-SY)
~ -Aaiasz (T-TY)+6Y




Correspondingly, for the totally plastic region, for \"' ->—r; S
we have Eqs, (32) for general loading paths, and E3s., (33) for propor-
tional loading,

~ N\
l.ox-,zU 20 -0 €
ey T A i
.3a2
Ny B 6, N B2 .
4o - 20 20 -0 3
de = —L—2 41 e m—Y X o, _N
y 3y k® B: y 3A3ESB: yc Ay
}(32) }(33)
2(0, +0.) o_+0 €
dez-_ 3 32dT Ez-_x_g';y—T+€zc-XLN
i t3n2
3 Ay KBy 3 k82 N
A\T
dg = —ii—dT 4 = _2__8_.T4.5 g
Ay K82 e ¢
8 _._J 8

Limiting the discussion to the combincd tension-torsion
of thin-walled hollow tubes for which O'y = O'; = 0, we note that
the inoremental strain vector d€1/ ds in the intermediate region
has the form of Lq, (34) ,

Gy — Oxy
dey - 2+ (34)

da 3(5-Sy)

whereas from Eqs. (32) and (33), the incremental strain vector hes
the form of Eq, (35) in the totally plastic regiom,

d €x - Gy (35)
d 4 35

26



From experiment in non-proportional loading paths, as will be
shown below, the direotion of the inoremental strain veotor in the
intermediate region is found to depend upon the memory of the individual
components 6‘,..x and SI when the loading path has passed through
the inner yield surface, Thus, for simple torsion followed by constant
torsion plus increasing tensiam, Sxy = 0 and S d 0, Ifthe
corner oocurs in the intermediate region, then during increasing tensiomn
at oonstant torsign, we have d'dda =&, /3(S° - S‘*) where So = oonstant,
On the other hand,, for simple tension followed by oconstapt tension plus
increasing torsion, where &), Y / 0 ,and S! = O , we have, after turning
a corner in the intermediate region, de/ds =(s; - Exy )/ S .

The faoct juat stated provides a very inter~esting experimental
check upon the value of >\N calouleted from Eqs, (27) and (28) for a
given metal alloy, A plot of strain components in € ,vs.0 space
reveals that at the boundary of the outer yield surface, between the
intermediate elastic-plastic region and the totally plastic region,
the incremental strain vector undergoes an aprupt change, For initial
torsian, for the situation considered above, the slope change will
be from d¢, /a8 =6, /35 -&Y,/3S in tne intermediate region to
d€, /as =& /35 in the tovally plastic region,

Choosing a metal alloy for which & y i not too much greater
than & Yy ? abrupt angular chenges are jindeed visible, as will be shown
below from experimental data, In faoct, from such a measurement it is
possible to determine the wvalue of A N independent of the usual
procedure given in its calculation from Eqs. (27) and (28),

Experimental Data
The statements of loading surfaces and constitutive equations

just given for the metal alloy when compared with the earlier equivalent
statements for tke fully annealed metal reveals that what is presented
here is a unified theory for the total class of metals, since for the
fully annealed metal )\ N = 14000 or €, = 0. For this situation
r’e = 0, and the intermediate elastio-plastio region either disappears
or becomes so small as to be negligible.
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Hence, in providing at this point the experimental base
from which the above statements were derived, it is pertinent to
present experipental data for both the metal alloys and the fully
annealed metal, since the phenomena observed in one are antioipated
in the other,

The introduation of the material oonstant r'N / Ay 1o
Eq. (26) corresponds to a statement of the origin of the parabola
for the totally plastic region in the present reference oconfiguration,
Introduoing the experimental results for the metal alloys first, it
is convenient to begin with simple loading sjtuations, For axial
loading in tension or compression, L o, &_-= ,S“y =S =0,

z
Eq. (25) for the intermediate region becomes Eq. (36),

3/a Ya '/a
R — Yy 6 ‘(
& 6y + x, wm 6 ( y) € cece, (36)
and Eq. (26) for the totally plastic region becomes Eq. (37),
3/a ¥Ya € '/a (
&=, ™ &, (5 - €, + ;L 37)
~N

where m = V‘z- K

The stress at the boundary of the, cuter yield surface,
between the two plastic regions of Eq. (27), becomes Eq. (38).

- Ya ‘2

As of this writing, approximately one hundred quasi-static
measurements for the several different metal alloys and approximately
the same number of wave propagation experiments have been performed.
For the former, many, different loading paths have been considered,
while for the latter, all data have been obtained from the symmetrical
free-flight impact of identical metal alloy cylinders,

In Fig. 8a is shown a tensile test in 1095 150l steel,
quenched and tempered at 950°F R Fig. 8b is a & 2 vs € plot of
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these data from which the observed beginning of plastiocity for the

t

otally plastic region is seen to ocour at 6‘~2' = 26,200 x 10, at

an € of 0,061 ., The corresponding value of &> is 162,000 psi.

N

Outer Yield Surface, 9w
7P 1095 Tool Steel
S Test 2035
125,000 k-
100,000
Fy [ 3
o " »I0
heat 26 500
50,000
f 26 000
;
25,000
ff 25000
06_

Fig. 8 a,b,c

For the known parabola coefficient, r = 4 , for the fully
annealed metal,m {3 = 12,6 x 10% psi. The caloulated value of Ay
from Eq. (38) is Ay = 1.625 which for this test is 7‘1: = 1.577,1
3% above the average value for N = O from Table II. For this value
of Ay, the (3, mredioted from Eq. (28) is 26.0 x 10% pei, The
solid line in Fig. 8b corresponds to & square of this predicted parabola
coefficient, The dashed line in Fig. 8b is the slope for the intermediate

region at 6 y determined from Eq. (29) which, for axial loading,
becomes Eq. (39).
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( de‘a o ) S:v ﬁa
- )
'd€ N (Gc - Gy)/a

(39)

Introduoing & a ™ 26,0 x 104 from the previous ocaloulation
and observing from Fig, 8a that the value of € o= Sy 0,054,
we have for the predicted slope of the interpediate region, upon
reaching G y deNa', /ae = 1.80x 10t s Which indeed
correlates witn the ubserved experimental results, As was
indicated earlier, a sharp change in such a plo} from a slope
of 1.80x 10 +to 0.68 z 10'*, 1s., B.° , makes the outer
yield surface readily d.isgemible;

Finally, in Fig., 80 we see a plot of (& - G'Y)a ve €
for the intermediate region, From squaring Eq. (36) there should
be & slope (B> for the mode.jndex r , identical with that in
the totally plasfio region, j..e;, r=4, That this indeed is the
situation is seen in Fig, 8o, vwhere the solid line cprresponds to
the slope of ﬁaa for r =4, >‘N = 1,625, i,y N = 0 ,

We thus see that when we lnow the values of N and r
which desoribe a stable material struoture, then we may obtain
the respunse function for tension from zero strain to the ultimate
stress,

As a seoond example, Figs, 9a,b,c provide a similar
correlation with BEqs. (36), (37), (38), and (39) for 3083-H231
aluminum metal alloy., , The measured value, of 6N2 troa Fig. 9b,
& ~2 e 3489.5 x 10° , zrovides 6 = 59,072 pei. The value
of AN caloulated for N = 2, r = 1 wvhioch ocharaoterizes this
alloy provides Ay = 1,386, From Table II this is seen to be
preoisely the predicted oritical value for N = 2 , For this value
of M y ‘the parabola coeffiocient ‘@a from Eq, (28) is 11.2 x 104,
which is seen as the slope of the solid line. Correspondingly, .

.. the end of the intermediate region at a strain E of 0,051,
the slope at & from Eq. (39) is d€ 2/a€ 2 94 x 10° ,
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2
The (6 = Sy )® vs & plot in the intermediate region of Fig. 9,
the slope (801id line) of whioh is the square of this parabola coefficient

(@a = 11,2 x 104 y 1s olearly in close correlation with the response
function of Eq, (36).

5083-H13| Aluminum
Bl 125410

old: 3489510 3
o ,psi Nt = Outer Yield Surface, o,

st 1,386 -
so wo - ".““..,.ooo.uo

"ﬂ'
wt
o2

50 000 <4 3800 x 10°
40000 - 3700
30 000 4 3600
20000 <3500
10 000

Fig. 9 a,Db,0,
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In Figs. 10a,b,0, 1lla,b,0, and 12 a,b,0, similar ,
results are shown for tensile tests for 6061-T6 aluminum aloy,
2024-T3 aluminum, and 1100, H-14 sluminum for which the measured
values of )\N are 1,365, 1,590, and 1,120, These differ by
2.5%,.0.8%, and 0.5¢ from the predioted values of ) y for .

N =0y N=2, and N = 8, respeotively (ses Table II), Again,

in each instance, at the end of the intermediate region the
predioted slope (dashed line) from Eq. (39) is in. oclose agreement,
as are the slopes (3 o O8loulated from Eq. (28).
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$0000¢ & .
- o H e . b
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30000F 30f-x10” ¢
20 000 , 20
, 4 (o) f 2
s ¢
|0000“. (Q_') 'onll.jllllL °|° . \ . l' ol s
J 0286.8100%; "> 3 4 5 & 7
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The test #2028 in 202413 aluminum is included to point
out that whereas the most common valuo.of r for this solid is
r=2 when N = O, the preparation of the alloy ocan differ
sufficiently to lower the initial parabola from r =2 to r = 3,
This is a common observation in the fully annealed metals where
differences in the annealing procedure also can produce a shift
in the mode index r , In the approximately 100 measurements
considered here, however, this 1s an uncommon occurrence, The
value of r and the value of N are, in general, material

constants for the stable state,

In the studies of the fully annealed metal desoribed in
1y monograph of 1968 an The Physies of Large Deformation of
Crystalline Solidsz I stated, and acted upon, my stror; conviction
that for single crystals and for polyorystals any new generalization
should be ocompared with the previous exporiments in the literature,
Accordingly, I include here, in Figs 13A and 13B 62 ya €
plots of two axial tests of Holt, Babcock, Grecn, and I-Iaidenz2
from measurements in 1967 on 6061-T6 and T075-T6 aluninunm,

For the former (Fig. 13A), the outer yield surface, readily secn
at & N2 = 2410 x 106 s Provides a value of ;\II = 1,395

which differs by O0,7% from the prodicted value of 1.385 showm
in Table II. ror the latter (Fig., 13B), N - 1,610 for a
mode index r = 1 , which differs by 2% from the predicted value
of A, =157. The @, of 9.23x 10% caleulated from
Eq., (28) for this value of Ay 18 shown to bo in good acrecment
with the experimental data, as is the slopc from Eq. (39) at the
end of the intermediate region, i.e., at the outer yleld surface,
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Holt, et al. also provided tensile tests in 6061-D as

well as 6061-T6 aluminum which I introduoe here as Fig., l4a,b to
11lustrate that the value of K is indeed dependent upon the prior

history of the speoimen, Ina &

in

measured 6‘N2,: 276 x 10

2 vs8 < plot of their test

6061-0 aluminum a value of r « 2 1is maintained, but from a
g the value of )N is g~ 1,076

whioh is precisely the value from Table II for N = 10, Their
test in 6061-T6, on the other hend, provided a value of

6 4 = 2410 x 10% for r =2, with the measurea X\ = 1.395
close to the predicted )\N = 1.385 whioch is standard for

the hardened alloy . Once again, the predigted and the measured
slopes a} the end of the intermediate region, as determined from
Eq. (39), are in olose agreement,
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For the stable material, an alternate example of this
dependence of the oritical strain upon the prior history of the
specimen is shown in a test of mine in annealed 1095 steel, machined
from the same rod as that of the quenched and tempered specimen
shown in Fig, 8 above, From Fig., 15 one sees that the value of
N has changed from N = O to N« 2, The measured value of
6~ =521 x 10° provides Ay = 1.385 , which is preoisely
the value froum Teble II for N = 2, The mode index r for
1095 steel in the annealed state has ochanged from r =4 to r = 6,
The same value of r applies in both the intermediate region and
the totally plastic region, as may be seen from the comparison of
prediction and measuremont from Eq, (39), i.e., d6& 2/d.é y Civen
as the dashed line in Fig. 15.
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An experimental program is in progress to study these
changes in the value of N assoclated with variations in the prior
annealing history, For 1100F sluminum annealed at 1100°F and
furnaoe ocoled, the fully annealed aluminum which has been a .
standard in this laboratory for over 20 years, >\N = 1,000 ,

For 1100 H-14 aluminum, for whioh a great many measurements have
been made in the as-reocnived oorndition, N = 8, r = 2 , By
lowering the annealing temperature in guccessive stages, values of
Nwl8 re2jNwewll, r =235 N=10,r=1l3 and N = 10, r = 2
have been obtained fron the introduotion of measured values into
Eq. (38).

Torsion

Equations (25) through (29) provide for the simple |
torsion of thin-walled tubes for which & . G‘y =S, = o,
S £ 0, Equs. (40), (41), and (42).

3/2 Y '/2 —
S-=5, + A, 7 6B (0-9y) where B = ;i (40)
SY « S & Sc
¥a _ 3a ., 'fa -
S = AN n 55 (4 - A t 'S'—) and -—h_—— = ﬁ (41)
AL 2> A 2
3 x Y _ 32 .
‘SN >\N n ﬂ, on A= dg (42)

Eq. (29) which gave in generalized stress and strain .
the glope at the end of the intermediate elastio~-plastic regjion,
i.e,y at the outer yield surface, becomes for simple torsion,
Eq. (43). The parabola coeffiocient (& o for simple torsion
is the same as that in Eq, (28) except that the value of (3

becomes (5 = (5)3/2 E, -
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The apparatus for the experiments on the torsion of
thin-walled tubes was designed to permit dead weight loading,
in which the shear stress rate from zero strain to failure

was constant during a given test,

In Fig. 16 2,b,6 is shown a simple torsion test in
6061-T6 aluminum for which >‘n calculated from measured Sy

and measured (?a in igs. (28) and (42) has the value
) n e 1,374, This value is very close to prediction,is.,

(43)

L.385 , as given in Table II, It is, of course, the same value

of A i obtained for this material in the tension tests:

1132,1‘:2.
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In the 82 ve 4 plot of Fig, 16b we see not only that
there is a ocorrelation with the straight line of the predicted
parabola, but also that the slope (dashed line) at the end of the
intermediate elastic~plastic region is in close asreement with
prediction from Eq, (43), with r = 2 ,

Fig, 16c is an (S - SY)2 ve O plot in which the solid
line shown is the predicted parabola from Eq., (40) for ;\II - 1,374

and r =2,

The test of Fig, 17 a,b,c, 15 included to show a not
uncomnon occurrence in such tests whon a failure eiiher in rupture
or buckling occurs as the loading path reaches the outer yield
gurface. The sredicted value of ‘>\N for 2024-T3 aluminum is
¥ =0, i.609 A\ ;; = 1.577 from Table II, Usirs the rredjcted
value, one obtains a value of SN at the point of failure, but
with a. slope from .iq. (43) at the end of the elastie-plastie
region, Here, too, thore is.a close correlotion between prediction
and measurement, However, as‘may be secn fron “he (3 - SY)2 vs s
plot of Fig. 17¢, in this instance the mode index also is r = 2 .,
This is the mode index which was used in .q, (43) in the comparison
of slopes in Fig. 17b.
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In Fig, 18 a,b,c, is shown a simplo torsion test in
1100114 aluminum for which A , = 1,105 , a little below the
predicted value of 7\ n- 1,114 , Here, too, the torsion data
orovide the same N = 8, r = 2 as for the tension teosts,

Like several of the tests shown above, wo sec here

that whon the strain in the totally plastic recion procecds
sufficiently for, then second-order traonsitions occur, similar

to those found in the fully annealed nmetal,
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Just as with the tensile data, I have included a torsion
tost of another investigator, namely llicholas and Guey23 who
published data in 1969 on 7075-T6 aluminum, For 7075-T6, which
is the highest strength aluminum alloy we have, N =0, r =1,
ac was indicated from the tensile data. That the same value is
found in tho torsion tcsts of yet another group of investizztors is a
further demonstration that these are indecd material parameters., The
correlation with Iqs, (40), (41), (42), and (43) Tor 2 measured

>\ = 1,555 and r =1 are shown in Fig, 19 a,b,c, The
orediocted value of )\H for T a0 is 1,577,
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In Fig, 20 a,b,c 1s showmm a test of ', Nicholas and
J. D, Caxnp'be].l23 (1972) in HE1S5WP aluminum alloy, which in American
nomenolature is 2014-T4 . For this torsion test, AN = 1,400 ,
whioh is slightly higher than the predicted value of 1,385 for
N2,

Despite the discontinuous deformation in both the intermediate
and the totally plastio regions, this test, taken from the literature,
demonstrates that still another structural metzl alloy is in accord

with the present generslization,
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thin-walled tube for which the comparisons in each figure are similar

Fig. 21 a,b,0,

shows a torsion test on a hard copper

t> those given above, and for which a similar correlation between

prediotion and experiment is found,

The calculated N2 N 1,382

is almost precisely the predicted value of N = 2, )\N = 1,385,
In this test we also see second=-order transitlons occurring in the

totally plastic resion beyond the outer yleld surface,
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Proportional Loading

A signal feature of the torsion-tension dead weight loading
apparatus used in my laboratory is that the tension and torsion
components are decoupled. In my Handbuoh der Physik volume on
"The Experimental Foundations of Solid Moohanios,"sr I have fully
delineated the advantages of dead.weight testing machines in
experimental studies of this type., One important reason for the
superiority of a soft testing machine is that with the stress being
specified and the strain being the measured quantity, the latter,
accommodates in terms of the disoontinuous deformation, or steps,
to wit,, the Savart-lasson effect (usually labeled, with no historical
justice, the "Portevin -~ le Chatelier effect").

In a combined loading test if one wishes to examine .
sevarately the different strain components of this stepped deformation,
it is essential thot the apparatus be decoupled, in the sense that
when the specimen rotates in shear strain the tensile load is not
required to, rotate with it, Since in combined tensipn and torsion
experiments, particularly for non-proportional loading, lurge
amplitude steps are very commonly observed, as will be shown below,
this decoupling is essential not only to obtain reproducibility but
also to prohibit.the limitations of the apparatus from altering the

results obtained,

For combined loading in tension and torsion we refer to
Eq. (25) for the intermediate elastic-plastic regiony Eq. (26) for
the totally plastic regiony and Egqs, (27) and (28) to define the
outer yield surface, i.e., to determine ).} N °

In contrast to simple loading, for which the eguations
for the loading surface and for the single response function coincide,
in combined stress the generalized equatioms for the loading surfece,
Eqs. (25) and (26), must be considered simultaneously with the now
separate constitutive equations, Eqs. (30) through (33),

To examine the applicability of these constitutive statements,
either we may plot the individual stress components with respect to



their ocorresponding strain components, or we may oonsider the strain
path in an € vs .4 plot to compare with prediotion in eash of

the two regians of deformation, in terms of Eqs. (20) tArough (34).

A convenient method of measuremont is to compare the direotion of

the strain increment vector, d € /ds , with prediction from Eq, (34)
in the totally plastic region, For proportional loading, in which
the strain inorement vector has a constant slope, both Eqs. (34)

and (35) are equivalent, and we may write Eq. (44).

& o

—— o ——— 44)
A 3s (
In Mg, 22 aybycy 1is shown a proportional loading test
in 6061-T6 aluminun for which the ratio of the constant rate
vroportional loading was & /S = 2,931, The plots are
similar to those described above,

Fig, 22a shows a plot in generalized stress and stizin,

In Fig. 22by for a T2 vs M plot we see the beginning of total
plaesticity at the outer yield surface, for a calculaeted volue of

A n - 1.338, 3% below the nredicted value of 1,385, Ve note
that tho solid line for the predioted slope of (& for this
value of ;HII and r = 2 , and the 2 vs [1 plot (dashed line)
of tho end of the intermediate olastic-plastic rogion, Eq. (29), arc
indeed in agrecment with observation., 1In this instance, we add an
additional figure, 22d, whioch is an € vs 0 plot of the oxperi-
nental data from zero strain to rupture,

As was anticipated, the slope is constant, and wo sec
from the solid line that it is in almost precoise acrecnont with
the rredicted strain increment vector from Eq, (44) from the knowm
ratioof 6~ /S,
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In Fig. 23 a,b,0, are shom the results for a proportional
or radial test in 2024-T3 aluminum alloy for which the oonstant
stress ratio O° /S = 2,8 or approximately the same as that
of the 6061-T6 metal alloy of Fig, 22.

From the T vs r’ plot of Fig, 23a we see the appear-
ance of steps in both the intermediate and the totally plastio
region, This is even more evident in the ’I‘2 vs P plot of Fig. 23b.

We note taut, as in the fully annealed metal, when steps
do ococur they depurt from and return to the parabolic response function,
We thus may deturmine a TN and, a G A which in this instance
orovides a value of )\N = 1,531, a little less than 3% below the
predicted AN = 1,577 . The solid line for the predicted value
of @& o4 18 shown at the foot of the stepa in the totally plastio
region, Also in Fig, 23a is a (T - T ) vs [7 plot which provides
an r = 2 rvesponse, The (de/dr' )N slope at the end of the
intormediate region is also in agreement,

In Fig., 23¢c is an € vs _d rlot where, once again, the
ratio of the measurod strains are in olose acoord with the predioted
slope (solid 1line) Eq. (44) for the known value of o~ /S = 2,892 ,

In Fig., 24 a,by0od are shown a similar comparison for
1100-H14 aluminum alloy for which the measured value of ) it
from the observed TN and (9 2 is precisely the predicted value

A= 1la14.

In Fig. 244 we see that for a oonstant loading ratio of
6™ /§ = 2.73 , the predioted slope and the oalculated slope in
the € vs 8 plot are in olose agreement both in the intermediate
and in the totally plastip region, except for the initial linear

elastic portion for which, of oourse, Eq. (44) does not apply.
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Non-Proportional Loading

By far the most important and injeresting experiments in
this series are those for non-proportional, or non-radial, loading,
It is only from such experiments that one may ascertain whether or
not the general constijutive equations are incremental, Furthermore,
as will be shown below, from such loading paths an interesting
independent check can be made as to the existence of the two regions
of deformation, and on the determination of ) .

The first and most important feature in that respect is the
discovery that throughout th¢ intermediate elastio-plastioc region,
whatever be the loading path, provided dT is » O , the location
at which the inner yield surface is orossed governs the equation for
the loading surface, Eq. (25)., Once the outer yield surface is reached,
the deformation continues without any.reference to the location at which
the inner yield surface was traversed.,

Many different loading paths have been studied for fully
annealed aluminum and ocopper, As of this writing, the loading paths
for metal alloys for which I have thus far been able to carry out
experiments consist, first of all, in loading in sinmple tension to
some prescribed value which is then held constant while the loading .,
continues to failure in torsion alone. Secondly, in a similar test,
the first loading is in torsion, followed by tension alone, In a
third type of test the initial loading is proportional to some prescribved
ratio until, at a predetermined generalized stress, the test continues

in either tension alone or torsion alone,

The most interesting of these tests are those for which the
change in the loading path ocours in the intermediate region, for then
it is possible to observe the abrupt change in the slope of the.
incremental strain vector upon orossing the outer yield surface,

Before discussing experiments for non—proportional loading
paths in the metal alloys, I shall describe one such test for a fully
annealed metal, It is from experiments of this type on annealed
copper,and for girains above 17 in annealed aluminum that the incromental
equations (14) were shown to be applicable, with the perabolic
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generalized statement of Eq, (11) requiring the integration along
the strain path, Eq. (4). The specimen was & thin-walled tube of
ETP oopper, annealed for 1 hour at 1100°F, and furnace cooled to
produce a solid whioh long has been studied extensively,

For the fully annesled metal, for whioh A, = 1,000 ,
the intermediate region,ip either non-existent or negligible. 1In
test #2033 of Fig. 25 a,b,00d40,the specimen first was elongated
in esimple tonsion to a strain of approximately 3% »t a stress of
14500 psi. The tension then was stopped and the test continued
in torsion, The constant stress rate was 91 psi/min until the
axial strain € had reached 13% and the shear strain s, 223% .

In Fig, 25a is a T2 vs f’ plct of the rosults, where

f1 is integrated along the strain path, We note that the initial
parabola of r = 4, commonly observed in this solid, undergoes a
transition to r = 3 at N = 18 ,  After the cessation of tengionm
at the point indicated in the figure, there is a rapid inerease in
strain until the transition strain of N =~ 13 , whereupon there is
a return to the r = 4 parabcla of the jnitial deformation, We
see that subsequent second-order transitions ococur at N = 10 and
=83 the test ends at N = 6,

The solid lines are the calculated values of the knowm ,
parabola coefficients in copper., From Eq., (8), 41 (0) = 5110 kg/mm2 .
B, = 0,0052 , T_ = 1358°k , apd T is the room temperature. Singe
Sy = BN g O in Eqs. (14), if the theory applies for this test,,
the incremental strain veator, which is normal to the yield surface,
should be given by Eq, (16).

That this is indeed thc situation is shown in TFig, 25b in
which the arrows represent the predicted slope for the knovn values
of O and S ; they are seen to be in precise accord with observa-
tion right to the end of the test at very large strain, That
deformation type constitutive equations, such as those for proportional
loading paths, Eqs. (15), are not applicable is shown by the large
non-agreement of the thin dashed lines in Fg. 25b which were ocalocu-
lated by assuming that type of deformation,
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As a further ocheck upon the applieability of incremental
constitutive equations we note.from the definition of T in Eq, (3)
that dT 4is given by Eq. (45).when & y= C,=0.

2/3 d6s + aSdS
™

4™ (45)

[

During the seoongd interval of loading, for which d ¢ = 0 and 0 =
67 1is oonstant, we note from Eg,..(14) for 6, =0 that dr/d €
has the constant slope of Eq. (46).

d rT—‘ 3 F 3(622
d € o 4 6, (46)

Plotting T against € , as is shown in Fig, 25¢, one
obtains the predicted constant slopes (solid lines) for each
deformation mode, In Fig. 254 is a plot of S against s
determined from integrating Eqs, (14) during the region of torsion,
The comparison between predioction and experimental data in the
rogion.of each of the deformation mode indices »r reveals a close

accord,

Finally, in Fig. 25e is shomm a T vs [ ' plot of this
test; the agreement between prediction (solid 1lines) and experimental
data for this noneproportional loading path is precise to a very
large deformation,

That this is but,K one of many different types of non-
proportional loading paths, including the alternation from tension
alone to torsion alone several times during the test for which
similar results have been obtained, establishes that the. proposed
theory indeed is applicable for the fully annealed metal.

To illustrate that these results algo extend to the metal
alloys for whioch 7\N is not equal to unity, data are given from
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a few experiments in which tension alone is followed by torsion alone,

or torsion alone is followed by tension alone, The important point

in these experiments, beyond their general agreement with the constitutive
statements provided above, is whether or not the abrupt change in the
loading path ocours in the intermediate elastic-plastic region, or in

the totally plastic region.

If in the latter, then in an € vs 8 plot the incremental
strain vector has slopes determined in the same manner as those for the
fully annealed metal for the known valuep of ¢» and S . If the abrupt
change oocurs in the intermediate region, the incremental strain vector
is not normal to the yield surface for such loading pathsj the vector
is given by Eq, (34) rather than by Eq. (35) where either o‘Y or SY
is zero, depending upon the initial loading., For that situation a
conparison of Eqs. (34) and (35) reveals that an abrupt change in
the slope of the incremental strain vector ocan be anticipated when

the outer yield surface is reached at r‘c .

That this is indeed the s.tuation isshown in Fig, 26b in
the € ve s plot of a test on a 6061-T6 aluminum alloy tube for
which the initial loading path was torsion alone, The T vs r' plot
for this test is shown in PFig, 26a.
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The dashed line arrows are the slopes for the strain
increment veotor caloulated from Eq. (34) for the intermediate elastioc-
plastic region, and the solid line arrows are those for the totally
plastic region caloulated from Eq, (35)., We see that there is in
fact an abrupt change in slope oorresponding to predicted values
which occur at an s and an &£ from whioch one may asoertain a
value for )N independent of which of the types of calculation
has been employed above, A value thus calculated at the indicated
position where a change of slope ocours, is AN = 1,344 3 this
is 3% below the predicted value of ) , = 1,385, i.e., for H= 2,
T = 2 , invariably obtained for all types of tests for this metal

alloy, whether on a tube, & rod, or a plate,

In Fig. 268 is the '1‘2 vs | ' plot. The location of
the outer yield surface for this value of N\ N is shown as the
slope for the predicted r « 2 parsbola and the slope from Eq, (29)
at the end of the intermediate elastio~plastic region,

It is oharacteristic of these experiments that from the
outer yield surface on, large Savart-Masson (Portevin - le Chatelier)
steps are observed, As with the fully annealed metal these steps
reprosent a departure from, and a return to, the predicted pa.rabola.;
I have chosen test #2025 of Fig, 26 to illustrate the extreme height
of the steps which ococasionally oan be seen, An inspection of
Fic., 268 reveals that such large steps are not as readily apparent in
a T vs [’ plot as they are in a T2 vs [ plot.

Finally, I included a (T - 'JI'Y)2 vs [ plot to illustrate
that in the intermediate elastio-~plastic region, Eq. (25) is applicable
for the same r = 2 pe,rabola;
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In Fig. 27, I have shown a schematio diagram which permits
a graphiocal determination of the incremental strain veotor for various
loading paths, and illustrates the nature of this newly disocovered
phenomenon for the inoremental strain veotor, It further illustrates
the sources of the previous confusion regarding partially annealed
metals for which the inner and outer ylield surfaces are not too different,
Small differences in the preloading, henoe, altered the conclusions reached
with respeot to yleld surface oriteria when it was thought that only a
single yleld surface existed,

For simplicity in this schematio figure I have introduced
2 =y{3 & and @ = Y2 S go that the paths of constant
generalized stress become circular, Also introducing n = \/Tg-— (3
and § =A/r§ we see that Eq, (34) becomes Eq, (47) for the intermediate
elastic-plastic region, and Eq, (35) becomes Eq. (48) for the incremental
strain vector in the totally vplastio reglon;

an _ £ - £y
= (47)
I 9 Q- %y
3 A
‘d—;l‘ = g (48)

The heavy arrows of Fig.v 27 correspond to the slope of
.the incremental strain veotor in either region., . The dashed
arrows oorrespand to <the alternate prediotion,
The boundary between the two, designated as O0,Y,S. in the figure,
in each of the examples which follow coinoides with that obtained
from the measurement of IN and 69 i in & '1‘2 vs F plot from
Eq. (27) and Eq. (28) as given above,

In Fig, 28 4s an € vs 8 plot and the corresponding slopes
of the torsion alone, followed by tension alone, in 1100-H1l4 aluminum
tested as-received, The value of ) N = 10110 determined from the
change in slope, is in close accord with the calculated A N = 1.114
for N=8, r =2,
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In Fig, 29 are the results of a test for tension alone,
followed by torsion alone, for the same metal alloy; )\N - 1,116

In Fig, 30 is the € vs s plot of a test, again in this
same metal alloy, in which the change from initial torsion loading to
only tension loading occurred beyond the outer yield surface. A
comparison of the two slopes reveals that the inoremental strain
vector is solely that for the totally plastio region;

In Fig. 31a 1is the € wvs 8 plot of a test in 2024-T3
aluminum alloy. The initial deformation was radial, with a constant
loading rate, 6 /§, <& 2,90 to the position indicated in the
intermediate region, where the torsion component was stopped and the
test prooeeded solely in tension,

In this instance, too, as may be seen in the ’T‘ vs [ plot
in Mg. 31b, large Savari-Masson steps appear when there is a sharp
change in the loading path, The value of A N" 1.575 , ocaloulated
from the measured 'I:N and € - for this test, is in precise agreement
with the predicted Ay = 1577 for N =0, r =2, Also shown in
Fig, 31b is a (T - 'I.‘Y)g vs r’ plot which demonsirates that for the
same N = 0, r = 2 , E¢,. (25) applies in the intermediate elastio-

prlagstic region,

That large Savart-Masson steps do not necessarily accompany
an abrupt ohange in loading path may be seen in the T2 vs r‘ plot
of Fig, 32a whece from measured T, and 69& s D) g = 1,115 is
the same as that obtained with the proportional loading of the
1100-H14 metal alloy for which Ay = 1,114 for N =8, r =2,

This was a test for torsion ilone followed by tension alone; the
change of path occurred during the intermediate region, The
predicted abrupt change in slope on reaching the outer yield surface
may be seen in the € vs 8 plot of this test, shown in Fig. 32b
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The series of illustrations given above for proportional
and for non-proportional loading of structural metal alloys amply
demonstrates that this new generalized theory of large plastic
deformation indeed is appliocable to the structural metal alloys,
We now may oconsider whether or not for these alloys, as for the
fully annealed metals, the same formulation also is extendible to

dynamic plastiolty.

Dymamic Plasticity

An overwhelming proportion of experimental research in
this leboratory sinece the first inoremental wave experiments in
1949 has been concerned with the study of the dynamic plastioclity
of the fully annealed metals, In fact, it was from those studies
of high strain rates in microsecond intervals of time that the
parabolic response function and second-order transition siructure

originally were discovered,

The types of experiments are many, The most important
of the series, one which has been umique to this latoratory for
over twenty years, is the use of 30,000 or more lines per inch
ocylindrioal diffraction gratings for the direct study of strain
and surface angle during the propagation of the plastic wave, The
plastic wave is introduced by means of the symmetrical free-flight
axial impact of identiocal specimens., Among the many parameters
which are varied in these experiments are the impact velocity,
the ambient temperature, the position along the specimen, the
time in which the specimens remain in contact, i.e., the time of
contact, to $ the detail of unloading waves; the coefficient of
restitution, etc,

From these experiments it has been established that, for
all of the fully annealed metals studied, the generalized response
functions outline above for quasi-st:tioc loading are applicable,
During wave propagation at higher strain rates, second-order
transitions are not observed until the maximum strain plateau has
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been reached, However, seocond-order transitions do ocour during
loading for quasi-static tests, Thus when measured dynamic and
quasi-statio response functions are compared, the difference in
material stability properties at a oritiocal strain is often
incorrectly asoribed to viscosity, In some fully annealed metals,
such as high purity aluminum and annealed copper, for whioh the

first second-order transition ocours at large strain, the quasi-static
and dynamic response funotions are identiecal,

A similar series of experiments were undertaken for the
netal alloys of interest here., Because of the mammoth experimental
program involved, as well as the inoreased difficulties of applying
these techniques to high-stressed structural metals, the program of
research on the dynamic plastioity of the metal alloys is by no
means complete, Except for a few preliminary tests in other metal
alloys, the main foous of attention has been upon the study of
6061-T6 and 1100-H14 aluminum alloys. IHowever, the work has proceeded
sufficiently far not only to demonstrate that the general theory
outlined above does indeed supply response functions from finite
amplitude wave propagation in these solids, but also to reveal that
an "eruptive" plastic deformation occurs when the maximum particle
velocity is high enougb tc reach the outer yleld surface,

As 1 have described in many papers, in the monograph The
Physios of Large Deformation of Crystalline Solids, and in the
Handbuch der Physik treatise, in order to determine the response
funotion governing finite amplitude wave propagation one must
not assume & priori either the applicable non-linear wave theory
or the response funotions one wishes to determine, Strain-time
profiles must be determined during wave propagation at a minimum
of three positions, from which traverse times measurcd at different
levels of strain show vhether or not the propagation velocitics

are constant,

A second set of exporimonts provide a check uvon the
constancy of wave speeds, Velocity-time profiles are obtained
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either by the optical displacement technique developed several years
ago in this laboratory for that purpose, or by magnetio induotion,
If both wave speeds are oonstant, as was found in all the fully
annealed metals, then the funotional relation between velocity and
strain assumed in the Taylor-von Karman theory of non-linear waves
is given, From this relation between veloolty and strain one may
obtain the response function governing wave propagation,.

Two other cross-cheoks on the applicability of the theory
are available, Because of the possibility that small viscosity may
not be detectable when wave speeds are compared, it is essential in
the final analysis to perform a large number of tests at many impact

velocities,

Another check on the applicability of the theory which is
very sensitive to the presence or the non-presence of viscosity,
is the comparison of maximum strains and maximum partiole velocities,
The latter are observed over a large range of values to ascertain
that the funotional relationship between strain and particle velocity
obtained from the wave speed studies are in accord.

Finally, as I have shown8 from measurements of surface
angle during the passage of the wave, it is possible to ascertein
by direct measurcment whether or not the propagating wave is
in fact one dimensional, For the metal alloys there has been
ingsuffiocient time to complete tlhis meries of cross—checks,
However, here we are interested in knowing from experiment whether
or not specifically known response functions apply for one-dimensional
wave propagation in the intermediate ®lastio-plastic region, Eq. (36),
and in the totally plastioc region, Eq. (37).

From a seriec of ten diffraction grating measurements in
"ag~-received" hard 1100-H14 aluminum, wave speeds were dbtainéed,
These wave speeds were determined from the traverse times at different
levels of strain from diffraction gratings located at 1", 12", 2",
and 33" from the impact face, on the stationary member of two identioal
specimens in free-flight symmetriocal impaot,
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In the Taylor - von Karman theory the wave speeds whioh
are oonstant for each level of strain are given by the tangent modulus

of the response funotiom, i.6es o = \[‘ﬂ% . Differenti-
ating BEq. (36) we find for the wave speeds in the intermediate elastio-

plastioc region, Eq. (49).

~ a(e-e)t
Differentiating Eq. (37) for the totally plastic region,
we obtain Eq, (50),
oy dd‘/dc‘ =
“p = j — e (50)

6 )
2 f’(?'—éz + Eii)/i

In Fig. 33 is shown a plot of o, vae & for 1100-H14
aluminum, The dashed line is the oy ve & in the intermediate
recion ocalculated from Eq. (49) which, except for strains in the
immediate vicinity of the linear region, are in fair accord with
observation, The so0lid lines are the wave speedz for the totally
plastic region determined from Eq. (50), for an outer yield surface
ocourring at E'G = 0,005 . As will be shown below, the € Y for
Eq. (36) is determined from dynamic measurement,

From this 1nitial series of measurements one may antloipate
that the observations and conclusions from the studles of the dynamic
plastiolty of the fully annealed metal may be extrapolated to the
structural metal alloy, as was true for quasi-statio lozding.

The Taylor - von Karman theory provides the interrelation
between particle velocity and strain, Eq. (51).

~ = [cp de -
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Inasmuoh as the series of experiments on veloocity-~time
profiles has not been completed, I am showing here, in Fig, 34, the
relation between the known, 1.0;, the measured maximum partiole
veloocity, and the measured maximum strain, From € 3 of Fig. 33, from
O, anda €. as determined below, Eas, (36) and (38) provided a value

Y Y
of Ay = 1,128, slightly higher than A = 1,114 for I = 8,
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For the intermediate region, the ocaloulated veloolty-
strain relation is given by Eq, (52) whioch includes the oontribution
from the linear region,

Terse - 2 [T B of

= < € = q Y

v P (co L (52)
€c €,

We sees that to a veloolty of approximately 1000 in/seo, rrediotion
and observation are indeed in correlation, At the strain in the
vioinity of 2%, slightly beyond the dynamically determined outer
yield surface, & marked change in behavior is observed., This
corresponds to a veloocity, A\ at the strain 6?0 at the outer
yield surface, Eq. (53). (See schematic diagram, Fig. 1l.)

(53)

For all the caloulations given here for 1100-H14 aluminum
I have used )N = 1,128 - and ﬁa - )\N-3 2/3 = 6,7 x 104 psi;
ory, N = §‘, T=2 , When v > s 4 the behavior
1s decidedly different from what would be anticipated if one were to
continue to integrate the slopes into the totally plastioc region,
This is an important new discovery based solely in observation, namely,
that when v > \A the maximum strain is determined without referonce

to either the linear elastio compoment or that of the intermediate
region, Eq. (52).

As I have shown (see reference 8, seotion 4.30, pp. 646-649)
for tL3 fully anneai~d metal, during plastic wave propagation there
is a complete relaxation of the linear elastio portion., Foxr the
structural metal alloys, as is seen from impact experiments in
1100-H14 aluminum and 6061-T6 aluminum, when the impaoct velocity
exceads that of the outer yleld surface both the linear -regiom
and the intermediate elastic-plastic region cease to appear,

All the energy is oontained in the totally plastio region, The
maximum strain is not given by Eq. (53), but by Eq. (54).
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(54)

The maximum plastic strain so ocaloulated exceeds that for v when
v 1is only slightly greater than Vo and, depending upon the metal
alloy, produces maximun strains from 3 to 8 times greater than would
be antiocipated if the linear and the intermediate regions had not
been completely eliminated,

This "eruptive" plastic deformation cbviously is important
in the impact of structures, since, in general, even for the high
strength metal alloys, the oritical velocity Vo is relatively

low,

An interesting consequence is that when v > Vg 9
particularly for N = 0 or 2 , such as for 7075-T6, 2024~T3, 6061-T6,
and 5083-H131 aluninum alloys, and for HF-1l, 1095 end maraging stecls,
the slopes of the response function in the totally vlastic region
differ only slightly over a range of 1075 deformation, If v 1is
sufficiently high to produce, say, 10% maximum strain with v > v,

we may introduce with very small error, the approximations of

Eqs, (55) and (56)0

Ea
V=CPN3. 6/\’\/ where C’PNa =(&/e(‘;_,_,_)'/a (55)
N

VA= CP’V € vwhere Con = —Z——,-
are,” (56)
1.04y Cppg= )NCPN .

For example, in Fig. 34, at an impact velocity of 8000 in/sec

(in symmetrical impact a maximum particle velooity of 4000 in/sec), we
obtain a maximum strain of ,235 from Eq., (54) and a predicted € max
of .221 from the apmoximation of Eq. (55), a difference of less than
6%. If an estimated average slope at a strain ,1 above & N is used
in Eq., (55), the predicted strain from Eq. (55) is .231, a difference
of less than 2% from the complete calculation.,
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This approximation for v > v_ simplifies calculations

in structural design problems with highovolooity loading,

The caloulations for the intermediate region, Eas. (49)
and (52), require that & Y be known, The first method of determin-
ing this value was to examine the initial portion of the strain-time
data., From such an analysis of several tests at differe.at impact
veloolitles the value og € v* 0,00153 was obtained, which for a
nodulus E = 10,2 x 10 gives at the elas :ic limit a stress of
s v " 15,600 psi,

A more sensitive measure of the end of the linear region
has been obtained from an experimental study of the time of contact,
In my Handbuch der Physik treatise I traced the study of impact on
elastic bars in what I have referred to as the "Boltgzmann experiment"”
from Ludwig Boltzmann's first such measurements in 1881, to those in
the present, The Boltzmann experiment consists in the axial impaot
of identical rods hung in bifilar suspension, The reason for a
half century of intensive experimental study of the subject was that
Boltzmann, and later Voigt and others, found that for the finite
length rods considered, the ane-dimensional bar theory of Saint-~Venant
was not in accord with experiment, One of the parameters extencively
studied by many of the participants in the three-quarters of a century
controversy on this matter was the time of contact, tc y or the
neasurenent of the length of time the two specimens remain contigsuous,

I have included a »lot from the experimental results of
Sears in 1926 on the duration of impact ves impact velocity, in which
it may be seen that even in linear elasticity there is a rapid
increase in the time of contact as the impact velocity decrcases,

(Fig. 35).

On the other hand, during plastic deformation, as I have
shown in earlier papersf’27the time of contact increases with
inereasing impact velceity in the plastic region, A series of
experiments were performed in which the duration of contact in the
symmetrical impaot was determined optically. The impact velooities
ranged from values known to be in the linear elastic region to
relatively high values which produced plastic deformation. These

data are shown as circles in Fig. 36.
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At a velooity of v = 2 90 in/sec there is a change from the linear
elastio data of Sears (see Fig, 35)3 the linear region ends (dashed
line) and the increasing time of contaot of the plastio region begins
(s0lid line)., This velooity of v = 290 in/sec corresponds to an
elastic limit 6‘Y = 14,850 psi and a strain G'Y = 0,00146, This
is somewhat below the less accurate value, < " 0.00153 , obtained
from the examination of the initial portion of wave profiles
determined from diffraction gratings;

The time of contact data are fairly simply determined,
as ere the data on the coefficient of restitution, l.e.;

‘relative velocity after impaot
€ =~ (relativo veloolly before impéSf)' The method of obtain-
ing data on the coefficient of restitution has been desoribed in

several papor92’24’27 end consists in allowing a thin uniform

li~ht field on one side of a specimen to be interrupted by the
colliding specimen, As the hitter specimen approaches the stationary
specimen, there is e decrease in light; the calibrated slope of the
decrease gives the relative velocity before impact, During impact

no light is emitted, and after impact the increass in light on
separation of the specimens provides the relative velocity.

Monitoring the light with a photomultiplier tube in a properly
calibrated experiment, one obtains the result shown in Fig. 37.
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The ocoefficient of restitution also is determined by the use
of paired contaot wires and eleoctronic ocounters, one pair on the
hitter specimen just prior to sontaot and the other pair on the
struok specimen just afier impact, The solid line in Fig, 38 is the
early ocalculation for ¢ which, as 1s shown, may be extended to determine
the coefficient of restitution of a hardened metal alloy., In thoae same
papers I showed purely empirically that it also was possible to
calculate the time of contact for the fully annealed metal at all
impact velocities, - In 1970 in a lengthy computer calculation
with N, Cristescu26 this empirical predioction was found to be
consistent with my earlier prediotion, Eg. (59).

L L
* = + — where L = longth of
tc Cp ( ‘a ) Co snecimen (59)

For the metal alloy, however, the behavior of the snecimens
at the time of contact does not ocorrelate with Zq. (59), at least for
naximum particle velocities below 2000 in/seo in 1100-H14 aluminumn,
as an inspection of Fig, 39 reveals,

In Fig, 39 the measured time of contaoct for the fully
annealed metal is compared with that for the matal alloy. The
s0lid line for the former is the prediction from Eq, (59). The
fully annealed metal was 1100 aluminum annealed for two hours at
1100°F and furnace cooled, while the metal alloy was the same solid,
aluminum, tested in the as~recceived condition,
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That the unloading problem indeed is complicated in the
netal alloy may be seen from a ocomparison of the measured permanent
deformation of speoimens of the same lenzth subjected to different
impact velocities, In Fig, 40 is shown the permanent strain distri-
bution determined for a speocimen in symmetriocal impact, having a
maximum partiole velooity of 2600 in/sec . DBefore and after measure-
ments were made of the diameters and the lengths of the lpooimons;
Assuming that the axial strain is twioe the radial strain, as is shown
in the diffraotion grating measurements of surface angle referred to
above, and as is implied in Eq, (1), the maximum strain for this
impact velooity is, in fact, that which is measured in the immediate
vioinity of the impact face,

In Fig. 41 is shown the permanent strain distribution for
specimens of 1100-H14 hard aluminum, The penetration of the plastic
deformation is as X/L for specimens of different lengths having
the same impact velooity. This observation is consistent with
the result obtained from diffraction grating measurements, namely
that viscoplasticity effeots are negligible in this metal alloy,

It demonstrates, ¥tey that for the hardened metal, as had been found
earlier for tne fully annealed metal, the unloading phenomenon
from free ond refleotion is also as X/L, i.e., non-viscous,

Approximately fiftecn years ago, for the fully annealed
metals, I made an extensive study of the energy balance during,
and at the end of impact. As was shown at the time, a correlation
of better than 2% ocould be obtained,2?2412>
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A more interesting illustration, historically and praotically,
and but one example among many which I have found for work hardened
l metal alloys employing the theory of plastioity desoribed above, is
‘;_ the following, Two 1100 F, as-received hard bars in free flight,

with a symetrical impact At a maximum particle veloocity v of
| 1350 in/sec (i.0., vy = 2700 in/se0), gave a maximum strain of &%
! near the impaot face, a distribution of final permanent strain as
shown in Fig., 42, and a pre-impaot kinetio energy of 3560 in,lbs,

€ Test 148| . -
0.06 1100 F Aluminum
as received

uq | 2. 3 4 5
X (inches)
Fig, 42

Integration of Eq, (36) provided a measure of the energy of
deformation until the strain reached its value at the outer yleld
surface, i.e.mt 1,54 plastio strain; and integration of Eq. (37) in
the same manner provided such a measure for the totally plastic
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defoimation from the outer yield surface to the maximum strain

of 6%, The diameter of the bars was 0.990 inches and the initial
length was 5.0 inches, From the data of Fig, 43 and the above
integration, the distribution of the energy of post-impaoct deforma-~
tion of Fig, 44 was determined,

g 1100-F ALUMINUM
: "as-received"
(psi) '
30,000} :
outer yield surface
E
l' X N |k
= - + ——
20,000 ,: Pal o fe T3,
o-oY+Ba(e- )
' inner yield surface
r=2
1
10,000
I
c
9
0 ] 1 L i
0o -0.02 0.04 0,06 008 ¢

3
B

93




'U |
(in. Ibs.)
1400 |-

1200 N
1000 |-

800 |-

400 |-

200

1 1

™ BT -

1.0 2.0 3.0 40
X (inches)

g, 4

ok

5.0




| agia A

Summing this deformation energy provided a value of
848 in,1bs, in each specimen for a total permanent deformation
energy of 1696 in,lbs. A measured coeffioient of restitution of
e = 0,17 was obtained from eleotrioally monitoring the velocity
of the projeotile just prior to impaot and the velooity of the struck
epeoimen just after impact, This measurement was independently
oross~checked for both specimens from the optioal measurement of
the time of contact, to e The final veloocity of the projectile
was 1120 in/sec and of the struck bar 1580 in/sec, giving final

total kinetio energies of 614 in,1bs, and 1220 in,lbs,, respeotively.

Summing the post-impaot energies, we find a total energy
of 3530 in,lbs., which may be ocompared with the pre-impact total
Kinetic energy given above, 3560 in,lbs,, a difference of less
than 14,

This resolution of a 19th century uspiration in dynanic
plastioity is of historical interest in emphaslizing the difficulties
of realigzing such a dream bvefore it was possible to have mid=-20th
century developments in the experiment and theory of dispersive
waves of finite amplitude.

Fourteen years ago 1 shmdzﬂl' from experiment that the
Lee theo:r:y"’8 of unloading waves desoribed the unloading process for
the fully annealed metal, That the same theory is appﬁoa‘ble to
the structural metzl alloy is indicated by the illustration which

follows,

For the lee theory, the refleoted unloading wave moving
at linear elastic wave speeds is absorbed on encountering the slower
moving plastic wave, In leets Eq, (60) for the fully annealed metal,
& p designates the siress before interseotions & , is the stress
after the intersection; Y is the elastio limit; (* 4is the mass

dandd iy 0y is the elastic wave speed; and vy is the particle

velocity for the plastio component Just prior to intersection of
the two wave fronts,

AY = [_—(ocova _591

N - s =
60
A ) o (60)
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For the struotural metal alloy, Eq. (60) beoomes Eq. (61).
o-A-o'BvY—%.()n P S Np-03) (61)

For oomplete absorption, 2Y = ( M [J Ve —0'5) .

No oomputer oaloulations using the lLee theory have as yet
been made for the struotural metal alloys such as the investigation
of fully annealed aluminum by Cristessu and 3911.23 However, we
note that for 1100F "as-roceived" aluminum with Y = 14850 psi,

}‘I-T = 1,128, ﬁa = 6,7 x 104 psi, and O'f = 22600 psi as given
above, Zq.(61) provides for o, = Op » i.e., complete absorption,

a velocity for the totally plastic regiom of v, = 1016 in/sec and

0'}'3 = 28,934 rsi, This corresponds to a strain in Fig. 45 of 0,052

at the end of the horizontal plateau, A oaloulaticm at the end of

the intermediate region reveals that completerabsorption has not yet
ooourred, Thus, for all impaot velooities bslow v, , as may be seen
in Pig. 45, the partially absorbed unloading wave reaches the impaot
foce at a time of 2W/o, » In tho totally plastic region the
wmloading is delayed by the complete absorption of the initial reflocted

olastic wave front,

Vv, in/sec

Asew] 1100 Hod Aluminum, .

Nul.]l‘ \".2.’ le
300 ol Ba¢ 6.7 » lo" P
« 22, 600 g0, n*'
oW 2, e Aj\ N j
oy * \H,t‘soy
Q000}
L.q’ L".

ey ).4‘/

- — —

‘-iﬂ
N= 5’- /epd'..l

] .ﬁ II“' n“ a_.lﬂ -‘I. cl# -Ji k clﬂ -:..I‘. -ﬂ-
‘m

Pig. 45
96

o ewperiment

1 000




The problem of estimating the absorption of energy beccmes
more ooamplicated when the impaoted structure is in ocontaot with other
metals which either remain elastic or, when plastic, are of some
material for whioh the parabola coefficients are different on
either side of the interface oontaot.

In such a ocase, the plastioc wave in a very complex
non-linear manner is reflected as additional l.oading back into the
oncoming original wave, The total amount of plastic deformation
is inoreased, as are the duration of loading and, through higher
total stresses and plastic strains, the probability of dynemio
buckling and the accompanying large distortion of the member,
Unloading will not ooccur until the transmitted wave in the adjacent
nember, whether plastic or elastic, encounters a free surface or
surfeces, and refleots a component of the unloading wave across
the interface,

In a series of measurements of various types performed
several yeors ago, which I have not found time to publish, the
detalls of this type of behavior are outlined., Although this
sort of study has not yet been extended to the work-hardened metals,
it seoms quite probable that such a projection is feasible,

If the struck specimen is not a oylinder of equal diameter
throughout ite length, but has a seotion of larger or smaller
diametiecr ocourring at some distance along its length, the problem
again is oomplicated beyond the simple situation, If the second
section is smaller, the reflected wave unloads the plastioc wave in
the first seotion and produces much larger plastic deformation in
the seoond, However, with the reverse situation, the roflecoted
wave provides additional loading in the initial section,

Several years ago I examined this latter situation experi-
mentally in oonneotion with a series of measurements on dynamio
plastio buckling, which also are to be published in the near future,
The diameters of specimens of solid cylinders were changed, but the
inpect velocity was kept oconstant, As tho diameters deoreased, the

distance from the impaot face at whioh buckling ocourred also decreased,

This behavior could be observed by means of diffraction grating
measurements during the propegation of the waves, and also by
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observing the deformed specimens after impaot, When I studied
speoimens which had the same total length but had an inorease in
diameter at some position approximately midway along the speoinmen,
the distance along the specimen at whioch buckling began was unaltered

yet the magnitude of the angular distorsion observed both during
impact and after impaoct was greatly increased,

A ocomparison of post-impaot results is shown in Fige 46
for three experiments in annealed aluminum, The specimens were
0,483 inches in diameter and 16 inches long, and the projeoctile velocity

was vy = 1600 in/sec. In Fig, 46, the oalculated point of dynamic
buckling is shown by dashed lines,

. calculated point of
l’dynomic buckling
' !
' |
' [
; |
| | Tmwe  ___—
| I /
| x |
|
|
I
|

— |

i
|
I
“Location of : Test 234
30,720 lines/inch | “l
diffroction grating |
: ’ ! STRUCK
ggg&’ﬁf&u : IMPACT | SPECIMEN
FACE
Fig, 46



I found that the distance from the impaot face at whioh
such buckling began was determinable from the introduction of the
Engesser tangent modulus into the Euler buokling formula for fixed
ends in each specimen, In this instance 46 /A€ = f¢'3~ « The
tangent modulus is oonsidered in terms of the wave speed, op y of
the maximum stress from the parabolic response funotion I earlier
hal found to govern the dynamio plastic behavior, Experimental
. results in 0,483 inch, 0,842 inch, and 1,000 inch diameter aluminum
specimens were used to predict acourately the point of the beginning
of the small buckling observed in specimens of annealed copper
1,000 inohes in diameter, 20 inches long, In these oaloulations
the length of the specimen is important because the amount of
observed angular distortion depends upon the duration of impact,
or the time of oontact, which in turn depends upon the unloading
waves and thus the length of the speoimen,

The place where such buckling begins depends only upon
the impaot velooity or the maximum stress and its corresponding
dynamic tangent modulus as given by the appropriate parabolic
response funotion, The two experiments which have been performed
with an awareness of this background in the fully annealed solid
are insufficient to warrant deoclaring that the dymamic buckling
of structural metals in the as-received condition is equally
amonable to such an analysis, but the experiments are oonsistent
with the anticipation that this indeed will be the case,

Summary

In the above it has been shown from an analysis of
approximately 200 quasi-gtatio and impaot tests on 16 metal alloys
that a new, unified theory of plasticity is oapable of defining
the details of large deformation for arbitrary loading paths in
the two-dimensional domain, For simple ocompression it is
extendible tc the high strain rates of plastic wave propagation,
The new theory is based on the discovery of a distribution of
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stable material states for the metal alloy, intizately related to
the second=order transition struoture I disoovered many years ago
and applied to the continuing deformation of the single orystal
and the fully annealed polyorystal,

A further discovery in this work is that there exist
two regions of deformation: <the intermediate and the totally plastio
regions bounded by an outer yleld surface, Detalled oonstitutive
statenents are provided for both regions so that strain, irrespeotive
of whether or not tho arbitrary loading path is proportional or
non-proportional among the stress components, may be given acourately
from gero strain to ultimate stress,

Furthermore, in dynamioc plesticity when the impact velocity
is sufficiently high so that the deformation reaches the outer yield
surface, I have discovered that there is an "eruptive" plastic
deformation for which maximum strains may be from three to eight
times higher than anticipated from the measurement of slopes of
the response function in the linear elastic and in the intermediate
elastic-plastic regiona;

The paradbola coofficients oontain the temperature
dependence and material dependence in the same manner as had been
shown earlier for the fully annealed metals for which a c¢lass of
27 metals were seen to have unified response functions, i.e.y
given Imown parameters such as the melting point and the shear
modulus at the zero point, one may be predicted from the other.

The uniform stress distributions employed in the experiments
disoussed here have provided the constitutive equations for the
engineering analysis of structural problems, In such problems
vwhen stress and strain are distributed in the solid, and the zones
cormzsponding to the inner and the outer yield surfaces are prosent
since the entire solid does not arrive at theoretioal values
simultaneously, the non-linear problems in applied mechanios Wwill,
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of oourse, depend upon the suocessful appliocation of these results
to ocomputer Wl.

Now that an experimentally based general theory of
pPlasticity provides a set of relisble oonstitutive equations for
important struotural metal alloys, the main problems lie in the
field of applied mechanios in terms of proper computer analyses

. of problems in distributed stress whioh contains regions bounded
by two yleld surfaces and two regions of plastic deformation,
: Both the regions of plastic deformation, and their boundary at

the outer yield surface, now are well understood,
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