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TASK I -  OCEAN MICROSTRUCTURE 

I. INTRODUCTION 

1-3 
Field obstrvationä have revealed that Ihe ocean's thermocline 

possesses an interne.! structure consisting of a scries of thin,   laminar   ".sheets" 

of high gradient separated by "steps" of only moderate density gradient.     The 

observed "mic i-ostructure" is represented schematically in Fig.   1.    The step 

height   II  and the lateral extent of the observed structure varies widely over 

the range of mean density gradient indicated in Table I.      The observation time 

refers to the timo spent taking soundings at various lateral locations whereas 

the point persistence time refers to the time duration between soundings at a 

given lateral location. 

Various mechanisms have been proposed to explain the observed 

phenomenon.     These mcclianisms consist of double diffusion.      interleaving 
6 7 

internal gravity wave breaking     and internal wave steepening. In this report, 

the concept of interval wave steepening is examined.      "We will first determir^ 

the set of admissable wave solutions and then examine the nonlinear coupling. 

Comparison with field data establishes the feasibility  of the wave steepening 

approach. 

Table   I   -   Microstructure  Data   Rase 

Observer 

Howe li Tait 

Simpson 

Wood a  h Wiley 

Grad   (~2-) 

O (10" Vm) 

O (l()-5/m) 

O (10    An) 

H 

Point 
Lateral     Observation    Persistence 
Extent Time Ti.ne 

O  (35 m) O  (10 mi)        3 days > 33   hrs 

O (10-20 m)    1-3   km 3 days ? 

O   (1-?.  m) ? ? ? 
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Figure 1 Ocean Microstructure 
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JI. INTERNAL GRAVITY WAVE MODEL 

Thm equattona of motion for a t\vo-dimc,-nsional incompressible 

fluid arc: 

Incompressible: Do 
~    ^   0 (1) 
Dt 

Continuity: öu öv 
—   ♦    —    -      0 (2) 
Ö x ö y 

where   x   is the horizontal coordinate,   y   is the vertical coordinate   (positive 

upwards),  and    u  and   v  represent the horizontal and vertical velocities re 

spectively.     The superscript   ~   denotes a dimensional variable. 

•e- 

x   momentum: 

&"      ,    ~     Oil      ,    ~     öu I        Op 
K7   * u TT * v ~^~ + ^ + 0 (3) 
öt öy p      öx 

y   momentum: 

■   ,, 5JL       ^    öv I        op t    U        ~     I-    V      T     f          1 -f 
Öt Öx P      by 

(4) 

Equations (1) through (4) represent a model in which the density may be a 

function of temperature and salinity only 

P   a  P     (s,    T ) (5) 

where the   Lagran^ian derivative of   p,   ft  and   T  are all zero. 
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The density profile in a BtAtic tea will  h^.- sijc-ciifii-fj apriori 

±9. 
öy 

P    P. (6) 

where p   la Ihe reference density at y  B O.    The value of £* is expressed 

In units of inverse- length ami has values between   10"   /m   in the Bummer 

thermocline and 10"  fm in the deep sea.    The Influence of compressibility 

must be Included for values of jB of the order of 5 x 10" '/m.    Thus« the 

incompressible model will be limited to the thermocline. 

Wc expand the dependent variables into a static and wave contribu- 

tion. 

r^ rv 

P B Pr * Ps (v) w 
(x,   y.   1 ) (T) 

P " Pr - Pr B y * P.. (v) + P.„ Cx»y.t) (8) 

V   B  Vw   (X'  y'  ^ (9J 

« r: «^  (■<, y, t) (10) 

where v.e have restricted the analysis to /.ero mean shear.    The only velocitiel 

are due to the wave contribution. 

Setting all wave contributions equal to zero,  we obtain the hydrostatic 

relationship between  p..   and  p   . 

> 
Ps 

öy 
Pi(y)g (i.i) 

-4 . 



From (6) and (7), w« specify p 

nr P v (12) 

Sul.stilutin,; Equations (7) - (10, into (1) - (4) we will determine the cquationo 

of motion for the wave cotltributton. The equadona are non-dimensionalized 

such that the linear terms are  O (1).    The reference variables arc: 

T      .  -       where a     * if * B     k/k ref ~ a       1   ^  K     "jf* *v 

H 
"ref 

k 
Zrr 

H 

yrcf 
v 

ZTT 

and 

V     - ^ V       (perturbation velocity) ref p " 

U        .    B    k       V      /k 
ref v     p      H 

p       f s  P   V      p     /0 
ref pro 

p =   \'     a     k     p    / |t 
ref p     o     v     r       H 

The nondiir ?nsional equations of motion for the wave contribution are ex- 

pressed as 

_v 
Ö~t 

ÖD 
-   v     4 w 

bö ■     ,  W     , v, 
6" l% "67"  ' vwT^, (.13) 
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V. 

Ox 

fi  V 
 \ 

Oy 
\\- 

(14) 

i>p 
v 

;   (i  ■ ay ; —-- P 

&p. 
7"+ \.. ' ö   (1 -ay as r öV Ö v 

1 t-o» W 
6   v w    Ox +    V 

v.- 
W    Öy   '_ 

0 (16) 

where the throe dimentionleta Mrameten are 

<       II 

a   - ?/k. 
V 

(17) 

(18) 

a nd 
r-*/ f-j 

P    v ,'{ (19) 

S' 

Microatructure data infers that both  6   and  a are much less than unity 

whereas   £   may be made small by choice of the perturbation velocity   vp.    la 

the limit of all Area parameters being small,  the lowest order solution is 

given by the arbitrary sum of four plane waves. 

Lowest. Order Solution: 

T  Z A e 
a,q 

i  (t  +  SX   Ig y) 

V» : Z-. y (-^)A 
• i   q   11 

i   (t   F  SX  +gy) 

(20) 

(21) 
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■ s  -f 1       f| 1 

A 
l(t + sx1 gy) 

■tq (22) 

«0  .Z-v    Z-/ 
» = + 1    q a +1 

q A c ■#q 
i (II   »X I qy ) 

(23) 

\vh«re A        Rre arbiträr) constants« 

Wo Beek a wave BOlution which propagates in the  X  direction and 

possesses structure in the   y   direction.    Such a solution is obtained from equation 

(22). 

1    J (t-x-y)      |     i (t-x I y) 
w. -  sin y e i (t - x) 

(24) 

Equation (24) in a superposition of tWO plane transverse waves.     The 

velocity perturbation from one family of v.avcs will steepen the other family. 

Thii is   unlike acoustic sound waves winch are longitudinal waves and are sel[ 

steepening. 

In order to describe the steepening of the waves in equation (Z\),  we 

must include the lowest order non-linenr terms.    Since the data shows 

b  a   0   (10     J 

and 

a » 0(10    ) 

We retain the O (G/6 ) termi in equations (13)   -   (16). 

öp_ 
w 

Ot -   \   ♦   (T)   (" 
dp Op 

v 'TT * vw ^T) ^ 0 (25) 

-   / 

m^mmm^a^mmmt^^am^ 
■  -       ■ 



0 u 
 V. V/ 

(26) 

0 D i u 
V. ÖU 

r '  (r) K V. 
C u 

w 
Ö  x w Oy )        0 (27; 

Op 
V.' 

Oy 
P B     0 (28) 

To solve equation (?S) -(28),  v.c seek a solution  of the same form as the 
li.iear solution 

Pw       |   t.^-e^, {^.)) 

i    ,   i ^ i 11 

u 
\v 2      (« f  e        ) 

(30) 

(31J 

i    .    ll 
v/ (c; f   e        ) (32) 

where   { am!   -  are constant on their respective characteristics hut (he character- 

istic must  be relocated as prescrihed by the fluid velocity. 

>: - V   ^   F  ( .( .   Tl) (33) 

r\ - t - x i  y I G {l,X\) (34) 

Wo first leek to deBcribe   B" l f ^\   n n^i  r i I    ■n\  . eacno«    i    I .Vi ;   and   Q ( ^ ,   r,) as a power series expansion 
In  (S/6J 
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and this is in agreement with observations.     The physical reason for the 

constraint  on  6   lies in the steepening mechanism for transverse waves. 

Since the  f\  waves steepen the   £ waves and the  Tj  waves are oscillatory, 

the   I waves must steepen within the o.%cil]atior time.      Thus the perturbation 

velocity must disperse a wave iU  own wavelength in time I      .    This is e- 
ref 

pressed as 

p      ref k 
1 

or 
Ö <   e (4?.) 

To solve for the characteristic locations for arbitrary values of e/5,  we Will 

expand   F and G in higher harmonics of  e1 •'    and  c1^ 

rU.to ■ 
JLJ m. 

im £f i n r| 
n (43) 

m, n 

G   (  J.^J   ^    y^    B e1 

p. q 

i*i q^l 
(44) 

Where  A^^  and   Bp ^  are constants to be related by the dynamic cquatiois. 

This work will be carried out during the next q-...rter but the collective result 

of this quarter's effort may be compared to dala to demonstrate that Internal 

gravity wave steepening is a promising answer to the source of ocean micro- 

structure. 

10. 
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Hi. COMPARISON "WITH DATA 

While w have yet to flcmcnstrate that stcepeninS actually occur«, 

we have several eonstrainls which .nust be consistert with observation, ol 

microstructure,   otherwise steepening will never explain microstructure 
data. 

The condition for steepening requires   S   =   0 (6 ).    This corresno? 
to 

po nd a 

v    ■ 
P 

H I B P   ■ 
h   4/g B 

2 Ti  \ 
II 

or,  for the data in Table I, 

and 

'"" - 5 A 
vp   - 0 (10      m/sec) to 0 (10       m/sec) 

Uref   =  0  (1"2 cll'/soc)   . 

Perhu-batinn velocities of the order of  cn./sec are not unlikely in the 

ocean.    While observations demonstrate that   6   is   0  (10"?'),   the present 

theory demands only that 6   be small compared to unity  (6 <   0.1). 

Further constraints are placed on the solution by viscosity.    We mu-it 

insure that the inertia cf the wave exceeds viscous damping.      This is ex- 

pressed as 

or 

b u 
\v 0    u 

ö t 
V w 

öy 

f.    3 (2TT)2    I     'Sr 

fg ß 
(!5) 

11 - 
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If the microatructur« is formed by wave ■te«peninfl \    will 
~ V 

correspond to the step height II and must he smaller than the maximum 

stable step indicated in Fig,   2.    The quantity  >-      will correspond to th« 

lateral extent of the nncrostructure and the wave period 

2TT 

a 
o 

ZTT 'If 

yTT \ 
(46) 

il the persistence time of the microstructure.     This is due to the fact that 

each family of waves is  steepened by velocity perturbations from the opposite 

family which,   in turn,   is oscillatory.    Hence,  the microstructure will have 

the period T . 
P 

The analytic results are compared to the data of references 1 through 

3 in Itga,   3 to 5 respectively.     Figure 3 represents a set of conditions under 

which steepening is possible when $   ^ 0  (10"   /m) and the data of Ilov/e and 

Tait    lies within that window.    The theory indicates that the Structure 

should be stationary over a time period of weeks.     The data shows tint the 

microstructure was present and invariant for the observation period of 

days.    Hence,   there is no contradiction with data.    Similar results are 

illustrated in Figs.   4 and 5.    In all three cases the data falls within the 

"Window" under which wave steepening is a possible explanation of micro- 

structure. 
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IV.        CONCLUSIONS AND FUTURE PLANS 

The llnoarizecl gravity wave solution has demonstrated length 

and tune scales  consistent with field data.     The conditions under 

Which an undamped uave can steepen into a stahlc microstructure is 

also consistent with obsorv-.ions.     Thur,,   internal gravity wave steepon- 

ing appears to be a promising prospect for the source of ocean micro- 

structure and the research during the next quarter will be devoted to 

demonstrating that steepening will result in the observed microstructure. 
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